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Abstract

This paper concerns the well-posedness theory of the motion of a physical vac-
uum for the compressible Euler equations with or without self-gravitation. First,
a general uniqueness theorem of classical solutions is proved for the three dimen-
sional general motion. Second, for the spherically symmetric motions, without im-
posing the compatibility condition of the first derivative being zero at the center of
symmetry, a new local-in-time existence theory is established in a functional space
involving less derivatives than those constructed for three-dimensional motions in
(Coutand et al., Commun Math Phys 296:559-587, 2010; Coutand and Shkoller,
Arch Ration Mech Anal 206:515-616, 2012; Jang and Masmoudi, Well-posedness
of compressible Euler equations in a physical vacuum, 2008) by constructing suit-
able weights and cutoff functions featuring the behavior of solutions near both the
center of the symmetry and the moving vacuum boundary.
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1. Introduction

Due toits great physical importance and mathematical challenges, the motion of
a physical vacuum in compressible fluids has received much attention recently (cf.
[26-28,32,41]), and significant progress has been made particularly on the Euler
equations (cf. [5,7,8,14-16]). Physical vacuum problems arise in many physical
situations naturally, for example, in the study of the evolution and structure of
gaseous stars (cf. [3,9]), for which vacuum boundaries are natural boundaries. This
paper is concerned with the evolving boundary of stars (the interface of fluids and
vacuum states) in a compressible self-gravitating gas flow, which is modeled by

orp + div(pu) =0 in (1),

9;(pu) +div(pu @ u) + Vxp(p) = —kpVxW in Q(1),

p>0 in Q@), (W
p=0 on I'(t) :=0R(),

V(T (1)) =u-n,

(p,w) = (po, up) on :=Q(0).

Here (x,¢t) € R3 x [0, 00), p, u, p and ¥ denote, respectively, the space and time
variable, density, velocity, pressure and gravitational potential given by

’t . . .
U(x,t) = —G/ PG. 1) dy satisfying AV =4rxGp in Q) (1.2)
Q@ X =yl

with the gravitational constant G taken to be unity; Q(r) C R3, I'(r), V(I'(1))
and n represent, respectively, the changing volume occupied by a fluid at time ¢,
moving interface of fluids and vacuum states, normal velocity of I'(¢) and exterior
unit normal vector to I'(z); k = 1 or O corresponds to the Euler equations with or
without self-gravitation. We consider a polytropic star: the equation of state is then
given by

p(p) = Ap? for y > 1 (1.3)
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with the adiabatic constant A > 0 set to be unity. Let ¢ = /p’(p) be the sound
speed, the following condition:

— 00 < Vn(c?) <0 on T(), (1.4)

defines a physical boundary (cf. [5,8,16,26-28]). Equations (1.1); 2 describe the
balance laws of mass and momentum, respectively; conditions (1.1)3 4 state that
I'(¢) is the interface to be investigated; (1.1)5 indicates that the interface moves
with the normal component of the fluid velocity; and (1.1)g is the initial conditions
for the density, velocity and domain.

The physical vacuum appears in the stationary solutions of system (1.1) natu-
rally. Since for a stationary solution one has

Vxp(p) = —pVxV,
which yields that in many physical situations

=D

n(c?) = VNV € (—00,0)

on the interface, where N is the exterior unit normal to the interface pointing from
fluids to vacuum. The physical vacuum makes the study of free boundary problems
of compressible fluids challenging and very interesting, because standard methods
of symmetric hyperbolic systems (cf. [18]) do not apply directly. Recently, impor-
tant progress has been made in the local-in-time well-posedness theory for the one-
and three-dimensional compressible Euler equations (cf. [5,7,8,15,16]), but for the
three-dimensional compressible Euler—Poisson equations, the gravitational poten-
tial ¥ defined by (1.2) is non-local and depends on the unknown domain €2(%).
This will cause certain difficulties in the analysis. Moreover, the self-gravitation
leads to very rich and interesting physical phenomena for compressible fluids with
a vacuum (cf. [3,17,22,30,31,35]).

First, we address the uniqueness of classical solutions for the above free bound-
ary problem. The uniqueness problem of free boundary problems for the equations
of compressible fluids is subtle. This is particularly so in the presence of vacuum
states. For the physical vacuum free boundary problem of the three-dimensional
compressible Euler equations, a uniqueness theorem is proved in [8] in functional
spaces which are smoother by one more degree than the spaces in which the exis-
tence theorems are established. This functional space in [7] involves the weighted
Sobolev norms of solutions. In the present paper, we prove a general uniqueness
theorem of classical solutions for 1 < y < 2 (the most physically relevant regime)
only requiring that the derivatives appearing in the equations are continuous (in-
deed, we can only require that the solutions are in W' > in the whole domain and
C! in a neighborhood of the boundary). The strategy is to extend the solutions of
(1.1) to those of Cauchy problems, for which the physical vacuum (1.4) is crucial.
Due to the vacuum, the uniqueness of the extended solutions to the Cauchy prob-
lem is nontrivial because the standard symmetrization method of hyperbolic system
does not apply in the presence of a physical vacuum. We use the relative entropy
argument (cf. [10]) and potential estimates (cf. [1]). The advantage of the relative
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entropy argument is making the full use of the nonlinear structure of the equations
and requiring less regularity as realized by DiPerna (cf. [12]). The proof of the
uniqueness theorem is valid for both the compressible Euler—Poisson equations
and the compressible Euler equations without self-gravitation. The above approach
works for the case when 1 < y < 2. For the general case of ¥ > 1, we study the
vacuum dynamics of free boundary problems of the compressible Euler equations
without self-gravitation for spherically symmetric motions, and prove the unique-
ness theorem in the class of C! N Wl’oo({x eR:0 < x| £ R(¢)}) without
requiring that the solutions are differentiable at the center of symmetry. Here the
ball Br( is the moving domain. It should be noted that we do not require the
vacuum boundary to be physical in this case.

We now turn to the existence problem. For a gaseous star, it is important to con-
sider spherically symmetric motions since the stable equilibrium configurations are
spherically symmetric which minimizes the energy among all possible configura-
tions (cf. [22]). As aforementioned, there have been some existence theories avail-
able for the free boundary problems of the three-dimensional compressible Euler
equations with a physical vacuum (cf. [8, 16]). However, for spherically symmetric
motions, if the compatibility condition of the first derivatives of solutions being zero
at the center of the symmetry is not imposed for the initial data, the initial data are
C! only in the region excluding the origin as 3-spatial dimensional functions, but
may not be differentiable at the origin. In this case, the general existence theories
in the three spatial-dimensions in [8, 16] do not apply. Moreover, without imposing
this compatibility condition at the center of symmetry, the coordinate singularity is
very strong and the equation becomes very degenerate near the center of the sym-
metry. Indeed, the initial density, pg, appears as the coefficients in Equation (3.8)
in the Lagrangian coordinates. This gives tremendous difficulties when we use the
elliptic estimates to estimate the derivatives in the direction normal to the boundary.
In those estimates, whether the first-order derivatives of the initial density is zero
at the origin or not makes a distinct difference since we differentiate the system
in the direction normal to the boundary in the elliptic estimates. We will choose
deliberately a cut-off function whose effective width depends on the initial density
to capture more singular behavior of the solutions near the origin for the case of the
non-zero first derivatives of the initial density. The spherically symmetric solution
we construct in this paper without imposing the above mentioned compatibility
condition at origin is C' smooth only in the region excluding the origin, but W !>
in the region including the origin as the functions of 3-spatial dimensional functions.
Therefore, the solution constructed in this paper is different from those in [8, 16] and
exhibits some especially interesting features. For instance, in the currently avail-
able well-posedness theory for the free boundary problems of the three-dimensional

compressible Euler equations with a physical vacuum, it requires by [16] or [8] a

. . . 2[1/(y—1 _ _
weighted norm involving Vx[ Y )]+9u|,:0 or 8t7+[(2 Y/ =Dl Vxu|;— to be

finite. However, for the three-dimensional spherically symmetric motion without
imposing the compatibility condition of the first order derivatives of solutions being
zero at the center of the symmetry, we find in the present work a new well-posedness
theory with the initial data less regular than those required in [8, 16].
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As mentioned above, one of interesting features and challenges in the explo-
ration of spherically symmetric motions is to deal with the difficulty caused by
the coordinates singularity at the origin (the center of the symmetry), besides the
one caused by a physical vacuum on the boundary. This is particularly so with-
out imposing the compatibility condition of the first order derivatives of the so-
Iution being zero at the center of symmetry. Indeed, in the well-posedness theory
for spherically symmetric motions of viscous gaseous stars modeled by the com-
pressible Navier—Stokes—Poisson equations with a vacuum boundary was shown in
[14], a higher-order energy functional was constructed which consists of two parts,
called the Eulerian energy near the origin expressed in Eulerian coordinates and
the Lagrangian energy described in Lagrangian coordinates away from the origin.
This indicates the subtlety of the behavior of solutions near the origin and vacuum
boundary. In this paper, we find a uniform way to construct a higher-order energy
functional only in Lagrangian coordinates by choosing suitable weights and cutoff
functions which work for both the origin and the physical vacuum boundary of
which the construction is elaborative. It is noted that such a strategy works also for
the compressible Navier—Stokes—Poisson equations.

It should be noted here that the detailed proofs of the existence theorems in
[8,16] are given for a initial flat domain of the form T? x (0, 1), where T? is a
two-dimensional period box in x| and x». Initially, the reference vacuum boundary
is the top boundary I'(0) = {x3 = 1} while the bottom boundary {x3 = 0} is fixed.
The moving vacuum boundary is given by I'(¢z) = n(z)(I"'(0)) with the flow map
n(t). In principle, it would be feasible to extend flat domains to general non-flat
ones, for example, utilizing local coordinate charts and changes of coordinates to
straighten out the boundary for each chart. However, it seems quite complicated
and technically involved. In this article, we give a direct proof for non-flat initial
domains (balls) of the existence theorem for the free boundary problem with a
physical vacuum. It should be noted that the general approach we use here is
motivated by [16], in particular on the choice of the weights near the vacuum
boundary.

Before closing this introduction, we would like to review some prior results
on the free boundary problems besides the ones aforementioned. There has been
a recent explosion of interest in the analysis of inviscid flows, one may refer to
[13,23,25,27-29,32] for compressible motions and to [2,6,21,24,36,42] for in-
compressible motions. Among these works, it should be mentioned that in [27]
a smooth existence theory (for the sound speed ¢, ¢* is smooth across the inter-
face with 0 < a < 1) was developed for the one-dimensional Euler equations
with damping, based on the adaptation of the theory of symmetric hyperbolic sys-
tems which is not applicable to physical vacuum boundary problems for which
only ¢?, the square of sound speed in stead of ¢® (0 < a < 1), is required to
be smooth across the interface); in [13] the well-posedness of the physical vacuum
free boundary problem is investigated for the one-dimensional Euler—Poisson equa-
tions, using the methods motivated by those in [7] for the one-dimensional Euler
equations; existence and uniqueness for the three-dimensional compressible Euler
equations modeling a liquid rather than a gas were established in [25] by using
Lagrangian variables combined with Nash—Moser iteration to construct solutions.
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For a compressible liquid, the density is assumed to be a strictly positive constant
on the moving boundary. As such, the compressible liquid provides a uniformly
hyperbolic, but characteristic, system. An alternative proof for the existence of
a compressible liquid was given in [37], employing a solution strategy based on
symmetric hyperbolic systems combined with Nash—-Moser iteration. As for viscous
flows, there have been many results on the free-boundary Navier—Stokes equations
which cause quite different difficulties in analyses from that for inviscid flows, so
we do not discuss the works in that regime here.

The rest of this paper is organized as follows. In the next section, we present
and prove the uniqueness of classical solutions to the three-dimensional physical
vacuum problem (1.1) when 1 < y < 2. The rest is devoted to the study of
spherically symmetric motions. In Section 3, we formulate the three-dimensional
spherically symmetric problem and state the main existence result. Sections 4—8
are devoted to the case of y = 2. In Section 4, we describe a degenerate parabolic
approximation to the original degenerate hyperbolic system. The uniform estimates
for the higher-order energy functional are given in Sections 5—7: some preliminaries
are presented in Section 5, the energy estimates in the tangential directions are
given in Section 6, and the elliptic estimates in the normal direction for interior and
boundary regions are presented respectively in Section 7. With those estimates, the
existence can be shown in Section 8. In Sections 9 and 10, we will outline, but
with enough details, the existence theory for the casesof | < y < 2and y > 2,
respectively. Section 11 is devoted to the uniqueness theorem of classical solutions
for the vacuum free-boundary problem of the compressible Euler equations without
the self-gravitation in the spherical symmetry setting for all the values of y > 1,
without assuming that the vacuum boundary is physical in the sense of (1.4).

2. Uniqueness for Three-Dimensional Euler-Poisson Equations with Physical
Vacuum when | < y <2

For the three-dimensional free-boundary problem (1.1) with a physical vacuum,
we prove the following quite general uniqueness theorem for 1 < y < 2in anatural
functional space. It should be remarked that the uniqueness theorems proved in [7, 8]
are in the functional spaces which are one more derivative smoother than the spaces
in which the existence theorems are established. Before stating the uniqueness
theorem, we give a definition of classical solutions to problem (1.1).

Definition 2.1. A triple (p, u, ©2(¢)) is called a classical solution to the physical
vacuum free boundary problem (1.1) on [0, T'] for T > 0 if the following conditions
hold:

1. Q@) = Ukmzlﬂk(t) C R3is an open bounded set and 02(0) € C2, where
Qk@(r) (k =1, ..., m) are the connected component of () satisfying

QLONQAM =0, 15j#+k<m, tel0,T]; 2.1
2. (p,u) € CH(D) satisfies system (1.1) and the physical vacuum condition:

— o0 < Yy (py—l) <0 on T(r)=aQ(), 2.2)
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where n is the spatial unit outer norm to I'(¢) and
D={x,t): xeQ@), te€[0,T]}, D=DUJD.

Due to the regularities of the solutionu € C'(D) and 9Q(0) € C 2 in the definition
above, we can see easily that

U ro= |J ewn=9Dec (2.3)

0<t<T 0<t<T

Indeed, the interface I'(¢) is moving with the fluids given by V(I'(f)) = u - n on
0€2(t), where V(I'(7)) is the normal velocity of I"(7); which is equivalent to saying
that d D is foliated by the integral curves of the vector fields d; +u - V,.

The uniqueness theorem is as follows:

Theorem 2.2. (Uniqueness for the three-dimensional problem) Suppose 1 < y <
2. Let (p1,uy, 21(1)) and (p2, a2, Q2(t)) be two classical solutions to problem
(1.D) on [0, T] for T > O in the sense of Definition 2.1, then fort € [0, T],

Q1(1) = Q1) and (p1,u) (X, 1) =(p2, W) (X, 1), X € Qi) = (), (2.4)
provided that (2.4) holds for t = 0.

Remark 2.3. It follows easily from the proof that the uniqueness result stated in
Theorem 2.2 holds true for the solutions to (1.1) as stated in Definition 2.1 but with
the regularity condition (p, u) € C'(D) replaced by a less regular one:

(o, w) € W'(D) and (p,w) € C'(Ds U D), (2.5)
where Ds C D is a neighborhood of aD.

Proof of Theorem 2.2. The proof is divided into two steps. In step 1, we extend
the solutions of (1.1) to those of Cauchy problems. After that, we use the relative
entropy argument and potential estimates to prove the uniqueness.

Step 1 (extension). Suppose that the triple (o, u, €2(¢)) is a classical solution to
problem (1.1) on [0, 7] in the sense of Definition 2.1. We will first extend the
solution (p, u) from the domains €2(¢) to the whole domain R? for # € [0, 7] such
that the extended functions (p, u) satisfy

(7, W)(x, 1) € Whe(R? x [0, T, (2.6)
and solve the Euler—Poisson equations.
Step 1.1. The extension of p is clearly given by
p(x, 1) =p(x,t) in D and p(x,7) =0 in R x [0, T\D. 2.7

The extension of the vector field u is more complicated. In what follows, we extend
it from 2 (¢) to a neighborhood of €2(¢), and then to the rest of the region.
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It follows from the condition (2.1) that there exists a small positive constant &
such that

QNQAW =0, 1Sj#k<m, 1€[0,T],
where

Q) =Q () UEx+snEX,1): xcdQ/(t), 05sZe), 1Zj<m.

Moreover, ¢ > 0 is chosen so small that the exponential map:
A1) x[0,e] > R : (X, 5) > X+snx, 1) (2.8)

is injective for 1 < j < m (that is, ¢ is less than the injectivity radius of dQ/(¢)).
It should be noted that the number & > 0 can be chosen uniformly for ¢ € [0, T,
because 3D € C? (see (2.3) for details). Indeed, denote the second fundamental
form of 02(¢) by (X, ), then |0 (X, 1) lc@ép) < K7 for some positive constant K
which may depends on T'. Therefore, the injectivity radius of d€2(¢) has a positive
lower bound for ¢ € [0, T] (cf. [4]).

Let n € C*°([0, €]) be a cut-off function satisfying

0=n=1 n@)=1 for 0=s5=

A

2
, n(s)=0 for ?8§s s.

W[ ™

For any x € Qé (H\Q/ (1), define the extension of u as

ux,t) =uX+snx,1),t) =n)[ui, 1) +sVyux, 1) - n(x, t)]
=n(s) [uX, 1)+ Vxu, 1) - (x—x)], 0=s=e.
(2.9)

So, we have extended the vector field u from (¢) to U;f‘leg (1) =: Q:(), a
neighborhood of €2(¢). For the rest of the region, we simply define

Ukx, 1) =u(x,t) in D, u(x,7)=0 for xR\ Q.(r) and ¢ €[0,T].
(2.10)

Step 1.2. Next, we verify that the extended functions (7, ) (x, ¢) defined on R? x
[0, T] satisfy (2.6). The key is the differentiability across the boundary D =
Uogthf)Q(t).

Before doing so, some notations are needed. For any point (X, ) € aD, let
(10, 71, T2) be abasis of the space-time tangent space of dDat (x,f)andN = n(x, 1)
be the spatial unit outer normal to 2 (7) at X. Then (19, 71, 72, N) forms a basis
of R*. So V,j (j = 0,1,2) and VN determine all the derivatives d; and Vy at the
point (X, 7). For t € [0, T], denote the interior and exterior sides of D (or 0€2(1))
by dD— (or 0€2(¢)—) and dD+ (or 992(¢)+), respectively.

For p, it follows from

peCY(D) and =0 on R’x[0, T\D
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that V;, 0 = 0 on both dD— and d D+ for i iO, 1, 2; which implies that the tan-
gential derivatives of p is continuous across d D. For the spatial normal derivative,
it follows from the physical vacuum condition:

—00 < V(") <0 on aQ(1)—,
that
VN(pP) =0 if 1<y <2 and —o0<VN(P) <0 if y=2 on IQ@#)—;

because of p = 0 on dD and the fact

- I, _
VN (p) = mpz YN TH.

As on 9D+, it is easy to see that both the tangential and normal derivatives of p
are zero due to p = 0 in R? x [0, T']\ D. Thus, we have the following regularity of

0
peC (R x[0,T])nWh> (R x [0, T7), if 1<y <2,
pec! (D)nc! (R x[0,TIND) N W' (R x [0,71), if y =2.
(2.11)

For , it follows from u € C'(D) and (2.9) that © is continuous across the
interface d D which implies that the tangential derivatives of u are continuous
across d D, and that VNu is continuous across 0 D. Therefore, it holds that

ieC' R x[0,TDNWH2®R? x [0, T)). (2.12)

Step 1.3 We now verify that (p, t)(x, t) solves the isentropic Euler—Poisson
equations point-wisely. Note that

p(,1) e C! (W)mcal@) and =0 in R\Q@), re€l[0,T],

then we have, by the potential theory (cf. [1]), that for each ¢ € [0, T],

J(x,z):-/ Mdy:—/ p(y’t)d e CIR3) N W2 R3).
Qmn Ix =yl R3 |[x — |

(2.13)

Inview of (2.11), (2.12) and (2.13), we see that the extended functions (p, 1) solves
the Euler—Poisson equations in R3 x [0, T]\B, since p = 0 in this region. As in
D, by Definition 2.1, (p, u) of course solves the Euler-Poisson equations.

The remaining task is to verify this on dD. Since the vector field 9; 4 - Vy is
tangential to 9D and p = 0 on 9 D, then

(@ +u-Vy)p=0 on dD+ and 9D —.
It follows from (2.12) and 5 = 0 on 9D that
pdivi=0 on D+ and 9D —.
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Therefore, the equation of conservation of mass is verified. Similarly, we have
P +U-Vyou =0 on 9D. (2.14)
Moreover, for any tangent vector T to E)AD, we have
V.P(3) =0 on dD, (2.15)

because of p = 0 on dD. For any spatial normal N to €2 (%), it holds that

VWP () = VNGT) = S 9N

and
—00 < VN(pP* ) <0 on aD—, 5=0 on 9aD.
Thus, we have
VNP(p) =0 on aD —.
This, together with (2.15), verifies that
VxP(p)=0 on 9D —. (2.16)
Since
=0 in R®x [0, TI\D,
then
VNP(Z) =0 on 9D+,
which together with (2.15) implies that
VeP(5)=00ndD +. (2.17)

Therefore, it follows from (2.14), (2.16) and (2.17) that ,tlle left-hand side of the
equation of the balance law of the momentum is zero on d D. On the other hand, in
‘LiEW of (2.13) and the fact that p = 0 on 9 D, the right-hand side is also zero on
oD.

Step 2 (uniqueness). Now, let (o1, ug, 21(#)) and (p2, uz, 22(¢)) be two classical
solutions of problem (1.1) on [0, T] for T > 0 in the sense of Definition 2.1.
We extend those solutions as above by replacing (p, u, Q2(¢)) by (p;, u;, Q;(¢))
(i =1, 2), and denote these extended functions still by (p;, w;) (i = 1, 2). Itis easy
to see that, fori = 1, 2,

3 pi + div(piu;) =0 in R3x (0, 7],
Mmm+mmm®w+wmm=ﬂWWMinwmeL(N&
pi >0 in Q). '

pi =0 in RI\Q; (1),
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where

. ’t
W (x, t):—/ PD 4o e R relo.T]. (2.19)
R3 [X =Yl

Kk = 0 or 1, and (2.6), (2.11), (2.12), (2.13) hold for (p, u, Q(z), J):(p,-,ui,
Qi (1), ¥i), i = 1, 2. In what follows, we define the relative entropy-entropy flux
pairs and derive some potential estimates.

Step 2.1. Fori = 1, 2, set
wi= (ulodod) . mp= (mlom?omd) and U= (U0.0) 02 07)
where

mlj :piu{, UQ:pi, U.j :ml/ j=1,23.

Here and thereafter (-)T denotes the transpose. Equations (2.18)1,2 can be written
as

3
0U;i+ D 0 Fj(U) =R, =12 (2.20)
J=1

where R; = «(0, —p; (Vx¥;)T)T and the flux functions F; = (F?, Fjl, FJZ, F;)T
are given by

T

1.1 1,.2 1,.3

Fiuy = (! 7™ N mimiomim;
1(Ul)_ mi’ p +p(101)7 ,O 9 )

i i Pi
T
o mimi mim; im;
Pi i i
T
bt i
Pi pi pi

Denote the entropy 7 and entropy flux function q = (¢!, ¢%, ¢>)T by

|Ini|2 1 y |mi|2 Y yym .
4+ ——>p/ and qUj)) = —+ ——p] | —, i=1,2.
2 i y—1"" ' 2pi y=1") pi

n(U;) =

(For x € R3\Q;(t) and 1 € [0, T] where p; = 0, we set (m;/p;) (X,1) =
u;(x,1), i = 1,2.) Then, we have

Dy(U;))DF;(U;) = Dg’ (Up), j=1,2,3, i=12,
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where

In(U;) an(U;) oan(U;) dn(U;)
Dn(Ul)z( ’ b 9 )9
auY T oaul T oaur T U}

1

j 9g’(Up) 9g’(Ui) 9g’(U) g’ (Up)
Dq](Ul)z( 0 ’ 1 9 2 ki ’; b
ouY T oBul T au? T au;

and DF ; (U;) represents the Jacobian matrix whose (k, /) elementis 0 FF Jk Ui /o Ul.l.
Easily, one can derive the equation for the entropy 7 when U; € W1-°°:

3
am(U) + > g7 (Up) +km; - VoW =0, i =1,2. (2.22)
j=1

We can therefore define the relative entropy-entropy flux pairs by

77*_(U1, U2) = n(U2) —n(U1) — DU Uz — Uy),
g (U1, Uz) = ¢/ (Ua) — ¢/ (Uy) — Dn(U)(F;(Uz) —F;(Uy)), j=1,2,3.

where 71 and q are defined by (2.21). It follows from (2.18), (2.20) and (2.22) that

"+ iax,q*‘i = [Dn(Uy) — Dn(Un)IRy — D*n(U)) Ry, U — Uy)
;’:1
~>" D%(Uy) (6, U1, F;(Up) — F;(Up) — DF;(U)(Uz — Up))
= ngz(llll —u) - Vx(¥p — W)
- 23: D3(Uy) (dx,U1, F;(Uy) — F;(Uy) — DF; (U (Uy — Up), (2.23)
j=1

where
|m1|2/(p1>13+y<2p1>y—2 —m}/(p1)* —m3/(p1)* —mi/(p1)?
2 _ —my/(p1) 1/p1 0 0
D@ = N 0 i 0
—mi/(p1)? 0 0 1/p1

Step 2.2. Next, we will estimate the terms on the right-hand side of (2.23). Note
that

1 —1 1
n* - [pzy —pl —vpl (p2— m)] +5p20u —w ? (2:24)
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and

D*n(U)) (dx,Uy, F;(Up) — F;(Uy) — DF;(U;) (U — Uy))

I\Mw

3

= [p(p2) — p(p1) — P'(p1) (2 — P11 D, O]
=1

3
1 . . . . . .
+5 2 Py — u) g — u) @y + Bguy).
i,j=1
Then, we have

3
> D2(Uy) (3, U1, F;(Uy) — F;(Uy) — DF; (U (U, — Uy))
j=1

< C [ Vxui (Dl 1,

for some constant C > 0. Therefore, we can integrate (2.23) to get

1
[orsnas [ oo [ o - 9w - v dxar

1
+C sup ||Vxlll(-,f)||L°O// n*(x, t) dxdz. (2.25)
0 JR3

0<t<s

To bound the second term on the right-hand side of (2.25), we need a lemma
presented in [1]: suppose i € L®(R3) is a function having a compact support, then
2

h(y) 23
H vx/ dy <c (/ |h(x)|*3 dx) (/ |h(x)|dx) < o0,
R3 X —Y| L2(R3) R3 R3

where C is a universal constant. By applying this fact and noting (2.19), we obtain

/ Va(W2 — W) (x, 7
R3

23
<c (/ o2 — o1 (x, r)dx) (/ 102 — p1l(x, r)dx)
R3 R3
2/3
<c (/ o2 — 1P (x, r)dx) (/ 102 — p1l(x, r)dx) (226)
S(1) S(7)

for any v € [0, T'], where
S(T) = {X : |p1 - 102|(X7 T) > 0}9 TE [09 T]

By virtue of Holder’s inequality, one gets

2/3
/ o2 — o1 (x, 7) dx < ( / o2 — o1 P(x, r)dx) (VolS(z))!/3
S(1) S(7)
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and

2/3 1/3
( / lp2 — p1l(x, r)dx) < ( / lp2 — p11?(x, r)dx) (VoIS(z)!/3.
S(1) S(7)

We thus achieve, using (2.26), that
/ IVx(Wy — W))(x, 7)> dx £ C (/ lp2 — p11(x, 7) dx) (VolS(2))*/3.
R3 S(7)

Note from (2.24) that for 1 < y < 2,
"%, 7) = C(¥) (1p2C, Dl 1 + o1, D) 1) 72 (2 — p1)?
1 2
+5 200 —wi? 2 0. (2.27)

Then, it yields that
/ Va2 — W) (x, 1) dx
]R3

< C(lp2( D + 111G Dl L) > (VolS(1)*? /Rz n*(x, ) dx.

Using this and the Cauchy inequality, we have

‘/3 p2(ap —up) - Vg (W — W) dx
R.

g/ P2 Jut — w2 dx+/ P2 |Vx (W2 — W) (x, T dx
R3 R3

SC(1+ Z(f))/? n*(x, 1) dx, (2.28)
R
where

Z(t) = 1p2( D) oo (1020 D 1o + 1101 G, D 112)> 7Y (VoIS ()3
Now, it follows from (2.25) and (2.28) that for r € [0, T],

/ n*(x,1)dx =C sup (|[Vxui(, T)||L°C+Z(T))// n*(x, 1) dxdr,

0<r<T
when
Q21(0) = Q2(0) and (p1,u1)(x,0) = (p2, w2)(x, 0).
So, one concludes from (2.6), (2.27) and Grownwall’s inequality that
/ n(x, 1) dx =0, (x,1)eR>x][0,T],
R3

and

p1(x, 1) = po(x,1), (x,1) € R?x [0, T].
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In particular,

Sptp1 (-, 1) = Sptpa (-, 1), 1 €[0,T],
where

Sptpi (1) = {x e R? : p;(x,1) > O}.
This implies that

Qi) =), tel0,T].
In view of (2.27) and (2.18)3 4, we then see that
u(x, ) =wm(x, 1), x,1)eQ() x[0,T]

This finishes the proof of Theorem 2.2.

77

3. Formulation and Main Existence Results for Spherically Symmetric

Motions

Starting from this section, we will focus on spherically symmetric motions. For

a three-dimensional spherically symmetric motion, that is,
p(x,t) = p(rt), uX,t)=u(r,t)x/r, where ue€R and r = x|,
system (1.1) can be written as follows: for0 < < T,
3 (r?p) + 8, (r*pu) = 0 in (0, R(0)),
p B + udyu) + 0, p + dmwpr 2 /0 o(s,)s>ds =0 in (0, R(1)),

p>0 in [0, R(1))
p(R(1),1) =0, u(0,1) =0,

R() = u(R(t),1) with R(0) =1,

(0, u) = (po, uo) on [:=(0,1).

3.1

(3.2)

Here (3.2)3 4 state thatr = R(t) is the free boundary and the center of the symmetry
does not move; (3.2)5 describes that the free boundary issues from r = 1 and moves
with the fluid velocity; the initial conditions are prescribed in (3.2)¢. The initial
domain is taken to be a unit ball {0 < r < 1}. And the initial density of interest is

supposed to satisfy
po(r) >0 for 0Sr <1 and po(l) =0;

and the physical vacuum condition:

—oo<8r(,og_l)<0 at r=1.

(3.3)

(3.4)
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To fix the boundary, we transform system (3.2) into Lagrangian variables. With-
out abusing notations and for convenience, we use x (0 < x < 1) as the initial
reference variable, and define the Lagrangian variable r (x, t) by

or(x,t) =u(r(x,t),t) for t >0 and r(x,0) = x. 3.5)
Thus (3.2); implies that

r(x,t) 5 X )
/ p(s, 1)s ds=/ po(y)y~dy.
0 0

Define the Lagrangian density and velocity by
St =prx, 0, 1) and vx,1) =u(r(x,1),1).

Then the Lagrangian version of system (3.2) can be written on the reference domain
I as

B (r2f) +r2 f(3,v)/(3xr) =0 in 1x(0,T],
Forv+ 0 (fV)/@cr) +4mfr=2 [ po(y)y* dy =0 in I x(0,T]
f(1,)=0, v©0,1)=0 on (0,T],

(fs v) = (po, uo) on I x {t =0}.

(3.6)
It follows from solving (3.6); that
_ (%) _Po)
16:0= ) 5t

so that system (3.6) can be rewritten as

2

4 X .
po () a0+ 0 [(542) [+ 4w J§ poydy =0 in 1x (0.7,
v(0,7) =0 on {x=0}x(0,T],
v(x, 0) = up(x) on I x{t=0},
(3.7)

where the initial density pq satisfying (3.3) and (3.4) has been viewed as a parameter.
With the notations

1

X
o(x) = ,06/7 x and ¢(x) = 4nx_3/ ,ooy2 dy,
0

and the factr, po > 0in I x (0, T'], Equation (3.7); can be rewritten as
s (x\=2 1T\ Lo xyar-lf 1\
xo00v+ 0y |0 (—) —_— —-2— (—) —
r Oyt x \r Oy ¥
-V

oot (5 20 (2) (57 () =0 m o
(3.8)

As y = 2, Equation (3.8) becomes relatively simple. However, it should be noted
that the essential parts for y = 2 and y # 2 are the same (see Equations (7.4)
and (9.6) later), so that the analysis for y = 2 is applicable for general y. Therefore,
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we first present the main results for y = 2 in the rest of this section, following the
proof of the results we will then discuss the case for general y in Sections 9 and 10.

For y = 2, we will consider a higher-order energy functional. To this end, we
choose a cut-off function ¢ satisfying

¢=1 on [0,8, ¢=0 on [25 11, [¢'| = s0/8,

for some constant so, where § = §(pg) is a small positive constant depending only
on the initial density pg to be determined in Section 7.1.1. The higher-order energy
functional is defined to be

2
: 2
E@. 1) = [otoC, 0] + [9%v¢. 0], + z[ oo o]

4-2j, o 2
I Fras e z)H Y +‘(03/23,5*2-13){“1,(.,t)HO
j—1
o 2 . 2 5-2j 2
o125 M adve, 0| + [ ue 0]+
0 j-172 ‘
j—1
2 5-2j 2 5.2 2
+Z[H408, v(w)H, +H§8 v(-,t)”,]. (3.9)
N J+ J
j=1

Here and thereafter, we use || - || to denote the norm of the standard Sobolev space
Il - | sy for s = 0; and define the polynomial function Mo by

Moy = P(E(v,0)), (3.10)

where P denotes a generic polynomial function of its argument. Now, we are ready
to state the main result.

Theorem 3.1. (existence for y = 2) Given initial data (pg, uo) such that My < oo,
conditions (3.3) and (3.4) hold and py € C3([0, 11), there exists a solution v(x, t)
to problem (3.7) on [0, T] for T > 0 taken sufficiently small such that

sup E(v,1) < 2Mjy. (3.11)
0<t<T

This section will be closed by several comments. First, the time derivatives
of v(x,?) at time ¢t = 0 involved in the definition of M can be given in terms
of the corresponding spatial derivatives of the initial data pp and uo due to the
compatibility conditions of Equation (3.7);. Second, the solution to the spherically
symmetric problem (3.2) in Eulerian coordinates can be obtained from the solution
constructed in Theorem 3.1, since the Lagrangian variable » € H? and 8,7 has a
positive lower-bound. Finally, we can transform the solution of problem (3.2) back
to solve the three-dimensional problem (1.1) in W% (D7), where

Dr ={(x,t): xe Q(), t€[0,T]} and Q) ={x¢€ R3 : x| < R(1)}.
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In fact, one can obtain a function p(x, t) and a vector field u(x, 7) via (3.1) for
(x,1) € Dy since u(0, 1) = 0, and verify that (p, u) € C1(D%) N W'>°(Dr) and
(1.1) holds in DY, where

DY = Dr\{0} x [0, T].

However, (p, u) may not be in C L(Dr) if the compatibility condition of the first
derivative being zero at the origin is not required.

4. Parabolic Approximations
Let y = 2 from this section to Section 8. Equation (3.7); reads
X0 3 + [xzaz/(rzr’z)]/ 22623 ) + x*pa/rt =0, in I x(0,T],
4.1

where and in what follows, the notation ' denotes the 9,.. For u© > 0, we use the
following degenerate parabolic problem to approximate (3.7):

27 o2 x3 x2 21 N
xa&,v—{—[az r2r’2] — 27r3r/+x2¢or—2:7 |:(xz7)2 (;) ] in Ix(0,T],

v(0,1)=0 on (0,T],
v(x,0)=ug(x) on I.
4.2)

As in [7,8], one can show easily the existence and uniqueness of the solution vy,
to the above degenerate parabolic problem in a time interval [0, 7, ] with sufficient
smoothness for which our later arguments are legitimate by smoothing the initial
data and using the fixed point argument. Next, we will give the uniform estimates
independent of 1 to obtain the compactness of the sequence {v,} and a common
time interval [0, T'] in which the problem (4.2) is solvable for any p > 0, that is,

Lemma 4.1. For any fixed i > 0, let v, be the smooth solution of (4.2) in [0, T}, ].
Then there exist constants C > 0 and T € (0, T,] independent of u such that for
the higher-order energy functional

E(t) := E(vy, 1) (4.3)
defined in (3.9) satisfies the inequality

sup E(t) S Mo+ CTP| sup E(z) ), 4.4)
t€[0,T] t€[0,T]

where P (-) denotes a generic polynomial function of its argument, and My is defined
in (3.10).

We will establish the energy estimates in the tangential directions of the bound-
aries and the elliptic estimates in the normal direction to prove this lemma. In what
follows, for the sake of notational convenience, we omit p in v, that is, we denote
v, by v without ambiguity. Before performing the detailed estimate, we list some
preliminaries which will be often used later.
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5. Some Preliminaries

In this section, we will present some embedding estimates for weighted Sobolev
spaces, and derive some bounds which follows directly from the definition of the
high order energy functional (3.9) and the a priori assumption.

Embedding of weighted Sobolev spaces. Set
d(x) = dist(x, /) = min{x, 1 —x} for x € [. 5.D

For any a > 0 and nonnegative integer b, the weighted Sobolev space H**(I) is
given by

H%b (1) .= [d“/2FeL2(1): /d”|DkF|2dx<oo, ogkgb}

with the norm

b
IF130s = Z/d“|DkF|2dx.
k=0

Here and thereafter, we use [ dx := [; dx to denote the spatial integral over the
interval 1. Then for b = a/2, it holds the following embedding (cf. [20]):

HYP (1) — HP=92(I)
with the estimate

IFlo—as2 = ClIFllgas- (5.2)

In particular, we have

IF Iy £ C / d)* (IFOP + DFWP) dx, a=1 or 2. (53)

Some consequences of (3.9). It follows from conditions (3.3) and (3.4) that o (x)
is equivalent to the distance function d (x) defined in (5.1). Hence, the definition of
the energy norm (3.9) and the embedding (5.2) yield that

H (aafv’, aa,u”) (1) Hi/z + H (08,31)) (1) H;Z + 110 9v) (D12, < CE®).
(5.4)
Therefore, it holds that for any p € (1, 00),
H (x_lv, v, ov”, x o, oo, afv, oatzv’,oafv,aafv) (~,t)”LOQ
+ ” (', o8,0", 0}, aafv/) (-,t)HLp < cJVEQ®). (5.5)

where one has used the fact that in one space dimension, | - ||z < C|| - ||; and
l-ller S C|l - li)z2 (1 < p < o0). Besides, another type of estimates are also
needed. Noting from (3.9), (5.4), and the simple fact that for any norm,
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. . ro.
;U('J)H = 8,/1)(-,0)—}-/ BtJHU(-,s)ds
0

A

. t .
8i/v(-,O)H +/ HB,IHU(-,S)H ds

<8/, 0)H+t sup |8/ ™! j=0,1,2,3;
s€[0,1]
onecanget
Sl el ,+ el ]
od/v) (-t + v(-, 1 ”
= ! 5-))/2 ! G-p)/2

+G) ol =m0

32v : orv 2
) enl 1) e
X 0 X 0

+CtP|supE |; (5.6)
[0,7]

which implies in the same way as in the derivation of (5.5) that for p € (1, 00),

1 2 3 2
H()F v, ov', 9, 00V, 00 v, 00; v) -, Z)HLOO
/ " 2 2.7 2
+| (v 00", B, aatv)(.,r)HLp <My+cCtP(swE). 7
[0,7]

It should be noted that this paper concerns the local existence, so we always assume
the time variable ¢t < 1.

The a priori assumptions. Let M > 0 be a large constant (for instance, M =
2My + 1). Suppose that for T € (0, M/2],

v, Dl =M, te€l0,T].
Then it holds that for (x t) € (0, 1) x [0, T],
2 - x 2
This can be achieved by noticing that r(x,0) = x and for any (x,#) € (0, 1) x
0, 1],

1 3
5 Srli(x,n S 5 (5.8)

‘5—1‘= v(@x 5)d6 ds
X

tv(x s) '

<t sup V() EMT £ -
s€[0,1] 2’

t
|r’—1| = ‘/ v'(x, s)ds
0

In the proof of Lemma 4.1, the time ¢+ > 0 is taken sufficiently small so that the
bounds (5.8) are always true.

1
<t osup V()] EMT < -,
s€[0,1] 2
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6. Energy Estimates

The purpose of this section is to derive a bound for

2
wn ([, + oatol[ +

2
o).
0

It should be noted that the estimate ||8,4 v|lo is needed because the solution,we
seek, satisfies v(-, 1) € C'(I). By the Sobolev embedding, one needs to estimate
lv(:, 1)]|2. Due to the degeneracy of the equation, one time derivative of the solution
is equivalent to the half of the spatial derivative.

We first derive a general equation for time derivatives. Taking the (k + 1)-th
time derivative of Equation (4.2); gives

3 k 2 / 2 4 qk 3qk,/

k42 o x7 9fv X , o x* ofv  x70;v
xod v—240 — + v +2—|3 — + ——
! [ |:r3r’2 X r2r3 ! X rér x P32

2 a1\ T e
H 2f OV 2 o
=7[(xo) (T)] +2 {0 + ot} =22 3L + 1)

%2
—pox?oft! (—2) 6.1)
r
where
k—1
f v x3 akv it otea [ X v
hm=%\3557)"53n cha % 3.2 ’
ror’ x ror’s x ror! X
a=0
2.7 2 k—1 2
kXY T, k=1 qk—a [ X o/
I =0 v = E C ad a3, v"),
L\ p2p3 rF2p3t . a t 2,73 (f )
o=

(6.2)

4 4 ok o
x* v X 8 a%v
I zak _ _ — Ck lak o 3 ,
2 ! (r4r’x) Z 4! X
3.7 3 ko -
_ Ak XV 9 v k—1k—
=0 (r3r/2) a2 ZC o “( )(8"‘1}’)

Here and thereafter, C(’ff] =k —-D![k—-1—a)a!].
Multiplying (6.1) with k = 4 by 8t5 v and integrating the resulting equation with
respect to space and time yield, by virtue of integration by parts, that

2 2. 1M 2 2
/[%(afv) +r2r/ [72("3;41/)2+3):_2 (%at“v)
2
X 0 4 4.7
+2m(;3tv)(08tv)i“ +2,u,//|:xa( )} dx ds
2
4. 7 4
= [ o () it e (357) (o)
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3

X o !
128, (ﬁ) (—a;‘v) (oa;‘v/)] x dxds — 2/ /[02(111 + 112)(3%)
r-r X 0

t
+(o/x)0 Bl + 122)(8,51))] dxds — / / px20 9] (x2/r2) (83v) dx ds
0
= J1 —2J, — Js. (6.3)

In order to estimate the terms on the right-hand side of (6.3), we notice that for
all nonnegative integers m and n,

et X"
K (m)’écsk, k=0.....4 (64

which follows from simple calculations and the a priori bounds (5.8). Here

Jo=Ix"Tol+ 1V, F1 =l Bl + 18| + T3,

Jo = Ix1oFv] + 192V + F1Jo,

J3 =[x 7130 4 1030 + 32J0 + 37, Ja = Ix 71t + 10} 4 330 + T30
It follows from (3.9), (5.5), the Holder inequality and || (o, po) ||~ < C that

ol < |x o] w+[v] ,~ < CEVA,
1310 < Ja~ 00 o+ |00 Ly + 130l < CPCEY),
13200 =[x~ 97 vl g+ 370" o+ 1131l 130l < CP(E'?),
lodallzr < € [[87v] oo+ [0 870" oo +C 13111 130l < CP(EY?),
lo3slle < C 870, +[ 087V, +loF2lLr 130l +C 13112, < CP(E'?),
loFallo < C || 9v] o+ o8 || g+ loT3llo 130l Lo +loT2ll L4 13114 < CPE'?),

=
=

(6.5)
forany p € (1, 00). Here and thereafter P (-) denotes a generic polynomial function.
In particular, we have form = landk =0, ..., 4,

m
Chal (x—m)’ < CT; satisfying  ||xZylly < CP(E'?), (6.6)
r

where 7 equals J; modular the terms involving spatial derivatives such as a;‘ v’
(i =1,2,3,4). Similarly, one can use (5.6) and (5.7) to show that for p € (1, 00),

13012, 13113+ 1032112, +loF3O1IF < Mo+CrP (sup E) (6.7)
[0,7]

IZo() 10 + IZ1OIE + 1xZT1 (D) 170 + 1 T2 1 + IXT3(D1F

< My ~|—CtP(sup E) (6.8)

[0.7]
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Next, we estimate the terms on the right-hand side of (6.3). For Ji, it follows
from (6.4), (6.5); and the Cauchy inequality that

4 2
n<c /0 [naoupo / [(oa;‘v’>2+(%a;*v) } dx] ds<c;(soup] E3/2).
[0,7
(6.9)

For J,, an integration by parts leads to

t

o
b = /[0(111 + 1)) + 0 (3N + D) (;8’4'))] d

0

t
o
—/ /[a(a,m+a,112)(aa,4v’)+o(3a,121 40, 1n) (;a;‘u)] dx ds
0

=: Jo1 — Jn. (6.10)
For J, noting from (6.2) and (6.4) that

4 3 a a
. 5. X afv N afv
i =St (57) () < e 2 oo ()

a=0
we can then obtain, using (5.5), (6.5) and the Holder inequality, that

4

scy,

a=0

’

oo Iitllo = C 3ol

o] +C Il

3 ~ 2
5 vHL4 +C Il |7 “Hpo

+Cllodallo |50+ Cllodallo |« o
< CP(E'*HE'>. (6.11)
Similarly, one can show that
lod;Iollg < CP(EV?E'?. (6.12)

It follows from (6.4), (5.5), (6.5) and the Holder inequality that

o9 I12llo + llod; I22llo
< C 3ol |00y’

od}

o TC Il

L4

+C Izl |00y’

Lo C o3l 0| o+ C lloallo o]
< CPEV*HE'?. (6.13)

Therefore, it follows from (6.10)—(6.13) and the Holder inequality that

t
vl = € [ [doaitlo +loa izl o5ty
0

0

+ (ol + ot I llo) |(0/0dfv| | ds < cop (sup E)
[0.7]

(6.14)
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The term J»; can be estimated as
4 2 4 2
|1l < Mo + ¢ (Haal v’(t)HO + H (/) v(t)HO)
+C (@) llo (1] + 1Tl + 1] + 2D O3

< b o (Jotto o]+ [imato )

3
+e@© > (H Z3a-aD0(0) Hi + o F3—a () (1) ||§) ,
a=0

where ¢ is a small positive constant to be determined later. Here we have used (5.2),
(6.4), the Holder inequality and the Cauchy inequality. By virtue of (3.9), (5.5),
(6.5) and (6.7), we obtain

3037 v(@®) [y +]30®e v ®) |, =

t
(1) (a?v(0)+ / 8,4v(s)ds)
0

t
Jo(0) <aafv’(0)+ / aaj‘u’(s)ds)
0 0

< 1300l s (870 o+ 0830 ©)] ,4)

0

+

t
+ /0 (l8fvs) o+ odtv' ()] ,) ds 130l o

< Mp+CtP|supE ).
[0,7]

Similarly, one can show that
2 o
> (H 2300 + ||033a<r)a;"v’(r>||0)
=\« 0
< 131l
t
+ / (
0
+lloJ2ll 4 (‘
!
A
0
+ lloJzllo (
t
A
0 L

< My+CtP (sup E)
[0,7]

0, + et o) )

3 v(s)

L + |09/ (s)

1)) ds 131l

3v(0)

+av o,
L4

atzv(s)

X

02v')| ) ds llo 32l
0 0

v(0)

+ [ Ol,)
LOO

0
POl 1w ©]) dstodalus
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Therefore, we have arrived at
4 7 2 4 2
11l € Ce) | Mo+ CtP(supE )| +¢ (”aa, 0 HO v H (/)34 (0) HO) .
[0,7]

(6.15)

It remains to bound J3. Note from (6.6) that

T3] < /Ot Il Hxaf (xz/rz) (S)HO Hxaafu(s)HO ds

t
0)/0 ”x3t5 (xz/rz) (s) o ds
x085 H )

2
xaavaO, (6.16)

xoafv(s)

=C ||/?0||Loc( sup
5€l0,1]

<co (f/ i (o) o], o)+ s

< C(e)tP (sup E) + & sup

[0,1] [0,7]

where ¢ > 0 is a small constant to be determined later.
In view of (6.3), (6.9), (6.10), (6.14), (6.15) and (6.16), we see that

2 2
Xo 5 2 X 1 4 ) x oy 2
/ [7 (8l v) o |:172(Ua’ ¥ +3r_2 (;8, v)
! 85 /=2
t
rr’ \x 0 0 X
S C(e) | Mo+ CtP(supE
[0,7]
2 2
+£(”08,4v’ xoBfUH )
0 ] 0
Since || («/xoatsv) -,0) ||§ can be bounded by M due to (6.1) with k = 3, and
x? 4. 12 o4 \? X (9 4 4.
/2(03 V) +3 (;at v) +2— (;a, v) (@8
.X 1 4 12 2 4 1 . X (0, 2
2 l |:2r/2 (O-a U/) 2 ( 8 ) E(O’B, U/)—i-\/z; (;8t U)

2 2
X 1 4 n2 X7 (042
2 [2r/2 08/ + 75 (Tol)

C [(08,41/)2 + (ax‘la,“v)z] ,

e
n H (0/x)d UHO

1\

1A%
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where the a priori lower bounds for 1/r’ and x/r were used; then we have
192
5 2 4 2 _1a4 2 ! va
H\/xaa,v(t)HO+ ||(78,v (t)||0+ ||(7x 8,v(t)||0+u xo - dx ds
0

SC(e)| Myp+CtP| supE
(0.1
Ce( Joafv' 0o+ | Zotve H2 + sup Hma%”2
t 0 X t 0 0.1] t 0 ’

which implies, by choosing ¢ suitably small, that

2
Sup (H«/x_og)S H + Haa,“v’ (2)+ H(o/x)afvni) —i—pc/ot xo (%)/ (s)| ds
< Mo+ CtP (sup E) ) (6.17)
[0.1]

The weighted Sobolev embedding (5.3) implies

2 4 12 a2
vH §C(’O’3th +H08’ v )
0 0 0
4 |2 a2
- c( x(0/x)9’ ”Ho o 0)
< 4 2 4. 7
S C||[(a/x)ov 0+ 00, v

2
o)’
(%)
xol — ) (5)
X

and we then obtain that

2
sup(H»‘/xoa5 H + Haafv’ . ds

< Mo+ CtP|supE |,
[0.1]

or equivalently

2 1
of,) +u

w5\ |
xo (t—v) (S)H ds
X

§M0+CIP(supE). (6.18)
[0,7]

(e e e e Ry

[0,7]
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7. Elliptic Estimates

In order to estimate the derivatives in the normal direction (the spatial derivatives
in Lagrangian coordinates) which cannot be obtained by energy estimates as in the
last section, we employ the equation to perform the elliptic estimates. Since the
degeneracy of the equation near the origin x = 0 and the boundary x = 1 is of
different orders, for example, in Equation (4.1), the coefficient of d;v is of the order
x2 as x — 0, and of the order (1 —x)asx — 1, we separate the interior estimates
and the estimates near the boundary by choosing suitable cut-off functions. To this

end, we first identify the leading terms and lower order terms of the equation. Notice

that
3 Ak 2 ! 2 4 ak 3
| x7 9fv X5 o xT ofv X7k
‘[“ Lw?*ﬂar”“ +7[3W7+maf“}
= —0(Ho + H1 + H2), (7.1)
where
kv’ ok
550=03tkv'/+6(t—v) +[20'—g] Btkv’—l—[Za'—?)z]’—v
X X xl x
o /
= H0+4(—) a{‘v,
X
3 4 k
_ / X 3(7 X tv
o= () - T ()|
2 3
A x of x )
P () -2 )
3 \/ qk 2\’ 3 koN/
X o v X L X v
e () 2 () o () (2
2
+( o 1) azkv”] (7.2)
r<r
and

/
1 kv’
Hy = 00*v" 420850 — 20" 0%v/x = — |:(x0)2 (f—v) ] . (13)
Xo X

We can then rewrite (6.1) as
1 o\’ 1 ’
Hy + o Hy = Exa,k“v —4 (;) v — 91 — 9 — - [62(111 + 112)]
o 1 x2
+(2) Bl + L) + Spa?of ! (_2) — g, (7.4)
X 2 r
where 111, I12, I1 and I, are given by (6.2).

In order to obtain estimates independent of the regularization parameter ., we
will also need the following lemma, whose proof can be found in [7]:
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Lemma 7.1. Let u > O and g € L>(0, T; H*(I)) be given, and let f € H'(0, T
HS (1)) be such that

f+wufi=g,  in(0,7T)xI.
Then
I fllzooo.7:m5(ryy < € max {|.fO)lls 18l oo 0,7 151y } - (7.5)

Asanimmediate consequence of (7.4) and (7.5), we see that for any smooth function

B(x),

sup [|BHollo = C (IIﬂHo(O)Ilo + [S(;II; IIﬂgllo), (7.6)
N3

[0,7]

sup | BHgllo = C (IIﬂHé(O)Ilo + [S(:II; IIﬂQ’Ilo)- (1.7)
,t

[0.7]

Clearly, the weighted norm of 3% v” (or 3¥v"”) can be derived from the corresponding
weighted norm of E)tk”v (or 8,"+2v’ ). Based on the energy estimate (6.18), we can
then obtain the estimates of v” and 3?v” associated with weights. Furthermore,
with the estimates of spatial derivatives of 37v and 3v, one can get the weighted
estimates of higher-order spatial derivatives of d,v and v.

7.1. Elliptic estimates: interior estimates

For the elliptic estimates, since the degeneracy of the equation near the origin
x = 0 and the boundary x = 1 are of different orders, we will first choose a suitable
cut-off function to separate the interior and boundary estimates. The key is to match
the interior and boundary norms in the intermediate region.

7.1.1. Interior cut-off functions The interior cut-off function ¢ (x) is chosen to
satisfy

=1 on [0,8], ¢=0 on [25,1], |¢'| £ s0/é, (7.8)

for some constant sp, where § is a constant to be chosen so that the estimates (7.13)
and (7.19) below hold for all k = 0, 1, 2, 3. The choice of § will depend on the
initial density pg. Since

o' (x) = po(x) — xp)(x), '(0) = po(0) > 0,
there exists a constant g (depending only on pg(x)) such that for all x € [0, &p],
mo < po(x) < 3mg, mo < o'(x) < 3mg, where mg = po(0)/2; (7.9)
and then

mox < o(x) < 3mox, x € [0, 8ol. (7.10)
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Setm = max0§x§50{|,o(’)(x)|, | o (x)[}. Then for all x € [0, do],
lo@)/x =o' ()| = |xpp0)| S mix, |o"(x)| < 3my. (7.11)
Analysis for Hj. To this end, we rewrite Hy as
Hy=of" +20'f — 20’5 where f = 9v. (7.12)

Multiplying Hy by the cut-off function ¢ with § € [0, §p/2], one may get

2
ieroll = eor [+ 4ce' w4 feor (£)] 44 feorco's o

—4/zof”¢a/(§) x—8/¢of§o (f) dx.

Observing that
2/§Uf”§a/f/dx = - H{U/f/”(z) —/({20/)/0 |f/’2 dx
A 2 712 7112
> — o’ f'[[g = Cmo. s0) 8 £/ dx — Clmo, m»)8 |||,

and

_/;af”go’ (f) dxz/ ({20’)/0(f) f/dX-i-/EzU/ (U/—g) (f) [l dx

+lea' s+ [ o (S=a) | ax

2 2 2 2
2||;o’f/||o—C(mo,so>/8 (If/| +|L )dx

X
AYE 2
—C(mo.ms | |z (=) +¢r' 5]
X /o

we have, using the fact o’(x) = mg on [0, 28], that

I¢Holl3 = |cos" |+ % ||c Fllo+ (f)

(—u:of||0+s o (D] - feorer (£) o)
26 2 iz
C(mo,SO)/8 (|f| +‘x )dx

AYE 2
—Cmo.m)s | |c (=) +¢r ],
X /o

2
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> a2, 2 2 7112 2 f 2
Z [[¢or"llo+3ma e f o +ma ¢\ =
0

28 2
—C(mo,so>/ (|f/|2+‘£ )dx
§ X

AYE 2
~C(mo,mps | ¢ (= )] +ler]a |-
X /o

Therefore, there exists a positive constant §; = 8;(mg, m;) such that if § <

IniIl{S()/z, a1},
X

1 1 2
leHold 2 [eof” |2+ o |2+ 3m3

—C(mo,so)/ (|f| +’f')
kv 2
w1 (%)

0

0

or equivalently

2 2
8k " H ak /
Hgo ¥ +cory 0

28 9k 2
< Clmo) I HollZ + Cmo, s0) / |:(3,kv/)2+('7):|dx. 7.13)
)

Analysis for H|. To estimate H, one needs also to compute the 1st spatial deriv-
ative of Hyp. Clearly,

/
Hé + 26" (f . f/)zaf///+30/f//_20/ (%) = ﬁO: where f = 8tkv,
(7.14)

For any function f = f(x, t), it holds that

3/ = o} (x%) = xd} (}ic) +jodt (%) i=1,2,3 (115

so Hy can be rewritten as

~ f 4 akv /
Hy=o0xg" +3(0x) g +4c'g, where g= (—) = (t—) )
X X
Thus,
Hy—3 (U’x - o) g =oxg" +60g +40'g. (7.16)

Multiplying this equality by the cut-off function ¢ with § € [0, §p] and taking the
L?-norm of the product yield
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5 Ho+3¢ (o'x =) ¢'lg = |coxg” |5 +36 [og’ | + 16 [0’
+12/§0xg log dx+8/§0xg co'gdx

+48/§Ug’§6/g dx. (7.17)

The last three terms on the right-hand side of (7.17) can be bounded as follows:
—2/§oxg”§0g dx = / %o x |g’}2 dx
=3fcog [y +2 [ ce'xlog ] ax
+2/§20(0’x —0) |g’|2 dx,
/;axg”{agdx_/ga o'x —o ggd)c+/§2 2¢" g dx
:/; o ( ax—a)gg”dx—Z/{;’azgg/dx
2 / t*00'gg dr — [cog'|;
and
—2/;200’gg’dx = H{o’g”é—i—2/§{’aa/g2dx—l—/{zao”gzdx.
It then follows from (7.17) that

[coxg”l5 +10]cog’g
= ¢ Ho+3¢ (o'x = o) &'

+12 [/g;’x log/|” dx +/§20(G’x —o) ¢ dx]
-8 [/ ¢*o (0'x — o) gg" dx —2/gg’azgg’dx]
+24 [2/gg’aa/g2dx +/§20<7”g2dx]
< 2[[¢ Hollg + Cmo, m)s [ [coxg” g + [ cog' o + 28]

25
+ C(my, so)/ [(ag’)2 + gz] dx.
s

Therefore, there exists a constant 8y = 8, (mg, m) such that for § < min{8y/2, 8,},
it holds that

1 _
5 leoxs [ +5 o8’ [g < 2 ¢ Ao lg + Cmo. m1)s lzell

28
+C(mo,so)/ [(ag’)2+g2] dv.  (7.18)
)
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To handle the term ||§g||%, we need an additional estimate which follows from
(7.16), that is

J¢os ] < Como) [[¢ Follg + [coxs” [+ ¢og'[g]

< C(mo) ¢ Ho||¢ + Clmo. m1)3 l1cgl13

268
o) [ [@g7 + ] a
B
where we have used (7.18). Hence, it holds that

|¢oxg" |5+ cos' s+ co's]

26
~ 2
< Clmo) ¢ Bo |2 + Clmo. m1)3 12113 + Clmo. s0) / (02 + 4] ax.
b
Thus, there exists a constant §3 = §3(m, m1) such that

1
coxg”lg + lzog'lg + 5 el

_ 28
< Cmo) | ¢ Hoy + Clmo. 50) /6 (087> + 7] ax,

provided § < min{og/2, 82, 83}; where we have used the fact ¢’(x) = mg on
[0, &¢]. It then follows from (7.15) and (7.14) that

2
" 2 " 2 8"1} '
Jomato [ et [+ £ (£2)]
0
2
~ 28 2 akv /
< C(mo) ||§H0||(2)+C(mo,s0)/8 "+ (IT) dx
2
) 2 kv
§C<mo>||;H6||0+C<mo,m1>(H;a,"v/Ho+’;’7 )
0
2
28 2 ak /
+C(mo,so)/ oky” +‘(’—U)‘ dx. (7.19)
Ky X
A Choice of §. Choose
8 = min{do/2, 81, 82, 83}, (7.20)

then the estimates (7.13) and (7.19) hold forall k =0, 1, 2, 3.
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7.1.2. Interior estimates for 3’v and 3?v  Consider Equation (7.4) with k = 3,
that is

1 5 o\’ 3 1 2 4
Hy + nd, Hy = §x3t v—4 (;) ;v —5H —H — p [0 (1 + 112)]
o I, 5.4 x?2
+ (—) Bhi+ )+ 5¢x73, | 5 ) - (7.21)
X 2 r
In order to bound ||¢ Hy|| by applying (7.6) with § = ¢ given by (7.8), we need
to estimate the L?-norm of the right-hand side of (7.21) term by term. For this
purpose, we first derive some estimates which will be used later. In addition to
(5.5), (5.6) and (5.7), we have some interior bounds:

(o', con”, cofv, codfv’) (o0 < CVE®,

[(c020) .0+ [ (so92v. €0) .0+ Hgov) ¢ 03

S Mo+ CtP|supE ),
[0,7]

2
| (sv', cov”, cotv, contv’) oo < Mo+ CrP(sup E); (7.22)
[0,¢]

which implies

~ —1
1631l < [x a0

| 600 ] o + 1300 < CPEY),
~ 2 —1 |7 /12

1E30 (70 = 2 Hx UHLOC + ||§v “Loo S Mo+ CtP{supE |},

[0,7]
3 2 < —192 2 2./
1832013 = € (|02 + |cotv
S Mo+ CtP|supE |.
[0,7]

This, together with (6.5) and (6.7), yields that for p € (1, 00),

2
NN ||<::so||ioo)

130l oo + IF1lr + 1ET1 1 o + 132llg £ CP(EY?),

13017 + 12301300 + IT1OIF + 1£32(0)1IF < Mo + CtP (sup E)
[0,¢]

(7.23)

In a similar way as the derivation of (6.4), we have that for nonnegative integers m

and n,
t rmr/n ’ > ’
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where

r

vy’ ,
£o = ’v//| + ‘(;) ‘+R030, with Ro = ‘(x) ‘+ |r//

2] = |Btv”’ + ‘(8[_1))
X

(alzv)/
X

It can be checked (see the Appendix) that the following estimates hold:

s

+ RoJ1 + LoJo,

£y = 8t2v// +

+ RoJa + £031 + £130.

IRollg+lloRoll o < CtsupVE,
[0,7]

I€ol3+loLoll2ac+ 1o L117p+ 120 L1 n+lloL2l3 < CP (E(z))+ap(s§p E)
[0,7]

Iz €ollg+llo LollZs+lIgo Lol 7o +llo L1 15+1E0 L2llg < Mo+CtP (soup E)
[0,7]
(7.25)
with || - || denoting || - (¢)]].
Next, we will bound || Hy|| by the terms on the right-hand side of (7.21). It
follows from (5.6), (6.18) and the lower bound of pg(x) in the interior region that

1 5 o\’ 3 2< o .5
H{ (zxatv—4(;) atv) (t) OIC é‘ xgal U([)

2
<c H«/xaatsv(t) HO e

2 2
e 3,3U(I)H
0 0

2
3
oo,

< Mg+ CtP (sup E) . (7.26)
[0.1]

For §1, noting from (5.5) that

1
- N RS T
r(x,t) Lo© r’(x,t) L>® r X Lee r' L*>
TR
sc | (5l + 1) o
sc [[(|5],+ s o
< ct|supVE ), (7.27)
[0,7]
we have
2 4 2 3 2 2 2
NIz c —1 -1 S5 1
lEH1®lg = ‘r4r’ LOO"' 3.2 L°C+ 2,73 Lo
Pv? 2
x 1Y +H§3;’v’ < CtP|supE ). (7.28)
X o 0 [0,7]
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For $),, it follows from (3.9), (7.27) and (7.25); that

)

+C loRol3 (Ha3v/x||0+ lcad'| ) <c (Ecglp] E) (7.29)
St

3 3 ! 3
oo (22) | s efee (2] = fer e (%2)
X X 0 X

Next, we will handle the terms involving /71 and I as follows,

2

3 2

+| 551

I£H2(011F < [

+||4“03?v”|f§]

3.2
r-r I
o0 0

since

/
<C

0

0

2

1 , 2
Hf; [02(111 + 112)] < Clleln + I)li+C ||§'0(111 + 112)/”0
0

2
<O [edama (08 0/x] + 1380}
a=0

2

+C > ¢oLama (19%v/x] + 820]) |3
a=0

+CZH§\52 a(

(90 /x) ‘+ |08°‘v”|) H

< CZ {32 (J0u/x] + 16501 + lo320"1) |5
a=0

+ g0 8o (130l + 070D 3]

Here we have used (6.4) and (7.24). It follows from (3.9), (5.5), (5.6), (7.22); and
(7.23) that

2
> e32-a @) (|30 @+ x 0@ ) |

a=0

s ||§30||L°0(

+||3lllo(
’v(O)

+1¢321lo (’ .

a3v

t
+||a,2v’(0)||0)+/ ( -+ +||;a,3v’||0) ds 130l L
0 0 0
32

t
Heavol, )« (|5
L> 0 0

! 0
+||v/<0>||Lm)+/0( o +||;a,v/||m) ds 1321lo
LOO

< M0+CtP(sup E) (7.30)
[0,¢]

d;v(0)

+”3,2v/‘|0) ds [1E31 1l oo

Lo
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Similarly,

2
D e32-a®) (@00") ()] ) £ Mo + CtP (sup E);

a=0 (0.7]

and

2
> leoSaa (17 v/x1+ 1020'l) (0[5 Mo + CtP(SUP E)

— [0,7]

a=0

Here we have used (7.25)> 3 to derive the last inequality. Therefore, it holds that
2

Héé [62(111 + 112)]/(0 S Mo+ CtP(SuPE)- (7.31)

[0,¢]
80!
l_v‘) (1)
X

< Mg+ CtP (sup E) (7.32)
[0,1]

0

In view of (7.30), we obtain

[¢Z G0+ 122)(0”2 < Ci {32-a 1) (Iaz"‘v/l +
a=0

0

Noting from (6.6) and (6.8) that

2 2
o ()
r 0

one then derives from (7.6), (7.21), (7.26), (7.28), (7.29), (7.31)-(7.32) that

SC XT3 () < Mo + CIP([S(?% E),
it

sup [|¢ Holl§ < Mo+ CtP | supE ).
[0,7] [0,¢]
In view of (7.13) and (5.6), we can therefore obtain, for any s € [0, ],

Bf’v(s) 2

eostn L+ st + |22

0

28 3 :
< C(mo) ||§Ho(s)||% + C(my, SO)/& |:(8,3U/(s))2 + (3, I;(S)) ] dx

25 2
< Csup ||§‘H0||(2) + C/ |:(08t3v’(s))2 + (BSU(s)) ] dx
[0.7] 8

S Mo+ CtP{supE |+ Mo+ CsP(| sup E
[0,1] [0,5]

S Mo+ CtP|supE ),
[0,7]

where we used the fact that o (x) = myd on [§, 28]. This, together with (5.6),
implies that
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3 |? 3 )? o} v\|?
sup HCUB;vH +H¢8,vH +”; (’—) <Mo+cip[swpE). (733
[0,1] 2 1 x Jlo [0,7]

It follows from (7.33) and (3.9) that
2 ||? 2 | v\ |’
sup HEUatvu +HC3,UH +”§ (I—) <My+CtP{supE ). (7.34)
0.] 2 1 x Jllo [0.1]

7.1.3. Interior estimates for d;v and v Consider (7.4) with k = 1. The basic
idea is to apply (7.7) with B = ¢. As before, we first list some useful estimates here
and then deal with ” ¢H| H o later. Note that for all nonnegative integers m and n,

<co, (7.35)

where

Q= ‘(%)u‘ + "]+ RoLo + (R1 —i—Rg) Jo with Ry =|r"|+

)

It follows from (3.9), (5.6), (7.15) and (7.22); that

o(2) o v =2 (%)/HO + |ov”|, £ CVE®,

o (2) o

+ov" 0], =€
0

2
+[eov" ] < 2¢ +2[sov" 0]
0

e’ -2 (2) @

S Mo+ CtP|supkE ).
[0,2]

We then have, by (7.23); and (7.25); >, that

loRi(llp < /0( (%)

loQwlo <€ o (£) @
X
+ (o ROl + Il Ro®ll 2 [Ro(0)lo) 301

< CcJVE(@) +CtP (sup JE) , (7.37)
[0,7]

o2 0

+C (loRi)llo + loRo@)l o IR0 (1) l1)* IF0 ()17

2
0

+ ||m/“||0) ds < CtP(sup ﬁ) (7.36)
0 [0.1]

+ lov” @y + loRo@ I o< 1€l
0

2
lcoQw§ £ € ‘ +C [ ¢ov" )| + ClloRo@) 13 120113
0

< My+CtP (sup E) (7.38)
[0,¢]
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Now, we are ready to deal with H CHé For 1, it follows from (3.9), (7.27),

lo

(5.5), (7.22); and (7.25); that
4 2 3 2 2
ol <cll2= -1 =~ S
||§5§1( )”0 = Ay Lo + 73572 L + 72473 oo
atU

A

+C IRl {[[c0rv' [« + Norv/x1 )

< CtP{supE ). (7.39)
[0,2]

For 65, it follows from (3.9), (5.5), (7.25)1, (7.22) and (7.36) that
lesho];
< CIRoIR (v /x e + 2000 |2 + o Grof) 2o+ o2 )

2
o+ ||§a,v”||§)
1

2
+¢ (IRoIF loRolF + IR 13) {Norv/x 13 + €00/ |7

2 2 9,v 7
+C[ + H o (’—)
Lo X
|2 0rv 17 712
T goan |2+ (_ e PV <cip(swE). @40
x 0 [0.7]

LOO
since

2

3 2

1 1

r3r72 72’3

0

|20 @v/) | = C |ex@o/x) | o0 = C g (B0 = Bv/x) | e

" ”

lo (8;—”) ) <Clex (8;—”) ) < C|zo” =203 v/x) |, -

For the term involving /11 and /17, we have from (6.4), (7.24) and (7.35) that

¢ H% [02(111 +112)]/] .

SCletn+ Il +C e+ I |y + [¢otn + 1),

< CleoQ(v/xl+ [V])]y + C 2Lo (lo/x]+ V'] + o /x)| + [ov”]) ],
+C €30 (Io/x] + V'] + 1@/ + [v"| + 1o (0/x)"| + |ov"]) |, -

Note that

|20 Q@) (jo/x1+ ') @ s < 2186 QIR Ilv(0) /x[3

t 2
+2 (ncoQ(r)uo 10" O]~ + IIGQllo/O 0| 1o ds)

S Mo+ CtP|supkE |,
[0,7]
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where we have used (5.5), (5.7), (7.22)1, (7.37) and (7.38);

[¢.20) (Iv/x] + [V + lo (/x)' | + [ov"]) () [g < Mo+ Ct P ([S(;II; E)
N

due to (7.25),3; and

|£30@@) (lo/x]+ W' + 1@/ + [v"] + o (w/x)"| + |ov"]) (I)Hé

< My+CtP|supE |,
[0,7]

since
lo(v/x)"| £ Clx(v/x)"| = Clv" —2(v/x)’|

and

1£30() (101 + [ov”]) 1) 5 < [umomnm ([v" @]+ [ov" @)
t 2
+ ||30(t)”L°°/0 (HCB[U”HO_F”g‘aatv’//”()) dSi|

< Mo+ CtP|supE ).
[0,7]

Then, we have arrived at

HC[ o (111+112)” ()

2
S Mo+ CtP|supE ). (7.41)
0 [0,7]

In a similar but easier way as for (7.41), one can show

|¢ [(0/x)Bh1 + D)) 0)]; < Mo + CtP (suP E) : (7.42)
[0.1]
Finally, the last term in ¢ G’ can be bounded as
2 2 2\ 2\
‘ 15 [¢> 292 ( )} 0| <cC|cxd? (—2) + C |¢x%0? (—2)
0 "7l g 0

~ 12 2 2
< Clexdil+C exter]

2
< CIAIG+C ¢ /oroei| < Mo

+CtP|supE ), (7.43)
[0.1]

due to (7.23)3, (7.25)3 and the lower bound of pq in the interior region.
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It follows from (7.7), (7.4), (7.33), (7.39), (7.40), (7.41)—(7.43) that

2
§3t3vH1 < M +CtP(supE).

sup ”CH(/)“(z) < Mo+ CtP (sup E) + C sup
[0,1] sup

[0,1] [0,¢]

In view of (7.19) and (5.6), we can then obtain

sup ([go0w” s + s s+ s GroreI7)
ot
< Caup e[ + Neovorx1 + e ]
it

+C@ sup oo + I + horoid]
St

S Mo+ CtP|supE |,
[0,2]

where we used the fact that o (x) = moé on [8, 28]. This, together with (5.6) and

(7.22), produces that
2
Mo+ CtP{supE ). (7.44)
1 [0,7]

Then we can derive from (7.44) and (3.9) that

2 2 3,1)
sup| [[Cod;vll3 + 1o vll; + ¢\ —
[0,7] X

(0,

sup (||;o~v||% + vl + Hc (;)H?) < Mo+ CtP(suP] E) (7.45)

7.2. Elliptic estimates: boundary estimates
For the boundary estimates, we introduce a cut-off function y (x) satisfying
x=1 on [§1], x=0 on [0,8/2], |x'| < s0/8, (7.46)
for some constant 5o, where § is given by (7.20). Let
B =0d"v" +20'85 = Hy 4 20"8%v/x. (7.47)
Since for any function 2 = h(x, t) and integer i = 2, it holds that

2
[xon' I+ lxo'nlg < [x (o1 +ia'h) g +C 0] .

(7.48)

2 2 2
HXU3/2h’ . + onl/za’h ‘0 <4 onl/z (oh' +io'h) Ho +C |lohll.
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‘We can see that

o250 || + o050 | <4 |xo"8]] +CH(;3g I, k=3
| xoap” §+ | xo'a2v’ 2 < 1B+ C o200 || k=2
Hx&/zatv’” ’ 126" 9,0" <4on1/2( —20"3,v) i
+C o5, k=1
Lo 2t lxe " < [ (B 20" - o 2] k=0,
(7.49)

Thus, we need to deal with |0 /2 x Bl whenk = 3, || x Bllofork =2, |lc'/?xB'|lo
when k = 1 and || x B||o for k = 0. The proof of (7.48) is left to the appendix.

7.2.1. Boundary estimates for 8,21) To estimate || x B|lp with k = 2, we consider
Equation (7.4) with k = 2. To this end, we will first list some useful facts. Similar
to (5.6), one can obtain also

2
H (Gl/zatzv/’ 03/2831)”, o2y, 03/21}”’) ¢, t)Ho < Mo+ CtP (sup E)
[0,2]

(7.50)

Setting || - || = || - ()], we can summarize from (6.5), (6.7), (7.25), (7.36) and
(7.27) that

||x/r—1||Loo+||1/r’—1\}Lw+||Ro||o+||aRo||Loo+||aR1||o§CrP(sup «/E),
[0,7]

130l + 131174 + o Loll7 + lloLill;4 £ CP (E() 4 CtP (sup E)
[0,¢]

13002 + 13105 + lo Lol 74 + o L1115 < Mo + CtP (sup E) (7.51)
[0,7]

Next, we will deal with the terms on the right-hand side of (7.4). It follows
from (5.6) and (6.18) that

1 / 2
HX (Exa;‘v —4 (%) afv) (t) 0 <c

< M0+CtP(sup E) (7.52)

2
,v(t)”0+c

2
’v(t)Ho

[0.7]
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For 91 and $», by virtue of (7.51)1, (3.9), and Hardy’s inequality, one has

5 4 3 2 2 S 2
IO CylZs =1+l gz +|5m-1 athI
S CtP|supE |, (7.53)
[0,7]
2 x3 x2 2
2 2 2
HIZ < ClloR mavH B B
Ix$H205 = ClloRollz U, +{ PP e + 2.7 .
2 2
X (Haé)?v” + 8,2UH )
2 1
< CtP|supE ). (7.54)
[0,7]

For the term involving /1 and /17, we derive from (6.4) and (7.24) that

2
<0 X {lr@-a® (jov] 157 1 +lo070") 1)
0

1
HX[02(111+112)]/(1)
o a=0,1

+lxoLima ) (19 vl+1070') 0]

< M0+CtP(sup E) (7.55)
[0,¢]

Indeed, it follows from (5.5), (5.7) and (7.51) that

> (I31-a®d 0@ + o £1-a 3 v0)])

a=0,1
< C I3+ 1o L1 13) v 12 +C (130 13+ llo Lo@I3) 1130112

S My+CtP{supkE |,
[0,7]

> 31-a (Jo7 | + |oafv"]) )

0,1
S 130®llzs (00" O] 14 + 90" O] ,4)

o

t
+ /0 (820" [lo + 970" ) ds IFo@ e + 131l (v O]

t
—|—||ov"(0)||LOQ)+/0 (Jacv'|| s + [lo 80| 4) ds 131 @114

S Mo+ CrP|supE
[0.7]
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and

Z o€ a(t)a"v’(t)”o < M0+CtP(sup E)

a=0,1 0.7]

so0 (7.55) follows. Similarly, one can also obtain

lx(c/x)Bh1 + 1) )§ < Mo+ CtP (sup E) (7.56)
[0.1]

Finally, one has

o (2o

Here (6.6) and (6.8) have been used. Applying (7.6) with k = 2 and 8 = x, with
the help of (7.4), (7.52)—(7.57), we obtain

2

< CITL@)|E < Mo+ CtP ([S(;l[; E) (7.57)
N3

SUP llx Holly < Mo+ CtP (sup E)
[0,¢] [0,1]

In view of (7.47) and (5.6), one can thus get

sup [ x BIIg < ZSUp llx Hollg + € (8) sup
[0,1] [0.1]

8%v H < Mo+ CtP(swpE).
0 [0,1]

It follows from this, (7.49); and (7.50) that

+Hxa 82 !

sup (Hx<782 "

) < sup (ann% +C o207
[0,7] 0

[0.7]

S Mo+ CtP|supkE ).
[0,7]

2
)
This, together with (5.6), yields that
sup (”Xoaf H n HX32 H ) <My+CtP(supE), (7.58)
[0,¢] [0,7]
due to the estimate:

2
x93 , € HXU’BEU’

sup

[0,1]

2 < 2.7
Ssup(C | xod v
0 0.4

2
)§M0+CIP sup E ).
0 [0.1]
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7.2.2. Boundary estimates for v Consider now (7.4) with k = 0. Our goal is to
bound | x B'| - It follows from (5.6) and (7.58) that

2 2 2
<c Hxa, v(t)Hl +C v}
0

1 av '\ 2
HX (Exafv—4(;) v) )

< My+CtP (sup E) (7.59)
[0,7]

For $; and £, it follows from (3.9), (5.5) and (7.51); that

T 4 3 2 2 2 )
||X5{)1([)||0:C r4r’_1 Loo+ r3r/2_1 Lo<:+ r2r’3_1 L ||v||2
2
+C IR {19/ + 013}
< CtP|supE (7.60)
(0.1

and
[0 [G < € IR0l {10l + [0/ [ + oo |}

+C (IRl loRolF + loRi13) { Il + /] 7]

3 2 2
X X |2 2
e H P32 1”Loo e IHLw] [HOU o+ ”U”2]
< CtP|supE ). (7.61)
[0,7]

Using (5.6), one has

2, (2]
X d)x at }’2 (t)

It yields from (7.7), (7.4), (7.59)~(7.62) that

2

SCE® lv@®f < Mo+ CtP (soup E) (7.62)
[0,7]

0

Sup ”XH(;”(Z) < Mo+ CtP(supE),
[0,7] [0.]

In view of (7.47) and (5.6), one gets

sup ||XB/H(2) < 2sup HxH(g”(z) +C@S)sup flvll? £ Mg+ CtP (sup E)
[0,7] [0,¢] [0,7] [0,¢]
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)

We can then obtain, using (7.49)4, (5.6) and (7.50), that

sup (”XUUW ”3 + ”XC’/”N “g) < sup (”X (B/ —20"V') ”(2) +C Hcrl/zv”
(0.1 [0.1]

)

< s ([ 5+ g+ o2
N

< My+CtP|supkE ).
[0,7]

This, together with (5.6), yields

sup (||Xov||§+ ||Xv||%) < M0+CtP(supE), (7.63)
[0,¢] [0,¢]

since
a0y £ (C oo Lo ) < i cir ().
[0,7] [0,7] [0,1]

7.2.3. Boundary estimates for 8,31) Consider Equation (7.4) with £ = 3. As
before, we list here some estimates which will be used later. First, it follows from
(7.34), (7.58), (7.45) and (7.63) that

2
sup (navn% + 0l + o a7+
[0.1] 2

2
a,szI) < Mo+ CtP (sup E) (7.64)

[0,2]
Moreover, we have the following estimates for d;v and 8t3v:
2 2
H (ol/zatv’, 01/2831)) (1) H Lo + H (03/28,1//, 03/28,31/) )] HLOO < CE(@);
(7.65)
and those for J and £:

1/2 (o~ 2 . ~ 2
o2 @Quoen (o] < CPED). 1@ 0L0) (Dl
+1@1oL0 G0l + G2, 0.£2) DI

< My ~|—CtP(sup E) (7.66)
[0,¢]

The proofs of (7.65) and (7.66) will be given in the appendix.
We are now ready to do the estimates. First, (5.6) and (6.18) imply that

1 AV 2
1/2 5 3 3
HXJ / (Exat v—4 (;) 0; v) (1) 9;v(t) H0>

< M0+CtP(sup E) (7.67)

? 1/245 2
0§C(8)(”(x0) atv(z)H0+

[0.7]
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For $; and $)», it follows from (3.9) and (7.51); that

4 3 2

X

-1 -
72573

1

+
LOO

+
LOO

iy’ 32

2
—1
Lo
2
)

< CtP (sup E) : (7.68)

[0.7]

2

0
2
L°°]

< CtP(sup E) (7.69)

[0.7]

[xo 2010 < CH :

2
<lvatly e e

2 2
Hxal/zsz(t)Ho < ClloRo2 (Hal/ZaEUHO + Hol/zaﬁu’

+c[
‘2

H03/2 (8,31), GRT 8,31//) .

3 2 2

X

1 - _
72573

+ 1

LOO

r3r2

For the term involving /71 and I3, one can derive from (6.4) and (7.24) that

1 ’ 2
HXGI/Z— [02(111+112)]
o 0

2 2
<c> [HXU”ZJZ_a (Jozv] + |aﬁu/|+|aa,°'v”|)H
0 a=0

2
n onwsz_a (19%v] + |8f‘v’|)H0] .

Note that

o 232-a0) (j35°0' |+ o970 ]) O]

A 'iM“

1300z (1870l + 007" o) + 13110 (o201 O Lo+ 201" O] )

t
+/0 (l7v lo+lo07v" o) ds o231 ] oo+ 132 M0 (V' oo+l )

< My+CtP(supE |,
[0.1]

where we have used (3.9), (7.64)—(7.66) and || - ||~ < C|| - ||1. Similarly, one has

2
0

2 2

2
> Ha3/222_a(t)8f‘v/(t)”0§ > Hal/z (0L2q) BV
a=0 a=0

< My + CtP(sup E),
[0,7]
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and

i(” 125, oz(l‘)ao‘v(l‘)H + H 320, oz(t)aav(f)" )

a=0
< (1013 + o 2213) 1013 + € (13113 + o £113) 19,013~

2
+C (Ioll3 + o 2ol) [o2v]

S Mo+ CtP|supE ),
[0,¢]

where we have used (5.6), (5.7), (7.64), (7.66)> and || - ||z~ < C|| - ||1. Hence, it
holds that

1 Rk
Hxa”z— [02(111 + 112)] 0| <mo+cipswpE), (7.70)
o 0 [0,1]
Similarly, one can also obtain easily that
1/2 2
chr 2(6/x)3Iy + 122)(z)H0 <My+CiP(supE). (1.71)
[0.1]

Finally, one has

2

’)(01/2(13)(234( )(l‘)

SCIXL@)IE < Mo+ CtP (soup E) (7.72)
[0,7]

Here (6.6) and (6.8) were used. Now, it follows from (7.4), (7.67)-(7.72), by ap-
plying (7.6) with 8 = xo '/?, that

sup
[0.7]

1/2 2 <
xo '“Hp|| = My+CtP|{supFk ).
0 [0.1]

Thanks to (7.47) and (5.6), one can then get

2
XGI/ZBHO < 2sup

2
XUI/ZHO‘
[0,1] 0

sup
[0.7]

2
UH < Mo+CtP(supE ).
0 [0,]

)

It then follows from (7.49) and (5.6) that

SUP(HXU3/23,SU// 1/2 /83 /

2
+H o
0 X

0) < sup (4 Hxal/zBH +C H083 !

< Mo+ CtP(sup E)
[0,7]



810 Tao Luo, ZHOUPING XIN & HUIHUI ZENG
This, together with (5.6) and the Sobolev embedding (5.3), yields

2 2 2
sup (“XU3/23?U// + Hxal/28t3v/ + Hﬂ)ﬁv” ) S Mo+ CtP|{supE ),
0 0 172 [0,1]

[0,7]
(1.73)
because of
2 2 2
sup [ xo'283v"| < sup (C Hxayzafv/ +C onl/za’afv/ )
[0.1] 0 0. 0 0
2 2
< sup (C Hxaafv’ +C Hxal/za’afv’ )
[0,£] 0 0
S Mo+ CtP|supE
[0,7]
and

sup Hx&?v”?/z < sup (C Hal/zafv”(z)—f—c onl/zafv’né) < M0+CtP(sup E)
[0,7] [0,7] [0,7]

7.2.4. Boundary estimates for d,v Consider Equation (7.4) with k¥ = 1. Our
goal is to bound ||X01/2B’HO. It follows from (5.6) and (7.73) that

1 o\’ ! 2
122 a3, 4(%
on (zxatv 4(x) Blv) (1)

3 2 1720370 |12 2
)|+ |xo 2ot + @ oI} < Mo+ Cop | supE ).
[0,7]

(7.74)

2
Lo

0

<c

For $; and $, it follows from (3.9), (5.5), (5.7), (7.51) and (7.65) that

2 2

4 3

-1 + 1 —1

LOO

+
LOC

)

2
2
Lo + ||8tv||LOO]

< ctP|supE (7.75)
[0.1]

2
LOO

r4r/ r3r/2 r2,,/3

HXUI/Z‘VJQU)H(Z) < CH X

X (||8,v||% + ||8,v’||é + H01/28,v”

+C IRl [Holﬂaﬂ/

and

2
'+

2
Lo®

2
[xo 2550 < € IR0l [nazvn%m + o200

+C (IRl loRol2 + R 1) [natvu%m + o200
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3 2 2 2 2
X X 1/24 .1 3/24 .1
+Cl r3rr2 _1”L°°+ r2r’3 -1 LOO] Ma Orv ()—i_H(7 Orv 0
+ ||a,v||%} < CtP(sup E) (7.76)
[0,7]

For the term involving /1] and /12, it follows from (6.4), (7.24) and (7.35) that

1 /
HXUI/2 [ [02(111+112)]/]
o 0

< Clxo™2Q (o/xl+ V) o +C [xo 20 (lv/x I+ | +1o w/x) |+ |ov"]) |
+C ||)(01/230 (lo/x |+ [V [+ /x) |+ 0" |[+lo /x)"|+]ev"]) |,

< Clxo®2Q(l+[v[) o +C [ xo 2 Lo (v1+]v'|+|ov"]) |
+C | xo ' 230 (0l + 11+ v [+]ov™ ) ||, -

Note that one can derive from (7.64) and (7.51); > that

Ix oI5 = C U@z + IR g IT0®) I 100)* < Mo + CtP([s(:JI; E)
it

Ixo Q)13 < Clv@I3 + C |lov” @) g + C IRoI3 llo Lot 13
+C (loR1Mlo + loRo ()l oo R [10)* 1F0 ()17

S My+CtP|supE };
[0,7]

which implies, due to (7.64) and (7.66),, that

lxa QI3+ Ix Lo I3 + IxFo®)I7 0 + lov®) I3 + v

S Mo+ CtP|supkE |.
[0,7]

So, we obtain

2

1 i
Hxa”z [0 [02 (11 +112)] ] ()

0
< Clixo QI IvIB+C lix Lollo (013 +1ovlI3) +C IxTollZe (013 +lov]I3)

< M0+CtP(sup E), (7.77)
[0,7]

where we have used the fact that || - ||z~ < C|| - ||1. Similarly, one can show that

2
k02 o /x) D1 + 12)] (1) HO < Mo+ CtP (s(;lp E) (7.78)
[0,7]
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It follows from (5.6), (7.25); and (7.65) that

2 2
xo!/? [¢x282( )} (1)

0

2 2
< C (I9,vlly + lvllzee lvllo + llvllzee1vllo) ™ + ClIRollG (I9rvllzee + [[vl1700)

[0,7]
(7.79)

2 2
< C (I3l + v13)” + CIRolIG (13, vl + [vlF)” < M0+CtP(SUPE)-

It yields from (7.4), (7.7) and (7.74)~(7.79) that

12 o |? <
o “xHy| =My+CtPsupk ),
0 [0.1]

sup
[0.7]

which implies

sup
[0.7]

1/2)(3” <sup(2H 1/2)(H0

+ C () ||3tU||1) SMy+CtP (sup E)

[0.7]

due to (7.47) and (5.6). We can then obtain, using (7.49)3 and (5.6), that

2
sup (HXJ3/23tUW O)

[0,7]
< sup ( onl/z (B' —20"3,v") (2) +C Haatv””é)

[0,1]

2
0+ HXO'”Z "9, 0"

= C[S(;l% (HXG]/ZB’ z—i— }|a,v/||§ + ||08,v”||§) < My + CtP(sup E)
ot

[0,7]

This, together with (5.6) and the Sobolev embedding (5.2), yields

z )§M0+CIP supE |.
[0,7]

(7.80)

sup (HXO’ 90"
[0,7]

+ on_l/Zatv//

8. Existence for the Case y =2

Summing over inequalities (6.18), (7.33), (7.34), (7.44), (7.45), (7.58), (7.63),
(7.73) and (7.80), we find that

supE S Mo+ CtPy{supE ), t€[0,T];
[0,7] [0,7]
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which implies that for small T,

sup E(t) < 2Mj. 8.1)
tel0,T]

With this u-independent estimate, one can use the standard compactness argument
[7] to show the existence of the solutions to the problem (3.7) for some time 7.

9.Casel <y <2

In this section, we use similar arguments to those used to deal with the case
for y = 2 to handle the case for general y. It should be noted that the value of y
determines the rate of degeneracy near the vacuum boundary, since pg appears as the
coefficient in front of d;v in (3.7) and the physical vacuum condition indicates that

po(x) ~ (1— x)V]f] as x — 1. Thus the smaller value of y is, the more degenerate
Equation (3.7) is near the vacuum boundary. Although the rate of degeneracy near
the origin is the same no matter what y is, we need higher order derivatives in the
energy functional to control the H2-norm of v (and thus the C'-norm of v) for
smaller y, since we have to match the norms in the intermediate region.

We first define the higher-order energy functional for 1 < y < 2. Set

vi=C2—-9y)/Qy—2)>0, [:=34+2[1/2+ ],
where [-] is the ceiling function defined for any real number ¢ = 0 as
[¢] :==min{m : m = g, mis an integer}.

Define

Ew, 1) = ”cr(o/x)"atlv/(-, z)”(z) + ” (/01 8l (., 1) HZ

I+

2z . . 2 I o 2
o] RTINS o SE e
j=1 i=0
-1 .
Z 242 2 J i 2
+ Ha”“at Y v(~,t)” + > ”o”“at fa;“u(~,t)H
j=1 R — 0
141 ; 2
2 iy 2 . 2 al—2]+1v
> |eoa P oo+ el ve | + et ——cn)
’ J+l J X .
j= J—1
5 1-2j
iy 2 Y 2 o
[-2j 1-2j t
+ H od v~,t” +” 0 v~,tH + ot , (9.1
sz;z,UH LA O] F S [l QL) [ SCAD

J

where, as before,

=1 on [0,8,], ¢=0 on [28,, 11, |Z'| < s0/8,.
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Here §,, is a given constant depending on po and y which will be determined in
(9.9) later. It follows from the Hardy type embedding for the weighted Sobolev
spaces (5.2) that

I+1

.12 ~
I £ W0l () < €2 o e ] < CF. ©92)
2 \2

b i=0
which indicates that the high-order energy functional E is suitable for the study of
the physical vacuum problem (3.7) when y € (1, 2). In fact, the norm chosen in
(9.1) is in the same spirit of but slightly different from that in (3.9) for y = 2. Since
the energy estimate gives the bound of

|Vxa e/ o v+ |o@mralvo)| +|em )| .

from which we can derive the bound of ||8,1v||o for y = 2. But for y € (1, 2),
we cannot improve the spatial regularity as that for y = 2 due to v > 0 (or
equivalently, the higher degeneracy of the equation). So, the norm chosen for 8; —2y
(i = 1,2,...)is based on [|3/v]lo for y = 2 and on |jo'(c/x)"0/v' (1), for y €
(1, 2). This is the difference between (3.9) and (9.1).

For u > 0, we use the following parabolic approximation to (3.7);:

292 /1\"7 2 2y—1 £ 1\7 ! 2
xo v+ |o? (J—C) — 27 (f) — + ¢pox? T
r ¥ x \r r r2
2 — o\’ 2y=2 (1YY o2y oy
A @ () e (O] o
y —1 X r r’ X X X
which is the general form of (4.2); for y = 2. This approximation matches the
energy estimates and elliptic estimates in the sense that one can derive the uniform
estimates with respect to p. The existence and uniqueness of the solution to the
approximate parabolic problem with the same initial and boundary data as in (3.7)
can be checked easily as before. To reduce the length of this paper, we will only

derive the a priori estimates that guarantees the existence of the solution to problem
3.7).

9.1. Energy estimates

As for y = 2, taking the (k + 1)—th time derivative of (9.3) yields

x\2r-1 (1Y okv x =2 (1\7 ! '
“35*2”—(“2 [@V—z) (;) (*) =+ (;) (*) o
2

2 e ()7 (3) T B o0 (@) () ]
aor (1) |2 () () e ()7 ()]
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2
= {2 [Qy = Wi +y W]} — 2”— [y — DWar + (y — HWaa]
2 1 x?
12vox (X) [Qy — Wi +yWia] — pox?ok* (72) 9.4)
where
=t () D -0 )y B
n="a r r’ r ’
o xzy—le“ X\ 2y—2 ka/
Wiz =4, ((7) () -G )
o (¥ (1 2y r- 1a’<
va=at () () 1)-6)" () %
Wor — ok (x)2)/—1(1 Y , _(x)2V—1 1 Vak ,
n=0\\ o) - =) v

Comparing it with (6.1) for y = 2, we have to deal with an additional term, the last
term on the left-hand side of (9.4), which does not appear in (6.1). To do so, we
introduce a weight (¢//x)%" (or equivalently, pg ~7), which s 1 for y = 2. Multiply
(9.4) withk =1 by (o /x)ZVa,’ *1y and integrate the resulting equation with respect
to time and space to get

[Vastoro a0 + |owrorav ol + e aol;

< My+ CtP (sup E) 9.5)

[0,7]

provided that ¢ is small. Here My = P(E (0, v)) is determined by the initial density
po. It should be noted that (9.5) is the energy estimate parallel to (6.18) for y = 2.

Based on this energy estimate, we can derive the higher-order spatial derivative
of 8,1 ~1yand 8,1 ~2y associated with weights, respectively. Inductively, the weighted
spatial derivative of 8,1 —2i+1y and 8,l ~2y (i = 2,3,...) can then be achieved.
Next, we use elliptic estimates to obtain the other norms in the higher-order energy
functional. This is done by the interior and boundary estimates.

9.2. Elliptic estimates: interior part
To obtain the interior estimates, the key is to choose a suitable cut-off function

to separate the whole region into interior and boundary regions such that the energy
norms can be matched in the intermediate regions. For this purpose, note that

k ! ok
1{02 [(2y—2)afv+ya,kv’” [(2 —1)—+(y Daky /:|+2)/vx( ) aky’
o X X

— yHy + (6y — H)(0/x) 8kv+2yvx(x) oy’
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—y [HO +2vx(o/x) 8k — 2u(a/x)’a,’<u] + (6y — 4+ 2vp)(o/x) 8k
/
= y(xcv)_1 |:(xcr)2 (O’/X)zu (atkv/x)/:| + (6y — 4+ 2vy)(a/x)/8tkv,
where Hy is defined in (7.3). Then Equation (9.4) reads
k,/ Z "ok

|:H0+2vx( )8 ZU(X) Blv]

_ooak+2. _ I\ ok

— x3" 2y — (6 4+2vy)(x) ok

1 5 ’ o
- {G [Cy —2)Wi + VW12]} -I—Z; [Qy = DWa + (y — DW22]

e (2) Ty~ 2w +ywal g ()
S0 G)
G ORI |
w2|er-n| () (5) 2
=[GV () -]

e (§) Jer-2 ()7 (2)

o {(;)“ (2)"- 1} a;w} | ©6)

In the interior region, one can see easily that the main part of the left-hand side of
(9.6) is Hy. So, we analyze Hj to determine the length of the interior region, §,, .
Taking the i-th (i = 2) spatial derivative of Hy (i = 0, 1 has been treated in the
case of y = 2) leads to

~

. . , G
HYP —Hoj =0 f ) 4 (i +2)0’ £+ —20' (i) =:Ho;, where f=0fv
X
9.7

and

i i
Hoy; = Z C;G(a)f(i-i-Z—oc) +2 Z C(l;[g(a-i-l)f(i-i-l—a)

i
—23 Cigleth ([)
X
a=1

(i—ea)
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is the lower-order term. Here g denotes 8)’; g(x, t) for any function g(x, ¢). Note

that
, () ) G-
f(n:(xi) zx(f) +J-(i) L =12,
X X X

Then ﬁot (i =2,3,...) can be rewritten as

~ (l) ak ([)
Hoi=0oxg"+( +2)(ox) g +i(i+3)c'g, where g= (—) = (,_v) :
x X

or equivalently,
Hoi — (i +2) (0'x —0) g =oxg" +2(i +2)0g +i(i +3)o'g.
Therefore, we obtain that

|¢Hoi — (i +2)¢ (o'x — 0) &[0 = |coxg” |5+ 4G +2)* |¢og|;

2 +3)2 || ¢o'g s + 4G + 2)/§axg”§0g’dx
+2i(i+3)/§axg”;a’gdx+4i(i+2)(i+3)/;ag';o’gdx,
and
[eoxg” o +2 [+ 12+ 1] [cog'[o +iG +3) (2 +i —2) [co's]s
= |[¢Hoi — G +2)¢ (6'x —0) &'|¢
4G +2) |:/§§/x log/|” dx +/;20(a’x —o) ¢ dxi|
—2i(i +3) |:/§20 (0'x —0) gg"dx —2 /{g'/a gg/dx:|
+2i(i +2)(i +3) [2/§§'ao’g2dx+/{200”g2dx:|
< 2 ¢ Horllg + CG.mo.m)s [ [soxg” g + [sog' [ + s3]

28
+C (i, mo, 50) / [(ag’>2+g2] dx.
b

So, there e_xist constants 8; = 8;(i, mg,m;) (i = 2,3,...) such that for § <
min{do/2, d;},

1 " . I 1 . . .
3 ”{ng Hé + [(1 + 1%+ 1] ||§0g H(z) + El(l +3) (12 +i— 2) m% ||§g||(2)

o 2
§2||§H0i“0+c(ivm0,50)/8 [(Ug/)ergz] dx,
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where one has used the fact o/ (x) = mq on [0, §p]. Consequently,
1 2 / 2 2 < . 7 2
lcoxg”|g+ [¢og ||y + llzglls < €. mo) | ¢ Hoi
28
+C (@, mo, So)/ [(Ug/)2 + gz] dx.
s

It then follows from (9.7) that, for eachi = 2,

N2
NGEIE NGHIE v\
Lo (8, v) + 1< (at v) + e\ —
0 0 X 0
< (i @|? 112
S C(i,mo) | || H, 0T 1€ Hoill
28 L\ G+ NG 2
~|—C(i,mo,s0)/ ‘(at v) + (—) dr.  (9.8)
§ X
Choose
8, = min [80/2,81,82, 83,8, ... 61 . 9.9)

(Thus 6, depends on the initial density po(x) and y.) With this §,,, we can derive
from (9.8), (9.6) and (9.5) that

Bl 1-2j+1 |12
Y 2 Y 2 0, v
2 feodt ™t e ]+ et o
° Jj+1 J X .
j=1 j—1
=1 Fo2
2 . 2 . 2 al_2]
1-2j 1-2j t v
+ 2 qfera™o] L+ [ea ™| f
DR | L B L B (e R G
Jj=1 J
< My + CtP (sup E) (9.10)
[0,7]

This completes the interior estimates. Next, we show the boundary estimates using
the same argument as that in Section 7.2.

9.3. Elliptic estimates: boundary part
As before, we can introduce a cut-off function as
x=1 on [§,,1], x=0 on [0,6,/2], lx'| £ 50/8y,

for some constant sg, where 8, is given by (9.9). Note that in the boundary region,
x € [8, /2, 1], the main part of the left-hand side of (9.6) is

By := 030" + 2 +2v)o' 9k
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Taking the i-th (i = 0) spatial derivative of B, yields
BY) — By = 09fv"*? + (i + 2+ 20)0'9fv D =: By,
where

i i
Byt _ Z Céo(“)alkv(ﬁz_“) +2(1 +v) Z C(’;a(‘)‘“)a,kv(iﬂ‘“)

a=2 a=1

denotes the lower-order term. Since for any function 7 = h(x, t) and integer i = 0,
it holds that

2 2 2
Hxa3/2+vh/ O_,’_ HX01/2+va/h‘0 < 4HXO.1/2+V (Uh/-|-(i+2+21))0/h)H0
2
+C "al+”h ,
2 2 1 2 1 2
HXO' ' . + Hxa o'h ‘0 <4 on T(oh'+ (i +3+2v)0'h) Ho
+C Ha3/2+uh ‘2;
0

then we have

1+1

2 . . 2 ; P2
3 R
=

J
< Mo+ CtP|sup E
[0,7]

.o 2 A 2
ol [ R R P

1M

~.
I

B [0,]

<M +CtP(sup E) (9.11)

This yields the desired is elliptic estimates on the boundary.

9.4. Existence for case 1 <y <2

It follows from (9.1), (9.5), (9.10) and (9.11) that

5€[0,1]

E(r) < MO+CtP( sup E(s)), tel0,TI;

which implies that for small T,

sup E(t) < 2M,.
t€[0,T]
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With this a priori estimate, one can then obtain the local existence of smooth so-
lutions in the functional space for which sup, (g 77 E(v, ) < oo provided that
E (v,0) < 00 (E (v, 0) is determined by the initial data and their spatial derivatives
via the equation), by using the parabolic approximation in (9.3) in a similar way as
before.

10. Case y > 2

In this section, we deal with the case when y > 2, which is easier than the case
when 1 < y < 2 because the rate of degeneracy of Equation (3.7); near vacuum
states is lower and less derivatives are needed to control the H2-norm of v. Set

v=02—-y)2y —2) e (—1/2,0).

The higher-order energy norm is chosen as follows:

Ew, 1) = Ha(a/x)“a,“v’(-, 0 H§+H (o/0) 0%, 1) Hi

. 2 U , 2
5-2 i+ 5-2j qi
+ “03/2+v8t Ja/.r/ v("t)Ho—’_ZO H01/2+vat Ja)lcv("t)H()
=l

\
I

+
M~ M

. 2 J o 2
[o2 a0l Pue 0| + D0 oo M oHoe |
i_

~.
I

+221IH5<’95 ., t)H e r)H ’ _—< )

- §
jz 5 4-2j j2
[ R S oy o

- |

: ({0.1)

Here ¢ is defined in (7.8). It follows from Sobolev embedding (5.2) that

3
2 2 1 ] =
i3 < vl £ D lle' ™ atvlo < CE.
i=0

As before, we can show
E@) < P(EO)) + CtP( sup E(s)), tel0,Tl;
s€[0,1]

which implies that for small 7',

sup E(1) < 2P(E(0)).
t€l0,7T]

With the above estimates, one can then obtain the local existence of smooth solutions
in the functional space sup,¢[o 77 E(7) < o0.
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11. Uniqueness of Spherically Symmetric Motions for the
Three-Dimensional Compressible Euler Equations

For the free-boundary problem of the compressible Euler equations without
self-gravitation, we can prove that the uniqueness theorem is true for all values of
y > 1 in a natural functional space for the spherically symmetric motion. (Indeed,
a similar argument can be extended to the general three-dimensional motion.) In
this case, problem (3.7) becomes

x\2 2 po\” :
p0(7) v + Oy [(ﬁﬂ) =0 in Ix(0,TI,

v(0,7) =0 on {x =0}x(0,T],
v(x,0) = up(x) on I x {t =0},

(11.1)

where the initial density pg satisfies (3.3). For problem (11.1), we have the following
result:

Theorem 11.1. (Uniqueness for Euler equations) Suppose y > 1. Let v and v, be
two solutions to the problem (11.1) on [0, T] for T > 0 with

'
ri(x,t):x—i—/ vi(x,8)ds, i=1,2.
0

If there exist some positive constants wy, wy and w3 such that
w Srj(x,)Swy and |vi(x, )| Swsz, (x,1) €[0,1]x[0,T], i=12,
(11.2)
then
vi(x, 1) =va(x,t), (x,1)€[0,1]x [0, T] (11.3)
provided that vi(x,0) = va(x, 0) for x € [0, 1].

The solution to the spherically symmetric problem of Euler equations in Eulerian
coordinates can be obtained from the solution to (11.1). Denote this solution by
(o, w)(r,t) O r <R@), 0t <T). For (x,1) € R x [0, T] with [x| < R(¢),
we set

p(x, 1) = p(x|, 1), wE, 1) =u(x|, )x/[x]. (11.4)
Then (p, u, R(?)) is a solution of the following free boundary problem:
0;p + div(pu) = 0, 0<|x| <R@®), tel0T],
9 (pu) +div(pu @ u) + Vx(p¥) =0, 0 < |x| < R(1), t€[0,T],
p >0, 0<|x| <R(), tel0,T],
p =0, x| = R(), t€[0,T],
u(0,1) =0, tel0,T],
V(0BRr(:)) = ulyBg, -1, t€[0,T],
[ (0, w)(x, 0) = (po, uo)(Ix]), Ix| = Ro,

(11.5)
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where Ry > 0 is a constant, Bg;) = {x € R3 : x| < R®)}, V(0Bg()) and
n represent, respectively, the normal velocity of d Bg(;) and exterior unit normal
vector to d Br(y).

As a direct consequence of Theorem 11.1, we have

Corollary 11.2. Let y > 1. The solutions (p, u, R(t)) of the form (11.4) to the free
boundary problem (11.5) are unique provided they satisfy the following regularity
conditions:

R(t) € C' ([0, T]) and (p,u)eC'nwh>®
({(x, N eRx[0.T]:0 < |x| < R(t)}) .

Proof of Theorem 11.1. We first present the proof for the case of y = 2 for
simplicity. When y = 2, Equation (11.1); reduces to

2 2 .3
xod2r + [az—x } 27 0 in Ix 0, T].
X

r2r’2 3
Set
O(x, 1) =ra(x, 1) —ri(x, 1),
then
/
x08120—|:02(;—2/2—;—2/2):| +2U—2(§—3/—§—3/):0 in Ix(0,T].
iy nn YA\ nn

(11.6)

Multiplying (11.6) by 9,6 and integrating the resulting equation with respect to
X, we have

1d 2 5 x? x2 ,
55 Xo (3t9) dx = —/U (rlzri2 - ﬁ (819) dx

rnr
2 3 3
—2/"— S - 2= ) @) dx.
X\ nn
Note that
2 2 3 3
X x x x
W—W=A16’/+A2(9/x) and T—T=A30/+A4(9/)€),
rlrl r2r2 Vlrl r2r2
where
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Since r;(0,¢t) = 0and v;(0,7) =0( =1, 2) fort € [0, T], the bounds in (11.2)

give the following bounds:
wi Sri(x,)/x Swy and v (x, 1)/x| = w3,
(x,1) €[0,1] x[0,T], i=1,2.

Then, using the integration by parts and the Cauchy inequality, we can get that
1_ 2 2 "2 l 2
5% x0 (3;0)" + 0 [ A1(0))° +2A42(0/x)0" + 2440 /x)° |} dx

1
/ o? [Ew,Al)(e’)z + (3. A2)(0/x)0" + (atA4>(9/x>2] dx

+ / 02 (Ao — 2A3)(3,0/x)6 dx
< Clwy, wp, w3) / o> (@' + /7] dx+2us / o2 | Ay—2.431 |0'| d.
(11.7)

where C (w1, wy, w3) is a positive constant depending on wi, wy, w3; because

10, A1+ 10, Az] + 19, A4l < C(wi, wo) (lor /x| + Jva/x] + V]| + [v3])
< C(wy, wa, w3)

and
[0,0/x] = |(v2 — v1)/x| = 2w3.

To estimate (11.7), we need the following a priori assumption: there exists a

small positive constant &y such that
(11.8)

16" (x, )| + [(0/x)(x, )| S g9 forall (x,1) e (0,1)x[0,T].

Thus, a simple calculation yields that
2 3 2 3
X 1 T (x 1
Ar 2 (2 — C(wy, wa)eo) (—) (—,) 2 — (—) (—,) ,
r | 4\ ]
3 2 3 2
X 1 9 (x 1
Az £ (24 C(wy, wa)eg) (—) (—,) < - (—) (—,) .
r r 4 \r r

= =

N
NG,

S =

A\ 111
As 2 (3 = C(wy, wa)eo) (—) = (
Il r

which implies that for (x, ¢) € (0, 1) x [0, T],
A1(0)2 +245(0/x)0" + 2.A4(6/x)*
L/x\2 (1)’ 17 (x\* 1 (62
>_ = — Ny 2y (2
:4<r1) (r{) @r+3 (rl) ( )
> k102 + ka2 (0/x)%.

ry \x
(11.9)
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Here k1 and k» are positive constants depending on w; and w». We use the cancel-
lation of the leading terms to estimate of | 02| As — 2.A43]|6’| dx. Note that

x\ (12 ) )
s () (o).
r rl X
*\ /1)
Az = (—) (—,) + C(wi, w2)|6'].
r rl
It then follows from the Cauchy’s inequality that
/02 1Ay — 2451 |0'] dx < C(wy, wz)/(ﬂ [(9/)2 + (9/x)2] dx. (11.10)
In view of (11.7), (11.9) and (11.10), we see that
% / [xcr (3:6)2 + ki (66')2 + kz(UG/x)z] dx ()
1
< / [xo @62 + 02 [ 41012 +2426/000" +2440/2*]} dxt = 0)
t
+Cwr, wa, ws) / / (067 + 06/ dx
0
t
< Cwnunwy) [ [ 007 +w0x7] a.
0

provided that vy (x, 0) = va(x, 0). So, it gives from Grownwall’s inequality that
fort € [0, T],

/ [xa (36) + k; (00")? + k2(09/x)2] (x. 1) dx
< exp {C(wy, w2, w3)T}/ [xa (8;9)2+k1(09’)2+k2(a«9/x)2] (x, 0) dx =0,
if vi(x, 0) = va(x, 0); which implies directly that
v =80 =6 =6/x=0, (x.1) e ,1)x0,T],

because of o (x) > 0 for all x € (0, 1). This verifies the a priori assumption (11.8)
and completes the proof of Theorem 11.1 when y = 2.
When y # 2, Equation (11.1); reduces to

e[ G) 507 ()
S 0 =
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which implies that

Set
vi=02-y)/Qy—2).

Multiply the preceding equation with (o/x)?"9,6 and integrate the product with
respect to time and space. Then using the same argument as for the proof of y = 2,
we can show that (11.3) is true for y # 2.

This finishes the proof of Theorem 11.1.
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Appendix

In this appendix, we verify (7.25), (7.48), (7.65) and (7.66).
Verification of (7.25). For Ry, it follows from (3.9) and (5.5) that

! /
IR0l < / (H (%) H + Hv”HO) ds < Crsup VE,
0 X7 o [0,1]
' , '
loRo(t)|l 1 < ”/ o (E) ds / ov” ds
0 X L 0 L>®
t N I
/x(—) ds /ov"ds
0 X L 0
'
§C/ (‘ +C||0v”||Loo) ds < CrsupVE.
0 [0,7]

Next, we will show (7.25),. It follows from (7.23);, (5.5) and (7.22); that for
p € (1,00),

I€o®llg < [v"]y + [ @/x) ]y + IRollo IF0ll e < CVE@) + Ct [s(;l};E,
N3

"

<c

"

LOO

v
x llpoe

v
loLo@lim = Jov”| o +C [ = 2|+ lI0Rol 10l

S CJVE(@)+CtsupE,

[0.7]



826 Tao Luo, ZHOUPING XIN & HUIHUI ZENG

lo&illzr < od”|,, +C

/ al‘v ~
v ——|  +lloRollze I31llLr

+lloZollz~ 130l < CP (VE®) + CrP (sup JE),

[0.7]

I¢o L1l < [cod” | +C Hg (atv - —) + loRoll oo 1831/l o

OO

+llo Loll = 3ol < € (JE(r))+CrP(sup~/E),

[0.7]

lo£20)lp < ro2o”

32
+c oty - 22
0 X

+ lloRoll e 1321l
0

+lloLoll Lo 31 llo + llo L1llo IS0l £

<cCP (\/%) + CtP(sup Jf)

[0.7]

‘We now turn to the proof of (7.25)3. It follows from (5.6), (5.7), (7.23)2 and (7.22)2 3
that

12013 < (Jcv” ]l + @/ o + IRollo 3ol )

S Mo+ CtP|supkE |,
[0,¢]

lo oI, < (Jov”|,, +C v = v/x|,, + loRollx [0l 2r)’

S Mo+ CtP|supkE |,
[0,2]

160 o) 3 < ([cov" | oo + € £V = £v/x] oo + o R0l L% 1ET0ll o)

S Mo+ CtP|supkE |,
[0,7]

loi I £ (o], + C o' = @v) /x|y + loRoll e 1F1llo

~ 2
+lloLollz+ 130llL4)” = Mo + Ct P (sup E)
[0,7]

o 20013 < (|eoo?v’| +c e (970 = @Pvysx) |+ loRolls 32l

2
1150 Lol 1310 + o 1l 163013

S Mo+ CtP(supE ).
[0,7]

Verification of (7.48). Note that

Ix o+ 10" g = o [g + [xo"nlg + 21 [ xochax
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and

U
Zi/xzaa’hh’dx = —i/(xzaa’) h? dx
§

2
‘Xal/zhH —C(@,9) Xohzdx
0 8/2

v

~i |xo'nlg - C

v

—i |xo'h|Z - .8 Hal/zh”z.
Then we have for i = 2 that
Ixt |2+ Lanl2 < x4 i = 1) |xo'h 2 < x (o0 +ia)
+C o2 H2
0
This is (7.48)1. Next, we will show (7.48),. Note that

2 2
o1y (ah/+ia/h)H0: HXUS/zh/ 0+i2 Hxal/za’h

2
)O+2i/xaa/hhdx
and

. / _ . 2.2 7 2

ZZ/Xoohhdx——l/(Xao)hdx

§
ol/? /h‘ —C(@i) ||Xoh||%—C(i,8)/3/2x02h2dx

1\

—2i

v

2
Y Hxal/za/h = C@ 8 ol
Then, one has fori = 2

312 2

2
HXU3/2h’ . +i(i —=2) onl/zo/h

‘ 2
0

2
Hxal/z (ah/ + ia'h) HO +C ||oh||%.

A

|

[IA

Since the estimate on || x o /20" h||g is missed, one has to use Minkowski’s inequality
to find it again. That is,
2
y

1/2 o'h

‘ <i ”XU1/2 h

| o (e e +iom)] + oo

)

§ o) (HXUI/Z (Uh/ _I_l-o_/h)HO + HXO.3/2h/
2
<3 Hxa‘/2 (oh' +ic'h) HO +Clonl3,
provided that i = 1. Therefore, we obtain
2 < 1/2 / : ) 2 2
o S4d|xo (crh +io h) 0+C||c7h||0.

2
HXU3/2h’ . + onl/za’h
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Verification of (7.65). In view of (3.9), one has
2
H (03/23,1/’, 03/23,31/) 1) ”1 < CE®).
which implies
324 0 3/243. 2
H (a 3", o 8,v)(~,t)HLOO < CEQ).

Using the embedding Wh4/3(R) ¢ W3/42(R), one has

e T S e RN e R
/
<c|o'Poiv|  +c|(c"0v)| < cVED.
L4/3 L4/3
since
Hgl/zafl)(l) 143 = Hal/za?UHLz I = € 8’3UH0 < CVE®
and
1243 <H 172334/ H 129]
‘(0 atv) ) L4 o "ov L4/3+C “ ov L43
1/243 7 =172 3
< |ot2av] +clo] L [000]
g 01/283,”/ +C 831) gC\/m
o N bV

Here we have used the Holder inequality and the fact || - |[zr < C| - |1 /2 for any
p € (1, 00). Similarly,

”O’l/zat'v,

Lo < CVE@).

Verification of (7.66). One can obtain (7.66); by using (5.5), (7.65) and (7.51); 2,
since

o200 = Clow/xlis + o200

L H Il £ P (VED),

R (e R IS

L
+lloRoll e o231+ llo-Lollu 1Fol1<)

<Cp (M) + CtP(sup \/E)

[0.7]
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For (7.66),, it follows from (7.64), (5.6), (6.7) and || - ||z < || - ||1 that

oI = € (Io/xlE + [V]5) = € (Io/xl + 1v1B)

< My+CtP (sup E),
[0,¢]

I31(OIIF < Mo+ CtP (sup E)
[0,7]

2
oI < ¢ (] o e

< Mo+ CtP|suwpE ),
[0,1]

2
.t 130117 s ||31||é)

and
lo Lol < € (lov [ + [ = v/x ]} + o RolF 1301

< C (lowl + 013 + llo/x 11 + o Rol} o 1301 )

< My+CtP{supE ),
[0.7]

||0£1(f)||(2) < My+CtP (sup E),
[0,7]

loL2)llg < € (Hgatzvu

+
0

820 — 82v/x HO + lloRoll Lo 132110

+ o Lollz 13110 + o Lillg 130/l )

< Mo+ CtP|supkE |,
[0,7]

where we have used (7.25)1 3.
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