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Abstract

We study the hyperbolic scaling limit for a chain of N coupled anharmonic
oscillators. The chain is attached to a point on the left and there is a force (tension)
T acting on the right. In order to provide good ergodic properties to the system,
we perturb the Hamiltonian dynamics with random local exchanges of velocities
between the particles, so that momentum and energy are locally conserved. We
prove that in the macroscopic limit the distributions of the elongation, momentum
and energy converge to the solution of the Euler system of equations in the smooth
regime.

1. Introduction

The aim of this paper is to study the hydrodynamic limit for a non-equilibrium
system subject to an exterior time dependent force at the boundary. We consider the
most simple mechanical model with non-linear interaction, that is, a one dimen-
sional chain of N anharmonic oscillators. The left side is attached to a fixed point,
while on the right side is acting a force 7 (tension). For each value of 7 there is a
family of equilibrium (Gibbs) measures parametrized by the temperature (and by
the tension 7). It turns out that these Gibbs measures can be written as a product.

We are interested in the macroscopic non-equilibrium behavior of this system
as N tends to infinity, after rescaling space and time with N in the same way
(hyperbolic scaling). We also consider situations in which the tension 7 depends
slowly on time, such that it changes in the macroscopic time scale. In this way we
can also take the system originally at equilibrium at a certain tension 7y and push
out of equilibrium by changing the exterior tension.

The goal is to prove that the three conserved quantities (elongation, momentum
and energy) satisfy in the limit an autonomous closed set of hyperbolic equations
given by the Euler system.
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We approach this problem by using the relative entropy method (cf. [11]) as
already done in [8] for a system of interacting particles moving in R? (gas dynam-
ics).

The relative entropy method permits one, in general, to obtain such a hydrody-
namic limit if the system satisfies certain conditions:

(A) The dynamic should be ergodic in the sense that the only conserved quantities
that survive the limit as N — oo are those that we are looking for the macro-
scopic autonomous behavior (in this case elongation, momentum and energy).
More precisely, the only stationary measures for the infinite system, with finite
local entropy, are given by the Gibbs measures.

(B) The macroscopic equations have smooth solutions.

(C) Microscopic currents of the conserved quantities should be bounded by the
local energy of the system.

We do not know any deterministic Hamiltonian system that satisfies condition
(A), and this is a major, challenging open problem in statistical mechanics. Sto-
chastic perturbation of the dynamics that conserves energy and momentum can give
such an ergodic property and have been used in [8] (cf. also [2,3,7]). We use here
a simpler stochastic mechanism than in [8]: at random independent exponential
times we exchange the momentum of nearest neighbor particles, as if they were
performing an elastic collision. Under this stochastic dynamics, every stationary
measure has the property of being exchangeable in the velocity coordinates, and
this is sufficient to characterize it as a convex combination of Gibbs measures
(cf. [2] and [1]).

Regarding condition (B), it is well known that nonlinear hyperbolic equations in
general develop shocks also starting from smooth initial conditions. The character-
ization and uniqueness of weak solutions in the presence of shock is a challenging
problem in the theory of hyperbolic equations. We expect that a shock will increase
the thermodynamic entropy associated with the profiles of the conserved quantities.

The relative entropy method compares the microscopic Gibbs entropy produc-
tion (associated to the probability distribution of the system at a given time) with
the macroscopic (thermodynamic) entropy production. If no shocks are present
both entropy productions are small. The presence of the boundary force changes
this balance a bit, since one should take into account the (macroscopic) change of
entropy due to the work performed by the force. It turns out that the right choice of
the boundary conditions in the macroscopic equation does compensate this large
entropy production, keeping the time derivative of the relative entropy small. It
would be interesting to prove similar cancellation of entropy productions when this
is caused by shocks, as it would allow one to prove the hydrodynamical limit in these
cases, and provide a microscopic derivation of irreversible thermodynamic adia-
batic transformations, between thermodynamic equilibrium states that increase
the thermodynamic entropy. Recent efforts in this direction use different methods
(cf. [4]). Similar results on isothermal transformation are mathematically easier
(cf. [9D).

As for condition (C), it created a problem in [8]: in the usual gas dynamics
the energy current has the convecting term cubic in the velocities, while energy is
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quadratic. This was fixed in [8] by modifying the kinetic energy of the model: if
the kinetic energy grows linearly as a function of the velocity, the energy current
will also grow linearly. Since we work here in Lagrangian coordinates, our energy
current does not have the cubic convecting term. This allows us to work with the
usual quadratic kinetic energy.

2. The Model and the Main Theorem

We will study a system of N 4 1 coupled oscillators in one dimension. Each
particle has the same mass that we set equal to 1. The position of atom i (i =
0, ..., N) is denoted by ¢; € R, while its momentum is denoted by p; € R. We
assume that particle O is attached to a fixed point and it does not move, that is,
(g0, po) = (0, 0), while on particle N we apply a force t(¢) depending on time.
Observe that only the particle 0 is constrained not to move, and that g; can also
assume negative values.

P1 Pia Pi Pivi
oo I QL0 -~ R =
7,=0 D
Po=0
Denote by q := (qo, ..., gn) and p := (po, - .., pn). The interaction between

two particles i and i — 1 will be described by the potential energy V (¢; —¢q;—1) of an
anharmonic spring relying on the particles. We assume V to be a positive smooth
function that grows quadratically at infinity, that is, there exist strictly positive
constants C; and C_ such that for any r € R:

Vi) <Cr(14+ V), rP<C_(1+4V(E)), V©O) =0. (1)

Energy is defined by the following Hamiltonian:

N ([ p?
Hn(q,p) = Z(%’ +Vigi - qz’—l))

i=1
Since we focus on a nearest neighbors interaction, we define the distance between
particles by

ri=qi —qi—1, i=1,...,N.
Consequently the phase space is given by (RZ)N
ief{l,...,N}as

. We define the energy of particle

2
e =4 V()

so that Hy (r,p) = ZIN=1 ej,wherer := (r1,...,ry).
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Given a smooth function t(s) that represents the force applied to particle N at
the macroscopic time s, the dynamics of the system is determined by the generator

NG := NL” + NySy. )
Here the Liouville operator L7, is given by

N 5 Nl 5
Ly =D (pi—pic)——+ > (Vrig)) = V() =
i=1 - opi

, a
+ ('L' -V (VN)) ap—N, (3)

where we used the fact that pg = 0. Notice that the time scale in the tension is
chosen such that it changes smoothly on the macroscopic scale.

The symmetric operator Sy is the generator of the stochastic part of the dynam-
ics that exchanges at random times the velocities of nearest neighbors particles. For
any smooth function f, we define the operator Y; ;1 by

Tiiwr = f (") = fap) @

where p'*! € R is defined from p € R by exchanging the coordinates p; and
Pj+1
- pj A+l
P;-’IH =1 pi+1 ifj=i
b ifj=i+l.

Then Sy is defined through

N-1

N-1
svfep = X (f (m ) < fep) = -3 X s O
i=1

i=1

With this choice of the noise, the three balanced quantities, that is, locally conserved,
are given by r;, p;, e;.

We define ¢ (r, p) = (r, p, —e(r, p))T € R? x R_, and the Gibbs thermody-
namic potential:

O() = log / M dr dp. (6)
R2
By the condition imposed on V, this function is always finite.
For ¢ € R? x R_ we define @ : R*> x R_ — R the Legendre transform of
O0):

@)= sup {n-&—-6Om}. (7N
neR2xR,

We denote by A(ii) and i(A) := (t, p, —E)T the corresponding convex conjugate
variables that satisfy
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A=D®m) and u=DOQ), ®)
where the operator D is defined by

af of of
Df(a) ={—, —, — 9
(@) (aal day daj ©)
for any C! function f: R3 > Randa := (a1, a2, a3) € R3.
On the one particle state space R? we define a family of probability measure

v (dr,dp) = e8P~ OMgrdp. (10)
Observe that

EUA[;("’ p)] =1

so we can identify . = (v, p, —E )T as, respectively, the average distance, velocity
and (negative) energy. We also define the internal energy e = E — p?/2. We have
the relations

A
En(p) —p2=2;"=8"", Pe)=E,[V ()= 7; =1

that identify 8~! as temperature and 7 as tension. This thermodynamic terminology
is justified by observing that, for constant t in the dynamics, and any 8 > 0, with
the choice A = (f7, 0, B) the family of product measures given by:

N
U(I\iﬂ’oyﬁ)(dra dp) = H Vg0, (dri,dp;), BeRT
i=1

is stationary for the dynamics. These are the Gibbs measures at an average temper-
ature !, pressure 7 and velocity 0. In what follows we also need a Gibbs measure
with average velocity different from 0, and we will use the following notation:

N
viv = He"'gi_@()‘)dridpi = giv(r, p)drdp,

i=1

where &; := (&i.1, &2, 6i3)T == (ri, pin —e)".

In a similar way we may introduce the local Gibbs measures. For any continuous
profile u(x), x € [0, 1], we have correspondingly a profile of parameters A(x), and
we define the inhomogeneous product measure

N
U)I‘\E.) — Hek(i/N)-{,-—(-)(k(i/N))drl_dpi’

i=1

that we call Local Gibbs measures.

‘We are interested in the macroscopic behavior of the elongation, momentum and
energy of the particles, attime #,as N — oo. Notice that ¢ is already the macroscopic
time, since we have already multiplied the generator by N. Taking advantage of the
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one-dimensionality of the system, we will use lagrangian coordinates, that is, our
space variables will be given by the lattice coordinates {1/N, ..., (N —1)/N, 1}.
Also observe that at this time scale, the generator of the process is given by N erv(t).
Consequently, we introduce the (time dependent) empirical measures repre-

senting the spatial distribution (on the interval [0, 1]) of these quantities:
1 J i
nN(dx, 1) := 5 Zl“a (x — ﬁ) Ciq(t)dx, for a=1,23.
1=

We expect the measures 7, N(dx,t), « = 1,2, 3 to converge, as N — 00, to mea-
sures t(x, t)dx, p(x, t)dx, —E(x, t)dx being absolutely continuous with respect
to the Lebesgue measure and with density satisfying the following system of three
conservation laws:

vt —0p=0
to(x) =t(x, 0), po(x)=p(x,0), Eo(x)=E(x,0)
op —0xP(r,e) =0 (11
p0,7) =0, P(x(1,1),e(1,1)) = 7(¢)
0tE—0x(pP(r,e)=0

for bounded, smooth initial data tg, po, Eo : [0, 1] — R and the force 7 (¢) depend-
ing on time 7. Here we denoted by t the specific volume, p the velocity, E the total
energy and ¢ := E — %pz the internal energy. We also assume that the internal
energy is always positive: e(x, 0) > 0.

We need the solutions of the system (11) to be C2-solutions. To assure this,
the following additional compatibility conditions at the space-time edges (x, ) =
(0,0) and (x, t) = (1, 0) have to be satisfied:

lim po(x) =p(0,0) =0, lim P(ro(x), eo(x)) = 7(0) 12)

d d
lim — P (r(x), eo(x)) = 0, lim — P (to(x), eo(x)) = 7'(0) 13)
x—0 dx x—1dt
d2 2
lim — =0
Jim, a2t T an?
A proof of this can be adapted from Chapters 4.3, 7.5 and 3.5 of [6].

For any test function J : [0, 1] — R with compact support in (0, 1) consider
the empirical densities

P (vo(x), eo(x)) = 77(0).  (14)

N .
na (6, J) = (n}) (dx, 0); J) ZJ(#) Lari (1. (15)

i=1

Our goal is to show that, starting with an initial distribution such that there exist
smooth functions tg, po and Ey satisfying

(Y (0, 1), nY 0, 1), nY 0, J))

— [/ J(x)to(x)dx,/J(x)po(x)dx,—/](x)Eo(x)dx] (16)
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in probability as N — oo, then at time ¢ € [0, T'] we have the same convergence
of r}év(t, J),a = 1,2, 3 to the corresponding profiles t(x, t), p(x, ) and E(x, t)
respectively, that satisfy (11)—(14).

Here is the precise statement of our main result, where we make a stronger
assumption on the initial measure:

Theorem 1. (Main theorem) For any time t < tq, t; being the time at which the
solution u produces the first shock, denote by u{v the probability measure on the
configuration space R*N at time t, starting from the local Gibbs measure v){v(_’o)
corresponding to the initial profiles 0. Then for any smoothfunction J : [0, 1] — R
and any § > 0

N
lim pN [

1 i b
NZJ (ﬁ) ¢ —/0 J(x)u(x, r) dx

i=1

N—o00

> 5} =0, (17

where W is a C%-solution to the system of conservation laws (11)—(14).

Remark 1. As our proof is based on the relative entropy method of [11], it is only
valid as long as the solution to (11) is C2. Since even for smooth initial data it may
happen that the solution develops shocks, we are forced to restrict our derivation
toatime 0 < t < g, where t is the time when the solution to the system of
conservation laws enters the first shock.

Remark 2. A proof for the existence of smooth solutions to the initial-boundary-
value problem (11) can be found in chapters 4.3, 7.5 and 3.5 of [6]. Notice that we
can rewrite the pressure P as a function of specific volume t and entropy s:

P(t,s) := P(, ¢).

Then we can rewrite the initial boundary value problem (11), in the smooth regime,
in terms of the unknown t, p and s(t, ¢) as follows:

dr—dp=0
to(x)=t(x,0), po(x)=p(x,0), so(x)=5(x,0)

dp— 0. P(r,s) =0, ,(18)
p(0,1) =0, P(x(1,1),s(1,1)) = 7(r)

ds =0

where we used the thermodynamic relation
de(t, 5)
ot

Hence the specific entropy s does not change in time and for any x € [0, 1] is given
through the initial data s(x, 0) := so(x).
In the non-conservative form, equation (18) reads as:

f’(t, 5) =

t t
O |p| —Alp.s)o|p] =0
5 5
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where the 3 x 3-matrix A is defined by

0O 1 O c 0 0
— [ aP P | — _ Q!
A= & 0 S =S-{0 c 0]-S
0O 0 O 0O 0 O
with ¢ := c(t,s):,/ap and
19P
I =%

1
S:=S,p,5)=|c¢c -—c 0
0 O c

With these notations we can rewrite (18) in the characteristic form

t c 0 O T
S o fp]l=(0 — 0]-S7'-a,(p]=0
5 0 0 0 5

3;5 —c0ys) =0

(3t — cdxt) + (Bp — cdyp) + 12
%a— 0:5 + coys) =0

= ) c@r+ cdyr) — (3p + cdep) +
8[5 == O

&5
o
~_~ o~

In this way we can apply the existence proof for C2 solutions to (11)—(14) for short
times from [6].

3. The Hydrodynamic Limit

3.1. The Relative Entropy

On the phase space (R?)Y we now have two time-dependent families of prob-

ability measures. One of them is the local Gibbs measure vﬁ,_ N constructed from
the solution of the system of conservation laws (11)-(14). We denote its density
by

N
N ] rirvnsi-onimn, (19)
i=1

On the other hand we have the actual distribution M{V , whose density f,N (r,p)isa
solution, in the sense of distributions, of the Kolmogorov forward equation:

Y (e p) = NGO £V (x, p)
(20)
@ p) =g (x.p).

By Gy = Ly" + y Sy we denote the adjoint operator of G with respect to the
Lebesgue measure, where L ;" can be computed as Ly* = —L7,.
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The relative entropy of f;" with respect to g is defined by

I AN
Hy(@) = | f; logg—Ndrdp. 20

t
Our main result will follow from:

Theorem 2. (Relative entropy) Under the same assumptions as in Theorem 1, for
any timet € [0, T], T < ts,

1
lim —Hy (t) =0.
Nl—rgoN v (@)

Remark. Recall that the relative entropy H («|f) of a probability measure o with
respect to a probability measure 8 can be rewritten as

H(a|B) = sup [/gﬁda—log/e‘/’ dﬂ] (22)

12

where the supremum is taken over all bounded measurable functions ¢. It is easy
to see that the relative entropy has the following properties: H («|B) is positive,
convex, and lower semi continuous function of «. It follows that for any measurable
function F and any o > 0:

/F da < llog/e” dp + lH(aI,B). (23)
o o

Proof of Theorem 1. A useful special case of the entropy inequality can be stated
if we set ' := 1j4] to be the indicator function on a set A. With the choice

o =log (1 + fﬁ), we obtain the inequality

1 1
Eq[1a1] = «[A] = glogﬁ[exp(al[A])] + ;H(Ollﬁ)

1 1
—log (BIAl(” — D+ 1) + —H(@|p)
log2 + H(x|B)

= a[A] £ -
log (1 + m)

(24)

Thus, if we define the set As to be

N . 1
As :=[ %l;](lﬁ) ;i—/o JOOu(x, 1) dx >3],

for any test function J : [0, 1] — R with compact support in (0, 1), then with
inequality (24), to prove that limy_ Mgv [As] = 0, it is enough to show that for

eaché > 0
1
log(l + — )> C(O)N,
VA
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for some constant C not depending on N, since from Theorem 2 we have that
Hpy (t) = o(N). However this is satisfied if viv(i’ t)[A,g] is exponentially small, that
is,

1
N

This is a result of the large deviation theory which can be adapted from [1,5,10].

3.2. Time Evolution of the Relative Entropy

In this section we will prove Theorem 2. Notice that by the choice of the initial
distribution

Hy(0) =0.

The strategy is to show that for some constant C

t t
Hy(@) < C/ Hpy (s) ds +/ Ry (s) ds (26)
0 0
with
1 t
lim — Ry(s)ds =0. 27
N—oo N Jo

Then it follows by Gronwall’s inequality that limy _, ¢ HNT(I) = 0 which concludes
the proof of Theorem 2. We first prove the following inequality:

Lemma 1.
t
Hy() < — / ds / A (Ng}v(” + as) log gV dr dp (28)
0

Proof. By convexity of the function ¢ (f) = f log f, since Lebesgue measure is

(1)
N

stationary for the dynamics generated by G,,"’, we have that

/ fNylog £, drdp < / N log £N dr dp. (29)

Then, since gﬁv is smooth and Hy (0) = 0, (28) follows.

Before we proceed in the proof, we have to introduce some further notations.
For any C! function F := (f1, fo, f3)T :R3 — R3 we define

DF(a) := ((Df1)(@), (Df2)(@), (Df3)@)",

with Dfj(a), i = 1, 2, 3 defined by (9). Recall that i = (z, p, —E)T, e =F— %p2
and let us denote by

T
A(r,e) B Al(t,e)) (30)

T _ T _
J@) == (p, P(r,¢), —pP(r, ¢)) —(p, o P
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the flux of (11). Then the equation (11) can be rewritten as
it = DJ({)d, 1

with the Jacobian

0 1 0
DI@ | & —pe & 31
B e T
With the dual relation (8), A is solution of the symmetric system
[DOR)] = [DEMR)], (32)
where
(M) =A-J(DOM)).
Equation (32) can be rewritten as
(D*©)3:A = (D*T)d,A.
Since
D*O(A(t,x)”" = (D*®)(u(t, x)),
it follows that
HA(D>®) = (D*T)d,A.
Since
(D’L) = (D*®)(DI (W)
the following system of partial differential equations is satisfied:
dA(t, x) = (DD @A, x). (33)
Let us define the microscopic fluxes:
Jicti = (=pict, =V'(0), pia V)T i =1, N~ 1,
In v+ = (=pn, =@, pyt ). (34)

By the definition of the Liouville operator given by (3),
L;rv(t)C,' =Ji—1i = Jiiv1.
Finally let us define
vj =0, pj.—pj/D)".
Hence with the definition of the symmetric operator given by (5),

SN(;j)=—2vj+vj+1+vj_1, j=2,...,N—1
SvCn)=—VNn+VNn_1, Sn(&)) =—Vi+ Vo
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Lemma 2.
J i
NLy logg! =3 a. (ﬁ, r) Jicri + N 0T +an@)  (35)
i=l

where ay(t) is such that

1 t
lim —/ /aN(s)fSN dpdrds =0
0

N—oco N
Proof.

N .
i
NLY loggN(r,p) =N E A (ﬁ t) c(Jicni — Jiign)
i=1

N . .
—1
N> (x (% r) Y (ZT r)) Tic1i =20, 1) - Jou +A (L, 1) - Iy Nt
i=1

Taking into account the boundary conditions on A we have
A0,1) - Jo1 = 22(0,)V'(r)) =0 (36)
and

AL 1) -Ivnpi=—pnrii(L D) =2 (L DT @)+A3(1, DT () py = —Aa(1, )T (1)
(37

because 7()A3(1,1) = A1 (1, 7). Since A is a C2-function, we obtain (35) with
N—1
C
lan (@) = Z}} 111
1=

It remains to show, that limp_ s fé Ik aNT(S)d,uﬁv ds = 0. This will be an easy
consequence of Lemma 10.

Lemma 3.
al i i i
N = 1 T 1 — — . . — 11 —
S ) IN GO RORIC)
Proof.

0

e =52 (4 () 00 (4 (7))
2 () (500 (6 (5)))

By (8), DO (A(4.,1)) = li(+, 1), and (33) the result follows.

~
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Lemma 4. Recall the definition of the symmetric operator given by (5).
t

1;001/1/(NS 1 N)de drds £ lim ! Hy(s)d
N N 0 NI10E&s § P T~ NoocooN 0 N

where o is a constant independent of N with 0 < 20 < infy  A3(x, s).

Observe that the smoothness of the solution of (11) guarantees infy s A3(x, s) >
0.

Proof.
Sy log gV
N=b g 1
=D A (—,r) (Vi1 = 2vi +Vig) + A (—,r) S(=vi+v2) + ML)
i=2 N N
“(VN—1 — VN)

S ) ()
+(k(%,t)—X(%,t))wl—f-(k(]v];l,t)—X(l,t))~vN

In Lemma 10 we will show that the expectation of % >, Ivi|l is uniformly bounded
for all N and hence, since A is in C2, the first term vanishes in the limitas N — oo.

Recall that by the entropy inequality (23), for any o > 0 we have for k €
{1,...,N}:

1 2 N 1 2 N 1
N/pkfs dpdr < mlog/e””kvu,,s) + mH(s).

Since this inequality is true for any o > 0, the integral on the right hand side of
the inequality is bounded as long as o < inf %)@ (x, s) and hence the first term
vanishes as N — 00. The expected value of pj can be controlled in a similar way.

So far we have from Lemmas 2, 3 and 4

;. N :
Hy () g/o /;axx (lﬁs)
X |:Ji],i — (DT (ﬁ (ZN,S)) (Ci -1 (lﬁ,s))] £N dpdr ds

t t t
—/ Nt(s)Aa(1,s) ds—l—l/ Hy (s) ds—l—/ Ry (s) ds (38)
0 g .Jo 0

where Ry (¢) is such that (27) holds.
By (30) we have

1
/ DA, 1) - J(ECx, 1)) dx z/i (—“(x”)“(x’”
0

o ) ) dx = ()X (1, 1),
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and consequently we can replace —N 1 (¢)Ax(1, t) by

al i - i
_ axl — Jlal =
Soa() 36 ()
i=I
with an error uniformly bounded in N. It follows that from (38) we have
t N l
Hy (1) §/ / 0 X(—,s)
0 ; AN
x | Jic = I (1 is —(DHT i LS
i—1,i N’ N’
x (;i —ﬁ(#,s))]ffv dp dr ds
1

t t
— Hy(s) ds +/ Ry (s) ds. 39)
0 0

Our next goal is to prove a weak form of local equilibrium. In view of this we
introduce microscopic averages over blocks of size 2k + 1. In what follows, for
any vector ﬁeld Y = (Y1, Y2, Y307 1 (R)? — R? we denote by Y¥ :=
(Y1 i 2 ¢ )T block averages over blocks of length 2k + 1, where k > 0 is
1ndependent of N. For example

dc = (Clk,h é‘é{,i’ Cé(,i)T = ( i pz ’ _ek)T 2k Z Cl (40)
+
li—1] Sk
These blocks are microscopically large but on the macroscopic scale they are small,
thus N goes to infinity first and then k goes to infinity. We also need to introduce
another small parameter £ and consider small macroscopic blocs of length £N at
the boundaries.
For any smooth and bounded function F : [0, 1] — R and any bounded function
¥ : R? — R, we obtain the following summation by parts formula

N—[N{]

1 i 1 i
ﬁZF( ) Vo) =5 2 F(N) T Z GND)
i=1 i=[N¢] |<k
k+ N¢
@ . 41
n ( : ) 1)
Here we first restricted the sum to configurations over {{N{], ..., N — [N{]}, for

some small £ > 0, such that £ — 0 after N — oo and {N >> k. In this way, we
avoid touching the boundary when we introduce the block averages. The error we
made will vanish in the limit since £ — 0.

We also need to do some cut off in order to have only bounded variables.

Let C;p := {ei—1, e; < b}, and define

Jz i = Jifl»ilci,b and d’ = gilci.b’
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then these functions are bounded. Also denote as J? (i) the corresponding expecta-
tion with respect to the Gibbs measure of parameters A(it), that converges to J ()
as b — oo.

Assumptions (1) on the potential assert that by the entropy inequality (23) with
reference measure dvﬁ Y the error we make by the replacement of J;_1,; and {;
by Jz 1,i
N — oo.

For any o > 0 small enough

N .
l
/ Dk (ﬁ,s) Jiorider, duff
i=1
1 oaxx('f )Jl Lilee Hy(s)
—Elog /e A ib dvyey |+
o “ o
i=1
N
1 a4 H
—Zlog(1+/ ()i dm-,z>)+ N (s)
o “ ce o
i=1 ib
NC(,o0)  Hy(s)

= + (42)
o o

and I; respectively, is small in N if we can show that + ~vHN(s) = Oas

A

A

where limp_, oo C(b, 0) = 0 for any o > 0.
Using that A and u are in C? and formula (41), we arrive at

E (i)l r )
o () (5]

N—[N{]

- Z 8xk(i )
N
[NE]
1 b 0 [ = i
|zt 2 S ((ﬁ))
I1—i| Sk
o () (-5 )]
+ Ok + NO).

The following theorem will be proved in Section 3.3.
Theorem 3. (The one-block estimate) For any £, b:

—[N€]

: b b k N _
klinéozvlf‘oo_ Z //2k+1 > 3 =1 (el)| £ aparas =o.

=i <k
(43)
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With this theorem we obtain:

A
L a(es(3) o
i=[N/{]
RN k,e.5(5) Hy (s)
+/0 —N ds+/0 —N(T ds (44)

for some o > 0.Ry i ¢ is such that

"R
o . N.k,e,b(S)
Iim lim lim lim ———— - ds =0,
b—00 £—0k—00 N—>0o0 [ N

and we used (33) to define
2G, i) = A - (j G —J (ﬁ)) — oA (3 1),
Hence
D,2. 1) = ((DJ)T(;,) oA — a,x) (45)
is equal to zero if 3 is a solution of (33) and consequently:
21,0 =0, D;21,u) =0.

Applying the entropy inequality (23) on the sum in (44), we obtain that for some
o > 0 itis bounded above by

N—[N¢]
/log/exp o Z SZ({,,u( s)) gﬁvdpdrds
i=[N{]
'
—/ Hy (s) ds. 46)
o Jo

Hence it remains to prove that the first term of this expression is of order (’)(%).
This will be done using the following special case of Varadhan’s lemma:

Theorem 4. (Varadhan’s lemma) Let vy be the product homogeneous measure with
marginals vy given by (10) and with rate function I : R?* x R_ — R defined by

I(X)  =d(Xx)—x-A+O).

Then for any bounded continuous function F on R* x R_

1
lim —1og/e"”0 dvy = sup{F(x) — 1 (x)}.
X

n—oo n

Proof. A proof of this theorem can be adapted from [1,5,10].
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In order to apply this Theorem we arrange the sum in (46) as sums over disjoint
blocks and then take advantage of the fact that the local Gibbs measures are product
measures. Assume without loss of generality that 2k + 1 divides N — 2[N ], then

N—[N{]

k ~ l
> eCa(e))- 2 3 velili)
i=[N{] jel—k,...k}; B[N Jzzvz
where B\ V4 = {r@k+ 1+ IO+ ko e o, MENIEE 1o i
way, for any fixed j, the terms in the sum over i € B]X, Z]z [NELk depend on configu-

rations in disjoint blocks. Thus the random variables

0 [0
2 (Ci U (N’ s))
are independent under V;lx. $)

Using Holder inequalify, the first term in (46) is bounded above by

/log/ H exp o Z ;2 (;‘l, (—,s)) g‘ﬁvdpdrds
NU IEBN 2[N€].k

[Ne]

_—
= Nok+1) Jo

z log/exp cQk+D > rjsz(;f,ﬁ(ﬁ,s)) ¢V dp dr ds
i

..... B{/}/V—e]zmm.k

1 N—[N{]
I — 1 2k + 1) — N dp dr ds.
T No@kt1) %:a/ Og/eXp[”( b (§ u(N S))]gs pere

Then, since all the functions in this expression are smooth and the family of local
Gibbs measures converges weakly, we obtain that

N—[N/{]

lim 1 1
Am i T Do (2k+1)Ncr 2 / Og/eXp

i=[N{]

x [G(Zk +1He (;{f, il (% s))] ¢V dp dr ds

. 1 rrt 3
= lim m/o/o 1og/exp{(2k+1)asz(;{.‘,u(x,s))} dvrr.s) da ds.

So now for each x € [0, 1], the distribution of the particles in a box of size k is
given by the invariant Gibbs measure with average u(x, s) such that we can apply
Theorem 4 on this product measure to obtain that the last expression is equal to

1 t 1
—/ / sup{o 82 (3, i(x, s)) — 1(3)} dx. (47)
oJo Jo 3
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To conclude Theorem 2 it thus remains to show that this is equal to zero. Since /
and 2 are both convex, and both functions and their derivatives are vanishing at
3 = 1, it follows from assumption (1) on the potential that o 82 (3, &t) < 1(3) for o
small enough. Hence there exists a o such that the last expression is equal to zero.
This concludes the proof of Theorem 2.
Since

t t
Hy() < C / Hy(s) ds + / Rwse.p(s) ds,
0 0

for some uniform constant C, it follows by Gronwall inequality that

t
Hy (1) < Hy (0)e ! +/ Ry k.0.b(5)eC™) ds
0

t
el (HN(O) +/ RN k.0.5(s) ds).
0

A

Hence the claim follows, since

'R
S . Nk, 0,b(8)
lim lim lim lim ———— —ds =0.
b—o00l—0k—>00 N—o0 Jq N

3.3. The One Block Estimate (Theorem 3)
We define the space-time average of the distribution
1 | N(1-¢)
=Nk Nk
= (P —ky P—ks ooy Ths d 48
f; t/O[N(l_w] 2 Sk ke po ds (48
i=N¢
where we defined the projections
SN E ok pie e o)
= / TN D1 ket Pimk—1s Py Pks « - s Tl Pk Tieht 1

Piskits - py) [ drdpr (49)
li—l|>k

and we denote

gt = FN T drdp (50)
11k
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3.3.1. Tightness We have the following:

Lemma 5. (Tightness) For each k fixed , the sequence (ﬂfv ok )Ny >1 of probability
measures is tight. B

Proof. From the definition of [Liv % we have

1 N0k
/ 2k—+1 e | fi Hdrl dp;

ISk 1<k
1 /, ! N%—:e)
tJo IN(I—20] &,
1
/ i1 S| £ drdp .. dredpe | ds
I/ <k
I 1 al N
g;/o / mZEl fg HdrldpldS§C
=1 leZ

by Lemma 10, and this implies the tightness.

Lemma 5 asserts that for each fixed k there exists a limit point ,uf’k of the
sequence () "“) y>1- On the other hand, since the sequence (ui*y > forms a
consistent family of measures, by Kolmogorov’s theorem, for k — oo, there exists
a unique probability measure p on the configuration space {(r;, pi)icz € (R%)°°},
such that the restriction of w on {(rj, p;) je{—k,...+k} € (R2)2k+1} is ,u,f’k.

3.3.2. Proof of the One-Block-Estimate Let us define the formal generator G of
the infinite dynamics by

G:=L+yS, (51)

with the antisymmetric part

0 d d
L= Z [Pj ( ) + (V/(rjs1) = V'(rp)) 5] (52)

ez 37']‘ 8rj+1 j

and the symmetric part
§:= (£ (rp*") - frm). (53)
i€Z
In Section 3.3.3 we will prove the following proposition:
Proposition 1. Any limit point i of [L?] ’Z’k, for N — oo and thenk — o0, satisfies
the following properties:

(1) it has finite entropy density: there exists a constant C > 0 such that for all
subsets A C Z
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A
H (1la|vlihop) € ClAlL

(1) it is translation invariant: for any local function F and any j € Z,

/qu :/(er) du

where t; denotes the spatial shift by j on the configurations.
(1) it is stationary with respect to the operator G: for any smooth bounded local
function F

/(gF) du = 0.

With this proposition, we can apply the ergodic theorem from [2].

Theorem 5. (Ergodicity) Any limit point . of ,utN ok

tion of Gibbs measures, that is,

pu(dr,dp) = [T eaCi. podridp;.
ieZ

(dr, dp) is a convex combina-

The proof of Theorem 5 is contained in [2], see also [1] for more details. The
idea of the proof is the following: by Proposition 1 one can prove that u is separately
stationary for £ and S. This implies that the distribution of momenta conditioned
on position p(dp|r) is exchangeable. This is the only point where we need the noise
in the dynamics.

Proof of Theorem 3. Recall that we need to prove (43). By Lemma 5 and (i), (iii)
of Proposition 1, it is enough to show that for each b and ¢

2k+1 Z o Jb(2k+1 2 C’)

—k+1 —k+1

lim sup sup / dp =0

k—o0o ueG

where G is the set of Gibbs measures. But this is just the law of large numbers and
holds in the limitas k — co. O

3.3.3. Proof of Proposition 1

Lemma 6. Any limit probability 1 of Miv bk

translation invariant.

, for N — 00 and then k — 00, is

Proof. Let F be a bounded, local function depending on configurations only
through —m, ..., m for some m = 0. Then there exists for each z € Z an integer
k such that |m + z| < k. Since ( f,N bk ) is tight, it suffices to prove that for each
z

lim 1 F—o.F)fYOCTT drpdp =0 54
i i = 2 I anan o

that follows easily from the definition (50).
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Lemma 7. Any limit measure i is stationary in time with respect to the generator
G = L+ yS, that means for any bounded smooth local function F (r, p)

/ GF du = 0. (55)
Proof. We have to show that for some k = m

lim lim /gFf,leHdrldpl—O

k—>00 N—o00
1<k

With (50), the integral is equal to

1 rt 1 N(1-£) N
/ N0 —20)] Z /gFfs/ [T dridpids. (56)
1<k
Define the space average
1 N(1—¢)
S .
[N(1 —20)] ZN:E T

and observe that Q;V(I)F = GF, then we can rewrite (56) as

1 t
m/0 /(Ng’(”F)]g drdpds = zzv/ /Fasfs drdp ds

N I/Ffl dr dp — /Ff0 drdp]

This expression converges to 0 when N — oo, since F' is a bounded function.

3.3.4. Entropy Density For some integer n = 1, define by A" a box of length
2n + 1 and by A’ a box of length 2n + 1 and centered at i. Furthermore, let

v%.0.5(dr.dp) == [ [ vizp.o.p) (dri. dpy)
i€Z

and
H e (e1v35.0.8) = H (il 4k [v(p.0.5))-
We obtain the following lemma:

Lemma 8. The limit point | has finite entropy density, that means there exists a
constant C > 0 such that for all subsets A

Hp (v 0.0 < C1AN.
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Proof. By convexity of the relative entropy, we have

- N, 0.k k
H (“t ‘ V(2.0 ﬁ))

1 N(l 0
N,k k
S N _%)] Nz ( / fs,; drxdpg...dr dprds ‘ v(tﬂ’o,ﬂ)>
1 N(I—E)
~-N N
T IN(I—20)] Z s (“’ ‘ Wiso0m) (57)
=N¢

where i := fNdr dp with

1 t
N .= -/ 1N ds. (58)
tJo

Relative entropy is superadditive in the following sense (see for example [1]): let
(Aj)icrcn be a family of disjoint subsets of Z. Then

N =N N
Hy, gy i ( i ‘”(rﬂ,o.m)izf]/‘i (“t ‘”(rﬂ,oﬁ))'
iel

The sum in (57) can be rearranged in 2k 4 1 sums of sums over disjoint blocks,
then applying the superadditivity (57) is bounded by

BN (7| o)

We will prove in Lemma 9 that there exists a finite constant C independent of N,
such that

H (gﬁv ‘ ugﬂ,o,ﬂ)) < CN. (59)

By Lemma 5 the sequence ([Lﬁv’z’k) n is tight. Since by Lemmata 6 and 7 each limit

point p of (,&;V ’K’k) N 1 translation invariant and stationary, we can conclude the
proof by the lower semi continuity of the relative entropy.

To complete the proof of Lemma 8 it remains to show (59).

Lemma 9. [f

H (fONdrdp | u{iﬂyoﬁ)) <N

for some uniform constant C1 > 0, then for any N € N there exists a constant
Cy > 0 such that

~N N
H (Mz |v(tﬂ,0,ﬂ)) < OoN,

where ﬂfv is defined by (58).
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Proof. Recall from Lemma 1 that the relative entropy with respect to Lebesgue
measure is nonincreasing in time since the Lebesgue measure is stationary with

respect to the generator g}v(’) (for any t). Therefore, as in the proof of Lemma 1 we
can write

H (f,Ndr dp| g5 0.4 dr dp) —H (foNdr dp| g¥s0.5dr dp)
= —/logg?i,s,o,mffvdrdw/loggffﬂ,o,mfdvdrdp-

The last line is then equal to

t
- /0 / fYNGTY 10g g{¥4.0 ) drdp ds

t
—,BN/ r(s)/ff\’p,v dr dp ds.
0

Since the last line is equal to the expectation of 8 Z;V:] (ej(t)—e;(0)),by Lemma 10
it is bounded by C N for some constant C.
Hence, by convexity of H(:|-),

H (,:L{V | v(]\rlﬂ’o’ﬂ)) < (C1 + O)N.

3.4. Energy Bound

We prove here a deterministic bound on the total energy inside the system,
independent of the realizations of the noise of the dynamics.

Lemma 10. If the initial configuration satisfy
N
> ej(0) SCN
j=1
then there exists a constant C (1) independent of N such that

N
> ejt) S CON (60)

j=1

Proof. Define

N N
Fy() = ejt) —t)gn®) = D (ej(t) — t(t)r;(1)).
j=1

J=1

Computing the time evolution of this function we have

t
Fy(t) = Fy(0) —/0 T (5)gn () ds. (61)
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Consequently

N N t
D ej(t) =t()an(t) — T(0)gn(©0) + D e;(0) — /0 '(s)qn(s) ds. (62)

j=1 j=1
By condition (1), we have that
1/2

gyl £ D Il SN D Il
J J

1/2

SCPUN [ Da+vey)
J

172

<CPUN (D +ep
7

Then we can estimate

t t
/ £ (5)an(s) ds| < 17 lo /0 v ()] ds

0

1/2

t N
< ||f’||ooc‘_/2\/ﬁ/0 S+eis)]| s
j=1

Defining ey (1) = % Zj-v:l e (r) we have then

en) = CL el (Van @ + 1+ Ven ) +1)
t
+ey(0) + ||r’||ooCi/2/ en(s) + 1 ds,
0

which implies (60).
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