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Abstract

In this paper we prove the Pohozaev identity for the semilinear Dirichlet problem
(=A)Y'u = f(u)in 2, u = 0 in R"\Q. Here, s € (0, 1), (—A)* is the fractional
Laplacian in R”, and Q is a bounded C!:! domain. To establish the identity we use,
among other things, that if u is a bounded solution then u/5§°|q is C* up to the
boundary 92, where §(x) = dist(x, dS2). In the fractional Pohozaev identity, the
function u/§°|yq plays the role that du/dv plays in the classical one. Surprisingly,
from a nonlocal problem we obtain an identity with a boundary term (an integral
over 9€2) which is completely local. As an application of our identity, we deduce
the nonexistence of nontrivial solutions in star-shaped domains for supercritical
nonlinearities.

1. Introduction and Results

Lets € (0, 1) and consider the fractional elliptic problem

(=A)’u= f(u) inQ
I u=20 in R"\Q (.

in a bounded domain Q C R”, where

u(x) — u(y)

" |)C _ y|n+23 (12)

(=A)u(x) = Cn,sPV/
R

is the fractional Laplacian. Here, ¢, s is a normalization constant given by (A.1).
When s = 1, a celebrated result of Pohozaev states that any solution of (1.1)
satisfies an identity, which is known as the Pohozaev identity [15]. This classical
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result has many consequences, the most immediate one being the nonexistence of
nontrivial bounded solutions to (1.1) for supercritical nonlinearities f.

The aim of this paper is to give the fractional version of this identity, that is,
to prove the Pohozaev identity for problem (1.1) with s € (0, 1). As announced in
[16], this is the main result of the present paper, and reads as follows. Here, since
the solution u is bounded, the notions of weak and viscosity solutions agree (see
Remark 1.5).

Theorem 1.1. Let Q be a bounded and C'' domain, f be a locally Lipschitz
function, u be a bounded solution of (1.1), and

8(x) = dist(x, 9Q).
Then,
u/8%|q € C¥(Q) for some a € (0, 1),

meaning that u/8*|q has a continuous extension to Q which is C*(Q), and the
following identity holds

U2
(2s—n)/uf(u)dx+2n/ F(u)dx:l"(l+s)2/ (—) (x -v) do,
Q Q an \O°

where F(t) = fé f, v is the unit outward normal to 02 at x, and T is the Gamma
Sfunction.

Note that in the fractional case the function u/§*|5q plays the role that du/dv
plays in the classical Pohozaev identity. Moreover, if one sets s = 1 in the above
identity one recovers the classical one, since u /8|y = du/dv and I'(2) = 1.

It is quite surprising that from a nonlocal problem (1.1) we obtain a completely
local boundary term in the Pohozaev identity. That is, although the function u
has to be defined in all R” in order to compute its fractional Laplacian at a given
point, knowing # only in a neighborhood of the boundary we can already compute
Jaa (SM_V)Z (x-v)do.

Recall that problem (1.1) has an equivalent formulation given by the CAFFARELLI—
SILVESTRE [9] associated extension problem—a local PDE in RT'] . For such exten-
sion, some Pohozaev type identities are proved in [4-6]. However, these identities
contain boundary terms on the cylinder dQ x R™ or in a half-sphere BB; N R'fl ,
which have no clear interpretation in terms of the original problem in R”. The
proofs of these identities are similar to the one of the classical Pohozaev identity
and use PDE tools (differential calculus identities and integration by parts).

Sometimes it may be useful to write the Pohozaev identity as

2
25 (Ul gy — 2nEu] = T(1 + s)z/aQ (5%) (x - v) do,

where & is the energy functional

1
Elu] = E[u]zs(Rn) —/QF(u) dx, (1.3)
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= f,and

. 2
[ sy = [[E1Y Flu] ||L2(Rn)_"“/n/n ) = w4y, (14)

)C _ y|n+2s

We have used that if # and v are H*(R") functions and # = v = 0 in R"\ 2, then
/ V(=AY udx = [ (=AY u(=A)*vdx, (1.5)
Q R~
which yields

/ uf (u) dx = / [(=A)2ul? dx = [l s o
Q R

As a consequence of our Pohozaev identity we obtain nonexistence results
for problem (1.1) with supercritical nonlinearities f in star-shaped domains €2. In
Section 2 we will give, however, a short proof of this result using our method to
establish the Pohozaev identity. This shorter proof will not require the full strength
of the identity.

Corollary 1.2. Let Q2 be a bounded, C L1 and star-shaped domain, and let f be a
locally Lipschitz function. If

n—

2suf(u) g/uf(t) dt forall ueR, (1.6)
0

then problem (1.1) admits no positive bounded solution. Moreover, if the inequality
in (1.6) is strict, then (1.1) admits no nontrivial bounded solution.

For the pure power nonlinearity, the result reads as follows.

1,1 H 42
Corollary 1.3. Let 2 be a bounded, C*-*, and star-shaped domain. If p = 7257,
then problem

(=AYu=ul”'u inQ

u=20 in RM\Q .7

admits no positive bounded solution. Moreover, if p > Zi‘zs

nontrivial bounded solution.

then (1.7) admits no

The nonexistence of changing-sign solutions to problem (1.7) for the critical
power p = "+§§ remains open.

Recently, FALL and WETH [12] have also proved a nonexistence result for
problem (1.1) with the method of moving spheres. In their result no regularity of
the domain is required, but they need to assume the solutions to be positive. Our
nonexistence result is the first one allowing changing-sign solutions. In addition,
their condition on f for the nonexistence—(1.16) in our Remark 1.14—is more
restrictive than ours, that is, (1.6) and, when f = f(x, u), condition (1.15).

The existence of weak solutions u € H¥(R") to problem (1.1) for subcritical
f has been recently proved by SERVADEI and VALDINOCI [18].
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The Pohozaev identity will be a consequence of the following two results. The
first one establishes C*(R") regularity for u, C*(Q) regularity for u/8*|q, and
higher order interior Holder estimates for u and u/§°. It is proved in our paper [17].

Throughout the article, and when no confusion is possible, we will use the
notation C#(U) with B > 0 to refer to the space C"’ﬂ/(U ), where k is the is
greatest integer such that k < B, and B/ = B — k. This notation is especially
appropriate when we work with (—A)* in order to avoid the splitting of different
cases in the statements of regularity results. According to this, [-]¢s ;) denotes the

ckF (U) seminorm

[u] [u] |D*u(x) — DXu(y)
u cB) = Ul k.p = sup 7
o ¢ S x,yeU, x#y |x - ylﬂ

Here, by f € CIOO’C1 (€ x R) we mean that f is Lipschitz in every compact subset
of @ x R.

Theorem 1.4. [17] Let 2 be a bounded and C'+' domain, f € CIOO’C1 (ﬁ x R), u be
a bounded solution of

r—mmzf@m)MQ (1.8)

u=20 in R"\Q,
and §(x) = dist(x, 0R2). Then,
(@) u € C°(R") and, for every B € [s, 1 + 2s), u is of class CB(Q) and

[l (eeq s 2pn = Cp° P forall p € (0,1).

(b) The function ul&ﬂg can be continuously extended to Q. Moreover; u/8®
belongs to C*(2) for some a € (0, 1) depending only on Q, s, f, |ull oo ®rr).
In addition, for all B € [a, s + «], it holds the estimate

[14/8°)ch(req s 2pp = Co“F forall p € (0, 1).
The constant C depends only on 2, s, f, |lu| pm ), and B.

Remark 1.5. For bounded solutions of (1.8), the notions of energy and viscosity
solutions coincide (see more details in Remark 2.9 in [17]). Recall that u is an
energy (or weak) solution of problem (1.8) if u € H*(R"), u = 0 in R"\ 2, and

/(—A)s/2u(—A)S/2vdx=/f(x,u)vdx
Rn Q

for all v € H*(R") such that v = 0 in R"\ Q.

By Theorem 1.4(a), any bounded weak solution is continuous up to the boundary
and solve Equation (1.8) in the classical sense, that is, in the pointwise sense of
(1.2). Therefore, it follows from the definition of viscosity solution (see [8]) that
bounded weak solutions are also viscosity solutions.

Reciprocally, by uniqueness of viscosity solutions [8] and existence of weak
solution for the linear problem (—A)*v = f(x, u(x)), any viscosity solution u
belongs to H*(R™) and it is also a weak solution. See [17] for more details.
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The second result towards Theorem 1.1 is the new Pohozaev identity for the
fractional Laplacian. The hypotheses of the following proposition are satisfied for
any bounded solution u of (1.8) whenever f € CIOO’C1 (2 xR), by our results in [17]
(see Theorem 1.4 above).

Proposition 1.6. Let Q be a bounded and C'' domain. Assume that u is a H* (R")
function which vanishes in R"\ 2, and satisfies

(@) u € C*(R") and, for every B € [s, 1 + 25), u is of class C#(Q2) and
(]t (xea:s02pp = Co* P forall p € (0, 1).

(b) The functionu/8%|q can be continbgusly extended to Q. Moreover, there exists
o € (0,1) such that u/8° € C*(R2). In addition, for all B € [a,s + a], it
holds the estimate

[14/8° )b (req 500 2pp = Co“7F forall p € (0, 1).

(¢) (—A)*u is pointwise bounded in Q2.
Then, the following identity holds

2s —n
/ (x-Vu)(=A)’udx = / u(—A)u dx
Q 2 Ja

O (e e

where v is the unit outward normal to 02 at x, and U is the Gamma function.

Remark 1.7. Note that hypothesis (a) ensures that (—A)*u is defined pointwise in
2. Note also that hypotheses (a) and (c) ensure that the integrals appearing in the
above identity are finite.

Remark 1.8. By Propositions 1.1 and 1.4 in [17], hypothesis (c) guarantees that
u € C*(R") and u/8° € C%(Q), but not the interior estimates in (a) and (b).
However, under the stronger assumption (—A)u € C%(Q2) the whole hypothesis
(b) is satisfied; see Theorem 1.5 in [17].

As a consequence of Proposition 1.6, we will obtain the Pohozaev identity
(Theorem 1.1) and also a new integration by parts formula related to the fractional
Laplacian. This integration by parts formula follows from using Proposition 1.6
with two different origins.

Theorem 1.9. Let Q be a bounded and C1! domain, and u and v be functions
satisfying the hypotheses in Proposition 1.6. Then, the following identity holds

/(—A)su vx.dxz—/ux( AYvdx +T(1+5)? / ——v,do
‘ | ‘ >

fori = 1,...,n, where v is the unit outward normal to 02 at x, and T is the
Gamma function.
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To prove Proposition 1.6 we first assume the domain €2 to be star-shaped with
respect to the origin. The result for general domains will follow from the star-shaped
case, as seen in Section 5. When the domain is star-shaped, the idea of the proof is
the following. First, one writes the left hand side of the identity as

/(x~Vu)(—A)Su dx = a4 / u (—A) u dx,
Q a=1+JQ

da

where
u)(x) = u(rx).

Note that ) = 0 in R"\ 2, since 2 is star-shaped and we take A > 1 in the above
derivative. As a consequence, we may use (1.5) with v = u; and make the change
of variables y = «/Xx, to obtain

2s—n
u(—A)u dx:/ (—A)s/zux(—A)s/zudxsz/ w sw dy,
/Q - R NIR VAN
where
w(x) = (—A)*?u(x).
Thus,

d
da

/ (x - Vu)(=A)’u dx
Q

2s5—n
. [A z /Rnwﬁwl/ﬁdy]

_2s—n/ 2 g 4 d /
Y ATy R

_2s—n (A)sd+1d
T Lt TS A

L, (1.9)
A=17t

where

IA:/ wywiy dy.
]Rn

Therefore, Proposition 1.6 is equivalent to the following equality

d

da

2 u\?
/ w,\wl/kdyzl"(l—ks)/ (57) (x-v)do. (1.10)
A=1t n 02

The quantity C% li=1+ fRn wjwy,; vanishes for any C 1 (R™) function w, as can
be seen by differentiating under the integral sign. Instead, we will prove that the
function w = (—A)*/?u has a singularity along 9€2, and that (1.10) holds.

Next we give an easy argument to give a direct proof of the nonexistence result
for supercritical nonlinearities without using neither equality (1.10) nor the behavior
of (—A)*/?u; the detailed proof is given in Section 2.

Indeed, in contrast with the delicate equality (1.10), the inequality

d
— L,<0 1.11
da =1t h= ( )
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follows easily from Cauchy—Schwarz. Namely,

2
L = llwall g2 lwijall 2oy = lwll72 gy = 11,

and hence (1.11) follows.
With this simple argument, (1.9) leads to

n—2s

—/ (x-Vu)(—=A)Y’udx = / u(—A)’u dx,

Q Q

which is exactly the inequality used to prove the nonexistence result of Corollary 1.2
for supercritical nonlinearities. Here, one also uses that, when u is a solution of
(1.1), then

/(x -Vu)(=A)u dx =/ (x - Vu) f(u) dx =/ x-VF(u) dx:—n/ F(u) dx.
Q Q Q Q

This argument can be also used to obtain nonexistence results (under some
decay assumptions) for weak solutions of (1.1) in the whole R”; see Remark 2.2.

The identity (1.10) is the difficult part of the proof of Proposition 1.6. To prove
it, it will be crucial to know the precise behavior of (— A)S/ 2y near 9Q2—from both
inside and outside €2. This is given by the following result.

Proposition 1.10. Let Q be a bounded and C'-' domain, and u be a function such
that u = 0 in R"\ Q2 and that u satisfies (b) in Proposition 1.6. Then, there exists a
C%(R"™) extension v of u/8*|q such that

(=) ux) = ¢ {log” 8(x) + caxa (@)} v(x) + h(x) n R, (1.12)
where h is a C*(R") function, log™ t = min{logz, 0},

(1 +s)sin (%
¢l = +(2) and ¢y = tanj(%). (1.13)

Moreover, if u also satisfies (a) in Proposition 1.6, then for all B € (0,1 + s)
[(—A)Sﬂu]cﬁ({xemm@p}) < Cp™f forallp € (0, 1), (1.14)
for some constant C which does not depend on p.

The values (1.13) of the constants ¢y and ¢ in (1.12) arise in the expression
for the s /2 fractional Laplacian, (—A)*/2, of the 1D function (x,)*, and they are
computed in the Appendix.

Writing the first integral in (1.10) using spherical coordinates, equality (1.10)
reduces to a computation in dimension 1, stated in the following proposition. This
result will be used with the function ¢ in its statement being essentially the restric-
tion of (—A)*/?u to any ray through the origin. The constant  will be chosen to
be any value in (0, s).
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Proposition 1.11. Let A and B be real numbers, and
@(1) = Alog™ [t — 1| + Bxjo,11(t) + h(1),

where log™ t = min{logt, 0} and h is a function satisfying, for some constants «
and y in (0, 1), and Cy > 0, the following conditions:

@) 1]l ce (0,00 = Co.
(ii) Forall B € [y, 1 + y]

IRl cs01-pui+p,2) = Cop™F forall p € (0, 1).

(iii) |1’ (1)| £ Cot =277 and |h"(t)| £ Cot =37 forallt > 2.

Then,

d /OO (M) (t)dt A’n? 4+ B?
- — - = T .
dAl=1+ Jo AW

Moreover, the limit defining this derivative is uniform among functions ¢ sat-
isfying (1)—(i1)—(iii) with given constants Cq, a, and y .

From this proposition one obtains that the constant in the right hand side of
(1.10), T'(1 4+ 5)2%, is given by c% (2 + c%). The constant ¢, comes from an involved
expression and it is nontrivial to compute (see Proposition 3.2 in Section 5 and
the Appendix). It was a surprise to us that its final value is so simple and, at the
same time, that the Pohozaev constant c% (72 + c%) also simplifies and becomes
(1 +s)2.

Instead of computing explicitly the constants ¢; and ¢, an alternative way to
obtain the constant in the Pohozaev identity consists of using an explicit nonlinearity
and solution to problem (1.1) in a ball. The one which is known [3, 13] is the solution
to problem

[ (=AYu =1 in B,(x0)

u=0 in R™\ B, (x0).
It is given by
2750 (n/2) (2 2)s .
u(x) = ro—|lx —x in B, (xp).
@) FEE TG ) Jx — xo »(x0)

From this, it is straightforward to find the constant I"(1 + $)2 in the Pohozaev
identity; see Remark A.4 in the Appendix.

Using Theorem 1.4 and Proposition 1.6, we can also deduce a Pohozaev identity
for problem (1.8), that is, allowing the nonlinearity f to depend also on x. In this
case, the Pohozaev identity reads as follows.

Proposition 1.12. Le Q be a bounded and C' domain, f € CL:}(Q x R), u be
a bounded solution of (1.8), and 6(x) = dist(x, 0S2). Then
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u/8%|q € C*(Q) for some a € (0, 1),
and the following identity holds

(2s—n)/uf(x,u)dx+2n/ F(x,u)dx
Q Q

=F(1+s)2/ (i)z(x-u) do—2/x~Fx(x,u) dx,
aQ \0° Q

where F(x,t) = fot f(x, t) dt, v is the unit outward normal to Q2 at x, and T is
the Gamma function.

From this, we deduce nonexistence results for problem (1.8) with supercritical
nonlinearities f depending also on x. This has been done also in [12] for positive
solutions. Our result allows changing sign solutions as well as a slightly larger class
of nonlinearities (see Remark 1.14).

Corollary 1.13. Let Q2 be a bounded, C L1 and star-shaped domain, f € Cloo’c1 (Qx
R), and F(x, 1) = [y f(x,7)de. If

n—2s
uf(x,t) ZnF(x,t)+x-Fx(x,t) forallx € Q and t € R,

(1.15)

then problem (1.8) admits no positive bounded solution. Moreover, if the inequality
in (1.15) is strict, then (1.8) admits no nontrivial bounded solution.

Remark 1.14. For locally Lipschitz nonlinearities f, condition (1.15) is more gen-
eral than the one required in [ 12] for their nonexistence result. Namely, [12] assumes
that for each x € Q2 and ¢ € R, the map

A Af%f()»fﬁx, At) is nondecreasing for A € (0, 1]. (1.16)

Such nonlinearities automatically satisfy (1.15).
However, in [12] they do not need to assume any regularity on f with respect
to x.

The paper is organized as follows. In Section 2, using Propositions 1.10 and
1.11 (to be established later), we prove Proposition 1.6 (the Pohozaev identity)
for strictly star-shaped domains with respect to the origin. We also establish the
nonexistence results for supercritical nonlinearities, and this does not require any
result from the rest of the paper. In Section 3 we establish Proposition 1.10, while
in Section 4 we prove Proposition 1.11. Section 5 establishes Proposition 1.6 for
non-star-shaped domains and all its consequences, which include Theorems 1.1 and
1.9 and the nonexistence results. Finally, in the Appendix we compute the constants
c1 and ¢, appearing in Proposition 1.10.

2. Star-Shaped Domains: Pohozaev Identity and Nonexistence

In this section we prove Proposition 1.6 for strictly star-shaped domains. We
say that € is strictly star-shaped if, for some zg € R”,
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(x —z0)-v>0 forallx € 0Q2. 2.1

The result for general C'! domains will be a consequence of this strictly star-shaped
case and will be proved in Section 5.
The proof in this section uses two of our results: Proposition 1.10 on the behavior
of (—A)*/2y near 92 and the one dimensional computation of Proposition 1.11.
The idea of the proof for the fractional Pohozaev identity is to use the integration
by parts formula (1.5) with v = u;, where

u)(x) =ulrx), rA>1,

and then differentiate the obtained identity (which depends on A) with respect to A
and evaluate at A = 1. However, this apparently simple formal procedure requires
a quite involved analysis when it is put into practice. The hypothesis that 2 is star-
shaped is crucially used in order that u;, A > 1, vanishes outside €2 so that (1.5)
holds.

Proof of Proposition 1.6 for strictly star-shaped domains. Let us assume first
that €2 is strictly star-shaped with respect to the origin, that is, zg = 0.
Let us prove that

/Q(x - Vu) (=AY udx = %

/ u; (—A) udx, (2.2)
A=11JQ

where %h:ﬁ is the derivative from the right side at A = 1. Indeed, let g =
(—A)*u. By assumption (a) g is defined pointwise in €2, and by assumption (c)
g € L*°(2). Then, making the change of variables y = Ax and using that supp u; =
%Q C Qsince A > 1, we obtain

i (x)g(x) dx = li M (x)d

dx A_ﬁ/gu”gx x_ff?/g -1 8T

e [ uy) —uly/r)

= lim» /m — 7 s/Mdy

L u(y) —u(y/r) . —u(y/»)

—&11111/9 Tg(y/)») dy‘i‘klfll hone ﬁg(y/)») dy.

By the dominated convergence theorem,

/ u(y) —u(y/r)
o A—1

lim

gy/2) dy:/(y-Vu)g(y) dy,
Al Q

since g € L®(Q), |Vu(&)| £ C8(£)*~! < CAl=58(y)*~! for all £ in the segment
joining y and y/A, and 8*~! is integrable. The gradient bound |Vu(£)| < C8(£)*~!
follows from assumption (a) used with 8 = 1. Hence, to prove (2.2) it remains only
to show that

. —u(y/\)
m _—

g(y/») dy =0.
M Joo\e A—1
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Indeed, |(AQ)\Q| £ C(A — 1) and—by (a)—u € C*(R") and u = 0 outside .
Hence, |lu|l L~ p.0n\e) — 0as A | 1and (2.2) follows.
Now, using the integration by parts formula (1.5) with v = u;,,

/uk(—A)Sudxz/ u (—A) udx
Q R»

= [ (=A)u (—A)Pudx
Rn

:x*/ ((—A)S/zu) (Ax) (=AY 2u(x) dx

= )f/ wyw dx,

where
wx) = (—A)%u(x) and w;(x) = wix).

With the change of variables y = +/Ax this integral becomes

2s—n

X‘;/nwxdeZ)u 2 /R”wﬁw]/ﬁdy,

and thus

2s—n
u (—A)udx = AT/ w W dy.
/Q . VAL

Furthermore, this leads to

d 2s—n
/Q(Vu ) (—A)udx= Ty - ‘)L 2 /n NN dy]

25 — d
_ s —n / |(_A)s/2u|2dx+7
Rn

/ w w5 4y
A=1+ JR?

2 da
_2s—n/ (—A)’ dx—i—l d / d
= 5 Qu u 2 da _— ., wyhwi sy dy.
(2.3)
Hence, it remains to prove that
5 n=rass? [ (5) o 24
- — = s —) (x-v)do, .
d)\. A=171 * Q2 8S
where we have denoted
I, 2/ wywyy;, dy. (2.5)
Rn

Now, for each 6 € §"~! there exists a unique 7y > 0O such that rg6 € 92. Write
the integral (2.5) in spherical coordinates and use the change of variables t = r/rg:
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d d < r
= L= — a0 [ lwero)w (—9) dr
d)\ =1t d)\ =1t Sn—l 0 )u
d © n_1 rot
= — ro do (ret)" " w(Argt®)w | —06 ) dt
d)n =1+ sn—1 0 A

- (% . /BQ(x.v) da(x)/oootnlw(,\tx)w (%x) dr,

where we have used that

il de = (i v) do = l(
) = . = x -v)do
x| ry

with the change of variables $”~! — 3 that maps every point in "~ to its radial
projection on 9€2, which is unique because of the strictly star-shapedness of 2.
Fix xg € 0Q2 and define

n-1 n-l 5/2
() =1 7 w(txo) =1 7 (=A) u(rxo).
By Proposition 1.10,

@(t) = ci{log™ §(tx0) + c2xj0,11}v(tx0) + ho(t)

in [0, 00), where visa C¥(R") extension of u/8*|q and kg is a C* ([0, co)) function.
Next we will modify this expression in order to apply Proposition 1.11.

Using that  is C!! and strictly star-shaped, it is not difficult to see that Ig(;;e)l
is a Lipschitz function of r in [0, 00) and bounded below by a positive constant
(independentlyf of xg). Similarly, Blt(t_xlol) and rrr?ilél{{s‘t(;:)‘)’,]ﬁ} are positive and Lipschitz
functions of ¢ in [0, 00). Therefore,

log™ |t — 1| —log™ &(txp)

is Lipschitz in [0, o) as a function of 7.
Hence, for ¢t € [0, 00),

@(t) = ci{log™ |t — 1] + c2 xj0,17}v(tx0) + h1(2),

where i is a C* function in the same interval.
Moreover, note that the difference

v(rx0) — v(x0)
is C% and vanishes at ¢t = 1. Thus,
(1) = ci{log™ |t — 1] + caxp0,11(O}v(x0) + A(2)

holds in all [0, c0), where & is C* in [0, 0o) if we slightly decrease « in order to
kill the logarithmic singularity. This is condition (i) of Proposition 1.11.
From the expression

h(t) = t"T (= A)2u (x) — er{log™ |t — 1] + caxqo.1 (1)} (x0)
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and from (1.14) in Proposition 1.10, we obtain that 4 satisfies condition (ii) of
Proposition 1.11 with y = s/2.

Moreover, condition (iii) of Proposition 1.11 is also satisfied. Indeed, for x €
R™\ (2€2) we have

- S/2 = s L(y)
(—=A)u(x) _C””i/g PR d
and hence
|al(_A)3/2u(_x)| g C|‘x|*n*3*1 and |3U(_A)9/2u(x)| é C|.X|7'17S72.
This yields |¢/(1)] < Ct'T -
Ct=37 fort > 2.
Therefore we can apply Proposition 1.11 to obtain

. n—1 .
nsml < 02 and @' (1)] £ Crz TR S

d /oo SO L dt = (v(xo))2 cz(nz + c2)
dr |, 1+ Jo A 1 270
and thus

d
da

s 1x0 22,2, 2
"Twitxp)w | — ) df = (v(x0)) ] (T +¢3)
=1+ J0 A

for each xp € 0€2.
Furthermore, by uniform convergence on x of the limit defining this derivative
(see Proposition 4.2 in Section 4), this leads to

d

da

u 2
L=+ c%)/ (x0 - v) (5(%)) dxo.
A=1"+ Q2

Here we have used that, for xg € 92, v(xp) is uniquely defined by continuity as

(:—s) (xo) = lim ux)

x—x0, x€Q 85 (x)

Hence, it only remains to prove that
@+ =T +5)%
But

I +s) sin (%)
o T tan (%)

C1

and therefore

I'(1+s)%sin® (5* n?
C%(nz +c%) — (2) 7_[2 +
tan® (%)

2
2 (zs
—ra s (Z) (1 o l2) (<)>)

=T +s)%.
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Assume now that €2 is strictly star-shaped with respect to a point zg 7 0. Then,
Q is strictly star-shaped with respect to all points z in a neighborhood of zg. Then,
making a translation and using the formula for strictly star-shaped domains with
respect to the origin, we deduce

2s —n

/ {(x —2) - Vu} (=A)’udx = / u(—A)Y’udx+
Q Q

) (2.6)
r'{d+s) u\?2
- (—) (x —2)-vdo
2 a0 \8°
for each z in a neighborhood of zp. This yields
ra 2 2
/MMGAYMMﬁz——LiiL/T(i)VMU 2.7)
Q 2 aq \O°
fori =1, ..., n. Thus, by adding to (2.6) a linear combination of (2.7), we obtain
‘ 25 — , [(145)? 2
/(x~Vu)(—A)Audx= u n/u(—A)budx—ﬂ/ (1) x - vdo.
Q 2 Ja 2 an \9°
O

Next we prove the nonexistence results of Corollaries 1.2, 1.3, and 1.13 for
supercritical nonlinearities in star-shaped domains. Recall that star-shaped means
x-v = 0forall x € 9Q. Although these corollaries follow immediately from
Proposition 1.12—as we will see in Section 5—, we give here a short proof of their
second part, that is, nonexistence when the inequality (1.6) or (1.15) is strict. Thatis,
we establish the nonexistence of nontrivial solutions for supercritical nonlinearities
(not including the critical case).

Our proof follows the method above towards the Pohozaev identity but does
not require the full strength of the identity. In addition, in terms of regularity results
for the equation, the proof only needs an easy gradient estimate for solutions u.
Namely,

IVu| £ 8! inQ,
which follows from part (a) of Theorem 1.4, proved in [17].

Proof of Corollaries 1.2, 1.3, and 1.13 for supercritical nonlinearities. We only
have to prove Corollary 1.13, since Corollaries 1.2 and 1.3 follow immediately from
it by setting f(x,u) = f(u) and f(x, u) = |u|P~'u respectively.

Let us prove that if €2 is star-shaped and u is a bounded solution of (1.8), then

2s —n
2

/uf(x,u)dx+n/ F(x,u)dx—/x~Fx(x,u)dx§0. 2.8)
Q Q Q

For this, we follow the beginning of the proof of Proposition 1.6 (given above) to
obtain (2.3), that is, until the identity

2s —n

I,

1
Vu - x) (=AY udx = u(—A)’udx + - —
/Q( )(=A) /Q (=4) 2 Dl
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where
I :/ wywiy dx, wx) = (=AY ?u(x), and w(x) = w(ix).
Rn

This step of the proof only need the star-shapedness of 2 (and not the strictly
star-shapedness) and the regularity result [Vu| < C8°~! in Q, which follows from
Theorem 1.4, proved in [17].

Now, since (—A)*u = f(x,u) in Q and

(Vu - x)(=AN)’u=x-VF(x,u) —x - Fy(x,u),

by integrating by parts we deduce

2s —n 1 d
—n [ F(x,u)dx— [ x-Fy(x,u) dx= uf(x,u) dx+- — L.
Q Q 2 Q 2 da A=1+
Therefore, we only need to show that
d
— L Z0. 29
il 7 (2.9)

But applying Holder’s inequality, for each A > 1 we have

L S il 2@y lwipl s = 1wl g = 1,
and (2.9) follows. O

Remark 2.1. For this nonexistence result the regularity of the domain 2 is only
used for the estimate |Vu| < C8°~!. This estimate only requires 2 to be Lipschitz
and satisfy an exterior ball condition; see [17]. In particular, our nonexistence result
for supercritical nonlinearities applies to any convex domain, such as a square for
instance.

Remark 2.2. When @ = R” or when 2 is a star-shaped domain with respect
to infinity, there are two recent nonexistence results for subcritical nonlinearities.
They use the method of moving spheres to prove nonexistence of bounded positive
solutions in these domains. The first result is due to DE PABLO and SANCHEZ [14],
and they obtain nonexistence of bounded positive solutions to (—A)u = u” in
all of R”, whenever s > 1/2and 1 < p < Zf%; . The second result, by FALL and
WETH [12], gives nonexistence of bounded positive solutions of (1.8) in star-shaped
domains with respect to infinity for subcritical nonlinearities.

Our method in the previous proof can also be used to prove nonexistence results
for problem (1.7) in star-shaped domains with respect to infinity or in the whole
R". However, to ensure that the integrals appearing in the proof are well defined,
one must assume some decay on # and Vu. For instance, in the supercritical case
p > ﬁf%i we obtain that the only solution to (—A)*u = u? in all of R"” decaying
as

C
lul + |x - Vu| = ————,
1+ |x|?

with 8 > isu=0.

_n_
p+1°
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In the case of the whole R”, there is an alternative proof of the nonexistence
of solutions which decay fast enough at infinity. It consists of using a Pohozaev
identity in all of R", that is easily deduced from the pointwise equality

(=A) (x - Vu) = 25(=A)'u + x - V(=A)'u.

The classification of solutions in the whole R" for the critical exponent p =

1425 was obtained by CHEN, L1, and OU in [10]. They are of the form

n—2s

n=2s

u(x) =c (#)
P —xl)

where u is any positive parameter and c is a constant depending on n and s.

3. Behavior of (—A)*/2y Near 92

The aim of this section is to prove Proposition 1.10. We will split this proof
into two propositions. The first one is the following, and compares the behavior of
(—A)*2u near 32 with the one of (—A)*/28), where 8o (x) = dist(x, 3Q) xo (x).

Proposition 3.1. Let Q be a bounded and C'' domain, u be a function satisfying
(b) in Proposition 1.6. Then, there exists a C*(R") extension v of u/8*|q such that

(=AY u(x) = (=228 (x)v(x) + h(x) inR",
where h € C*(R").

Once we know that the behavior of (—A)*/?u is comparable to the one of
(—A)Y/ 288, Proposition 1.10 reduces to the following result, which gives the behav-
ior of (—A)*8; near 9<2.

Proposition 3.2. Let 2 be a bounded and C'' domain, §(x) = dist(x, 9Q), and
80 = 6xq. Then,

(—A)285(x) = ¢ {log™ 8(x) + caxe(x)} + h(x) inR",

where c| and ¢y are constants, h is a C*(R™) function, andlog™ t = min{log¢, 0}.
The constants c1 and cy are given by

) 1 -2 142
€1 =013 and ¢y = o |1_Z|l+s+|1+z|l+s dz,

where cp, 5 is the constant appearing in the singular integral expression (1.2) for
(—A)’ in dimension n.

The fact that the constants ¢ and ¢, given by Proposition 3.2 coincide with the
ones from Proposition 1.10 is proved in the Appendix.
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In the proof of Proposition 3.1 we need to compute (—A)*/? of the product
u = &yv. For it, we will use the following elementary identity, which can be
derived from (1.2):

(A (wiwz) = wi(—=A) wr + wa (=AY wy — L (wy, wa),

where

(w1(x) — w1 () (w2 (x) — wa(y))

|_x _ y|n+2s

Is(wy, wo)(x) = Cn,sPV/ dy. (3.1

R}l
Next lemma will lead to a Holder bound for I,(85, v).

Lemma 3.3. Let 2 be a bounded domain and §y = dist(x, R"\2). Then, for each
a € (0, 1) the following a priori bound holds

145/2(85, W)l carzmny = Clwlcewny, (3.2)
where the constant C depends only on n, s, and .
Proof. Let xi, x, € R". Then,

L5280, w)(x1) — Ls2(85, w)(x2)| = ¢ 5 (U1 + ),

where
lw(xy) — wxi +2) — wxz) + wx +2) |85 (1) — 8 (x1 +2)|
J1 = dz
n |Z|H+S
and
lw(x2) — wxa + 2)|[85Ce1) — 85(x1 + 2) — 85(x2) + 85 (x2 + 2)|
S= |Z|n+s dz.

Let r = |x; — x2|. Using that [|8} || csrny < 1 and supp 8} = €,

|w(x1) — w(xi + 2) — w(x2) + w(xz + z)| min{|z|*, (diam ©)°}
Ji = dz
n |Z|n+s
[w]ce@nr®/?|z|*/* min{|z|*, 1} "

<
= ¢ |Z|n+s

Rn
§ Cra/z[u)]ca(Rn).

Analogously,
Jo £ Cro[wlcegny.

The bound for || I;/2(8), w)l oo (rn) is obtained with a similar argument, and
hence (3.2) follows. 0O

Before stating the next result, we need to introduce the following weighted
Holder norms; see Definition 1.3 in [17].

Definition 3.4. Let 8 > O and 0 = —8. Let B = k + B/, with k integer and
B’ € (0, 1]. For w € CF(Q) = C*F'(Q), define the seminorm
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| D*w(x) — Dkw(y>|)

[w]gfzz = sup (min{S(x), S(y)}ﬂ-i_c lx — y|f’

x,yeQ

For o > —1, we also define the norm || - ||/(;)Q as follows: in case that o = 0,

k
lwlls, = > sup (8<x)l+”|Dlw<x>|) + Wl g,

1=0 xXeR
while for —1 <o <0,

k
il = wlleo + 2 sup(5<x)’+"|D’w(x)|) +lwlge.

=1 xe

The following lemma, proved in [17], will be used in the proof of Proposition 3.1
below—with w replaced by v—and also at the end of this section in the proof of
Proposition 1.10 —with w replaced by u.

Lemma 3.5. [17, Lemma 4.3] Let 2 be a bounded domain and o and B be such
thata < s < B and B — s is not an integer. Let k be an integer such that B = k+ p’
with B’ € (0, 1]. Then,

[(—A) 2wl < Clwllcen + Iwllgd)) (3.3)

for all w with finite right hand side. The constant C depends only on n, s, o, and

B.

Before proving Proposition 3.1, we give an extension lemma—see [11, Theo-
rem 1, Section 3.1] where the case @« = 1 is proven in full detail.

Lemma 3.6. Let a € @ 11and V C R" a bounded domain. There exists a (non-
linear) map E : CO%(V) — CO*(R") satisfying

Ew)=w inV, [EW)]coagn < [Wlcoawy and |EW)lreomn) < lwllzewv)
forall w e CO%(V).

Proof. It is immediate to check that

E(w)(x) = min {min {w(z) + [Wlceylz — X|a} , ||w||L°°(V)]

zeV

satisfies the conditions since, for all x, y, z in R",

lz—x|" Sz —y|* + |y — x|".

Now we can give the

Proof of Proposition 3.1. Since u/8*|q is C%($2)—by hypothesis (b)—then by
Lemma 3.6 there exists a C%(R") extension v of u/5§%|q.
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Then, we have that
(=AY Pu(x) = v(x)(=A)/285(x) + 80(x)* (=AY *v(x) — I;2(v, 85),

where

Iya(v, 88) = Cn’%/ (v(x) — () (85(x) — 85()) o,

R7 |x — y|nts

as defined in (3.1). This equality is valid in all of R" because §; = 0 in R"\£2 and
v € C** in Q—by hypothesis (b). Thus, we only have to see that 88(—A)S/Zv and
Is2(v, 8;) are C*(R") functions.

For the first one we combine assumption (b) with 8 = s+« < 1 and Lemma3.5.
We obtain

I=a)yu)Ss” < C. (3.4)
and this yields 88(—A)S/2v € C*(R™). Indeed, let w = (—A)*/2v. Then, for all
x,y € Qsuchthat y € Br(x), with R = 6(x)/2, we have

[8°(x)w(x) = & Hw)] < 500’ lw(x) —wy)| +w()] [6°(x) — 6% ()]
[x — y|* - lx — y|* x —yle -

Now, since
[8°(x) = 8" (W = CR™|x — y|* = Cmin{3(x), s(W}F“|x — y|*,
using (3.4) and recalling Definition 3.4 we obtain

18° () w(x) — 8 (Mw(y)l
lx — y|*

< C whenever y € Br(x), R =68(x)/2.

This bound can be extended to all x, y € €2, since the domain is regular, by using
a dyadic chain of balls; see for instance the proof of Proposition 1.1 in [17].
The second bound, that is,

1152 (v, 8p)lcawny = C,
follows from assumption (b) and Lemma 3.3 (taking a smaller « if necessary). 0O

To prove Proposition 3.2 we need some preliminaries.
Fixed pg > 0, define ¢ € C*(R) by

P (x) = x° X(0,00) (%) + 05 X(pg,+00) (X)- (3.5)

This function ¢ is a truncation of the s-harmonic function x’ . We need to introduce
¢ because the growth at infinity of x% prevents us from computing its (—A)* 2,

Lemma 3.7. Let pg > 0, and let ¢ : R — R be given by (3.5). Then, we have

(—=A)*2p(x) = c1{log x| + c24(0,00) (X)) + h(x)
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for x € (—po/2, po/2), where h € C*([—po/2, po/2]). The constants c| and c;
are given by

00 1_Zs 1+ZS
€1 =013 and ¢y = o |1_Z|l+s+|1+z|l+s dz,

where ¢y, s is the constant appearing in the singular integral expression (1.2) for
(—=A)* in dimension n.

Proof. If x < po,

PO xS _yS 00 S —,OS
L3 oo |x—y|1+5 20 |x—y|1+5

We need to study the first integral:

1-25% .
P xS — S Ji(x) = f‘)/x t_dz ifx>0
700 =/ ey = fpooju”l_ilg - (3-6)
oo X =yl Jo(x) = [70 T dz ifx <0,
since
00 _ ps
(—=A)Pp(x) = c1J (x) = c1 / s 3.7
£0 |)C - y| §
belongs to C*([—po/2, po/2]) as a function of x.
Using L’Hbpital’s rule we find that
Jix) o hx)
im im
x10 log |x| xTO log |x|
Moreover,
1 1-— $ 1
limx' = (J/(0) — =) = limx'~ _po =G/ 1
x40 x)  xlo x2 ((po/x) — DS x
~ i ( -y (1—y>1+f)
= 1 - —
=iy S A
l—ys—(l—y)H—‘Y B
= p,* lim =—p,°
— 0 3 y* P
and
. _ 1 po  —(=po/x)’ 1
l _ 1—s J/ _ — l 1—s o
XI%( x) (2(x) )C) lm( x) (x2 (14 (—po/x))+s —x
e 1 —1 (1+ )t )
— S ]lm 1—s +
o yio? (y(l T YA
1 1+s _ 1
o im N T
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Therefore,
(J1(x) = log [x])" < Clx"~" in (0, po/2]
and
(J2(x) —log|x|) < Clx|’~" in[—po/2,0),
and these gradient bounds yield
(J1 —log|-]) € C*([0, po/2]) and (Jo —logl-|) € C*([—po/2,00).
However, these two Holder functions do not have the same value at 0. Indeed,

E?&{(Jl(x) —log |x]) — (J2(—x) —log| — x|)} = Ei%{]l (x) — Ja(—x)}
1=z 75
= d
/—oo<|1 —g|I*s * 1 +Z|‘+S]
_/oo 1 -7 N 1+7 &
- 0 |1_Z|1+s |1+Z|1+S =2

Hence, the function J (x) — log |x| — ¢2X(0,00)(x), Where J is defined by (3.6), is
C*([—po/2, po/2]). Recalling (3.7), we obtain the result. O

Next lemma will be used to prove Proposition 3.2. Before stating it, we need
the following

Remark 3.8. From now on in this section, pp > 0 is a small constant depending
only on 2, which we assume to be a bounded C!'! domain. Namely, we assume
that that every point on 92 can be touched from both inside and outside €2 by
balls of radius pg. In other words, given xo € 0S2, there are balls of radius po,
B,y (x1) C 2 and By (x2) C R"™\Q, such that B, (x1) N By, (x2) = {x0}. A
useful observation is that all points y in the segment that joins x| and x,—through
xo—satisfy 6(y) = |y — xol-

Lemma 3.9. Let Q be a bounded C"' domain, 8(x) = dist(x, 3S2), 8y = Sxaq,
and po be given by Remark 3.8. Fix xo € 0$2, and define

&xy(x) = ¢ (—v(x0) - (x — x0))
and
Sxo = {x0 +1tv(x0), t € (—p0/2, po/2)}, (3.3)
where ¢ is given by (3.5) and v(xg) is the unit outward normal to 92 at xo. Define
also wy, = 8y — Px,-
Then, for all x € Sy,
(=) 2w (¥) = (= A) 2wy, (x0)| < Clx — xol*/2,

where C depends only on Q2 and pgy (and not on xp).
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Proof. We denote w = w,,. Note that, along S,,, the distance to dX2 agrees with
the distance to the tangent plane to 92 at xo; see Remark 3.8. That is, denoting
3+ = (x@ — xrn\@)d and d(x) = —v(xg) - (x — xp), we have 64 (x) = d(x) for all
x € Sy,. Moreover, the gradients of these two functions also coincide on Sy, that
is, Vo1 (x) = —v(xg) = Vd(x) forall x € Sy,.

Therefore, for all x € Sy, and y € B,,2(0), we have

|8+ +y) —d(x + | = Clyl?
for some C depending only on pg. Thus, for all x € Sy, and y € B,;/2(0),
lw(x + )| = G2 + ¥ — (@ + )| = Clyl™, (3.9)

where C is a constant depending on 2 and s.
On the other hand, since w € C*(R"), then

lwx +y) —wxo + )| = Clx — xol”. (3.10)
Finally, let r < p/2 to be chosen later. For each x € S,, we have

|(_A)Y/2w(x) _ (_A)S/Q.w(x())l < C/ |IU(X + y) - w(xo + J’)|
- JRe |y[r+e

§C/ Iw(X+y)—J1;U(xo+y)| dy+c/ Iw(x+y)—r1(xo+y)l dy
X [y|ts R\ B, |y[ts

2s K
X — X
§C/ |y|+ dy C/ | +0| d
g |yl"*s rR\B, |y

= CO* + x = x0'r ™),

dy

where we have used (3.9) and (3.10). Taking r = |x — x0|1/2 the lemma is

proved. O
The following is the last ingredient needed to prove Proposition 3.2.

Claim 3.10. Let Q be a bounded C'' domain, and pg be given by Remark 3.8. Let
w be a function satisfying, for some K > 0,

(1) w is locally Lipschitz in {x € R"* : 0 < §(x) < po} and
IVw@)| < Ksx)™ in{x eR" : 0 <8(x) < po}

for some M > 0.
(i1) There exists a > 0 such that

lw(x) —wx™)| < K§x)* in{x eR" : 0 <8(x) < po),

where x* is the unique point on 992 satisfying 8(x) = |x — x*|.
(>iii) For the same «, it holds

lwll ce (t6=p0}) =K.
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Then, there exists y > 0, depending only on o and M, such that
lwllcr@n = CK, (3.11)
where C depends only on Q2.

Proof. First note that from (ii) and (iii) we deduce that [w| @) = CK. Let
p1 < po be a small positive constant to be chosen later. Let x, y € {§ < pp}, and
r=|x—yl.

If r 2 pi, then

W) —w) _ 2wl
x—ylr = o]

) < CK.

If » < py, consider
X =x*+ porfr(x*) and y = y* + porfv(y*),

where B € (0, 1) is to be determined later. Choose p; small enough so that the
segment joining x” and y’ contained in the set {8 > por” /2}. Then, by (i),

lw(x') — w)| £ CK(porf /2)™M|x" — y'| £ Cr'=FM, (3.12)
Thus, using (ii) and (3.12),

lwx) —w()| < Jwx) —wx®)| + [wx®) —wx)|+
+w®) —wyM) + [wy*) —wO) + [wE) —wy)]
< KS0)Y + K80 + 2K (por?)® + CKr'=PM,

Taking 8 < 1/M and y = min{e8, 1 — BM}, we find
lw(x) —w(y)| = CKr” = CK|x — y|".
This proves
[wler (s<pm) < CK-

To obtain the bound (3.11) we combine the previous seminorm estimate with (iii).
O

Finally, we give the proof of Proposition 3.2.
Proof of Proposition 3.2. Let
h(x) = (=855 (x) = 1 {log™ 8(x) + c2x2(0)} .

We want to prove that 2 € C*(R") by using Claim 3.10.
On one hand, by Lemma 3.7, for all xo € 92 and for all x € Sy, where Sy, is
defined by (3.8), we have

h(x) = (=A)*285(x) — (= A)* Py (x) + R (v(x0) - (x — x0)),
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where & is the C5([—po/2, po/2]) function from Lemma 3.7. Hence, using
Lemma 3.9, we find

|h(x) — h(x0)| < Clx — xo|*/* forall x € Sy,

for some constant independent of x.
Recall that for all x € Sy, we have x* = xo, where x* is the unique point on
02 satisfying §(x) = |x — x™|. Hence,

lh(x) — h(x*)| £ Clx — x*|*/? forallx € {8 < po/2}. (3.13)
Moreover,
||h||ca({5;p0/2}) =C (3.14)

for all @ € (0, 1 — s), where C is a constant depending only on «, €2 and pq. This
last bound is found using that [|63]| co.1 (45=p0/2) < C, which yields

I(=2)"285 lcagozpp = €

fora < 1—s.
On the other hand, we claim now that if x ¢ 9€2 and 6(x) < po/2, then

IVA()| < [V(=A) 2850 + c1ls ()]~ < Cl8 (o)™, (3.15)

Indeed, observe that 8 = 0 in R"\Q, |[V§j| < C<3571 in , and |D28(§| < C6872
in Q,,. Then, r = §(x)/2,

‘ V85 (x) — V83 (x + y)|
(=AY 2V8(x)] < C/n g |y|ﬂ+§)

s—2 s s
C/ Crislyldy +C/ Vo ()| n [Véy(x + y)l dy
ST rg, \ I s

c ¢ ¢ . cC
— — < _—
r + roopnts / b = pnts’

dy

A

A

as claimed.
To conclude the proof, we use bounds (3.13), (3.14), and (3.15) and
Claim 3.10. O

To end this section, we give the

Proof of Proposition 1.10. The first part follows from Propositions 3.1 and 3.2.
The second part follows from Lemma 3.5 withe = sand 8 € (s, 1 +2s). O
4. The Operator — | _ . [ wawijs

The aim of this section is to prove Proposition 1.11. In other words, we want
to evaluate the operator
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Jw)=— —

d o0 t
/ w (At)w (—) dr 4.1
r=11TJ0 A

da

on
w(t)=Alog™ |t — 1| + B)([oﬁl](l) + h(t),

where log™ t = min{log¢, 0}, A and B are real numbers, and # is a function satis-
fying, for some constants « € (0, 1), y € (0, 1), and Cy, the following conditions:

1) Nnllce©,00) = Co.
(i) Forall B € [y, 1+ y1,

||h||Cﬂ((0,1—p)U(l+p,2)) § Cop_ﬁ fOr all 1% € (0, 1)
(i) |A'()] < Ct~27 and |h'(1)| £ Ct=3 forall 1 > 2.

We will split the proof of Proposition 1.11 into three parts. The first part is the
following, and evaluates the operator J on the function

wo(t) = Alog™ [t — 1] + Byjo.(0). 4.2)
Lemma 4.1. Let wy and J be given by (4.2) and (4.1), respectively. Then,
J(wo) = A*n* + B
The second result towards Proposition 1.11 is the following.

Lemma 4.2. Let h be a function satisfying (1), (ii), and (iii) above, and J be given
by (4.1). Then,

J(h) =0.

Moreover, there exist constants C and v > 1, depending only on the constants
o, v, and Cqy appearing in (1)—(ii)—(iii), such that

/OO [h () h (5) _ h(t)2] dr
A )\

foreach » € (1,3/2).

SC—11"

Finally, the third one states that J(wqo + k) = J(wp) whenever J(h) = 0.

Lemma 4.3. Let wy and w be L*(R) functions. Assume that the derivative at
A = 17 in the expression J(wy) exists, and that

3(w2) =0.
Then,
J(wr + wz) = J(wy).

Let us now give the proofs of Lemmas 4.1, 4.2, and 4.3. We start proving
Lemma 4.3. For it, is useful to introduce the bilinear form
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A:ﬁ/o {wl (At) wo (%) + wj (%) wy (}\.t)] dr,

and more generally, the bilinear forms

1 (o 0]
(wy, wo)y = —m/o [wl (A1) wo (%)

+w (%) wy (At) — 2w1(t)w2(t)] dr, 4.3)

( ,__Ld
wi, wy) = —= —
2 2 dx

for A > 1.

Itis clear that limy | 1 (w1, w2)y = (wy, w2) whenever the limit exists, and that
(w, w) = J(w). The following lemma shows that these bilinear forms are positive
definite and, thus, they satisfy the Cauchy—Schwarz inequality.

Lemma 4.4. The following properties hold.

(a) (w1, wa)y is a bilinear map.
(b) (w, w); = 0 forall w e L*(Ry).
(©) [(wi, w2 l* £ (Wi, w)r(wa, W)

Proof. Part (a) is immediate. Part (b) follows from the Holder inequality
lwawiallzr € llwall2llwigallze = llwll7,,
where w; () = w(At). Part (c) is a consequence of (a) and (b). O

Now, Lemma4.3 is an immediate consequence of this Cauchy—Schwarz inequal-
ity.

Proof of Lemma 4.3. By Lemma 4.4(iii) we have

0 < [(wr. w)al £ v (wr, wi)iy/ (w2, w2, —> 0.
Thus, (wi, w2) = limy 1 (wi, w2)x = 0 and

J(wi + wp) = J(wy) + T(wz) + 2(wy, wa) = T(wy).

Next we prove that J(h) = 0. For this, we will need a preliminary lemma.

Lemma 4.5. Let h be a function satisfying (i), (ii), and (iii) in Proposition 1.11,
A e (1,3/2), and T € (0, 1) be such that t/2 > A — 1. Let «, y, and Cq be the
constants appearing in (1)—(ii)—(iii). Then,

‘h(kt)h (%) —h(t)?

where the constant C depends only on Cy.

Cmax{|t — A%, |t —1/A]*} te(l—1,1471)
<{co-nHri—1-t-r te0,1-7) U (1471,2)
Ch— D217y 1€ (2, 00),
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Proof. Letr € (1 — 7,14 7). Let us denote h=nh-— h(1). Then,

h (h) h (%) R = O (%) R Hh(1) (iZ f) + (%) —2%(:)) .

Therefore, using that |k ()] < Colr — 1|* and Al Lo ®) = Co, we obtain

o

t t
’h(kt)h(x)—h(t)z < Clat—11% x—l +Clt — 1% +C|ar — 1%
t o
+C‘X_] +Clt— 1"
10(
§Cmax[|t—)»|°‘,t—x ]

Letnow ¢t € (0,1 — ) U (1 + 7,2) and recall that A € (1, 1 + t/2). Define,
for u € [1, A],

t

V() =h(ut) h (H) — h()*.

By the mean value theorem, (1) = ¥ (1) + ¥/ (u)(A — 1) for some pu € (1, ).
Moreover, observing that ¥ (1) = /(1) = 0, we deduce

)= = DIY' () —¢' (D]

Next we claim that

W/ (W) = ¢’ S Clue =117 |t = 117177, (4.4)

This yields the desired bound forr € (0,1 — ) U (1 + 7, 2).
To prove this claim, note that

Y 0) = th (ut)h (i) — Lk Gy b’ (i) .
w w w
Thus, using the bounds from (ii) with B replaced by y, 1, and 1 + y,
W' (w) — ' (D] < tlh'(ue) — B (1) |h (i)' +t|h (i) —h()| |h' )]

n (i) - h/(t)‘ |h(l§t)| +1 ‘h(/f) — h(1)
I Iz Iz
Y
m V|t —1""

+1 AG]

t
<Clut —t!m~ "7 +C ‘— —t
"

14

C 1
m~1Y

+_
2

t
——t
m

C
g lut = tm 7 |t =17+ Cu = Dl — 1]
nw
S Cu—1m™'77,

where m = min {|ut — 1|, |t — 1], |t/ — 1]}.
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Furthermore, since u — 1 < |t — 1]/2, we have m = £|t — 1], and hence (4.4)
follows.

Finally, if r € (2, 00), with a similar argument but using the bound (iii) instead
of (ii), we obtain

WIS Co— D7,
and we are done. 0O
Let us now give the

Proof of Lemma 4.2. Let us call

I, = /Oo [h(/\t)h (5> —h(t)zl dx.
o A

For each A € (1, 3/2), take T € (0, 1) such that A — 1 < t/2 to be chosen later.
Then, by Lemma 4.5,

1
=177 dt+C/ |t — Al dt

1-7

1—-7

L] < CO— 1>1+V/

0
147
/
1

o0
+C(h — 1)2/ 7175 dr
2

o 2
dt+C(x—1)‘+V/ It =177 dr
1+t

t— —
A

SCh-D"r V4 Cc@+r—-D o -ty
1 a+1
+C(t+1—x) +C(—1)%
Choose now
r=0x-1"
with & < 1 to be chosen later. Then,
1
T+A—1=527 and r—l—l—xgh,

and hence

LIS C—D L oco—D7 Ly c— 1A

Finally, choose 0 such that (¢ 4+1)6 > 1 and 1 +y —0y > 1, thatis, satisfying
1
— <60 <1
14+ o
Then, for v = min{(o + 1)0, 1 + y — y0} > 1, it holds

/00 Ih () h (5) —h(z)2] di
A )

SCh—1/",

as desired. O
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Next we prove Lemma 4.1.
Proof of Lemma 4.1. Let
wi(t) =log™ |t — 1] and wq(t) = X[O,l](t)-

We will compute first J(wq).

Define
| —1
\D(t)z/ loglr — 11 4.
0

r

It is straightforward to check that, if A > 1, the function

t
—— 1+ =nl
. ‘Jr( ) log

t ' 22 —1 (A(A—t))
——1] = v
X A A2—1

1 t
(1) = (t — X) log |At — 1] log T 1

22 =1

log()»2 — 1) log

+2t —

log |At — 1]

is a primitive of log |z — 1| log |+ — 1|. Denoting I, = [;° wy (At) wy () dr, we
have

2 2
X t
11—11=/ log |At — 1| log ——1‘ dt—/ log? |t — 1] dr
0 A 0

2
— 9, (X) —9,(0)—4
“\x 21 21 ») B\2
+(A—l)log(kz—1)log(£—l)—M
Y 22 P

where we have used that

2 1 [ee)
I =/ log? |t — 1] dr =2/ log? ¢ df’ =2/ rle™" dr =2I'(3) = 4.
0 0 0

Therefore, dividing by A — 1 and letting A | 1,

22
. 2o log|t — 1]
I, = 211m/ ———dr +
S+ Al % t

dr
+1im {2log(2? — 1) 1o 2 —1) - —
21 J & A2 A
The first term equals to

_ M 2log|t — 1
lim = dr,
M—+00 -M t
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while the second, using that log(1 + x) ~ x for x ~ 0, equals to

llliI]l 2log(A” — 1) E—Z — ——1=0+4+4-4=0.

A—1 X

Hence,
d M 2log|r — 1 M 2 log |t
Sl L= lim 2loglt =11y, _ i / ogltl 4,
dA [, —q+ M—+o00 J_py t M—+oo J_py t+1

0 21og(—t¢ M 21ogt
lim / ﬂdw/ %81
M—+oo [ Jopy t+1 o t+1

M M +oo
2logt 21 t 4logt
lim / o8 dt+ og 08
M—+oo |Jog 11—t 0 1 —t2

U 4log ¢ +oo —410 d; t
=/ og dt-l—/ Nl / Og
0o 1—12 1

Furthermore, using that ﬁ =>,>0 t?" and that

1 lfn+1 1 1
n
/ t logtdt:—/ -dt=———=,
0 o n+1t (n+1)?2

I logt 1 72

=S

/0 1—22 Z(2n+1)2 8
n=>0

dt

we obtain

and thus

d
Jwy) =— —

I, =m~°.
dx -

A=11

Let us evaluate now J(w2) = J(x[0,1]). We have

+oo t i
/ X10,11 (A1) x[0,1] (—) dr =/ dt = —

Therefore, differentiating with respect to A we obtain J(w,) = 1.
Let us finally prove that (w;, wy) = 0, that is, that

: !
/ 10g|1—)»t|dt+/ log
A=1+ 0 0

A
/ log |1 — At| dt
0

d

da

1—%‘ dt]:O. 45)

‘We have

1 A
x[()»t — D log |1 — at| — Ar];

A ]1 A2—1)— A
(_X)Og( - -
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and similarly,

1

/Xl 1 ! dt ! Al 1 ! !
og|l—— ={-- 0 -—=)--.
, BINTR Py VT 2)
2 t
/log|1—kt|dt+/ log
0 0

22 -1 (r—1)?2
==t =7 —

Thus,

1
¢

1——‘ dt—2/ log |1 — t] dr
A 0

- log A — <40 —1)>.

Therefore (4.5) holds, and the proposition is proved. O
Finally, to end this section, we give the:

Proof of Proposition 1.11. Let us write ¢ = wq + h, where wy is given by (4.2).
Then, for each A > 1 we have

(@, ©)x = (wo, wo)a + 2(wo, h)x + (h, h)y,
where (-, -), is defined by (4.3). Using Lemma 4.4(c) and Lemma 4.2, we deduce

@ 90 — A% — B?| < |(wo, wo)s, — A% — B?| + Clh— 11"

The constants C and v depend only on «, y, and Cp, and by Lemma 4.1 the right
hand side goes to 0 as A |, 1, since (wg, wo)y — F(wg)as A | 1. O

5. Proof of the Pohozaev Identity in Non-Star-Shaped Domains

In this section we prove Proposition 1.6 for general C!*! domains. The key idea
is that every C!'! domain is locally star-shaped, in the sense that its intersection
with any small ball is star-shaped with respect to some point. To exploit this, we
use a partition of unity to split the function u into a set of functions uy, ..., U,
each one with support in a small ball. However, note that the Pohozaev identity
is quadratic in u, and hence we must introduce a bilinear version of this identity,
namely

/(x -Vu)(=A)uy dx+/ (x - Vuz)(—A)Suldxzzs—_n/ u1 (—=A)uy dx
Q Q 2 Jo 5.1)
2s — ’

+ ”/ uz(—A)suldx—F(1+s)2/ ML vy do.
Q d

QT

The following lemma states that this bilinear identity holds whenever the two
functions u1 and u, have disjoint compact supports. In this case, the last term in the
previous identity equals 0, and since (—A)*u; is evaluated only outside the support
of u;, we only need to require Vu; € LY(RM).
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Lemma 5.1. Let uy and ur be WY (R") functions with disjoint compact supports
K| and K». Then,

(x-Vu)(=A)Y’urdx + [ (x-Vu)(—A)uydx
K K>

2s —n 2s —n
= u(—=A)’uydx + ur(—A)’uy dx.
2 K, K>
Proof. We claim that
(=AY (x - Vup) = x - V(=A)’u; +2s(—A)°u; in R*"\K;. (5.2)

Indeed, using u; = 0 in R"\K; and the definition of (—A)* in (1.2), for each
x € R"\K; we have

(_A)S(x - Vui)(x) = Cn,s/ - V”l()’)

K |x — y|n+2s

(x—y)-Vui(y)d L / —x~Vui(y)d

= Cn,s : :
|)C _ y|n+2A K |x _ y|l’l+2_&

K;

. X —
= [ av, (Tyﬂ) ui(y) dy +x - (—A) Vit ()
K; -

_ )
= Cn,s /Ki mui()’) dy +x - V(=A) u; (x)
=25(=A)u;(x) + x - V(=A) u; (x),

as claimed.
We also note that for all functions wy and wy in L' (R") with disjoint compact
supports W and W», it holds the integration by parts formula

/ w(—A) wy —/ / —wl(x)wigy) dydx = w2 (=AY wi.  (5.3)
W1 Wy J Wy |x - y|n $ W
Using that (—A)*u; is smooth in K| and integrating by parts,

(x - Vi) (=) us = —n/

u1(—A)’us —/ urx - V(—=A)’us.
K K

K

Next we apply the previous claim and also the integration by parts formula (5.3) to
w1 = uy and wy = x - Vuy. We obtain

/ urx - V(=AN)’us =/ u1(—=A) (x - Vuo) — ZS/ u1 (—=A)’us
K K K

:/ (—A)Sul(x'Vuz)—Zs/ u1 (—=A)’us.
K> K

Hence,

/ (x - Vup)(=A)'up = —/ (=AY ur(x-Vua) + 2s —n) [ ur(=A)us.
K K>

K
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Finally, again by the integration by parts formula (5.3) we find

) 1 ) 1 )
/ u(=A)'uy = —/ ur(—A)us + —/ ur(—A)’ur,
K 2 Ky 2 K>

and the lemma follows. O

The second lemma states that the bilinear identity (5.1) holds whenever the two
functions u and u, have compact supports in a ball B such that 2N B is star-shaped
with respect to some point zp in 2 N B.

Lemma 5.2. Let Q be a bounded CY' domain, and let B be a ball in R". Assume
that there exists zg € 2 N B such that

(x —z0) - v(x) >0 forallx € 3Q N B.

Let u be a function satisfying the hypothesis of Proposition 1.6, and let u; = un
and uy = uny, where n; € C2°(B), i = 1,2. Then, the following identity holds

/(x~Vu1)(—A)Su2dx+/(x~Vu2)(—A)Su1dx = 2s_—n/ u1(—=A)usdx
B B 2 Jg

2s —n ] 2 uy u
2 /Buz(—A)Yuldx—F(l—i—s) /BQHB(S—S(S—S(x'U)dG.

Proof. We will show that given n € C2°(B) and letting & = un it holds
/ ia(—A)*udx
B

~\ 2
—F(1+s)2/ (i) (x-v)do. (5.4
aonB \8°

From this, the lemma follows by applying (5.4) with i replaced by (1] + n2)u and
by (n1 — n2)u, and subtracting both identities.

We next prove (5.4). For it, we will apply the result for strictly star-shaped
domains, already proven in Section 2. Observe that there is a C''! domain Q
satisfying

—n

~ . 2s
/(x Vi) (=AY idx =
B

{i>0cQcQNB and (x —zp)-v(x) >0 forallx € Q.

This is because, by the assumptions, 2 N B is a Lipschitz polar graph about the
point zg € 2 N B and suppit C B’ CC B for some smaller ball B’; see Fig. 1.
Hence, there is room enough to round the corner that 2 N B has on 92 N 9 B.

Hence, it only remains to prove that i satisfies the hypotheses of Proposition 1.6.
Indeed, since u satisfies (a) and n is C2°(B’) then & satisfies

[ﬁ]Cﬂ({xefl 25(x)>p}) § Cps_ﬂ

forall B € [s, 1 + 2s), where §(x) = dist(x, 92).



620 XAVIER R0s-OTON & JOAQUIM SERRA

Fig. 1. The domain £ and the support of i

On the other hand, since u satisfies (b) and we have ng* /SS is Lipschitz in
supp ii—because dist(x, 322\92) = ¢ > 0 for all x € supp ii—, then we find

-3 B
[”/‘S ]cﬂ({xesz S(x)>p)) = s Cp*”

forall B € [«, s + «].
Let us see now that & satisfies (c), that is, that (—A)*u is bounded. For it, we
use

(=) (un) = n(=A)'u +u(=A)'n— I(u,n)
where [ is given by (3.1), that is,
(u(x) —u(y))(nx) — n(y))

|x — y|rt2

Is(u, n)(x) = Cn,s
Rl‘l
The first term is bounded since (—A)*u so is by hypothesis. The second term is
bounded since n € C°(R"). The third term is bounded because u € C*(R") and
n € Lip(R").
Therefore, i satisfies the hypotheses of Proposition 1.6 with €2 replaced by €,
and (5.4) follows taking into account that for all xo € Q2 N suppii = 32 N suppii
we have

im ) g B

x—>x0, x€2 Sx(x) x—x0, xR 85(x) "

We now give the

Proof of Proposition 1.6. Let By, ..., By, be balls of radiusr > 0 cgverin_g Q. By
regularity of the domain, if 7 is small enough, for each i, j such that B; N B; # (@
there exists a ball B containing B; U B; and a point zg € £2 N B such that

(x —z0)-v(x) >0 forallx € 92N B.
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Let {{x }k=1,....m be a partition of the unity subordinated to By, ..., By, thatis,
a set of smooth functions i, ..., ¥, such that /| + --- + ¥, = 1 in Q and that
Y has compact support in By foreach k = 1, ..., m. Define uy = uyy.

Now, for each i, j € {1,...,m}, ifEﬂB_j = & we use Lemma 5.1, while if
BiN B_] # & we use Lemma 5.2. We obtain

2s —n

/ (x - Vui)(=A)’u;dx + / (x - Vuj)(=A)’u;dx =
Q Q

2s —n

/ ui(—A)Suj dx
Q
u

2 iuj
/uj(—A)suidx—F(l—i—s) / — 2 (x-v)do
Q a0

85‘ SS

foreach 1 < i < mand 1 £ j < m. Therefore, adding these identities for
i=1,...,mandfor j =1,...,mand taking into account that u; +- - - +u,, = u,

we find
/ u(—A)*udx
Q

(1 +s)2 U2
O L () e

25 —n

/(x -Vu) (=AY udx =
Q

and the proposition is proved. O

To end this section we prove Theorem 1.1, Proposition 1.12, Theorem 1.9, and
Corollaries 1.2, 1.3, and 1.13.

Proof of Proposition 1.12 and Theorem 1.1. By Theorem 1.4, any solution u to
problem (1.8) satisfies the hypothesis of Proposition 1.6. Hence, using this propo-
sition and that (—A)*u = f(x, u), we obtain

/ uf(x,u)dx
Q

(1 +s)? U2
+T/352 (B_V) (x -v) do.

On the other hand, note that (Vu - x) f(x,u) = V (F(x,u)) - x — x - Fx(x, u).
Then, integrating by parts,

2s —n

/(Vu-x)f(x,u) dx =
Q

/(Vu -x)f(x,u)dx = —n/ F(x,u)dx —/ x - Fy(x,u)dx.
Q Q Q
If f does not depend on x, then the last term do not appear, as in Theorem 1.1. O

Proof of Theorem 1.9. As shown in the final part of the proof of Proposition 1.6
for strictly star-shaped domains given in Section 2, the freedom for choosing the
origin in the identity from this proposition leads to

(1 +s)? w2
/wal.(—A)sw dx = TAQ (8_3) Vi do

for eachi = 1, ..., n. Then, the theorem follows by using this identity with w =
u + v and with w = u — v and subtracting both identities. O
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Proof of Corollaries 1.2, 1.3, and 1.13. We only have to prove Corollary 1.13,
since Corollaries 1.2 and 1.3 follow immediately from it by setting f(x, u) = f(u)
and f(x,u) = |u|P~'u respectively.

By hypothesis (1.15), we have

n—2s
2

/uf(x,u)dxin/F(x,u)dx+/x~Fx(x,u)dx.
Q Q Q

This, combined with Proposition 1.12 gives

/BQ(:—S)z(xm)daéO.

If Q2 is star-shaped and inequality in (1.15) is strict, we obtain a contradiction. On
the other hand, if inequality in (1.15) is not strict but u is a positive solution of
(1.8), then by the Hopf lemma for the fractional Laplacian (see, for instance, [7] or
Lemma 3.2 in [17]) the function u/8° is strictly positive in Q, and we also obtain
a contradiction. O

Acknowledgments The authors thank Xavier Cabré for his guidance and useful discussions
on the topic of this paper.
Appendix A. Calculation of the Constants c; and c»

In Proposition 3.2 we have obtained the following expressions for the constants ¢

and c¢y:
d /OO 1 —x* N 1+ x* d
ci=cys, and ¢ = X,
e P o L=

where ¢, ¢ is the constant appearing in the singular integral expression for (—A)*
in dimension n.

Here we prove that the values of these constants coincide with the ones given in
Proposition 1.10. We start by calculating ¢ .

Proposition A.1. Let ¢, s be the normalizing constant of (—A)* in dimension n.

Then,
(1 4+ s)sin (%)
CL% = f
Proof. Recall that
22s1—~ n+2s
Cn s ( 2 ) (Al)

ST (1 — )
Thus,

—1 1+
s27'r (43°)

Cls = —F/—— v

VA (-8
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Now, using the properties of the Gamma function (see for example [1])

1
INCIIN (z + E) =21"2/7r(@2z) and T (1 —2z) =

sin(rz)’
we obtain

. 27 T(B)r(5) _ 27! 27 ares) _ sTs)sin (%)

2T T(-5)T(3) VT oa/sin(%) 7
The result follows by using that zI'(z) = T'(1 +z). O

Let us now compute the constant c3.

Proposition A.2. Let 0 < s < 1. Then,

/ o 1— x5 14 x° b4
-+ -t dx = ———.
0 [1 — x|I+s [1 4 x|1+s tan(%)
For it, we will need some properties of the hypergeometric function , F;, which
we prove in the next lemma. Recall that this function is defined as

(@) (b)n 2"
(©n n!

for |z] < 1,

2F1(a,b;c;z2) = Z

n=0

where (a), =a(a+1)---(a +n — 1), and by analytic continuation in the whole
complex plane.

Lemma A.3. Let 2 Fi(a, b; c; ) be the ordinary hypergeometric function, and s €
R. Then,

(i) Forall z € C,

d [ ! =
i [s+12F1(1+s,1+s;2+S;z)] = m
(i) If s € (0, 1), then
lim‘ ! 2P (145, 1+s5;2+s5;x)— ! ]:—.n .
x—=1|s+1 s(1 —x)s sin(7rs)

@ii) If s € (0, 1), then

x—+o00 | s+ 1
s+1

+1

__)5+1
lim [¢2F1(1 +s,14+5;2+5;x)

2Fi(l+s,14s5;2+4s; —x)] =i,

where the limit is taken on the real line.
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Proof. (i) Letus prove the equality for |z| < 1. In this case,

d (145)2 "I
dz Q+s),nl(s+1)

ZA+1 d

Fi(1 1 12 ; = —
[s+12 1A+s,14+s;2+s Z)} dzz>(:)
n:

1+s —1—3 i
:Z( )nzn+S=ZSZ( )(_Z)HZZS(I_Z) 1 S’
n! n
n2>0 n20
where we have used that (2 + 5), = %_}_’;S(l + s5), and that % =
(=" (_n“) Thus, by analytic continuation the identity holds in C.
(i) Recall the Euler transformation (see for example [1])

2Fi(a,bic;x) = (1 —x) Py Fi(c—a,c—b;c;x),  (A2)

and the value at x = 1

Filabe 1y = L@Qfe—a=-b +b (A3)
a, o, c; = whenever a < C. .
= T(c—a)l(c—b)

Hence,

1 1
1 —— 2 F1(1,1;24+s;x) — ~
Fi(l+s, 145245 x)— — St s
spq2fidas Idsi2 40 = Fa—s 1—x)y

and we can use I’Hopital’s rule,

ﬁ2F1(1,1;2+s;x)_%

lim
x—1 (1 —x)s
i LR 12451 x)
x—1 —s(1 —x)s—1
(1—x)'=*

lim ——  F@2.2:3+s:
sm T Do o 2 +53%)

—lim —————— > F(1+s5,1+s;3+5:;
xgnls(s—i—l)(s—i—2)2 1(L+s,1+5:3+s;x)

1
- L FR(4s 1453451
sGE D6 2 )

_ 1 I3+ —s)
 s(s+Ds+2)  TQrQ)

= —T'(s)T(1 —5)
T

sin(rrs)
We have used that

d 1
—oFi(1,1;2 x)=——12F1(2,2;3 1 X),
I 2 1( + 55 x) 22 1( + 55 %)

the Euler transformation (A.2), and the properties of the I function

Al =T(x+1), TEII—x) =

sin(rx)’
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(iii) 1In[2]itis proved that
I'(a)T'(b)
I'(a + b)

2F1(a,b;a+ b; x) = log +R+o0(l) forx ~1,

1—x
(A4)

where

R=—Y(a)—v¥(b) -y,

Y is the digamma function, and y is the Euler—Mascheroni constant. Using
the Pfaff transformation [1]

2Fi(a,byc;x) =1 —x)"2F (a,C—b; c; a 1)
Y

and (A.4), we obtain

A0 s sy 250y = — oy (15, 12 453
S, s, §;X)= s, 13 s
I+s 2! T+s ' x—1
1
:log1 + R 4+ o0(1) forx ~ oo.
—X
Thus, it also holds
(_x)l—i-s
—Fi(1+s,14+5;245;x) =log + R+ o0(1) forx ~ o0,
14+s 1—x

and therefore the limit to be computed is now
li 1 ! +R 1 ! + R [
im 0 —|lo =im.
x—>+00 g 1—x B 1+x :

Next we give the:

m}

Proof of Proposition A.2. Let us compute separately the integrals

1 K K
1—x 1+x
I = d
! /o[ll—XI1+S+I1+XI1+S] *

I /°° 1 —x* N 1+ x* d
= .x
2 | |1_x|1+S |1+x|1+s
By Lemma A.3(i), we have that
I — x5 1+ x5 1
d — _ 1 _ -5
/[(1_x)l+s+(1+x)l+s] X S( X)
s+1

s+ 1

and

2Fi(1+s,14+s5;245;x)

s+1
N 2Fi(l+s,14+s;2+s5;—x).

1 s X
——{0+x)" +
K s
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Hence, using Lemma A.3(ii),

T 1 1
I = - — Fi(1 1 02 —1).
U= Sntrs) sw T ypgpfid s asi2dsi =l

Let us evaluate now 1. As before, by Lemma A.3(i),

1 —x* 14+ x5 d _1 -
/[(x_1)1+s+(x+])l+s] x—;(x— )

s+1

X
+(=1)°

s+12F1(1+s,1+s;2+s;x)

s+1
+1

Hence, using Lemma A.3(ii) and (iii),

1 ,
(40" 4+ R (451452 +5: —x).
S S

T 1

sin(7rs) + s25 541

L =—in+(=1)° 2Fi (145, 14+s5;245;—1)

= —im + cos(ms) + i sin(ms)

sin(7ms) sin(7rs)
1
—_— = Fi(1 1 02 —1
> i1 1A+s,1+52+s—1)
T 1

1
= +————2F(l+s,1+s2+s —1).
tan(mws)  s2° s+12 i )

Finally, adding up the expressions for /1 and I, we obtain

/°° 1—x* n 1+ x* T n b4 1 + cos(ms)
= =0 -
o LIl —=x|1ts |14 x|1+s sin(rs) = tan(ws) sin(ms)
2cos? (%) T

" 2sin (%) cos (%) " tan (B’
as desired. O

Remark A .4. It follows from Proposition 1.11 that the constant appearing in (1.10)
(and thus in the Pohozaev identity), I'(1 + 5)2, is given by

c3 = c%(n2 + c%).

We have obtained the value of c3 by computing explicitly ¢; and c¢». However,
an alternative way to obtain c3 is to exhibit an explicit solution of (1.1) for some
nonlinearity f and apply the Pohozaev identity to this solution. For example, when
Q = B;(0), the solution of

(=A)Y*u=1 in B1(0)
u=20 in R"\ B;(0)

can be computed explicitly [3,13]:

(A.5)

u(x) =

2757 (n/2) 5\*
1— :
r (nJEZs) C(l+s) ( &l )
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Thus, from the identity
u

2
(25 — n) udx+2n/ udx=C3/ () (x-v)do (A.6)
B1(0) B1(0) B (0) \O

we can obtain the constant c3, as follows.
On the one hand,

27T (n/2 s
/ udx = — —- (n/2) / (1 - |X|2) dx
B1(0) T ("52) T +5) /50

272_?1-* 2 1
— — (n/ ) |Sn71 |/ rnfl (1 _ r2)S dr
T (EE)T(1 +5) 0

2750 (n/2 1 /!
- 2 (n/2) |s"—1|-/ P21 = ) dr
T (252)T +5) 2Jo

27T (n/2) 21 LT (/2T (1 +5)
n+2s |S |_ ’
(22T +5) 2T (/24 1+5)

where we have used the definition of the Beta function

1
B(a, b) =/ P ¢ B Lol 7
0

and the identity

'(@)T(b)

Ba.b) =0

On the other hand,

2
u\2 27T (n/2) i
— v)do = s,
/aBl<0> (55) e (F(%)F(“ﬁ‘)) o

Thus, (A.6) is equivalent to

—2s —2s 2
429 2T/ 1T@/2TA+s) ( 2727 (n/2) )225.

=c
F(EE) T +9)2T02+1+s)  \T (52) T +5)
Hence, after some simplifications,

T +s)? n+2s  (n+42s
S T(m/24+1+4s) 2 2 ’

3
and using that
@) =T1+2)
one finally obtains
3 =T(1+3),

as before.
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