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Abstract

We introduce a notion of viscosity solutions for a general class of elliptic—
parabolic phase transition problems. These include the Richards equation, which is
aclassical model in filtration theory. Existence and uniqueness results are proved via
the comparison principle. In particular, we show existence and stability properties
of maximal and minimal viscosity solutions for a general class of initial data. These
results are new, even in the linear case, where we also show that viscosity solutions
coincide with the regular weak solutions introduced in Alt and Luckhaus (Math Z
183:311-341, 1983).

1. Introduction

Let 2 C R”" be a smooth bounded domain and let 7 > 0. Let us denote
Q = £ x (0,T]. We are interested in the following problem: find a function
u(x,t), u: Q — R, that solves

3:b(u) — F(D*>u, Du,u) =0 in Q,
u=g=-1 on 082 x [0, T], (1.1)
u(-,0) = uop on §2,

where Du denotes the spatial gradient of u, D?u is the spatial Hessian, and
FM,p,z) : % x R" x R — R is a fully nonlinear, uniformly elliptic oper-
ator (see Section 1.1 for precise assumptions on F). For the function b : R — R
we assume that:

(a) b isincreasing and Lipschitz,
(b) b(s) =0forb <0, b e C(R)N C([0, 00)),
(c) there exists a constant ¢ > 0 such that b'(s) > ¢ for s € (0, 00).
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The nonlinear operators F* we consider include:

— the uniformly elliptic operator of non-divergence form

F(D?u, Du, u) = — tr(A(Du)D*u) + H(u, Du), (1.2)
where A satisfies the uniform ellipticity condition

AMql? < A(p)g -q < Alg|* forall p,g € R*, forsome i, A >0, (1.3)

as well as the Bellman—Isaacs operators arising from stochastic optimal control
and differential games

F(D?u, Du,u) = inf sup{f‘xﬁu},
a€A BeB

where 2P is a two-parameter family of operators of the form (1.2) satisfying
(1.3); we refer to [10,15] for further examples.

— adivergence-form operator. To simplify our discussion, we restrict our attention
to operators of the form

F(D*u, Du,u) =V - (¥ (b(u))Du), (1.4)

where ¥ € C!([0, 00)) is a positive function. The class of operators given in
(1.4) is of particular interest, since in that case the problem (1.1) represents the
well-known Richards equation, which serves as a basic model for the filtration
of water in unsaturated soils (see for example [13,22,24]).

Our aim is to study the well-posedness of (1.1). Note that, due to the regularity
theory for uniformly elliptic nonlinear operators [6,28], solutions of (1.1) satisfy
interior C1* estimates in the sets {u > 0} and {u < 0}. Hence, the challenge
in the study of the problem lies in the behavior of a solution near the transition
boundary between the positive and the negative phases. For example, as illustrated
in Example 1.2, discontinuities of solutions in time across the set {u = 0} are
generic.

Problem (1.1) can be understood as the limiting equation for the evolution of
two phases with different time scales of diffusion and with the threshold value
at u = 0. In particular, as verified in Section 6, the problem can be viewed as a
singular limit of a family of uniformly parabolic problems (6.1), where b(s) in
(1.1) is regularized. Hence, it is expected that a maximum principle holds for the
solutions, and that the theory of viscosity solutions may be applicable for the study
of pointwise behavior of solutions near the transition boundary {# = 0}. This
is, indeed, our approach; in this paper we will introduce the notion of viscosity
solutions for (1.1) and discuss existence, uniqueness and stability properties, and
compare them to the notion of weak solutions (see the discussion below). Such
results have been established for Stefan-type problems (see [7,20], for example),
but significant challenges in the analysis arise due to the implicit nature of the
boundary motion law in (1.1) and the generic nature of discontinuities in u (as in
Example 1.2); see an extended discussion on this in Section 3. We aim to present
the proof of the comparison principle for fully nonlinear operators in more detail,
both to illustrate the flexibility of the viscosity solution approach and to make the
results readily available for applications in a general context.
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It should be pointed out that our approach treats the transition boundary I" :=
ofu > 0} between the elliptic and parabolic regions as a “free boundary” and
constructs barriers based on its movement. Hence, our approach may not be optimal
for other problems such as fast diffusion (when 5'(0) = 0,) where the transition
boundary moves with infinite speed (see [25], for example), but strong regularity
properties for the solutions are expected (see [3]).

Although our presentation is mainly focused on the problem with fully nonlinear
operators whose structure assumption requires a linear growth in terms of |Du|,
the results of this paper extend to the case of divergence-form operators of the
form (1.4), as well. We point out the necessary modifications in the text where
appropriate.

Literature review. Let us briefly discuss previously known results on (1.1), all
of which, including (1.4), concern divergence-form operators. The weak solutions
are defined via integration by parts in the important paper of Alt and Luckhaus [1],
which shows existence [1, Theorem 1.7] of weak solutions for the general class
of elliptic—parabolic phase transition problems with divergence-form operators.
Uniqueness results are, however, rather limited. For F given by (1.4), when ¥ (s)
is a positive constant (that is, when F is linear), the authors prove that regular weak
solutions (in the sense 9;b(u) € L?) can be constructed by the Galerkin method
[1, Theorem 2.3], and show that regular weak solutions satisfy the comparison
principle and are unique given the initial data [1, Theorem 2.2]. Indeed, when ¥ (s)
is a positive constant, it is known that b(u) is continuous in a local setting as long
as u is bounded (see [12]). Continuity of b(u) seems to be the optimal result for
this problem with general initial data, since # may become discontinuous in time in
the elliptic phase (see Example 1.2, and also [12]). The proof of continuity in [12]
is based on the weak Harnack inequality, making use of the linearity of the elliptic
operator with respect to u. We also refer to [5] and [9], who use an entropy solution
approach to define weak solutions as well as to prove the comparison principle
in L! for the relevant model. This approach, while powerful, does not fit into our
setting, where we have a non-vanishing elliptic phase.

Even for the quasi-linear F' given in (1.4), there are no uniqueness or stability
results except for the aforementioned linear case and the one-dimensional case (see
[3,26]); this serves as a motivation of our analysis in this paper. Mannucci and
Vazquez [23] studied viscosity solutions of (1.1) for divergence-form operators
in one dimension. Their approach avoids possible complications at the transition
boundary d{u > 0} by relying on previously known regularity properties of weak
solutions in one dimension.

Summary of the main results. In this section we summarize the main results
obtained in this paper. In all statements, F' is assumed to be either a fully nonlinear
operator satisfying the assumptions in Section 1.1 or a quasilinear divergence-form
operator of the form (1.4).

Our main theorem is the following comparison principle:

Theorem 1. (Theorems 3.1 and 3.24) Let u be a viscosity subsolution and v a
viscosity supersolution of (1.1)on Q = 2 x (0, T] for some T > 0. Ifu < v on
the parabolic boundary dp Q, then u < v on Q.
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Equipped with the comparison principle, we use Perron’s method to show the
following existence and stability theorem.

Theorem 2. For initial data uy € & (see the definition of & in Section 4, by
(4.1)—(4.2)), the following holds:

(a) (Theorem 4.2) There exists a minimal and a maximal viscosity solution u and
u of (1.1) with initial data uy.

(b) (Theorem 4.3) u and u are stable under perturbations of initial data with appro-
priate ordering.

(c) (Corollary 6.3) u and u can be obtained as a limit of solutions solving the
regularized parabolic equation (6.1).

This theorem states that the maximal and minimal viscosity solutions are sta-
ble. Unfortunately, we are only able to show the uniqueness of general viscosity
solutions (that is, the coincidence of minimal and maximal viscosity solutions) in
several restricted settings. The coincidence of the minimal and the maximal vis-
cosity solutions with general initial data remains open, except for the linear case.

Theorem 3. For given initial data uy € 2, the following holds:

(a) (Theorem 5.6) If F is linear, that is, if F(M, p,z) = F(M) = tr M, then there
exists a unique viscosity solution u with initial data uo, and u coincides with
the unique weak solution defined in [1].

(b) (Theorem 5.8) If ug is either star-shaped or if u decreases at t = 0, then there
exists a unique viscosity solution of (1.1).

Remark 1.1. As mentioned above, our approach may not be optimal if b(s) degen-
erates at s = 0. On the other hand, we expect that our approach can be extended to
non-Lipschitz b(s) and produce results similar to the above. The difficulty in the
analysis lies in the corresponding degeneracy of the elliptic operator in the positive
phase, when we write the equation in terms of b(s).

Example 1.2. (Discontinuous solution) Here we briefly discuss an example which
illustrates discontinuities in the solutions. Set

b(u) = uy := max(0, u),

then consider (1.1) with negative boundary data and with initial data that are positive
on some open set. As the solution evolves, the positive phase disappears in finite
time, at which point the solution jumps to the stationary solution. Nevertheless,
one expects b(u) to be continuous. We refer the reader to [1, p. 312] for an explicit
formula.

1.1. Assumptions on the Nonlinear Operator F

Let ., be the space of symmetric n x n matrices. For given 0 < A < A, we
define the Pucci extremal operators +. 9 — Rasin[6,27]:

MEM) = sup trAM, MT(M) = inf trAM, (1.5)
A€[Al, AT A€M, AT
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where (A1, AI] = {A € S M <A Al } Alternatively, the Pucci operators

can be expressed using the eigenvalues ey, ..., ¢, of matrix M:
MEMY=AD e +2D e, M(M)=1D e+ A e
e;>0 e; <0 e;>0 e; <0

With the Pucci operators at hand, we shall assume the following structural
condition on the operator

FM,p,2): Sy xR'"xR—>R:
(i) There exist0 < A < A and &g, §; = 0 such that

M~ (M—N)=3ilp—ql—38olz—wl < F(M,p,z) — F(N,q, w)
S AMTM —N)+811p—ql+dlz—wl (1.6)

forall M, N € .%,, p,q € R"and z, w € R.
(i) F is proper, that is,

z+— F(M, p,z) isnonincreasing in z. (1.7)

(iii) Finally, to guarantee that # = 0 is a solution of both the parabolic and the
elliptic problems, we assume that

F(0,0,0) =0. (1.8)

1.2. Notation

e In this paper, we work in a fixed space dimension n = 2. For a point x € R”
and time ¢t € R, the pair (x, t) € R"” x R represents a point in space-time.
e For a given r > 0, we define the open balls

B, := {(x,t): |x|2+|t|2<r2}, B! :={x:|x| <r},
the space disk
D, = B! x {0} = {(x,0) : x| <7},

r

and the flattened set
E, = {(x, 0P 4 < rz}.

Finally, we define the domain that is used in the definition of regularizations of
solutions,

= =D, + E;.

Here + is the Minkowski sum. Note that &, € C? (in contrast with D, + By,
which is only C-1).



980 INwoN C. KiM & NORBERT POZAR

‘QJ_E,

Fig. 1. The boundary d & of the set =)

e We ask the reader to forgive a slight abuse of notation:
3D, := D, — D, = dB" x {0} = {(x,0) : |x| =r}.

e It will also be advantageous to introduce the (open) top and bottom flat pieces
of 0=,

0" &, = {(x,r): |x| <71}, 0L = {(x,—r) : x| <1},
and the (open) lateral boundary of &,
0LE, =08, \0TE,Ud, E,.

These sets are sketched in Fig. 1.
e The translation of aset A € R"” x R by a vector (x, t) € R"” x R will be denoted
as

AQx, 1) == (x, 1) + A.

The translation A(x) of aset A C R”" is defined similarly.

e We will often need to consider timeslices (cross sections at a fixed time) of a
given set. To simplify the notation, let us define the timeslice ofaset A C R" xR
at time ¢ as

Al i={x:(x,1) € A}.

We often write A, if there is no ambiguity.

e Let E C R" x R. Then USC(E) and LSC(E) are, respectively, the sets of
all upper semi-continuous and lower semi-continuous functions on E. For a
locally bounded function u# on E, we define the semi-continuous envelopes

*, F

u™* = inf v, Ug E:= SUp . (1.9)
veUSC(E) veLSC(E)
v2u v<u

These envelopes are used throughout most of the article with E = Q, and
therefore we simply write u* and u, if the set E is understood from the context.
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2. Viscosity Solutions

In this section we define the notion of viscosity solutions of problem (1.1).
Formally, viscosity solutions are the functions that satisfy a local comparison prin-
ciple on parabolic neighborhoods with barriers which are the classical solutions of
the problem. We refer the reader to [7,8,10,20] and references therein for other
examples of this approach.

Definition 2.1. (Parabolic neighborhood and boundary) A nonempty set E C R" x
R is called a parabolic neighborhood if E = U N {r < t} for some open set
U C R" x R and some 7 € R. Let us denote dpE := E \ E, the parabolic
boundary of E (see [27] for a more general definition).

Definition 2.2. (Classical subsolution) Let E be a parabolic neighborhood. Func-
tion ¢ is called a classical subsolution of problem (1.1) in a parabolic neighborhood
E if o € C(U) on an open set U € R” x R such that E = U N {t < r} for some
7 € R, and the following holds:

@) ¢ € Crl({p > 0P and €7/ (Tp < O,

(ii) {¢ =0} C 3{p > 0} N d{p < 0} and |D<pi| > 0 on {¢p = 0},
(iii) b(p); — F (D>, Do, ¢) < 0on {p > 0} and {¢ < 0},
(iv) |[Dg*| 2 | Dy~ on {p = 0}.

Here {¢ > 0} :={(x,7) € U : p(x,t) > 0} etc., and

Dot (g, 7):= lim  Dg(x,1).
(x,1)—>(&,7)
(x,1)e{xe>0}

We say that ¢ is a strict classical subsolution if the inequalities in (iii) and (iv)
are strict.

Classical supersolutions are defined similarly by flipping the inequalities in
Definition 2.2 (iii)—(iv).

Now, we define viscosity solutions. Note that we set g = —1 on 92 x [0, T']
throughout the paper.

Definition 2.3. (Viscosity subsolution) Let Q = £2 x (0, T] be a parabolic cylinder.
Function u € USC(@) is a viscosity subsolution of (1.1) in Q if u(-, 0) < ug on
2, u=< gondf2 x[0,T],andif u < ¢ on E for any strict classical supersolution
¢ on any parabolic neighborhood E C Q for whichu < ¢ on dpE.

One can define viscosity supersolutions accordingly, as a function in LSC(Q),
by switching the directions of the inequality signs in the previous definition.

Definition 2.4. (Viscosity solution) Locally bounded function u is a viscosity solu-

tion of (1.1) on Q if u*< is a viscosity subsolution on Q and U, o is a viscosity
supersolution on Q.
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Remark 2.5. We test viscosity solutions only by strict classical barriers. It is there-
fore possible to narrow the choice of E in Definition 2.3 to include only parabolic
cylinders of the form Q' = 2" x (t1, ;] C Q, where £2’ has a smooth boundary,
instead of all parabolic neighborhoods. Indeed, suppose that £ C Q is a parabolic
neighborhood, ¢ is a strict classical supersolutionon E, u < ¢ on dpE,butu = ¢
at some point in E. Define 7 :=sup{o :u < pon EN{t < o}} € R. The set

A={x:(x,1) € E,uzy}

is compact and therefore § := dist(A x {r},dpE) > 0. Define the parabolic
cylinder Q" = (A+ Bs;2) x (t —8/2, t].Clearly Q' C Eandu < ¢ ondpQ’. The
boundary of A + Bs,> can be easily regularized. This observation will be useful in
Section 5, where we will show that regular weak solutions are viscosity solutions.

3. Comparison Principle

This section is devoted to the proof of the following “weak’ comparison prin-
ciple.

Theorem 3.1. Let u be a viscosity subsolution and let v be a viscosity supersolution
of (1.1) on Q = 2 x (0, T] for some T > 0, and assume that u < v on dp Q.
Thenu < von Q.

To simplify the exposition of the proof of this theorem, we shall assume that 7 =
oo. In fact, it is always possible to extend # and v from £2 x (0, T] to £2 x (0, 00).
Moreover, we will only consider b(u) of the form b(u) = u4 := max(u, 0). The
problem (1.1) with a fully nonlinear operator F' and a more general b can always
be rewritten in this way. Indeed, the differentiation b(u); = b’ (u)u, for u > 0 is
justified by the regularity of b, and b'(u) can be absorbed into F.

Heuristic arguments. The comparison principle for classical subsolutions and
supersolutions # and v of (1.1) can be proved using the following formal argument.
We would like to show that

(u(-, 1) > 0} C {v(-,1) > 0} forallt > 0, 3.1)

since the conclusion then follows due to the standard elliptic and parabolic compar-
ison principle. Hence, suppose (3.1) fails at some time. Since | Du|, | Dv| > 0 on the
boundary of their respective positive phases, the sets {u(-, #) > 0} and {v(-, ) > 0}
have smooth boundaries and evolve continuously in time with respect to the Haus-
dorff distance. Therefore, it follows that there exists the first time 75 > 0 where
a{u(-, t) > 0} intersects d{v(-, t) > 0}, let’s say at x = xp. Since

u>0Nn{rsnlciv>0n{r<rn} anduy < vy,

the comparison principle applied to u and v, respectively, in the sets {# > 0} and in
{v < O}yieldsthatu < vuptot = f. In particular, since u(xo, o) = v(xg, fo) = 0,
this means that

| Du™|(x0, t0) < |Dv™|(x0, 10) and | Dv~ |(x0, f0) < |Du~ (xo, 10)|.
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Furthermore, due to the regularity of o{u(-,# > 0} and 9{v(-,¢#) > 0} and
Hopf’s lemma for uniformly parabolic and elliptic operators, it turns out that the
above inequalities are, in fact, strict. This contradicts the flux-matching condi-
tion for the classical sub- and supersolution (Definition 2.2(iv)), that is, the fact
that

|Dut| = |Du~| and |Dvt| < |DvT| at (xg, fo).

Unfortunately, the rigorous version of the above heuristic argument is rather
lengthy. One faces many difficulties in the general setting, where 1 and v are merely
semi-continuous functions. As is always the case in the theory of weak solutions,
one should translate the above heuristics onto appropriate test functions or, to be
more precise in our case, barriers. Our argument relies on a certain regularization
procedure (see Section 3.2) which ensures that, at a contact point (xo, tp) of the
regularized solutions, the phase boundaries of each regularized solution are both
locally C'! in space. Such regularity of the phase boundary would enable us to
construct appropriate barriers which would allow us mimic the heuristic argument
above. This technique was pioneered by Caffarelli and Vazquez [8] in their treatment
of viscosity solutions for the porous medium equation. It was later applied to several
one phase free boundary problems in [4,17,18], and later extended to two-phase
Stefan problems by the authors in [20] (see also [7]).

In contrast to the aforementioned results for free boundary problems, the analy-
sis of our problem presents several new challenges. The most obvious challenge
arises from the flux matching condition of (1.1) on the transition boundary. While
the regularization procedure provides regularity information in space variables, one
should still show the finite propagation property of the phase boundary. In the afore-
mentioned free boundary problems, the free boundary motion law prescribes the
normal velocity of the free boundary in terms of the gradient of the solution, which
links the space regularity to the time regularity of the solution. Here, one does not
have such a direct relationship between time and space regularity of the transition
boundary. Indeed, the flux matching condition of (1.1) turns out to be more delicate
than the prescribed gradient condition in flame propagation type problems, since
one has to account for the possibility that the fluxes from both sides will either
degenerate to zero or diverge to infinity. This is overcome by the observation that
with the regularization we can rule out the scenarios of a sudden extinction of the
elliptic phase (Lemma 3.12), or a sudden shrinkage/discontinuous expansion of the
parabolic phase (Lemmas 3.13 and 3.19) at a contact point. Note, however, that
even with regularized solutions, the elliptic phase might instantly become extinct
away from a contact point.

We point out that, to allow for the regularization procedure, the strict ordering
of u and v on dp Q in the statement of Theorem 3.1 is necessary. We also point
out that a proof via doubling of variables, a classical tool in the theory of viscosity
solutions (see [10]), is not available for phase transition-type problems, including
(1.1).

We shall present the proof by splitting it into a number of smaller intermediate
results, which will be collected later in Sect. 3.6, below.
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3.1. Properties of Solutions

In this section we clarify what we mean by the parabolic and the elliptic prob-
lems. We refer the reader to [10] for the precise definitions and the detailed overview
of the standard viscosity theory.

Definition 3.2. We say that w(x, t) is a solution (respectively subsolution, super-
solution) of the parabolic problem in an open set Q' C R" x R if w is the standard
viscosity solution (respectively subsolution, supersolution) of

w, — F(D*w, Dw,w) =0 in Q'.

Similarly, we call w(x) a solution (respectively sub/supersolution) of the elliptic
problem in an open set £2' C R" if w is the standard viscosity solution (respectively
sub/supersolution) of

—F(D*w, Dw,w) =0 in £’

Now with the help of the previous definition, we can rigorously express the
intuitive fact that the problem (1.1) is parabolic in the positive phase and elliptic in
the negative phase.

Lemma 3.3. [f u is a viscosity subsolution of (1.1) in Q, then uy is a subsolution
of the parabolic problem in Q. Similarly, if v is a viscosity supersolution of (1.1)
in Q, then —v_(-, t) is a supersolution of the elliptic problem in S2 for each t > 0.

Proof. 1. The first claim follows easily, since #4+ = max {u, 0} and O solves

u; — F(D*u, Du,u) =0

[see (1.8)].

2. To prove the second claim for —v_ := min {v, 0}, suppose it is not a super-
solution of —F(D%u, Du,u) = 0 at time r = fy > 0. Let us denote
£(x) = —v_(x, ty). Then there is a function ¢ € Cc?, ¢ < 0, and an open

(space) ball B C {¢ < 0} such that —F(D?%p, D¢, ) <0onB, 9 <¢inB
and ¢ < ¢ on 9B, but ¢ = ¢ at some point in B. Due to the continuity of F,
there exists 9 > 0 such that —F (D>, D¢, 9 —n) < 0in B forall 5 € [0, no].
For any § > 0, we set

Qs := B x (tg — 8, 1p].

Since v is lower semi-continuous, there exists a small § > 0 such that @ C
{v<0}, ¢ <v(-,t)ondBfort e [ty — 8, 1), and v(x, 1) — p(x) > —ng on Q.
Let us define the barrier ¥ (x, t) = ¢(x) + ?t. Observe that —F (DY, Dy, ) <
0 and v < 0 in Qs and, therefore, it is a strict classical subsolution of (1.1).
Furthermore, ¥ < v on dp Q5, while ¥ = v at some point in Q. This contradicts
the fact that v is a supersolution of (1.1). O
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3.2. Regularizations

In this section, we define regularizations of the subsolution # and the super-
solution v, and prove some of their properties that are applied in the proof of the
comparison theorem.

For a given r € (0, 1), define the regularizations

Z(x,t):= sup u,
Er(xst)

W(x,t) ;== inf wv.

Er(x,0)

(3.2)

Functions Z and W are well-defined on the parabolic cylinder Q,,

0, :={x.0)€ Q| E (x,1) C 0} =2, x (r, 00),
where

2, = {x € 2 | dist(x, 2°) > r +r2/3}.

Remark 3.4. 2, has the uniform exterior ball property (with radius r + r%/3),
therefore it is a regular domain for the elliptic problem.

Remark 3.5. The main advantage of regularizing over the set =, instead of the ball
B, is that the appropriate level sets of Z and W have both space-time and space
interior balls, see Proposition 3.10.

Remark 3.6. Defining & = D+ E, instead of D + B as in the previous paper [20],
has the consequence that the parabolic boundary of = is not C ; ll /% at the top flat

piece 3T &, and thus it is not a regular set for the heat equation (see [7]). We can
therefore expect that the gradient of a positive caloric function in =, which is zero
on the lateral boundary of =, will blow up at the lateral boundary as we approach
0T 2, see Lemma3.13. A similar effect of a vanishing gradient is expected when the
solution is positive on &€ but zero in &, see Lemma 3.16. This is the necessary new
ingredient required in the proof of the “finite speed of propagation” in Lemma 3.19.

Proposition 3.7. Suppose that v is a viscosity supersolution on Q = §2 x (0, 00).
Then W is a viscosity supersolution on Q. Similarly, if u is a viscosity subsolution
on Q, then Z is a viscosity subsolution on Q,.

The strict separation of u and v on the parabolic boundary of Q allows us to
separate Z and W on the parabolic boundary of Q.

Proposition 3.8. Suppose that u € USC and v € LSC in Q such that u < v on
dp Q. Then there exists rg > O such that Z < W on dp Q, for all 0 < r < .

Proof. Standard from semicontinuity. 0O

Arguably the most important feature of regularizations Z and W is the interior
ball property of their level sets, as well as of the time-slices of their level sets. We
formalize this fact by introducing the notion of dual points.
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Deﬁnition 39.Letr > 0, U € USC(£2) and let Z be its sup-convolution. Let
P € Q,. We say that P’ € Q is a sup-dual point of P with respect to u

if P’ € £(P)and u(P) = Z(P).
Let us define I7T"(P) to be the set of all sup-dual points of P with respect to u,
m"(Py={P' € E,(P):u(P) = Z(P)}.

Similarly, we can define inf-dual points IT,(P) for v € LSC(§) by IT,(P) :=
I17Y(P).

In what follows, we shall use the following convenient notation for various level
sets of u and Z:

{uz0}={(x.1)e Q:ulx,1) =0},
{fu<0}={x,1)e Q:ulx,t) <0},

which is contrasted with

{ZZ20}={(x.1) € Qr: Z(x,1) 20},
{(Z <0} ={(x,1) € Oy : Z(x,1) <O}

Sets {v < 0}, {v > 0}, {W < 0} and {W > 0} are defined in a similar fashion.
This choice guarantees that sets with = and < are closed, while sets with < and >
are open.

We first make a few simple observations about /7% and IT,,.

Proposition 3.10. Let u € USC(Q). Then forall P € Q,:

@) I“(P) #9,
(i) E,(PYNQ, C{Z = Z(P)} forall P' € T"(P),
(iii) if P € 8{Z > 0}, then IT"(P) C BE,(P)HB{M > 0} and Z,(P) C {u < 0}.

Since the closed sets {W < 0} and {Z = 0} have closed space and space-time
interior balls at each point, they have no points that are isolated from their interior:

Lemma 3.11. The level sets of the functions W and Z defined above have the
following properties:

int {W <0} = {w <0}, int{Z >0} ={z = 0}.
Moreover, this holds true for every time-slice t (with space closure and interior).

Proof. This follows from the interior ball property in Proposition 3.10. Fix time ¢
and for simplicity define E = {W < 0},. Pick any point x € E. Then there is an
open ball B = B,(y) such that x € Band B C E.But B is open, so B C int E
and, therefore, x € B CintE. O
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d{W <0},

- 0{v < 0}

L Bim

00, oo

Fig. 2. Space cross section of the situation in the proof of Lemma 3.12

Another important property of the regularized supersolution W is that each point
of the time-slice {W < 0} , 1s connected to the boundary 952, with nonpositive
values of W by a wide “trunk” of finite length:

Lemma 3.12. Let W be the inf-convolution of a supersolution v. Then for every
(&,0) € {W < 0} there is a piecewise linear continuous curve y : [0, 1] — £2,,
with finite length such that y (1) € $2{ and

te |J Bpnyeonne, c {w=o}|_,.
s€[0,1]

Proof. Pick P = (§,0) € {W < 0}. By Proposition 3.10, there exists a point
P’ = (¢, 0’) on IT,(P) such that (¢, 0) € E,(§',0') C {W < 0}. Therefore, we
can also find £ such that & € 3B, 2(€) and B,2(§) C {W <0}, . The situation is
depicted in Fig. 2.

Let us denote H = { v OH —r- Since H is compact we can select a finite
subcover from the open cover

Hc ] Bp®).

xeH
Let us denote the balls in the finite subcover by Bl, ..., B* withcenters x Ty vvns Xk
Suppose that there exists a permutation (ji, ..., jr) of (1,...,k)andg € N

such that

U B'ln|anu U Bl | = 0.
1SIZq g<I=k

Let us denote G = <<, B/ and C = H N G. Note that G is open and C is

nonempty. By definition, v > 0 on G x {O‘/ } and therefore there is § > 0 such
that v > 0 on G x (¢/ — 8,0'] ({v > 0} is open by v € LSC). In particular,
since —v_(, t) is a supersolution of the elliptic problem for every ¢ (Lemma 3.3),
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an application of the elliptic comparison principle (Proposition A.1) yields that
v20in G x (6/ — 8, 0']. In addition, a straightforward barrier argument (barrier
constructed in Lemma B.4) shows that in fact v > 0 on G X {a’ } This is a
contradiction with v(x;;,0’) S Oatx;, € G.

Therefore we conclude that we can find iy, . .., i,, distinct with&’ € B!, B'mN
052 # () and

BiNB™ £¢, 1< <m.

Since we observe that B, (x;) C {W < 0}_forall 1 <i < k, we can choose the

curve y as the piecewise linear curve connecting the points &, x;;, ..., x;,. O

Now we present two results, Lemmas 3.13 and 3.16, that justify the shape of
the domain =, chosen in the definition of the regularizations Z and W.

Lemma 3.13. Let v be a viscosity supersolution of (1.1)on &, E = 5, (&, o) for
some (§,0) € R" xR, andv > 0in E. Then there exists f € C([0,r]), f(0) =0,
f>00n(0,r] and@ — o0 as s — 0+ such that

v(x,1) 2 f(r—|x—E&|) for|x—&|<r,telo+r/2,0+r].

Proof. We prove only that v(x,o +r) = f(r — |x — &|). The full result follows
from the simple observation that

Epr,) C B, for x| S, te [—5 f]
’ =2 27 21"

Let us fix a point (¢, 0 +r) € D, (§,0 + r). Since the argument is invariant
under translation and space rotation, we can assume that (¢, o +r) = (0, 0). Let
s =r —|¢ — &|. Our goal is to show that v(0, 0) = v(¢, 0 +r) = f(s) for some
function f. The situation is depicted in Fig. 3.

Itis straightforward to estimate the distance of the lateral boundary d; = at each
time, 0.5 |;, from the origin x = 0 for ¢t € (—r, 0):

dist(0, 3Z|,) =s +vVr2—(t+r2=s+~v-2rt —12 > s+ J/—rt. (3.3)

t /(0,0)
ho L
ho4 § ao : Qo
1 : 01
ai
] )
(\Ié\l o
w
2
h3 ‘ I’Vaz a
03
X v>0

Fig. 3. Iterations in the proof of lower bound in Lemma 3.13



Nonlinear Elliptic—Parabolic Problems 989

Since v € LSC is positive in &, it has a positive minimum on the compact set
K = {(x, 0 lx—& <r+ Y=t t € [=Tr/8, —r2/256]]

as K C &.
Let us set
. 1
y = min ,1t,
16nx + 881 + 28¢

and let us define the barrier

p(x, 1) = (—it —4x)? + 1) . (3.4)
2y n

Clearly, ¢ is a viscosity subsolution of the parabolic problem due to (1.6), and
00, y) = %(p(O, 0) = % Let us define a sequence of parabolic cylinders

Qj = Ba, x (hj — (1 +y)ai. hj). j=0,

where

v

1, ho=0.

j—1
2 .
hj==2ai, |
i=0
The a; terms are defined in accordance with (3.3) as

aj=+/—rhj+s, j=1, ap=min {s, ;—6}

Writing hjy1 =hj — a?, we can derive the recurrence relation

ajr1 = 3/ra]2 +(@j—5)P+s, j=0. (3.5)

Note thata;’s were chosen in such a way that Q; C & forall j for whichh ;1 < r,
due to (3.3).
First assume that s < r/16. From (3.5) we estimate

ajp 2 r'Pal, j 20,
which yields
2\/
a;ir(i)(3) —r asj — oo. (3.6)
X r
We want to estimate the minimal k = k(s) that guarantees
0 Qk = Dy, (0, hy — (1 + y)ax) C K.

We first observe that if a; = 5 + s for some j = 0 then k < j. Therefore (3.6)
yields the upper bound
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1 M
k< g[k’gj

log 5

+ 1. 3.7

To show that such a k indeed exists, suppose that /2; > —r? /8 for some j. Then
aj <r/2+sand

2 5 2 2 7
r r r r
hj—( 2>———2(— ):—————2 —22>—
1+ y)a 3 7 +s A 5 rs S 5
since s <r/16and y < 1.
If s = r/16 then we set k = 0.
Next we iteratively define, for j =k, ..., O, the rescaled barriers

@j(x, t)—/c]gz)(a X, a (t—h )+ 14+ yp),

where
ming v > 0 Jj=k,
Kj= . .
P | ming, Vi1 Cohi = va)) <k,
and the functions ¥;, j = k,...,0, are the unique solutions of the parabolic

problem with boundary data ¥/; = ¢; on dp Q ;. We observe that y; = ¢; in Q;
due to the parabolic comparison (Proposition A.2), since ¢; is a subsolution of the
parabolic problem.

Now, the parabolic Harnack inequality (Proposition A.4 applied with 1| = y
and 1, = 1 + y) yields

Kj_1 = Blnf Vi(, hj— ya] D2 inf , Y
aj— 1/2 Baj/ZX[hjfyaj_lvhj]
1 1
2— sup v¥; (-, hj+l)>2_sup Y, h/+l_ya )
B,, 1 ¢ Bajp
1
= —Ki. 3.8
ZCKJ (3.8)

Finally, we realize that, by definition, v = ¢ = v on dp Qf and thus an
application of the parabolic comparison shows that v = vy in Q. Since we chose
¥j so that ¥; < ¥;41 on Q; N Qj41, we can apply the comparison principle
iteratively to conclude that v 2 v, in Q; for j = k, ..., 1. The case j = 0,
however, has to be considered separately, because we know only that v > 0 in &,
that is, in Q¢ N {tr < 0}. Therefore, the parabolic comparison can only show that
v 2 Y in Qg N {¢r < 0}. Nevertheless, since ¥ (0, 0) > 0 and v is bounded from
below on &, a straightforward barrier argument using a strict classical subsolution of
(1.1), that can be constructed in the form similar to (3.4), extended in negative phase
using a strict subsolution of the elliptic problem, shows that v(0, 0) = (0, 0).
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Now let o = % Then a simple induction of (3.8) using the bound (3.7) yields
the lower bound

loga

10g£ Iog% .
v(0,0) = ¥(0,0) =2 o T minv =: f(s), se€(,r].
log 5 K

A straightforward computation verifies that f (s) — Oand f(s)/s — ocoass \ 0+
sincea < 1. O

Corollary 3.14. (Continuous expansion of {v < 0}) Ifv is a viscosity supersolution
of (1.1), then the set {v < 0} cannot expand discontinuously, that is,

<o, r<s)={v<0, <5},
for any s.
Proof. Suppose that the claim is not true, that is, there is a point
Eefvs0o, t<t\ {0, 1<)
That means that there is p > 0 such that
E,g.t—pn{v=s0,1<t}=90,

and thusv > 0in &,(§, T — p). Lemma 3.13 then yields v(, ) > 0, a contradic-
tion. 0O

Remark 3.15. Note that the set {u = 0} of a subsolution u can expand discontin-

uously when a part of the set {# < 0} is pinched off by a collision of two “fingers”
of {u = 0}.

Lemma 3.16. Let u = 0 be a bounded subsolution of the parabolic problem in a
parabolic neighborhood of B, with & = &, (£, o) for some (§,0) € R" x R and
r € (0, 1). Assume thatu = 0 on E. Then there existse > Qand g € cl(o, r+e))
with g = g’ = 0on [0, r] such that

0 u(x,t) S g(lx—&) for|x—&| <r+e, telo,o0+r].

Proof. Let us choose (y, s) € B,(x) x [0,0 +r]. Foragivene > 0, n € (0, ¢),
we define the barrier

Ve (x, 1) = 4TM(4nAt + [x[? + 1),
on
Eg, = (Bgl/z X (—ﬁ, 0]) N {wg,n(x, t) > O}.
Note that:
(i) Due to (1.6), ¥ ; is a strict supersolution of the parabolic problem in E; , as

long as e!/? < 3(52:;‘51), and ey 2 2M on 9B.ij2 X [—grz., Ol.
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(ii) Y > Oifand only if 1 > — 1% or |x| > /—4n At — 1.
(i) &/=rt > /—4nAt whent € (—g-,0) and J— g > &!/2 for small & > 0.

(1)—(ii) verify that for small ¢ > 0 and all € (0, ¢), we have the ordering
M(X, t) g wa,n(-x ) t— S) on 8PE8,7] + (yv S),

and hence by the parabolic comparison (Proposition A.2) the ordering holds in
Eg , + (v, 5). Therefore, there exists a constant ¢ > 0 such that

u(x, 1) = g(lx — &) = inf Y p(x = £,0)
gIEBr

for (x,t) € Byye X [0,0 +r]. O

3.3. Z and W Cross

We proceed with the proof of the comparison principle (Theorem 3.1) for the
regularized solutions Z and W, in place of u and v. To argue by contradiction, we
investigate the situation when Z and W cross in Q,, that is, there is a finite first
crossing time #(, defined by

to:=sup{t | Z(,t) < W(, 1) forO<r<rt}. (3.9)

Since {W < O} cannot expand discontinuously due to Lemma 3.14, we can
prove that a certain ordering of level sets of W and Z is preserved up to the crossing
time 1.

Lemma 3.17. Let Z and W be the regularized solutions defined in (3.2) and let t,
be the crossing time defined in (3.9). Then
{zzo}, n{w=o}, =a({zz0},)na({w=o},). @10

In particular,

int ({z > 0},0) N int ({w < o}m) — 0. G.11)

Proof. First observe that {W <0}, C {Z <0}, for 1 < 1o (or equivalently
{z Zz 0}, c{W > 0}, for 1 < 19).
Step 1. We claim that int {W < O}zo CH{Z < 0},

Pick any & € int {W < 0} ,,+ Due to continuous expansion of {w < 0} (Corol-

lary 3.14), there exists § > 0 such that B5(§) C int {W < 0}, for a short time
before #g, t € [ty — J, fp]. Lemma 3.12 yields that Bs(&) is connected to 92, with
non-positive values of W (and thus negative Z) through a wide “trunk”

G = (y([0,1]) + Byj2) N £2,,

and B;(§) C G C {W < 0} o The continuous expansion of {W < 0} again guar-
antees that G can be chosen so that G C {W < O} . for a short time before .
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Finally, we recall that Z < W in G x [0, o). Therefore, we can construct a strict
classical supersolution of (1.1) up to the time # that will stay above Z and is nega-
tive in Bs(£). Indeed, we solve the elliptic problem in G with zero on dG N §2, and
negative data on dG N 952,. Since G has a uniform interior ball property at points
dG N $2,, we can proceed as in the proof of Lemma 4.1. We conclude Z (&, 1) < O.

Step 2. Since {Z > 0} N Q, ={Z < 0}N Q,, we have

int ({W < o}m) n{zzo}, = (3.12)
which together with Lemma 3.11 also gives

int ({z 20}, ) n{w =0}, =0 (3.13)
Step 3. Now (3.12) clearly implies

{zz o}, n{w=o}, c{w=o} \ine({w=o},)=0({w=o},).
Using (3.13) symmetrically concludes the proof of the lemma. O
Corollary 3.18. Let Z, W and ty be defined as above, and let

te{zzo}, n{w=0}, .

Then there is a unique unit vector v such that v is the unit outer normal to {Z = O} 0
at & and the unit outer normal vector to {W > 0}, at §.

Proof. DuetoLemma3.17,& € 9 ({Z > 0} )08 ({W < O}IO).Moreover, there

10
are dual points

(64, 0u) € T*(P) C 8{u = 0} and (&,, o) € MT,(P) C 3{v < 0}

(see Proposition 3.10).

Let B, = int (E,(gu,au)hzm) and B, = int (Er(%'v’ffv)h:m)- Due to the
definition of &,, B, and B, are balls in R", centered at &, and &,, respectively,
of radius greater than or equal to r. Observe that B, C int {W > 0} 0 and B, C
int {Z < 0} . Therefore,

BuN B, C (int (W= o}m) n (int{Z <0} ) -9,

fo

while B, N B, = {£}. This is true for an arbitrary choice of dual points. Therefore,
the outer unit normal of v of B, (respectively inner unit normal of B,) at & is
uniquely determined, and can be taken as

v = S_Su — Ev_g
& —&l 16— &l
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3.4. Finite Speed of Expansion

Our goal in this section is to use the ordering of the support to prove the ordering
of the functions Z and W at the contact time ¢ = #(. This needs a careful analysis
since Z and W are merely semi-continuous.

From Lemma 3.3 we know that Z_ is a parabolic subsolution, and —W_ is
an elliptic supersolution for each time. We also know that W is a parabolic super-
solution in {W > 0} (open set) and Z is an elliptic subsolution for each time in
{Z < 0} (open set). Therefore, we can invoke the standard comparison principle
(Propositions A.1 and A.2) in the open sets {W > 0} and {Z < 0},, if we know that
the functions are ordered on the boundaries of these sets. This is not completely
obvious, however, and we have to pay special attention to the situation at the contact
point.

Lemma 3.19. (Finite speed of expansion at the contact point) Let Z, W be the
regularizations and ty be the crossing time as defined in (3.9). Then for any & €
{z 20}, n{w=0),

1o
" (&, t0) U Iy (&, t0) C 0L Er(§, 10)-

Proof. We split the proof into a number of shorter steps. Here we use the simplified
notation & = Z, (&, t9) (and analogously, /7% and IT,).

Step 1. IT,NOTE = .
For the sake of argument, suppose that this does not hold and there, indeed, is a
point P’ = (£, 0’) € [1,N 3T E. Note that ¢’ = to + r. We observe that v > 0 in

& due to (3.10) and Proposition 3.10(iii), and thus we can apply Lemma 3.13 for
v on &. The first consequence is !f;‘/ — $| = r, that is,

P € 0D, (&,1t9+ 7).

Let v be the unit normal from Corollary 3.18. We choose pg = min(g, o) (Oc
is defined in Proposition B.3) and set

=& —pw, 6=0',a=2,b=—1 andéd = 0.

Proposition B.3 provides us with a radially symmetric subsolution of (1.1) with
parameters a, b and @wega. We denote by ¢ its translation by (¢, &), which is
defined on the cylinder

K:{p0—8<|x—§|<,00+8,te[&—s,&]}, (3.14)

for some ¢ > 0. The situation is depicted in Fig. 4, which is a part of the larger
picture in Fig. 5.

Let us define ¢ = u@, where u > 0 is picked large enough to ensure that
ming ¢ < ming v. Furthermore, since v(x, 1) 2 f(r — |x — &|) for [x — &| < r,
with f(s)/s — oo ass — 0+, there exists &1 > 0 for which v > ¢ on

{po—e1 S1x—¢l < po. t €6 —¢,6]}.



Nonlinear Elliptic—Parabolic Problems 995

(£.0') (¢.0)em, ’
__________ I=0

v as \

) 5 v>0

t
¢>0 =0
x-v o
€
: €
Po

Fig. 4. Construction of a test function ¢ in Lemma 3.19

Fig. 5. Situation at P = (§,19) € {Z 2 0} N {W < 0}

We shall compare v and ¢ on a cylinder X,
Y= {po—el <|x—2¢] < po+e, te(&—s,&]}CK.
So far, we have shown that v > ¢ on all of dp X' except on
{.6—e):ppSIx—tl<po+e} C 5,

where clearly ¢ < 0 while v > 0.
Therefore, ¢ < v on dp X while ¢ > v at P’ € X, and we arrive at a contra-
diction, since ¢ is a strict classical subsolution of (1.1) on X.

Step2. IT"NOTE = ¢.
The proof of step 2 is similar to that of step 1. Choose P’ € [T* N dT Z. Due
to (3.11), Lemma 3.12 and Hopf’s lemma (Proposition A.3), we have

—Z(& +vh) _

lim inf 2¢ > 0.

h\ 0+
Therefore, there is hg > 0 for which

u(x,t) SZ(E+vh, tg) < —ch <0 forh < hg, (x,t) € 5,(E+vh, t9). (3.15)
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Proceeding as in the proof of step 1, we have ¢, ¢ € (0, hg) and K, this time with
¢ =&+ pov, 6gma = o’. In contrast with step 1, we define ¢ = —u@, and (3.15)
lets us choose > 0 small, for which ¢ > u on

{x=¢l=po—e tel6—edl}n{p—cS|x—Cl<py 1 =6—¢}.

Now we find ¢ > 0 such that ¢ > uon{|x —Cll=po+e, telo —8,6]};
again, this is possible thanks to Lemma 3.16 applied to u on &.
Finally, define

Ti={po—e<|x—¢l<po+er, t €@ —¢ebl}.

Since clearly ¢ = 0 and u < 0 on {po Slx—¢l<pote t=0 —8},Wehave
succeeded in showing that ¢ > u on 9pX while 0 = ¢ S uat P’ € X, a
contradiction.

Step 3. IT" N9, E # @, then [1, N 3T E = ¥ (and also if we swap IT" and I1,).
Indeed, this follows from (3.11) and the definition of ¢y in (3.9), which together
yield that, for any P, € IT" and P, € II,, we have

E (PHONE(P)N{t St0} = (&,10) = P.

Step 4. To finish the proof, we simply realize that steps 2 and 3 used together imply
that IT* N 90 & = ¢, and similarly steps 1 and 3 imply [7, N3, & =¥. O

Remark 3.20. Lemma 3.19 shows that the situation at any P = (&,19) €
{Z =z 0} N {W < 0} looks like Fig. 5.

Now we have enough regularity to show the following:
Lemma 3.21. For Z, W, ty defined above, we have
Z=W=0 on {Z20} N{W =0} .

Proof. We will only show this result for Z. A similar, simpler argument applies to
W, as well. See also [20, Lemma 3.6].

Let M = 2max{t§t0} Z <ooand P = (§,19) € {Z > 0} N {W < 0}. We
can also choose P, € II,(P). Let v be the unit normal from Corollary 3.18.
Lemma 3.19 guarantees that there exists m, € R such that (v, m,) is an interior
normal of d& (P,) at P, see Fig. 5. This is why we call Lemma 3.19 the “finite
speed of expansion”.

Werecallthat Z < W < 0in & (P,)N{t < to}. Furthermore, the argument from
step 2 of the proof of Lemma 3.19, using (3.11), Lemma 3.12 and Proposition A.3,
verifies that Z < 0in & (Py) N {t = 1y}, as well.

As in the proof of Lemma 3.19, we can construct a strict classical supersolution
of (1.1) with the help of Proposition B.3. Let us again choose pp small enough so
thatfora = 2, b = —1, & = max {0, 2my}, ¢ = &+ pov, there is a strict classical
supersolution —¢(- — ¢, - — fg), defined on the set

K={po—e=Z|x—¢|<po+e te(to—er1l}

for some ¢ > 0.
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Fig. 6. Construction of a test function ¢ in Lemma 3.21

For T > 0 and h = 72, let us define
Ze={po<lx—¢l—(t—10)d < po+h, t €ty—1, 10},

see Fig. 6.
We can take t small enough so that

(a) fr CK,
b)) T, N{t=1—1}C EP).

Now we find u > 0 large enough so that
—u@ >2M on {|x| =po+h+to, t €1, O]}.

Forn > 0, set ¢ (x,1) = —u@(x — ¢ — nv, t — to). Since Z is a subsolution of
(1.)and Z < ¢ on dp X' + (v, 0) for small n, we also have Z < ¢ in X' + (nv, 0).
We conclude by sending n — 0,

ZE 10) = lim @y(§, 10) = po(§, 10) = 0.
n—0+

Lemmas 3.17 and 3.21 have the following consequence:
Corollary 3.22. Let Z, W and ty be as above. Then
ZSW att=r.
Furthermore,
{(Z =0},, N{W =0}, #9.

Proof. We apply the comparison principle for elliptic equations (Proposition A.1)
and compare Z(-,p) and W(-, 1p) on the open set {Z < 0},. Indeed, we can
set Z = 0 on 8{Z < 0} to ensure that Z < 0. The modified Z(-, 19) is clearly
in USC({Z < 0},)) and a subsolution of the elliptic problem in int{Z < 0},
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(={Z < 0}, by Lemma 3.11). Then Z < W on d ({Z < 0},,) due to Lemma 3.21
and the elliptic comparison applies.

The same can be done using the comparison principle for the parabolic equation
(Proposition A.2) in the parabolic neighborhood {W >0,1t= to}.

Finally, if {Z = 0},, N {W = 0},, = ¥, then in the view of Lemmas 3.17 and
3.21,

{zz0, 1 <n}n{w =0, 1 <15} =0

Since these sets are compact, they have positive distance and the comparison in the
first part of the proof yields Z < W att = ¢, a contradiction with the definition of
toand Z — W e USC. 0O

3.5. Ordering of Gradients at the Contact Point

Here we will show that, at a contact point P, the “gradients” of Z (respectively
W) follow the flux ordering given in Definition 2.2(iv) (respectively its supersolu-
tion counterpart). As mentioned in the beginning of Section 3, this ordering would
readily yield a contradiction with the fact that Z crosses W from below at P.

Lemma 3.23. Let Z, W and ty be as defined above, let
P=(&1) e {Z > O} N {W < O} be a contact point at time ty, and let v be
the unique spatial unit normal vector at P obtained in Corollary 3.18. Then

ZE —hv,t V4 hv, 1
liminf 28 V10 e ZEEI10) 5

N0+ h hN\O+ h
W& —hv,t . w hv, t
llm Sup M _I_ llm Sup M é 0.
BNO+ h ANO+ h

Proof. We prove the result for Z. The proof for W is similar.
Let us again write & = &, (P) = &, (&, t9) throughout the proof. Denote
Z(E —hv, 1 ...z hv, t
a = liminf ZE 1 10), b= liminf ZE 1 10),
RN\O+ h AN h
Note that » < 0 < a. A simple barrier argument, following the one in the proof of
Lemma 3.21 and taking advantage of the room provided by Lemma 3.19, shows
that a < oo. Furthermore, the inequality a + b = 0 is satisfied trivially if b = 0.
Thus we may replace b by —2a, if necessary, and assume that —oo < b < 0.
Suppose that the result does not hold, in other words, a + b < 0. In that case,

we set K 1= “Eb > 0, and we note that

a <Kk, b < —«k.
Let us choose n > 0 such that
a+3n <k, b+3n < —«.

We shall use this to construct a barrier that crosses # from above at an arbitrary
fixed point P, = (¢',0') € IT"(P), yielding a contradiction. As in the proof of
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Lemma 3.21, since P, € 07 Z thanks to Lemma 3.19, there is m, € R such that
(v, my) € R" x R is an interior normal vector to d & at P, (see Fig. 5).

Following the proof of Lemma 3.19, we can construct a radial supersolution
of (1.1) with the help of Proposition B.3. Let us again choose pp small so that for
a=a+3n andb = b + 3n, ® = max(0,2m), ¢ =& + pov, and 6 = o', there
is ¢ = —¢, a strict classical supersolution of (1.1) translated by (¢, ), defined on
K asin (3.14),and ¢ = 0 at P,,.

From the definition of a and b, and Z, for every v € (0, 1) there are k1, hy €
(0, ‘L’2) such that

sup  u=Z(E —hv, 1) < (a+nhi, (3.16)
Er(%'*hlvat())
sup u=272Z=E-+hy, t9) < ((b+nhs. (3.17)

E(E+hav.1o)

For a given choice of 7, i1, h2, let us define
Soo={po—hy<lx == —6&)d<py+hi te@—r1,6]}

see Fig. 4 for a sketch of a similar construction. We shall choose t € (0, 1) small
enough so that the following holds:

(@) ¥ CK,

®) ¢>@+nhionA:={lx—¢|—C—6)d=py+hi, t€[6—1,6]}
(©) ¢ > (b+mnhyondpX:\ A,

(d) ACE E—h, 1),

(€) IpXr \ A C &/ (§ + hav, 10).

Indeed, ¢ satisfies (b) and (c) for small t due to its smoothness in the positive
and negative phases, and (a), (d) and (e) are a consequence of the choice of wega
and the definition of X;. Since ¢ > u on dp X; [thanks to (b)+(d)+(3.16) and
(c)+(e)+(3.17)] while 0 = ¢ = u at P, € X, we get a contradiction. 0O

3.6. Proof of Theorem 3.1

Now we are ready to prove Theorem 3.1. The proof proceeds by showing the
comparison for the regularizations Z and W defined in (3.2). We choose r > 0
such that Z < W on dp Q, (Proposition 3.8).

Suppose that there is a point in Q where u = v. Sinceu < Z and W < v, we
see that there must be a point in Q, where Z = W. Then 1 in (3.9) is finite. We
recall that Z < W at ¢ = o by Corollary 3.22.

Corollary 3.22 also guarantees the existence of a contact point at r = fo:
P = (&, 1) €d{Z=20}n{W <0} with Z(P) = W(P) = 0.

At the point P, the boundaries 3{Z > 0} and 3{ W =< 0} are C!"!, in the sense that
they have space-time and space balls from both sides (Proposition 3.10(iii)). Let v
be the unique unit normal vector to the space balls at £ given by Corollary 3.18.
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Set £2' to be the connected component of the open set {Z < 0}, that contains
& on its boundary. Lemma 3.12 guarantees that

Z(-,t9) £ W(-, to) on 2.

We recall that Z (-, 1) is a subsolution of the elliptic problem on £2" and — W~ (-, 1g)
is a supersolution of the elliptic problem (Lemma 3.3). We can apply the elliptic
Hopf’s lemma (Proposition A.3) to Z(-, tp) and W (-, fo) on 2’ at &, which yields

.= ZE+hv,g) . —W(E+hv, 1)
liminf — > liminf ——.
hN\O0+ h N0+ h

Finally, the “weak gradients” are ordered at £ by Lemma 3.23, which leads to
a contradiction (we write Z(-) instead of Z(-, tg), all limits are & \ 0+):

ZE—h _Z(E+h —Z(E+h
liminf¥ > limsup# > lim inf —2& T 1Y)
Hopf . . —W(E +I’l1)) . W(%' —h\))
> liminf ———— 2> limsup ———
h n
Z@E — h
> liminf 282

h

Therefore, 7o cannot be finite and we conclude that # < v in Q. This finishes
the proof of Theorem 3.1. O

3.7. Remarks on the Proof of Theorem 3.1 for Divergence-Form Operators

The arguments in the proof of Theorem 3.1 also hold for the divergence-form
operator F given by (1.4). The only difference lies in the references on the properties
of solutions of the parabolic and elliptic problems, which have been used throughout
Section 3 and which are proved or referred to in Appendix A, as well as the specific
barriers constructed in Appendix B.1.

Since the barriers for the divergence-form operator are constructed in Appen-
dix B.2, here we only point out the references for the regularity properties of solu-
tions of the parabolic and elliptic problems (in the sense of Definition 3.2). More
precisely, we have used the parabolic Harnack inequality (Proposition A.4) and the
elliptic Hopf’s lemma (Proposition A.3). For a divergence-form operator F' given
by (1.4), Proposition A.4 is shown in [21, Chapter V] and Proposition A.3 is shown
in[11].

Having all of the above properties and test functions, one can proceed as in
Section 3 to prove the following:

Theorem 3.24. Theorem 3.1 holds for F given in (1.4).
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4. Existence and Stability of Viscosity Solutions

Let F and 2 be given as before. In this section we show the existence of
viscosity solutions of (1.1) via the Perron’s method. We say that a continuous
function ug : £2 — Ris in & if the following conditions hold:

uy = —lonodf2 and — F(Dzuo, Dug, ug) = 01in {ug < 0}. (4.1)
I (uo) = 0{ug > 0} = d{ug < 0} is locally a C"'-graph. (4.2)

Note that (4.2) and the boundedness of £2 guarantee that there exists Ry > 0 such
that d{ug > 0} has both an interior and an exterior ball of radius Ry at each point.

First, we ensure, by constructing suitable barriers, that the solutions with initial
data ug € & evolve continuously at the initial time.

Lemma 4.1. Suppose uy € . Then there exist at least one viscosity subsolution
U and one supersolution V of (1.1) with initial data uo. Moreover, there exists
a constant C > 0 and a small time ty > 0 depending only on the maximum of
uog, N, d and Ry such that, for 0 <t < ty, we have

dx, ), d(y, ) <t'* forx € 3{U(,1) >0} andy € 3{V(-, 1) <O0}.
Proof. 1. First we construct a supersolution V. Let us set
Ot (1) = {x 1 d(x, {ug > 0}) < /%),
and let V (x, ) solve

V, — F(D®*V,DV,V)>0in O0T()
V=0 on I'(t) := 307 (1)
—F(D*V,DV,V)>0 in O~ (t):=R\ 0@,

with the initial and lateral boundary data 1y and —1, respectively. Note that,
due to the regularity assumption (4.2) on I”, the positive phase &'*(¢) has the
exterior ball property with radius Ry — ¢'/# for small time . In particular, it
follows from the uniform ellipticity of the operator in the negative phase that
there exists fy > 0 such that we have |[DV| > cgon I'(¢) for0 < t < ty, where
co > 0 is independent of 7.

Now a barrier argument, which takes advantage of the barrier constructed in
the proof of Lemma 3.16, yields the existence of a function c(¢) such that

DVt < c(t) withe(t) > 0 ast — oo.

Hence, we can choose f sufficiently small such that |[DV*| < |[DV~| on
() for 0 < ¢t < 1y, and therefore V is a viscosity supersolution of (1.1)
for 0 < r < 9. Fort > 19 we take V (-, 1) = v, where ¥ (x) is a viscosity
supersolution of the elliptic problem —F (D, Dyr, ¥) = 0 in £2 with the
boundary data —1, and ¥ > V (-, s) for0 < s < 1.
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2. The construction of a subsolution U is similar: we replace &'*(¢) in the con-
struction of V by

Ot (t) == {x : d(x, {up < 0}) > t/4}.
It follows from a barrier argument in the proof of Lemma 3.13 that
IDUT| = C(t) onI(t), withC(t) - oo ast — 0.

On the other hand, due to the exterior ball property |[DU~| < Cgy on I'(t), where
Cp is independent of time. Hence, we can choose fy sufficiently small such that
[DUT| > |DU~| on I'(t), and thus U is a viscosity subsolution of (1.1) for
0<t=<tyFort>tgywetake 0T (t) :==90. 0O

Using V and U constructed above, the minimal solution u can be constructed
as

u = inf{z : viscosity supersolution of (1.1) such that U < z},
and the maximal solution u can be constructed as
u = sup{w : viscosity subsolution of (1.1) such that w < V}.

Theorem 4.2. u and u are viscosity solutions of (1.1) with initial data uo, and
u =u", u=u, Moreover, if v is a viscosity solution of (1.1) with initial data uy,
thenuw < v £ u.

Proof. The proof follows from standard arguments in Perron’s method (see for
example the proof of Theorem 1.2 in [19]. Also see [10, section 4]). O

Lastly, we show stability properties of the maximal (and minimal) solutions
under perturbation of initial data.
For a family of functions {u®}.~¢, let us define the half-relaxed limits

lim sup™ u®(x, 1) := limsup u®(y,s)
e—0 £—0
(y,5)—>(x.1)

and
liminf* u®(x,t) := liminf u®(y,s).
e—>0 e—0
(v,8)—>(x,1)

Theorem 4.3. Let u be the maximal viscosity solution of (1.1) with initial data uy.
Let ugy be a sequence of functions decreasing in & — 0, such that

(i) up < ufy and uy converges uniformly to ug as & — 0,
(i) uy and I'* := d{ug > 0} = 0{uy < 0} satisfy Assumptions (4.1) and (4.2)
uniformly in ¢ > 0,
(iii) I"® converges uniformly to I" (ug) with respect to the Hausdorff distance.
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Let u® be a viscosity solution with initial data ug,. Then u® converges to u in the
following sense: both Uy := lim sup®,_,,u® and U := liminf*,_,o u® satisfy

(UD* =uand (Uj)s = Uy.

Corresponding results hold for the minimal solutions, if one replaces the condition
ug < ug in (i) with ug < uo, and uy is increasing as & — 0.

Remark 4.4. Note that the convergence in the sense of the above theorem is optimal
for semi-continuous functions.

Proof. 1. First, observe that Theorem 3.1 yields that
u" < (u®), foranye > 0. (4.3)

On the other hand, due to the standard stability property of viscosity solutions,
lim sup*,_, o u®(y, s) is a subsolution of (1.1). Hence by a barrier argument (one
may use the supersolution V¢ constructed as V in the proof of Lemma 4.1 but for
the initial data uf)), we can show that

lim sup*u® < V. (4.4)

e—0

A

Therefore, by definition of u we have

<|

lim sup™ u® <
e—0

4.5)

Putting (4.3) and (4.5) together, we conclude. O

From the above theorem we have the following “regularity” information on the
minimal and maximal viscosity solutions.

Corollary 4.5.

()" =uwand (u*)« = u. (4.6)

5. Uniqueness Properties

Recall that our comparison principle, Theorem 3.1, requires strictly separated
initial data. We saw in the previous section that the theorem yields existence (and
uniqueness, by definition) of maximal and minimal viscosity solutions. In this
section we will discuss uniqueness properties of general viscosity solutions.
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5.1. Viscosity Solutions Coincide with Regular Weak Solutions

In this section we consider a linear uniformly elliptic operator F' of the form
F(M, p,z) = tr M. We show that, in this case, the viscosity solutions of (1.1) are
precisely the regular weak solutions introduced in [1]. As a corollary, it follows
that viscosity solutions are unique for this class of operators.

For completeness of the paper we revisit the notion of regular weak solutions
and its properties. We refer to Section 1.4 and Definition 2.1 of [1] for the definition
of weak solutions, subsolutions and supersolutions of (1.1), which are, as usual,
defined in L2(0, T; H'(£2)) via integration by parts.

Theorem 5.1. ([1], Theorem 2.2: simplified version) Suppose that
FM, p,z) =tr M,

and let Q = 2 x (0, T, where $2 is a bounded domain with Lipschitz boundary.
Suppose that uy is a weak subsolution and uy a weak supersolution of (1.1), with
initial data b(l), bg, and boundary data uf) , uf , respectively, such that

db(ur), 0b(uz) € L*(Q). (5.1)
Ifb? < bg a.e. in 2 and ulD < uzD a.e.ond; Q, thenuy < up a.e. in Q.

We call u a regular weak solution if u is a weak solution and satisfies the
additional regularity (5.1). It is shown in [1, Theorem 2.3] that for linear F there
exists a regular weak solution with initial data ug € &.

Observing that the test functions U and V constructed in the proof of Lemma4.1
are, respectively, a classical subsolution and a classical supersolution of (1.1) for
0 <t < ty, Theorem 5.1 yields the following:

Lemma 5.2. Let ug € H'(R2) satisfy assumptions (4.1)—(4.2). Then any regular
weak solution u of (1.1) with initial data uo uniformly converges to ug as t — 0.

Furthermore, the following holds due to the estimates derived in the proof of
Theorem 2.3 in [1]:

Lemma 5.3. Regular weak solutions are stable under perturbation of initial data in
H'(£2). More precisely, if the sequence of initial data ug converges to ug in H' (£2),
then the corresponding regular weak solutions u,, with respect to the initial data ug
converges to the regular weak solution of u with initial data ug in L20,T: H ().

Given a weak solution u € L°°(Q), we want to find a representative v = u a.e.
that is a suitable candidate for a viscosity solution. We shall find it using a weaker
notion of semi-continuous envelopes. To this end, let us state an elementary lemma.

Lemma 5.4. Let E C R" such that |E N Bsg(x)| > Oforallx € E and § > 0. If
f < gae inE, then

E
SfeE < gtn.
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Given a function u € L%°(Q), where Q = 2 x (0, T'], define the essential
semi-continuous envelopes

u®(x,1) = inf v*9(x,r) = inf esssup u,
e =0 B, e.0n0

uo(x,t) = sup v, a(x, t) =sup essinf u.
v=uae. r>0 B, (x,))NQ

Here v*-€ and v, o are as defined in (1.9).

It follows from the definition that u® € USC(Q) and u, € LSC(Q), and due
to Lemma 5.4 we have

u®.

[IA

Us

We claim that u, < u < u® a.e. To see this, we have for a.e. P = (x, t) by the
Lebesgue’s differentiation theorem

u®(P) = inf v*(P)= inf inf sup v

v=u a.e. v=ua.e.r>0 B, (P)
=inf inf sup v
r>0v=ua.e. B, (P)
1

= lim ——— u=u(P), ae. P.
r=0|B-(P)| JB,(p)

Next we introduce a candidate function for the viscosity solution.
Lemma 5.5. Given a function u € L*°(Q), define

v = max(min(u, u®), us).

Then v = u a.e., vy = Uy, and v* = u®.

Proof. Observe that u, < v < u® since uo, < u®. In fact, since uo < u < u® aee.

we also have that v = u a.e. Now, u® € USC implies v* < u® and the definition
of u® as the infimum yields u® < v*. Similarly uo = vy. 0O

Now we are ready to state the main result in this subsection:

Theorem 5.6. Let &2 be the class of regular initial data as defined in Section 4 and
let u be the unique regular weak solution with initial data ug € . Then v as given
in Lemma 5.5 is a viscosity solution of (1.1) for the initial data u.

Proof. The proof is based on the local comparison principle, Theorem 5.1, that
regular weak solutions satisfy. First note that v uniformly converges to ug att = 0
due to Theorem 5.1, and the barrier arguments using the barriers V and U con-
structed in Lemma 4.1.
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We show only that v, is a viscosity supersolution; parallel arguments apply to
the subsolution part. Let ¢ be a strict classical subsolution in a cylindrical domain
Q' =8 x(t1,] C Qsuchthat$ < vy ondpQ’.

Our goal is to show that ¢ < v, in Q’. Thus, assume that this does not hold and
there exists (xq, fp) € Q' with ¢ 2> v, at (xq, 1g).

We claim that we can perturb ¢ into a strict classical subsolution é with ¢ > ¢
at (xo,179) and ¢ < v, on dpQ’. To this end, let 6 € C[R™), 6 = 0, be the
standard smooth mollifier with support ET. Fore,n > 0let 6, (x) := e0(n~'x)
and define ¢ as

— if ¢(x0, t9) = O: ¢~>(x, 1) = ¢(x + 6 ,(x)v, t), where v is the unit outer normal
of {¢p > O},O at xo,
— if p(xo, f0) # 0: P (x, 1) = d(x, 1) + O y(x — X0).
If & and 7 are chosen small enough, a straightforward differentiation shows that the
perturbation ¢ has the required properties.

There is also 8, n > 0 such that é+8 < veonan n-neighborhood of dp Q’,
that is, on the set

{(x, 1 eQ :dist((x,1),3p Q') < n}-

Finally, v, < u a.e. in Q' by definition. We conclude that:

1) ¢(,1) Su(-,t)on a2’ forae.t € (11, 2] in the sense of trace on H'(£2');

(ii) due to regularity (5.1), b(u) € C(t1, t2; L2(£2")) (see [14, §5.9.2 Theorem 3]
or [16, Chapter IV, Theorem 1.17]) and therefore there is a unique b(/) € L2(.Q/ )
such that b(u(r)) — b} strongly in L?(2") as t — t;, and ¢(-, 11) < b], a.e.
on £2’.

A simple computation shows that ¢ is a regular weak subsolution in the sense of

[1, Definition 2.1]. Therefore, by Theorem 5.1, we have q} < ua.e.in Q' and hence

¢ < q; = (50 < uo = vy at (xp, fp), a contradiction. Therefore v, is a viscosity

supersolution of (1.1) due to Remark 2.5. O

Theorem 4.3 and Lemma 5.3 yield the following:

Corollary 5.7. Let F(M, p,z) = tr M and let ug € . Then there exists a unique
viscosity solution v of (1.1) with initial data ug, which coincides a.e. in Q =
£2 x (0, oo] with the regular weak solution with initial data u.

5.2. Discussion of Uniqueness for Nonlinear Operators

At the moment, the uniqueness results for fully nonlinear operators are unfortu-
nately quite limited to initial data and domains under special geometries. Here we
illustrate an example. The authors suspect that uniqueness holds in most settings,
but it remains an open question.

When

b(u)=uy, F=FWM) with F(uM) =uF(M) foru >0, (5.2)
the following holds.
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Let Iy := d{up > 0} = d{ug < 0} be a locally C! graph, and suppose the
initial data u¢ satisfy one of the following:

(A) (Initially decreasing: only possible) uq is C Uin {ug > 0} with
—F(D*ug) > 0in {up > 0} and |Dug | < |Dug| on Ip;

(B) (Star-shaped) g = —1, £2 is a star-shaped domain, and uo((1 + &)x) < ug(x)
forall x € (1 + &)~ ' 2 except at x = 0 for any & > 0.

Theorem 5.8. Suppose that (A) or (B) holds. Then for the operator of the form
(5.2) there exists a unique viscosity solution of (1.1) with initial data uy.

Proof. 1. In the case of (A), let us define u((x) := (4o — &)+ in {ug > ¢} and let
ug, be the solution of

—F(Dzu) =0 in{ug < ¢}

with the boundary data g. Since u¢ is C! and D(u, ) changes continuously with
respect to the change of the domain (due to the ellipticity of F and the regularity
of the domain), if ¢ is sufficiently small we have |D(u8)+| < |D(ug)~|.

Now letus define V (x, t) := u(’)(x). Then for a small time, V (x, ) is a viscosity
supersolution of (1.1). It follows then that, for sufficiently small ¢ > 0,

u(x,e) < u(x,0)in £2, (5.3)

and there exists a constant ¢, — 01 as ¢ — 0 such that (1 + c)u(x,¢) <
u(x,0) in £2. Let u and v be two viscosity solutions of (1.1) with initial data
uo. In case of (A) we perturb by (1 + coe)u(x, t + ¢) for given ¢ > 0 and apply
(5.3) as well as Theorem 3.1 to show that u < v.

2. In case of (B), first note that from the star-shapedness assumption it follows
that u0(0) > 0. Hence for given ¢ > 0

A+ cou((1+e)x,(1+)%) <vin (1 +&)"'2 x [0, c0).

Since ¢ is arbitrary, we conclude thatu < v. O

6. Approximation by Uniformly Parabolic Problems

In this section we show that our problem (1.1) can be obtained as a singu-
lar limit of uniformly parabolic problems. Consider b,, € C2(R) to be a smooth
approximation of b(s) = s4 with the following properties:

(@ 0<b, <lonR,

(b) b, — b locally uniformly on R,

(c) b}, — 0 locally uniformly on (—oo, 0],
(d) b, — 1 locally uniformly on (0, c0).
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For example, one can choose

en + el’le
e" +1
Remark 6.1. The interval in condition (c) includes 0. This moves the irregularity

of b), into the positive phase and thus simplifies the proof of Proposition 6.2, but it
is not an essential assumption.

1
by(s) = r? log

For n = 1, let u,, be the unique solution of the smooth parabolic problem

6.1)

by(un); — F(D*uy, Duy,uy) =0, in Q:= £ x (0, 00),
Up =g on dpQ.

Here we assume that g is a bounded Lipschitz continuous function on dp Q.

Due to the maximum principle, u,’s are bounded uniformly in » and therefore
problem (6.1) is uniformly parabolic for each . Note that u,, is C"* in Q for each
n due to [21] [for F given as in (1.4)] and [28] (for nonlinear F). Also note that
one cannot directly use the results from [10], since the operator does not converge
uniformly. Indeed, &’ is discontinuous in our setting.

Define the half-relaxed limits

® = limsup* u,, o := liminf*u,.
n— 00 n—00
Proposition 6.2. w and w are, respectively, a viscosity subsolution and a viscosity
supersolution of (1.1) in Q.

Proof. Let us denote u = @. The goal is to show that u is a viscosity subsolution
of (1.1).

1. Suppose not. By definition, there exists § > 0 and a strict classical supersolution

¢ of (1.1) in a parabolic neighborhood E = U N {t < r} C Q, satistying

(i) —F(D*¢, D¢, ¢) = 8ifp <0,

(i) ¢ — F(D*¢, Do, $) 2 8if ¢ > 0,
(iii) |D¢T|+38 < |D¢~ | on {¢p =0},
such that u < ¢ on dp E while ¢ < u at some point of P € E. By increasing
7 if necessary, we may assume that P € {t < t}, and by perturbing ¢ as in the
proof of Theorem 5.6, we may assume that, in fact, ¢ < u at P € E. Therefore,
for large n we have u,, < ¢ on dp E while u,, > ¢ at some point of E.

2. Forlarge n, due to the continuity of u,,, we can find (x,,, t,) € E withu,,—¢ =0
at (x,, t,) and u, — ¢ < 0in {r < 1,,}. Compactness of E allows us to select a
subsequence, also denoted n, such that (x,, t,) — (xo, fo) € E. Since u < 1)
on dp E we conclude that (xq, fp) € E. Moreover, observe that ¢ (xq, tp) = 0,
since otherwise (i)—(ii) and the locally uniform convergence of b}, to b on R\ {0}
yield a contradiction.

The regularity of u, and the condition (iii) on ¢ ensure that ¢ (x,, t,) # O.
Next, suppose that along a subsequence we have ¢ (x,, t,) < 0. Since, also,

[6a(@) = F(D?6, D9, )| (5. 1) 20,

the uniform convergence of ), to b’ in (—oo, 0] contradicts (i).
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3. Therefore, we can assume that ¢(x,,7,) > 0. Let us first observe that
¢t+ (x0, tp) > O: this can be verified by adding the two inequalities

6 = F(D*.D¢.9) | (o t) 2 6
(5@ + F(D?6, D, )] (ns1) 2 0,

and by using the fact that b/, € (0, 1). In particular, this implies that {¢p > 0} is
expanding at (xo, fo)-

Let v be the unit outer normal of d{¢ > 0}, at xo. Due to the regularity
of {¢ = 0}, it is possible to choose pp > 0 small enough such that Epo (¢o) N
{¢p > O}m = {xo}, where {o = xo + pov. For small enough pg, Proposition B.3
provides a strict classical supersolution v of (1.1), with parameters

a=|D¢T(x0,10)| +8, b=—|Dp (x0,10)| +8 and & =0,

in a neighborhood K of dB,, x {0}. Since wega = 0, ¥ is independent of time,
and thus it is a classical strict supersolution of the elliptic problem in each phase.
Let us define 12/,7 (x,1) ;==Y (x — & +nv, t). Choose §1 > 0 and n > O sufficiently
small so that @n(x, t) > ¢(x,t)ondpXs and X5, C K + (¢, tp), where

X5, = Bs, (x0) x (tp — 01, to].

This is possible due to the gradient ordering condition (iii) of ¢ and due to the fact
that ¢;" > 0 at (xo, fo).

Note that 1@,7 < ¢ at (xg, t9). Therefore, there is again a subsequence of n, and
some other sequence (x,, t,) € Xs,, where u,, — I/Af,7 has a maximum zero at (x,, ;)
in X5, N {t < 1,}. As before, regularity of u, ensures that ¥ (x,, ;) # 0 and so
we have

(62w = FD?, DY ) | (1) S 0.
This contradicts the fact that v satisfies —F (D>, Dyr, ) (X, t,) > 0. O

Corollary 6.3. (For nonlinear F) Let ug € & and ug, be as given in Theorem 4.3,
and choose a sequence g — 0. Then, for a given T > 0 there exists ny — 00
such that {u,, } solving (6.1) with initial data uf)" converges to the maximal viscosity
solution u of (1.1) with initial data uy. More precisely, both

U, := limsup®* up, and Uy := liminf* u,,
k=00 k— o0

satisfy
(U)* =u and (Uj)s = Us.

Parallel statements hold for the minimal viscosity solution.
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Proof. The main challenge in this proofis to ensure that w and w assume the correct
boundary and initial data. Let us denote M := max {|ug|, 1} as the uniform bound
on |u,| obtained by the maximum principle.

1. We first construct barriers to control u,, near the lateral boundary data. Consider
@(-, 1), which solves F(D?p, Do, ¢) = 0 in §2 for each r > 0 with boundary
data g (-, t). This gives a uniform bound from below on u,, at the lateral boundary
dr, Q. Next, define ¢(x, 1) = ¥ (x) where ¥ solves F(DZI//, Dy, ) = 0in
Ys = {x : d(x,08) < 4} with boundary data g on d§2 and M on {x :
d(x,d82) = 8}. Here, § > 0 is chosen small enough so that ¥ = g(-, 0). Then
u, < @ inthe set X5 and we obtain the uniform bound from above on u,, at the
lateral boundary a7 Q.

2. To obtain estimates on u,, near the initial data, one can consider barriers which
are defined for short time 0 < 7 < g as follows. Foragiven§ > 0,let V(x, ; §)
be the strict supersolution of (1.1) for 0 < ¢ < £y, constructed as in the proof
of Lemma 4.1, with the initial data ug ‘= ugp + 8, boundary data § on I'(¢) and

0T () = {x : d(x, {up > 0})) < t1/4} = {x :d(x, {u% >3} < t1/4}.
Note that then we have
Ott)={V=>8 and0 (t):=R2 —0"@1)={V <8).

We observe that V; = 0 in &7 (¢), since V solves the elliptic equation with
boundary data § in &'~ (¢) and the set shrinks in time. Moreover, as mentioned
in the proof of Lemma 4.1, due to the uniform ellipticity of the operator in the
set 0~ (t), we have

IDVT| <|DV~| onI(1). (6.2)
Now ¢(x,t) := V(x, t; §) satisfies
¢ — F(D*p, Do, ¢) > —F(D*¢, Dp, ¢) >0 in 0~ (1)
and
¢ — F(D*¢, Do, @) >0 in 0+ (1).

The above inequalities, as well as (6.2), yield that ¢ is a supersolution of (6.1)
for 0 < t < 1, if n is sufficiently large with respect to 8. Since ¢(x,0) =
1o+ 38 > ug, it follows from the comparison principle for (6.1) that u,, < ¢ for
0 <t < 1o and for sufficiently large n. Therefore, we have @(x, 0) < uo(x)+39,
and we conclude that @(x, 0) < ug(x).
To show that w(x, 0) = ug(x), one can argue similarly as above to construct a
subsolution of (6.1), with U in the proof of Lemma 4.1 and with the initial data
ug — 4.
3. Now we construct nj as follows. Note that, for any sequence ny — 00,
Proposition 6.2 as well as the boundary data estimates given in steps 1.—2. yield
that

lim sup® u,, < u*.

k— 00
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For a given g, choose ny such that u,, satisfies

u, —e Suy for0=r =T,

where Ug, is the minimal viscosity solutions of (1.1) with initial data uf)": such
ny exists due to Proposition 6.2. Now we conclude by applying Theorem 4.3
ou,. 0O

Corollary 6.4. (For nonlinear F') Under the setting of Theorem 5.8, {u,} converges
to u in the sense of Corollary 6.3.

Corollary 6.5. Suppose uy € & and F is as given in Corollary 5.7. Then u, with
the initial data ugy; converges to the unique viscosity solution u of (1.1) with initial
data ug in the sense of Corollary 6.3.
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Appendix
Appendix A. Elliptic and Parabolic Theory

In this section we collect a few classical results from the theory of fully nonlinear
elliptic and parabolic operators used throughout this article.

Proposition A.1. (Elliptic comparison) Let 2 C R”" be a bounded domain and
let F satisfy (1.6) and (1.7). Suppose that u € USC(R2) is a viscosity sub-
solution and v € LSC(S2) is a viscosity supersolution of the elliptic problem
—F(D*u, Du,u) =0in 2, andu < vond82. Thenu < vin £2.

Proof. This is a consequence of an ABP estimate applied to u — v, see [2, Propo-
sition 2.17]. O

Proposition A.2. (Parabolic comparison) Let ¥ C R" x R be a bounded parabolic
domain and let F satisfy (1.6) and (1.7). Suppose that u € USC(Z)isa viscosity
subsolution and v € LSC(X) is a viscosity supersolution of the parabolic problem
u; — F(D*u, Du,u) =0on X such thatu < vondpX. Thenu <vin X.

Proof. See for instance [10, Theorem 8.2] or [27, Corollary 3.15]. O

Proposition A.3. (Elliptic Hopf’s lemma) Let u and v be, respectively, a subso-
lution and a supersolution of—F(Dzu, Du,u) =0, u < v on adomain 2 and
u#v. Ifu =vatxy € 382 and 2 has an interior ball touching xq, then

.. oulxo) —u(xo—hE) . wv(xg) —v(xg — h&)
lim inf > lim inf
AN h EN\O0+ h

; (A.T)
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forany &, & - v > 0, where v is the unit outer normal to the interior ball at x,
provided that the right-hand side is finite.

Proof. 1. For w = u — v, we first show that

.. ao(x) —wolxo—E&h)
lim inf >
hN\O0+ h

0. (A.2)

Indeed, (1.6) yields

— M~ (M+N)=3681lp+ql—5lz+w| < F(—N,—q,—w) — F(M, p, 2).

Since —v is a subsolution of —G(Dzv, Dv, v) = 0, where
G(N,q,w)=—F(—=N, —q, —w),

we can use [2, Proposition 2.14] to conclude that @ = u + (—v) is a subsolution
of

— M~ (D*w) — 8 |Dw| — 8 |o| = 0.
Thus Hopf’s lemma [2, Proposition 2.15] applied to w at xq (recall that w (xg) =

0) yields (A.2).
2. Using the property of lim inf, we rewrite

g L0 —ulo —hE) L V(x0) — v(xo — hE)

limin =
hN\O+ h hN\O+ h
+liminf 200 =@ &0 = hE)
hN\O+ h

which together with (A.2) implies (A.1). O

Proposition A.4. (Parabolic Harnack’s inequality) Suppose that F satisfies the
structural condition (1.6), is proper (1.7), and F(0,0,0) = 0. Let t1, to satisfy
0 < t1 < to. Then there exists a constant ¢, depending only on A, A, 61, 8o, t1, >
and n, such that

sup u<c¢ inf u
D (0.6%1) Ds(0.61)

for any ¢ € (0, 1) and any nonnegative continuous solution u of the parabolic
problem on Q. = B, x (0, 2.

Proof. The main goal is to show that ¢ does not depend on ¢. Let ¢ € (0, 1) and
let u = 0 be a continuous solution of the parabolic problem on Q.. Let us define
the rescaled function u®(x, t) = u(ex, £2t) defined on Q1. We will show that we
can apply Harnack’s inequality to u®.



Nonlinear Elliptic—Parabolic Problems 1013

Let ¢ be a smooth function and suppose that u® — ¢ has a strict maximum zero
at (xg, f9) € Q1. Then u — gol/s has a strict maximum at (gxg, £2fo), and by (1.6)
and (1.7) at (xq, t9),

e (¢ = A* (D) = 811Dg) < &2, — e 2t (D) = 7511 Dy

— (p[l/s ///+(D2 1/8) _ 81 ’D(pl/&‘

< (p F(Dz l/é‘ le/é‘ 1/8) § 0

Therefore, u € (81, 0, 0) as defined in [27].
Similarly, if u — ¢ has a strict minimum zero at (xg, #p), then

e (¢ =~ (D29) + 811Dl + b0 o]
> s*zso, -~ s*zxffw%o) +¢7'81 Dol + 8 lgl

that is, u € . (81, 89, 0).

Therefore, we can apply the Harnack’s inequality [27, Theorem 4.18] to u®,
since its proof relies on the weak Harnack’s inequality [27, Corollary 4.14] and
the local maximum estimate [27, Theorem 4.16], and the function u® satisfies the
hypotheses of both. O

Appendix B. Construction of Barriers

In this section we construct necessary radially symmetric barriers for (1.1) used
throughout the paper, first for fully nonlinear operators and then for the divergence-
type operators.

Appendix B.1. Fully Nonlinear Operator
Given a radially symmetric function ¢ of the form
p(x) =¥ (x]),
its Hessian can be expressed as

1
Do) = |(1—x|@|’2x)w| D+ |2 Lyl

where (x ® x);; = x;x;j.
Note that

(D*¢(x))(x) = x/f”<|x|>x

(D*(xX))(y) = ﬁwm)y forall y,y L x
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Therefore, the eigenvalues of D?¢(x) are

1
ep=-=e1= HW’(IXI), en =" (Ix]), (B.1)

and the eigenvector for e, is \i_l

Example B.1. Indeed, we can express the Laplacian of a radially symmetric func-
tion as
2 n—1 ’ 1
Ap(x) = tr D p(x) = Wlﬂ (IxD) + ¥~ (xD).
Example B.2. If /(o) is increasing and concave, then the Pucci extremal operators
can be expressed as

M (D) = h(n — 1)% 1 Ag"(Ix])

@' (|x)

|x]

M (D*p) = A(n — 1) + 2" (1x]).

Of course, if ¥ (p) is decreasing and convex, we simply swap .#t and .Z ™.

Now we state two propositions that guarantee the existence of barriers used in
the proof of the comparison theorem in Section 3.

Proposition B.3. (Radial solutions) Let F' in (1.1) satisfy (1.6) with given constants
A, A, 81, 8o, and (1.8). There is a constant p. = pc(A, A, 81, n) such that for any
00 € (0, pel, a >0 > b,a+b>0,and & > 0, there exists ¢ > 0 and a radially
symmetric function $(x, t), decreasing in |x|, and the following hold:

(1) @ (respectively —uuQ) is a classical subsolution (respectively supersolution)
of (1.1) forany u > 0 on

K ={x:py—¢<|x| <po+e}x(—¢e),

(ii) |D$™| = a and |DG™| = —b at |x| = py, t =0,
(iii) the zero set moves with velocity @, that is

{x Co(x, 1) = 0} = {x s x] = po +c?)t} for t € (—¢,¢).

Proof. To construct an increasing subsolution of the parabolic problem, we con-
sider the radially symmetric positive function

Q(x, 1) = ct + ¢ (p) = ct +a (p‘V - po_y) +8 (p2 - pé)

for some «, B, ¢, y positive. « and § are chosen so that ¢ is decreasing in p. A
straightforward calculation yields

W =ay(y +Dp 7 24285 0,9 = p (—ayp V2 +28) <0.
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Then, using (B.1) and (1.5), we have at p = pg and t = 0,
¢ — F(D*¢, Do, ¢) < ¢ — ./ (D*¢) + 81 Dol (+8 gl — F(0,0,0))

= c—aGy +1)— @ —1DA—sipo)ye,”
~2B(k+ (n = DA = 810)

=:c—ot — Bna. (B.2)
The term 73 is positive for any pg that satisfy
A+m—1A
0<poS ——F—— =ipc (B.3)
261

Furthermore, for pg in this range, one can choose y large enough depending only
on A, A, §1 and n so that 7 is also positive. If ¢ < Bt as well, we observe that
due to the continuity, ¢ with such parameters is a strict subsolution of the parabolic
problem (and also the elliptic problem) in a neighborhood of {(x, 0) : |x| = po}.

Given a < 0, w > 0 and py satisfying (B.3), we can choose parameters «,
and c in such a way that |D¢| = |a|, Dgp-v =aand V, = watt = 0and |x| = pg.
Indeed, since ¢ is smooth, decreasing in p and increasing in ¢, we can express the
normal velocity V), on the zero level set {|x| = po} att = 0 as

< c
vV — - 1
Dol 28p0 —aypy” !
The conditions V, = w and |Dg¢| = |a| yield ¢ = w]la|. Then we find B

large enough so that ¢ < Bt and a < 2Bpp and, finally, we solve for « > 0
from |a| = |Dy¢| = 2Bpo — ayp, v=1 Therefore, (B.2) is strictly negative on
{(x,0) : |x| = po}, and continuity yields that ¢ is, in fact, a strict subsolution of the
parabolic problem on a neighborhood of this set. In fact, due to th smoothness of v, it
is possible to replace the term ct by the unique smooth increasing function of #, 7 (¢),
with 7/(0) = ¢, which guarantees that {x : ¢(x,17) =0} = {x : |x| = p + wt} for
t in a neighborhood of ¢ = 0, while at the same time ¢ is still a strict supersolu-
tion. Finally, since the right-hand side in (B.2) applied to p¢ is 1-homogeneous in
w > 0, pe is also a subsolution on the same neighborhood.

The above construction also provides a subsolution of the elliptic problem for
any ¢ € Rand 8 = 0. Moreover, function § = —g is a decreasing supersolution of
the parabolic problem or a supersolution of the elliptic problem since .Z~ (M) =
— M (=M). O

The free boundary of a solution of (1.1) can propagate arbitrarily fast in some
situations. In particular, if a supersolution is positive on a boundary of an open
set G, then it will immediately become positive in G, as observed in the proof of
Lemma 3.12. We show this using a barrier constructed in the following lemma in
the form of the fundamental solution for the heat equation in one dimension.

Lemma B.4. Suppose that F satisfies (1.6) with constants ), A, 81, §o. Let G be a
bounded open set and let ¢, 5 > 0 be given positive constants. Then there exists a
classical strict subsolution ¢ of (1.1) on ¥, ¥ :=G x (0, 8], such that @ <con
%, 9(-,0) <00n G and ¢(-,8) > 00on G.
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Proof. We can assume that G # . Let us define d := diam G. By translating G,
if necessary, we can also assume that G C {x : d < x| < 2d}. We shall consider ¢
of the form

2

¢(x, 1) =Y (x1, 1) — &, v = exp [_%}

for suitable constants k, € > 0 chosen below.
First, note that v (-, ¢) is convex for x% > 2kt. Then (1.6) and (1.5) yield

¢ — F(D*¢. Do, ¢) < ¢ — .M~ (D*p) + 81| D$| + 80 ||

= (wt _)"W)qxl +81 |¢x1| +80 |W _8|)
[(x%—zkn(k—m Silul 50} "

[IA

4k2¢2 2kt

By choosing k, 0 < k < min(%, A), we can guarantee that the bracketed quantity
is negative for all ¢ € (0, 28), x1 € [d, 2d].

Observe that ¥/ (-, t) is decreasing when x; > 0. Moreover, for the fixed &, there
are n € (0, §) small and & > 0 such that

2

—1/2¢ [ d :| e < (84 )71/26 |: d> ]
xp|l——— | <e< xp | ——— |,
7 Pl ™ 4 7 P76+

since the left-hand side goes to O and the right-hand side is bounded from
below as n — 0. With this choice of k, n and ¢ we see that ¢(-,7) < 0 in

GC{x:d<x <2d}and¢(.6+n) >00nG.
Now it is easy to verify that the function

o(x.1) = ap(x. 1+ 1)y — %qs(x, t+n)_,

where o > 0 is sufficiently small so that ¢ < ¢ on X, has the properties asserted
in the statement of the lemma. O

Appendix B.2. Divergence-Form Operator
Next, we consider the operator
b(u); =V - (¥ (bu))Vu) =0, (B.4)

where b and ¥ satisfy the assumptions from the introduction. Since this operator is
not positively homogeneous of degree one in u as the Pucci operators, it is necessary
to construct barriers analogous to Proposition B.3 in two steps. In particular, the
barrier of Proposition B.5 is used in the proof of Lemma 3.21. We do not present
a modified version of Lemma B.4, since the barrier for problem (B.4) can be
constructed in a similar way.
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Proposition B.5. For a givenw 2 0, pg > 0 and M > 0, there exists ng > 0 such
that for all n € (0, no) there is a strict classical supersolution ¢ of the divergence
form problem (B.4) on

i={&.0):po+ ot <|x| < po+wt+n, t €(—1,00)},

with T = 20—3) ifwo > 0and 1 = oo if o = 0. Furthermore ¢(x,t) = 0 for

|x| = po + wt and ¢(x,t) > 2M for |x| = po + wt + n.

Proof. Let us set

. wb'(s) | 2(n—1) , @' (b(s))| ' (5)
1 := max >0, ky:= max ————.
s€[0,3M] ¥ (b(s)) 00 s€[0,3M] ¥ (b(s))
(B.5)

Set ng := kl_l. Now we can fix any 1 € (0, 9), and for such 1 choose k > k large
enough so that

k—k2 1 k_k2

i 7 >n and k7! log I <2M. (B.6)
Finally, we choose a > 1 large enough such that
2M < k™ "log(akn + 1) < 3M.
Note that this is always possible since % — % — 1o > nand k~!log % —0

ask — oo,and kn + 1 <
We will show that the function ¢ of the form

k—ko
iyt

log(aks + 1)

p(x, 1) =Y (x| —wt —po),  Y(s) = . . (B.7)

is the sought supersolution of (B.4).
Indeed, recall that |x| > pg/2 and ¢(x,t) € [0,3M) in X. With the help of
ki, kp defined in (B.5), we can estimate

_1

_ wb'(¢) ’ V' (b(p)b' () n N A
W (b(e) Y (b(p)) 4 x| vov
z =y (ki + k') — .

A straightforward differentiation of i defined in (B.7) then yields
S AOICENCTACHERC)

= ) <k
T aks 1\ T P aks 1 1) T ks + 102

k—k
= a a( 2)—k1 >0,
aks +1 \ aks +1

forall s = |x| — wt — pg € (0, ) due to the choice of k in (B.6) anda > 1. O
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The barrier constructed in Proposition B.5 is suitable for the construction of a
barrier for the Richards problem similar to Proposition B.3.

Proposition B.6. For any pp > 0, a > 0 > b,a+b >0 and & > 0, there

exists € > 0 and a radially symmetric function ¢(x, t), decreasing in |x|, and the
following hold:

(1) ¢ is a strict classical subsolution of (1.1) in the divergence form (B.4) on
K={x:po—¢ <|x| <po+e}x(-¢0e8),

(i) |D§| = a and |D§| = —b on |x| = po + wt,
(iii) the zero set of ¢ moves with velocity @, that is,

{x ok, 0)=0}={x:|x| = po+ar}.

Proof. We will use the function constructed in the proof of Proposition B.5. Let
® = & and M = 1. Choose any k > kp, where k, was defined in (B.5), and set
a = a. Let ¥ (s) be as defined in (B.7) and for some § > 0 and t € (-6, §) let us
set

—(s) for s € (=34, 0],

é\)(.x,t) = I l;mz-n 2
W +S fOI'S > 0,

where s = |x| — pp — wt. Then due to the computation in that proof, we can find
& > 0 such that

— ¥ (s) is well-defined and —y(s) £ 1 = M for s € (=6, 0),
— @ is a strict classical subsolution of (B.4) in

{(x,0) s |x| — po —wt € (=6,0), t € (=6,9)},

- |D¢3+| =a, D¢_| = —bon |x| = po + wt.

We finish the proof by choosing ¢ € (0, §) small enough so that

K C{(x,t):|x]| —po— ot € (—6§,00), t € (=6, )}
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