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Abstract

We consider the focusing L?-critical half-wave equation in one space dimension,
a 2
i0;u = Du — |ul“u,

where D denotes the first-order fractional derivative. Standard arguments show that
there is a critical threshold M, > 0 such that all H'/? solutions with |u|| 12 < M,
extend globally in time, while solutions with ||u||;2 = M, may develop singulari-
ties in finite time. In this paper, we first prove the existence of a family of traveling
waves with subcritical arbitrarily small mass. We then give a second example of
nondispersive dynamics and show the existence of finite-time blowup solutions
with minimal mass ||ug|/;2 = M.. More precisely, we construct a family of min-
imal mass blowup solutions that are parametrized by the energy Ey > 0 and the
linear momentum Py € R. In particular, our main result (and its proof) can be seen
as a model scenario of minimal mass blowup for L?-critical nonlinear PDEs with
nonlocal dispersion.

1. Introduction and Main Results

1.1. Setting of the Problem

In this paper, we consider the half-wave equation in N = 1 space dimension
with the focusing L>-critical nonlinearity:

idu = Du — |u|*u,

u(to, x) =up(x), u:IxR—C. (.1

(Wave) [

Here, I C R is an interval containing the initial time #yp € R, and

(DN)E) = & F (&)
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denotes the first-order nonlocal fractional derivative. Equation (1.1) can be seen as
a canonical model for an L2-critical PDE with nonlocal dispersion given by a frac-
tional power of the Laplacian. Let us mention that evolution problems with nonlocal
dispersion such as (1.1) naturally arise in various physical settings, which include
continuum limits of lattice systems [21], models for wave turbulence [4,25], and
gravitational collapse [9, 14]. The defocusing version of this problem is at the heart
of the derivation of asymptotic models of weak turbulence through the cubic Szego
model studied by Gerard, Grellier [15] and Pocovnicu [39]. From a mathematical
point of view, the absence of specific symmetries for evolution problems like (1.1)
(for example, there is no Lorentz, Galilean or pseudo-conformal symmetry) makes
the analysis rather intricate and hence robust (that is, symmetry-independent) argu-
ments have to be found.

Let us review some basic facts about the problem at hand. The Cauchy prob-
lem for (1.1) is locally well-posed in the energy space H'/?(R); see Appendix
D for more details. In particular, we have the blowup alternative that if u €
CO(I; H'2(R)) is the unique corresponding solution to (1.1) with its maximal
time of existence 79 < T < 400, then

T < 4oo implies lim |lu(?)| z12 = +o0. (1.2)
t—T—

Furthermore, Equation (1.1) is an infinite-dimensional Hamiltonian system, which
admits three conservation laws given by

Mass : M (u) =/|u(t,x)|2dx=M(u0),
Momentum : P(u) = / —io u(t, x)u(t, x)dx = P(ugp),

1 1
Energy : E(u) = E/ D2 ul?(t, x)dx — Z/ lu(t, x)|* dx = E (ug).
For the half-wave equation (1.1), one easily verifies that the mapping

1 ,
u(t, x) = Agu(rot + o, Aox + x0)e'”, (Ao, 70, x0) € R x R xR, (1.3)

yields a group of symmetries. In particular, the scaling symmetry leaves the L2-
norm invariant, and hence the problem is mass critical. A classical criterion of
global-in-time existence for H'/? initial data is derived by using the Gagliardo—
Nirenberg with best constant

1
Vu e H'ZR), |ulljs < CullDZull?,ul?,,

which is attained at the unique (up to symmetries) ground state profile solution to
DO+0—-0°=0, Q(x) >0, Qe H’R). (1.4)

Note that the existence of this object follows from standard variational techniques,
but uniqueness of Q, which was obtained recently by Frank and Lenzmann in [10],
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is a nontrivial claim in a nonlocal setting, since ODE techniques do not apply for
(1.4). The outcome is the sharp lower bound on the energy

2
1 u
Vi e H2R), E@) > —/|D%u|2 g el , (1.5)
2 10113
L

which together with the conservation of mass and energy and the blowup criterion
(1.2) implies that initial data ug € H'/?>(R) with

luoll2 < My = Q12

generate global-in-time solutions. For more details about the Cauchy problem (1.1),
we refer to Appendix D below.

1.2. The Local NLS Problem

The structure of the problem is similar to the celebrated mass critical NLS
problem

10;u + Au + |u|%u =0,

1.6
u(to, x) = up(x), u:lxR¥N - C. (1.6

(NLS) [

From Weinstein [43], we recall that initial data ug € H'(RM) with [uo]| 12 <
| Q|2 yield global-in-time solutions, where Q is from [16,24] the unique up to
symmetries solution to the ground state equation

AQ—Q+ Q" =0, Q) >0, Qe H'®RY).
Moreover, solutions with
uo € H' N {xu € L?), uol2 <1102

scatter, that is, they behave asymptotically like free waves, see [6], and this result
has been extended to all L> data with subcritical mass using the Kenig—Merle road
map [18] in [7,19,20]. At the mass critical level, the additional pseudo-conformal
symmetry of (1.6) yields an explicit minimal blowup element:

1 iilx?
St.x) = —5 0 () efe ™. 1Ol =10l (1.7
¥

Merle obtains in [29] the classification in the energy space of minimal blowup ele-
ments; the only H'! finite time blowup solution with mass ||u lz2 = 1Qll 2 is given
by (1.7) up to the symmetries of the flow.

The question of existence and possibly uniqueness of minimal blowup elements
has since been addressed in various settings. The existence of minimal elements can
be obtained for (NLS) on a domain [3] through a brute force perturbative argument.
Similar threshold solutions have been derived for the energy critical problem [8]
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using the virial algebra and without the description of the associated blowup sce-
nario. A robust dynamical approach for the proof of both existence and uniqueness
has been developed by Raphaél, Szeftel [40], for an inhomogeneous problem

i + Au+ k(o) |u|Vu =0,

which is a canonical problem proposed by Merle [31] to break the pseudo-confor-
mal symmetry, and which under suitable assumptions on k does not admit minimal
blowup elements. The existence and uniqueness of minimal blowup elements in
[40] is proved under sharp assumptions of k, which induce a dramatic influence
on the bubble of concentration, and allow one to go beyond the perturbative case
treated in [1]. The argument involves a soft compactness argument using the revers-
ibility of the flow as in [26,28,32], and a mixed Energy/Morawetz monotonicity
formula available at the minimal mass level only to integrate the flow backwards
from the singularity. The robustness of this approach and further developments led
in [34] to the construction of minimal elements for the mass critical gKdV problem

u—+ (uxx + 1)y =0, (1,x) € R x R,

which has been an open problem since the pioneering work [27].

1.3. Statement of the Main Results

We address the question of the existence of nondispersive dynamics, and we
will describe two examples of such dynamics: mass subcritical traveling solitary
waves and minimal mass blowup solutions. In what follows, let 0 € H /2(R) be
the unique ground state solution of (1.4).

A family of mass subcritical traveling solitary waves can be constructed using
variational techniques and adapting the proof in [13]. Also, note that no such ele-
ments exist for the L2-critical (NLS), since initial data with subcritical L2-mass
for (1.6) always scatter to a free wave (see [7,19,20]) and, in particular, no solitary
waves with subcritical mass' exist for (NLS). For the half-wave equation (1.1), we
have the following result.

Theorem 1.1. (Traveling solitary waves with arbitrarily small mass) For all |v| <
1, there exists a profile Q, € HY2(R) such that

ut,x) =0, (x — vt)

is a traveling solitary wave solution to (1.1). Moreover, the mass || Q|| ;2 is strictly
decreasing with respect to |v|, and for any 0 < |v| < 1, the profile Q,, has strictly
subcritical mass:

1Qull2 < [I1QllL2- (1.8)
There also hold the limits:

1Qull2 = 1@l as [v| — 0,
1Qvll2 — 0 as |v] — 1.

' Because of the cancellation || Qeiﬁylle =10l 2 forall B € RN
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A second example of nondispersive dynamics corresponds to a minimal mass
singularity formation. The existence of blowup solutions for (1.1) for which there
is no simple obstruction to global existence as for (1.6) has been an open problem,
and our claim is that we can adapt the strategy in [40], even though dispersion is
nonlocal, and we can build, through a dynamical argument, minimal blowup ele-
ments with a complete description of the associated mass concentration scenario.
The main result is the following.

Theorem 1.2. (Existence of minimal mass blowup elements) For all (Ey, Py) €
R% xR, there exists t* < 0 and a minimal mass solution u € CO([I*, 0); HY/2 (R))
of Equation (1.1) with

lullr2 =1Qll2, E(u) = Eo, P(u)= Py,

which blows up at time T = 0. More precisely, it holds that

u(t,x) — ——0 (x _“(t))e"ﬂ’) —0in L*(R) as t — 0, (1.9)
A2 (1) A1)

where

A =2+ 00, al)=0E), y@) = +0@),

A¥|t]
with some constant A* > 0, and the blowup speed is given by:

C(uo)

1
I1Dzu(®)|| g2 ~ ]

as t — 0.

Comments on the result.
1. Extension: Similar questions can be addressed for the generalized L>-mass
critical problem

idu=Du— u>u, (t,x)eRxR, (1.10)

with fractional power 1 < s < 2. Since nondegeneracy (and uniqueness) of ground
states is also known in this case (see [10]), we claim that our construction of a min-
imal blowup solution carries over verbatim (except for some technicalities when
the nonlinearity |u|*u fails to be smooth). However, the case s = 1 treated here
is critical with respect to many aspects of the problem; in particular, the absence
of any smoothing properties for the propagator e ~? is a delicate issue. For Equa-
tion (1.10), we claim that the associated minimal elements would concentrate an
L? bubble (1.9) at the speed

AE) = A5

The analysis could also in principle be extended to the higher dimensional case,
provided that the ground states are known to be nondegenerate; see [11] for a recent
result in N = 2 space dimensions.

2. On minimal elements: Theorem 1.1 shows that scattering does not occur
below the ground state. This is not so surprising for the half-wave, which is like a
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one-dimensional wave equation. However, the variational setting for the construc-
tion of traveling waves with strictly subcritical mass (1.8) can be adapted to the case
1 < s < 2. This shows a major difference with the mass critical (NLS) with local
dispersion s = 2 and, in particular, that the sharp threshold for global existence
and the sharp threshold for scattering are not the same.

3. Role of the momentum: The construction of minimal elements with nonzero
linear momentum is a nontrivial task, since Equation (1.1) has neither Galilean
boost symmetry [which is an essential feature of (1.6)] nor Lorentz boost symme-
try (which occurs for classical nonlinear wave equation). To overcome this lack of
symmetries to generate solutions of uniform motion, we construct boosted ground
state profiles for Equation (1.1) by a suitable ansatz that incorporates a velocity
parameter v of uniform motion. Let us stress that these boosted ground states have,
indeed, a strictly subcritical L2-mass. As a consequence, the key is to compute the
motion of the generalized boost parameter v and to realize that, in the regime we
are working with, it asymptotically vanishes sufficiently fast and hence does not
perturb the concentration dynamics. A similar issue occurred in [40].

4. Structure of the ground state: An important qualitative difference between
the local problem (1.6) and the nonlocal problem (1.1) is the structure of the ground
state solitary wave, O, which decays exponentially for (1.6), while for the half-wave
equation (1.1) the ground state exhibits a slow algebraic decay:

O(x) ~ (x)72 as |x| > +oo.

Also, the linearized operator close to Q displays a nonlocal dispersion, which makes
the use of spectral estimates as in [22] particularly delicate. Here we will use two
important facts. In [10], despite the nonlocal structure of the problem, the quadratic
form associated to the linearized Hamiltonian is proved to be nondegenerate, and
this is, in fact, an important step of the proof of uniqueness of the ground state.
This nondegeneracy itself is then an essential ingredient in adapting the strategy in
[40] for the construction of minimal elements, which does not require any further
spectral information—Ilike virial-type coercivity as in [35,33].

5. Bourgain—Wang solutions: In [2], Bourgain and Wang show that the mini-
mal blowup element S(¢) given by (1.7) for the local problem (1.6) can be used
to construct mass super critical blowup solutions whose singular part is given to
leading order by S(#), see also [22]. These solutions are shown to be unstable by
“log-log” blowup and scattering in [37]. The extension of this result to the case
of the L?-critical half-wave equation (that is, the construction of similar threshold
dynamics based on the minimal element) is a natural question in the continuation
of this work.

In the present work, our aim is to present a robust and self-contained construc-
tion of minimal blowup elements in a setting of nonlocal dispersion. Moreover,
we believe that the arguments developed here will be of broader interest in the
further understanding of blowup phenomena of PDEs with fractional powers of the
Laplacian.

There are three major questions in the continuation of this work. First, the
question of uniqueness (modulo symmetries) of minimal mass blowup elements is
adelicate open problem for Equation (1.1), and for which we further hope to extend
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the strategy developed in [33,40] to the half-wave problem. Second, one can ask for
the behavior of the minimal blowup element on the left in time, and one typically
expects that the minimal mass blowup element is a connection between scattering
at —oo and blowup in finite time on the right. Again, this is a nontrivial claim in
the absence of an explicit formula like (1.7), and the solutions of Theorem 1.2 are
constructed locally in time only around blowup. This question relates directly to
the description of the phase portrait of the flow around the ground state, O, and the
understanding of threshold dynamics, see [33,34,37]. Finally, the understanding of
the flow below the ground state mass in the presence of arbitrarily small solitary
waves is a very interesting problem.

Notation and Definitions. We use D to denote the fractional derivative of
order s = 0, that is, we set

(D3 )(E) = &1 F(&).

We employ standard notation for L”-spaces and we use
(f,8) = / fg

as the inner product on L2(R). We shall use X < Y to denote that X < CY holds,
where the constant C > 0 may change from line to line, but C is allowed to depend
on universally fixed quantities only. Likewise, we use X ~ Y to denote that both
X <Y and Y < X hold. Furthermore, we use X <, Y to denote that X < C,Y
where the constant C,, > 0 is also allowed to depend on some quantity .

For a sufficiently regular function f : R — C, we define the generator of L>
scaling given by

1
Af = 3 f+xf.
Note that the operator A is skew-adjoint on L2(R), that is, we have

(Af, &) = —=(f. Ag).

We write A¥ f, with k € N, for the iterates of A with the convention that A? f = f.
In the following, we sometimes use the multi-variable calculus notation

Vi=f. Af=f"

for functions f : R — R to improve the readability of certain formulae derived
below.

In some parts of this paper, it will be convenient to identify any complex-valued
function f : R — C with the function f : R — R? by setting

Al _[nf
f_[fz]_[gf]
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Correspondingly, we will identify the multiplication by i in C with the multiplica-
tion by the real 2 x 2-matrix defined as

0 -1
0]
In what follows, regularity properties such as f € H¥(R) (as a C-valued function)
are obviously equivalent to saying that f € H*(R) (as an R?-valued function).
Furthermore, the action of differential operators (such as V, A and D? etc.) on f
is defined in a self-evident fashion.

Throughout this paper, we denote the linearized operator (with respect to com-
plex-valued functions) close to the ground state Q by

Ly o0
=l

with the scalar self-adjoint operators
L.=D+1-30% L_=D+1- 0%
acting on L%(R; R).

2. Traveling Solitary Waves with Subcritical Mass

In this section we prove Theorem 1.1, which establishes the existence and prop-
erties of traveling solitary waves for (1.1). In particular, we will see that traveling
solitary waves with arbitrarily small L2-mass exist, which is in striking contrast to
the L>-critical NLS.

2.1. Preliminaries

Letv € Rwith |v| < 1 be given. By making the ansatz u (¢, x) = e 0, (x —vt)
for (1.1), we find that the profile Q, € HY2(R) has to satisfy

DQy+ Qy+i(v-V)Qy —10,°Qy = 0. 2.1)

Following an idea in [13], we obtain nontrivial solutions Q, € H 1/ 2(R) as opti-
mizers for the interpolation inequality

/|u|4 <c, (/EDM +u(iv - Vu)) (/ |u|2). (2.2)

Note that |[v| < 1 is needed to ensure that fﬁDu 4+u(iv-Vu) > 0foru # 0. Here
C, > 0 denotes the optimal constant given by
1 ([uDu +u(iv-Vu)) ([ lul?)

—_— = inf
Cy  ueH'2(R)\(0) S lul*

. 2.3)

By Sobolev inequalities, we see that the infimum on the right is strictly positive
(and hence C, < 40 is finite). Furthermore, the fact that this infimum is, indeed,
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attained can be deduced from concentration-compactness arguments, which in our
case follow from a direct adaptation of the proof given in [13, Appendix B]. In
particular, optimizers Q, € H 1/2(R) for (2.2) exist, and after a suitable rescaling
0y (x) — aQy(bx) witha, b > 0 they are found to satisfy Equation (2.1). Follow-
ing the terminology introduced in [13], we refer to optimizers such as Q,(x) that
solve Equation (2.1) as boosted ground states (with velocity v) in what follows.
In particular, the unboosted ground state Q,—o(x) = Q(x) is the unique (modulo
symmetries) ground state solving (1.4) above. Finally, we observe that

2 2
C—v=/|Qu| , 2.4)

which follows from the fact that Q, optimizes (2.2) and satisfies Equation (2.1);
see more details on this relation for a similar problem treated in [13]. In particular,
the relation (2.4) shows that two different boosted ground states Q,, and Q, with
the same velocity v must satisfy || Qy |2 = | Qvll;2.

We may reformulate (2.4) as follows. Let the energy functional

1 [_ I [_. 1 4
5v(u)=E/uDu—i—E/u(lthu)—Z/M,

Ev(Qy) =0, (2.5)

and there holds the sharp Gagliardo—Nirenberg interpolation inequality:

1 1 _ . ||M||i2
Yue H2, Eu) > 5(/{uDu+u(lvoVu)}) 1— — 1 206
1Qully,

2.2. Proof of Theorem 1.1

then?

Let v € R with |v| < 1 be given. From the previous paragraph we know that
boosted ground states Q, satisfying Equation (2.1) exist. Due to the behavior of
the problem under spatial reflections x +— —x, we can assume without loss of
generality that all velocities are positive numbers, that is,

0<v<l. 2.7)

Step 1 Sign of the momentum. Let 0 < v < 1. We claim:
v / 0,(iVQy) £ 0. (2.8)

Indeed, assume on Lhe contrary that v - f E(iVQv) > 0 holds. We define the
reflected function Q,(x) = Q,(—x). Note that [|Q,> = [|Q,/* and v -

f év(i VQU) < 0. Since the remaining terms in &, (1) are invariant with respect

2 As follows from a standard Pohozaev integration by parts on (2.1).
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to space reflections, we find that Sv(év) < &,(Qy) = 0. But ||Qv||L2 = 10ll;2
implies £,(Qy) = 0 from (2.6), a contradiction. We conclude that (2.8) holds. In
particular, we see that

/E(NQ,,) <0 for0<v < 1. (2.9)

For the case v = 0, we recall the fact from [10] that (after translation and shift by a
complex constant phase) the functions Q,—o = Q,—0(|x|) are even. Hence, in this
special case, we have

/ 0y=0(iVQy=0) = 0. (2.10)
Step 2 The mass is non-increasing. We claim the monotonicity:
[Qull2 < 1Quliz2 for 0S v <wz < 1. (2.11)
Note that this implies, in particular, the subcritical mass property:
1Qull2 < [IQllf2 for 0 <v < 1.

Indeed, let Qy, and Q,, be two boosted ground states satisfying (2.1) with v = vy
and v = vy, respectively. Since &, (Qy,) = 0 by (2.5), we find using (2.9), if
vy > 0 and (2.10) if v; = 0, that

Eun(Qv) = &y (Qu)) + (v2 — 1)) ./Q_M(NQU]) <0, (2.12)

since v2 — v; > 0 by assumption, which together with (2.6) implies || Qy, I;2 =

| Qv, 2. In the case of equality, || Qy, |72 = | Qv, |12, O, attains the minimiza-
tion problem (2.3) with v;. In particular, the function Q,, satisfies the equation

DQy, + 20y +v2-VQy — 04, 1*Qy =0, (2.13)

with some Lagrange multiplier A € R. On the other hand, by assumption, the
boosted ground state Q,, also satisfies Equation (2.1) with v = v;. By subtracting
the equations satisfied by Q,,, we obtain that

A =1DQy + (2 —v1)-VQy =0.

Since vy # v; by assumption and Q,, (x) — 0 as |x| — 400, we deduce from
this equation that Q,, = 0 holds, which is absurd.

Step 3 Limits. We claim:

10ullp2 = 11Qll2 as |v] — 0,
1Qvllp2 — 0 as |v| — 1.

To show that |Qyll;2 — [Qll;2 as v — 0, we argue as follows. From [§| —
v-& 2 (1 —|v|)|&| for & € R and Plancherel’s identity, we deduce that C, <
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(1 — |v])~'Cy—g for the optimal constants in (2.2). From this simple bound and
recalling (2.4) and the monotonicity (2.11), we deduce the bounds

VI=1IQl2 = 1Qull2 S 1212

whence it follows that || Qy[|;2 = [|Qll;2 asv — 0.

It remains to show that || Q|2 — O as |[v| — 1. It suffices to prove this claim
for v — 1, since v — —1 can be treated in a verbatim way. Let ¢ € H!/ 2(R)
with ¢ # 0 having only positive Fourier components, that is, we assume that
supp @ C [0, +00) holds. For v > 0, this gives us

(D +iv-V)p = (1 —v)Dg. (2.14)

From (2.2) we obtain that

1 [lol*
€= (1 —v)((faw) (f|<o|2))' @1

Therefore C,, - 400 as v — 1. In view of (2.4), this shows that || Q,|[;2 — 0 as
v— 1.
The proof of Theorem 1.1 is now complete. O

Remark 2.1. By uniqueness of the ground state Q and a concentration-compact-
ness argument, one can show from standard arguments that if v,, — 0, then (after
possibly passing to a subsequence):

e Q, (- +y) = Qin H/2(R) asn — +oo0, (2.16)
for some sequences {y,,}°2 |, {yn}re; in R.

For the reader’s convenience, we sketch the arguments showing the convergence
claim (2.16) above. For |v| < 1, we define the functional

(fuDu+uGiv-vVu)) ([ lul?)
Jlul® ’

for u € H'?>(R) with u # 0. Adapting the proof in [13, Appendix B], we see
that every minimizing sequence for [J,(u) is relatively compact in H /2(R) up
to translations and scalings. Moreover, as shown in [10], the functional 7,—o(u)
has a unique (modulo symmetries) minimizer Q, which is the unique ground state
solution satisfying (1.4). Therefore if {u,}>°, C H 1/2(R) \ {0} is a minimizing
sequence for J,—o(u), then (after passing to a subsequence if necessary):

To(u) = (2.17)

anttn (bn (- + yp)) = Qin H'2(R) as n — +o0, (2.18)

for some sequences {a,}o>;, C C\ {0}, {b,};2, C R\ {0} and {y,};>;, C R.

Now, we suppose that v, — 0 and let {Q,,}7°, be a sequence of boosted

ground states. Note that

0,,D0, 1 2
/ 0u DOy For(00) € T,
[ (00, D0y, + 0u,(iv-VQy,)) L= [val 1Q1%,

Jv=0(Qv,) =
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using that |§| — v - & = (1 — |v])|&]| and that Q,, minimizes 7, (1) and (2.4). On
the other hand, we have the obvious lower bound J,—0(Q,,) = J(Q) =2/|1Q ”%2'
Since ||Qyllz2 — 11Q|l;2 as v — 0, we conclude that

Jv=0(Qv,) = Jv=0(Q) as n — +o0.

Therefore {Q,, };’l":l furnishes a minimizing sequence for J,—o(«). From (2.18) and
using the normalization constraints satisfied by Q,, (to see that |a,| = |b,| = 1),
we deduce that (2.16) holds true.

3. Sketch of the Proof of Theorem 1.2

Before we start our analysis, let us make some formal remarks. To construct
minimal mass blowup solutions for problem (1.1), we first renormalize the flow

u(t,x) = 11 v (t, - oc(t)) eV,
A2 () A1)

which leads the renormalized equation:

. 2 As LU ~
idsv — Dv — v + v|v| =17Av+lT-Vv+ysv. 3.1

Following the slow modulated ansatz strategy developed in [23,30,40], we freeze
the modulation equations

and we look for an approximate solution of the form

v(s, y) = Pp(s), P(s) = (b(s), v(s)),

with an expansion

by = Pi(b,v), vs=Pa(b,v), Op = Q)+ Ty p210"b" Pup(y).

Each step requires inverting an elliptic system of the form Lu = f, where L =
(L4, L_) is the matrix linearized operator close to Q which displays a nontriv-
ial kernel induced by the symmetry group. We adjust the modulation equation for
(bs, vs) to ensure the solvability of the obtained system, and a specific algebra leads
to the laws to leading order:

by = 1b2 =—b
5_2,113-— v.

This allows us to construct a high order approximation Qp solution to

b? . . .
i 9 Qp—ibvd,Qp—DQp—Qp+ibAQp—iv- VOp+I0pl?0p=—¥p,
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where Up = OB + vP?) is some small and well-localized error term. Further-
more, we have that the Qp has almost minimal mass in the sense that

/ 10p|* = / 0% + O(b* +v* +v*P).
We now aim at constructing an exact solution of the form

11 [QP(;) + 8] v (t, x——a(t)) eiy(t),

u(t,x) = A0 0

and this amounts to propagating suitable dispersive estimates for . Here, a key
ingredient will be a backwards monotonicity mixed energy/virial estimate which
schematically yields the bound

d|1 Lo =112 ~ =z
7\ ID2ell;2 + llEll; 2 + b3 y-Vee 2> 0 + lower order terms,
! ISt

where the monotonicity in the critical mass regime relies on the coercivity of the
linearized energy only. Using the above backwards monotonicity, we can bootstrap
and apply a soft compactness argument to construct solutions of the form above
such that

2 2 2 2
A~t, bt v~tt el ~

In particular, we deduce that the blowup solutions have minimal mass ||ugl||;2 =
|Qll;2, energy E(uo) = Eo, momentum P (ug) = Pp, and a blowup rate given by

C(uo)
It

In the following Sections 4-8, we will implement the strategy sketched above.
Finally, in Section 8 below, we will state and prove Theorem 8.1, which in particular
yields Theorem 1.2.

1
ID2u(t)|| ;2 ~ as t — 0.

4. Approximate Blowup Profile

This section is devoted to the construction of the approximate blowup profile
Qp with parameters P = (b, v). In what follows, it will be convenient to identify
a complex-valued function f : R — C with the function f : R — R? through
f = [Mf, 3f17, as we have already mentioned above. Correspondingly, we will
identify the multiplication by i in C with the multiplication by the real 2 x 2-matrix

J:[(l) _01]

Employing this notation, we have the following result about an approximate
blowup profile Qp, parameterized by P = (b, v), around the ground state Q =
(0,017
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Proposition 4.1. (Approximate Blowup Profile) Let P = (b, v) € R x R. There
exists a smooth function Qp = Qp(x) of the form

Qp = Q+bRio+vRy1 +bvRi | +b*Rog+ v Ron +b°Ry0+ b*vRy
+b4R4,0 4.1

that satisfies the equation
1
—szza,, Qp —Jbvd,Qp —DQp — Qp +JbAQp —Jv-VQp

+10p1?Qp = —¥p. 4.2)

Here, the functions { Ry ¢}o<x<3.0<¢<) satisfy the following regularity and decay
bounds: -

IRkl + | ARk el + | A’ R el S 1, for m €N, (4.3)
[Ri )]+ AR ()] + A Ri (0] S (X) 72, for x eR. - (44)

Moreover, the term on the right-hand side in (4.2) satisfies
19plan S O (6 +0*P) . V@I S O (67 +07P) (1) 2 (4.5)
form € Nand x € R.

Remark 4.1. The proof of Proposition 4.1 will actually show that the functions
{ R ¢} have the following symmetry structure:

P e [0 g _[cdd
1,0 = | even ’ 0,1 = odd |’ 1,1 = 0 ’

reven even 0
Ry = ] . Rop = [ ] , R3p [ ] ,
L even

These symmetry properties will be of essential use throughout the following.

0 0
By — 0 Ruo — [even]
2’1__0dd » Rao=| 4 |

Proof. We recall the definition of the linear operator
Ly O
L= [ 0 L_:| (4.6)
acting on L2(R; R?), where L, and L_ denote the unbounded operators acting on
L%(R; R) given by
Ly=D+1-30% L_=D+1-0% 4.7)

From [10] we have the key property that the kernel of L is given by

_ vVQ 0
kerL_span”: 0 ]’[Q]] 4.8)
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Note also that the bounded inverse L~ = diag(L_;1 , L:l) exists on the orthogonal
complement {ker L} = {VQO}*+ @ {Q}*.

Next, let Qp be given by (4.1) with the functions { R ¢} to be determined such
that

Lefi-hand side of (4.2) = O (b° + v?P)..
We divide the rest of the proof of Proposition 4.1 as follows.

Step 1 Determining the functions { Ry ,}.

We discuss our ansatz for Q-p to solve (4.2) order by order. The proof of the
regularity and decay bounds for the functions { Ry ¢} (which will guarantee that the
following calculations are rigorous) will be given further below.

Order O(1): Clearly, we have that

DQ+Q-10IFQ =0,

since Q@ =[Q,0]", with O = Q(|x|) > 0 being the ground state solution.
Order O(b): We obtain the equation

LRio=JAQ. 4.9)

Notethat JA Q = [0, AQ] " satisfies JA Q L ker L duetothe factthat (A Q, Q) =
0, which can be easily seen by using the L>-criticality. Hence we can find a unique
solution R; ¢ L ker L to the equation above. In what follows, we denote

Rio=L"JAQ= [L—PAQ] (4.10)

Order O(v): Here we need to solve
LRy =-JVQO. 4.11)

We observe the orthogonality /JV Q = [0, VvO]T L kerL, since (VQ, Q) =0
holds. Thus there is a unique solution Ry ; L ker L, which we denote as

Ry =—-L"'JvQ= |:—L_01VQ]' (4.12)

Order O(bv): First, we note that Q - R; o = Q - Ro,1 = 0. Using this, we find
that R; 1 has to solve the equation

LRi1=—-JRo1+JARy1—JVR;o+2(R10-Ro1)0. 4.13)
Now, we claim that

Right-hand side of (4.13) L ker L. 4.14)
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Indeed, we note that
0 .
R o= s |’ with L_S; = AQ, 4.15)
1
0 .
RO,] = G B Wlth L_Gl = _VQ (416)
1

Therefore the condition (4.14) is equivalent to
VQ,G) —(VO,AG) +(VQ,VS) +2(VQ, 851G Q) =0. (4.17)

To see that this holds true, we argue as follows. Using the commutator formula
[A, V] = —V and integrating by parts, we obtain

—(VOQ.AG) = (AVQ.G1) = (VAQ.G1) = (VQ,Gy)
= (VL_S1,Gy) — (VQ, Gy). (4.18)

Next, since L_ is self-adjoint, we observe that

(VL_F|,G) + (VQ,VF|) = —(L_F|,VG}) — (L_G1,VF}) = (F|, [V, L_1G)
= —(F1,(VO)G)) = —2(VQ, F1G1 Q). (4.19)

By combining (4.18) and (4.19), we conclude that (4.17) holds. This shows that
(4.14) holds, and hence there is a unique solution R; 1 L ker L of Equation (4.13).
Moreover, since Q and F; are even functions, whereas G is odd, we note that

F
Ry | = [ 02i| ,  with some odd function F,. (4.20)

Order O(b?): We find the equation
1
LRyo=—2JRio+ /AR o+ IR1.01>0. 4.21)

Since R10 = [0, S 1T withL_S; = A Q, the solvability condition for R o reduces
to

1
;7 (VO S1) = (VQ, AS) + (VQ, 57 0) =0. (4.22)

However, this is obviously true, since S; and Q are even functions. Thus there exists
a unique solution R, ¢ L ker L of Equation (4.21), which is given by

LTS, — AS) + S?
Ry = [0+ (51 = AS +570) | (4.23)

with L_S; = AQ.
Order O(v?): We obtain the equation

LRy»=—JVRo)+|Ro1*Q. (4.24)
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Since Ro,1 = [0, G1]" and @ = [Q, 0]7, the solvability condition reads
(VQ.VG1) + (VQ.G10) =0. (4.25)

Clearly, this holds true, since G is an odd function, whereas Q is even. Hence
there exists a unique solution Ro 2 L ker L and it is given by

—1 2
Ro = [é+ (VG + GIQ)} . (4.26)

Order O(b3): We notice that Ry o - R2,0 = 0 and we obtain the equation
LR3 o= —JRyo+ JARy 0 +2(Roo- Q)Rio+ [Riol*Rio. (427

Note that the right side is of the form [0, f]T with some nontrivial f. Hence the
solvability condition for Rj3 g is equivalent to

— (0. ) +(Q, AT2) +2(Q, QT2 S1) + (Q. 5;81) =0, (4.28)

where the functions S; and 7 satisfy
1
L-Si=AQ, LiTr=2S—AS+ S2Q. (4.29)

To see that (4.28) holds, we first note that

Right-hand side of (4.28) = —(Q, Ty) — (AQ, T) + 2(T2, Q*S1) + (Q, S351)
= —(Q, ) — (LS, Ty) +2(T3, Q>S)) + (Q, SS)
—(0.T2) — (L1851, T») + (0, 7))

1
—(Q, T9) = 5 (S1, S+ (81, ASD—(S1, S70) +(Q, S78))

1
—(Q.T3) = 5(S1. S0

where in the last step we used that (Sy, AS;) = 0, since A* = —A. Thus it remains
to show that

1
— (@, 1) = 2 (51, S1). (4.30)
Indeed, by using L+ A Q = —Q and the equations for 75 and S; above, we deduce

1
—(Q, 1) = (AQ, 581 — AS1 + s70)

1
3 (L=S1,81) = (L-S1, AS) + (AL, 520)

1 1 1
(51, DSD + (81, S1) = S (51, 0251) — (L_S1, AS)) + (AQ, ST Q).
“4.31)
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Next, we apply the commutator formula (L_ f, Af) = %(f, [L_, A]lf), which
shows that

1 1 1
(L_S$1,ASy) = 5(51, [L_,AlS) = 5(51, [D, A1S1) — E(Sl, [Q%, AlS))

1
= 761 DS + (81, (x - V) QS), (4.32)

using that [D, A] = D holds. Furthermore, we have the pointwise identity

1
—(x-VQ)Q+QAQ=5Q2- (4.33)

If we now insert (4.32) and (4.33) into (4.31), we obtain the desired relation (4.30),
and thus the solvability condition (4.28) holds as well. Note also that R3 o = [0, g]T
with some even function g.

Order O(b*): We have to solve

3
LRyo = —EJR3,0+JAR3,0 +|R20I> Q+2(R1 0 - R3.0) Q +2(Ra0 - Q)Ra o,
(4.34)

where we have already used that R o - Q = R30 - O = 0. Moreover, we readily
see that

Right-hand side of (4.34) = [evg““] 1 kerL, (4.35)

since (g, VQ) = 0 for any even function g € L?(R). Hence there is a unique
solution R4 o L ker L of Equation (4.34), and we have that R4 o = [#, 0]" holds
with some even function 4.

Order O(bv): At this order, we obtain the equation

3
LRy = _EJRI,I +JAR; 1 —JVRy o+ 2(Ry1- Q)Ri0+2(Rio- Ro1)R1 o
+R10*Ro.1. (4.36)
Note alsothat Rjo- O = R1,1 - R10 = Ro.1 - R2,0 = 0. Using the symmetries of
the previously constructed functions, we readily check that

0
Right-hand side of (4.34) = |: ddi| 1 ker L, 4.37)
0

since (g, Q) = 0 for any odd function g € L%(R). Thus there exists a unique
solution Ry 1 L ker L of Equation (4.36), and we see that Ry 1 = [0, g]T with
some odd function g.

Step 2 Regularity and decay bounds. Let m = 0 be given. First, we recall that
1Qlgm <m 1and |Q(x)] < (x)~2 holds. Since, moreover, L_AQ = —Q and
(AQ, Q) =0, we can apply Lemma A.1 to conclude that

IAQIEm S 1, |AQM)] S (x)72 (4.38)
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Next, by applying A to the equation L_A = —Q and using that [L_, A] =
D +2xQ’Q, we deduce

L_{A’Q+AQ+aQ)=—-(2x0 0+ 0HAQ, (4.39)
for any o € R (recall here that L_Q = 0). By choosing o = % and using

the previous bounds for Q and A Q (and hence for x Q' as well), we can apply
Lemma A.1 again to obtain the bounds

IA2Q0m S 1, 1A%Q()] S (x) 72 (4.40)

Having these bounds for O = [OQ, O]T, AQ = [AQ, O]T, and A2 0 =
[A%ZQ,0]" at hand, we can now prove the claimed bounds (4.3) and (4.4) by iterat-
ing the equations satisfied by the functions { Ry ¢}o<;<3 o<, above. For instance,
recall that Ry o = [0, S11T with L_S; = AQ and hence AL_S; = AZQ. Then,
by using the commutator [L_, A] and the previous estimates for {Q, AQ, A2Q),
we derive that

LAY S < 1, ’AkSl(x)‘ < ()72, for k=0,1,2 and m = 0.
(4.41)

Using this and proceeding in the same manner, we deduce that (4.3) and (4.4) hold.

Finally, we mention that the bounds (4.5) for the error term Wp follow from
expanding | Qp|> @p and using the regularity and decay bounds for the functions
{Ry ¢}. We omit the straightforward details. The proof of Proposition 4.1 is now
complete. O

We now turn to some key properties of the approximate blowup profile Qp
constructed in Proposition 4.1 above.

Lemma 4.1. The mass, the energy and the linear momentum of Qp satisfy:

—
Q
ol

|

= / 0* + O0* +v* +vP?),
E(Qp) = elb> + O(b* +v> +vP?), P(Qp) = piv+ O®* + v +vP?).
Here e1 > 0 and p1 > 0 are the positive constants given by
1
e; = E(L—Sl, S, p1=2(L-G1,Gy),

where S1 and G satisfy L_S1 = AQ and L_G = —V Q, respectively.
Remark 4.2. Note that L_ > 0 on QO+ and we have S; L Q and G; L Q.

Remark 4.3. As an aside, we mention that a calculation shows that

/|Q7>|2=/Q2—cv2+0<b4+v7>2),

with some constant ¢ > 0. Hence, the boosted blowup profiles have a strictly
subcritical mass for v # 0 small.
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Proof. From the proof of Proposition 4.1 we recall that the facts that Ry o =
[0, Sl]T, Ro,1 = [0, Gl]T, and Ry 1 = [f, O]—r with some odd function f. Hence
wehave [Q-Ro1=[Q Rio= [ Q- Ry =0.Next, we recall that Ry g =
[T>,0]" satisfies (S1, S1) 4+ 2(Q, T») = 0, as shown in (4.31) above. In summary,
we see that

/IQP|2=/Q2+0(b4+v2+v7?2).

To treat the expansion of the energy, we first recall that E(Q) = 0 and DQ +
Q — Q% = 0 and thus E’(Q) = — Q. Moreover, since we have (Q, S;) = 0 and
(0, G1) =0, we obtain

2|1 1 o« 3
E(Qp)=b IE(SLDSl)-F(Tz,DQ)— E(Q 87 —(Q 1T2)}
+ OB +v* +vP?).

Note also that the term O(bv) vanishes in the expansion for E(Qp), since G| and
S1 are odd and even functions, respectively, and hence (S1, DG1) = 0, etc. Using
that DQ + Q — Q3 = 0 and (4.31) once again, we see that the expression {. ..}
above equals e = %(L_Sl, S1), as claimed.

For the expansion for the linear momentum functional, we observe that P(f) =

2 [ iV fofor f =1[f1, fo]". Hence,

P(Qp) =2b/QVSl+2v/QVGl—i—bz/SlVSl +2b3/T2VS1
+O®* + v +vP?)
=20(L_G1, G1) + Ob* +v* +vP?),

since L_G| = —VQ, and using that [ QVS| = [$VS| = [T,VS; = 0 due to
the fact that Q, S, T3 are even functions. The proof of Lemma 4.1 is now complete.
[m}

5. Modulation Estimates

We start with a general observation: If u = u(z, x) solves (1.1), then we define
the function v = v(s, y) by setting

u(t,x) = ! v (s, Al a(t)) 7, & _ L (5.1
A2 (D) A(1) dr A1)

It is easy to check that v = v(s, y) with y = 2~ H(x — a) satisfies
. 2 A .U ~
idsv — Dv — v + v|v| =17Av+17~Vv+ysv, (5.2)

where we set ¥; = y; — 1. Here, of course, the operators D and V are understood
as D = Dy and V = V,, respectively.
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5.1. Geometrical Decomposition and Modulation Equations

Let u(t) € H'2(R) be a solution of (1.1) on some time interval [fo, 7;] with
t1 < 0. Assume that u(f) admits a geometrical decomposition of the form

_ 1 x — o) iy ()
u(t,x) = —)\%(t) [Q'P(t) + 8] (l‘, —A,(t) )e s (5.3)

with P(¢) = (b(?), v(t)), and we impose the uniform smallness bound
bX(t) + @) + e, < 1. (5.4)

Furthermore, we assume that u(¢) has almost critical mass in the sense that

‘/w(mz—/gz

To fix the modulation parameters {b(t), v(t), A(t), a(t), y(t)} uniquely, we
impose the following orthogonality conditions on & = g1 + i&, as follows:

<A%(), Vi et ). (5.5)

(61, AOp) — (&2, AXp) =0, (5.6)
(61, 0Op) — (&2, HpZp) = 0, (5.7)

(€1, p2) — (&2, p1) =0, (5.8)
(61, VOp) — (&2, VEP) =0, (5.9)
(61, 0,Op) — (&2, 9y Xp) = 0. (5.10)

Here and in what follows, we use the notation

Op =%Xp+iOp, (5.11)
which (in terms of the vector notation used in Section 4) means that
Xp
= . 5.12
Op [979} (5.12)

In condition (5.9), the function p = p; + ip, is defined by

Lipt =81, L_py=2b0S1p1 +bAp1 —2bT>+2v0G1p1 +v-Vp; +vF,
(5.13)

where S, T» and F; are the functions introduced in the proof of Proposition 4.1.

Note that L;l exists on L2, (R) and thus p; is well-defined. Moreover, it is easy

to see that the right-hand side in the equation for p is perpendicular to Q. Indeed,

(0.2081p1 + Apy —2T2) = 2(Q*S1, p1) — (AQ, p1) — 2(Q, T»)
= 2(Q°S1, p1) — (S1, L_p1) + (51, S1)
= —(81, Lyp1) + (81, 81) =0,
using that (Sq, S1) = —2(7T3, Q), see (4.31), and the definition of p;. Moreover,

we clearly see that2QG1p1+v-Vp1+ F> L Q,since G| and F; are odd function,
whereas p; and Q are even. Hence p; is well-defined, too.
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We refer to Appendix C for some standard arguments, which show that the
orthogonality conditions (5.6)-(5.10) imply that the modulation parameters {b(t),
v(t), A1), y(t), (t)} are uniquely determined, provided that ¢ = &1 + i is suf-
ficiently small in H'/2(R). Moreover, it follows from standard arguments that
{b(t), v(t), A1), ¥ (t), a(t)} are C'-functions. See Appendix C for more details.

In the following, we shall often use the shorthand notation ¥ = ¥p and ® =
Op. If we insert the decomposition (5.3) into (1.1), we obtain the following system

1
(bs + §b2) OpXp + (vs +bv) 9, Xp + 0561 — M_(e) + bAey —v - Ve

A
=(— )(AEP+A81)+(——v)'(VEP+V81)+375(®73+82)

+3(Wp) — Ra(e), (5.14)
1
(bs + 5192) pOP + (Vs + bv) 0,0p + dger + M4 (8) + bAer — v - Vey

s
- (— ) (AOp + Aer) + (— - v) (VOp + Ver) — 7 (Sp + 1)

—R(Wp) + Ry (e). (5.15)

Here Wp denotes the error term from Proposition 4.1, and M = (M4, M_) are
small deformations of the linearized operator L = (L, L_) given by

My (e) = Dei +e1 — |Ople1 — 28%e; — 2EpOpes, (5.16)
M_(e) = Des + &2 — |Qpler — 2036, — 2T pOpey. (5.17)
The higher order terms Rj(¢) and R (¢) are found to be
Ri(s) = 3%pe? +20peier + Tpes + |el’ey, (5.18)
Ry(e) = 30pel + 25 pe ey 4+ Ope? + |6, (5.19)

We have the following energy type bound.
Lemma 5.1. Fort € [1y, t1], it holds that
b + vl + lel3,2 S A(Eol + | Pol) + OO + b* + v +vP?).

Here Eg = E(ug) and Py = P (uq) denote the conserved energy and linear momen-
tum of u = u(t, x), respectively.

Proof. By conservation of L%>-mass and Lemma 4. 1 we find that f lul?> = f |Op+
el> = [107 +2%(e, 0p) + [ le]? + OB* + v? + vP?). By assumption (5.5),
this implies

20 (e, Qp) + / le]? = OG2 + b* 4+ v? +vP?). (5.20)

Next, werecall thatv = Q-p+¢ thanksto (5.1) and the assumed formof u = u (¢, x).
Hence, by energy conservation and scaling, we obtain

E(v) = AE(up). (5.21)
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On the other hand, from Lemma 4.1 and by expanding the energy functional,
E@) = E(Qp) +3 (£, DOp ~ [0p0p)
+ % / IDZe? — %/ {IQplz(e% +e3) —28%e) —48pOpee; — 2®pa§}
+0 (lel3ys + Plel 2) (522)
= e1t? +9 (2. DOp — 10p20p)
+ % / ID2g? — %/ {lQplz(s% +63) —25%e; —4TpOpeye; — 2@pg§]

+0 (llelyuyn + el 2 P2 + 6% + 02 +vP?)
(5.23)

where e; = %(L_Sl, S1) > 0. Combining (5.20), (5.21) and (5.22), we find that

1
AEo = b%er +9(e, DOp + Op — 0P 0p) + 5 (My(e) + M_(2))
+0 (llelye + 1832 P + b* + 0% + vP?).

In the previous equation, we note that the linear term in € = &1 4 i&p satisfies

b2
N (a, DOp+ 0Op — |Q7)|2Q7>) = Ts(e, ?apr +bvdyQp —bAQpP +v- VQp)

+O(e(b* + 0% +vP?))
= (Q(b4 +v2+ UPZ),

thanks to the orthogonality conditions (5.6), (5.7), (5.9) and (5.10). Next, we observe
that quadratic form M = (M4, M_) is a small deformation of the quadratic form
given by the linearization L = (L4, L_) around Q. Hence, we deduce

1

b¥er + 3 {(Lye1, €1) + (L-g2, €2)}

=AEq+ O(lel3,0 + b* + 02 +vP) +o(lell3). (524

Next, we recall from Lemma B.4 the coercivity estimate

(Lyer, e1) + (L_g2, £2) = collell3,2

1 2 2 2 2

@ (e1, Q)" + (e1, S1)” + (1, G1)” + (&2, p1)
(5.25)

with some universal constant ¢y > 0 (here recall that L_S; = AQ and L_G| =
—V Q). Note that the orthogonality conditions (5.7), (5.8) and (5.10) imply that

1. 502 =0 (Plel:) . (1, G2=OPel2). (62, 00> =O(P?e]2,).
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Furthermore, from the relation (5.20) we deduce that
1, OF =0 (Iel2:) + 002 + b 42 + vP?).

Combining these bounds with (5.25) and the universal smallness assumption for P
and || g1/2, we obtain that

o
(Lyer,e) + (L_gz, &) = 3||e||i,./2+0<b4+v2+v7?2).

Inserting this bound into (5.24) and recalling that e; = %(L,Sl, S1) > 0 holds,
we derive that

b* + lell3 . S AEo+ OO +b* + 07 + vP). (5.26)

As our final step, we derive the bound for the boost parameter v. Here we
observe that

P(v) = AP (uop),

by scaling and using the conservation of the linear momentum P (u(¢)) = P (ug).
Hence, by expansion and Lemma 4.1 and using the orthogonality (5.9), we obtain

WPy = P(v) = P(Qp) + 20(e, —iV(Sp + iOp)) + N(e, —iVe)
=P+ 0O (b4 + 0> 4P+ ||a||§11/2) :

with the universal constant p; = 2(L_G1, G1) > 0. Recalling that (5.26) holds,
we complete the proof of Lemma 5.1. O

We continue with estimating the modulation parameters. To this end, we define
the vector-valued function

L, - A oy
Mod(¢) := | by + Eb s Vs» m + b, 3 v, v +bv . (5.27)

We have the following result.
Lemma 5.2. Fort € [tg, t1], we have the bound
Mod(r)| S 4% + % + v + 0P + P2l 2 + llel 7z + llel3a-

Furthermore, we have the improved bound

A
=+ b' SB + 0P+ Pell 2 + e, + lelld e
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Proof. We divide the proof into the following steps, where we also make use of
the estimates (C.1)—(C.5), which are shown in Lemma C.1 in the Appendix below.

Step 1 Law for b. We project the Equations (5.14) and (5.15) onto —A®; and
A Xy, respectively. Adding this and using (C.1) yields, after some calculation (also
using the condition (5.6)):

- (bs + %zﬁ) ((L_Sl, S1) + 0(732)) + (0‘T - v) OP)

= N(e, Op) + (Ra(e), AXp) + (R1(¢), AOpP)
—(B3(¥p), AOp) + N(¥p), AXp)

+0 ((P* + prod) ) (el 2 + P?)
Here we also used that (3,2, A®) — (8,0, AX) = (G, AQ)+O(P?) = O(P?),

since G| = —L7! VQ isodd and A Q is even, and hence (G, A Q) = 0. Next, we
recall from Proposition 4.1 the universal constants

1
el = E(L_Sl, S1) >0, p1=2(L_G1,Gp)>0.
Now, by using that
20R(e, Op) = —/ le)? + (/ lul> — / QZ) + OO + v +vP?),

we deduce that
1 ) ) O 1 2
_ (bs 4 §b ) (261 +O(P )) + (7 — v) (5171 + O(P ))
1
_ _E/|g|2+(Rz(a),AEb)—i-(Rl(t?):A@b)

O ((P* + prod() ) (llell 2 + P?) +

2 2
lul2, = 10125

+b4+v2+vP2).

Step 2 Law for ). By projecting (5.14) and (5.15) onto —d, ®p and dp Xp, respec-
tively, we obtain from adding and using (5.7) that

A
(75 +b) (261+0(PY)) + (v + bWOP) = +(Ra(e), 95 Zp)+(R1 (&), 3,05)
10 ((792+|Mod(z)|)(||s||Lz +P) 4+ b0+ v27>) .
Here we also used that (®p, 9,0p) + (Xp, p 2p) = b(S1, S1) + 2b(Q, T>)

+ v(F2. Q) + O(P?) = O(P?), since (S, $1) + 2(T2, Q) = 0 and (F, Q) =0
because is F» is odd. Note also that

—(VZ,0,0) + (VO, 3 %) = —(VQ, S1) + O(P?) = O(P?),

because V Q is odd and S is even.
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Step 3 Law for ¥. Now, we project (5.14) and (5.15) onto —p; and pg, respectively.
Adding this gives us

_ 1 As
70, p1) + OP) = — (bs + 5bz) (51,00 +0P) + (7 + b) OP)

(R2(g), 0pZp) + (R (), 0pOP)
10 ((P2 + Mod (1))l 2 + b + UZP) .

Note here also that (9,0, p1) = (G1, p1) = 0 since G is odd and p; = L;]Sl is
even. Note also that (Q, p1) = (L_S1, S1) = 2e1, which follows from Ly AQ =
— Q and the definition of pj.

Step 4 Law for v. We project (5.14) and (5.15) onto —V®p and V Zp, respectively.
This gives us

(vs + bv) (—Pl + (’)(732)) + (bs + %bz) O(P)

= (Ra(¢), VEp)+(R1(e), VOP)+O ((P2 + IMod (D)) |lell 2 + b° + u27>) )

Step 5 Law for «. Finally, we project (5.14) and (5.15) onto —3,®p and 9, Xp,
respectively. This yields
%) s 2
(bs +3b ) OP) + (52 =) (p1+0P)

= (Ry(e). 3, Zp) + (R1 (), 3,0p) + O ((732 + IMod(t))llell 2 + b* + 02 + UPZ) .

Note that (=AY, 8,0) + (AO, 3,%) = (AQ, G1) + O(P?) = O(P?) holds,
since A Q is even and G is odd.

Step 6 Conclusion. We collect the previous equations and estimate the nonlinear
terms in & by Sobolev inequalities. This gives us

(A+ B)Mod(r) = O ((P2 + Mod() el 2 + lelly2 + el

+

s — 1013, +b* + v + UPZ) .

Here A = O(1) is in invertible 5 x 5-matrix, whereas B = O(P) is some 5 x 5-
matrix that is polynomial in P = (b, v). For |P| < 1, we can thus invert A + B
by Taylor expansion and derive the estimate for Mod(7) stated in Lemma 5.2 [Note
also that we assumed the bound (5.5)].

B4b
derived in Step 2 above. O

Finally, we deduce the improved bound for , by recalling the estimate
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6. Refined Energy Bounds

In this section, we establish a refined energy/virial type estimate, which will be
a key ingredient in the compactness argument to construct minimal mass blowup
solutions.

Let u = u(¢, x) be a solution to (1.1) on the time interval [#y, 0) and suppose
that w is an approximate solution to (1.1) such that

idw— Dw+ |ww =y, (6.1)
with the a-priori bounds
lwllz S 1, IDTwl2 SA72, [Dwllz A" (62)
We decompose # = w + i, and hence i satisfies
idi — Di + (JulPu — [wPw) = —v, (6.3)
where we assume the a-priori bounds
ID*al 2 S 1 D%l S AT, il S A (6.4)
with some fixed ¢ € (0, }T), as well as
M +bl <32 b~az, [l <1, Jeul S A 6.5)
Next, let ¢ : R — R be a smooth and even function with the following properties’

P for 0Sx <1,
¢(x)_[3—e|x| for x =2, 6.6)

and the convexity condition
¢"(x) =0 for x =0. (6.7)
Furthermore, we denote
1 , _
F) = lul*, fa)=luPu, F'@-h=%Rfwh.

Let A > 0 be a large constant (to be chosen later) and define the quantity

2
Tau) = /|D’~|2 /'”' /[F(w+u) F(w) — F'(w) - il]

- ~=
([ avo (152) i) -

Our strategy will be to use the preceding functional to bootstrap control over
||t || 1,see Lemma 7.1, and then to invoke a separate argument to improve control

over || D2 +8ﬁ |Iz2. In the following lemma, control over the latter norm will help us
bound certain error terms.

3 Since ¢ (x) is even, it clearly suffices to consider non-negative x = 0.
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Lemma 6.1. (Localized energy/virial estimate) Let J4 be as above. Then we have

d% - —%3 (/ wzﬁ) —Sﬁ(/ w,(2|ﬁ2|w+ﬁ2w))
|u|2 +o00
zx/ ﬁ/ */_/ M(
1 b oo
8A2k3/ f/ A% ( )|u5| dx ds
+bm(/Av¢( A_A )(2|u|2w+u W) - Vw)
~ 14 2 —o
+~\s(/[—1)w—7+(2|w| v —w w)+lev¢( = )-vw
b X —« —
+ig o (57) ]7)

+ O (MY 122 + 2712 +logh (24 Nl ;L) )

) |Vu5| dx ds

Here we denote iiy = = u with s > 0.

Proof of Lemma 6.1. We divide the proof into two main steps as follows.

Step 1 Estimating the energy part. Using (6.3), a computation shows that

I |M|2 ~ /
dti /|D - /[F(w+u)—F(w)—F(w)' ]]

1. Y 3
:m(a,u, Du+Xu—(f(u)—f(w)))—ﬁ/lul2

—9t (atw, Fa+w) — fw) = [/ -0)

N

<
N—

1 1 -
= -3 (w, (Dii + i = (f () - f(u)))) — 23 (fa - @,

s 10 = (B T w0y = ) — )

] - 1 [
= —:s(l/f, Dii + —it — 2|w?ii — ﬁwz))— —/:ﬁwz
x x
2)\2/| 2 —‘R 3tw (Wit +2w|u|2))

-3 (w— it (fw i) — f(w) = f(w)- u)) o (drw, @)
(6.9)
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where we denote f'(w) - i = 2|w|*i + w? ii. From (6.5) we obtain that

2 |u|21Ab~2 "20
W 2= 53 Out )||u||L2—ﬁ ==+ 0 (Nl
(6.10)
Next, we estimate
a3 1 7 ~
S(¥ =i (Fw+a) = fw) = f/w) i)
1. —— — ——
=13 (1// — Xu, @@%w + 2|a|?w + |u|2u))‘
S Ul +rl||ﬁ||Lz>||ﬁ||26<||w||Ls - ||ﬁ||m)
2
S Uyl +27! ||u||Lz>||u|| Sl za S+ 25)
SV, + A7 a2 + il (6.11)

using the interpolation estimate || |6 < || f ||§{-/13/2 Il f ||1/ >inR together with the

assumed a-priori bounds (6.2) and (6.4). For the cubic terms hitting d;w, we use
the equation for w and the bounds (6.2) and (6.4). This leads us to

‘/ dw|i i

~12~ RENTEATE ~n3
S lwll gl il gys + lwllsllilye + 1l g2l e

1/2 5/2 ~ ~ ~ ~
Wn i) i ||H/./2+ =Nl g2 0% A+ 19 N2 a0 30 a2
Sl + Ml (6.12)

Here we use the bound
1 1/2 5/2
NP Fll s S MFPNID3 Fllgs S U2 sI|D2f||L2 S I ! ||f||h{1/2,

which follows from Sobolev embedding, the interpolation estimate || f || ;s < || f || 14
||f||H|/4 in R, and the fractional chain rule | D* F (u)||, < | F'(u)llp, ||D‘u||p2

any F € C'(C)with0 <s < 1land 1 < p, p1, p2<oosuchthatp _p——i——
We now insert (6.10), (6.11) and (6.12) into (6.9). Combined with the assumed
a priori bounds on i, we conclude

i[l/m il + /'”'2 /F( +ii) = F(w) — F'(w) ~]]
dt 2 w u w w)-u
_ 2
- _%3 (/ w2ﬁ2) — % (/ w,(2|u2|w+u2w)) /'”'
+3 (/ [—Dw — % + Qlw|*y — w2$)] 5)

+ OGNV, + Al + il
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Step 2 Estimating the localized virial part. We set

~ X —U
Vo(t, x) = bAv¢>( )

= (6.13)
Then we obtain
1d ( -
T (bo (/ AV (Ak) Vuu))
- %s (/(alvas) : Wﬁ) + %s (/ V- ((Va,ﬂ)5+ Vﬁa,ﬁ)) .
(6.14)

Using the bounds (6.5), we estimate

AV| S 10 +b |+ 2 el S 14 2B+ 4B+ ) S 1,6.15)
a,AqS‘ <Al (6.16)
Hence, by Lemma F.1, we deduce that
(/(3zV¢) Vﬁﬁ)‘ < Nl e TA 1Ilull (6.17)
Now, we turn to the second term in (6.14) containing the time derivative of iz. To
handle this term, itis expedient to write this using commutators [A, B] = AB—BA.
Moreover, it is convenient to adapt the notation

p=—iVy (6.18)

in the following, and hence D = |p|. Using (6.3) and that D = D™ is self-adjoint
a calculation yields that

1 ~ - - 1 _ ~ ~
53 (/ v - ((Vatﬁ)ﬁ+Vﬁ8,ﬁ))=—Z§}i (/u [—i|p|, Vé-p+p- Vqs] ﬂ)
—b%R (/(|u|2u — lwPw)AVé (x — “) -ﬁ)

———‘R (/(|M| u—|wl w)A¢< )| | )

—b% (/ wv¢( A_A ) -ﬁ) - ﬁm (/qus (xA_/\“)E). (6.19)

Next, we rewrite the commutator by using some identities from functional calculus
Here, we recall the known formula

f sm(nﬂ)

6.20
x—l—s (6.20)
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forx > 0and 0 < B < 1. Using this formula and the spectral theorem applied to
the self-adjoint operator p?, we readily obtain the commutator formula

[Ipl*. Bl =

sm(rr(x/Z) /+°° o ’ 1
2 . B ds, 6.21
2+ [p ]p2+s s (6.21)

for any 0 < o < 2 and any (possibly unbounded) self-adjoint operator B whose
domain contains S(R). In particular, we deduce that

1
(19196 p4 98] = & [ 5 [2V6 pt 93] s
(6.22)

Next, we recall the known formula

[P2.V6 -+ p- V| = —4ip- Adp +i8%, (6.23)
for any smooth function ¢ on R. We now define the auxiliary function

g (t, x) \/7 ! i (t, x), fi 0 (6.24)

=,/—= LX), T . .
ust, x ﬂ—A—i—su X or s >

Hence, by construction, we have that iz solves the elliptic equation

2
— Al + sily = \/;u (6.25)

Note that the integral kernel for the resolvent (—A + s)~! in d = 1 dimension is
explicitly given by ﬁe’ﬁ lx=>I Hence, as an aside, we remark that we have the
convolution formula

ug(t,x) =

—/slx=yl d 6.26
_m/ u(t,y)dy. (6.26)

Recalling that Vg (z, x) = bAV¢ ( ) and using that (p? 4 5)~! is self-adjoint
and the definition of iy, above, as well as Fubini’s theorem, we conclude that

_gm(/u[ ilpl.Vé-p+p- W’] ) 211/+00f/ A¢(
i [ e {t)ares

(6.27)

)quxlzdxds
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Next, we estimate the terms in (6.19) that are cubic and higher order in . Using
the fractional Leibniz rule as well as the bounds (6.4), (6.5), (6.2), we find that

bR (Av¢ ( ) Qlia)Pw + a°w + |a)|*i) - w)

Yo0u( [ ag (222 littw + @0 + jilia
53 0] e lu|“w + uw + |u|“u)u

~2 7 ~ ~ ~ 7 ~12
Sl IV@liLeellil oo (il oo +lwll Loo) +Nall 1 IV llLee il g lwll . 1
H?2 H2 H?2

~ ~ ~ ~ 1 . ~
il V@I Nl (il 2o + wllze) + 272l lwl o + ] 70)
<Cngz(2+wwnHuQ|mnH”»+x za.4nunlﬂuunz++mnz”umn;>
S O(log? (2 + ||L~l||;1/z) W”Hl/z) + )\1”1/7”111/2 +)\7||’/~¢||H1/2

< Odlog? (2+ Nl ) Nl ), (6.28)

where we have again exploited Lemma D.1 as well as the assumed a priori bounds
on ||11||H 1 Moreover, we also used the fact that, by Lemma D.1 and by the

bounds (6.2) and (6.5), we have [[i[l 12 [| V|l Lo [wll o S A2 -b- 272 logA| <

PR [log A| < 1. Furthermore, note that ||V<5I|H1/z
checked by calculation.
Next, we consider the terms in (6.19) that are quadratic in &. Integrating by

parts, we obtain
) ﬁ) (6.29)

_b‘}‘(/“w( ) V”)‘--‘h(/was( -
([ w52 ) o

Moreover, an integration by parts yields that

—bm(/Aw( = )(2|w| i+ wi) - w)
—%gm (/ Ag (’CA_A“) Qlw|?ii + wzﬁ)ﬁ)
= bR (/AV¢>( m )(2|u| W+ 1°W) - Vw) (6.31)

Note that A¢ is not present on right-hand side of the previous equation and that
the quadratic term is different from those appearing on the left-hand side.

< 1 holds, which can be easily

~
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Finally, we insert (6.28), (6.29) and (6.31) into (6.19). This yields, together
with (6.27) and another integration by parts, the following equation

Y ( [ vé- (voini + vaoia
56(/ ¢>~(( )i+ utu))

ﬁ f/ A¢ |Vu| dx ds

éAis/mf/Az (%
+bm(/Av¢( )(2|u|w+u ).W)
+3 (/ [ibAVqS (”AA ) vwwﬁm( A;‘)w}ﬁ)

+0 (log? (2+ Il 512) 1 132) -

where i is defined in (6.24). This completes the proof of Lemma 6.1. O

) Iusl dx ds

7. Backwards Propagation of Smallness

We now apply the energy estimate of the previous section in order to establish a
bootstrap argument that will be needed in the construction of minimal mass blowup
solutions. Let u = u(t, x) be an even solution to (1.1) defined in [7y, 0). Assume
that 7y < #; < 0 and suppose that « admits on [7y, ;] a geometrical decomposition
of the form

_ 1 x —o(t) iy ()
u(z,x)_—ﬁ(t) [Qp(t)+s](t,—m) )e , (7.1)

where ¢ = g + ie; satisfies the orthogonality conditions (5.6)~(5.10) and b +
|v| + ”5”21/2 < 1 holds. We set

- _ 1 x — o) iy ()
u(t,x) = )\%(t)g (t, 0 )e . (7.2)

Suppose that the energy satisfies £y = E(u) > 0 and define the constant

€l
Co=.—, 7.3
0 E (7.3)
with the universal constant e = %(L_Sl, S1) > 0. Moreover, let Py = P(uq) be
the linear momentum and define the constant
Py
Dy = —, (7.4)
P1
with the universal constant p; = 2(L_G1, G1) > 0.
We claim that the following backwards propagation estimate holds.
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Lemma 7.1. (Backwards propagation of smallness) Assume that, for some t; < 0
sufficiently close to 0 and some ¢ € (0, JT) fixed, we have the bounds

2> = 1013, < 22,
i i () 12 Lo 1
||D2u(r1>||iz+M—tl)“5A<rl>, D3 a2, S A3 ()
2
t 3 bty 1 v(t)
A — | Sar), | — —| S, — Do| S A(tn).
4Cy a2 Co A1)

Then there exists a time ty < t1 depending only on Co and Dg such thatVt € [1g, t1],
it holds that

1 la@lz. L llaelz.
ID2a())?, + ——— L T Slpa G [P a—— T RO
1D a2, S 4270,

t? 3 by 1 ‘
A — — | <A2(n), v <A

(1) i 2(1) o G o~ Do S

Proof. By assumption, we have u € CO([to, 111; H/2T¢(R)). Hence, by this conti-
nuity and the continuity of the functions {A(t), b(¢), «(t), v(¢)}, there exists a time
to < 11 such that Vr € [f9, t1] we have the bounds

lillz2 < KA@), lla@) gz = K)»%(t), (7.5)
CIGTINTE o X} (7.6)
12 3 b(t) 1
AE) — —| < KA (), — | < KA, (17)
4¢3 A%(t) Co
YO bl < ki, (1.8)
O ‘

with some constant K > 0. We now claim that the bounds stated in Lemma 7.1
hold on [fy, t1], hence improving (7.5) — (7.8) on [tg, 1] for typ = t9(Co) < t1 small
enough but independent of 7. Here we first improve the bounds (7.5), (7.7) and
(7.8), and we defer the improvement of the technical bound (7.6) to the appendix.
We divide the proof into the following steps.

Step 1 Bounds on energy and L?-norm. We set

w(t, ) = 0, %) = —— Opy (x_—“(”) e (7.9)
.

2(n)

Let J4 be given by (6.8). Applying Lemma 6.1, we claim that we obtain the fol-
lowing coercivity estimate:

dda S b

Tz 3 [ 0 (tog (2 W) 1l + K43). .10)
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For the moment, let us assume that we have already proven that (7.10) holds. By
Sobolev embedding and the smallness of ¢, we deduce the upper bound

1 | B
134l S UDZal72 + —llill 7. (7.11)
Note here that, by Lemma F.1, we have the bound
% /AV¢ YN vaa)l < itk + L (7.12)
~ A)\‘ ~ L2 )\ L2- .

Furthermore, due to the proximity of Op to Q, we derive the lower bound

o= [t s [ i - -
A=3 D2 5 o (F(w+u (w) (w) - it)

b_ avo (=2 . viz
(o () o)

1
=5 [(L+81, e1) + (L_e2, ) +0(||8||§11/2):| > C)L—O [I|8||§11/2 — (e1, Q)Z] i
(7.13)

using the orthogonality conditions satisfied by ¢ and the coercivity estimate for the
linearized operator L = (L4, L_). On the other hand, using the conservation of
the L?-mass and applying Lemma 5.1 [and in particular (5.20)] we combine the
assumed bounds to conclude that

%(e, Qp)| < ||e||§z+xz(r>+‘/|u|2—/|Q|2 S llella + K222@).

(7.14)
This implies
(e1. @) S o(llell72) + K*2* (o). (7.15)
Next, we define
| a7,
X(@t) = |D2a) )%, + —L=. 7.16
(1) = 1D + = (7.16)

By integrating (7.10) in time and using (7.11), (7.13) and (7.15), we find
X(t) < X()+K*? ! 2 it i 2 4372
S X(0)+KA7 () + log2 (2 + [lull 10 ) Nu(D g1 e +K7272(z) ) dT
1

1

< X(t) + K230 +/ log? (z + X(r)—%) X (1) dr,
t

for t € [tg, t1] with some 1y = 15(Cp) < #; close enough to #; < 0. By Gronwall’s

inequality, we deduce the desired bound for X (¢). In particular, we obtain

la@)11;

X(0) = ID2 A%, + T)L S, Vi€, nl, (7.17)
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which closes the bootstrap for (7.5).
Step 2 Controlling the law for the parameters. From Lemma 5.2 and using (7.7)
and (7.17), we deduce

b+1b2+
)

A
Ts—kb' <Az (7.18)

As a direct consequence of this bound, we observe that

b by+ 102 b (A
(_1) _btat b (_S +b) <t (7.19)
r2/s A2 227 \ A
Hence, for any s < s1, we have
1 1 R DR
———( )<———(S1)+ XZ(S)dS S A(s). (7.20)
Co 3 Co 2 s

Note that we used here that A(7) ~ 12 by (7.7) and the relation df = 2~ 1ds, as

well as the assumed initial bound for |b/A% (t) — 1/Cp| at time ¢ = #1. Next, by
following the calculations in the proof of Lemma 5.1 and recalling that 5> 4 [v]| ~ A

thanks to (7.7) and (7.8) and ||¢||? 2 < A2 by (7.17) and scaling, we deduce

b*e; =XE0+(/|u|2—/Q2)+O(A2), (7.21)

where e; = 2(L Sy, S1) > Ois a universal constant. Since [ [u|*>— [ 0* = O(1?)
and recalling the definition of Cop > 0 above, we deduce that

& 1—(b 1)(b+1)—0(x) (1.22)
v\ GJ\us o G/ ) '
Furthermore, from (7.20) we see that )\,L/z 2 1. Hence, we obtain the desired bound
b 1
— - =S A (7.23)
2z Co

We conclude using (7.7), (7.18):

1 1

—A =b 012_— O(\2 z4—7 o
z+()c+(+)c+()

Dividing by A2 ~ |[t|, integrating in [f, #;] and using the boundary value at £,
ensures

~

1 t
A2(t) — —| <
(1) ZCO)

1 I 3 2
A2() — — |+ 0@) <,
(t1) 2C0‘ ) <

and the desired bound for A follows.
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Next, we improve the bound (7.8). In fact, by following the calculations in the
proof of Lemma 5.1 for the linear momentum P (1) and recalling that b + |v| ~ A
thanks to (7.7) and (7.8), we deduce

vp1 = APy + O(\?), (7.24)

with the universal constant p; = 2(L_G1, G1) > 0. Here we also used that
lell? 2 < A2 by (7.17) and by scaling. Recalling the definition of Dy = Py/p1,
we thus obtain

v(t)

— — Dy

0 S (). (7.25)

This completes the proof of Step 2, assuming that the coercivity estimate (7.10)
holds true.

Step 3 Proof of the coercivity estimate (7.10). Recall that w = Qis givenin (7.9).
Let K4 () denote the quadratic terms in & on the right-hand side in the equation in
Lemma 6.1, that is, we put

Kata) = =33 ([ wiie) = ([ wiio+ )
Iul2
/ / \/_/ A¢( )|Vus| dx ds
~+00
4A2)»3/ \/_/A(ﬁ( )|Ms| dx ds
+o% (/AV¢>( A_A )(2|ﬁ|2w+ﬁ2w).ﬁ).

Recall that the function i, = IZY([ x) with the parameter s > 0 was defined in
2

Lemma 6.1 to be i1y, = A+ u. Recalling that u(f, x) = A~ 12, 27 1x), we

now claim that the followmg estimate holds:
Ka@) 2 75 / le]* + O(K*27?), (7.26)

with some universal constant ¢ > 0.
Indeed, from Lemma 5.2 and estimate (7.5) we obtain that

IMod(r)| < K2A2(r). (7.27)

Using this estimate, we find that w = Q satisfies

~ ; 1 A a bl o X —a
8,Q=e”’([)m|:—fApr+iy;Qb+b; QP—F t&—i'VQP]( )

ob ov A

_(L:2)5 %) vh 172
_(A+2A)Q+b( . ) VO + 0K,
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recalling also that y; = y; — 1 and % = A~!. Note that we also use the uniform
bounds [, 0pllzx S 1, 19, Qpli~ < 1 and the fact that [b,| < K. /] S K,
which can be seen from (7.27), (7.7) and (7.8). Hence,

o (/ 5,010 + ;,25)) = 3 (/ 0QIaR0 + a@)
—%m ( / Q20 + fﬂE)E)
—b% (/ (%) Qli20 +i20) -V_Q)
+OKA ell72).

Note here that, in order to deduce the bound on the error term, we use that
_ 2=l K _
‘/O(Kx I/Z)IMIZQ‘ S 5 llellz. = OKA™ lellz2),

thanks to the bound || Q|| 7« < A~ /2 and the scaling relation i (¢, x) = A~ "/2¢(z, 2~
(x —)). Going back to the definition of K4 (1) and expressing everything in terms
of e(¢, x) = AY20(t, Ax + «), we conclude that

+00
Kait) = [/ f/A«p |V€s|2dxds+/|8|2

242

- / (0P + 25262 + 45 0e12 + (| 0| +20%)2)

1
4A2/ I/A ® |es|2dxds

+ 20 AVo (=) —x) 2lel?0p +°0p) - VOP
A

+OKA ell7,).

Next we note that AV¢ (x/A) — x = 0 for |x| < A and we estimate

‘/ (ave () —x) @ePor +£*0p) v—Qp\

S IA + XD QP poepzap IV QPN Nl
< A+ |x|
1+ |x|?

2 2
lell; < leelle,
L®({|x|2A})

where we use the uniform decay estimate |Qp(x)| < (x)~2 and the bound
IVOplre S 10pll g2 < 1. Furthermore, thanks to Lemma B.3, we have

+o0 ) 1 )
A2/ I/A 6 (%) lesP dras| < Llela. (7.28)
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Recalling the definitions of L1 4 and L_ 4 in (B.1) and (B.2), we deduce that

b 1
Ka(it) = 2 [(L+,A<91, e) +(L_ ae2,8)+ 0 (Z/ |8|2)]
1

+)L3/2

OKA Y2 |e]2,).

Next, we recall that b ~ A2 due to (7.7). Hence, by Proposition B.1 and choosing
A > 0 sufficiently large, we deduce from previous estimates that

1 1
Kal) 2 575 [/|s|2—<el, Q>2] 2 m/'g'”")(“w% (7.29)

where the last step follows from (7.15). This completes the proof of (7.26) and Step

3.
Step 4 Controlling the remainder terms in %3 4. We now control the terms that

appear in Lemma 6.1 and contain . Here we recall that w = Q and (6.3), which
yields

v = l3 [i (bs + lbz) WOp —i (k +b) AQp +i (vs+ bv)3,0p
A2 2 A
—i (S =) - Vop+70p+vp] (?) 7.

Here Wy is the error term given in Proposition 4.1. In fact, by the estimates for Op
and Wp from Proposition 4.1 and recalling (7.27), we deduce the rough pointwise
bounds

1 X —o -2
k < 242 _
‘v l/f(x))wkg+k< - > K22, for k=0, 1. (7.30)
Hence,
VR |2 S K2217%, for k=0,1. (7.31)

In particular, we obtain the following bounds

Mylz, S K92, (7.32)

. X —o . b X—o -

1 . _1 .
S A2V lallal 2 + 2721l e a2

llel? s
< K22 el < 0(—3L2 + K422, (7.33)
A2



100 JoAcHIM KRIEGER ET AL.

As in [RSz], the rough bound (7.30) is not sufficient to control the remaining terms
with ¥ in Lemma 6.1. In fact, we have to exploit a further cancellation as follows.

Write ¥ = ¥ + ¥ with ¥, = O(P|Mod| + b°) = O(A%), that is, we denote
1 1, A A
v =— |- bs+§b S1—1 T—i_b AQ — (vg + bv) Gy

i (2 -v) - ve+ne] () e
A Vs A '
Let us first deal with estimating the contributions coming from . Indeed, since
|b|2 + |v| ~ A we note that Y = O()\%) satisfies the pointwise bound

1
—k

_ -2
. <x O‘> K23, for k=0, 1. (7.34)
% A

[Vhy20| 5

Hence,

IV yall2 S K223, for k=0, 1. (7.35)

Therefore, we obtain, as above,
2 — | =
3 (/ [—Dwz -2 4 Gy, - wzw} u)‘
< (1992l + 27 12l + 2l lwls) el 2

llell?
3L2 + K4k%,

A2

1
S K2 el S o(

which is acceptable. We finally use the fact that i) belongs to the generalized null
space of L = (L4, L_) and hence an extra factor of O(P) is gained using the

orthogonality conditions obeyed by ¢ = ¢1 + iez. Indeed, we find the following

bound
N ¥ 2 27\ | =
3 —Dvyr| — T + Qlw|* Y —w ) [ u

o}
S —|M°Az(t)| [I(e2, L-SDI + (62, L-GD)| + (62, L- Q)] + O(Plle]| )]
1
e

As I oy
=+ b/ [e1, Ly AQ)| + 75 | T — o] 1, L+ 7 Q)

5
| KZxllell 2 + A2 |
< K22 |lell 2 + % (Km el + K2A2)

2
&
B (A
A2

which is an acceptable bound. Here we used (7.27) once again and |P| < A%,

as well as (e2,L_S1) = (&2,A0) = OPlel2) and (e2,L_Gy) =
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—(e2,VQ) = O(P|lell;2), thanks to the orthogonality conditions for ¢. More-
over, we used that L, VQ = 0 and Ly AQ = —Q together with the improved

bound in Lemma 5.2, combined with the fact that |(e1, Q)] < A% llell 2 + K222,
which follows from ||¢]|;2 < A and the conservation of L?-mass leading to bound
(7.15) above.

Finally, we recall (7.26) and we insert all the derived estimates for the terms
involving ¥ in Lemma 6.1 and we conclude that the coercivity property (7.10)
holds.

Step 5 Bounds on || D%”ﬁ(r) lz2. This step is detailed in Appendix E.
The proof of Lemma 7.1 is now complete. O

8. Existence of Minimal Mass Blowup Solutions

With the results of the previous sections at hand, we are now ready to prove the
following main result, which in particular yields Theorem 1.2.

Theorem 8.1. Let vy, xo, Po € R and Ey > 0 be given. Then there exist a time
to < 0 and a solution u. € C°([1y, 0); H%“(R)) of (1.1) with some 0 < ¢ < 21;
such that u. blows up at time T = 0 with

E(uc) = Eo, P(uo) = Py, and |ucllz2 = 11Qll 2.
Furthermore, we have ||D%uc(t)||Lz ~t|" ast — 07, and uc is of the form

X —ae(t)
Ac(t)

1 : .
ue(t, x) = — [QPc<r)+80](t’ )elyC(t):Qchuc,

12 (@)

with P.(t) = (bc(t), v (1)), and & satisfies the orthogonality conditions (5.6)—
(5.8). Finally, the following estimates hold:
1
lclle S Aes Niicllgre S Aé,
12 30 b 1 Ve
he(t) = —5 =0@0¢), —@) — — =00, —@)—Do=0(0),
4C5 32 Co Ae
Cc
4C? 1 3
ve() = ==L + 10+ O05), aet) =x0+ 002

Here Cy > 0 and Dg € R are the constants defined in (7.3) and (7.4), respectively.

Proof. We use a compactness argument; see also [32,26,40] for such compactness
techniques.

Let#, — 0~ be a sequence of negative times and let u,, be the solution to (1.1)
with initial data at ¢ = 1, given by

1 x —o,(ty)\
Un(tn. ) = —— 0P, 1) (W) i), (8.1)
A (t) e
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where the sequences P, (t,) = (b, (tn), v, (t,)) and {y,(t,), , (t,)} are given by

balt) = = i) = ) = o — 250 (8.2)
n\In) = Cg» nn—4cg» Ynlln) = Y0 ln’ .
D()t2
v (ty) = Z_C(;l, ap (ty) = xo. (8.3)
By Lemma 4.1, we have
/ | (t)|* = / 02+ 0@h, (8.4)

and u(t,) = 0 by construction. Thus u,, satisfies the assumptions of Lemma 7.1.
Hence we can find a backwards time #( independent of n such that for all ¢ € [#g, t,)
we have the geometric decomposition

X — oy (1)
An (2)

u,(t,x) = op,0 (t, ) + i, (t, x), (8.5)

A (1)

with the uniform bounds (with some fixed ¢ € (0, }‘)) given by

[P L1
||D2”n||L2 on () S An(0), (8.6)
1D i,12, S A%, (8.7)
ba(®) 1| _ 12 3 Un (1) ‘
— | S @), ) — —5| S A2 ), — Do < hn(0).
A%(t) S An(0) () il 0] @) 0 (0
(8.8)

Next, we conclude that {u, (19)},2 | converges strongly in H 1/2(R) (after passing to
a subsequence if necessary). Indeed, from the uniform bound || (f) || g1/2+e S 1 we
can assume (after passing to a subsequence if necessary) that u,, (f9) — u, weakly
in H*(R) for any s € [0, % + ¢]. Moreover, we note the uniform bound

d
dt/XR|un| ‘/un[XRalD]un

with a smooth cutoff function xg(x) = x(x/R) where x(x) = 0 for |x| < 1
and x(x) = 1 for |[x| = 2. Note also that we used the commutator estimate
Ixrs D22 S IVxrIlLe; see, for example, [5,41]. By integrating the pre-
vious bound from # to #y and using (8.1)—(8.2), we derive that the sequence
{un (10)};2 is tight in L2(R). That is, for every § > O there is a radius R > 0
such that f\xIZ & |1n (t0)]*> < & for all n > 1. Combining this fact with the weak

convergence of {u, (to)}f;‘;l in H*(R), we deduce that

(8.9)

>u|~

S IVl lunl;> <

un (fo) — uc(to) strongly in H*(R) for every s € [0, = + ). (8.10)
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Thus, by the local wellposedness (see Appendix D), we obtain that
un(t) = uc(t) strongly in H'2(R) for 1 € [19, T,), (8.11)

where T, > ft¢ is the lifetime of u, on the right. Moreover, u,. admits for ¢t <
min{7;, 0} a geometrical decomposition of the form stated in Theorem 8.1 with

bu(t) = be(t), vp(t) = ve(@), An(t) = Ac(@®), yu(t) = ye(®), an(t) = ac(?),
(8.12)

and {b.(1), v (), Lc(2)} satisfy the bounds stated in Theorem 8.1. Moreover, we
derive the bounds for ||it,||;2 < Ac and ||ie || 12 S )LC% . In particular, this implies
that u.(¢) blows up at time 7. = O such that ||D%Ltc(t)||i2 ~ 2N ~ 172
as t — 0. In addition, we deduce from LZ%-mass conservation and the strong
convergence that

luellpz = Hm_lu, ()l 2 = 1Qll2-
n——+00

As for the energy, we notice that

b2
E(uc(1)) = )\—ca +o(l)> Ey as t > 07,

c

by the choice of Cy and b, (#,) and A,(z,). By energy conservation, this implies
that

E(u.) = Ey.
Also, we observe that

Puc() = %m +o(l)=> Py as t— 07,
C

by our choice of Dy and v, (¢,) and X, (¢,). By momentum conservation, this shows
that

P(u.) = Py.
Next, we recall the rough bound
[(Vn)s| S An-

Therefore, using that ds/dt = 21 and the estimates for Ans

d( 4G _ ! ) 4C3hn
dt y}’l t _)\,n )/n N t2

Integrating this bound and using (8.2) and A, ~ ¢2, we find

4C2

1
(Yn)s — | =

e

<1

i3 %
vu(t) + - = +00S),
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whence the claim for y, follows, since we have A, ~ 2. Finally, we recall the
rough bound ‘% + vn‘ < Ay,. Integrating this and using the bounds for v, and
An, we deduce that

_ (an)s
= i

d
‘a(an_x()) S,)‘n+|vn|§)¥n-

Integrating this bound and using (8.3), we find that

3
o, (1) = x0 + O(A¢),

which shows that the claim for «.(¢) holds.
The proof of Theorem 8.1 is now complete. O
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Appendix A. Decay and Smoothing Estimates for L and L_

In this section, we collect some regularity and decay estimates concerning the
linearized operators L_ and L.

Lemma A.l. Let f, g € H*(R) for some k > 0 and suppose f L Q and g 1L Q'.
Then we have the regularity bounds

-1 -1
ILZ fllgenr Sel fllges TLE gl gen Sk gl aws

and the decay estimates
I LT fllzee S I Fllzee, 1) LT gllzoe S 11(x) fllLe.

Proof. Itsuffices to prove the lemma for L~ [, since the estimates for Ljr] g follow
in the same fashion.

To show the regularity bound, we can (by interpolation) assume that £ € N is an
integer. Let g = L~! f, and thus

Dg+g= 0%+ f.

Note that Q € W5*°(R) for any k € N by Sobolev embeddings and the fact that
Q € H*(R) for all s = 0. Applying V¥ + 1 to the equation above and using the
Leibniz rule and Holder, we find that

gl st ~ 1OVE+ D(Dg + @ll2 Sk 10 oo llgllgge + 11 f e (A1)
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Note, in particular, that ||g|l;2 = ||L:lf||L2 < 1 fllz2 holds, since L_ has a
bounded inverse on Q. Hence (A.1) shows that the desired regularity estimates
are true for k = (. By induction, we obtain the desired estimate ||L:l Sl g Sk
| f1| g« for any integer k € N.

To show the decay estimate, we argue as follows. Assume that || 27 L> < +00,

because otherwise there is nothing to prove. As above, let g = L”! f and rewrite
the equation satisfied by g in resolvent form:

1, 1
=pri¢¢t ot

8

Let Rx —y) = F ”(ISIﬁ)(x — y) denote the associated kernel of the resol-

vent (D + 1)~'. From [10] we recall the standard fact that R € L”(R) for any
1 < p < o0. Since f € L%(R), this implies that (R * f)(x) is continuous and van-

ishes as |x| — o0o. Moreover (see, for example, [10] again) we have the pointwise
bound

1
0<R(@) < —5, for|x| = 1.
|x|?

Using this bound and our decay assumption on f(x), it is elementary to check that
(R + f)(0)] < min{l, x| 72},
Using this bound, we can bootstrap the equation for g, using that Q2 (x) is continu-
ous and vanishes at infinity; we refer to [12] for details on a similar decay estimate.
This shows that |g(x)| < (x)~2 as desired. O
Appendix B. Coercivity Estimates for the Localized Energy
In the following, we assume that A > 0 is a sufficiently large constant. Let ¢ :

R — R be the smooth cutoff function introduced in Section 6. For e = &; +iey €
H'/2(R), we consider the quadratic forms

o0
LiaGen) :=/ ﬁ/¢;;|wls|2dds+/|sl|2—3/Q2|sl|2, B.1)
s=0
o0
L_ A(£2) :=/ Oﬁ/MIVszslzdxder/|82|2—/Q2|€2I2, (B.2)
5=
where ¢’y (x) = ¢”(x/A). As in Lemma 6.1, we denote

[2 1
Ug = 4/ — u, fors > 0. (B.3)
T —A+s

We start with the following simple identity.
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Lemma B.1. For u € HY2(R), we have

oo
1
/ Oﬁ/ Vus|*dds = | D2ull7. (B.4)
§=

Proof. By applying Fubini’s theorem and using Fourier transform, we find that

+o00
K:O \/§/|Vus|2dde= //s . (52 )2|§-| I (§)| de

=/IEIIM($)I d§ = I|D2f||L2,
which shows the claim. O

Remark B.1. Clearly, the proof of Lemma B.1 shows that

—/ f/w% 2dxds = | DY 2u||L2, for ueSMR), (B.5)

with any exponent « € R, provided that for « < 0 we also impose that (&)
vanishes identically in a neighborhood around & = 0.

Next, we establish a technical result, which shows that, when taking the limit
A — 00, the quadratic form [ >, /s [ ¢/ |Vug|* dx ds + ||u||i2 defines a weak

topology that serves as a useful substitute for the weak convergence in H'/?(R).
The precise statement reads as follows.

Lemma B.2. Let A, — +o00 and suppose that {u,}7> | is a sequence in H'2(R)
such that

+00
/ ﬁ/d);g,,W(un)sde ds + [lunll72 < C.
s=0

for some constant C > 0 independent of n 2 1. Then, after possibly passing to a
subsequence of {u,},> |, we have that

up — u weakly in L*>(R) and u,, — u strongly in L?. (R),

loc

and u belongs to H'/*(R). Moreover, we have the bound

+00
1Dl < timind [ 5 [ 94, 19 dxds
=0

+oo /s
Proof. Let ¢ € S(R) be a smooth cutoff function in Fourier space that satisfies

s [1 forfel <1,
“‘9_[0 for €] = 2.

For any u € H'2(R), we write u = u' + u" with
at=ca, a"=Qa-20oa.
Recall the definition (B.3), we readily notice the relations
@y = @y @y = @)

Hence, we can use the notation u = (ul); and u = (u); in the following.
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Step 1 Control of ul Let X € C(‘)>o (R) be a smooth cutoff function such that

) = 1 for|x| <1,
XX =10 for x| > 2.

For any R > 0 given, we set

xw) =1 (%)

We now claim the following control: For any R > 0, there exist constants Cr > 0
and Ag = Ag(R) > O such that VA = Ag and Vu € H%, we have

1 o0
/|Df<xRu”>|2 < Cg [/ Oﬁ/¢g|ng|2dxds+||u||§2]. (B.6)
§s=

Indeed, from definition (B.3) we see that

2
—AGRU")s + 5 (ru"s = [ —xru
On the other hand, an elementary calculation shows that
—A(XRM?) + SXRM? = XR(—AM? + sui’) —2Vxg - Vuﬁ’ — M?AXR

[2
= ;)(Ruh — 2V xR - Vui’ — M?AXR.

Therefore, the function
w' = \/g {Ceruys = xrut] (B.7)
satisfies the equation
—Aw® +sw® = \/g {ZVXR uﬁ' + U?AXR} .
Hence, we deduce the bound
Jivwr s [1we s [{i9envudi+ o)

and, by using the Cauchy—Schwarz inequality, we conclude that

/|Vw‘|2+s/|uﬁ|2 < Cg [/| - |Vu(;|2+/ u§l|2], for s>1, (B.8)
xX|S2R

: c
/|Vw5|2+s/|w5|2 < TR{/|VM?|2+/|M?|2,, for 0<s<1. (B.9)
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Next, we apply identity (B.5) while noting that %" (£) = 0 for |£| < 1. For some
sufficiently large A > Ao(R), we thus obtain

+00 +0
/ ﬁ/|VwS|2dxds < CR/ Vs / |Vuf|2dx+/|uf|2dx ds
s=1 s=0 |x|<2R

oo 7 k2 - h2
Cr| | 5 [ #avalPards + 10721,
S=
+o0
Cr [/ . ﬁ/¢£|vM?|2dxds+||u||iz],
s=|
1 1 2N 7h2
1
/ ﬁ/|VwS|2dxds §CR/ ﬁ Md%‘ds
s=0 K

AN

N

s ] T erER?
1 2
ds 1+ |&] B2 5
gcR/ & "2 dé ds < Crllul.
=0 /s IE* L2

Using (B.4) and the previous bounds, we find that

1 +00
ID2 (xru"2, = / ﬁ/ IV (xru")s|* dx d
5

=0

+00 +0o0
5/ ﬁ/\w|2dxds+/ ﬁ/|V<XR(uh>s)|2dxds
s= s=0

=0
+00 +oo
< Cr [/ ﬁ/¢;;Wuf|2dxds+||u||iz]+/ S5 [P axas
s=0 5s=0
+00
< Cr [/ ﬁ/¢;4\Vu?|2dxds+||u||iz].
Js=0 .
This completes the proof of estimate (B.6).

o0

Step 2 Conclusion Let {u,}]
we have for all A > O that

+00 +oo 1
/ ﬁ/¢XIV(ui,)s|2dxds é/ ﬁ/mu;)sﬁdxds = |D2ul, |17,
s=0 s=0

2
< Cllug |3, £ C.

| satisfy the assumptions in Lemma B.2. By (B.4),

Here we used the frequency localization of ufl in the last step. Thus the assumed
bound in Lemma B.2 ensures that

400
/ Ng / #) V@, [P dxds < C. (B.10)
5s=0

We therefore conclude from (B.6) that, for all R > 0, the {un}z"=l is a bounded
sequence in H'/?(Bg) and L*(R). Hence, by a simple diagonal extraction argu-
ment, we can find u € L?(R) and we can assume, by passing to a subsequence if
necessary, that

up, =~ uin LE(R) and u, — uin HY2(Bg) forall R > 0.
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2
loc

By the compactness of the Sobolev embedding H'/?(R) — L
that

(R), we also have

u, — uin L? (R).

loc

It remains to show the “weak lower semicontinuity property” given by

“+o0 400
||D%M||iz=/ ﬁ/IVuslzdxds < liminf/ \/E/cbx |V (un)s|* dxds.
s=0 n—>+00 s "
(B.11)

Indeed, we first we note that

X —

1 _ _ y
V(uy)s _ slx—yl 2(0)dy.
(u)(x)_—ﬁ/e r y|u (y)dy

Since u,, — u weakly in L?(R) and e‘\mx—y‘ﬁ € L% (R) for any x € R, we
thus obtain

V(uy)s(x) = Vug(x) pointwise on R forany s > 0.

Next, by the Cauchy—Schwarz inequality, we derive the uniform pointwise bound
—J5|- C
IV @a)s @1 S lle™ M2 lunll 2 S <7
N

using that ||u,||;2 £ C by assumption. Let 0 < ¢ < 1 and B > 0 now be given.
By the dominated convergence theorem, we deduce that

1/¢ 1/¢
/ Js |[Vuy|*dxds = lim Vs |V ()5 | dx ds
N

j=¢ 1x|<B n—>+00 Jo_¢ Ix|<B

< Tim Hoo " 2
< liminf s Py, |V (un)s|” dx ds,

n—+oo [o_q

where in the last step we used Fatou’s lemma and the fact that ¢Xn (x) = 0 satisfies
limy,— 400 ¢>xn (x) = 1 for all x € R. Since the previous bound holds for arbitrary
0 <& < 1and B > 0, we conclude that

| +00 +00
IDZu|?, =/ \/§/|Vus|2dxds §liminf/ ﬁ/¢;§ |V (un)s|* dx ds.
s=0 n—>+00 Ji—0 !
The proof of Lemma B.2 is now complete. O
Proposition B.1. Let L s(e1) and L_ 4 (g2) be the quadratic forms defined above.

Then there exist universal constants cy > 0 and Ay > 0 such that, for all A 2 A
andall e = &1 +iey € HY2(R), we have the coercivity estimate

(L4 ae1.€1) + (L a82,82) = Co/ le|*

1
- {(81, 0) + (e1, S1)* + (e1, G1)* + (e, ,01)2}
co

Here S1 and G| are the unique functions such that L_S; = AQ with S1 L Q and
L_G1 = -V QwithGy L Q, respectively, and the function py is defined in (5.13).
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Proof. It suffices to prove the coercivity bound

1
(L_.a2,82) = co / le|* — 5(82,/01)2, (B.12)

since the corresponding estimate for L 4 follows by the same strategy.
To prove (B.12), we argue by contradiction as follows. Suppose that there exists a
sequence of functions {u,}°, in H'/>(R) with

/|un|2= 1 s p1) =0, B.13)

as well as a sequence A, — +o00 such that

+o0
/ ﬁ/¢;§n|un|2dxds+/|un|2—/Q2|un|2 go(l)/|un|2,
s=0

where o(1) — 0 as n — oo. By applying Lemma B.2, we find (after passing to
subsequence, if necessary) that

(B.14)

u, — u weakly in LZ(R) and u,, — u strongly in L? (R). (B.15)

loc

But since Q%(x) — 0 as |x| — oo, we easily check that [ Q?|u,|*> — [ Q?|ul>.
Moreover, from (B.14) and [ |u,|> = 1 we deduce that [ Q*[u|*> = 1 must hold.
In particular, the weak limit # 0 is nontrivial. However, by the weak lower semi-
continuity inequality in Lemma B.2 and the fact that lim inf, oo [ |un|? = [ |u/?,
we deduce that

(L_u,u>=/|D%u|2+/|u|2—/Q2|u|2§o, where (i, p1) = 0.
(B.16)

Since u s 0, this bound contradicts the coercivity estimate for L_ stated in Lemma
B.4 below. O

‘We conclude this section with a bound for the error term in localized virial estimate
needed in Section 6.

Lemma B.3. Forany u € L2(R), we have the bound

+o00 4
/ ﬁ/¢g)|us|2dxds
s=0

Remark B.2. Note that a naive application of (B.5) would formally yield the bound
| [Zo V5 [oPlus?| S A72ID~12u)7,. However, we have that [| D~2u]| 2 =
400 holds in d = 1, unless & (&) vanishes appropriately in & = 0. In fact, the proof
of Lemma B.3, below, involves some more careful analysis.

1
2
S Xllulle-
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Proof. First, recall that ¢/ (x) = ¢” (%) and hence ¢ (x) = ﬁqﬁ(“) (%)- Now,
we split the s-integral as follows

+
e / f/¢(4) |us|2dx ds =t I<p + 1>, (B.17)

where A > 0 is some given number, and we consider
Iy = A2/ f/qs(“) |ug|? dx ds, I>)

+
= A2/ f/¢(4) lug|? dx ds.

Since ﬁqb(“) /A=A, (¢® (y/A)), we can integrate by parts twice and use the
Holder inequality to deduce that

A
1<a] < 16P [ 5 (18l lzz + 1132 ds

5=l
A 2
5/ Vs ‘ u ds
s=0 L2 LZ
A
ds
< (/ Om) 7> < VAl
§=

To estimate />, , we simply use the bound ||u|l;2 < sV u |72, which shows that

v

L2 —A+S

u
—A+s

1
u
—A+s

+oo (s 11
‘I>A‘ S |I¢(4)IIL°° (/ N s3/2') lall7> < pﬁllulliz. (B.18)
s=

Thus, we have shown that, for arbitrary A > 0,

1
|Left-hand side of (B.17)| < (JX + — (B.19)

1 2
A2 Jx lluelly 2
By minimizing this bound with respect to A, we obtain the desired estimate. O

We conclude this section with the following coercivity estimate for L = (L_, L. ).

Lemma B.4. (Coercivity estimate) There exists some universal constant ¢y > 0
such that, for any ¢ = 1 +igp € HY? (R), we have that

(Lye1.€1) + (L_g2,£2) = collell3;)2

1
S (GHOSI GRS CHENE S CNES

Here Sy and G| are the unique functions such that L_S; = AQ with S1 L Q and
L_G| = -V QwithGy L Q, respectively, and the function py is defined in (5.13).
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Proof. From [10] we recall the key fact that the null spaces of L and L_ are given
by

ker Ly =span{VQ}, kerL_ = span{Q}. (B.20)

Then, by following arguments in [44] for ground states for nonlinear Schrodinger
equations, we deduce the standard coercivity estimate

1
(Lyer.en) + (L_gz. £2) Z cillellf — - {1,007 + (1. VO)* + (e2. 0)*}
(B.21)

foralle = &) +iep € HY 2(R), where ¢; > 0 is some universal constant. Here
¢+ = ¢4 (x) > 0 with ||¢1] ;2 = 1 denotes the unique ground state eigenfunction
of Ly, and we have L ¢, = e ¢ with some ey < 0 (we refer to [10] for a
detailed discussion of the spectral properties of L and L_).

To derive the coercivity estimate in Lemma B.4 from an estimate of the form
(B.21), we can use some arguments that can be found, for example, in [36] in the
context of NLS. For the reader’s convenience, we provide the details of the adap-
tation to our case. To prove the desired coercivity estimate, we can that assume
e=¢1+ie € Hl/z(R) satisfies

(e1, 81) = (&1, G1) = (&2, p1) = 0.
Define the function & = &; 4+ i&; € H'/?(R) by setting
E=¢—aAQ—ifQ—yVO,
where «, 8, ¥ € R are chosen such that
(E1,¢4) = (62, Q) = (1, VQ) = 0.
Indeed, we see that

e L) @20 1LY
409" " (@0 T VoV

where we also used that (A Q, V Q) = 0 holds, since Q is even, and (¢+, VQ) =0
since VO € ker L, and ¢ € ran L. Next, recall that L ¢, = e ¢4 with
er <0and Ly AQ = —Q. Hence (AQ, ¢4) = —i(Q, ¢4) > 0, by the strict
positivity of Q > 0 and ¢4 > 0. On the other hand, the orthogonality conditions
satisfied by ¢ = &1 + iep imply that

I G _ (00 N (61,G1)
(AQ, S’ Q. p1) (VQ,Gy)’
where we also use that (AQ, G1) = (VQ, S1) = 0, since Q and S| are even and

G is odd. Note that L_S; = AQ and hence (AQ, S1) = (L_S1, S1) # 0, and
(VQ,G1) = —(L_-G1,Gy) < 0because of L_G{ = —V Q. Furthermore, recall
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that Ly py = Syand L1 AQ = —Q.Thus (Q, p1) = —(AQ, §1) = (L-S§1, 1) >
0 again. In summary, we find

1 A
el S éllg2 = Kllellge,

with some universal constant K > 0. Now, since (AQ, Q) = (VQ, Q) = 0 and
LiAQ=—Qaswellas Ly VQ =0and L_Q = 0, we obtain

(61, 0) = (61, Q), (Ly&1,81) = (Lyer, &) +aler, Q), (L_&, %)
= (L_&, &).

By the previous relations and estimate (B.21), we conclude

(Lyer,e1) + (L_g2,82) = (Ly&1,81) + (L_&2, &) —a(er, Q)

1
a2 2 2
2 cillelyie —aler, Q) = collell g2 — a(gla ),

with some sufficiently small universal constant cg > 0. O

Appendix C. On the Modulation Equations

Here we collect some results and estimates regarding the modulation theory used
in Section 5.

Appendix C.1. Uniqueness of Modulation Parameters

First, we show that the parameters {b, v, A, «, Y} are uniquely determined if ¢ =
g1 +isy € HY2(R) is sufficiently small and satisfies the orthogonality conditions
(5.6)—(5.10). Indeed, this follows from an implicit function argument, which we
detail here.

For§ > 0,let Ws = {w € H'/2(R) : |w — Qllg1/2 < 8}. Consider approximate
blowup profiles Qp with |P| = |(b, v)| < n, where n > 0 is a small constant. For
we Ws, A1 >0,y €R, y; € Rand |P| < n, we define

1
Enyrnbo (V) =eMATwhy — y1) — Op.
Consider the map o = (01, 02,03, 0%, 05) defined by
ol = ((S)\Iy}’la)’lvb»U)l’ A®p) — ((8A1,y|,y1,b,v)2, AXp),
02 = ((Ex1151.0.0)15 B6OP) = ((E31.31.31.6:0)2. B EP),
(73 = ((Skl,yl,yl,b,v)lv p2) — ((8A1,y1,y1,b,v)Za p1),

ot = (b1, VOP) — (83 31715002, VEP),
0 = (a1 51915001 wOP) — ((Eay 3115025 D ZP)-
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Recall that p = p; + ipy was defined in (5.13). Taking the partial derivatives at
(A1, y1, y1, b, v) = (1,0, 0,0, 0) yields that

&1, y1.y1.b.v Aw d&n1.y1.01.b.v — _Vu d&n1.y1.01.b. —iw
dA1 a1 1
38;L , b BSA b
1,YL,Y1,b,v 5 . 1L,YLY1LbY
_—_—m— = —1 —_—————
b bQP|7D:(O’0) S1,

= _81) Q'P|'p:(0’0) = _ile

where werecallthat L_S; = AQ and L_G| = —V Q. Note that Sy is an even func-
tion, whereas G is odd. At (A1, y1, 1, b, v, w) = (1,0,0,0, 0, Q), the Jacobian
of the map o is hence given by

do!
Emn
9o
N
903
N
9ot
En
9o
N

:0’

9o _ do'! —0 do'! — (51 L_S)) 90! _0
R I T A
do? 9o 2 do?
= —(L_S..S). =0, =, =0, =,
ay 1 v
903 9o 903 903
-~ :0’ = — B y a7 =07 -~ =07
P oy~ QP Py
9ot —0 do? do? _ (L_G1.G1)
Byl - £ 8‘}/1 - 9 ab - £ — 17 1 £
do? 9o 9o
2 (-GG, =0 AR}
ay1 ayi v

Note that we also used here that Q and S| are even functions, whereas G is odd;

for example, we have (Q, G1) = 0 etc. Moreover, we note

—(Q.p1) = (L+AQ, p1) = —(AQ. Lyp1) = —(AQ, S1) = —(L-S1, S1).

Therefore and since (L_Si,S;) > 0 and (L_G1,G;) > 0, the determinant of
the functional matrix is non zero. By the implicit function theorem, we obtain
existence and uniqueness for (A1, yi, Y1, b, v, w) in some neighborhood around

(1,0,0,0,0, Q).

Appendix C.2. Estimates for the Modulation Equations

To conclude this section, we collect some estimates needed in the discussion of the
modulation equations in Section 5.
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Lemma C.1. The following estimates hold.

(M_(g) —bAe; +v-Ver, AOp) + (M4 (g) + bAey —v - Ve, AXp)

= —%(e, Op) + O(P*|lell2). (C.1)
(M_(e) —bAe1 +v-Ver, 0pOp) + (M4y(e) + bAey — v - Ve, 0p2p) (C.2)

= O(P*|lell12).
(M_(g) —bAe; +v-Ver, p2) + (M4(e) + bAey — v - Ve, p1)

= O(P*|lell12). (C3)
(M_(e) —bAe1 +v-Ve,VOp) + (Mi(e) +bAer —v-Ver, VEP)

= O(P*|lell12). (C4)
(M_(e) —bAe1 +v-Vey, 0,0p) + (My(e) + bAey —v - Ve, 0, Zp)

= O(P*|lell12). (C5)

Proof. First, we recall that
Mi(e) = Lie) = 25pOpey + O(Pe),
M_(s) = L_gr — 25pO@pe; + O(P%e).
We divide the proof of (C.1)—(C.5) as follows.
Proof of estimate (C.1). Furthermore, we notice the identity
L_AS; =—8+2(A0)0S + AQ + A?Q. (C.6)
To see this relation, we recall that L_S; = A Q and hence
L_AS, =[L_,AlSi +AL_S; = DS; +2x0'0S; + A*Q
= =851+ 0781 + AQ +2x0'0S1 + A%Q
=—51+2(AQ)0S1 + AQ + A%Q,
as claimed. In a similar fashion, we deduce from L_G{ = —V Q that
L_AG1=—-G1—VQ+2(A0)0G — AVQ. (C.7)
Next, we recall that
ASp =AQ+OP?, AOp =bAS| +vAG| + O(P?).

Combining (C.6) and (C.7) with this fact and using that Ly AQ = —Q, we find
that

Left-hand side of (C.1) = (e1, L+ AQ) + b(e2, L_ASy) +v(e2, L_AGY)
—2b(QS162, AQ) — 20(QG1€2, AQ) — b(e2, A2 Q)
+ (82, VAQ) + O(P?|le]l;2)
= —(e1, Q) — b(e2,81) —v(ez, G) +b(e2, AQ) —v(en, VO)
+O(P el 2)
= —%(e, Qp) + OP?ell}2).
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Here, we alsoused thatb(er, AQ) = (’)(7?2||8||Lz) andv(ep, VQ) = (’)(7)2||8||Lz),
which follows from the orthogonality conditions (5.6) and (5.9), respectively. This
completes the proof of (C.1).

Proof of estimate (C.2). Here we argue as follows. From the proof of Proposi-
tion 4.1 we recall that

WSp =2bT> +vF>, 00p =S + OO,
where

1
LyTo =581 = ASi + 510, LiF,=G|—AG|+ VS +2G5 0.

Using these facts, we compute
Left-hand side of (C.2) = (g2, L_S1) — 2b(S1 Qe1, S1) — 2v(e1G1 Q, S1) + b(er, ASt)

—v(e1, V1) +2b(e1, L+ T2) + v(er, L F2) + O(P? el 12)
= (2, AQ)—2b(e1, STQ)—2v(e1, QG1S1)+b(er, AS)—v(er, VS)

1
+2b(ey, 351 = ASi+ S20) +v(e1, G1 — AG| + VS| +2G5,0)
+OP el 12)
= (e2, AQ) — be1, AS1) — v(e1, AG1) + v(e1, G1) — +O(P|lell2)
= (&2, AZp) — (1, AOp) + O(P?|e|l 12).

In the last step we also used that v(e1, G1) = O(P?|¢|| 12), thanks to the orthogo-
nality condition (5.10). This completes the proof of (C.2).

Proof of estimate (C.3). We now turn to the proof of estimate (C.3). Indeed, by
recalling (5.13), we find that
Left-hand side of (C.3) = (2, L_p2) + (¢1, L+ p1) — 2b(e2, OS1p1) — 2v(82, OG1p1)
—b(e2, Ap1) + v(e2, V1) + O(P?lell 1 2)
= 2b(e2, OS1p1) + b(ea, Apy) — 2b(e2, T2) + 2v(e2, QG 1p1)
—v(e2, Vp1) —v(ea, F2) + (€1, S1) — 2b(ez, OS1p1)
—2v(e2, QG1p1) — blez, Ap1) + v(e2, V1)
+O(P el 2)
= —2b(e, T2) — v(ea, F2) + (21, S1) + O(P? ]l 12)
= —(e2. 9 Tp) + (e1. OP) + O(P?|lell 2) = O(P?|lell 12).

using the orthogonality condition (5.7). The proof of (C.3) is now complete.
Proof of estimate (C.4). First, we note that

VEp =VQ+OP?), VOp=>bVS, +vVG| + O(P). (C.8)
Moreover, we have the relations

L VQ=0, L_VS=2(VQ)QS+VAQ, L_VG1=2(VQ)QG, — V20,
(C.9)
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which are obtained in a way analogous to the way we showed (C.6) and (C.7). Thus
we obtain

Left-hand side of (C.4) = b(e2, L_VS)) +v(e2, L_VG1) + (61, L+ V Q) —2b(e2051,VQ)
—20(820G1, VQ) — b(e2, AVQ) + v(e2, V2 Q) + O(P? el 12)
= 2b(e2, (VQ)QS1) + b(ea, VAQ) + 2v(e2, (VQ)QG1)
—v(e2, V2 Q) — 2b(£2051, VQ) — 2u(e20G1, VQ) — b(e2, AV Q)
+v(e2, VZQ) + O(P? el 12)
= b(e2. [V. A1Q) + O(P*|l¢|l12) = b(e2, VQ) + O(P el 12)
= O(P?|e| 1),

since b(ep, VQ) = O(P2||£||Lz) due to condition (5.9). This shows that (C.4)
holds.
Proof of estimate (C.5). Here, we note that

WXp=bF,+2vH;, 0,0p =Gy, (C.10)
where
LiH, = VG +G3Q. (C.11)
Using the relations above, we thus obtain

Left-hand side of (C.5) = (&2, L_G1) — 2b(1 081, G1) —2v(e10G1, G1) + b(e1, AGy)
—v(e1, VG1) + b(e1, Ly Fy) + 2v(ea, Ly Hp) + O(P*|lg]l 2)
= —(&,V0) —2b(e1081, Gy) —2v(e10G1, Gy) + b(e1, AGy)
—v(e1, VG1) +b(e1, Gy — AG1 + VS +2G1510)
+2v(e1, VG + G1Q) + O(P? ]| 12)
= —(£2, VQ) + b(e1, V1) + v(e1, VG1) + O(P?|ell 1)
= —(£2. VIp) + (61, VOR) + O(P? ]| 2).

thanks to the orthogonality condition (5.9). This completes the proof of (C.5) and
hence we have proven that Lemma C.1 holds. O

Appendix D. The Cauchy Problem

We have the following local well-posedness result concerning the Cauchy problem
for the L2-critical half-wave equation (1.1). In fact, the proof of the following well-
posedness result for problem (1.1) can be deduced in a verbatim fashion as for the
so-called cubic Szego equation treated in [15]. We have the following result, where
we consider only forward times, which is no restriction due to the time-reversibility
of (1.1).

Theorem D.1. Let s = 1/2 be given. For every initial datum ug € H*(R), there
exists a unique solution u € C°([tg, T); H*(R)) of problem (1.1). Here ty <
T (ug) < +00 denotes its maximal time of existence (in forward time). Moreover,
we have the following properties.
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(i) Conservation of L2>-mass, energy and linear momentum: It holds that

2 ! 1o 1 2 =
M(u):/lul ; E(u)=§/ID2u| —Z/Iul ; P(u)=/u(—18xu),

are conserved along the flow.

(ii) Blowup alternative in H'/2: Either T (ug) = 00 or, if T (ug) < +00, then
lu(@®)| g2 — +ooast — T~

(iii) Continuous dependence: If s > 1/2, then the flow map ug — u(t) is Lips-
chitz continuous on bounded subsets of H® (R).

(iv) Global Existence for Small Data: Ifug € H*(R) satisfies |uoll;2 < 1Ol 12,
then T (ug) = +00 holds true.

Proof. Without loss of generality, we assume that ty = 0 holds. Consider the
corresponding integral equation

. ! . 2
ut) = e Py, —i/ e 1P 1y () Pu() dr'. (D.1)
0

We discuss the cases of initial data in H*(R) with s > 1/2 first. Below, we indicate
how to treat the borderline case s = 1/2.

Case s > 1/2. First, we suppose that s > 1/2 holds. In this case, the Sobolev
embedding |z < Cyllullgs in R shows that the nonlinearity u — |u|?u is
Lipschitz on bounded subsets of H*(RR). Hence, local existence and uniqueness
of u € CO([0, T); H*(R)) follows from a simple fixed point argument, provided
that s > 1/2 holds. Also, continuous dependence of u(#) with respect to the initial
datum ug in H®(R) as expressed in (iii) follows by standard arguments, using that
u — |ulu is locally Lipschitz on H*(R). To prove (i), we note that a calculation
shows %E(u(t)) = 0 and %M(u(t)) = 0, assuming that we have initial data
in H2(R) so that E(u(r)) and M (u(t)) are C! in . By a standard approximation
argument and local wellposedness in H* (R) fors > 1/2, we conclude that E (u(t))
and M (u(t)) are also conserved for initial data in H*(R) for s > 1/2.

To complete the proof of Theorem D.1 for the case s > 1/2, we have to show that
property (ii) holds. Indeed, this can be seen as follows. From standard theory of
semilinear evolution equations with locally Lipschitz perturbations, we have the
blowup alternative in H*(R). That is, if u € C°([0, T); H*(R)) has the maximal
time of existence T (ug) < +oo, then ||u(t)||gs — 400 ast — T . Suppose
now that T (ug) < +o00 and assume that K = SUP;efo,7) lu(®)|| g1/2 < 400 holds.

We show that this implies K= sup;epo,7) lu(®)llms < +oo as well, which would
prove that (ii) holds. In fact, from (D.1) and invoking Lemma D.1, we conclude
that

t
2
@)l < ol s + / )Pz A’ = o] s
0

t
+C/0 @I T e ') | s e’

t t/ s
§ [|uoll gs + CKZ/ |:10g (2—}— %)} ||M(t/)||HS dr’.
0
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Note here the fact that z2log(1 + a/z) < K?log(l +a/K)if 0 < z < K and
a = 0.If welet f(¢) := |lu(?)||gs/K, we obtain the integral inequality

t
f = fO0)+ C/o [log2 + f(N] f("dr'. (D.2)
By Gronwall’s lemma, this implies

24 f() S Q@+ FON, forr [0, T), (D.3)

which shows that sup, ¢ 7) [ (2)]| ms < 400 holds.

Finally, by recalling (1.5), it is easy to see that initial data |lug||;> < || Q|2 are
a priori bounded in H'/?, and hence u(r) extends globally in time, thanks to the
blowup alternative shown above. This completes the proof of Theorem D.1 for
s> 1/2.

Case s = 1/2. In the limiting case when s = 1/2 holds, we need a more refined
analysis of the problem. In fact, this can be done in a similar fashion similar to that
for the Cauchy problem for the cubic Szeg6 equation mentioned above; see [15].
For the reader’s convenience, we give a brief sketch of the main arguments that
treat the borderline case s = 1/2, as follows.

First, we can obtain a weak solutionu € Cy, ([0, T); H'/ 2(R)) by an approximation
and compactness argument.

Then, we show uniqueness by an argument basically due to Judovic [17]; see also
[38]. More precisely, by using Lemma D.2 below, the quantity g(¢) = |u(t) —
u(t) ||i2 is found to satisfy

(a+3) (1+3) 2(1-1)
Ig/(t)lé(llu(t)llLum+||u(t)||Lz<p+.>)llu(t) uOll, " < cpgn)'”

for any exponent p > 2 and where C > 0 is some constant depending only on the
bound sup, o {|lu(?) || g1/2, [l (t) || g1/2} with I being any compact time interval of
existence including t = 0. Thus if g(0) = 0, we obtain that

g(t) = (CnP,

by integrating the previous bound. In particular, we see that g(#) — 0 for any
t < 1/C as p — +oo. Hence we deduce that g(¢) = 0 forr < 1/C, provided that
£(0) = 0. Repeating the argument in time, if necessary, we deduce uniqueness of
the weak solution u € Cy, ([0, T); H'/?(R)) solving (1.1).

Finally, we upgrade u € Cy ([0, T); HY2®R)) tou € C°0, T); H/2(R) by a
standard argument using weak convergence and the time reversibility of the flow.
Also, the proof of continuous dependence in H'/2(R) follows from standard argu-
ments. This completes our sketch of the proof of Lemma D.1. O

We conclude the present section with some fundamental estimates related for the
space H I/2(R) (see also [15] for similar statements and proofs in the periodic
setting).
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Lemma D.1. Fors > 1/2 and u € H*(R), we have

lullgs 72
lull e £ Collull g2 [log (2+ ,

luell 172

where Cg > 0 is some constant that only depends on s > 1/2.

Proof. This follows from standard arguments in the literature. For the reader’s
convenience, we reproduce the proof here. For every A > 0 fixed, we deduce that

llull oo S/ |i(&)| d& +/ i(&)| d&
lE1=A HEIN

D NS (O B [ asiey i©
N/mgA( HED' R e e [ D s g

i\ e )"
< 8 1+ EN2S
< ||u”H1/2(/g|§A 1+|§_|) + lull g (/EZA (1+|€|)2s)

S (”u”[-[l/z log(A + 1)'/? + ||u||HsA‘S+1/2) .

By minimizing this bound with respect to A > 0, we obtain the desired inequality.
]

Lemma D.2. For any u € H'/>(R) and 2 < p < +o0, it holds that
lulle < Cp'21lull e,
where the constant C > 0 is independent of p and u.
Proof. This follows from standard arguments in the literature. For the reader’s

convenience, we present the details. Let (-) denote the Lebesgue measure on R.
We have the general formula

o
luell 7y = p/o P x  u@)] 2 1)) dr.
Without loss of generality, we will assume that ||u|| ;1,2 = 1 in what follows. Next,

we write u = u<, + u>, where u<, (x) = ﬁﬁa&\ﬁ@)em d&. For any
t 2 0, let us choose A = A, = 0 such that ||u<, ||L~ < /2. Indeed, note that

1/2
lie<pllzoe §/|E|<A|ﬁ<s>|ds 5(/@<A |ﬁ(5>|2ds) log(A + 1)/

< llull g2 log(A + D2 = clog(A + 1)'/2,
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where ¢ > 0 is some universal constant (and note that ||u|| ;1,2 = 1 by assumption).
Hence, for any ¢ 2 0, we can always find A = A, to ensure that [u<, [z < 1/2.
Making this choice, we find that a

oo oo
by < o [t (s 2 2y @< p [T s i @

o o 2Hog(lgl+D'2 s
p/ = / (@) dédt§p/ / 73 dr ) 1)1 dg
0 1§12, 0

L [ oxel+ 172 2lace) P ag

IN

A

A

2
<5 (" ) /<|s|2 +D21a@) P ds < pPulZ . < pP2
Here we used the bound (log(|&] + 1))¢ < £¢(|&]2 + 1)/ for £ > 0. By taking the
1/ p-th power on both side, we obtain the claimed inequality. O

Appendix E. Completion of the Proof of Lemma 7.1

Here we improve the bound (7.6), thus completing Step 6 in the proof of Lemma 7.1.
We achieve this by using a Fourier-theoretic method. Our point of departure is again
the identity

i0,i = Dii — |ii|*i —y — F,

where we have

F=la+0PG+0)— 1020 - ali, 0=— Qp(x;“(”)ewm,
A2(t) Q)

We plan to obtaina H 3+¢_bound on ii fore > 0 sufficiently small, taking advantage

of the a priori bounds at time #; and those assumed for ¢ € [#g, #1]. Consider
d
i (D%“ﬁ, D%“ﬁ) = i3 (D2+’9[Du — @i — — F], D2 )
— i3 ( Dr¥e[|afi + v + FJ, z+8a) . ED

We commence with the contribution of that part of F which is linear in i#. Thus we
have to estimate the expression

3 (D%“[zsn(ﬁﬁ)é +101%], D).
In order to control this, we need to bound expressions of the form

D*(fg) — f(D%g), «<[0,1].

‘We claim the bound

ID*(f8) = f(D“ll 2 S NID“ fll 218N, e €10, 11.
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This follows from Plancherel’s theorem and the identity

De(f)(&) — f(DUg)(&) =/R(|5|"‘ — 1) f (& = &) dn,
and we have
[IE1" =] 16§ =nl*, «€]0,1].
In particular, we find

‘/R(Iél"‘—Inl"‘)f(é—n)g(n)dn’</RI€—n|“|fl(é—n)lél(n)dn, o el 1]

whence

H/R(ISI“ — Inl*) f & =& dy , < min{[|D* £l 21801, 1Dl ligllz) e € 10,11,
L

3

Further, we recall the elementary fractional Leibniz rule

ID*(fo)liL2 S UD flig2ligliee + 11D*gl2ll fllzee, o 2 0.

We immediately infer that

’5 (D%+e (IQIZL?), D%ﬂﬁ) ’

~ 1 - 1. 1 ~ - 1.
=[3((102D>**q), p?i) |+0 (||D%+28|Q|2||L1||u||Lz||Dzu||Lz) - (E2)

We can estimate the right-hand term by

1 ~ ~ 1. _3_ 1 —
0 <||Dz+28|Q|2||L1||u||Lz||Dm||Lz) SATETFM ST,
which is integrable for ¢ small enough. Next, consider the more delicate term

3 ((|Q|2D%+28a), D%ﬁ) i

Here the key is to exploit a cancellation: Writing D%ﬁ(é) = f(&), we find
e l+28 ~T Der A T~ = A
2iIF (D2 aD2a)(§) = /IR & =0l [fE—mfm) — fE—n)fOldy
= [0 = = P = Fn an,

It follows from Plancherel’s theorem that

3((10rp3+¥a). pii)| = ‘/Rf(lélz)(é)/R[lé — 0l = 1n*1f & = ) f (n) dnd
S HEPFFIOPEN If 7 SA77*¥a=27>. (B3)
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Next, we consider the term
3 (D2 [20@0)0]. D *ir)

The challenge consists again in moving the extra 2¢ derivatives away from the
function u. To this end, we write

3 (D%“[zm(ﬁé)é], D%+8a) =3 ([2&“%(&5)@], D%“ﬁ) + error].

D=

In order to estimate the error term, introduce f = 2%(&5), g = 0,h = D2i.

Then using Plancherel’s theorem, we find

A R 1
errory =3 [ 161" [ & = mel” — & —ngnh© dnde. =3 +e,
and so we infer the bound

lerrory | = (IID° fll2I1D*glipr + I fll 21D e gl L) IR ]l 12
< eI a2 < a2 (E.4)

‘We further obtain

3§ ([21)%“5}1(&5)(2], D%“ﬁ) = ([2m(D%+€ﬁ5)Q], D%“ﬁ) + erron,

h = QD

QY

and we can estimate with f = u, g =

jerror| = ‘ /R /R Fe—maer — s — nl“)ﬂn)%dnd&' .

Then, since we have

—

lh — DF(ODii)| 2 S DOl 1Dl 2 S A~ A%,
we find
—— = 1.
lerrora| < [ £ 1.2 IDgl 1k — DE(OD2ib)|l 2
— — L~
+ 1D £l 2IDYg 1 1O DY il 2
— = 1.
£l 21 D= gl 1O D2l 2
< aaTlmeamzmep palmea ey
< A2, (E.5)

At this point, we have reduced estimating the term

3 (D%+8[2m(a5)é], D%+8ﬁ)
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to estimating the term

3 ([25}1(0%“&5)@], D%+8ﬁ)
=3 ([2D%M(D6ﬁ§)é], D%”ﬁ) + errors

=3 ([ZM(DeﬁE)Q], D”sft) + errors + errory.

Denoting f = Dfu, g = 5h = ED%ﬂ,hl = D¢h —5

D%“ﬁ, we find with
Plancherel’s theorem

lerrors| /R 1£1 - n)}lél% —&- nl%\lé(n)llélalﬁl(é)dndé

+/R|f|(s—n>||s|% —1& = nl2[|2( 171 |(€) dnde

—

1 1
SUD® fli2ID2glip + I £l 21D gl plliAl 2

—

1
I f 2 ID2 gl g2

<2l gl e 4l e < AT HEG)

Further, we find with f = 20(D¢i0), g = O, h = D

Bl—

ﬂ’

|error4|5/R|f|(é—n>||s|%—|s—n|%

181()IEI° 71(&) dndé

— —

1 1
S UD* fli20D2 gl + I f 2 1D2 gl L) Al 2

< AWIm2pm1aml ol alme iAo
<A, (E.7)

We have now reduced things to the term
3([2nwriad) 0], i)
S— ([2?}1(0%;5)@], Dﬁa,ﬂ) Y ([2m(D8ﬁ5)Q], DSG)
S (Zﬁ}t(DeﬁE), 3 (51)%7)) + 9 (2m(D€ﬁ5), (B,E)Dgﬁ)
_3 ([29%(D%75)Q], D*’G) ,

where we put G = |ii|%ii + ¢ + F. We finally estimate the contributions of these
three terms: for the first term after the last equality sign, we have

: = T~ = 1
/l—m (zm(DSzzQ),a,(QDSa) dt = [ND AN ?, S 02792 (ES)
t
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Next, we find
ot (23{(08&5), (aIE)szz) |
SADFaO) 12118, Oll oo I DFiill 2 S (R 75)2A (E.9)

Finally, we estimate the third term above involving the expression G,. We have
schematically

li)%i+ F = Q%+ Qi> + i°.

Using Lemma D.1, it follows that

1162 I -1 S R ”ﬁ”H%ﬂ ||’Z||H%Jrg
I D[l d + Flll 2 S ID%al 2\ A7 + 47242 log2 | — +atog —
laell 4 Il s

el 1.,
e (271 e 1ogz | ——H2T
Il

< 3¢ l—¢ (~ )
a7+ log (Nl g ) -

ol

‘We conclude that
5 ([2n0a0)0]. °G) |

< IRDa0) Ol 211D [P + Flll 2 + 1D° 2]
AT+ A loglal L)) (E.10)

The inequalities (E.4)—(E.10) complete the estimate of the term
3 (D%H [29(@0) 0], D%“ﬁ) .
We continue with the remaining interactions in
i (~D¥*nala + F1, DY)
We write the higher order terms in [|iZ|%ii + F] schematically in the form
Qit* + |ii|i.
We get

iy (—D%+8[|zz|2a Y F) D%+8a)

[0S}
D=

1 1
< |Dz*a AT2||i lo
Sl ll 2 I IIH%

. IIIZIIH%M L
+ il | log\ —=2— ) ID>") 2 ). (E.11)
H2 lall
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By combining (E.1)—(E.11) and denoting Y (¢) := ||D%+8ﬁ ||iz, we deduce

YI@) +1

E

Y3 +1

fall

¥/ (2)] §A28+k1810g( )+Y(t)k5||ﬁ||Hélog5(

In view of the fact that A ~ 2, Y (t;) < A%’zg, and ||I/7||H% < A2, a Gronwall-
lemma type argument implies that

Y(r) S A
provided ¢ < 4—11, for ¢ sufficiently small, which is the desired a-priori bound. This
completes the Step 6 in the proof of Lemma 7.1.

Appendix F. Fractional Leibniz Type Formula

Lemma F.1. Suppose N = 1 and let ¢ : RN — R be such that V¢ and A¢ belong
to L®RN). Then we have

1)V (x) - Vu@)| S IVPllLeellulls, + 1A o lull? .
RN H

Proof. By density, it suffices to prove this bound for any Schwartz function u €
S(RM). Let

(f.Tg) = /Rd fV() - Vg(x), for f, g € S®RY).

Define a = ||V¢||L~ and b = ||A¢| L=, where we suppose that b > 0 (and hence
a > 0) holds. (Otherwise, the arguments below can be trivially modified in this
case.) We define the norm || - || 1 , by setting

2 _ 2 2 200112
IIMIIHJ’b =a’[[Vull;2 + b7 [lull},.

By the Cauchy—Schwarz inequality, we immediately find that
(L TOIS VOl fll2 Vel S WAl Mgl -

On the other hand, if we integrate by parts and apply Cauchy—Schwarz again, we
obtain that

(f. Tg)l = ‘ / Vi) - Vo@)e) + FASmeX)
< IVOIY £l e + 1A Fl 2 gz < gzl s,

Combining the previous estimates, we deduce the operator bounds

Tl S and ATl g2 S 1 (E.1)
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where the space Haf; denotes the dual of H al,b equipped with the dual norm
lull - = supf{I(v. w).

Now, we are ready to use standard interpolation theory to complete the proof.
Indeed, let

X' ®Y) = [L2@®Y), H,®Y)]
denote the real interpolation of L*(RN) and H al b(RN ) with exponent ¢ € (0, 1).

Using Plancherel’s theorem and the equivalence (a?|&|> + b?)? ~ a?|&1%0 +
b*” and applying standard interpolation arguments (see, for example, [42, Lemma
23.1]), we deduce with equivalence of norms that

X'@®N) ~ HY,RY), ford € (0, 1),

where the norm || - || HY, is given by
a,
2 20 9,112 20 1112
Il - ”Hfb =a”" D ull, + 07 [lully,.

From interpolation theory we deduce from (F.1) the bound
LTINS 1 llgo, gl g0, for & € (0, 1),

By taking © = 1/2 and f = i and g = u, we complete the proof of Lemma F.1.
O
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