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Abstract

We study the long time asymptotics of a nonlinear, nonlocal equation used in
the modelling of granular media. We prove a uniform exponential convergence
to equilibrium for degenerately convex and nonconvex interaction or confinement
potentials, improving in particular results by J. A. Carrillo, R. J. McCann and
C. Villani. The method is based on studying the dissipation of the Wasserstein
distance between a solution and the steady state.

1. Introduction

We consider the problem of convergence to equilibrium for the nonlinear equa-
tion

e = Ay + V- (ue(VV + VW s ) t > 0,x € R™. (1)

This equation preserves mass and positivity and we shall be concerned with solu-
tions which are probability measures on R” at all times. It is used in the modelling
of space-homogeneous granular media (see [3]), where it governs the evolution of
the velocity distribution u; (x) of a particle under the effects of diffusion, a possible
exterior potential V and a mean field interaction through the potential W; we shall
keep the variable x instead of v (for the velocities) for notational convenience.
Steady states may exist as a result of a balance between these three effects, and
we are concerned with deriving rates of convergence of solutions towards them.
Following [3], this issue has raised much attention in the last years and has been
tackled by a particle approximation and logarithmic Sobolev inequalities in [15],
by an entropy dissipation method in [7,12] and by contraction properties in Wasser-
stein distance in [8,11,5] (see also [9,6] for related works in one dimension). The
entropy method is based on studying the time derivatives of a Lyapunov function F
of the equation (called entropy or energy), on the interpretation due to F. Otto of (1)
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as a gradient flow of F (see [8,1]) and on the notion of convexity for F' due to
R.J. McCann (see [16]).

When V and W are uniformly convex, solutions converge exponentially quickly
to equilibrium, but the case of interest of [3]is V = 0 and W(x) = |x|3, whose
convexity degenerates at 0. For this case, only a polynomial rate, or exponential,
but depending on the initial data, was obtained in [7,8, 11]. In the present paper we
prove a uniform exponential convergence in Wasserstein distance of all solutions
to the steady state. The method, introduced in the linear case in [4], is based on
comparing the Wasserstein distance with its dissipation along the evolution.

In Section 2 we derive the dissipation of the Wasserstein distance between solu-
tions and easily deduce the classic contraction results. Section 3 is devoted to cases
when the convergence is driven by the interaction potential W, with or without
exterior potential V': in particular we prove the first result of uniform exponential
convergence to equilibrium for degenerately convex interaction potentials and no
exterior potential. In Section 4 we give conditions to get an exponential convergence
to equilibrium with both potentials being nonconvex.

2. Dissipation of the Wasserstein Distance

Let P>(R™) be the set of Borel probability measures on R"” with fRn Ix>dp <
00. The Wasserstein distance between two measures p and v in P, (R") is defined

as
1/2
Wa (i, v) = inf (// lx — yI*dr (x, y))
T RZVL

where 7 runs over the set of joint Borel probability measures on R?>" with marginals
w and v. It defines a distance on P, (R") which metrizes the narrow convergence,
up to a condition on moments. In the present work, convergence estimates will be
given in terms of this distance, but interpolation estimates can turn such weak con-
vergence estimates into strong convergence estimates. By the Brenier Theorem, if
w is absolutely continuous with respect to the Lebesgue measure, then there exists
a convex function ¢ such that Vo#u = v, that is, [p, g¢dv = [p. §(Ve)dpu for
every bounded function g; moreover,

W3 (14, v) =/R Ve (x) — x|* du(x)

and Ve*#v = u for the Legendre transform ¢* of ¢ if also v is absolutely contin-
uous with respect to the Lebesgue measure. We refer to [1,10,19] for instances for
these notions.

We shall assume that V and W are C? potentials on R”, respectively, « and
B-convex with o, B € R, in the sense that V2V (x) = « and VZW (x) = S for
all x € R", as quadratic forms on R"”. Moreover, we assume that the interaction
potential W is even and that both V and W satisfy the doubling condition

Vix+y) = C0+ V() + V() @)

for all x, y € R", and analogously for W.
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We shall consider solutions which are gradient flows in the space P, (R") of the
free energy

1
F(u)z/ MIOgMdX+/ Vdu+§// W(x —y)dux)du(y), (3)
Rr Rn R2n

as developed as follows in [1]: Let 11 be an initial datum in P, (R"). Then, by [13,
Ths. 4.20 and 4.21] or [1, Th. 11.2.8], there exists a unique curve & = (us); €
C([0, +o0[, P»(R™)), locally Lipschitz on ]0, +o00[, satisfying the evolution varia-
tional inequality

1d + mi ,0
S Wa.0) £ Flo) = Fu) — %ﬂ{ﬂ}

for almost every r > 0 and all probability measure of o in the domain of F'. For all
t > Othe solution u, has a density with respect to the Lebesgue measure. Moreover,
the curve p satisfies the continuity equation

W3 (e, o)

B[M[+V'(Mtvt)=0, t>0,x€Rn
in the sense of distributions, where the velocity field v, satisfies

—eVr = Ve + e VV + (VW ok ).

In other words, u is a solution to (1), and the curve u = (u,); will be called the solu-
tion with initial datum po € P>(R"). Finally, ¢ +— f lv; |2 dp; € L2 ([0, +o0[)
so the curve w :]0, +0o[— P>(R") is absolutely continuous (see [1, Th. 8.3.1]);
moreover, if v is another such solution with initial datum vy and associated velocity
field w;, then by [19, Th. 23.9] or [1, Th. 8.4.7]

1d
Ed—wzz(ut, v) = — / (Vg (x) — x) - v (x) dpey (x)
t Rn

_ /]R (Vg (x) = x) - wr () dug ()

for almost every ¢ > 0; here ¢, is a convex function on R” such that Vo, #u, = v,
and Vo;#v, = ;. Then one can perform a “weak” integration by parts as in [14,
Th. 1.5] or [8, Lem. 13] to bound from above the right-hand side by

- /R”(Afﬂz () + Ap (Ve (x) = 2n + (A(Ve; (x), 1) — A(x, i) - (Ver (x) — x)) dpey (x).

Here Ag is the trace of the Hessian of a convex map ¢ on R” in the Alexandrov
almost everywhere sense and A(x, i;) = VV (x) + VW % 1 (x). Moreover, since
VW is odd, the term involving W is

/Rn (VW * U,(V(Bt(x)) — VW k H'l‘(x)) . (Vgﬁz(X) _ x) d/\’l/l(x)
Z//Rzn(VW(Vw,(x)—Wp, M) —=VW(E — ) - (Vo (x) — x) dpeg (x) dpg (v)

1
X (Vi (x) = Vor (y) — (x — »)) dis (x) dpe (y)-

We summarize as follows:
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Proposition 2.1. [1] If (u:); and (v¢); are two solutions to (1), then for almost
everyt > 0,

- — <—J

2 dr 2 (e, vp) S V,W(V1|Mt)

where, for v = Vo#u (and Ag the trace of the Hessian of ¢ in the Alexandrov
sense),

Il = [ a0+ ag* (Tpw) — 20
(VY (Vo) = YV () - (V) — ) du ()
5 [ oW e = o) - v Wi =)
X(Vo(x) = Vo(y) — (x =) di(x) du(y).  (4)

For t > 0 we can expect the solutions to have smooth densities, and to
have equality in Proposition 2.1, but we shall be content with the inequality
(see [6]).

Considering the dissipation of the distance between two solutions provides sim-
ple alternative proofs of contraction properties in Wasserstein distance derived in
[8,11]. For that purpose we first notice that given n and v absolutely continuous with
respect to the Lebesgue measure, and Vo#u = v, then Ap+Ap* (Vo) —2n 2 0 u
almost everywhere (see for example [14, Th. 1.5] and [4, Lem. 2.5]). This inequal-
ity says that the diffusion part of the equation always contracts two solutions, as it
is classical for the pure heat equation. Then:

e Suppose that V and W are respectively « and 8-convex witha € Rand 8 < 0.
Then the term involving V in (4) is bounded from below by « W22 (m, v) and the
term involving W by

g / / Vo) — Vo) — (x — P du) du(y)
2

= BW3(n.v) — B ‘/(W —x)dp| = BW5(u,v)

since B < 0. Hence, for two solutions (u;); and (v;); of (1) and almost all ¢ = 0

1d
zawg(ut, ) S — (@ + BYW3 (ir, vy).

Then by the Gronwall lemma we recover the contraction property of [8, Th. 5]:
War, v) < e @M Wa (o, vo), 12 0. )
e Suppose that W is convex and that there exist p, C > 0 such that forall ¢ > 0

(VV(©) = VV@) - (v —x) 2 CeP(ly —x[* —¢%), x,yeR". (6
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Then, by the same argument,

1d C
mwzzwt, ) < —381’<2W§<ul, V) — &%),

We optimize in ¢ and integrate to recover the polynomial contraction of [8, Th. 6]
Wa (e, vr) < (Wy P (o, vo) +ct) ™17, 1 2 0. (7

e Suppose that V and W are, respectively, « and S-convex with ¢« € R and
B = 0. Then, again by the same argument, the contraction result (5) holds
for any two solutions with the same center of mass, that is, such that in
R" [gn x dity = [pu x dvy forall £ = 0. This was also proved in [8, Th. 5].

e Suppose that V is convex and that (6) holds for W instead of V. If moreover the
center of mass of each solution is conserved, that is, if [p, x di; = [pa x dpio
for all + = 0O (this is the case for instance, if V' = 0), then the polynomial
contraction (7) holds for any two solutions with same (initial) center of mass,
recovering [8, Th. 6] and [11, Th. 4.1].

In the first case with « + 8 > 0 the bound (5) ensures the existence of a unique sta-
tionary solution to (1) in P>(R"), and the exponential convergence of all solutions
to it. In the third case with &« + 8 > 0, and if, moreover, the center of mass is pre-
served by the evolution, then for any m € R” this ensures the existence of a unique
stationary solution to (1) in P>(R") with center of mass m, and the exponential
convergence to it of all solutions with (initial) center of mass m.

The following two sections are devoted to obtaining explicit exponential rates
of convergence of solutions to (1) in nonuniformly convex or even nonconvex
cases, having in mind the degenerately convex potentials of [3] and the double well
potentials of [18].

3. Influence of the Interaction Potential

In this section we study the case when W brings the convergence.

3.1. No Exterior Potential

We first assume that V' = 0. Then the evolution preserves the center of mass,
and a solution w, should converge to a stationary solution p, only if the initial
datum pg and o have same center of mass, since

/ xduoo(x)—/ xduo(x)=/ xduoo(x)—/ x dps(x)
R R R R

should converge to O: for instance it is bounded by W (i, tteo). We could also
assume that V # 0, but that the center of mass is fixed by the evolution, which is
all we use. But to simplify the statements we assume V = 0.

When W is degenerately convex, with a pointwise degeneracy, for instance
W(x) = |x|**® with ¢ > 0, then the contraction property holds only with
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polynomial decay rate, see the last example in Section 2. Then in [7] the authors
proved an exponential convergence to equilibrium, but not with a uniform decay
rate, but rather depending on the free energy F of the initial datum. In this section
we prove a uniform exponential convergence for such potentials.

Theorem 3.1. Let V = 0 and W be a C*> convex map on R" for which there exist
R and K > 0 such that

VW) = K if |x| = R.

Then for all m € R" there exists a unique stationary solution u2, € P,(R") to (1)
with center of mass m; moreover, there exists a positive constant C such that all
solutions (j4;); to (1), for an initial datum with center of mass m, converge to w2,
according to

Walpae, ) < e " Wa(uo, u), t20.

Proof. The existence of a stationary solution ,ugo € P,(R™) with center of mass
0 and a positive density satisfying /Lgo x)=Zz —le= WS () jg given by Proposi-
tion 4.4, proof of i., with any b < K /2; here Z is the normalizing constant. Then
_ 0 . . . . .
W = oo (- — m) is a stationary solution with a center of mass m. Now Proposi-
tion 3.2 and Remark 3.3, ii. below ensure the convergence estimate to p2 since
JTE e V/ZwithU = W u convex and bounded from below. Uniqueness
follows. O

Proposition 3.2. Let W be a C* convex map on R" for which there exist R and
K > 0 such that

VW) Z K if x| Z R.
Let i € P,(R") have a continuous density e=Y for which there exists M such that

sup  sup {U(z) —Ux)—U(y)} =M. 3
|x—y|S2R z€lx.y]

Then there exists an explicit positive constant C, depending onlyon K, R and M,
such that

CW3 (v, ) < Jo.w (vl
for all measures v with the same center of mass as L.

Remark 3.3. Hypothesis (8) on U holds on any of the following two instances:

(i) UisC'and U(x) — 2R sup|,_y<g IVU)I > —M forall x ¢ R"
(i) UisC?, V2U(x) 2 a(x) with a(x) £ 0and U(x) + 2R%inf|,_ <pa(y) 2

— M for all x; for example, U is C? and bounded from below and V2U (x) >
for all x and a constant «.
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For ii. for instance, assume that the sup of U on [x, y] is achieved at z = tx
+(1 —t)y with t €]0, 1[. Then VU(z) - (y — x) = 0, so that

1
Ux) =U(z) =/ (1 =5)VPU(z+5(x —2)(x —2) - (x —2)ds
0

(1—1)?
S - yI?

-SSR

and similarly

2
UGy) - U (ﬂ) >U(Gy) -UR = inf ot(Y)tEIx _—
ly -3

2 ISR

Hence, for |x — y| < 2R,

U —U@x)—U®y) < -U ()ﬂ) —2R*> inf  a¥) S M.
2 Y -3 <R

Proof of Proposition 3.2. Let ¢ be a strictly convex function on R” (with v =
Vo#u) such that [p, Vodu = [, x du.
First observe that

/ /R 1990 = Vo) — (x = PP da() dua(y) =2 /R Vo) — x 2 du(x)

since, by assumption on ¢, the difference is

2

> ‘ /R (Vo) — x) du(x)| = 0.

Then, by [4, Lem. 5.1],
> K 2
(VW(x) = VW) - (x —y) 2 ?Ix =l ©)
if x| Z 2R or |y| = 2R. In view of this result we let

X ={(x,y) e R*; |x —y| £2R, |Vop(x) — Vo(y)| < 2R}.

1. First of all, by convexity of W and (9),

/RZ" (VW (Vo(x) = Vo) — VWX —y))
x(Vo(x) = Vo(y) — (x — y)) du(x) du(y)
2 / (VW (Ve(x) = Ve(y) — VW (x —y))
R2\ X
x(Vo(x) = Vo(y) — (x —y))du(x) du(y)

K
3 Vo (x) — Vo(y) — (x — y)[*du(x) die(y).
R2n\X

1\



436 FrANCOIS BOLLEY, IVAN GENTIL & ARNAUD GUILLIN
2. Then for all x and y, written as y = x + 76 withr > 0and 6 € $"~,

1
Vo(y) = Vox) —(y —x) = / [VZo(x + rt0) — 11r6 dt.
0
We let H = V2@(x + rt0) and write H — [ = [H'/?> — H~'/21H/2, s0 that
I[H — 16 < |H"? — #7215 4).
Hence,
IVo(y) — Vo(x) — (v — x)[?

1 1
§r/ ”H1/2_H—l/2”2€—U(x+r10) dt/ |H1/29|26U(x+rl9)rdt
0 0

by the Cauchy—Schwarz inequality. On the one hand, letting D = Agp+A¢* (V) —
2n,

H—2I+H "Ix)-
||H1/2 _ H_1/2”2 = sup ( + d Ix) - x
X x|
< trace(H — 21 + H™ ") = D(x + rt0).

On the other hand,

1 1
/ |H'?0)?r dr = / V2o(x 4 rif)(r6) - 6 dt
0 0
= (Vo) = Vo)) -0 = 2R
if (x, y) € X. Hence,
1
IVo(y) — Vox) — (v — x)[> £ 4R? sup eU(Z)/ D(x + rt0)e”V&tr19) g
zelx,yl] 0

for all (x, y) € X, so that
/ /X IVo(y) — Vo(x) — (y — x)[* duu(x) dua(y)

1
§4R2/ e U™ gy dy sup eU(Z)e_U(-")/ D(x +1(y — x))e U&= gy
JR" Jly=x|S2R  z€lx,y] J0

1
< 4R2€M/ dx/ dy / D(x +t(y — x))e”VOHO=) g
" ly—x|<2R 0

by (8). Now, for fixed ¢+ € [0, 1], the change of variables (x,y) — (v,u) =
(x +t(y — x), y — x) has unit Jacobian, so this is equal to

1
4R2eM/ dt/ dv/ du D(v)e Y™ =c/ D(v)du(v)
0 n lu| 2R R

for a constant ¢ = c(R, M, n) = 4R*T"eM ¢, where ¢, is the volume of the unit
ball in R”.

3. Collecting the terms in 1. and 2. concludes the proof with C = 2(% +
4e, R2ETeMy-1 g
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3.2. In Presence of an Exterior Potential

We saw in Section 2 how an exterior potential V can induce the convergence of
all solutions to a unique equilibrium, and not only to the unique equilibrium with
same center of mass as the initial datum of the solution to be considered.

If W is strictly convex (but at 0), and uniformly at infinity, and if V is strictly
convex (but at 0), then polynomial convergence holds to a unique equilibrium o
(see Section 2 and [7, Th. 2.3]), and even exponential convergence, but with a rate
depending on the free energy F of the initial datum (see [7, Th. 2.5]). Following
Theorem 3.1 (for V = 0), one may wonder whether this convergence is actually
uniform in the initial datum, given by

WZ(Hm MOO) g e_CtWZ(l‘(’O’ H‘OO)’ t 2 O

for all solutions (u;);. But, according to Section 2, this estimate is based on the
inequality

CW3 (v, ) < Jy,wlw) (10)

for the measure © = o and all measures v; and this inequality does not hold if
V is only assumed to be strictly convex. For instance:

Lemma 3.4. Let 1 € P>(R) and V be a C*> map on R, with V" bounded and
V" — 100 0. Then there is no constant C > 0 such that (10) holds for all v.

Proof. We prove that (10) does not hold for the translations v = ¢'#u, where
¢’ (x) = x + M ,where M — 400, that is, that there is no C > 0 such that

CM§/W%+M%V%DMM (11)
R

for all M > 0. For that, we let R to be fixed later on, and bound the right-hand side
in (11) by

—R 400
/RIV/(X)IdM(X)+/ IV/(X+M)|dM(x)+/R IV'(x + M)| du(x).

o0

First of all, since |V”| < A, then |[V/(x)| < |V'(0)| + Al|x] so the first integral is
finite (uniformly in M), and the second one is bounded by

—R —R
OtM/ dM(X)+/ (IV'(O)] + Alx]) dpe(x).

o0

Now, for fixed ¢ > 0, we take R such that this is bounded by (M + 1)e for all M.
Then we take My such that |V"(x)| < ¢ for x = M. For all M = My + R the
third integral is bounded by

+00
/R (IV' (M)l +e(x + M — Mo)) dpu(x) = |V (Mo)|+e(M + Mo +/RIXI dpe(x)).
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Collecting all terms we conclude that the full right-hand side in (11) is < 4e¢ for
large M. O

Lemma 3.4 only gives an instance of condition on V for (10) not to hold. For
example, the assumption V" bounded can be replaced by the doubling condition (2)
for V' and [|V'|du < oo. Similarly, the assumption V" —_», 0 can be replaced

by f0+°° |V”|du < oo: in this case we use
+00 +oo  px+M
‘/ V'(x+M)—V'(x)dux)| = ‘/ / V(1) dr dpa(x)
—R —R X

+oo
g/ / V)] drdu < C.
—R R

Hence, we can not expect a uniform rate of convergence to equilibrium for
degenerately convex potentials. Our method is however able to recover an expo-
nential convergence with a rate depending on the initial datum, as in [7, Th. 2.5]:

Theorem 3.5. Assume that V is convex on R" with V2V (x) definite positive on
Ix| = Rand [e" dx < oo, and that W is convex with V2W(x) = K for
|x| 2= R. Then there exists a unique stationary solution jLo, € Po(R") to (1). More-
over, for all M there exists a positive constant C such that for all solutions (j4+);
with [, |x|* dpo(x) £ M

Walits, too) < e C"Wa(ro, ttoo), t 2 0.

Proof. First, Proposition 4.4, ii. ensures the existence of a stationary measure
oo € P>(R™) which has a density satisfying oo (x) = Z le™V® Wi,
here Z is the normalizing constant. We just mention that the assumptions on V are
satisfied by [2, Lem. 2.2], for instance.

Then, by direct estimates on the propagation of the second moment, for all
solutions (), with fRn Ix2dpo(x) < M there is a constant N, depending only
on V, W and M such that

sup / lx|* dps(x) £ N.
l‘ZO n

Moreover, for v = Vp#io with fR" lx|2 dv(x) < N, we first write

2

/ |w<x>—x|2duoo=‘/ (Vo(x) — ) dios
Rn Rn

1
+§ // IVo(x) — Vo) — (x — MI? ditoo (x) ditoo ().
]RZn

By Proposition 3.6 below, applied with the constant N and the measure (oo,

2

‘/ (Vo(x) —x) dpeo
Rn

1
< E/R IV (x) — x> ditoo(x) + CJy 0 (V] 1too)-
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Then, by the proof of Proposition 3.2, there exists C1, depending only on V and
W, such that

//]RZ IVo(x) — Vo(y) — (x — 1> ditoo(x) ditoo(y) < C1do.w (V] ioo)-

Hence, there exists a new positive constant C, depending only on V, W and M,
such that

CW3 (s fhoo) < Jv w (] thoo)

for all ¢. This proves the estimate on the convergence to [t again by Proposi-
tion 2.1 and the Gronwall lemma. Uniqueness of the stationary solution in P> (R")
follows. O

Proposition 3.6. Let V be a C* convex map on R" with V>V (x) definite positive
on |x| 2 R, and du(x) = e~Y™ dx be a probability measure on R" with U con-
tinuous. Then for all N, there exists a constant C such that for all C? strictly convex
maps @ on R" with [, |Ve(x)[>du < N

2
VRH Vo (x) du(x) —/de(X)

Proof. Let S > 3R to be fixed later on. Since V is CZ and V2V (x) is definite
positive on the compact set R < |x| < S, there exists K = K(S) > 0 such that
V2V (x) 2 K forall R < |x| < S. Then, following [4, Lem. 5.1],

1
<3 / Vo) — xI2 di(x) + Cv.o(Vehul).
R’l

K
(V) = VV @) - (y =0 2 Tl = yI?

if|x] £ 8, |yl £ Sandif |x| =2 2R or |y| = 2R; then indeed one only need to take
into account the values of V2V on the ball of radius S.
Then we let ¢ be a given C? strictly convex map on R” and let

Xi={x eR" |x| =S, [Vox)| = S, x| Z 2R or [p(x)| Z 2R}.

1. First of all, by convexity of V, the above remark and the Cauchy—Schwarz
inequality,

i (VV(Ve) =VV) - (Vo —x)du = [ (VV(Ve) = VV) - (Vp —x)du

X
>£ — ¥ > _
>5[ Ve xPanz /(w x) dut

X1 X1

2. Then, on R"” \ X1, and letting X» = {x € R", |x| £ 2R, |Vo(x)| < 2R},

5 2
/ (Vo —x) du 23/ Vo — x| du
R\ X1 |x|=S
2 2
+3/ Vo — x| du —|—3(/ |V<p—x|du).
[Vo(x)|=S Xz

K 2
3|
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By the Cauchy—Schwarz and Markov inequalities, the first term is bounded from
above by

1
/ IV —xI? du u[x,|x|zSJ§/ |V<p—x|2du—2/ el de(x)
|x|§S R S Rn

and the second one by

1
[1ve =P dugs [ 190007 do.
Rn S Rn

Then, following the proof of [4, Prop. 3.5], there exists a constant C, depending on
V and p only on the ball of radius 3R, such that

/ IV —x|? du < C/ (Ap+Ap* (Vo) =2n+(VV (V) =VV) - (Vo — x)) du.
X2 Ix|<3R

Thisis in turn bounded by the corresponding integral on R, whichis Jy o (Vo#u| i),
since both terms in the integrand are nonnegative.
3. Collecting all terms we obtain

6
[ovoan= [ xau =5 [ vo-sran] [ wpant [ 9o o]
n Rn Rn Rn Rn

6
+ (? + 6C) Jvo(Vottulw).

2

Then we let S = max{3R, +/ 12[f Ix|2 diu + N1} so that

ﬁ[/lxl du+/|V¢)I du}éi

if f |Vp|?> du < N, concluding the proof with a C depending on V, u and M

through K(S). O

4. Non Convex Examples

In this section we deal with potentials V and W for which the convergence rate
to equilibrium is driven by V rather than by W. Our first result is more qualitative
rather than quantitative.

Theorem 4.1. Assume that V and W are C* convex maps and that there exist R > 0
and K > 0 such that for all |x| 2 R,

V2V(x) > K.

Then there exists a unique stationary solution Lo € P2(R") to (1), and a constant
C such that for all solutions (1) of (1),

Wa (s, fhoo) S € C"Walio, ftoo), 2 0.
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In the first section (second example) we saw that only polynomial decay in
contraction is known in this context, and only when the convexity degenerates at
some points, for instance for V (x) = x]?.

Proof. Existence of a stationary solution /1o in P>(R") which has a positive den-
sity satisfying p1oo = Z 7 le™V~W*io is given by Proposition 4.4, iii, with any
a < K and —a < b < 0. Then, by [4, Prop. 3.5], there exists C > 0 such that

CW3 (s hoo) < Jv.0(e | o)

for all solutions (u);. Moreover W is convex, so Jyo < Jy,w. This proves the
convergence bound by Proposition 2.1. Uniqueness of the stationary solution in
P,(R") follows. O

Remark 4.2. The case of a double well potential for V is considered by J. Tugaut
in [17,18], where the long time behavior is studied by a compactness argument,
hence, without rate. Let us now explain how Theorem 4.1 extends to this case, for
instance, for V¢(x) = x* — ex2 and W(x) = |x|? in R.

First of all, a stationary solution, solution of 5, = eV HarW 78 exists by
Proposition 4.4, iii. Then one can easily build a cut-off function v such that V&
is C2, convex, satisfies (VEy)” > K > 0 outside a centered ball, uniformly in
¢ € [0, 1], and is such that || (VE(1 — ¥))”|lcc converges to 0 as & — 0. Then, by
[4, Prop. 3.5], the measure ., satisfies a W Jy«y o inequality with a constant C > 0
uniformly in ¢ € [0, 1] (here we use that f W duf, and Z¢ are bounded uniformly
in ). Now the perturbation proposition [4, Prop. 3.8] ensures that u& satisfies a
W Jye o inequality, for & smaller than an g9 > 0, hence, a W Jye w inequality since
W is convex, with a constant depending on ¢ and going to 0 as & goes to &y. Here
we say that a measure p that satisfies a W Jy, w inequality if the inequality (10)
holds for a positive constant C and all v.

The smallness condition on ¢ is here imposed by the perturbation proposition
[4, Prop. 3.8]; it is in fact necessary since, according to [17,18], there exists a
unique stationary solution for ¢ smaller than an ¢; > 0, but there are several of
them for ¢ larger than &1. However, [4, Prop. 3.8] is probably not optimal and one
can reasonably think than &9 < &1. Deriving rates of convergence for € up to €|
and the basins of attraction of the diverse stationary solutions for larger ¢ is an
interesting issue that we are not considering here.

The following theorem provides the first examples of exponential convergence
to equilibrium for the granular media equation, with both potentials nonconvex.

Theorem 4.3. Assume that

o ¢V € P,(R") and there exist « € R and C > 0 such that V>V > «, and for
allv

1
Wi, e™") < EJV,O(VIS_V); (12)

o there exist K > 0 and B < 0 such that sup |W| < K and V*W 2 B 1d.
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Then there exists a unique stationar:y solution s € P2(R") to (1). Moreover; for
all solutions (ju;); of (1), and with C = (C — a)e K + a + B,

Wa (e, thoo) < €' Walpio, ioo), 2 0.

Assumption (12) on the measure e~" has been studied in [4] under the name of
W J(C) inequality; there practical criteria have been given for the inequality to
hold. Observe that we can always assume that C 2 « since, if « = 0, then u
satisfies a W J («) inequality.

Proof. Existence of a stationary solution pts in P>(R") which has a positive den-
sity satisfying 1o = Z e~V ~W*H i5 given by Proposition 4.4, i v; indeed, by [4,
Cor. 3.11], assumption (12) on the measure e~V implies the Talagrand inequality
(A.1) between the Wasserstein distance and the relative entropy (also called W H
or T», see [19, Chap. 22]), with the same C.

Then we letdu(x) = e~V ™ dx and use the convexity assumptions on V and W,
the bound on W and the sign conditions on 8 and C — « to get, for all v = Vp#too,

Jv.w (Vi)
-K
€
2 — [ (e + Ag* (V) —2n)du

+/[<vv<w> SV (Vg - x) — a| Vg — P dus

ta / Vo—x|? duw+§ / / V()= Vo 3)— (x — 1)1 ditos (¥) djioo(y)

—-K

€ *
2 — (Ap + Ap/ (Vo) —2n)du

K
+67 [(VV(Vg) = VV) - (Vg —x) — |V — x| ]du

2

+(a+ﬂ)/|w—x|2 dum—ﬂ‘/(w—x)duoo

N e e
2 (C—a) Z Vo —x|"du+(a+B) [ Vo —x|"duso

> é/ IV — xI* ditoo (x) = CWZ (v, froo).

Appendix: Existence of Stationary Solutions

The existence of a minimizer of F' has been proved by R. J. McCann [16] for
strictly convex or radially symmetric convex interaction potentials W (and V = 0).
We adapt his classical compactness-lower semicontinuity argument to our diverse
cases:
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Proposition 4.4. The map F : P,(R") — R U {400} defined by (3) for absolutely
continuous measures and by 400 otherwise achieves its minimum in each of the
following cases:

(i) V =0, W is convex and W (x) = b|x|> = b for b, b’ > 0;
(ii) V(x) = alx| —a’ and W(x) = b|x|> = b fora,a’,b, b > 0;
(iii) V(x) = alx|*> —a’ and W(x) 2 b|x|> = b forb',a,a’ > 0,b > —a;
(iv) W is bounded from below and e~V € P>(R") satisfies a Talagrand transpor-
tation inequality

2
Wi, e ") < ol (/vlog vdx +/ Vdv), ve P,(RY. (A.l)

Then, as in [7], a minimizer i of F has a positive density on R” satisfying
log oo + V+ Wk too = A € R.

Proof. Firstofall,inf p,gny F' < +o00since F (i) < +oo for u the Lebesgue mea-
sure on [0, 1]", for instance. Let then (1), € P>(R") be a minimizing sequence,
and assume for a while that f x| du p is bounded. Then (i), is tight, so up
to a subsequence admits a limit jto, for the narrow convergence by the Prohorov
Theorem. Moreover [ |x|? dus < liminf, [ |x]> dii, < +00 50 foo € Po(RY).
Finally po minimizes F on P>(R") by lower semicontinuity.

It remains now to bound f lx|2 dup by F(up) in each case:

For (i), as in [16], let Vg, transport (), onto w,(—.) and let ji, = I+ZW" #up
for I the identity map. Now W is convex, so F is displacement convex, so that
F(iip) < (F(up) + F(up(—2)))/2 = F(up) and (jip) is also a minimizing
sequence. Moreover, [ x dji, =0 so

1
/|x|2d;2,, = 5// lx — y1? ditp (x) djip(y)

1 1
< E// E(W(X =y +b)diy(x) dity(y) =

F,) b

b 2b

For (ii) we observe that

2 / /
b b
F(up)éa/IXIdup—a’er [/ x| d,up_‘/Xde :|_220/|x|dﬂp_a/_2§

hence, [ |x| dut, is bounded by the second inequality, and then [ Ix|? dp p by the
first one.
For (iii) we similarly observe, and by discussing on the sign of b, that

2 4 1 2 /
Fue) Za [ Ixf duy —a +§[//(b|x—y| — by dpp ) dup(y)}

b
2 (a+min,0) [ |xI*dpy —a' ==



444

FrANCOIS BOLLEY, IVAN GENTIL & ARNAUD GUILLIN

For (iv) we notice that

[ any < 2w3Gep e 142 [ ape?

4
I (//L,,log updx+/Vd/L,,) +2/|x|ze_v

4 L. 2.V
I F(/Lp)—zlan +2 [ |x|7e”".
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