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Abstract

We investigate the structure of nematic liquid crystal thin films described by the
Landau—de Gennes tensor-valued order parameter model with Dirichlet boundary
conditions on the sides of nonzero degree. We prove that as the elasticity constant
goes to zero in the energy, a limiting uniaxial nematic texture forms with a finite
number of defects, all of degree % or all of degree —%, corresponding to vertical
disclination lines at those locations. We also state a result on the limiting behav-
ior of minimizers of the Chern—Simons—Higgs model without magnetic field that

follows from a similar proof.

1. Introduction

We investigate disclination line defects in a thin nematic liquid crystal by using
a tensor-valued order parameter description based on the Landau—de Gennes the-
ory. The unknown field Q in this theory is .#-valued such that Q = Q(x, y),
where .7 is the space of 3 x 3, real symmetric, traceless matrices, and (x, y) varies
in a bounded domain €2 in R?. For simplicity, we assume that €2 is a simply con-
nected bounded domain with a C3 boundary in the plane, representing the reference
configuration of a very thin liquid crystal material.

The Landau—de Gennes model is based on a phenomenological theory in which
stable states of the liquid material correspond to minimizers (or stable states) of
an energy formulated in terms of Q on 2. The matrix Q(x) models the second
moments of the orientations of the rod-like liquid crystal molecules near x. Its
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values describe the average orientation and phase of the liquid crystals near x, mea-
sured through its eigenvectors and eigenvalues. (See Section 1.1 for more detail
on this structure.) As such, Q is a measure of the microscopic anisotropy of their
relative positions. In this paper, we consider fields Q € W!2(Q;.7) with fixed
uniaxial nematic boundary conditions of the form Q = Q¢ on 92 (in the sense of
trace). We assume throughout the paper that (Qo);; € C39Q) forall 1 < i, j <3,
and that

1
Qo(x,y) =s (no(x, ¥y) ®mno(x,y) — 3 I) for (x,y) € 992, (1.D

where [ is the 3 x 3 identity matrix, s is an arbitrary fixed nonzero real number,
and ny is a fixed vector field defined on 92 satisfying ng = (n1, na, 0), [ng| = 1,
and (1.1) on 9€2. Note that Qg is invariant under changes in direction: ng(x, y) —
—ngp(x, y) at any point (x, y) in d€2, which allows boundary conditions of degree
one-half, or integer multiples of one-half, for Qy. Nonzero boundary conditions of
this type are observed on the sides of thin liquid crystal materials exhibiting defects
along curves, known as “disclination lines” in the material, whose intersections
with horizontal cross-sections are isolated points of degree % or —%. (See [3,20].)
We analyze a class of equilibria for the Landau—de Gennes energy

F.(0) =/Q[fe(Q)+e_2fb(Q)],

where ¢ > 0, defined for all 0 € W12(Q;.7). Here, f, is the elastic energy
density in 2 given by

fe(Q) Ql]k Ql]k+ Ql]] szk
+7 Qijk Qik.j»

where each term above is summed over all i, j, k from 1 to 3. Here L1, Ly, L3 are
constants, Q;; o denotes Q” ,and (x1, x2, x3) = (x, y, z). The above formula is
valid in two- or three- d1mens10nal reference domains. Since here we are consider-
ing a two-dimensional reference domain, 2, we identify Q(x, y) with Q(x, y, 0)
above, so that Q;; 3 = 0forall 1 <, j < 3. We assume throughout the paper that

L; >0 and L{+Ly+ L3> 0. (1.2)

The term f} is the bulk energy density given by a smooth real-valued function which
depends on temperature as well as on Q. We assume that temperature is fixed and
f» = fp(Q) is a nonnegative C*° function defined on . such that f,(Q) = 0
if andonly if 0 € A, = {Q € .: 0 = s(m®m — 1) for some m € S?},

where s is the fixed nonzero constant in the definition of QO From our definitions
in the next subsection, we shall see that the energy well, A, corresponds to a set of
uniaxial states. Liquid crystals satisfy the principle of frame indifference and are
macroscopically isotropic. As a consequence, fj is assumed to be invariant with
respect to orthogonal transformations, that is, we require
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f(ROR") = f,(Q) forall Re O3) and Qe .7. (1.3)
Set
S ={0€Y:Qi3=03 =0 fori =1,2},
o ={Q(x,y) € WH(Q: #): Q= QpondQ),
and

o ={0 e Wh(Q:;.9): Q= QopondQ).

Our goal in this paper is to investigate minimizers for Fy in 2%, and to analyze
their behavior in the vanishing elastic energy limit, ¢ — 0. The relevance for doing
this is that due to the symmetries described above, these minimizers are critical
points (equilibria) for the energy F. over the larger space <7, and thus satisfy the
full set of Euler-Lagrange equations with respect to variations in .. (We prove this
in Lemma 2.1.) In addition, each Q € ./ is described in terms of an orthonormal
set of eigenvectors. (See (1.8).) For Q € .7, we have

1
O=sm®m+s;m-@m’ — 3 (s1 + s2)1 (1.4)

for some real numbers s1 and 57, and Q has an orthonormal basis of eigenvectors
of the form

{m, m*, e3} where |m| =1, m = (m;, my,0),

and m* = (—ma, my,0), (1.5)

with eigenvalues

1 1 1
A= 5(2S1 —52), A= §(2S2 —51), A3= —5(81 + 52). (1.6)

(See [17].) Thus the minimization problem of F, over . models the behavior
of a thin liquid crystal material occupying 2 x (—n, 1), with its top and bottom
surfaces treated so as to fix e3 as a principal axis (eigenvector of Q) of the liquid
crystal molecules throughout the body, with the other two principal axes (eigen-
vectors) in R? x {0} and boundary values on its sides given by O = Qo(x, ).
The above problem includes a classic example from the liquid crystal literature, in
which

2b
f(Q) = £2(0) = atr(Q) — T 1r(@%) + %(tr(Qz))z +0

. 26 (< cf< ’
= a(ZAf) -5 (Z,\?) +5 (Zx?) +0. (L7
i=1 i=1 i=1

Indeed, taking b, ¢ > 0, a < %zc’ and an appropriate choice of 9, we have fl? >0
and fé)(Q) = 0ifand only if Q € Ay where s = 4ic(b + /b2 — 24ac). (See [17].)
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1.1. Definitions and Structural Assumptions

Our results require some structural assumptions on the bulk energy density
fp. In this section, we state these assumptions, along with some definitions and a
change of variables in .7, that will be needed to state our main results.

It is well known (see [17]) that each Q € .% has an orthonormal set of eigen-
vectors and can be written as

1
Q=S1n®n+82k®k—§(51+S2)1, (1.8)

where n and k are orthogonal unit vectors in R3; moreover, the ei genvalues of Q
are given by the formula in (1.6).

Definition 1. Let Q € .. We say that Q is isotropic if all its eigenvalues are equal.
(In this case, the structure of Q is that of a “normal” liquid.)
We say that Q is uniaxial if exactly two of its eigenvalues are equal. (In this
case, Q has an axis of symmetry and its structure is “rod-like” or “disk-like”.)
We say that Q is biaxial if all its eigenvalues are distinct. (In this case, there is
no axis of complete rotational symmetry for Q and its structure is “board-like”.)

By formula (1.6) for the eigenvalues of Q € .7, it follows that Q is isotropic
if and only if s1 = 52 = 0 (and hence all eigenvalues are zero); Q is uniaxial if and
only if one of the following three conditions hold: s; = 0 and s, # 0, s, = 0 and
s1 # 0, or s1 = 52 # 0 (and hence all eigenvalues are nonzero and exactly two of
the eigenvalues are equal). Finally, Q is biaxial for all other values of 51 and s>.

The above definition, when applied to a minimizer Q. (x) of F, in .« or <,
allows one to identify subregions of €2 in which the liquid crystal material is in the
isotropic, uniaxial, or biaxial phase; nonempty subregions of any of these phases are
possible for functions in <7 or 2%. Note that A N.¥) is a disconnected set of uniax-
ial states in .7 with two connected components: A;N.%% = A, U{s(e3@e3— %I )},
where A, = {s(m @ m — %I): m = (my,mp,0), |m| = 1}; also, the boundary
values Qo(x, y) are valued in A’.

Definition 2. Let y: [0, 1] — 9K be a C? positively oriented parameterization
of 9Q2 such that y is one-to-one on [0, 1). For Qg as assumed above, choose a
unit vector field ng(x) = (1 (x), n12(x), 0) defined on 92 satisfying (1.1) such that
no(y(-)) € CL([0, 1)). We define the degree of Qg on 0L2 by

1t dn
Z/o no(J/(t))L~wdti = deg Qo.

Since lim;41 mo(y (t)) = £no(y(0)) by (1.1) and the continuity of Qy, it fol-
lows that deg Q¢ = % for some k € Z. Since we are interested in boundary con-
ditions that correspond to a thin liquid crystal material with disclination-line type
defects, we assume that k is nonzero, and thus without loss of generality, we shall
assume throughout the paper that k > 0. As ¢ | 0 the effect of the bulk energy
density f;, becomes more pronounced and minimizers tend to have their values
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located in a neighborhood of Ay (1) . We prove this rigorously in Lemma 3.2 and
Corollary 3.3. Due to the boundary conditions, however, this cannot happen
throughout 2. We prove that the regions in which minimizers, Q. (x), of F; take
values outside a neighborhood of A, concentrate and quantize into k small subdo-
mains. Moreover, for a subsequence as ¢; — 0, these subdomains tend to & distinct
points {ay, . .., ai} representing the cross sections of the limiting disclination lines.

In [20], ScHOPOHL and SLUCKIN carried out a numerical investigation of equi-
libria for F, in </, where f, = fl? is as in (1.7), with parameters so that the
energy well is a set of uniaxial states A. They gave numerical evidence that uniax-
ial boundary conditions with nonzero degree give rise to equilibria that are nearly
uniaxial away from topologically induced defects, about which the solutions are
strongly biaxial. They pointed out that there is a subclass of equilibria which is
contained in 27, and they developed simulations for the equilibria in this subclass.
This is the class of solutions that we are studying here.

To state our main results, we use the following linear change of variables for
the coefficients of each Q € o in terms of unique functions p = (p1, p2) and r:

pL+5 P2 0
Q=0 nr=| p 5—=p1 0 [. (1.9)
0 0 —r

By (1.1) and (1.4) each Q € .o corresponds to a unique (p, r) € wh2(Q; R?) x

5| s

W12(Q) satisfying plag = po, rlag = ro, where [po| = 5L, ro = 3, and
deg (Ill%’ dQ2) = k = 2 deg Qp. This can be seen by writing (since np ® ng =
(—ng) ® (—no))

no(y(t)) = (cosa(t), sina(z), 0)

for each ¢ in [0, 1), where (cos «(t), sina(t), 0) = ng(y(¢)) and @ € cl([o, ).
Then, using (1.1) and(1.4), we observe that

Po(y (1)) = %(cos 2a(t), sin 2a(1)).

The representation (1.9) was motivated by the setting used for the simulations in
[20]. We may then recast our minimum problem by considering the set

Ag = {(p, P e W R?) x W2(Q): p = po and r = % on asz} .

The mapping Q = Q(p,r) : A9 — o is one-to-one and onto, and the eigen-
values for Q(p,r) are Ay = 5+ |p|, A2 = 5 — |pl, A3 = —r. By (1.3), f, depends
only on the invariants of Q; since rrQ = 0, these are det Q = (|p|*> — %)r and

|QI? = 2|p|> + 3 2. Thus, f,(Q) = g»(|p|?, r) for some function gj. We prove
in Section 2 that minimizing F(Q) over <7 is equivalent to minimizing

Ge(p,r) = /Q [g.(Vp, Vr) + e 2gy(Ipl*, 7)] for (p,r) € Ag,  (1.10)
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where g.(Vp, Vr) is defined by

(Lr + L3) 3Ly | (La+L3)
g = (L1 + T) IVpl* + (T + T) \Vr?

(L2 + L3)
+ 2
+|Ly + L3|(p1x p2y — P1yP2x)- (L.11)

(P1xrx — DPiylry +rxp2y + ryp2x)

This can be rewritten as
2 3 2
ge = L1 | IVPI”+ ZIVVI

+w ((Plx + %x + pzy)z + (sz — Py + %)2)

if Ly +L320, (1.12)

3
ge = (L1 + Lo+ La)(IVpl* + 1VrP?)
(Lo + L3) ((r 2 ry\? 2
T ((Ex—pu - p2y) +(p2x — Py — 3’) +1Vr|
if 0 > Ly + Ls. (1.13)
The following structural conditions are assumed for g (p, v) = gr(Ipl?, r):
i) g» € C*°([0, 00) x R), g = 0 and gb(%, 5) =0,

ii) For some m1, my, m3 > 0
1g6.p(IPI%, MIIPI + Ig6. (1P 1| < mi(pl + |7) + ma,
m3(pl* + Ir|*) — 1 < gp(Ipl*, 1), (1.14)

1ii) For some §, m4 > 0

2
ma((Ip* — )2 +1r — 51 < gp(Ipl2 r)
for ||p| — Bl + |r — §] < 6.

Since f3,(Q) = g»(Ipl*. r) = g»(p, t) under the change of variables (1.9), these
are additional assumptions on fp. From (1.2), (1.12), and (1.13) we see that g, is a
positive definite quadratic. Thus G, is strongly elliptic. It follows that minimizers
for G, in Ay exist and that the Euler—Lagrange equation is a semi-linear elliptic
system for which minimizers are classical solutions (C*°(€2) (| C 2(Q) in our case).
(See Theorem 2.2.)

In general the bulk energy well for g5 (|p|?, ) corresponds to {(p, ) : g»(|p|>, r)
= 0}. From our assumptions on fp, the bulk energy well for fj restricted to .9
is AL U {s(es ® ez — %I)}. By the change of variables 0 — (p,r), A} corre-

sponds to Iy := {(p, r): Ipl> = %, r= %}, and {s(e3 ® e3 — %1)} corresponds to
{(p,r) = (0, — %)}. We note that the structural conditions (1.14) require only that
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{g»r = 0} contains I'y as in (i), that it is bounded as in (ii), and that g, has quadratic
growth away from Iy as in (iii).

For the classic example, f;, = fé) from the liquid crystal literature (with coef-
ficients a, b, ¢, and 0 as described above (see (1.7)), fl? minimizes precisely on the
uniaxial well Ay,

2
720) = a (2|p|2 + %rz) — 2br (|p|2 - %)

¢ 3 2

+=(2pP + 272} +0=:g0(pP. "
2 2

for Q € S and Q = Q(p, r), and one can easily show that the structural assump-

tions (1.14) are satisfied for this example of g;.

1.2. Main Results

In this section we state our main results on the structure of minimizers of the
energy functional F,(Q) over &%), using the fact that Q is a minimizer of F; in <%
if and only if (p, r) is a minimizer of G, in Ag and Q = Q(p, r).

Theorem A. Let {(pj, rj)} be asequence of minimizers for {G.,}, respectively over
Ao, such that €; |, 0. For ease of notation we consider p; as a complex-valued
function by identifying R? and C. Then for a subsequence {(p /> 7jr)} there exists
a harmonic function h € C2(§) and k points {ay, ..., ar} C Q2 such that

|s|

(|pj/(x)|3 r]/(x)) - (?’ %) ln Cloc(ﬁ\{aly ey ak})? and

(P (x), rjr(x)) = (P* (%), r*(x)) = (% O+ 000) %) (1.15)

in Wh2(@\ar, . .., ax}) N Cioc(@\lat, .. ., ax)) and in CP' (Q\far, . . ., ax)) for
allm > 0, where 6y = 0¢(X) denotes the polar angle of x with respect to the center
ag. In particular, for each sufficiently small p > 0, if j' is sufficiently large, setting
Q, = Q\ Ulzzl B, (ag), we have

. k J—
pji(x) = [pjr(x)|e! My T2t 0 G (1.16)
where h j(X) is a function in Cz(ﬁp) so that €7 ™ has degree zero on 0%2, and
p;’ has degree 1 about each of the k defects {ay, . . ., ai}.
From Theorem A and the change of variables between Ag and 2%, we obtain:

Corollary A. Let {Q } be a sequence of minimizers of {Fe,}, respectively over <
suchthatej | 0. Then for a subsequence of minimizers, we have Q jr = Q(p;/, rj’)
where {pj,rj} C Ao satisfies Theorem A, and hence for each sufficiently small
p > 0, if j is sufficiently large, we have:

Qjr(x) = s, () (M (X) ® mjr(x)) + 57, (X) (M7 (%) © m;(x))

1 o
—g(sj’l(x)-i-sj/z(X))I inQ,,



802 PATRICIA BAUMAN, JINHAE PARK & DANIEL PHILLIPS

I I
I I
I I
Fig. 1. % degree defect in a nematic texture

where

k k
1 1
m; (x) = <cos (E(hj/(x) + E GZ(X))),sin(E (hj/(x) + E Qe(X))), 0>,
(=1 =1

3 3
s (x) = [py(X)| + zrj'(X), 85, (X) = zrj'(X) = [pjy (X,
and Q ji has degree % about each ay. (See Fig. 1.)

In particular, Q j/(x) converges to a uniaxial field 0*(x) in WIL’CZ Q\{ai, ...,
ar)NCroc(Q\{a1, . .., ax}) andin Ch (Q2\{ay, ..., ar}) forallm > Oas j* — oo,
where

Q*(x):s(m(x)@m(x)—%[) in Q\{ay,...,ar} whens > 0,
and
0*(x) = s(m*(x) @ m*(x) — % I) inQ\{aj,...,ax} whens <O0.

Here,

k k
m(x) = <cos (% (h(x) + Z 0y (x))) , sin (% (h(x) + Z@( (x))) , 0>
=1 i=1

(1.17)

for all x in Q\{ay, ..., ax}. Note that m; and m are discontinuous while Q ; and
Q are continuous on 2.

The points {ay, ..., ai} represent the cross sections of the limiting disclination
lines perpendicular to €2. We prove that this set of points minimizes a renormalized
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energy W (b) defined forb = (b1, ..., by) € Qk, which was introduced by BREZIS
et al. [1] in connection with their analysis of minimizing sequences {v.} for the
Ginzburg-Landau energy

1 1
E.(V) = 5/Q [IVVIZ + 2—82(1 — |v|2)2} (1.18)

forv e {w e Wh2(Q:R?): w = Po/|Po| on 02}. (The renormalized energy W (b)
is defined by equation (3.24).) On the other hand, we analyze the limiting behavior
of the energies, {F;(Q;)}, as j — oo and show that it depends strongly on the
coefficients L1, Lo, and L3 as well as the parameters s and the degree % of the
boundary data Qg. More precisely, we have:

Theorem B. Let {(p;, r;)} be a sequence of minimizers for {G, }, respectively over
Ao (or equivalently, let {Q} be a sequence of minimizers for {Fg;(Q )}, respec-
tively over o), for which (ai, ..., ax) is a limiting configuration of defects as
€ | 0 as described in Theorem A. Then

stk
1
Furthermore, the renormalized energy W (b) for the limiting problem minimizes
at a and we have

Fe;(Qj) = Ge;(pj, rj) — (L3 — Lo + [L3 + L2J)

In —

Ly + Ly + L3)s?wk . 1
4 Sj

lm [G&‘J(pjar]) -
J—>00
2

S
= QL1+ L+ L3)ZW(3) +ky.

Here vy is a fixed constant associated to the energy of each defect core.

Investigations from the physics literature of nematic textures in thin flat
or curved surfaces (thin shells) can be found in [3,6,16,18], and [23]. In [5]
FATKULLIN and SLASTIKOV proposed and investigated a model for two-dimen-
sional nematics (assuming that L1 > 0, L, = L3 = 0, and Q is a two-dimensional
tensor, that is, Q = Q(p, r) is in & with r(x) = 0) combining Onsager—Ma-
ier—Saupe and Landau—de Gennes theories. This led them to analyze a variational
problem closely related to the Ginzburg—Landau energy (1.18).

Our final theorem describes how our results in this paper relate to earlier inves-
tigations of complex Ginzburg—Landau type functionals that have multiply-con-
nected energy wells. The closest study in this respect is [8] by HAN and Kim,
in which they analyzed the asymptotic behavior for sequences of minimizers to
the Chern—Simons—Higgs (CSH) and the Maxwell-Chern—Simons—Higgs (MCSH)
energies used to model aspects of superconductivity.

For the (CSH) model one seeks (using our notation) minimizers p; to

1
Cow) = [ [51VpP + e 2pPa - 1] (1.19)
Q

forpe By ={v e WLh2(Q:R?): v = Ppo on 02}. Here pg € C39Q), pol = 1,
and deg (po, 02) =k > O with k € N.
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For the (MCSH) model one seeks minimizers (Pg,g, 7'¢,q) t0

1 _ _
Ceq(p.7) =/[5|Vp|2+q 2VrP 4+ plPr? + g2 (plP = D) + )%
Q
(1.20)
for (p,r) € By X WOI’Z(Q). The following two results are from [8]:

i) For fixed ¢ > 0, from any sequence of minimizers for (1.20) with ¢ — oo
one can find a subsequence {(pe,g,, 7¢,q,)} and a minimizer p, to (1.19) for
which

Pege — Pe and  Co g, (Pe,gps Te.q,) = Co(Pe) as g¢ — 00.

ii) For fixed g > 0, from any sequence of minimizers for (1.20) with ¢ — 0

there exists a subsequence {(Pe,,q, 7¢,,¢)}, @ point a7 = (a;], ey C’Z) € QF,
and a function p; asin (1.15) so that p,, 4 — p;‘; in the sense of Theorem A
as gy — 0.

The functionals (1.10) and (1.20) are quite different. The bulk energy well for
Ceqis S! x {0} Jf{o, ¢~ 1)} and the second component is eventually outside of any
bounded set as ¢ — 0. This is in contrast to the bulk energy well for G, which does
not vary with . The analysis in [8] is based on this feature and cannot be applied to
(1.10). Furthermore, the bounds in the estimates used to prove ii) diverge as ¢ —
00, so they cannot be used to determine lim; o (limg, 00 Ce.q, (Pe,ge» Te.q0)) =
limg_0 C¢(ps) or the limiting behavior of minimizers of C,, and this was left
open. Our analysis, however, applies to these issues directly. The same arguments
we use to prove Theorems A and B give the following result:

Theorem C. Let {p.} be a sequence of minimizers for (1.19) such that ¢ — 0. Then
there exists a subsequence {pg,}, a pointa = (ay, ..., ar) € Qk, and a function
p* as in (1.15) for which ps, — p* in the sense of Theorem A. Moreover W (-)
minimizes at a and

1
lim [csl (pe,) — kIn —} = W) +ky
£—00 &y

for a fixed constant y.

Other related work is given in the papers [11,12], and [21] in which the authors
develop asymptotic properties for the (CSH) energy using I'— convergence tech-
niques. This approach gives less detailed information than in our setting. However,
it is not restricted to sequences of minimizers as in our case, and the authors apply
it to more general energies and scalings.

Our paper is organized as follows. In Section 2 we prove regularity of mini-
mizers and show that minimizers for G, in Ag correspond to a family of equilibria
for F, in 7. In Section 3 we prove a number of a priori estimates for minimizers
of G and use them to prove Theorems A and B, developing the qualitative fea-
tures of minimizers for G.. Our results in this section expand on investigations of
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minimizers for the Ginzburg—Landau energy E. (1.18) done by Brezis—Bethuel-
Hélein, Fanghua Lin, and Struwe. (See [1,13,14], and [22]). The energies E. and
G, differ in two main respects. First, the elastic term in the energy density for E,
is the Dirichlet energy density, whereas for G, it is a coupled quadratic in V Q.
Second, the energy well for the bulk energy density for E, is S!, while the energy
well for G, is a bounded disconnected set consisting of the circle I'y and the point
0, —%). In Corollary 3.3, we prove that for ¢ small, minimizers of G, take their
values near I's outside an exceptional set whose measure is 0(&?). As aresult, [’y
plays a role similar to the energy well for E,, and we prove that this exceptional
set is contained in a neighborhood of k defects (vortices). The results in Section 3
are proved assuming the a priori estimate

E‘Z/ng(lpz;IQ,rs) M (1.21)

for some constant M < oo, for the family of equilibria {(p.,7:): 0 < ¢ < €1}
that are considered. In Section 4 we prove, using a Pohozaev identity, that (1.21)
is always satisfied if 2 is a disk and 0 < ¢ < 1. We then use this result to estab-
lish (1.21) for the case in which Q is a C3 bounded simply connected domain and
{(pe, 7o)} are minimizers, where ¢; depends on s, L1, Lo, L3, 2, k, and the con-
stants in (1.14), and M depends on these terms and in addition on [[pollw1250)-
Our approach for this part is similar to one used by DEL PINoO and FELMER [4] in
which they established the analogue of (1.21) for the simpler energy (1.18).

2. The Landau-de Gennes Energy

By definition of f,, we have

(Ly + L3)
2

L3
+7 (QijkQik,j — Qij,j Qik.k)

L
fo(Q) = 71|VQ|2 + \div O

where div Q is the column vector whose ith entry is the divergence of the ith row
of O, Q;j,j. The last term in f, is a null-Lagrangian; its integral over €2 is constant
on

M ={0 € WH(Q: R¥3): 0 = 0y on 9}
and its first variation at any element of ./ is zero. Set

(Ly + L3)

divQ|?.
5 |divQ]

/ Ly 2
Q) = 7|VQ| +

We say that F and F} = [o[f/+ £72 f,] are equivalent since their first variations
on ./ agree, 8y F,(Q) = 8y F.(Q), where

SyF(Q)=DF(Q)[V]:=0,F(Q+1tV) at t=0
forall Qe.# and Ve W, RS
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For Q € o7 we write

21 (x) z2(x) 24(x)
0x) = | z2(x) z3(x) z5(x)

74(X) z5(x)  —z1(X) — z3(X)

and for Q € o we additionally have z4(x) = z5(x) = 0. The Euler-Lagrange
equations for F, derived by variations in .7 (<) consist of the five (three) equations
SZZFs_OforZ_l , 5 =1,2,3).

We can now show that an equilibrium with respect to variations in 2% is also

an equilibrium with respect to variations in <7. We have:

Lemma 2.1. Let Q € o solve §;,F:(Q) = 0 for £ = 1,2,3, then §,,F:(Q) =
8,5 F:(Q) =0, as well.

Proof. Since f, = f(det Q, |Q[?)itis easy to see that 3, f5(Q) = 3.5 f»(Q) =0
for Q € Y. It follows directly that §,, F/(Q) = 8.5 F.(Q) = Oforany Q(x) € <.
O

Theorem 2.2. Eor each ¢ > 0, minimizers for F¢(Q) in < exist and are of class
C®(Q) N C*(Q).

Proof. Recall thatby (1.2), L| > Oand L+ L+ L3 > 0. We consider two cases.

i) Ly + L3 2 0. From the discussion above we can work with the energy F,
instead of F;. Its energy density is the sum of nonnegative terms and f, is
a positive definite quadratic in Vz, z = (z1, 22, z3). The first variation of
F! in o results in a semilinear elliptic system of three equations in three
unknowns. From standard elliptic theory (see [7]) minimizers for F/ in <%
exist, they are weak solutions to the resulting elliptic system and they are
classical (C®(Q) N C%(Q)).

ii) 0 > Ly + L3. Let curl Q denote the matrix-valued function whose ith
row is the curl of the ith row of Q. Then |VQ|? — |div Q|* — |curl Q|? =
(QijkQik,j — Qij,jQik.k) is a null Lagrangian. As a result, if we set

(L1 +Lx+ L3) (L2 + L3)
fvalz — e url Q|2

Q) =
then f, — f/' is a null Lagrangian, f’ is a positive definite quadratic in Vz,
and we can argue as in the previous case. 0O

Setting p1 = (z1 — 23)/2, p2 = z2,and r = z; + z3 then Q € & is given
in terms of (p, r) € Ag by (1.9). The minimum problem for F; in .« is recast as
the minimum problem for G, as defined in (1.10) in Ag, where g, as expressed
in (1.12) and (1.13) directly corresponds to f, and f) in cases i) and ii) above,
respectively. Moreover, we have

(L3 — Ly + |L3 + L2|)
4

8e(P,7) = fe(Q) — (QijkQik,j — Qij,j Qik.k)-
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Corollary 2.3. If (p,r) € Ag and Q = Q(p, r) then

2k

Ge(p,r) = Fe(Q) + (L3 — Lo+ |L3 + L2|) 1
Proof. It suffices to evaluate fQ(Q,'j,ink,j — Qij,jQik k). As this is a null-
Lagrangian we are free to choose (p,r) € Ap, and we set r = % It follows

from (1.9) that

/(Qij,ink,j = Qij,j Qik k) = —4/ (P1xP2y — P1yp2x)
Q Q

—4k| By (0)] = —s>7k.
2

O

Corolliry 2.4. Minimizers (pe, re) for G in Ay exist, they are of class C*(S2)
nc 2(Q), and they correspond to minimizers for F, in <% by the relation (1.9).

3. The Asymptotic Problem

By Theorem 2.2, equations (1.12)—(1.13), and our assumptions on Qy, it fol-
lows that minimizers (pg, r¢) for G, in Ag are classical solutions to the boundary
value problem

L1(p. r)i=—2L1Ap1 — (Ly + L3)[Ap1+ 3(rex —ryy) | =— 8Ly

Ly(p.r)i=—2L1Apy — (Ly + L3)[Apy + eyl =—2B gy
Z5(p, 1) :z_%LlAr - (LLQLS)[plxx_p1)7y+2p2xy+%Ar]:_8ngb,t

3.1)
in 2,
andr:%, p=po onde, (3.2)
with [po] = 3l on 9 and deg (B, 92) =k > 0.

Choose a finite covering % of the C3 manifold €2 by coordinate neighborhoods
with uniformly bounded C? structure, and a constant &g in (0, 1) (depending only
on 2 and %) such that for all xy € 2, §280 (x0) is contained in a set in % . Through-
out this section we assume (1.21) holds for all minimizers z, = (pg, ) for G in
Ap forall0 < ¢ < & < &g, where g1 depends onlyon s, Ly, Ly, L3, 2, k, and the
constants in (1.14), and M depends on these terms and in addition on [|po |l y12(5¢)-
This will be proved in Section 4.

We begin this section by proving several a priori estimates, namely Lemma 3.1
to Lemma 3.6, for solutions to (3.1) and (3.2) that satisfy (1.21) for the above M
and 0 < ¢ < ¢1. These and Proposition 3.7 to Corollary 3.13 will be applied to
minimizers of G, to prove Theorems A and B at the end of this section.

In this section, unless otherwise stated, we denote by C and C;, positive con-
stants depending at most on po, s, L1, L2, L3, 2, and the constants in (1.14). Addi-
tional dependence, for example on M, will be denoted by C(M).
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Lemma 3.1. Let z, = (p., 1) satisfy (1.22, (3.1), and (3.2) for 0 < ¢ < €1. Then
|z | and |eVzg| are uniformly bounded in Q2 by a constant C (M) independent of ¢
forall0 < ¢ < &7.

Proof. LetX € Q and let e € (0, £1). Set

i(y) =z.(cy +X) forye Q={y:ey+Xe Q.

Then in S_~2, Z satisfies the system obtained by setting ¢ = 1 in (3.1). Let Br =
B,(0) N 2. From (1.21) and the growth estimate (1.14) on g, we have

IZll 43, S C(M)  for0 <e <e.

Write (3.1) as £z = e 2f(z), where f(z) = [~2p18b.p, —2P28b.p, —8b.cI" and
% is the second order elliptic operator with constant coefficients. From (1.21) and
the L* estimate, we have

_f@) -z| = C(M) for0 < ¢ < ;.
By
In addition, we have ||i|ck(a§2) S c¢pfor0 < ¢ < ¢ and £ < 3, where ¢¢ depends
only on €2 and py.
We use <p2(i — ) as a test function in (3.1), where ¢ is a cutoff function van-
ishing near |y| = 1, such that ¢ = 1 on B3 /4> and ¥ is a smooth function equal to
Z on 9. The above inequalities and elliptic estimates give ||i||1’2; Bys < C(M).

This implies that f(z) € L2(1§3/4) and we see that |Z|, 2:Bs)s < C(M). Ellip-

tic estimates imply that Z € W32(By /16), and by differentiating the equation we
obtain [|z]|, 2:Bois < C(M). It follows that ||i||cl(§ ) < C(M) uniformly for
,25 1/2

0 < ¢ < ¢g1. The assertions then follow by scaling back to z.(x). O

Set @, = {(p,r): [Ipl — 5 + 1r — $| £ ). Note that &y = T. Below,

" (E) denotes the n-dimensional Hausdorff measure of E.

Lemma 3.2. Let z, satisfy (1.21), (3.1), and (3.2). Set B(e, n) = {x € Q: z,(X) &
Ou}, Pi(x,y) = x,and Py(x,y) = y. Let 0 < . < 8, where § is given in (1.14).
Then

AN (P (Be. ) S Cu, M)e and A (Py(B(e. 1) < Cu, M)e
forall0 < ¢ < ¢y.

Proof. Note that z.(x) € 0 for each x € 9. Let (x, y") € HB(e, n), and set
£y ={(x', y): y € R}. Since this line intersects €2, there must exist (x’, y”) € £
sothatz(x’, y”) € 80, ». It follows from Lemma 3.1 that there is a C1 (i, M) > 0
so that

z(x', y) € 03,4\Oyys for|y —y"| < Cie.
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From (1.14), then, we see that there exists Co(u, M) > 0 so that Cre <
Jo, gpUpel?. re)d A (). Thus

Coe ' (P1(B(e, 1) < / gr(Ipel?, re) < 7M.
Q

The estimate for P>(Z(e, 1)) follows in the same manner. O
Since B(e, ) C P1(AB(e, n)) x Py(AB(e, n)) for u > 0 we have the following.

Corollary 3.3. Let z. satisfy (1.21), (3.1), and (3.2). Forany u € (0,8) if 0 < ¢ <
g1 then A% (B(e, 1)) < C(w, M)e.

This estimate leads to a statement for all x € 2. We use the fact that (p,, r¢)
is bounded together with Corollary 3.3 for x € H(e, 1), and the growth estimate
(1.14) for x € Q\%(e, 1) to get

Corollary 3.4. Let z. satisfy (1.21), (3.1), and (3.2). If 0 < & < & then

2 2\ 2
e /Q ((u(x) -3) + (|p£(x)|2 - SZ) ) scon. 63

Lemma 3.5. Let z; satisfy (1.21), (3.1), and (3.2). If 0 < ¢ < €] then
/ [Vre]> < C(M).
Q

Proof. We first record an energy estimate for linear elliptic systems applied to (3.1)
and (3.2),

2 2 —4 2 2 2
1Pl s + Wel3 i < 1 (7 (IPegoplic + Ngo.clic) + 1IP0I, 200
where ¢ depends on Ly, Ly, L3 and Q. Since g, minimizes on & we have

185, p (1P ()12, 7e (X)) |* + |5, c(IPe ()%, 7 ()2

2y 2 2
< c((|ps<x>|2 - SZ) + (0 - 3) ) (34)

Thus, using (3.3) we find
Irel3 2.0 < Ce™2 + 1.
It then follows from this inequality and (3.3) that

s B K
Jvnf == [ (r=3) an <7 - S naelin e
Q Q 3 3
S C(M).
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Lemma 3.6. There is a constant €3 € (0, 1] depending only on Q2 and k =

deg (Ig—gl, 0%2), and a constant C (M) independent of € so that if (pg, ¢) is a mini-

mizer for G in Ag and 0 < ¢ < &) then

2
|
/ 1Vpel? <X 27 kIn - + C(M).
Q 4 &

Proof. We first construct a comparison function for the energy in (1.18). Choose
a set of distinct points {b1, ..., by} C €2, depending only on €2 and k such that

min{|b, — by|, dist(b,,dR);1 <n, L <k,n#4L}=¢

is maximal. Define

K
We(X) = HC (|X — be') (x = be) elie ™)

=1 € IX = bl

where ¢(1) € C*(R) such that £(r) = 0 for r < %, t(@) = 1for1 < ¢, and

Je(+) is harmonic in € such that w, = ‘g—g‘ on 02 for ¢ < €. Then, one has

E.(w.) Sk ln(‘];) +cofor0 < ¢ < g, where E, is given in (1.18) and ¢y depends
only on  and pg. We next set (W, r’) = (liz"wg, %) € Ap and use this as our
comparison function for G,. Set ¢, = min {g, ¢1}. Then, for ¢ € (0, &2], using
(1.11) and (1.14) we find that

L L
Gew', 1) < (L1 + g)/ VWP
2 Q
+L + L3 /Q(wﬁ,xwé,y —wjywy )+ Ci.
The second integral on the right depends only on w'|3q. Thus we get

Lr+ L 2 1
L2t hs) S ki Sty
2 4 e

Ge(w',r') < (L1 +
Next, we use
/ 8e(Vps, Vre) < Ge(Pe, re) < Gs(wly r,)~
Q

From (1.11) and suppressing the subscript &€ we see

(L + L3) (L2 + L3)
(L1+T VB4 [ prare—puyryrepay + 120
Q Q

2
K 1
+|Ly + L3|/ (P1xP2y — P1yP2x) = QL1 + Ly + L3) anln (E) + C.
Q

Again, the third integral is a constant depending on pg. The lemma will follow
once we show that we can bound the second integral appropriately. To do this we
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multiply the third equation in (3.1) by (r — 3) and integrate over Q2. We get using
Lemma 3.5 that for 0 < ¢ < &3 :

(L2 + L3)
‘ ) / (P1xrx — Piyry + paxty + p2yrx)
Q

A

- s
€ 2/ 18b.¢l - [r = 2| + C2(M)
Q 3

A

-2 2 S
: /Q(|gb,t| +1r = 317) + Ca0).

Finally using (3.3) and (3.4) we see that the last integral is bounded by a constant
C(M) independentof ¢ for0 < ¢ < &. O

We are in a position to apply Lin’s Structure Proposition; see [15]. Significant
parts of the proposition were also proved by JERRARD [10] and SANDIER [19]. Define

Je (V) :/ Je(v), where
Q

= Lo L (2 ||22
V)= - v — = —v .
Je 2 22 \ 1

Proposition 3.7. For fixed s # 0 and a constant K suppose that

p- €{ve Wh2(Q;R?): v = po on 02} such that
3 s Po
po € C3OR), Ipol = 5, deg (—, asz) —k>0,
2 [pol
2

s 1
Je(Pe) S — kln — + K,
4 £

where 0 < ¢ < n. Fix 0 < ap < %. There are positive constants ng € (0, n)
and po > 0 depending on K, Q, po, and ag so that if ¢ < ng then for each ps,
there are points {ai, ..., a;} satisfying

min{|a;, — ay|, dist(a,,9R);1 <n, £ <k,n # £} 2 po,

and constants a,, (¢), ag < ay, < 2aq for 1 < m < k so that % faBm Je(pe) = C
for a fixed constant C(s), |ps| = ‘ZJ on 3By, and deg (£, 0B,,) = 1 where

[pel”’
By = Bgan (a3,). Furthermore, for any sequence {pg,} with g¢ | 0, there exists a
subsequence {e¢(y)}, points {ay, . .., ar} and a function h(X) so that
SO an) e B8]
e — )
aml(q) — ap and psl(q) — px = H = 7 el/’l(X) .
ot X — a,| 2

as g — 0o, where the convergence is strongly in L2(Q), weakly in
1.2 &
Wloc (\{a1, ..., ar}), and ”h”WLZ(Q) < C

for some constant C1 = C1(K, 2, po).
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We take into account (1.21), Corollary 3.4, Lemma 3.5, Lemma 3.6 and apply
the Proposition to a sequence of minimizers.

Lemma 3.8. Let {(p, 7:)} be a sequence of minimizers for {G.} in Ay such that
€ | 0. Then for a subsequence {(pg,, rs,)} we have pg, — p* as in Proposition 3.7
and

re, — % in W2(Q).

The next two lemmas strengthen the notion of convergence using the fact that
we are working with a sequence of minimizers. Set 2, = Q\ Ul;=1 By(aj).

Lemma 3.9. Let {(p¢, r¢)} be a sequence of minimizers for {Gg,} in Ao such that
¢ | 0, converging to (p*, 3), in L?(Q), where p*(x) = ‘SI H/ h (;—Zj) ethx),
£0

Then for each 0 < p < &,
Sy . . _
(pe.r) = (p7.5) in W'A(Qy) and  lim e, / g (Pl re) = 0.
8[—)0 Qp

Moreover Ah = 0 in Q.

Proof. Applying Lemma 3.8 and using a diagonal argument, we have (p¢, rg) —
(p*, %) in WI’Z(QP) for each p > 0, as above. Furthermore, (p¢, r¢) is a local
minimizer for

/ [5e(VD. Vr) + ;g (pI2, P)1.

To prove strong convergence it is enough to show that for eachX € Q\{a1, ..., ar}
there exists a neighborhood %4 of X, on which (p¢, r¢) — (p*, 3) in W2 %N Q).
We first consider the case X ¢ 02 and take d = d(X) > O such that B;7 =
Eg(i) c Q\{ai, ..., ar}. Then Z’;zl 0;(x) + h(x) is single-valued here and we
write p* = % €™ on By;. From Lemma 3.8 and (3.3), for each p > 0, there
exists Co(p, M) < oo independent of £ so that

2

_ S S

/Q [IVPe? + Vrel? + e, 2 ((Ipel* — 2)2 + (rg — 5)%] < Co(p, M).
14

(3.5)

Take p < d.Then for any subsequence {(Pe;, re;)}of {(pe, re)} (possibly after pass-

ing to a further subsequence that we do not relabel) d can be chosen, d<d<2d
so that

2
_ N N —
/ [1epe; 12+ 1dere, P+, 2P 1P = )%+ = DA S CLE, M),
By

(3.6)
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where d; denotes the tangential derivative. Thus (|pgj [, I’gj) — (%, %) uniformly

on 0By and (p¢;.re;) — (p*, §) in WH2(0By). Since deg (\§_| dBy) = 0, it fol-

lows that deg (ll:ﬁ, dBg) = 0 for j sufficiently large, and we can write Pe; x) =
J

Ipe; (x)Iein/ ® for x € dB4. We define wy; (x) and @(x) on By as the harmonic
extensions of wy; lag, and wlj g, , respectively. It follows that

&y, —~ win WH(@By) and &y, — @in Wh3(By). (3.7)

The first limit follows from [9] and the second follows from elliptic regularity
theory. We next construct comparison functions

~ ~ . ~ iy, ~
(Pe;»7¢;) == (IPe;le 7, 7¢;) on By,
J J J J

such that (f)(j , fgj) = (p(j , rgj) on dBy.
This is done by setting

U Is| s
(Ipe; |, 7e;) = (7,5 on By, ,

and for each 6 define (||, 7¢;) (x|, 6) to be linear for d — e; < x| £d.
s
3

Then based on (3.6) and (3.7) it follows that (p¢;, 7¢;) — (P, 7) = (% e, 3
wl2 (Bg). Moreover,

/ 8o (VB.0) = lim | [ge(Vie,. Vie)) + e P2l P e )l
By

— 00 Bd

From the minimality of (p, T j) and the weak lower semicontinuity of f B, 8e We
have

/ gE(Vp*a 0) § hm Sup / [gE(Vij’ V”E_i) + gz_jng(|p£j|2, rfj)]
By By

j—o0
< / 2e(V.0). (3.8)
By

|s

From (1.11) it follows that de 2.(Vp, 0) minimizes in the set {p = 7' el e
WU2(By): f = won dBy}ifand only if Af = 0in By. Thus p is the unique mini-
mizer and p = p* on By; see [2]. From (1.12) and (1.13) we see that de g.(Vp, Vr)
is the sum of weakly lower semi-continuous integrals. We have shown that the sum
is weakly continuous on the sequence {(pg_ i Te j)}. It follows that each of its terms

is weakly continuous on this sequence, as well. Thus de IVpe; |2 — de |Vp*|?
and de |Vrgj|2 — 0as j — oo. Thus (p¢;,r¢;) — (p*, %) in W12(B,) and, as
a result, the full sequence (p¢, r¢) — (p*, %) in Wl’z(Bg). A further consequence

is that

lim &,? / gr(Ipel, re) = 0.
{—00 -

By
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Moreover, we have shown that p* = % ei(2§:1 Oj+h (X)), where Ah = 0 in
Q\{ay, ..., ar}. From Proposition 3.7 we have that h € W12(Q); this implies that
the singularities are removable.

Lastly if X € 9€2, we take a neighborhood % and d € (0, &) so that there
exists a smooth diffeomorphism defined on B, satisfying ¥ (X) = X and

v B ={y+%X: ) +y3 <d, 220} = U%.

We can then carry out the radial construction of (|p¢/, 7¢) in BT . » push this forward
to %, and then argue as in the previous case. 0O

We next prove that {(|p¢|, r¢)} converges uniformly to (‘V| ') outside of a
neighborhood of {ay, ..., ar}. The proof is similar to that in [13] Theorem A. This
is possible since the density ge can be expressed as the positive definite quadratic
(1.12) or (1.13).

Lemma 3.10. Let (pg,, rs,) = (D¢, Fe) be a convergent sequence of minimizers for
{Gg,}in Ag as in Lemma 3.9. Given p € (0, 20y and n € (0, %), there exists £g so
that

Pe(x), r¢(x)) € O, forall xe Q, and £ > {y.
Proof. Assume there exists x; € €2, such that
(Pe(X¢), re(x¢)) & O for € eN.

Since 9€2, it follows that there exists z; € 2, such that (p¢(z¢), r¢(z¢)) € 90,.
Using Lemma 3.1 we see there is a c¢(u) > 0 so that

(Pe(X). re(x) € Oy \ On for x € Bee,(20) (] 2.
It follows from (1.14) that there is a constant 8(x) > 0 so that

g (Ipe)*,re(x) Z B for X € Beg,(20) ) 2p-

Thus we conclude for £ sufficiently large that there is a constant C> > 0 so that

822/ a(pel?.re) = Ca.
B('sl (ZI{) ﬂ Q,a

On the other hand, it follows from Lemma 3.9 that the left side tends to zero as
{— o00. O

In the next two lemmas we prove that if a sequence of minimizers {(pg,, 7s,)}

converges in Wloc (Q\{al, ..., ar}), then in fact it is bounded in WI{)C Q\{a1, ...,
ay}) for all j. Our arguments are based on three features: first that {(|pe,|, 7¢,)}

converges uniformly to (';', 3) on K foreach K CC Q\{ay, ..., ax}, second that

%, 3) is a nondegenerate minimum point for g,, and third that g, is strongly
elliptic. A corresponding result is proved for minimizing sequences to the Ginz-
burg—Landau energy (1.18) in [1]. In that case the Euler—Lagrange equations are
diagonal and the authors are able to apply estimates for elliptic equations. Here,
our arguments rely only on L? estimates for elliptic systems.
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Lemma 3.11. Let {(p;,, 7¢,)} be a sequence of minimizers for {G¢,} in Ao converg-
ing in Wli)’cz(ﬁ\{al, ...,ax}) as g — 0. Then for K cC Q\{ai, ..., ax} there
exist constants £y and E so that if £ = £, then

ID?(pe,, re)llix S E

Proof. It suffices to establish the estimate in a neighborhood of each point in

Q\{ai, ..., ar}. Wefirst consider the case of xg € Q\{a1, ..., ar}. Then Bog(Xo) C
Q\{aiy, ..., ar} for some d(xp) € (0, &9). Fixing xp and ,0 < n < |‘—;‘, we take d
and £ so that
[ appo 1P < (3.9)
Baa(x0)
and
Is| s
1P, | — 7| + lre, — gl < 1 on Byg(xp) (3.10)

for all £ = .

Let ¢ € CCZ.(Bzd(X())) be such that ¢ = 1 on By(xo). We suppress the sub-
scripts and write (pg,, ¢,) = (P, 7). Then multiplying (3.1) by —axj ({28)(.,. p, 1)),
we get using the strong ellipticity of the system that there exists a constant
A(Ly, Lo, L3) > 0 for which

AIZDd;(p. )35, + 27 /B :*1278p) @y, (Ip*. 1)) - (3, (IpI*. 7))
2d

< ClIDC 1o, (0. )3, — 77 / 20105, D

Boa

Here Zgp = (0p&p, 0c&p») and [2?g] is the Hessian of g. Using (1.14), (3.10)
and taking 7 sufficiently small, we have

A ;2|ax,-<|p|2,r>|2§/3 £*[2° 8610y, (IpI*. 1) - 0, (IDI*. 1)
2d

Baa

for some A > 0.
From equations (3.1), using |p| = |f‘—‘ on By, we get

it [ Pyt [ Goersc [ penr
Boa Boa Bog
Thus we find

g D> (. )13 5,, + 4 1 D813 5, + £ 1 DUPI. 1)113. 5y,

<G [ &Ipplt+C

Boa

<e ;2|sz|2-/ Dp + Cs. 311
By By
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The last estimate follows by applying the Sobolev estimate

1/2
(/ cpz) < c/(|D¢|+|<p|>, (3.12)
Q Q

with ¢ = ¢|Dp|? and ¢ = ¢(2). Choosing 7 small in (3.9) the first term on the
right of (3.11) can be absorbed into the left and the lemma is proved for the case
of K CC Q\{ay,...,ar}.

Assume next that xg € 02 and d < g¢, so that B_zd(xo) is contained in a coor-
dinate patch in which we can locally flatten 02 near xo. We consider the special
case where 92 is already locally flat,

Boa(xo) N (2\{a1, ..., ax})
= B3, (x0) = {(x1,x2): (x1 — x01)* + (x2 — x02)* < 4d” and x5 = x0o}.

Let { € C°(Baa(xp)) such that ¢ = 1 on By(xo). Let (p,7) € W>2(Q) such
that (p, 7) = (po, §) on 2. Again suppressing subscripts, we multiply (3.1) by
3y, (£%y, (p — P, r — 7)) and integrate by parts. Then, for any 0 < 6 < 1 we get

AED (D13, ps < CLIIDE N @, DI e

1
4 2 - 4.2
+0e; 1 Db 15, 5 + (/B |2, pI*¢ +C2)~ (3.13)
We next multiply (3.1) by
— 0, (00, (P, 1)) = =227 (P, 1) — 2003, $ e, (P, 7).

Using the ellipticity of £ we get

Ly 2.0 2 2 2

S0, @,y = A6 Doy (0.1,

HIDEID®, OIS 5 )

< - /B L) @00 ) = 1, (3.14)

2d

where A1 = A{(L1, Lo, L3).
From (3.1) we have

1= [ 1291805 202805 el 001,
BZd

Here we integrate by parts. Since g, minimizes at (Ipl2. r) = (52, %), it follows
that gp.p = gp,c = 0 on 9. Thus the boundary term will vanish and we find that

1

—822/+ 3xz[2P1gb,p,2P2gb,p,gb,:]t§23xz(l3, r)

2d

A

25 [ lanplidnpiic (3.15)

BZd
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Combining (3.13), (3.14), and (3.15) we see that there exists Ay(L1, Lo, L3) > 0
so that

M2 D25 g + 67 1ED80115 1) < CllIDEND®, DI, e

1
0e 4 gy —/ Dpl*ct+ ;).
+0e, gh||2;32+d+9(3z1| pI‘c? + C3

From this point, the argument proceeds just as above. In the general case one first
flattens the boundary and analyzes the system in local coordinates in the same
manner. O

Lemma 3.12. Let {(pg,, 1¢,)} be the sequence of minimizers for {G,} from the
previous lemma. For each integer j > 2 and set K CC Q\{a1, ..., ar} there are
constants Ej so that

||(Psg, rsg)||j,2;K § Eijl’ﬁ 2 £o.

Proof. Choose n < % so that [Z2%g,] = A1 on O,. We suppress the subscript &
and assume that £ = £, where £ is from the previous lemma. We further assume
that d € (0, &) is sufficiently small so that By (Xg) C Q\{ay, ..., ax} and so that
(3.10) holds. Assume that there exists a constant £, < oo so that

2 -2 2 s? SN2
1®. g 2.5, + & 2N 0P = o7 = 5 ) o123,
+e, *1(gb.ps 857208, < Eq (3.16)

holds for ¢ = j — 1. We prove this estimate for ¢ = j where E; | is replaced
by a possibly larger constant, £, and d by d /2. Note that we already have (3.16)
for ¢ = 2 from Lemma 3.11. Let 3 be a derivative of order j — 1 and D7 be the
collection of all partial derivatives of order q. Let { € C2°(By) be such that ¢ = 1
on By/. We use (—1)7=197(¢%87 (p, r)) as a test function in (3.1) and find

AlIZ2 DAY (p. Ml3.q < CIIDEIY (. )30
—e;2 / 297 (gp.p2p, 8b.r) - 97 (p,r) = 1 — TL. (3.17)
Q
From (3.16) we have I = Co(E;_1, d). We write

97 (8b,p2P, 8b,x) - 9V (P 1) = 37 (8b,p, 8b,x) - 2P - 37 P, 0”r)

+ D andgppd’p-97p. (3.18)
| S j—2
atp=y
2p-"p=09"IpP+ D bad"p-0Fp. (3.19)
a+p=y

1S|e]Sj-2
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and
37 (8b.p. 8b.0) = (27813 (IpI*. 1) (3.20)
+ > cp [ @D [] @,
Yo plallatBimp)=j—1  |a|<j-2 1BI=)j—2

where ay, by are constants, £y = mo = 0, and cyg(x) = (céﬂ (%), cgﬁ(x)) are
bounded. Inserting (3.18), (3.19), and (3.20) into the right side of (3.17), we have
for By = By(Xp):

I =g;2/ ¢2122g)07 (P2, ) - 7 (1D r)
By
+eg /B ¢ D capTI@% P (M0 )™ - 37 (b, 1)
d
+s;2/ £%0" gb.p (Z bad*p- 8’31))
By
+s;2/ s (Zaaaagb,paﬂp : Byp)
By

=I111T+1V+V+VI

Just as in Lemma 3.11, we have
e [ pPnP < 11
By

From Sobolev’s theorem, the derivatives in IV of order less than j — 2 are bounded.
It follows then for any 6 > 0 that
j=2
IV] £ Cie;? / ¢ [ DD AplP. nI* ) 187 (1pl*. 7))
Bg

=1

E ,d
‘4/;|Df 2(1p, )1t + 2(’9‘ ).

Then, using (3.12) and (3.16) we see

- - Ca(Ej 1, d)
1V §9C3<E1—1>862/B DI (P )P + =
d

To estimate | V|, we write 07 = 8x/87’/ for some x" and integrate by parts to get

Co(Ej-1,d)

V| gee;“/ c2|Df*2gb,p|2+0cs<E,~_1)/ A DIpl* + -
By By 0

To bound |V I|, we first consider the terms with o 7~ 0. For these |8] < j — 1 and
we see we can bound these terms just as was done for V. The term with « = 0

2 .
can be bounded by % i’—f +6|¢ D/~ 'p|*. The integral of the first term over By is
4
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bounded by applying (3.16) for ¢ = 2 (which follows from Lemma 3.11), and the
second by 0Cs(E 1) [, ¢?|DIp|? + Co(E;_1,d). Thus

Cn(E 1,d)
[VI| < Cio(E;j- 1)9 / ¢3DI™ ng B +/ ¢ |DJP| J

Summing on |y| = j — 1 and collecting the estimates for /11, ..., VI we find

A D ()P +A<e;2/ D (pl, )
By By

geclz(E,-_o(/B ¢2|Df'<p,r)|2+e;2/3 21D/~ (il )2
d d

Ci3(Ej—1,d)

= (3.21)

+et | Db gb0)2) +
Ba

From (3.1) we have szz(gb ps &bt) = —( e (L1, L), 25)(p, r). Using this, the

estimate |p| = ‘f“ , and Sobolev’s theorem we get

/‘/ £*1D7 2 (gp.p. gbO 1 = cm(E,-_l)/ 21D (p, r))> + Cis(Ej—1, d).
Ba By
Inserting this estimate into (3.21) and choosing 6 sufficiently small, we obtain
(3.16) for g = j and d replaced by d/2. O
Corollary 3.13. Let {(pg,, 7s,)} be a sequence of minimizers for {Gg,} in Ay con-
verging to (p*, r*) in Wlh’cz(ﬁ\{al, ..., ar}). Then for each integer m,

(Pey» Tey) = (p*,r*) in Cloc(ﬁ\{al» S agl),
and in C\ (Q\{ay, ..., ar}) as £ — oo.

Proof of Theorem A. Let {(p., 7:)} be a sequence of minimizers for {G.} in Ap
for which (1.21) holds and such that ¢ |, 0. Then by applying Lemma 3.8 it follows
that there exists a subsequence {(ps,, 7¢,)} and points {ay, ..., ar} C €2 so that

k
s X—aj ihx) s\ .S
(Pey» Tsy) > l_ll |X—a1|e '3 _(p’?’)
in Wll)’cz(ﬁ\{al, RN ak}) X Wlsz(Q).

IY\ s ; o)

By Lemma 3.10 for each p € (0, &0), (|Pe,l. re,) — (5 ) uniformly on Q, =

Q\ szl By(a;), and from Lemma 3.9

Sy .
(psgv rel) - (p*, 5) mn W1’2(Qp).

Moreover h(x) is harmonic in 2.
Finally, by applying Corollary 3.13 we see that

s, —
(Pey» Tey) = (p*,g)ln C(Qp) and Cig.(2))

for each integer m. O
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We need to establish several properties for the following minimum problem in
order to prove Theorem B. Let § € C, |8| = 1 and define

L (f; ﬁ) =L (f, I; ﬂ) = L(e. 1 B)
% i

— inf / ge(VV, Vr) + £ 2 (IvI7. 1]
By

(v,r)eAg

|s| 2 £
+QLi 4+ Ly + L3) vy 7mln|—), (3.22)

n
where
12 Bls| x K
Ag ={(v,r) e W7(By): v(x) = — ﬁ and r(x) = 3 for |x| = u}.
X

Lemma 3.14. L(t; B) is independent of B for all B € C with |B| = 1. More-
over L(t) := L(t; B) is a nondecreasing function of t for t > 0 such that
y i=limg g L(t) > —o0.

Proof. For any T € SO(2), consider the change of variables by rotation, y = Tx
for x € By and set

i1 ti2 O
R= |t tn O
0 0 1

The energy density is frame indifferent and, as such, satisfies

Ffe(VyO(¥)) + T2 f(0(Y) = f(VxO(X) + T2 f,(Q (%)),

where Q(y) = RQ(T'y)R'. This translates into a statement of invariance for g,
and gp,

8e(VyD(Y), VyF () + T 28 IBW)I% F(¥)) = ge(VxP(X), Vyr (X))
+1 28 (IpX)1%, (X)),

where p(y) = T?p(T"y) and 7(y) = r(T"y). Let 8 = B +iB>. Then the boundary
condition for p(x) as a vector in R? reads as po(x) = %K x for [x| = 1, where

B —pB2
K= [ﬁz B ] '

Given T € SO (2), the boundary condition for p(y) becomes po(y) = ‘;—"TzK T'y
for |y| = 1.Inparticular,ifweletT = K, we getpo(y) = %y for |y| = 1. Thus the
mapping (p, r) € Ag — (p,7) € Ay isanisometry suchthat G, (p,r) = G (p, 7).
In particular, we see that L(t; ) = L(t; 1) = L(7).

The monotonicity property of L(t) follows by the same argument for (1.18)
given in [1], Chapter 3. A lower bound m for minimizers for the energy (1.18) with
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Q = Bj is proved in [1], Chapter 5. Let u, be such a minimizer with u,(x) = ‘X
on dBy. If (v¢, ry) is a minimizer for (3.22) with u = 1 and & = t, it follows that

E; (ﬂvr) Z Ec(ur) 2 —mIn(r) —

Thus, using (3.3) we have

Vv = — 7T IN(T
2 B ! - 4

The existence of a finite lower bound for L(7) follows from this and the estimates
in the proof of Lemma 3.6. O

Proof of Theorem B. The relation between F; and G is proved in Corollary 2.3.
We establish the asymptotic relation by arguing as in [1], Chapter 8. Let

={b=(b,....b0x) € QX1 b; #£b;ifi # j},

and forb € T set

k
(Ib (X) H — b | lhb (x) ,

where hp (x) is harmonic in €2 and is determined (mod 27) by the condition q;, = po
on 2. From [1], Chapter 8 we have

1 2
3 k Vap|
Q\ _Ul By(b))
iz

2 1
= SZ (nkln -+ W(b)) +0(p) as p— 0, (3.23)
P

where W (b) is the renormalized energy for (1.18) given in [1]. We express this
using our notation. Set R(x) = 21;21 In|x — bj| and T = vt, where v is the
exterior unit normal to d€2. Then

1
W(b)=—n21og|be—bj|+-/ Ro,R
U] 2 Jog

1
—/ hb8TR+—/ [Vhp|>. (3.24)
90 2 Ja

Note that using (1.11), we have

Lr+ L3
ge(Vap, 0) = (Ll + T) IVap|?

+IL2 + L3|(gb1,xqb2,y — gbl,yqb2.x)s (3.25)

and that g1 «qb2.y — qb1.yqb2.x = O since |qp| = 3.
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We next construct a comparison function for (1.10). Let b € Y. Then for
0 < g¢ << p and for p sufficiently small (depending on 2 and b), we define

(qp, s/3) forx e Q\ U];=1 B, (b)),
(Beys Fo) = | (Vo(x — b)), 5/3) for p/2 < [x—bj| < p,
(Vj((X — bj)), rj(x — b])) forx e Bp/z(bj).

Here (v;, r;) minimizes f By2(0) [gete, gb] with boundary conditions (5 sl %, %)

on dB,/2(0) and B; = H[ 1 M ihb®}) The function Vo is a minimal har-

monic map valued in {|v| = |2 [} such that P, is continuous. From Lemma 3.14
we have

/ (5 (VV;. Vr)) + 5 gy (VP )]
0/2(0)
2 p
(2L1+L2+L3)—ln( )+y+og(1) (3.26)

as &g — 0. Then from (3.23), (3.25), and Lemma 3.14 we get

Ge,(Peys Tey) < G(f)sga FE()
2 1
— QL + L + Lg)sZ (nkln ( ) + W(b)) Tky
+0(p) + 0s(1).

Leta € Y be a limiting configuration as in Theorem A. Then from Lemma 3.9 and
(3.23-26) we have

52 1
Ge,(Psyr7e,) 2 QL1 + Loy + L3)— (ﬂkln( ) + W(a)) +ky

+0(p) + 0s(1).

Just as in [1], choosing ¢y = ¢¢(p) << p with p — 0, we arrive at our assertion.
It follows from these two inequalities that W minimizes at b = a and that the limit
for G¢, (P, , 1e,) as £ — oo is established. O

4. The Pohozaev Identity

In this section we show that (1.21) always holds for minimizers of G, in Ag if
2 is simply connected and 0 < ¢ < &1, where ] depends on s, L1, Lo, L3, Q, k,
and the constants in (1.14), and M depends on these terms and |[po|lw12(5q). as
well. We first prove (1.21) for solutions to (3.1-2) in the case of a disk using the
Pohozaev identity.



Analysis of Nematic Liquid Crystals with Disclination Lines 823

Lemma 4.1. Let (p, ) = (pe, 1e) be a solution to (3.1-2) where Q = Qr = Br(0)
and 0 < & < 1. Then there is a constant Cy = Co(R, L1, Ly, L3, [[poll1,2:98g, 5)
so that

g2 / g (pl*, 1) < Co.
Br

Proof. We multiply the system (3.1) by —V(p1, p2, r)x and integrate over Bg.
We find

3Ly Ly+ Lj
0= [QL1 + Ly 4+ L3XAp-Vp-Xx) + T+T ArVr-x
Bpr

—8_2Vg - X]

L+ L
+¥/ [(2reyVp2 - X+ 2p2, Vr -X]
Bg

(Ly+ L3)
+T [(ryx _ryy)vpl ‘X+(p1xx _plyy)vr’x]
B,
L L L L
YRR N R (4.1)
2 2
We can calculate I as in [1], Chapter 3,
(Ly + L3)
I=R (L1 + T)/ (ool = Ipe )
dBR
3Ly (Ly + L3) _
+R (— + —)/ (Irol? = 7 |%) + 2¢ 2/ g (4.2)
4 8 9Bg Br

Here p; and r; are tangential derivatives. Note that r; = 0 and p; = po; on 9 Bg.
To calculate II, we write

/ nyvpz'XZ/ (rxyx pay +rxny2y)
Br Br

= _/ (xrxp2xy + yryPny)
Bpr

1
+= X Iy + p2yTy).
R Jos, Y(p2xrx + p2ayry)

Using this and the fact that r = 0 on d Bg, we get

2
11 = — X Ty.
R 2By yYp2,tv

To calculate ITT, we change variables, x’ = (x — y)/~/2, ' = (x + y)/+/2. Then

2
111 = 2/ (rvyVp1 'X+Plx/y/vr X) = R / x/y/plvrv-
Br 9B
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Writing (x, y) = (Rcos@, Rsin®), then, it follows that (x’, y') = (Rcos(0 +
) Rsin(@ + 7). Thus 11 + 111 = R faBR ry(cos 26, sin 20) - p,,. Finally, we
see that

Lr+ L Lr+ L 12
& (I +I1ID|<R M / D _|_|pv|2 . (4.3)
2 2 aBg \ 4

Thus using (4.1), (4.2) and (4.3) with (1.2), we get

(Ly + L3)
R(Ll +%>/ Ipo- |
IBR

Ly+ L3 |Ly + L3|
> R(Ly + -~ ) [ Il
dBR

2 2

3L L+ L L+ L
Jr(3f Lot ly) L2+ Ls| / 2
4 8 8 9B

+28_2/ & 2 28_2/ gb-
B Br

O

Lemma 4.2. Let Q2 be a C3 bounded simply connected domain in R*. There is a
constant 0 < g1 < gq such that if (p, r) = (Pe, re) is a minimizer for G in Ag and
0 < e < ¢y, then

6‘2/ e (pl.r) £ M.
Q

Here g1 dependsons, Ly, Ly, L3, Q, k, and the constants in (1.14) and M depends
on these terms and ||pollw1.2(5q)-

Proof. Set R = 2(diam(£2)) and assume that 0 € 2. We construct an extension
of p. Let p € Wh2(Bg(0)\2) valued in {|p| = l%'} and such that p is a minimal
harmonic map satisfying p = po on 92 and p(x) = m(l’;—l)k on d Bg(0). Note that
IPll1.2:Bron2 = Clipoll1.2:00- Set

;o | (p,r) forx e Q,
(p”)_[(f),g) forx € Bg \ .

Let G, = fBR [ge + 217 gpl, and let (p, 7) be a minimizer for G, such that
(P, 7) = (P, 3) on dBg. We can apply Lemma 4.1 (with & replaced by V2¢) and
the results from Section 3 to (~78 and (P, 7) for the case of Q2 = Bg. In particular,

from the proof of Theorem B, there are constants C; and 0 < 17 < 1, depending
ons, Ly, Ly, L3, 2, k, and the constants in (1.14) so that

S2 1 N~ ~ /o7
(2L, +L2+L3)Z ﬂklng —C1 = Ge(p, 7) = Ge(p', 1)
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for all 0 < & < n;. Note that

- 1
Gew'.r) = [ 1890, 91 + 55 an(pi )]
Q &

+ / ge(Vp, 0)
BR\Q
1
=Ge(p.1) — 5 /gb(|p|2,r)+c2,
2¢e Q

where C; depends only on ||pol|1.2:99 and the constants in (1.14). Thus

2
N 1 1
QL1+ Ly + L3)—mkln - + — / g(p*,r) £ Ge(p,r) + C1 + C.
4 e 2% Jgo

(4.4)

Next we consider the comparison map (W', ") constructed in Lemma 3.6
defined for ¢ < € = 3. Since (p, r) is a minimizer for G, we get

ro 52 1
Ge(p.r) = Ge(W',r') < QL1 + Lo+ L3)kIn — + C3
&

forall ¢ < € = 1, where C3 depends only on pg, €2, L1, L, L3, and the constants
in (1.14). It follows from this and (4.4) that

872/ g(pl’. 1) S2C1+ Cr+ C3) =2 M
Q

forall 0 < & < &1 = min{n, n2, &}. O
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