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Abstract

In this paper, we prove short time existence, uniqueness, and regularity for a
surface diffusion evolution equation with curvature regularization in the context of
epitaxially strained two-dimensional films. This is achieved by using the H~!-gra-
dient flow structure of the evolution law, via De Giorgi’s minimizing movements.
This seems to be the first short time existence result for a surface diffusion type
geometric evolution equation in the presence of elasticity.

1. Introduction

In this paper we study the morphologic evolution of anisotropic epitaxially
strained films, driven by stress and surface mass transport. This can be viewed as
the evolutionary counterpart of the static theory developed in [10,18,19,21].

We briefly recall the physical mechanism behind the evolution equation. The
free interface is allowed to evolve via surface mass transport under the influence
of a chemical potential ;. Mass transport in the bulk can be neglected, as it occurs
at a much faster time scale (see [30]). According to the Einstein—Nernst relation,
the surface flux of atoms is proportional to the tangential gradient of the chemical
potential, whose divergence, in turn, equals the rate at which material is removed
from or deposited on the interface, due to mass conservation. Thus, we get the
volume preserving evolution law

V =CArp, (1.1)

where C > 0, V denotes the normal velocity of the evolving interface I', Ar stands
for the tangential Laplacian, and the chemical potential p is given by the first
variation of the free-energy functional.

In the case of three-dimensional epitaxially strained films with planar symme-
tries, the underlying model becomes two-dimensional and the free energy functional
is given by
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O(E(w)) dz + / 2(6) dH, (12)

Qp Ty

where £ is the function whose graph I'j, describes the evolving profile of the film,
2, is the region occupied by the film, u is displacement of the material, which is
assumed to be in (quasistatic) elastic equilibrium at each time, E(u) is the sym-
metric part of Vu, Q is a positive definite quadratic form, and 7' denotes the
one-dimensional Hausdorff measure. Finally, g is an anisotropic surface energy
density, evaluated at the angle 0 that the outward surface normal v forms with the
x-axis. The first variation of (1.2) can be written as the sum of three contributions:
a constant Lagrange multiplier related to mass conservation, the (anisotropic) cur-
vature of the surface, and the elastic energy density evaluated at the displacement
of the solid on the profile of the film. Hence, (1.1) takes the form (assuming C = 1)

V = (860 + &)k + Q(EW)))oo, (1.3)

where k is the curvature of 'y, (-), stands for the tangential derivative along I'y,
and u(-, t) is the elastic equilibrium in 2. ;), that is, the minimizer of the elastic
energy under the prescribed periodicity and boundary conditions (see (1.7) below).
The corresponding evolution without surface diffusion, which reduces to

V = (800 + )k + Q(Eu)), (1.4)

has been studied by several authors under the assumption that ggg + g > 0, that is,
the equation is parabolic (see [25] and the references therein). However, a highly
anisotropic non-convex interfacial energy may lead to the existence of certain direc-
tions 6 at which the coefficient ggy + g becomes negative. This is a situation often
present in the materials science literature, see for instance [15,32]. In this case,
Equations (1.3) and (1.4) are backward parabolic and the corresponding initial
value problem is ill-posed.

To overcome the ill-posedness of the evolution equation, a common approach
found in the literature is to regularize with higher order terms, that is, to consider
in (1.2) a curvature-dependent surface energy. This was first suggested by Herring
[26] on physical grounds and later was adopted in [7] and [15], in the particular
case of a surface energy of the form

€2
g0, k) =g(®) + Ek ,

with ¢ a positive constant. The evolution without surface diffusion (1.4) is then
replaced by

1
V = (g0 + @)k + Q(E(u)) — ¢ (km + 5/9) , (1.5)

while in the context of surface diffusion, in view of (1.1), we have the volume
preserving evolution law

V= ((800 +9k+ Q(Ew) —¢ (kaa + %k3)) : (1.6)
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This equation was already proposed in [24] for the case without elasticity, and it
was studied numerically in [32] for the evolution of voids in elastically stressed
materials (see also [11,31] and references therein). However, to the best of our
knowledge no analytical results exist in the literature for equations (1.3), (1.5), and
(1.6). Related analytical results concerning the diffuse interface version of such
equations may be found, for instance, in [22,23].

In this paper we prove short time existence, uniqueness, and regularity of a
spatially periodic solution to (1.6) in the context of the epitaxially strained two
dimensional elastic films over a rigid substrate. Precisely, for b > 0 we construct a
local in time solution of the Cauchy problem

Lo — (809 + )k + QEW) — & (koo + 1K%)), . InR x [0, Tl,
divCE(u) =0 in Qy,

CE(w)[v]=0 onTy, u(x,0,t)=-ey(x,0), (L.7)
h(-,t) and Vu(-,t) are b — periodic,
h(-,0) = ho,

where, we recall, 4 : R x [0, Tp] — (0, +00) denotes the function describing the
one-dimensional profile I', of the film,

2 doh
/ oh d x
J = 1+ 8_ s k=—a— —2 s
' SARARREY

Q(A) = %CA :Aforall A € Mfyxn% with C a fourth order tensor, ¢g is a nonzero
constant that reflects the mismatch between the crystalline lattices of the film and
the substrate, and A € HI%)C (R) is a b-periodic function.

As observed by Cahn and Taylor in [12], this motion can be regarded as the
H~'-gradient flow for the total energy

G@p:/‘memmmf/(gm+§ﬁ)wﬂ
Qp Ty

where @ 1= {(x,y) : 0 <x < b,0 <y < h(x)}, I}, is the graph of k over the
periodicity interval (0, b), and uy, is the minimizer of the elastic energy in 2 under
the boundary and periodicity conditions described above. Therefore, it is natural
to adopt De Giorgi’s minimizing movements approach (see [4]), which consists in
constructing discrete time evolutions by iteratively solving suitable minimum incre-
mental problems. Precisely, we start with a b-periodic initial datum hg € HI%C(R)
and, given T > O, N € N, fori = 1,..., N, we define inductively /; y as the
minimizer of

1
mm+;fmmex (1.8)

where 7 = % and d is a suitable term measuring the H ~!-distance between A

and h;_1,y. We mention here that minimizing movements have been already suc-
cessfully implemented to treat various mean curvature type flows without surface

diffusion (see, for example, [3,8, 13]).
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This paper is organized as follows. In Section 2 we set up the problem and
introduce the discrete time evolutions. In Section 3 we show that they converge
to a weak solution of (1.7) in [0, Ty] for some 7o > O (see Theorem 3.8). Pre-
cisely, a b-periodic weak solution of (1.7) is a function h € H 0, To; ngcl R)) N
L*°(0, To; HI%C(]R)), such that &(-, t) is b-periodic for all + € [0, T] and (h, u)
satisfies (1.7) in the distributional sense (see Definition 3.1). We remark that The-
orem 3.8 seems to be the first (short time) existence result for a surface diffusion
type geometric evolution equation in the presence of elasticity. Moreover, the use of
minimizing movements instead of the more classical semigroup approach appears
to be new in this context. We observe that in the case without elasticity and with-
out curvature regularization, short time existence of a smooth solution was proved
in [17], using semigroup techniques, for the motion of immersed hypersurfaces by
surface diffusion. See also [9,16,29] and the work of CHEN [14] for the Hele—Shaw
equation.

A delicate point in the proof of our existence result is the choice of d in the
penalization term in (1.8) (see Remark 2.2). A rather technical obstacle is overcome
in Theorem 3.4, where it is proved that the solutions of the discrete time evolutions
are equicontinuous in time with values in C'* for all o € (0, %), at least for an
initial time interval [0, Tp]. This property is crucial to guarantee that the evolving
graphs do not develop vertical parts in [0, To]. However, our variational procedure
provides a global in time volume preserving evolution, which satisfies (1.7) until
the vertical parts appear (see Theorem 3.3). The main existence result is established
in Theorem 3.8.

In Section 4 we prove that the constructed solution £ solves the equation
in a much stronger sense. Namely, we show that & € L2(0, To; ngC(R)) and
% e L%(0, To; L120c (R)), provided that the anisotropy surface energy density is
sufficiently smooth (see Theorem 4.3). We note that this is obtained without requir-
ing any further regularity on the initial datum, besides HI%)C (R). The presence of the
elasticity term poses some serious technical difficulties in the proof of Theorem 4.3.
To understand why, recall that by the classical elliptic theory if the profile 1 € C*¢
for k € Nand a € (0, 1), then the corresponding elastic equilibrium u, is of class
Ck% up to I'j,. However, in order to prove the desired regularity result we need to
specify in a rather precise way how the constants in the elliptic estimates depend
on h. This is achieved in Theorem 4.1, whose technical proof makes an essential
use of the Airy functions associated to uy,.

Finally, in Section 5 we show that weak solutions to equation (1.7) are unique
and thus coincide necessarily with the solution constructed via minimizing move-
ments.

Future work will address other properties such as long time existence and
asymptotic stability.

2. Setting of the Problem

In this section we introduce the precise mathematical setting needed to define
the free-energy functional and the corresponding minimum incremental problems.
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Our formulation is similar to the one in [10] (see also [21]) to model the epitaxial
growth of an elastic film over arigid substrate in the presence of a mismatch between
the lattices of the two materials. Following the physical literature and as in [10], we
work under periodicity conditions on the evolving profiles and on the correspond-
ing elastic displacements. Given a positive b-periodic function 2 : R — [0, +00),
with locally finite pointwise variation, we set

Qpi={z=x,y):0<x <b,0<y<hx)},
Q’Z ={z=((,y):xeR,0<y<hx)},
Tho={z=(xy:xel0,b),h (x)<y=<ht)}

where
h™(x) := min{h(x—), h(x+)} and AT (x) := max{h(x—), h(x+)},
with 2 (x=%) the right and left limit of % at x, respectively. We also consider the set
FZ ={z=0,y):xeR h x) <y <ht@).

The set €2j, represents the reference configuration of the film over the interval (0, ),
and I'y, is the corresponding profile. We introduce the class of admissible profile
functions A P, defined as

AP :={h: R — [0, +00) : h is b — periodic, lower semicontinuous,
Var(h; 0, b) < 400, and there exists
y € HE.(R; R?) such that y (t + 1) = y (1) + (b, 0),
|yl =H'(Th), and y(R) = T}). 2.1)

Given h € AP, we denote

LDs(Qp; R?) := {u € LL (R R?) s u(x, y)
= u(x+b, y) for (x,y) € QF, E)|q, € L*(Q; R},

where E(u) := %(Vu + V'u), Vu is the distributional gradient of u and V' u
is the transpose of Vu. We work within the theory of small deformations, so
that E(u) represents the strain and u is the planar displacement. We also pre-
scribe the Dirichlet boundary condition u(x, 0) = eg(x, 0) at the interface between
film and substrate, which models the case of a film growing on an infinitely rigid
substrate. This boundary condition forces the film to be strained, thus generating
elastic energy. The positive constant ey measures the mismatch between the lattices
of the two materials. Thus, we define

Xey = {(h,u):h € AP, u:Q} — R*s.t.u(-,-) —eo(-,0) € LDy(Q; R?),
and u(x, 0) = (egx,0) forall x € R}.

As we work in the framework of linear elasticity, the elastic energy density Q :
M2%2 5 [0, +00) takes the form

sym
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1
0(4) := 5CA: A,

with C a fourth-order tensor. We assume that Q(A) > 0 for all A € M2%2\ {0}.

sym
Let ¢ : R — [0, +-00) be a positively one-homogeneous function of class C?
away from the origin. Note that, in particular,

c1lE] £ ¥ (€) £ cplé] forall & € R?, 2.2)

for some c1,cy; > 0. We are ready to introduce the energy functional. For all
(h,u) € Xq, we set

F(h, u) ::/ Q(E(u))dz+/ (w(v)+fk2) dH', 2.3)
Q I 2

where k denotes the curvature of I'j,, v is the outer unit normal to 2, and ¢ is a
(small) positive constant. Note that the surface term can be rewritten as

/F h (@) + 242) ant',

where the function g is related to ¥ by (3.2) and 6 is the angle between v and the
X-axis.

Remark 2.1. Note that if y is any constant speed parametrization of FZ asin (2.1),
then by periodicity we have

/F (w(v) n %19) dH! = /y . (w(v) n §k2) dH!
h

for every interval / C R of length one.

2.1. The Incremental Minimum Problem

In this subsection we introduce the incremental minimum problem used to
define the discrete time evolutions. As standing assumptions throughout this paper,
we start from an initial configuration (hg, ug) € Xe,, such that

ho € H7(0,b), ho >0, (2.4)

and uo minimizes the elastic energy in 25, among all u with (ho, u) € X,,. Here,
and in what follows, we denote by H,f(O, I) the space of all functions in Hllf)c (R)
that are /-periodic, endowed with the norm of H¥(0, /). A similar convention will
be used also for other functional spaces. Also, H, ! (0, 1) stands for the dual space
of H#} ©, D).

GivenT > 0, N € N,weset AT := %.Fori =1, ..., N wedefineinductively
(hi n,u; n) as a solution of the minimum problem
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2AT
(h,u) € Xe,

b b
/ hdx:/ hodx,/
0 0 r

Thenforx e Rand ( — 1)AT <t < iAT,i=1,..., N, we define

1 x 2
min[F(h,u)Jr— (/0 (h(C)—hi—LN(é“))dC) dH (x, ) :

Fhi—I,N

/0 (h(¢) — hisi (@) de dH (x, y) = 0] :

hi—1.N

2.5)

1
hy @, 1) = hiog v () + = (0 = (0 = DAT)(hin (X) = i1 v (X)) (2.6)

and we let un (-, t) be the elastic equilibrium corresponding to hy (-, t), that is, the
minimizer of the elastic energy in Qp (..r) among all u such that (hy (-, 1), u) € X,.
We also denote by y; x and yp admissible constant speed parameterizations of Fﬁi .

and Fﬁo, respectively, asin (2.1) and oriented in such a way that y; y -e1, yo-e; = 0.
Remark 2.2. (Interpretation of the penalization term) We remark that the penali-

zation term in (2.5) coincides with the square of the H -1 (I'j—1,n)-norm of f :=

;L%, provided / satisfies the constraint in (2.5) and /;_; y is of class cl.
I+

Indeed, writing I" instead of I";_; y, the penalization and the constraints on /4 in

(2.5) reduce to
2
/(/ f(w)dHl(w)) dH'(2) .7)
I' \JT(z0.2)

/de1=o, // f(w)dH (w)dH' (z) =0, (2.8)
r I' JT'(z0,2)

and

where zg = (0, h;—1 §(0)) and I'(z, z) is the arc of I' connecting zp and z. Note
that if f is a function on I satisfying the constraints (2.8), then (2.7) reduces to
”f”é—l(r)’ once we define

ol ) = lozo)l* + /F e (2) dH' (2) (2.9)

for every ¢ € H ("), where, we recall, (-), stands for the tangential derivative
along I'. In fact, integrating by parts, we obtain

Iy = swp /F FodH!

el 1y
= sup [—/ P, dH1+¢(zo)/de1],
lll 1 ry=1 r r

where ®(z) = fr(zo’z) f(w)dHl(w). Setting x := ¢, and recalling (2.9), we
have
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2
”f”%{—l(r) = zup sup |:_‘/F¢X dHl +aAdel]
0=a /

<
=gy = V1 —a?
JrxdH! =0
1 2

2 2
= sup \/1—a2(/ ((D(z)—][cdel) dH‘(z)) —i—a/del
0<a<1 r r r

2 2
=/ (q>(z)—][q>dH1) dHl(z)+(/del) ) (2.10)
r I I

Recalling (2.8), the right-hand side of the last identity reduces to (2.7).
Note that if /4 is a solution to the limiting evolution (1.7), then

b b X 9h
/ h(x,tl)dx=/ h(x, t) dx / / — (¢, ndc dH' =0
0 0 Then Jo Of

for ¢, t1, and 1; (see (3.4) for the first identity, the second one is proved similarly).
This observation justifies the choice of the constraints imposed in (2.5).
An alternative formulation of the incremental minimum problem would be
h—hisin |
2AT Ji—in

min [F(h, u) +

:(h,u) € XeO},

H=Y(Ti—1,n)

where the H~! (I';—1,n)-norm is defined as in (2.10) and J; _1, v denotes the length
factor of I';_1_n. This should lead to the same limiting evolution equation, although
we shall not pursue this approach here.

The remainder of this subsection is devoted to the proof of the existence of a
minimizer for the minimum incremental problem (2.5). We start with a compact-
ness lemma. In the following, R%r stands for the set of all (x, y) € R? such that
y > 0.

Lemma 2.3. Let {h,} C AP be such that

sup [ ¥ull g20.1:r2) < +00, (2.11)
n

where v, is a constant speed parametrization of an as in (2.1). Then, there exists
h € AP such that, up to a subsequence,

() h, = hin LY(0, b),
(i) Fﬁ" — Ffl in the Hausdorff metric;
(iii) Ri \ an — Rﬁ_ \ Qﬁ in the Hausdorff metric;

(iv) yp — y weakly in H*(0, 1; R?), where y is a constant speed parametrization
of T} as in (2.1).
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Proof. For simplicity we set F# = F# From (2.11) we have that sup,, Var(h,,;
0, b) < 4+00. Hence, by the Helly theorem and up to a (not relabeled) subsequence,
we may conclude that there exists a b-periodic function & with locally finite point-
wise variation such that 4, — hin L 11 L (R) and pointwise everywhere. Moreover,
again by (2.11), we may also assume that y, — y weakly in H2(0, 1; R?). Finally,
by the Blaschke Compactness theorem (see [5, Theorem 6.1]), and using the period-
icity of T#, we may also assume that there exists a closed set ' such that I'¥ — T'*
in the Hausdorff metric. Since 3, — y uniformly and |y, | = H! (vu (10, 1)), we get
that |y | = Hl(y([O, 1])). Moreover, since y;,, — y uniformly, using the definition
of Hausdorff convergence, we conclude that y is a parametrization of I'*.

We now show that I'* = Fz. Arguing as in the proof of [19, Lemma 2.5], we
get that Fﬁ c I'* and the vertical section Ff ={teR: (x,1) e I'*}isaclosed
interval for all x € R. Assume by contradiction that I‘f 2 [A~(x), AT (x)] and,
without loss of generality, that Ff = [y1, y21, with y; £ h~(x) and y, > hT(x).
Let s € (0, 1) such that y (s) = (x, y2). We claim that there exists § > 0 such that
y(t) € {x} x Fﬁ forall r € (s — &, s + 8). Indeed, otherwise there would exist a
sequence t, — s such that y (z,) & {x} x Fff. Since y (t,) = (xn, yn) = (x, y2)
and % is lower semicontinuous, we would have x,, # x and y, —h™ (x,) > %ﬂ”
for n large. This would imply that I'* contains infinitely many vertical segments
of length greater than %ﬂx) near (x, y2), which is in contradiction with the fact
that I'* has locally finite length. Hence, writing y (¢) = (x(t), y(¢)), we have that
in the interval (s — 6, s 4+ 8), x(#) = x, and y(s) = y2 = maX;e(s— 5 s40) y(@). It
follows that y (s) = 0, which is impossible. This shows that I'* = F and that y is
a constant speed parametrization of Fz asin (2.1).

To conclude the proof, we recall that under our assumptions there exists (see
[10], [21, Theorem 2.2]) a lower semicontinuous b-periodic function h, with locally
finite pointwise variation, such that, up to a subsequence,

Ri \ an — Ri \ Qg in the Hausdorff metric (2.12)
Moreover (see [19, Proposition 2.2]), for all x € R
h(x) = inf{liminf i, (x,) : x, — x}
and (see [19, Lemma 2.5]) h = h almost everywhere. Define
G =1y eR ix e R A Sy S hF () = hF (),

which is the union of the extended graph F# = F# with the vertical segments of
the type {x} x [h(x), h~ (xX)]. B
From (2.12) it follows that F:i: is contained in the Hausdorff limit of Fﬁn . Hence,

by (ii) fg C FZ. Since the opposite inclusion is obvious, we conclude that the two
sets coincide and, in turn, Q P= .. This concludes the proof of the lemma. O

Using this compactness lemma, we now show that the incremental minimum
problem (2.5) admits a solution.
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Theorem 2.4. For everyi = 1, ..., N, the minimum problem (2.5) admits a solu-
tion (hi,]\/, ui,N) € Xe()-

Proof. Let (h,,u,) € X,, be a minimizing sequence for (2.5) and let y, be an
admissible constant speed parametrization of FZﬂ. Then,

sup {F(h,,, Up)
n

1

X 2
- . 1
AT (/0 (hn(;) hz—l,N({)) d{) dH" (x, y)] < +o00.

(2.13)

Uiy n

Since by (2.5) and by (2.13) the functions 4, are bounded in BV (0, b), we have

sup |7,z 0,p) = C. (2.14)
n

Moreover, again by (2.13) and by (2.2), we have that

1
SUP/ Uynl? + 1721%) df < +00.
n Jo

This, together with (2.14), yields (2.11). Thus we are in a position to apply
Lemma 2.3 to conclude that there exists 4 € AP such that, for a not relabeled
subsequence, (i)—(iv) of that lemma hold. In particular, using (i) and (iv), we have
that

) 1 o €2 1
/Fh (w(v) + 5k ) dH! < hmnlnf/r (w(v) + ok ) aH' (215

hn

and

X 2
/ (/ (h(¢) — h,~_1,N<;))dc) dH!
T 0

X 2
= lim (/0 (hn(o—h,-_l,N(z;))d;) dr’. (2.16)

n
Tni i

hi—1,N

Finally, since sup,, th |E(u,,)|2 dz < 400, reasoning as in [19, Proposition 2.2],
from (iii) and Korn’s inequality we conclude that there exists u € HILC(Qﬁ; R?)
such that (h, u) € X,, and, up to a subsequence, u, — u weakly in H! (Q}; R?).
Therefore, we have that

O(E(w)) dz < lim inf / O(E(un)) dz,
n th

Qp

which, together with (2.15) and (2.16), allows us to conclude that (%, ) is a mini-
mizer. O
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3. Existence of the Evolution

In this section we show that solutions of the discrete time evolution problems
defined in the previous section [see (2.6)] converge to a function & = h(x, t) such
that I'y(. ;) is a suitable weak solution (see Definition 3.1 below) of the following
geometric evolution equation,

V= ((899 + 9k + Q(E()) —¢ (kw + %19)) , 3.1)

provided that the initial configuration (hg, uo) € X, satisfies (2.4). Here V denotes
the outer normal velocity of I'y. ), k is its curvature, Q(E(u)) is the trace of
Q(E(u(-, 1)) on I'y(. s, with u(-, t) the elastic equilibrium in €. ;). Moreover,
g :10,27] — (0, +00) is defined as

g(6) = Y (cosH,sinh) (3.2)

and is evaluated at arg(v(-, t)), where v (-, 7) is the outer normal to I'j(. ;).

Asin Section 2, fix T, N, and define Ay as in (2.6). Throughout this section we
will assume that the initial profile i( belongs to Hﬁ (0, b) and is strictly positive. A
function f € L%(I',) will be identified with the functional:

b
o € HNO.b) — (f.¢) :=/O Fodr,

‘We now introduce a suitable notion of a weak solution of equation (3.1).

Definition 3.1. We say that h € H'(0, To; H; ' (0, b)) N L0, To; HF(0, b)) is a
weak solution of (3.1) in [0, Tp] if:
(i) for almost every ¢ € [0, Ty] the function (-, ) € AP N Hé(O, b);

(ii) (g0 +8)k+Q(E ) —e(koo+5k>) € L*(0, To; H) (0, b)), where Q(E (u))
is the trace of Q(E(u(-,1))) on I'y(. 1), and u(-, t) is the elastic equilibrium
in Qh(.,,);

(iii) for almost every ¢ € [0, To]

% =J ((899 + 9k + Q(Em)) — e (kw + %19)) in Hy (0, b).

Note that in context of the Definition 3.1, J = /1 + h%, (e = %(-)x, and the

outer normal velocity V coincides with %%

Remark 3.2. Concerning the definition above, we observe that

(i) from Lemmas 6.6 and 6.7 it follows that

1 3 hxx 5¢ ((h>
ke (ioo30) =2 (5) + 3 (5),

+ (Y (=hx, D)x,
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and so, if & is sufficiently smooth,

oh _T1(, () 5 (M, B 1 E
5_[7 (8(15));3(7 x)x+<wx<— o O (”)))x]x'

(3.3)

(i1) Another immediate consequence of the above definition is that the evolution
is volume preserving, that is, fob hix,t)dx = fob ho(x)dx for all t € [0, Tp].
Indeed, for all 71, 7, € [0, Tp] and for ¢ € H# (0, b) we have

b 2 9h
/ [h(x,tz)—h(x,tl)]w(X)dx=/ (8—(~,t),<ﬂ)dt
0 11 t

15
= ["{ (-t o+ 0@y~ ¢ (ko + 38)) o)
1 oo

t b 1
—_ / 2 / ((899 + ok + Q(EW) — (km + §k3)) o dx dr.
151 0 o

(3.4)

Choosing ¢ = 1 we conclude that

b b
/ h(x, ) dx =/ h(x,t;)dx.
0 0

The remaining part of this section is devoted to showing that the functions &y
constructed in Section 2 converge to a weak solution of (3.1). We start by proving
that the functions /4 are uniformly bounded in H'((0, T'); H, ! (0, b)). Precisely,
we have

Theorem 3.3. Forall N,i =1,..., N, and T we have

T rb X dhy 2
/ / ( / PN, r)d;) dx di < 2F (ho, o), (3.5)
o Jo \Jo Ot
F(hin,uin) < F(ho, uo), (3.6)
and
su}\[]) ||yi,N||H2(O,1;R2) < 4o00. (37)
L,

Moreover, up to a subsequence,

hy — hin C®*([0, T1; L*(0, b)) for all & € (0, §),
hy — h weakly in H' (0, T; H, (0, b)), (3.8)

for some function h such that h(-,t) € AP foreveryt € [0, T].
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Proof. By the minimality of (h; x, u; ) we have that

1 X 2
F(hi N, u;, N)+m . (/o (hi,N(C)—hi—l,N(C))dC) dH!
hi—|.N
S F(hi—1,n, ui—1,N) (3.9)

foralli =1,..., N. Hence,

2
AT (/ (hi,N(&) — hi- 1N(C))df) dx
§ F(hl—l,Na ul—l,N) - F(hz,N7 ”z,N)-

Summing overi = 1, ..., N, we obtain

Ny b . ,
IAT i — h; <
;mT/O (/0 (hi,n (&) h,_l,N(;“))d;) dx < F(ho, ug),

from which we deduce the estimate (3.5) (see (2.6)).
Moreover, by iterating (3.9) we obtain (3.6) and, in particular, recalling (2.2)

1
HY (T, ) £ o Flho.wo).

Hence,

sup |[Dhy (-, 1)[(0,b) < C (3.10)
N,t

for some positive constant C > 0. By (3.5) we have for , > #;

ohn(-, 1)
AN G 1) — hy Gy )| g1 < e
1 at H71
2 dhy (- 1) || ?
§(tz—t1)5(/ KLLACL) dt) < Clt — 1)1,
1 at H71

@3.11)

Applying Remark 6.5 to the f(x) = fOX (hn(t,t1) —hn(Z, 1)) d¢, which vanishes
at 0 and b [see (2.5)], and recalling (3.10), from (3.11) we get

NG, 1) —hn (G D)2 = C(D(hn (G, tz) — Ay o). D) E [y (- 12)
—hn(, t1)||H L < Cli — 1), (3.12)

By the Ascoli-Arzela theorem (see, for example, [6, Proposition 3.3.1]) we find a
subsequence (not relabeled) and a function 4 such that

hy — h in C%*(0, T; L*(0, b)) for all a € (0, §).
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Finally, observe that from (3.6) we have (3.7). Hence, since for every ¢ € [0, T']
we may find a sequence (i,, N,) such that h;, n, — h(.,t) in L%(0,b), by
Lemma 2.3 we conclude that (-, ) € AP. The weak convergence of hy to h
in HL(0, T; H, l(O, b)) follows from (3.5). This concludes the proof of the theo-
rem. m}

In the following, 4y and & will denote the subsequence and the function pro-
vided by Theorem 3.3, respectively. The next result shows that the convergence of
hy to h can be significantly improved for short time.

Theorem 3.4. There exist Ty € (0, T] and C > 0 depending only (hg, uo) such
that:

() hy — h in COP([0, Tp]; C1*([0, b)) for every a € (0, 3), and B € (0,
(1 = 2a)/32);
(i) sup, 0. 71 1N G Ol 20,5y = C

(iii) su Vun G0l o1 — =C
Pre[0,To] I ”CO‘Z(QhN(-,t))

(V) E@n(G,hn)  —  E@(,h) in COP([0, Tol; C([0,b]) for every
a € (0, %), and 0 < B < (1 — 2w)/32, where u(-,t) is the elastic equilib-
rium in Qp(. 7).

In particular, h(-,t) — hg in cle(o, b)ast — 0T and hy,h = Cy > O for
some positive constant Cy, provided that N is sufficiently large and Ty is small
enough.

Proof. We claim that for every n € (0, 1) there exists 6, > 0 such that if % <6y
then

inf PN — 4T s 3.13
02e<) lviv — o+ Dllr201) <n (3.13)

where, we recall, yp, y; v are admissible constant speed parametrization of

Fﬁo, F;fl_‘N, respectively, such that y - ey, ;.n - e1 = 0. Indeed, if not there ex-

ist ng > 0 and i, N,, such that ’]’(,—T < % and
n

1\

inf . _ . 3.14
Oérrlqllyzn,zvn o+ Dl = Mo 3.14)

foralln € N. Since h;, n, = hn, (-, ’}(,Z) [see (2.6)], by Theorem 3.3 we have that

h;, N, converge in L%(0, b) to hg. Recalling (3.7), by Lemma 2.3 we have that, up to
a further (not relabeled) subsequence, y;, n, — Y1 weakly in H#2 O, 1; ]Rz), where
y| is an admissible constant speed parametrization of on' Hence, y1 = yo(- + 10)
for some 0 < 79 < 1. We deduce that

1Vin. N, — Yo+ )l 22(0,1) = 0.

which is in contradiction with (3.14). This proves the claim.
Let 7; vy € [0, 1] be such that

lviv —voC + tin)liz20,1) <n
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for % < 8. We now apply Theorem 6.4 to f := y; y — yo(- + T; n), t0 obtain

3 1

17i,n = 70C + M)z = Cliyin = 7oC + 1Ml lvin — v+l
1
+Clyin — o+ tnli2 = Cnt,

where the last inequality follows from (3.7) and (3.13), provided that % <6y

Since yp(s) = (xo(s), yo(s)) is a constant speed parametrization of a C' graph,
we have that xo(s) = co for some c¢o > 0. Therefore, if 1 is sufficiently small, and
writing y; n(8) = (xi N (5), yi.n(s)), we have that X; y(s) = %0. This fact implies
in particular that s; y € C1(0, b)) and

h/
H - 0 <o), (3.15)
I h’ 2 )2
JU+ B2 1+ g o
where w(n) — Oasn — 07, Let
h/
M := max & < 1.

x<O1 [T 4 (hf(x))2

By taking 7 in (3.15) so small that M + w(n) < 1, we obtain

[1+ (h] \)? L)

for % < 8, =: Ty. Hence, ||h§,N||L°°(0,b) < C and, in turn, by (3.7) we get that

SM+om <1,

||h§/,N||L2(0,h) § C,

for < Ty and for some C > 0. From this estimate, recalling (2.6), assertion (ii)
of the statement follows.

To prove assertion (i), we start by observing that by Theorem 6.4, the property
(ii) just proved, and (3.12) we have

ohy
H o (s 2)——( tl)
3
82/’11\/ ath 4 1
<cC ) — —=(,t An(, 1) —hy(C t)|?
s a2 (1) = o) - IAn (G, 22) = hn G, )l
< Cln—nl® (3.16)

for all #1, t» € [0, Tp]. Notice that from property (ii) we have

su h < +o00. 3.17
N,re[grg]” VEDey o4 G.17)
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Take o € (0, %) and observe that,

oh
‘ N 2)——( al)

ox
‘8hN ohy

— (. n)— —(, 1)l

oh 1-2a
z [[(335:](—(, n) = (. n))] ,

where | -|g denotes the S-Holder seminorm. From this inequality, (3.16), and (3.17)
assertion (i) follows.

Standard elliptic estimates (see [21, Proposition 8.9]) ensure that if Ay (-, 1) €
C1([0, b]) for some a € (0, 1), then Vuy (-, £) can be estimated in C%%(2,,(.1))
with a constant depending only on the C'*-norm of Ay (-, t). Hence, assertion
(iii) follows from (3.17). Assertion (iv) is an immediate consequence of (i) and
Lemma 6.10. O

In what follows J; y stands for

Jin =1+ (B )2

Theorem 3.5. Let To and hy be as in Theorem 3.4. Then there exists C > 0 such

that
To 34],1 2
/ / —— (. 0)| dxdt <C (3.18)
for N e N.
Proof. Forevery N,i =1, ..., N, the Euler-Lagrange equation satisfied by /; x
is
Wiy, 5e i y)?
" i,N ’ ’ /
/O |: J5 -5 ¢ - ) _]7 ——h; n¢ = Yx(=h; y, De' | dx
+/0 (Qin — Hin)pdx =0 (3.19)

for every ¢ € H7(0,b) such that [j'¢dx = Oand [, [ipds dH' =0
i—1,N

where
[ NG = hici N () '
Hi v (x) .—/0 (/0 - dr) T (@) dz.,

Qi.n(x) := Q(E(uin(x, hin(x)))). (3.20)

We start by showing that h; y € H;‘ (0, b) and that its fourth derivative, hl(lj\;,
is continuous and thus periodic. To see this, note that (3.19) implies that

b
/ fing”dx =0
0
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forall p € C2(0,b) with [y’ dx =Oand [, [ ¢d¢ dH! = 0, where
i—1,N
"

hl 5 (:/ )2/ /
ﬁN(x)—EJS—N+/0 (28 JN hi y + V(= thal))

i,N i,N

+/ / [Qin — Hi y1d¢ dr 3.21)
0o Jo

is an L>-function. Hence, by Lemma 6.8 we get that

X px2 pXi
fin(x) = ai,N/ / / Jisindr dxy dxy + ¢ nx? +dinx + ey
o Jo Jo
(3.22)

for some constants a; y, ¢ N, di N, and e; y. Using (3.21) and (3.22), we may
conclude that A ‘v € W1 l(0 b). Hence, differentiating (3.21) we get that 2" is

continuous. In turn differentiating (3.21) once more, and recalling that Q; v is
Holder continuous and that ¥ € C2(R? \ {0}), we get that h; v € H*(0, b) and

h( N is continuous in (0, b).
It remains to prove periodicity. To this purpose, note that, given any a € R, for
everyi = 1,..., N, h; y is also a minimizer of the functional

a+b  rh(x) a+b e
/ Q(E(u))dy dx +/ (w(u) + —k2) J dx
a 0 a 2

1 a+b X 2
+2AT (/0 (h(f)—hil,N(i))dC) Ji—indx

among all (h,u) € X, such that h € H#%(O, b), fobh dx = fob ho dx, and

fl“; f(;c (h(¢) — hi—1.n(¢))d¢ dH!' = 0. This is a consequence of the trans-
1i—1,N

lation invariance of the energy, which in turn follows from the b-periodicity of

h,hi_1,n,and x — f(; (h — hij—1,n) d¢ (see (2.5)). Writing the Euler-Lagrange

equation satisfied by 4; y in the interval (a, a + b), we get

b [y, Se (h]y)?
/ [sﬁiw”—g iy = Y (h DY | d
a i,N i,N

a+b
+/ (Qin — Hin)pdx =0, (3.23)

a

where we have used the fact that

d 1 a+b X 2
an m/ﬂ (/0 (hin (&) +ne) — hi—l,N(?))dC) Ji—1,ndx

a+b X N hz LN
= god{/ l—dé} 1N dx
/a [/ AT -

a+b
= i,N(a+b)/0 pd¢ —Hi,N(a)/O pd¢ —/ oH; ydx

‘n:O
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a a+b
= (H; y(a+Db) — Hi,N(a))/O pd¢ —/ oH; ydx
a
a+b
= —/ @H; ydx.
a

Observe that the second equality follows by integrating by parts, while the last two

follow from the fact that f ath ¢ d¢ = 0 and the periodicity of H; y, respectively.
Now, arguing as before in any interval of the form (a, a 4+ b) and using equation

(3.23), we deduce that h; y € Hféc(]R) and hl(l\]/\; is continuous. Hence, since h; y

is b-periodic, h;,y € Hy (0, b) and 'y, is b-periodic, too.
Differentiating (3.22), we obtain

X
fivx) = ai,N/O Ji—1,8d¢ + 2¢i N

By (3.21), the b-periodicity of h; y, its derivatives up to order 4, Q; n, and H; v,
we conclude that fl’ 'y is b-periodic and so a; y = 0.
Differentiating (3.21) twice, we obtain

h! ! 5¢ (] y)? '
E(JZT’) +(2 J7 h;N+WX( h;N,l))—f‘Q,N— zN—ZCzN

i,N
(3.24)

Integrating both sides of the above equality in (0, b)) and using periodicity, we
deduce

b
2bc; N =/ (Qi,N — Hj n)dx.
0

From (3.24), using Theorem 3.4 and Young’s inequality to estimate h; o JiN
and Q; y, we have

b . b
/O |h§jj\}|2dx§c/o (L4 1R 18+ 1)y PRy 1P + HEy) dx

b b
gc/ |h;j’N|3dx+C/ |h N|6dx+C/ (1+ H? ) dx.
0 0
(3.25)

Using Theorem 6.4 to estimate ||/ 'wllzs and ||h’” |13, we obtain from (3.25)

; 5 : 7 . b
1125 S ClRY IS IR + CllRY 13218 0 2 + € /0 (1+ HPy) dx

b V%, +C, / (1+ H?y) dx,
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where in the last inequality we used Theorem 3.4-(ii). Choosing 1 sufficiently small
and summing over all i such that i% < To, and recalling (3.5), we finally conclude
d*h
N,
x

that
To b
A

thus proving (3.18). O

2

To b
dx dt§C/ / (14+ H})dxdt £C, (3.26)
0 0

Remark 3.6. Denote by hy the piecewise interpolation function
N
A0 =D Xiip Ly (Ohiy ().

i=1

The argument used in the proof of Theorem 3.5 allows us to write in place of (3.26)
the following inequality

To b
b
Note also that property (i) in Theorem 3.4 implies that h N — hin L*(0, Tp;
Cl([0, b)) forall @ € (0, ).

2
dx dt < C.

*hy
dx4 x. 1)

As a consequence of estimate (3.18) we get that the discrete time evolutions
hpx converge to i in a much stronger sense.

Corollary 3.7. Let Ty > 0 be as in Theorem 3.4. Then
hy.hy — h in LS (0, To: C2'(10. b)) N LS (0, To: Co' ([0, b])).

Proof. Fix N > M. By applying Theorem 6.4, we get that

3Bhy 3B hy
X~ 0x L>®(0,b)
3
*hy *hy ’

W(M ) — W(L 1)

[ «)
( [ dx) |

Raising both sides to the power %, integrating with respect to time, and recalling
(3.18), we have that

oh a0
_N(x’ t) —
ox

hy
1
o (x,1)

12
To 83/’1 33h 3
/ SNty = (1) dr
oh oh 5
<C sup |- 20
1e[0,7o] | 0% dx L(0,b)
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The conclusion then follows from property (i) in Theorem 3.4. This proves the
convergence of iy to hin L ¥ 0, To; Cﬁ’l ([0, b])). The convergence of iy to h in
L% 0, Tp; C;’l ([0, b])) is obtained similarly by observing that from Theorem 6.4

3%h 9%h
Haf()— LY
L>°(0,b)
1
33hn 93h 2 oh oh 2
SC|5a =53t ’N )——ﬂ<>
L%°(0,b) L°°(0,b)

for almost every ¢. Finally, the corresponding convergence for Ay are proved anal-
ogously in view of Remark 3.6. O

The next theorem establishes the existence of a weak solution to (3.1) for all
ho € H,_%(O, b) strictly positive.

Theorem 3.8. Let Ty be as in Theorem 3.4. Then equation (3.1) admits a weak
solution in [0, Ty] in the sense of Definition 3.1 with initial datum hy. Moreover, if
Y € C3(R2\ {0}) then h(-, 1) € HZ (0, b) for almost every t € [0, Ty].

Proof. Define
Hy(x,1) = H; y(x), On(x,1) = Qi n(x),
InGean) = D) i —De <1 <it
N{(X, = JiNX 1 (1 N: <lN,

where H; y and Q; y have been introduced in (3.20). Fixt € (0, Tp) and asequence
(Jn» Nn) such that 7 dn T — t.Fixalso x € C°(0,b)and ¢; y, := (] "y ) Define

also @y (x, 1) 1= ¢; N, (x)if (i — D L <t< z—. Inserting ¢; y, in (3.19) and sum-
ming up the resulting equations from i=1 to i = jp, we get

h o 5¢ (h 7 ~
// |: ( N,;) n)xx _8( N )xx (hN )x(¢n)x Wx(_(hNn)X’ 1)((/)”){| dx dr

+/ / (QN,,—ﬁN,,)g?)ndxdr:O.
o Jo

Integrating the first term in the integral by parts, we obtain
) A
/ / |: ( = xx) ((p”)x - 2 Mo (h )x(‘pn)x
T3 N,
X n
_I/IJC (_(EN,, )x s 1)(¢n)x:| dx dt

t b
+/ / (On, — Hn,) @y dx dt = 0.
0 Jo

To pass to the limit in this equation we recall the following facts:
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() ByCorollary3.7wehavethat(%) —>(hj_§) in L% (0, Ty: L0, b)):;
N /¢ x

(i) By (3.8) I:IN converges weakly in L%(0, Ty; Hé (0, b)) to the unique function
H such that H(0,t) = H(b,t) = 0 and

Hy

oh
(7) =, nH'0.0) (3.27)

for almost every ¢. Indeed, from (3.20) we have that

H; oh i — 1 j
(( "N)x) =N fort € |:l—T LT)
J,;],N ¥ Jt N N

and (3.27) easily follows by (3.8) and property (i) in Theorem 3.4.
(iii) By property (iv) of Theorem 3.4 we have that Oy — Q(E(u(-, h(-, 1)))) =:
Q(, ) in L®(0, To; C1*([0, b])) forall @ € (0, 3);

(iv) By Corollary 3.7 (¢n)y — ¢ in L%(O, To; L*°(0, b)), where ¢(x,t) :=

x'(x)
(J(x,,) )x-

Therefore, passing to the limit in n, we get

torb hyxx RJ> (hxx)2
A /0 |:—8 (F)x - EThx - llfx(_hx, 1)i| Px dx dr
t rb
+/ / (Q — H)pdx dr = 0. (3.28)
0 Jo

From (3.28) it follows that for every ¢ € (0, Tp) \ N, with L! (Ny) =0,

b hee) 5 (hao)? b
/0 |:—8 (F)x—?Thx—wx(—hml)] ‘dex+/o (Q — H)pdx=0.
(3.29)

Letting x vary in a countable dense subset of CS°(0, b) we conclude that for almost
every t € [0, Tp] equation (3.29) holds for all x € C2°(0, b) and thus

PT () 5e (ha)? : ’
(3.30)

for all n € C2([0, b]) such that fob ndx = 0and fl“h Jo ndg dH! = 0.
We claim that from (3.30) it follows that &(-, t) € Cg([O, b]) and

hxx Se (h2,
& (F)xx + ? (7hx)x + (wx(_hx, ))x+ Q0 —H=u0o+ 8.
(331)
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for suitable time-dependent functions « = «(¢) and § = B(¢). Here, o (x,t) :=
f(f J(x,7)dr. To prove the claim note that since by Theorem 3.5 h €
L2(0, To; H;(O, b)), (3.30) can be written as

b
/ fndx =0 forall n as above,
0

where
By Se (h2,
fo=e(5) +3 (7h> + (= D)+ 0 = H.

By Lemma 6.8, (3.31) follows. Note that from (3.31), recalling that ¢ € C2(R%\
{0}), we obtain that (-, 1) € C*(0, b). Now using equation (3.23) in any interval
of the form (a, a + b) and arguing as before, we deduce that i(-,t) € C*(R). In
particular, h(-, 1) € Cﬁ([O, b]). In turn, the left-hand side of (3.31) is b-periodic,
and since H is also b-periodic we conclude that « must be zero. Note that since
h(-,t) € Cé([O, b]), by elliptic regularity we have that u(-, ) € C3(§h(.,,); R2).
Therefore, since H(-, t) € H,} (0, b), from equation (3.31) we deduce that i(-, t) €
H; (0, b) if ¢ € C3(R?\ {0}).
Integrating (3.31) with respect to x and recalling that « = 0, we get that

1 b
B(t) = Z/o (Q(x,t) — H(x, 1)) dx.

Therefore, since H € L2(0, Ty: H#} (0, b)) we deduce that

hyx 5¢ h%x 2 !
& F + ? Thx + (wx(_h)m 1))x + Q €L (0’ T(); H# (0’ b))’
XX x

thus proving condition (ii) in Definition 3.1, thanks to part (i) of Remark 3.2.
Finally, in view of part (i) of Remark 3.2, condition (iii) in Definition 3.1 follows
by combining (3.27) with (3.31), recalling thato = 0. O

4. Regularity

In this section we show that if v is of class C* away from the origin and
hy € H;’ 0,b),hg > 0, then the solution constructed in the previous sec-
tion satisfies (3.1) in a stronger sense, precisely, & € L2(0, Tp: Hf(O, b)) N
HY(0, Ty; L2(0, b)).

Next we need a delicate and crucial elliptic estimate on the trace of DE (1) on
Iy, where u is the elastic equilibrium in €2,.

Theorem 4.1. Let (h, u) € X,, be such that h € H,f(O, b),h = co >0, and u is
the corresponding elastic equilibrium. Then, there exists a constant C depending
only on |h| g2 py» co, and || E(u)| Lo (s,) such that the following estimates hold:

b .
/ |DE(u)|>dH' < c/ (14 1AV %) dx 4.1
'y 0
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and
b
|D*E (u)|> dH' + / |Do (E))|*aH' < c/ (1+1aYP) dx, (4.2)
Ly Lp 0
where Dy denotes the tangential derivative along T',.
Proof. We split the proof into several steps.
Step 1. (Airy Functions) Since h € Hg (0, b), by elliptic regularity we have that

1 —# . . . . .
u € C2 (£2;,). We now introduce the Airy function w associated to u, which
satisfies

Wyx Wxy }\ ((CE(L‘))H —(CEw)12 (4.3)
Wyy Wyy -\ —(CEw))12 (CEw)n ' '

It is well known that w is biharmonic (see for instance [20, Ch.12]). Note that we
can choose w to satisfy the additional conditions

w=0and Vw=0 onTl}. (4.4)

Indeed, since CE (u)[v] = Oon FZ, it follows from (4.3) that D, (Vw) = 0. Hence,
by a subtracting a suitable affine function, if necessary, we may impose that (4.4)
holds. Moreover, from the regularity of u we have that w € C 5.3 (Q}f).

Step 2. (Straightening the boundary) We denote by Q’;‘; the image of Qz under the
diffeomorphism ®j(x, y) := (x,y — h(x)). Note that &, (FZ) = {y = 0}. Set
v(x, y) i= w(x, y + h(x)) forall (x, y) € Q. Note that, since

vy = wy + hwy, vy =w,,
and

2
Vex = Wy + 2R wey + W wyy + 1wy, vey = Wy +Awyy, vy = wyy,
4.5)

from the assumptions on 4 and u we conclude that
|IDv| < C and |D*v| < C+ W) (4.6)

for some constant C > 0 depending only on ||A||L~ and | E(u)||L. Since

w(x,y) = v(x,y — h(x)) and A’w =0, a lengthy but straightforward calcu-

lation shows that v satisfies the 4-th order elliptic equation L(v) = f in Q¥, where
f = 61" vgny — 120/ W vy + (2 4 6121 vyyy + 40" vy

—GBh"? + 40 W vy, + BV, 4.7

and

L(v) := vyxxx — 4h/vxxxy + Q2+ 6h/2)vxxyy — (4n'" + 4h/3)vxyyy
+(1+ 1) vy (4.8)
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Moreover, v satisfies the boundary conditions [see (4.4)]
v=0and Vv =0 on{y =0}.

Set S := [0, b] x {0}, fix two bounded open sets U" and V' such that S c U’ cc V/,
with V' N @, ({y = 0}) = ¢, and denote U := U’ N Q% and V := V' N Q. From
well-known elliptic estimates (see [2]) we have that

/ |D*v|?dz < C/(|v|2+|f|2)dz. (4.9)
U 1%

Step 3. (Estimate of D*v) From (4.8) and (4.9), recalling (4.6) and using Young’s
inequality, we get

/ |D4U|2 dZ g C/ [1 + |h(1V)|2|Dv|2 + (h//4 + h///2)|D2v|2 + h//2|D3U|2] dZ
U Vv
b .
g Cn/ (1 +h//6+h///2+h//2h///2+|h(1v)|2) dx—l—n/ |D3v|3 dz
0 %

b
<S¢y [ nt e n S e Py s [ D%z @10)
0 v
‘We now use Theorem 6.4 to estimate

b . L7 5
/0 (B0 + 1"y dx < CUR™ (2012 + 1R 110115 )

b .
< c/ (A + 17™)?) dx 4.11)
0

for a suitable constant C > 0 depending only on ||2”|| ;2. Using Theorem 6.4 and
(4.6), we have

1 3
2 2
/|D3v|3dz§c/ |D4v|2dz(/ |D2v|2dz) +(/ |D2v|2dz)
\% Vv |4 Vv
1 3
b 2 b 2
§C/|D4v|2dz(/ (1+h”2)dx) +c(/ (l—i—h”z)dx)
\%4 0 0

< C/(1+|D4v|2)dz
1%
for some constant C > 0 depending only | E(u)||ze and ||A”| ;2. Inserting this

estimate in (4.10), recalling (4.11), and taking 5 sufficiently small, we conclude
that

b .
/ |D*v|?dz < c/ (1 +|h(”>|2)dx+c/ |ID*|?dz.  (4.12)
U 0 V\U

Step 4. (Estimate of D’v) Differentiating equation (4.8) with respect to x, since
vy = 0 and Vv, = 0 on {y = 0}, as before from elliptic regularity we have

/|D“vx|2dzéC/(1+|vx|2+|fx|2+h”2|D4v|2>dz. @.13)
U Vv
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From (4.7), recalling (4.6) and using Young’s inequality, we get
/('fx|2 +h//2|D4v|2) dZ § C/ [|h(v)|2|Dv|2 + (h//2h///2 + |h(lv)|2)|D2v|2] dZ
1% 1%
8
+C/ [(1 +h//4+h///2)|D3v|2+h//2|D4v|2] dZ§77/ (|D3U|4 + |D4U|§)dz
1% 1%
b .
+ c,]/ (141" + B + 1h™)5 4 [hY2) dx. (4.14)
0
Using Theorem 6.4 repeatedly, we get
Pk L (i), & ) "7 i3 w3
/ (W™ + "+ 113y dx = CUR™ N 2 1B 2 + IR0 17
0
OYEATL ’ W2
+ RN LR ) = C/ (I + A7) dx (4.15)
0

for some constant C depending only on ||/1|| 2. Similarly, using Theorem 6.4 and
again (4.6),

/(|D3v|4+ \D*v|3) dz
%4
2

< CUID I3 ID*0I17 5y + 1DVl T2 ) + 1D 011 I D011

V) V)

8
+1D%011 5 < C (14 1D%12,,,,).
Inserting the last estimate and (4.15) in (4.14), and recalling (4.13), we have
b
/ |D*ve)?dz < Cn/ |Dv|? dz + cn/ 1+ AV dx.  (4.16)
U 1% 0
Differentiating (4.8) with respect to y, we easily get

||vyyyyy||i2(U) é C/ |D4Ux|2 dZ+/ [h//2|D4U|2+(h//4+h///2)|D3U|2
U U
+ 1™ 12| D%v|?] dz.

Estimating the second integral in the previous formula as we did for the right-hand
side of (4.14) and recalling (4.16), we have

b
/ |D%v|?dz < cn/ |D5v|2dz+C,7/ (1 +|hV?) dx.
U Vv 0

Choosing 1 small enough, we conclude that

b
/|D5v|2dz§C/ (1+|h(v)|2)dx+C/ |Dv|? dz. (4.17)
U 0 V\U
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Step 5. [Proof of (4.1)] Let W’ be an open set such that <I>;] (V\U) cc W and
set W:=WwW'n Qﬁ. We first observe that since u € eq(-, 0) + L Dy (S2),; R?) solves
the linear system

th CE(u): E(p) =0 forall ¢ € LDyg(2; R?) s.t. o(x,0) =0,
u(x,0) = eo(x,0),

then standard elliptic regularity implies that for alln € N

/ |D"u|2dz§C/ (1+uPdzsC
@, (V\D) w

for some positive constant C depending only on n and eq. Therefore, if n = 2 from
(4.3) it follows that

/ |D"w|*dz < c/ ID" \u*dz < C (4.18)
o, (V\U) o, (V\U)

for some constant depending only on n and ep. Observe that similarly to (4.5) we
have

Wyr = Vyx — 20 Uxy + 120y — K0y, Wiy = Vay — vy, and wyy = vyy.
(4.19)
Differentiating these inequalities with respect to x and y and using (4.3) and (4.6),
we get
IDEw)|>dH' < C | |D*w|?dH!

I I

é C/(|D3v|2+|D2v|2h//2+|Dv|2h/N2)dx
S
b
é C/(|D3U|2+|D4v|2)dZ+C/ (1+h//4+h///2)dx
U 0
b
< C/(|D2v|2+|D4v|2)dz+C/ (141" + ") dx
U 0

b
s C/ |D4U|2dZ+C/ (1+h//4+/’lw2)dx,
v 0

where we have used the trace theorem to control ||D3v||Lz(S) with ||D3v||H1(U).
Estimating the last integral as we did in Step 3 and recalling (4.12), we obtain

b .
IDEu)|>dH' < c/ ( +|h<‘V>|2)dx+c/ |D*v|>dz.  (4.20)
0 1%

Ip \U

Concerning the last integral, we have arguing as in (4.10)
V\U @, (V\D)
|D*w|* + h"?|D*w|*] dz
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b
§ Cn/ (1+h//6+h///3+|h(lv)|2)dx+n/ 1 |D3w|3dx
0 @, (V\U)

b .
§ Cn/ (1 +h//6 +h///3 + |h(lV)|2) dx +C,
0

where we used (4.18). Controlling the last integral by fé’(l + |h(iv) |2) dx as we did
in Step 3 [see (4.11)], and inserting the resulting estimate in (4.20), we conclude
the proof of (4.1).

Step 6. [Proof of (4.2)] Differentiating (4.19) twice and using (4.3) and (4.6), we
have

|DE (u))* dH!
Ty

<c | |D*w|?aH!
Ty

é C/[|D4U|2 + h//2|D3v|2 + (h//4 + h///2)|D2v|2 + |I’Z(IV)|2|DU|2]dX
N
8 b .
é C/(|D3v|§ + |D4U|2)dx + C/ (1 +h//8 +h///4 + |h(]V)|2) d.x
S 0
8 b
< C/(|D3v|§ + (D) dx + c/ (14 1Y) dx, 4.21)
S 0

where the last inequality follows from (4.15). We now estimate, using Theorem 6.9
and Theorem 6.4

/(|D3v|§ +|D*)?) dx
S

8 8
< C(”D%”Z%w) + ||D4v||-’m( + ||D4v||iz(w + ||D5v||iz(U))

< c(Ipl] (U)nDzvn +1D%1; (U)nDzvn

LZ(U) LZ(U)
D2l + D01y + D701 )

§C/(1+|D4v|2+|D5v|2)dz§C/(1+|D5v|2)dz.
U U

From this inequality, (4.17), and (4.21), we have

b
|ID?E )| dH' < c/ (1+|h(v)|2)dx+C/ |D%v|*>dz. (4.22)
T 0 V\U

To estimate the tangential derivative of E (), we observe that by Theorem 6.4

1Do E@ll sty < CIDZ BN Ey g IE@ 2, < CIDZ E@
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Hence, differentiating twice the identities in (4.19), recalling (4.6);, and using
Young’s inequality, we have after some straightforward calculations,

/ | Dy E(u)|* dH!
1-‘h

1

. 2
S

1
2
<c (/(|D3v|254 + |D4v|4)dx)
S
1
b 2 . 2
+c( / (141" 4+ 0"|5 + |h<”>|“)dx) : (4.23)
0

Using Theorem 6.4, we have

b .
/ (1+h//24+|h///|% +|h(w)|4)dx
0
()ﬂ //g ()3*1 //ﬂ )3 "
< CURN LIRS + UV USRS + 1Y 15217 1 2)
1 b ) 2
SCa+ V)5 £ C(/ 1+ [hY] )dx) : (4.24)
0
On the other hand, using Theorem 6.9 and (4.6), we can estimate
/(|D3v|2?4 + [ D*ul*) dx
N
3 & 44
SCUDW)® 4 +IDM 5 )
W29 (U) w5 (U)
24 24
SCUIDY[ %y + 1D, + 1Dty + DMty )
L29(U) L29 (U) L5U) L5(U)
24 24
SC(D™I s + D% % +ID%I*y  + D™y )
L29(U) L29(U) L5 U) L5(U)

%
SCU+ DM +IDv[*s ).
L29(U) L5 (U)

Combining this estimate with (4.23) and (4.24), using Theorem 6.4, and recalling
(4.6), we have

12 b
IDe E)|*dH' SC(ID*|[ 7 +ID%I?s )+ C/ (1+ 1Y) dx
Iy L29(U) L5 (U) 0

29 12
3

43
5,130 21130 213 5,112
<c (nD ol g ID2VIS ) + 102011 5 ) + 1D ””L§<u>)

b b
+C/ (1+hVPdx < C||D5v||iz(U)+C/ (1+ AV dx.
0 0
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The last estimate combined with (4.17) yields

b
| Dy E)|*dH' < c/ 1+ |h(V>|2)dx+c/ |D3v|>dz. (4.25)
T 0 V\U

Concerning the last integral, arguing as in (4.14) and (4.15), and using (4.18), we
have

V\U @, (V\D)

+C/ [(1 +h//4 +h///2)|D3w|2 +h/’2|D4w|2]dz
o (V\D)
8
+C/ 1 |D5w|2dz§C/ 1 (| D3w|*+|D*w|3) dz
@, (V\U) @, (VA\U)
b .
+C/ (1+h//8+h///4+|h(1V)|2+|h(V)|2)dx
0

b
< c/ (14 [hV]?) dx.
0

Hence, (4.2) follows by inserting the last estimate in (4.22) and (4.25). This con-
cludes the proof of the theorem. O

We now state a regularity result which applies to any weak solution to (3.1).

Theorem 4.2. (Properties of weak solutions) Let h be a weak solution of (3.1) in
[0, To] in the sense of Definition 3.1. Then, the following properties hold:

(i) h € CO([0, Tol; C([0, b)) for all o € (0, §) and B € (0, 1553%);
(i) h € L%(0, To; H (0, b));
(iii) if € C3(R2\ {0}) then h € L*(0, To; H3 (0, b)).

Proof. Property (i) is a consequence of the fact that H'(0, T; H, ! 0,b)) N
L0, T; H#%(O, b)) is continuously embedded in CO%B([0, T1; C12([0, b)) for all
a € (0, %) and 8 € (0, %), as shown in the proof of property (i) of Theorem 3.4.

Property (ii) can be proved arguing exactly as in the proof of Theorem 3.5,
replacing (3.24) by (3.31), with ¢ = 0.

Finally, we establish (iii). To this aim, we note that if ¥ € C>(R? \ {0}) then
h(-,t) € H?f (0, b) for almost every ¢. Indeed, this can be proved as in the final part
of the proof of Theorem 3.8.

To simplify the notation we use (-)’ to denote differentiation with respect to x.
Differentiating equation (3.31) with respect to x, estimating Q by (4.1), one gets
that for almost every ¢t € (0, Tp)

b b . .
/ |h(V)|2dx é C/ (1+h//8+h//4h///2+h///4 +h//2|h(lv)|2+|h(lv)|2+H/2)dx
0 0

b
§C/ (1+h”8+h/’/4+|h<iv)|§+H/2)dx.
0
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Estimating
b iy 8
/ (h//8 +h///4 + |h(1v)|§)dx
0

as in (4.15), and using Young’s inequality to estimate the products of the L?-norms
of h” and ™), we arrive at

b b b
/ V2 dx < n/ |h(V)|2dx+C,7/ (1+ H?)dx.
0 0 0

By this inequality, taking n sufficiently small and integrating in time, property (iii)
follows. O

We now come to main result of the section.

Theorem 4.3. Let ho € Hy(0,b), hg > 0, let € C*(R?\ {0}), and let Ty be as
in Theorem 3.4. Then the solution to (3.1) constructed in Theorem 3.8 belongs to
H' (0, To; L*(0, b)) N L*(0, To; H(0, b)).

Proof. We start by observing that (3.24) gives

(iv) 3 2 3

hin . hinhiNh Ny ShTy 35 Ry / h n
25 =0 S ST (D
Jin Jin Jin Jin €

1 2 1
+-Hin+ —cin — - QiN
& & &

1 2 1
=M;n+ EHi,N + SO~ EQi,N, (4.26)
where we set
h/- h// h/_// Sh/_/S 35 h{2 h/_/3 h/»/
Mi,N =10 i,N 17,N i,N + E 17,N _ 7 z,N9 i,N + wxx(_h;,]\/a 1) l,N.
Jin Jin JiNn €

(4.27)
Differentiating (4.26) with respect to x, recalling (3.20), and setting af—N =
ﬁ 3%’ we get

hE\ J; iy —h; J; d
i,N / i—1,N i,N i—1,N i,N
LN =M+ d¢ — —CEu;n):——Euin).
(JiS)N i,N e /0 AT ¢ P ( 1,N) dOi‘N ( 1,N)

Dividing both sides of the last identity by J;_; x and differentiating again with
respect to x, we get

NS o\
1 i,N _ i ) 1hiv = hicoin
JiiN JSN Jicin € AT

J; d !
- ( LN CE(u;in) : _E(”i,N)) .
eJi—in do;
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Expanding both sides of the above equation, we obtain
(vi) v) 2 7 (iv) (iv) 2 2 3 (iv)
hi N B IOh;,Nh;iNhi,N B Sh;,Nh' Sh: Nh;//Nh 35h;,Nh;CNhi N
Pyliciny  Jiydiciw Il T Jicin TN Ji

) ( ) !
RN (hi,vN Shi, Nh:/Nh A )_( Mi ) + Lhin —hizin
3 5 7 =\ 7
TiZin Jin Tin

Jici,n

e AT
1 Kl Gh! h! h!! JiN d
0 i,N"i,N i—1, N3l 1,N ((CE(M, N) E(M, N))
Ji,NJi-1,N SN
Ji d?
— N i NCE i) - 5~ E(ui,nN)
eJi—1N do;y
d d
+Jz N(C_E(ul N) _NE(Ml N) (4.28)
l l

Let us now set

10R, b kY SHARSY

(iv) 2 2 1 (V)
R Shi nhinhin — 35hiyhinhin
iN - =
JiYNJz—l N Ji,NJz—l,N Ji’NJt—l,N JfNJi—l,N
W wh! R sh R B
+ t*lg\/ i— lN( zS,N + i,N 71,N i,N ) (429)
USINY Tin Jin

Multiplying both sides of (4.28) by hl(v;\;, integrating with respect to x, and recall-

ing that all the J; y are equibounded in L, after three integrations by parts in the
second integral, we have

b 12 " "
CO/ |h(v1)| dx + - / hi, —hi ]Nh
0

AT
Mo\
< c/ 1 {|RLN|+ ( LN ) ] dx
0 Jic1n
b (vi)
+C/0 I 1+ 1Ry DU Do (E Gty )] dx

+C/ BV 1| Da, y (E (i, )| dx

+C / BVIIDZ, o (E (i n)] dx

C b
"/ |h‘“>|2dx+c/ |Rin|?+

Mi/N /
Y
b
+ c/ (R 1"+ 1Ry 1) dx

+C / (1D, (E i NII* 4 1DZ, 0 (E i n)I7) di.

N dx

2
dx
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Observing that h% — h}" | B!\ = S(h!'} — k] ), recalling (4.2), and using
Theorem 6.4, we get

C (h///z h/// )
0/ AV dx + / N LN gy
0 AT

b Mi,N 112
< C/ |R; N| +
0 Ji—1,N

b
} dx—I—C/ A+ RSP+ 1Y, 1) dx
sn/o (AW + 1Y v P dx + €, / A+ (AN + 1Y) 1) dx,

where in the last inequality we used Lemma 4.4 below. Summing up over i, we

C To b 1 b
—O/ / dxdt—}——/(h’,(,’z,\,—hg/z)dx
2 Jo Jo ’
To b To 84]1
§3n/ / dxdt+C/ /( l )dx.
0 0

Choosing 1 small enough and recalling (3.18), we conclude that

A
with C > Oindependent of N. This shows that % y is bounded in L2(0, Tp; Hﬁ? 0, b))

therefore h € L*(0, To; HE (0, b)).
To conclude the proof, observe that from (4.28), and arguing as above, we have

r

have
3ny |°
9x0

h N

86h
(4.30)

dxdt§C

2
hin —hi—1,n

dx < c/ A 1% dx
AT 0

2
My Y
Jic1,n
b
€ [ (P 4 1 ) 100 ) P
+c/ | Doy (E (i n)))| dx+C/ D3 o (E i) dx.

Using (4.30), the right-hand side of this inequality and thus we conclude that

dx

b
+c/ |Rin|* +
0

To
dtsC

with C > 0 independent of N. Hence, h € H'(0, Tp; L*>(0,b)). O
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Lemma 4.4. Let M; y and R; n be defined as in (4.27) and (4.29). Then for any

n>0
/
M;
Ji1n

b 2
/)|mwﬁ+
0

Proof. Recalling Theorem 3.4-(i), we have

wgnA(WmF+Wﬂm>m+cn

R < CURY P By + R0 ) + N P+ B+ BR)1A31)

Moreover, a lengthy but straightforward calculation together with property (i) of
Theorem 3.4 leads to the estimate

2
M v\
Jicin

éC[V’l( | h// +|h(1 | (h// //4 N_I_h///Z)
+h/// (h//2 //2 N)+h/// (h//6 //6 N)+(h//10 //10 N)]

Using (4.31) and the above estimate, we get by Young’s inequality

b M !
/ IR v I* + (I—N)
0 Ji—i,n

/0 [|h(v) 12 + |h(1v)| 3 4+ |h;//N|5 +h//10 ;/lq‘N] dx.

2
dx

(4.32)

By repeatedly using Theorem 6.4 and recalling property (ii) of Theorem 3.4, we
get

/ [|h(V) |2 + |h(1v)| T+ |hWN| _I_h//lo + h//ll N]dx
0
(vi) 7 (vi) 7 3
gmhn M | S+ 1A nuhmm
mennwm|44M“mnMNmrHWﬁNhﬁm1Nnﬂ
< ,7/ (D2 4 1Y) Py dx + C,.
0

Combining the last estimate with (4.32) we obtain the thesis. O

5. Uniqueness

In this section we show that if ¥ is of class C3 away from the origin, then local
weak solutions are unique. As before, A satisfies (2.4).

Theorem 5.1. (Uniqueness) Let v € C3(R? \ {0}), and let hy, h be two weak
solutions of (3.1) in [0, Ty] with initial datum hg. Then hy = h.
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Proof. To simplify the notation, throughout the proof we use ()’ to denote differ-
entiation with respect to x. First we observe that by Theorem 4.2 and an approxi-
mation argument, it follows that if 4 is a weak solution of (3.1), then the function

t — fob 1’2 dx has a weak derivative, which coincides for almost every ¢ with

-2 fo ?ft‘ , h"") dx. Therefore, multiplying equations (3.3) for 1 and h; by h’ — hY
and integrating by parts, we get for almost every ¢

/ |h/ /
_/ () + 3 hg2h/ /+(¢ (~hy. D) +Q
= A J25 > J2 X 25 2

h(iv) . h(iv) VAN AN,
o | M2 o 31) 2" | iy
Jo J;

b 7\ 72 ¢
—/ [s(h—;) + 5—’3(}l—h) + W (—=h), DY + Ql:|
0 Ji 2\ J/

h(iv) _h(iv) ' YRR
X{z e UL LCTUY PR
1

3

Ji
where the subscripts i refer to the functions h4;,i = 1, 2. After repeated use of
Young’s inequality, using the fact that 4 is bounded, and that the function >

1+ tz)_%, m > 0, is Lipschitz continuous, we get
Py g 9 [ 2
/ |hy " —hy| dx—l—a—/ |y — R~ dx
0 tJo
b . .
< c/ (A 124181+ 12024 RS2 RS2 + WO +h50 + 11k, — k)2 dx
+C/ [h///2 _I_h///2 + h//4 + h//4]|h/2/ _ h/1/|2 dx
+C/ [h//2 +h//2]|h/// h/l//|2dx
+C/ 102 — O112dx = 1) + b + Iz + L. (5.1

Setting B(r) := [|h\" |3+ 15”13, using Theorem 6.4 to estimate [|7 [l oo, 2] llco»
||h§w> lloc With ||h§v) ll2, and recalling that ||z || is bounded, we have

b
L<CcA+ B(t))/ |hy — K| dx. (5.2)
0

Estimating [|A} oo, 17" [l00, With ||th) |2 and using Theorem 6.4 again, we get by
Young’s inequality

b . b
L+15< n/ WY — B 12 dx 4 €, (1 + B(t))/ Ihy —hy P dx. (5.3)
0 0
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By Lemma 6.10 we get
2 b 2 b @iv) (iv) |2
v v
I = Clha = hillere o pp) < C/O |y — hY{|7dx < n/o lhy" — hi"|” dx

b
—I—C,,/ |hy — h}|? dx.
0

From this inequality, (5.1), (5.2), and (5.3), and choosing 7 sufficiently small, we
have

9 [P b
_/ |h/2—h/1|2dx§C(1+B(l))/ |y — R dx.
at Jo 0

Since B € L'(0,T) by Theorem 4.2-(iii), using Gronwall’s lemma we conclude
that fé’ |h, — h |> dx = 0 for every 7. Hence, the conclusion follows. O

Remark 5.2. From Theorem 5.1 we deduce that if ¢ € C3(R? \ {0}), then the
solutions of the discrete time evolution problem constructed in Section 2 converge
to the unique solution of (3.1). If, in addition, v is of class C 4 away from the origin,
then, in view of Theorem 4.3 we conclude that the unique weak solution of (3.1)
belongs to H'(0, T; L?(0, b)) N L?(0, T; HL(0, b)).

Remark 5.3. Combining Corollary 3.7 and Theorem 4.3, by interpolation we con-
clude that whole sequence 4y constructed in (2.6) satisfies

hy — h in L*(0, T; H; (0, b)).

6. Appendix

Here we collect some interpolation inequalities and other auxiliary results that
are used throughout the paper.

The next two theorems are particular cases of more general statements proved
in [1]. Precisely, from [1, Theorem 5.2] we have

Theorem 6.1. Let @ C R" be a bounded open set satisfying the cone condition.
Let 1 < p < oo and j, m be two integers such that 0 < j < m and m 2 1. Then
there exists C > 0 such that

m—j

. i
1D fllLr) £ CAD™ £117 £ 1l gy + 1 Lr) (6.1)

forall f € W™P(Q). Moreover, if n = 1, is an interval, and f € W, " (Q),
then (6.1) holds in the stronger form

J m—j

1D fllzr@) S CID" 11 I 1l - (62)

Proof. Inequality (6.1) follows by combining inequalities (3) and (1) in [1, Theo-
rem 5.2].
If f is periodic in the interval €2, the proof of (6.2) is contained in [28]. O
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Remark 6.2. If p = 1 the conclusion of the above theorem holds also for
f e W LI(Q) such that D"~ f € BV(R), provided that in (6.1) we replace
D™ fll11(q) by the total variation |D(D™ ! £)|(K). This can be easily seen by a
standard approximation argument.

The next interpolation result is essentially contained in [1, Theorem 5.8].
Theorem 6.3. Let Q@ C R”" be a bounded open set satisfying the cone condition.

Letl S p<qg<ooifmp 2n,andletl < p < g < ooif mp > n. Then there
exists C > 0 such that

1f oy € CAD™ 170l e + 1 £ L), (6.3)

forall f € WP (Q2), where 0 : p — qu Moreover, if n = 1, Q is an interval,

fe W;ﬂ P(Q), and either f vanishes at the boundary or fQ fdx =0, (6.3) holds
in the stronger form

I fllLa@) = CIIDmfIILp(Q)IIfIILp(Q) (6.4)
Proof. Inequality (6.3) follows by combining inequality (10) in [1, Theorem 5.8]
with (1) in [1, Theorem 5.2].

If f is periodic in the interval € and either f vanishes at the boundary or
fQ fdx =0, (6.4) follows from inequality (10) [1, Theorem 5.8], observing that

I fllwmr@) = CID™ fllLr(e)
as a straightforward application of the Poincaré inequality. O
Combining Theorems 6.1 and 6.3 we have the following theorem.
Theorem 6.4. Let @ C R" be a bounded open set satisfying the cone condition.
Let s, j, and m be integers such that 0 < s < j < m. Let 1 < p < g < 0 if

(m—j)pZnandletl < p < q < ocoif(m—j)p > n. Then, there exists C > 0
such that

1D fllza@y £ CUAD™ F117p el D* fIILp(Q) + 1D’ fllLr @) (6.5)

forall f € WP (QQ), where

1 (n noo. )
0 := ———+j—s]).
m—s\p ¢

Moreover, if n = 1, Q is an interval, f € W;"’p(Q), and either f vanishes at the
boundary or fQ fdx =0, (6.5) holds in the stronger form

ID7 fllzaiey < CID™ FlIL @ ID° Fll o) (6.6)
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Proof. Since (m — j)p = n, we may apply Theorem 6.3 to D/ f to obtain

ID? flle = C(”Dmf”LP(Q)”Djf”Ll’(Q) + 11D fllLr () (6.7)

where 6 = 7} (11) %). On the other hand, by applying Theorem 6.1 to D* f, we
get

1D fllLrey < CUD™ £ z’pgg)nD £l z’pgg) +1D flr@).  (6.8)
Inserting this inequality in the right-hand side of (6.7) we get
1D fllLace

< CUD" £ @)1 D° F1 0y + 1D 19 0@ I D° £l le, + 1D fllLry).
(6.9)

Since 6 < 6, a simple application of the Young inequality shows that

”Dmf”LP(Q)”Dsf”Lp(Q) = C(IIDmfIILp(Q)IID“fIILp(Q) + 1D fllLr (@)

Therefore, inserting this inequality in (6.9) and using (6.8) again, we get

ID? fllrae) < C(”Dmf”L[I(Q)”Dsf”Lp(Q) + IIDmfIIZ’p{Q)IIDstIZ’p{Q)
+ID* fllLr(@)-

||Dmf||Lp(Q)||Dsf||Lp(Q) < C(”Dmf”LP(Q)”Dsf”LII(Q) + ||Dsf||LP(S2))-
Hence, (6.5) follows. The proof of (6.6) is obtained in a similar (but simpler) way
by combining (6.2) and (6.4). O

Remark 6.5. Asin Remark 6.2, the conclusion of Theorem 6.4 holds for a function
f e W= LI(Q) such that D"~ f € BV (), provided that in (6.5) we replace
ID™ fllz1 (@) by ID(D™! )|(K).

Nest we prove some identities, which are used in the derivation of the Euler—
Lagrange equation, for the energy functional (2.3).

Lemma 6.6. Let g be the function introduced in (3.2). Then, for every
0 €(0,2m)\{r}

Yy (cos B, sinH)

0) + g0 (0) =
8(©) + go0(0) 28

Proof. Since 1 is positively one-homogeneous, we have that ¥ (x,y) =
xYy(x,y) + y¥y(x, y). Therefore we have

g(0) 4 gop(0) = Y (cos O, sinf) + Yy (cos b, sinH) sin? 6 — 2y (cos 0, sin 0)
x sin @ cos & + Yryy(cosd, sin6) cos? 6 — Yy (cos 6, sinf) cos O — ¥y,
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X (cos @, sinf) sinf = Yy, (cosH, sinf) sin% 9 — 2yrxy(cos 0, sin ) sin 6 cos 0

+yy(cos 6, sin B) cos” 6.
Since ¥, and v, are positively zero-homogeneous, we have
XYx (X, ¥) + ¥y (x, ) =0 and xvxy(x, y) + y¥yy(x, y) = 0. (6.10)
Inserting these identities in the formula above, we get
(g + 869)(0) = Yxx(cos B, sin @) + ¥y, (cos O, sin 0).

Again from (6.10) we have that ., (cos 8, sin 6) cos2f = Yyy(cos b, sin @) sinZ 6.
Therefore,

0, sin 0
Y (€086, 8N 0) 4 Yy (cos b, sinh) = Yxx(cos0, sinf)

sin’ 6
O
Lemma 6.7. The following identity holds
1 h 5 (h?
k == —=xp
S (J5 o 2\J7 ),
for h sufficiently smooth, where J := /1 + hZ.
: d d
Proof. Since 3. = J -,
h 5 (h? k 5 (k?
(5), 3 () =~ () .+ (5»)
J XX 2 J X J XX 2 J X
ke . K* 5( 5 he
=|\—-———-2—h —|k)xy— —k
(-5 -25m) +3 (605
1
= —koo — Ek3.
O

The following lemma has been used in the proof of the existence theorem.

Lemma 6.8. Let k € NU {0}, let h € HZ(0, b), and let f € L*(0, b) be such that
Jo fo® dx =0 forall ¢ € CK(, b) with [ ¢dx = 0and [ [5 ¢d¢ dH' =0.
Then ifk 2 1

f(x):a/ /k/ I\/l—i—(h/(r))zdr...dxk_ldxk—}—Pk(x)
0o Jo 0

for some a € R and some polynomial Py of degree k, and if k = 0
X
fx)= 11/ V14 (W' (r)?dr 4 ag
0

for some agp, a € R.
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Proof. Let x € C¥2(0, b) and set ¢ (x) := ()J(;g;)/, where J. (x) := /1 + h7 (x)
and /, is the standard mollification of /.

Let ¢y € C2°(0, b) be such that

b X
/ Ydx =0, / / ydrdH! =1
0 ryJo

Ve 1= Qe — Ce VY,
where ¢, = fl‘h Jo ¢ dt dH'. Note that by construction ¥, € CX(0,b) and
satisfies fob Yo dx = 0 and fl‘h Jo Ve dzdH! = 0. Hence,

b X/ (k+1) b
/ (—) fdx = ce/ Fyr® dx.
0 Je 0

If f is smooth then the previous identity is equivalent to

b pktD) ! b
(—1)"*2/ ( ) xdx:cs/ fy® dx,
0 Ja 0

and letting ¢ — 0, we obtain

b )\
f
dx =0
/0( )

for all x € C f+2 (0, b) and the conclusion follows. The general case is obtained
via a standard approximation argument. 0O

and define

The following trace theorem is a particular case of [27, Theorem 15.17].

Theorem 6.9. Let 2 C Ri be a bounded Lipschitz open setand S = 0QN{y = 0}.
If1 < p < 2, then for all u € W"P(Q), denoting by Tr the trace operator, we
have

fora suitable constant C > 0.

We conclude the appendix with the following elliptic estimate.

Lemma 6.10. Let M > 0,co > 0. Let hi,ho, € AP N C;’a([O, b)) for some
a € (0, 1), with ||hillcreqop)y = M and hi = co, and let uy and u; the corre-
sponding elastic equilibria in Qp, and Qy,,, respectively. Then,

1EQ@i(, () — EQ@a(, hz('))”cl,a([o,b]) = Clh - h2||c1~a([o,h]) (6.11)

for some constant C > 0 depending only on M, ¢y, and «.
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Proof. Recall that by minimality

CE(,) : E(w)dz =0, CE(uy) : Ew)dz =0
th th

for all w € LDg(2;; R?) with w(x,0) = 0. Let & : @, — Qp, be a diffeo-
morphism such that ||® — Id||C1,a(th) < Cllhy — hy lc1e o,y Then, it is easily
checked that

/ (CE(uzocb_l):E(w)dzz/ d:Vwdz
th th

with |l coa(g, ) S Cllh2 = hillcreopy- Setting v := uy — uz 0 @~ it follows
that

CE(v): E(w)dz = —/ d:Vwdz. (6.12)
Sy S,

From standard elliptic regularity (see [21, Proposition 8.9]), it follows that
||U||cl»a(szhl) = C(||U||H1(th) + ||d”C°""(§h1))’

for some constant C > 0 depending only M, ¢y, and «. Since by (6.12), using
also Korn’s and Poincaré inequality, we have ||v||H1(th) < C”d”CO*“(@l)’ the
conclusion follows. O
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