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Abstract

We study a quasilinear parabolic equation of forward—backward type in one
space dimension, under assumptions on the nonlinearity which hold for a num-
ber of important mathematical models (for example, the one-dimensional Perona—
Malik equation), using a degenerate pseudoparabolic regularization proposed in
BARENBLATT ET AL. (STAM J Math Anal 24:1414-1439, 1993), which takes time
delay effects into account. We prove existence and uniqueness of positive solutions
of the regularized problem in a space of Radon measures. We also study qualitative
properties of such solutions, in particular concerning their decomposition into an
absolutely continuous part and a singular part with respect to the Lebesgue mea-
sure. In this respect, the existence of a family of viscous entropy inequalities plays
an important role.

1. Introduction

In this paper and its companion [ 17] we study the initial-boundary value problem

Ur=[p0)]xx inQx(0,T]=:0Q
o(U) =0 indQ x (0, T] (1.1)
U = U, in Q x {0}.

Here Q2 C R is a bounded interval, T > 0 and ¢ : R — R is a nonmonotone odd
function. Its main feature is that there exists o > 0 such that

(s —a)¢'(s) £0 forany s >0 (1.2)

(see assumption (H1)). Therefore the first equation in (1.1) is a quasilinear para-
bolic equation of forward—backward type, and problem (1.1) is ill-posed whenever
the solution U takes values where ¢’ < 0.
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Our motivation comes from the Perona—Malik equation [11] in one space
dimension

ur = [p(uy)ly, (1.3)

which also appears in a mathematical model of oceanography [2]. Typical forms
of ¢ in (1.3) are

@(s)

=50 (p(s)zsexp(—é) (@ > 0) (1.4)
(usually the first expression in (1.4) with @ = 1 is used; observe that it does not
belong to L (R), thus it does not satisfy assumption (Hj)-(i) below).

Formally deriving equation (1.3) with respect to x and setting U := u, gives
the first equation in (1.1). Since a natural function space in which to study (1.3) is
that of real functions of bounded variation [2], the above formal argument suggests
that we study problem (1.1) in the space of bounded Radon measures on Q, as we
do here.

Let us mention that problem (1.1) independently arises (with ¢ asin (1.4))ina
model of aggregating populations in population dynamics [10], and with a cubic-
like ¢ in the theory of phase transitions (see [3,4,8] and references therein). In
the latter case ¢ denotes the response function associated with the Landau energy
density, and the first equation in (1.1) is derived from the continuity equation via
the so-called Cahn quasi-equilibrium principle. In the following we shall borrow
some terminology from this interpretation of (1.1), for instance when speaking of
stable and unstable branches of the graph of ¢.

Our purpose is to study a specific regularization of problem (1.1) (previously
introduced in [2] for equation (1.3)), namely

Ui =oU)]xx + €[ (U)lixx in Q
o)+ €[y U)]; =0 in 02 x (0, T] (1.5)
U = U, in 2 x {0},

and its limit as the regularization parameter € > 0 goes to zero. The increasing
odd function ¥ : R — R in (1.5) is related to ¢ by several assumptions (see (H>)
below); in fact, it arises as the coefficient of a formal first order approximation
to a modified version of (1.1), which takes into account time delay effects ([2];
see also [1] and references therein). As in the theory of hyperbolic conservation
laws, sometimes we shall call problem (1.5) the viscous problem associated with
(1.1), and its limit as € — 07 the vanishing viscosity limit. We address the viscous
problem in this paper, while referring the reader to [17] for the vanishing viscosity
limit.

A major feature of v is that ¥'(s) — 0ass — oo—therefore, the first equation
in (1.5) is degenerate quasiparabolic [2]. This makes an important difference with
respect to another regularization of (1.1), sometimes called Sobolev regularization,
which formally corresponds to the choice ¥ (s) = s [5,9,12-15]. In fact, the behav-
iour of ¢ at infinity does not play any role in the case of a cubic-like ¢, since in this
case any bounded, sufficiently large interval of values of U is an invariant domain
for solutions of problem (1.5) [9]. Instead, for a function ¢ of Perona—Malik type
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(namely, satisfying assumption (H1)) the only bounded invariant domain in R is
[0, «], where problem (1.1) is well posed. Therefore, to study (1.1) in the general
case, unbounded values of U must be considered.

Arguingasin [10], itis easily seen that using the Sobolev regularization ¥ (U) =
U gives a unique solution U € C 10, T1; C(Q)) to problem (1.5) for any initial
data function Uy € C(S). On the contrary, in view of the example given in [2,
Section 8], we can expect that some solution of (1.5) with smooth initial data takes
values in the space of Radon measures for positive times. Clearly, such a loss of reg-
ularity depends on the degenerate character of the regularization used in (1.5). This
seems in satisfactory agreement with the physical interpretation of the model and
reflects the more rigorous derivation (with respect to the Sobolev regularization)
of the first equation of (1.5) in [2].

In the sequel we prove that for any € > 0 there exists a unique measure-valued
function U (in the sense of the Radon measures on €2), which solves problem (1.5)
in a suitable sense (see Definition 2.1 and Theorem 2.1 below). The proof makes
use of a family of approximating problems, defined by a regularization of ¥ and
Uy, and of uniform a priori estimates of their solutions.

Further, we prove that the regular part U, (with respect to the Lebesgue mea-
sure of €2) of the solution U satisfies a family of infinitely many inequalities, which
we call viscous entropy inequalities by analogy with the case of hyperbolic con-
servation laws (see Theorem 2.4). Similar inequalities are known to hold for the
Sobolev regularization, both for a cubic-like ¢ [9] and for a ¢ of Perona—Malik type
[15], and play an important role when studying the vanishing viscosity limit. With
respect to [9,15] we prove here an improved version of these inequalities, which
holds for almostevery ¢ € (0, T') (in this connection, see [16]). This plainly implies
an interesting property of the solution U of problem (1.5), that is, that the support
of its singular part U (with respect to the Lebesgue measure) is nondecreasing in
time (see Theorem 2.5).

In view of the above monotonicity property, it is natural to ask whether the
support of Us becomes nonempty for some positive time, if the initial data function
Up is smooth. By the degenerate character of the regularization used in (1.5), it
is easy to conjecture that this will not happen, if ¥'(s) — 0 “slow enough” as
s — oo. This is indeed the case, if suitable assumptions on Uy are satisfied (see
Theorem 2.8).

Let us mention for completeness that the main result of the companion paper
[17] is the proof of existence of a properly defined weak solution of the original
problem (1.1) (see [17, Definition 2.2 and Theorem 2.8]). This is the natural gen-
eralization to the present case of the notion of weak solution (in the sense of Young
measures) of problem (1.1), and of the corresponding existence result, given in
[12] for the case of a cubic-like ¢. However, at variance from the latter case, the
presence of a singular term (that is, of a Radon measure © # 0) in the solution
cannot be excluded (see [17].)

The paper is organized as follows. In Section 2 we describe the mathematical
framework and state the main results. A number of preliminary a priori estimates
are stated and proven in Section 3, whereas proofs of the main results are presented
in Sections 4, 5 and 6.
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2. Mathematical Framework and Results

Concerning the functions ¢ and v, we always make the following assumptions:

(i) ¢ € C°R)NLYR), ¢ odd; ¢(s) > 0 for s > 0;
(i) ¢’(s) >0 for0 <s < a, ¢'(s) <0 fors >a (a > 0);
(iii) ¢”(s) =2 0 forany s = sg, for some so > 0;
(iv) ¢ e L®(R) forany j e N.
() ¥ e C®MR), ¥ >0inR, ¥ odd,
Y(s) - y ass — oo forsome y € (0, 00);
(i) ¥ e L®@) forany j e N;
(iii) ¥ (s) £ 0 forany s = sg, for some sg > 0;
(H>) (iv) |¢'| £ ki’ in R for some k; > 0;

(Hy)

N
) (‘i) < k' inR for some ky > 0;

W < k3¢’ inR for some k3 > 0.
Here /), (/) denote the j-th derivatives of the functions ¢, ¥ (j € N); however,
the usual notation ¢’, ¢”, ¥, " will be used for the first and second derivatives.
Observe that (H;)-(i) and (ii) imply ¢(s) — O as s — 00,0 < ¢(s) < ¢() for
s > 0, whereas (H,)-(i) implies ¥/(s) — 0 as s — oo.

By abuse of notation, we shall also denote by ¥ the extension of ¥ to R defined
by setting ¥ (c0) 1= y.

We shall denote by M (£2) (respectively, M (R)) the space of Radon measures
on Q (respectively, on R), and by M¥(Q) (respectively, MT(R)) the cone of
positive Radon measures on 2 (respectively, on R). For any u € M (£2) we shall
denote by u, and g the density of the absolutely continuous part, respectively
the singular part of p with respect to the Lebesgue measure on Q2. Moreover, we
shall denote by < -, - >gq (respectively, < -, - >pr) the duality map between the
space M (L2) (respectively, M (R)) and the space C.(£2) (respectively, C.(R)) of
continuous functions with compact support. The restriction to the interval  of any
¢ € C¢(R) will be denoted by ¢g.

By M () (respectively, M™ (€2)) we shall denote the space of Radon measures
u € M(R) (respectively, the cone of positive Radon measures ;1 € M™T(R)) such
that supp i € Q. For any i € M(Q) we set

il @ = el v

(observe that |u|(R) = |u]|(R2) < o00). For any u € M() and any ¢ € C(Q) we
also define

(n, 8 = (11, O)R.

where ¢ € C.(R) is any continuous function with compact support such that ¢ = ¢
in €2. Observe that the above definition is well posed, since the right-hand side does
not depend on the choice of the extension { € C.(R). Also observe that the duality
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map (i, {)gq is well defined for any ¢ € Co(2) := {¢ € C(Q)| ¢ = 0 on I},
and there holds

(n, 8 = {1, &) g-

Similar notations will be used for the space of Radon measures on Q, 0 and R2.
To be specific, we shall denote by M (Q) the space of Radon measures u € M (R?)
such that supp u € Q and for any ¢ € C(Q), u € M(Q) we set

(Mv é‘)Q = (Mv é‘)sz

where f E_CC(RZ) satisfies E =< in Q For any ¢ € C.(R?) its restriction to the
rectangle Q will be denoted by {o-
Concerning the initial data Uy, we shall always assume the following:

(i) Up € MT(Q);
(ii) there exists a family {Upc} S C°(R2), Upe 2 0,
1Uok Il L1 () < 100l A1) for any ¥ > 0, suchthatas k — 0 :
(H3) (a)/ Uope ¢ dx — < Uy, ¢ >¢g forany ¢ € Cc(Q),
Q
() ¥ (Uoe) = ¥ (Vo) in Hy (),
| (©) k Upe — 0 in Hy ().

Let us observe that assumption (H3)-(i) corresponds to assumption (A3) in [2]
concerning the nondecreasing character of the initial data ug for equation (1.3),
which is motivated on physical grounds.

A family of initial data satisfying (H3) is exhibited below (see Proposition 2.6).
It is worth observing that conditions (a) and (b) of assumption (H3)-(ii) imply
¥ (Uor) € Hy (),

supp Ups € So = {x € Q| ¥ (Uo,)(x) = v},

and Uy, € C(Q\ Sp) (see Proposition 6.1).

We shall denote by L>((0, T); M*(R)) the set of positive Radon measures
U e M*(Q) which satisfy the following property: for almost every ¢ € R there
exists a measure U (-, 1) € MT(Q), U(-,t) =0ift ¢ [0, T], such that

(i) forany ¢ € C(Q)themapt — (U(-, 1), ¢(, 1))g is Lebesgue measurable,
and

T
(U, 0o =/O(U(~,t),§(~,t))§2dt; 2.1)

(i1) there exists a constant C > 0 such that

ess sup UG, Dl <C.
1e(0,T)
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Denoting by U, € L'(Q),U, = 0 and by Uy € M*(Q) the density of the
absolutely continuous part, respectively the singular part of U with respect to the
Lebesgue measure over R?, equality (2.1) implies for any ¢ € C(Q)

(Ur. 8)p //U ¢ dxdt,

s, 0 =/0 Uy 1), ¢ 1) g 22)

Now we can state the following definition.

Definition 2.1. By a solution of problem (1.5) we mean any U € M7 (Q) such
that:

(i) U € L®((0, T); MT(Q));
(i) o(Uy), ¥ (U;) € L®((0, T); Hy (Q)), and [ (U:)]; € L2((0, T); Hy (Q));
moreover,

Y (U,)(x,0) = ¥ (Up)(x) foranyx € Q; 2.3)
(iii) there holds

supp Uy € S :={(x,1) € Q | Y(U)(x,1) =y }: (2.4)
(iv) there holds

T
// Urftdxdt+/ (Uso 1), &1 D) dt
Q 0

= / 0 {lpUN]x & + €l¥ (U ix &} dxdr — (Uo, £, 0o (2.5)

forany ¢ € C1([0, T1; HJ(Q)), ¢(-.T) =0in Q.

Remark 2.1. In the above Definition 2.1, as always in the following, we identify
¥ (U,) € L°°(Q) with its continuous representative.

This continuous representative w € C(Q), ¥ (U,) = w exists by Definition
2.1-(ii).

Therefore, in view of these remarks the set S defined in (2.4) is closed.

Similarly, since ¢ (U,) = ey~ (W (U,))) in Q, by assumptions (H;)-(iv) and
(v) there holds [¢(U,)], € L*((0, T); Hy (2)). Together with Definition 2.1-(ii),
this implies ¢ (U,) € C(Q). Since ¢(s) — 0 as s — oo, equality (2.7) below
implies ¢(U,) = 0 on the set S.

The following existence and uniqueness result will be proven.

Theorem 2.1. Let assumptions (H{)—(H3) be satisfied. Then there exists a unique
solution U of problem (1.5). Moreover,

(1) for almost every t € (0, T) there holds

10 G Oty + 1UsC D @y < 100lug): (2.6)
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(i) U, € H'(Qo) for any open subset Qo  Q such that dist (Qo, S) > 0.
Moreover, U, € C(Q \ S) and

lim Uy (x,t) = oo. 2.7
dist((x,1),8)—0

Since U, € L! (Q), by (2.7) it is reasonable to expect that the set S defined in
(2.4) has zero Lebesgue measure. On this subject we refer the reader to Theorem
2.2 below.

Remark 2.2. It will be proven below (see Lemma 4.6) that the function
V=) + el (U]l (€ >0) (2.8)
belongs to L>°(Q) N L2((0, T): HOl (£2)). Therefore equality (2.5) reads
T
// Urg dxdt+/ (Us( 0,6, D)a dt=// Vix §x dxdt—(Uop, £ (-, 0))q -
Q 0 0

Let describe precisely in which sense the solution U given by Theorem 2.1 sat-
isfies the initial conditions of problem (1.5). Since ¥ (U,) € C(Q), U, € C(Q\S)
(see Remark 2.1 and Theorem 2.1-(ii)) and by (2.3) there holds

¥ (Uor)(x) = ¥ (Ur)(x,0) = tlg%w(Ur)(x, n o (xeq),
we obtain
U, (x,0) = tlg% U,(x,t) = Uy (x) forany x € Q\ S,
where

So=1{x € QY Uo)(x) =y} ={x € Q| ¥(U)(x,0) =y}

Let us mention that the set Sp is closed and has zero Lebesgue measure (see
Proposition 6.1).

Moreover, since ¢(U,), ¥(U,); € L*((0, T); H} (2)) by Definition 2.1-(ii),
in view of equality (2.5) the map

t— Jc () ¢=/QUr(x,t)§(X)dx+(Us(-,t),é“)sz (te€(0,T))
belongs to the space H! (0,T), and
Je(0) = lim T 1) = /Q Uor () £ () dx + (Uos. ¢ 2.9)

forany ¢ € HO1 (2).
Information about the set S in (2.4) is provided by the following

Theorem 2.2. Let assumptions (Hy)—(H3) be satisfied. Let U be the solution of
problem (1.5) given by Theorem 2.1. Then the set S defined by (2.4):
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(i) has zero Lebesgue measure;
(i) has a strictly positive distance from 02 x [0, T] € 9 Q.

Remark 2.3. In view of Definition 2.1-(iii), Theorem 2.2 gives information about
the support of the singular part of the solution U. Observe that by (2.2) there holds

supp Uy (-, t) € (supp Us)t

for almostevery ¢ € (0, T'), (supp Us), denoting the section at the time ¢ of supp Us.
Therefore,

supp Us (-, 1) € S = {x € QI Y (U (x, 1) = v} (2.10)
and by Theorem 2.2-(ii) there holds
dist(supp Uy (-, 1), 9R2) > 0 .11

for almostevery ¢ € (0, T). Clearly, by Remark 2.1 and Theorem 2.2-(i) the section
S; is closed and has zero Lebesgue measure for almost every ¢ € (0, T).
Observe also that, since <p(1p—1 (y)) = 0, we have

suppUy €S C {(x, 1) € 2 x [0, T1| p(Up)(x, 1) = 0}; 2.12)

(where we have made use of Theorem 2.2-(ii)). Similar inclusions hold for the
sections at the time ¢, for almost every t € (0, T).

As a consequence of Theorems 2.1-2.2, we can prove that the density U, sat-
isfies the first equation of problem (1.5) in a suitable weak sense, out of a set of
arbitrarily small Lebesgue measure. In fact, the following holds.

Theorem 2.3. Let assumptions (H1)—(H3) be satisfied. Let U be the solution of
problem (1.5) given by Theorem 2.1, S the set defined in (2.4) and A € Q any open
set such that dist(A, S) > 0. Then:

() Uysy Vixx € L*(A), and
Uyt = Vrx in L*(A); (2.13)
(i) for almost every t € (0, T') there holds
supp Uy (1) € S C {x € Q| Vi (x, 1) = 0}. (2.14)

Further, we prove that the couple (U,, V,) satisfies in a weak sense infinitely
many entropy inequalities. Define for any g € C'(R)

Z
G(2) I=/0 8(p(s)ds  (z€R). (2.15)

Then the following holds.
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Theorem 2.4. Let U be the solution of problem (1.5) given by Theorem 2.1. Let
g € CH([0, p(@)]), g 20, g(0) = 0. Then G(Uy) € C(Q), and for any 1,1 €
[0, T], 11 < to, there holds

/Q G (x, )¢ (x, 1)dx — /Q GU) (x, 1)E (x, 11)dx

15}
= / /Q (GG — gV Viabx = 8/ (V) (Ve) ¢ Jdxdr (2.16)
131

forany ¢ € C'([0, T1; Hj (Q)),¢ = 0.

As already remarked, the existence of a family of viscous entropy inequalities
is an important property of problem (1.5). As a particular consequence of it, we
prove that the singular measure Us (-, t) is nondecreasing in time (see [2, Theorem
3.3] for a related result).

Theorem 2.5. Let assumptions (Hy)—(H3) be satisfied. Let U be the solution of
problem (1.5) given by Theorem 2.1. Then for any n € HO1 (), n 2 0 there holds

(Uos, ma = (Us(, 1), g (2.17)
for almost every t € (0, T), and also
(UsC ) mq = (UsG, 2), mhg (2.18)

for almost everyt) < 1y, 11,1 € (0, T).

Therefore, if the singular measure Us (-, 1) exists at some time ¢ = 0, then it
also exists at any later time. However, it is natural to ask if the singular measure U
exists at all.

As shown in [2], U, (-, t) can arise at some time ¢ = ¢ > 0 even if the initial
data Uy are regular. On the other hand, we prove below that for a class of smooth
initial data and for a suitable choice of ¥/, the singular measure is always absent (see
Theorem 2.8). Expectedly, this depends on the order of degeneracy of i (namely,
on the rate of growth of ¥') at infinity.

To address this point, it is informative first to exhibit a class of initial data
Uy € MT(Q) which satisfy assumption (H3). To this purpose, assume that the
function ¢ (beside (H3)) satisfies the following:

(H.) there exist o > 0 and /; € (0, yo) such that
2 I <Y ()1 + 50D < yo foranys > 0.

Concerning Uy, suppose that either assumption:

A1) [(i) Up € L1(R).
Y] Gi) v (Uo) € Hy (),

Q) ¥ (Uo) € Wy™(Q),

(i) supp Uos < So,

(iii) there exist xi, -, -, x, € Qand «, -, -, @, = 0 such that
Uos = >0 0:8(- — xp)

(A2)
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holds true. Observe that by assumption (Aj), if Uys contains a delta function
concentrated at x, then lim,_, ; Up, (x) = oo.

Proposition 2.6. Let  satisfy (H>)-(i) and (H}), and Uy € M (Q) satisfy either
(A1) or (Az). Then assumption (H3) is satisfied.

By the same token we can prove the following result.
Proposition 2.7. Let \ satisfy assumptions (H)-(i) and:

(H) there exist o € (0, 1/2]) and 1} € (0, yo) such that
2 L Sy )+ foranys > 0.

Then for any Uy € M™T(Q) the following conditions are equivalent:

(i) Up € Hy (Q);
(i) ¥ (Uor) € H} () and supp Uos  So.

The above assumption (') ensures that the function ¥ “grows slowly at infin-
ity”, thus the effect of the regularization in problem (1.5) is strong. This explains
the following regularity result, which in particular rules out the possibility that the
singular part U (-, t) arise at some time ¢ > 0.

Theorem 2.8. Ler assumptions (Hy), (H2) and (HY) be satisfied. Suppose that
Up e HO1 (R2). Then the corresponding solution U of problem (1.5) has the follow-
ing properties:

) U € L™(Q);

(i1) there holds

max_y¥(U)(x,1) =1 y* < y; (2.19)
(x.neQ

(i) U € L>®((0, T); H}(Q)), and U, € L*((0, T); H ().

3. A Priori Estimates

To prove the existence part of Theorem 2.1, consider the family of approximating
problems

Ur = [(p(U)]xx + 6|:1'[/"(U)]txx in ¢
P { o) + e[ )], =0 in 9% x (0,71
U = Uy, in 2 x {0}.

Here Uy, is any family with the properties stated in assumption (H3). Concerning
the family 1, the following is assumed:

(i) Y € CPMR), Y — ¥ inC} (R)ask — 0;
(i) Y odd, ¥' + K = Yy = Y' +2c on R;
(A 1 (i) v e L°@R) forany j e N;

N/
v) 19| < ki, (%) < k3, onR for some k3 > 0.
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Observe that (H3) and (Ay)-(ii) ensure that

Ve (Uo) = ¥ (Uoy) in Hy(RQ) (3.1
as k — 0. Moreover, it is easily seen that the family

Vie(s) ==Y (s) +xs (k> 0)

has the above properties; the only nontrivial point is to check the second inequality
in (Ag)-(iv). In fact, by assumption (H>)-(v) and (vi) we have

1 ( ¢ ) | 2 OO0 -] _ el
Vi) \vy W2

= K2
(' (s) + )3 (W' (5))?
Hence, the second inequality in (Ay)-(iv) follows defining k3 := k» + k3.
Let us state the following

< ko + k3.

Definition 3.1. For any Uy, satisfying assumption (H3), by a solution to problem
(P¢)(k > 0) we mean any U, € C'([0, T1; C(£2)) such that the function

VI( = (p(UK) + € [wK(UK)]t (32)
belongs to C([0, T1; C*(Q) N Hy (), and there holds

/ /Q [Uets [0 W) + €[ UOL], ¢} dxdr = /Q UoeZ(x,0)dx  (3.3)

forany ¢ € C!([0, T]; H(} (), ¢(-,T) =01in Q.
Let us prove the following well-posedness result.

Proposition 3.1. Let assumption (Ay) hold. Then for any k > 0 there exists a
unique solution U, to problem (P,) in the sense of Definition 3.1. Moreover, for
any | € N there exists Ty € (0, T such that U, € C([0, Tj]; C1(Q)). Finally,

) U 20in Q;

(i) there holds

Ue =Y (U)l; =0 on 0Q2 x [0, T]. (34)

In addition, the function V. defined in (3.2) has the following properties:
(i") forany t € [0, T1V,.(-, t) solves the problem:

Ve 1) = € [y (U ()] Vierx () = (Ui, 1) in Q2 (35)
Ve(,t) =0 on 0%2; ’
(i1") there holds
Uer = Vixx in Q; (3.6)

(iii") for any t € [0, T]
0= V(1) = p(a) in<; (3.7)
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(V) foranyt € [0, T

oV,
av

(1) <0 onof2, (3.8)

where 3% denotes the outer derivative at 9S2.

Proof. («) Following [9], let us formulate problem (P, ) as an abstract evolution
problem. In this direction, let U, € CL([0, T1; C(Q)) be any solution to problem
(P¢) (in the sense of Definition 3.1), and observe that by assumption (Ag)-(ii)
Y. =k > 0on R, thus there exists ¥ I e C*®(R). Therefore, setting

we =Y Uy),  he(wy) = (W (wy)), (3.9)

we have
hye(we) + €we, = Ve € C([0, T]; C*(Q) N Hé(Q)) (3.10)

(see (3.2)), and equation (3.3) reads

UK he(we) + €we ]y, in O

O N
K he (W) + €wer =0 ind2 x (0, 7]
Wi = woe = Y (Vo) in Q x {0}

(observe that wg, € C!'(Q) for any /[ € N). For any ¢ € [0, T] the first equation can
be rewritten as follows:

wer (4 1) = Y (Y Wi G 0)) e (e ¢, D) + ewe (0]
in 2, namely
- 61#,/( (w;(_l(w/c(" t))) Viexx (1) + Vie ¢, 1) = Iy (wie (-, 1)) (3.1

in 2 (see (3.10)).
On the other hand, since W,Q 2 k > 0 on R, by standard results on elliptic
equations the problem

—e YL (W () vex + v = he(f) in Q
[U=0 on 9Q (3.12)

has a unique classical solution vy € C 2N H(} (Q) forany f € C(Q). Moreover,
o if feCl(Q) thenvy € C?H(Q) (I € N),and

||Uf||c(§2) § ||hfc(f)||c({2) § (o) (3.13)

(where we have mad_e use of (3_.9) and assumption (Hp));
e the operator L : cl(©) —» clQ),

1
L(f) = E[Uf —he ()], (3.14)

is well defined.
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Since Vi (-, 1) € C3(Q) N HJ (Q), it follows by (3.11) that for any ¢ € [0, T
V(i 1) = vy (o) in Q, (3.15)

where vy, (1) denotes the unique solution of proble_m (3.12) with f = w, (-, ).
Then from (3.10) we obtain that w, € C ([0, T; C(R)) solves the abstract Cauchy
problem in the Banach space C(£2):

1
[ wier = L(wy) = Z[wa - h"(w’()] in (0, 7) (3.16)
wy (0) = woy.

Clearly, if U, € C! ([0, T71; CI(S_Z)) (forsome 7; € (0, T], [ € N), arguing as above
we can prove that w, defined in (3.9) solves problem (3.16) in the Banach space
CH(Q) (with T = T)).

(B) The above considerations show that for any solution U, € C (o, T1; C l (Q))
of (P,) the function w, € C'([0, T]; C*(RQ)) defined in (3.9) solves problem (3.16)
(I € N). Conversely, if w, € cl([o, T1; C'()) is a solution of problem (3.16), the
function U, := K’l(w,() € Cl([O, T1; CL(Q)) gives a solution of problem (Py)
(in the sense of Definition 3.1), which satisfies (3.5) and (3.6).

In fact, by (3.16) there holds

Uy, = e (Wie) + €L(wie) = hye (W) + €wyr = Ve in (0, T); (3.17)

where for any ¢+ € [0, T'] the function v, (-,t) € () n HO1 (2) is the
unique solution of problem (3.12) with f = w,(:, t). Therefore, by (3.17) we
have Vi (-, 1) = vy, (-, t) in © and for any ¢+ € [0, T], hence (3.5) follows.
Moreover, since U, € CL([0, T]; C()), thus both Y. (Uy) and ¢(Uy) belong
to the same space, by (3.5) and standard results on elliptic equations there holds
Ve € C([0, T1; C3(Q) N Hy (Q)) (this follows from (3.20) and (3.22) below with
w1 = wi (-, 1) and wy = wi (-, 1), forany t1, £, € [0, T]; see also (3.13)). Further,
by (3.16) and (3.17) there holds

Wyt 1

T UL o) el (e (we)

[Uw,( - hK(wK)] = [vw,(]xx = Viexx,

(3.18)

Ui

namely equation (3.6) (where we have made use of (3.12) with f = w, (-, 1)).
Finally, by (3.6) and the equality

Ue(x,0) = ¢ (woe (x)) = Upe (x) forany x € Q,

equation (3.3) follows.

(y) By (x¢) —(B) above, existence and uniqueness of a solution U, €
C'([0, T1; C(£)) N C' ([0, T;]; C'(R)) of problem (P,) (for some T; € (0, T],
I € N) satisfying (3.5)—(3.6) will follow, if we prove that problem (3.16) is globally
well posed in C1([0, T]; C(2)), and locally well posed in C'([0, T]; C'(2)) for
any [/ € N.
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To this purpose, let us show that the operator £ : C!(Q) — C!(Q) is globally
Lipschitz continuous on C(Q), and locally Lipschitz continuous on Ccl(Q) for any
[ € N, [ = 1. In this connection, observe that by assumption (A)-(ii) and (iii) for

any j € N the derivative h,((j ) is bounded on R. Then there exists / 1 > 0 such that
for any wy, wy € C(£2) we have:

e 1) = he) @y < Nllwr — wall - (3.19)
Moreover, from (3.12) (with f = w;, i = 1, 2) we obtain plainly

Uy — vw2

J— w + w - =
()t P+ 7 =TS

1 1
-
WL ) eyl (i (wn)

hew)  he(wd)

+ ’ -1 / —1
e (e (w1)) e (Yo (w2))

Multiplying the above equality by v,,, — vy, and integrating on 2 gives
1 2
[vw1 vwz] dr+ [ ———— [vw, — vu,|” dx
Q
UL ) e (Wi (wn)
Since both h, and 1/v/ (') are Lipschitz continuous in R (recall that ¥, = «

YL (W (w)
1
< [ fon
+/ hew))  he(w)
a|ey, (i w) el (Y (wn)
in R by assumption (Ay)-(ii)), by (3.13) (with f = wy) and the above inequality
we obtain

(3.20)

‘ |vw1 — vw2| dx

|vw, — vu, | dx. (32D

10w, — Vgl g1 hei) — he(wo)
wi — Vgl ) = LW w) YL (w2) c()

1 1
H = CiGollwr —walley (322)

VL W) YL (o))

(e(9)
for some Cy, C» > 0. Then defining C := [; + C;C>|2|'/? gives
1
1£wn) = L@lle@ < — [1vn = vuslle + e D) = @)l |
C
< :”wl - w2||c(g‘2)

for any wy, wp e_C(S_Z). This shows that (3.16), hence problem (P,), is well posed
in C1([0, T1; C()).
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To prove that the operator £ is locally Lipschitz continuous on C*(€2) for [ = 1
(when [ > 1 the claim follows by analogous arguments), let us multiply (3.20) by
(vu, — V), (w1, wy € C(K)). This gives

2 1
wp — Yw, d S 1., |Yw — Yw w; — Yw d
A vzlxxx_/mwk_l(wl))wl von [ = ]| 02

b 1

+/
Q

hye (wy) hye (w2) d
/ —1 - / -1 |[ Vwp — xx| X
V(W (w1) €Y (Y (w2))
By inequalities (3.13), (3.22), and Young’s inequality, from the above inequality
we obtain

\ [y = ]|

”vwl - vwz”CI(Q) S Ly ”le - vw2||H2(Q)

c e )
Y D) e W) | g
1 1

VLW W) YL (o)

= Lillwi — walleg

C()

for some L3 > 0. On the other hand, using assumption (Ag)-(iv) we have:
|[7e D], =[], [ o) = |Bc@Dwi = B wDwar | ¢

+ | e wDwar = B (w2 war | o ) = Killwix — waill o)
+ k2 [lwaxll ¢ g lwr — w2ll e (g)-

By the above inequalities the operator £ is locally Lipschitz continuous in C! ().
The rest of the proof follows by standard calculation; we omit the details. Therefore,
(3.16), hence problem (P, ), has a unique local solution in cl([0, 111; ¢ (Q)) for
some 17 € (0, T'].

(8) Since Uy, = 0in  and ¢(s) = 0 fors = 0,¢(s) < 0fors < O (see
assumptions (Hp) and (H3)-(ii)), it is easily seen that the interval [0, c0) is pos-
itively invariant for problem (P,). The proof is almost the same as that of [10,
Proposition 3], thus we omit it (see also [2,9], and [15]).

Equalities (3.5) and (3.6) have already been proven (see (3.17) and (3.18)). Fur-
ther, let us address inequality (3.7). To this aim, since ¥ (U,) = k > 0, observe
that for every ¢ € [0, T'] we can apply the weak maximum principle to the operator

ACf) = =YL Ue D) fx + f (f € CHQ)).

Thus, by the condition 0 = ¢(Uy) = ¢() (see assumption (H) and claim (i),
for every ¢ € [0, T] the function V,(-,¢) € C(2) N C2(Q) satisfies

0= AWV (1) = Alp(@)), Vie(-,1) =0on Q.
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Hence, inequality (3.7) follows by the weak maximum principle. Since V. (-, 1) = 0
in Q and V. (-, ) = 0 on 9S2, we easily obtain that W < 0 on 9% for every
t € [0, T]. Finally, the strong inequality V,(-,¢) > 0 in Q and (3.8) are a con-
sequence of the strong maximum principle for the operator A (for example, see
[7D.

(e) Let us finally prove the equalities (3.4). Set Q = (w1, w2). If fp = 0 the
claim follows since U, (w;,0) = Up(w;) = 0 and V,(w;,0) = 0 = 1,2).
Hence, by contradiction, let there exists #y € (0, T'] such that

Ue(w1,19) >0 (3.23)

(the proof for the case U, (w2, tp) > 0 is the same). Since by assumption (Hj)-(i)
@ > 0 on RT, inequality (3.23) implies

[¢(Uc)](wr, 10) > 0. (3.24)

On the other hand, we have

[e(Uo](@1.10) + €[¥c (Uo) ], (1. 10) = Vie(w1.10) =0 (3.25)
(see (3.2)). Combining (3.23)—(3.25) gives:

[K”K(UK)]I(CO], 1) < 0.

Also, observe that since Uy, € C°(2) (see (H3)-(ii)) we have ¢(Upc)(w1) = 0,
hence

e[wK(UK)]t(wlv 0) = Vi(w1,0) — ¢(Uo)(@1) =0

(recall that Vi (-, 0) solves problem (3.5) for + = 0, hence belongs to HO1 (2)).
Therefore, by the continuity of [w,( (UK)] l(a)l, -) in [0, T'] there exists t; € [0, fp)
such that

<0 ifte(,t)

[V (Uo)], (1. 1) [20 . (3.26)

Since Vi (w1, 1) = 0, (3.26) implies [go(UK)](wl, 1) = 0, namely:
Uc(o1,11) = ¥ (Ue) (w1, 11) = 0. (3.27)
Using (3.26) and (3.27) gives:

1o
[Vie (Ue) (@1, 10) = / [V (Ui)], (@1.5)ds < 0.
n
Since ¥, is odd, the above inequality implies U, (w1, t9) < 0, a contradiction. This
completes the proof. O

It will be proven below (see Lemma 3.4) that the solution U, of problem (P;)
given by the above Proposition 3.1 exists globally in the space C' ([0, T1; HO1 (2)).

The next step is to obtain a priori estimates of the families {Uy } and {, (Uc)}.,
which are uniform with respect to ¥ > 0. This is the content of the following four
lemmata (in this connection, see [2, Lemma 5.2]).
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Lemma 3.2. Let (Ay) be satisfied. Then there exists a constant C > 0 (independent
of €) such that for any k > 0

10l Lo 0.7: 212 = C- (3.28)
Proof. Integrating equality (3.6) on 2 and using inequality (3.8) we obtain
d
5 | Uty = [ Vet o (e o.1)
dr Jq Q
whence
/ Ui (x, t)dx < / Uoi (x)dx. (3.29)
Q Q

Since U, = 0 (see Proposition 3.1), the result follows. O

Lemma 3.3. Let (Ay) be satisfied. Then there exists a constant C > 0 (independent
of €) such that for any k > 0

Viexllz2¢0) = = C, (3.30)
/ UG axdr < <, (3.31)
Ve (Ue) €’

where the function Vy, is defined by (3.2).

Proof. By assumption (Ag)-(ii) the function

[V O]

— /UK UK' 2
) Ve (Uc)(Usr)

is well defined in Q.

Multiplying by ¢ (U, ) equality (3.6), integrating on 2 for any fixed t € (0, T')
and using (3.2) we obtain

Uk
jt dX/ @(s)ds —/ PU) Uy dx = —/ € (U (Uir)*dx
Q

_/(Vl(x) dx.
Q

Integrating the above equality with respect to ¢ and using the nonnegativity of U,,
we have

/ (Vex)? + €Y (U) (Ugr)*dxde
0

Uoye (x) U (x,T)
:/ dx/ go(s)ds—/ dx/ o(s)ds
Q 0 Q 0

UO)((X)
< /Q dx /O P()ds < @) 1UolLuycy. (3.32)

(see assumptions (H7) and (H3)). Then the result follows. 0O
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Remark 3.1. Observe that by assumptions (H3)-(ii) and (Ax)-(ii) inequality (3.31)
implies

C
I ¥ (U], 20y = 7 (3.33)

Lemma 3.4. Let (Ay) be satisfied. Then U, € C'([0, T1; Hj (Q2)) and there exists
a constant C > 0(depending on € > 0, 1Uoll pmp () and ||1//(U0,)||H01 (Q)) such that
foranyk >0

||I//K(UK)||Loc((0,T);H(}(Q)) é C, (334)
I e (U ix 20 =C, (3.35)

Proof. Existence and uniqueness of a local solution U, € C 110, 11; 1 () to
problem (P) (¢ > 0) for some t > 0 follow by Proposition 3.1. By stan-
dard argument ¥, (Ue) € C'([0, TT; HH(RQ)), thus Ue = ¥ (Y (Uy)) €
C'([0, T1; H} (), if we prove the uniform estimate (3.34).

Multiplying equality (3.6) by v, (U,) and integrating over 2 for any fixed
t € (0, 7) gives

/Q [ Ue) Uer] (x. 1) dx = — /Q [0Wo], (. D) [t (U], (x. 1) dx
—€ /Q [V (U], (x, 1) [ Uo)], (x, 1) dx

<k /Q [ WO (x. 1)dx

4 [ [mewol

. 1) dx;
edtQ 5 (x,t)dx

where we have made use of assumption (Ag)-(iv).
Integrating the above inequality with respect to time, we obtain

< / [ WP ydx < & / [V oo >0 dx + ki / / [ W] dx
2 Ja 2 Ja (o

_/ Vi (Uy) Uy dxdt 3.37)
O

(where t € (0, 1), Q; := 2 x (0, ¢)). Since kUp, — 0 in c(Q) by assumpti(zn
(H3)-(ii), there exists a constant [g > 0 such that k Ug, (x) < o for any x € Q;
moreover, by assumption (Ag)-(ii) and since ¥, (0) = ¥ (0) = 0 there holds:

Y(s) +ks S Pe(s) SY(s) +2«s (s €R).
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By the above considerations, (H3)-(ii), and (3.1), there exists a constant /; > 0
such that for any x > O and ¢ € (0, 7)

/Q [V Uoo) |2 () dx < 1,

UOK(X)
- / Ve (Uo) Uy ddr = / / Ve(s)ds ) dx
O Q 0
Uy (x,1) Upy (x)
—// Ve (s) ds g// Pe(s)ds ) dax
Q 0 Q 0

Uor (x)
§ / (/ Y(s) + 2ks ds) dx é y”UOK”Ll(Q) + lO“UOK"Ll(Q) é 1
Q 0

(where we have also used the conditions ¥ (s) > 0 fors > 0 and U, = 0 in Q).
Combining the above estimates and inequality (3.37) gives

€ 2 2 €
E/Q [wK(UK)]x(x’t)dx §k1 //Q, [WK(UK)]X dx + 14 (1 + 5)

for any ¢ € (0, v), whence by Gronwall’s inequality

21
/ [V W x, dx < =2 (1 + 5) e2aT/e forany 1 € (0, 7).
Q € 2

Therefore T = T, and inequality (3.34) follows.
Next, by assumption (Ax)-(iv) and inequality (3.34) there holds

/Q [eUo 2 (x.1) dx = /Q [¢/(Ue) Uex ] (6. 1) dx
<k / (V.U U] (x, 1) dx
Q

=k12/§2[1p,((U,()]i(x,t)§k12C (te(0,T) (338

for some constant C > 0. Since ¢(U,) = 0 on 92 x [0, T'], inequality (3.38)
implies that the family {¢(U,)} is uniformly bounded in L*°((0, T'); H(} (2)), thus
inequality (3.36) follows.

It remains to prove (3.35). Multiplying by [, (U,)], equality (3.6) and inte-
grating over the rectangle Q gives

/ /Q [ U], Uer dxde = — / /Q [0Wo], [ (U], dxdr
—e// [V (U], (x, 1) dxdr,
0
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since (¥, (Uy)], = 0 on 89 x [0, T] (see (3.4)). Then

e// [V (U], (x, 1) dxdr
0

2 1

[wK(UK)]t 5 1
_/ 0 det * (//Q [‘P(UK)]xdxdt)

x(//Q[wK(UK)]szdxdt)é.

The estimate (3.35) follows from the above inequality and (3.36). This completes
the proof. O

A

Denote by C/2(Q) the space of Holder continuous functions with exponent
1/2 in Q endowed with the usual norm. Then the following holds.

Lemma 3.5. Let (Ay) be satisfied. Then there exists a constant C > 0 (depending
on € > 0) such that for any k > 0

e Ul g1y = C, (3.39)
||1/f/c(U/c)||c1/2(Q) =C. (3.40)

Proof. Inequality (3.39) follows from (3.33) and (3.34). To prove (3.40), observe
that by (3.35) there exists C > 0 such that for any « > 0

” [w" (UK)]t HLZ((O,T);LOO(Q)) § C. (3.41)

Then for any (x1, t1), (x2, 1) € O we obtain

[ (Ug) (X2, 12) — Y (Ui ) (x1, 1)
é [V (Ui) (x2, 12) — e (Ui ) (x1, 2)| + [V (Ui (x1, 12) — Ve (U ) (x1, 1)

19}
é H [I//K(UK)])C ||L00((0’T);L2(Q)) |x2 _x1|]/2 + / ’[WK(UK)]I(XI,S)‘ dS
n

é H [I/fK(UK)]X “ LOO((O,T);LZ(Q)) |x2 — X1 |1/2
12

+ ” [wK(UK))]zHL2(((),T);L00(Q)) |ty — 117/~

By (3.34), (3.41) and the the above inequality, we obtain (3.40). Then the result
follows. 0O

Let us now draw some conclusions from the above estimates.

Proposition 3.6. Let assumption (Ay) be satisfied. Then there exists a sequence
tj — O with the following properties:
(i) there exists U € M™T(Q) such that

// Ue; ¢dxdt — (U, ¢p5) 5 (3.42)
Q

forany ¢ € CC(RZ);
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(ii) there exists w € L>°((0, T); Hy () NHY(Q)NC(0),0 < w <y in Q,
with w, € L*>((0, T); Hy (), such that

Ve, (Ue,) = w in H'(Q), (3.43)
Yie; (Ue;) = w in C(Q), (3.44)
[Ve; (U;)], = we in L2((0, T); Hy()); (3.45)
(iii) there holds
Y (Uy;) — w in L=((0, T); L'()), (3.46)
V¥ (Uyx;) — w almost everywhere in Q, (3.47)
Ue;, — w_l(w) almost everywhere in Q. (3.48)

Proof. (i) For simplicity, set

Uc(x,t) if (x,1) e Q

Ue(x,t) == {0 if (x,1) eR*\ Q.

It follows that ||l7/<||L1(]R2) = [Ucliz1(g) < C (see (3.28)), hence there exist a
subsequence {UK j} c {l},{}, and a Radon measure U € M+(R2) such that

O, = U in MR>).

Clearly, supp U C Q, and the above convergence reads:

lim // Uy, ¢ dxdt = lim // Uy, ¢ dxdt
J—00 0 J—>00 R2
= U, 0re = (U.8p) 6

for any ¢ € C.(R?). Then (3.42) holds.

(i) The existence of w € L°°((0, T); H} (2)) N H'(Q) N C(Q), with the
asserted properties (see (3.43)—(3.45)) is a consequence of estimates (3.34), (3.35),
(3.39), and (3.40) (see also (3.4)).

(ii1) Assumption (Ag)-(ii) and the equality v, (0) = 1 (0) = O (recall that both
Y and ¢ are odd) imply

Y (WUe,) +U¢; S e, (Uey) S ¥ (Uy)) + 21U (3.49)
Since Uy = 0, there holds
1Y (WUk;) — Vie; U oo o, 1): 1 ()
= Ssup / [l[ffcj WU;) — 1‘/I(UKJ«)] (x,t)dx < 26j1Ux; oo 0,7); 1 () -
te(0,7) J Q2
Using (3.28), (3.44), from the above inequality we obtain (3.46).

From (3.46) (possibly extracting a subsequence, still denoted by {Uy; }) we also

obtain (3.47), whence (3.48) follows (recall that we have set ¥~ (y) = 00).

Finally, observe that the left inequality in (3.49) and (3.44) imply w > 0 in Q
(since Uy; > 0), whereas (3.47) and the fact that w € C(Q) give w < y in Q.
This proves the result. O
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Remark 3.2. It will be shown below that the solution to problem (1.5) is unique
(see Proposition 4.5). Therefore the convergences in (3.43)—(3.48) hold as k — O,
since the limiting values are the same along any converging sequence.

4. Proof of Well-Posedness

4.1. Proof of Theorems 2.1-2.2
The following result plays an important role in the sequel.

Proposition 4.1. Let assumptlons (H1)—(H3) be satisfied. Let U € M (Q) and
w e L*®0,T); H Q)NHYQ)NC(Q)asin Proposition 3.6. Then the set

S={xnellwxn=y} .1
has zero Lebesgue measure. Moreover,
suppUs € S, 4.2)
Ur(x,t) = w_l(w(x, t)) for almost every (x,t) € Q \5. 4.3)
Proof. (i) Set:
_ 1
B, = {(x, He0|wi,n>y— —} (n € N). (4.4)
n
Then
o0
Bui1 € By, S=()By IS|= lim |B,], 4.5)
n—0oo
n=1

where | - | denotes the Lebesgue measure. Let us prove that:

lim |B,| = 0. (4.6)
n—0oo

Since by Proposition 3.6 there exists a sequence {w,( i ( ) } such that ¥ ( K ) —
w uniformly in Q, thus in B, (see (3.44)), there holds

1
sup |V, (Uy;) (6. 1) —w(x, )] < = 4.7)
(x,t)€B,

for any «; > O sufficiently small. On the other hand, by (3.28) there exists a sub-
sequence, denoted again {Kj}, such that «; U, s 0 almost everywhere in Q;
thus, by the Severini-Egorov Lemma for any o > 0 there exists O, € Q such
that |Q \ Qo] = o and k; Ux; — 0 uniformly in Q. From inequalities (4.7) and
(3.49), for any o > 0 we obtain:

2 .
UK/. > ¢71 (}/ — ; — 2KjUKj) in B, N Qg4 (4.8)



Degenerate Regularization 107

for any j sufficiently large (such that y —2/n — 2« Uy; > —yin Q). Moreover,
the above considerations ensure that

Y (y S 2KJ~UK,.) -y (y — 5)
n n

almost everywhere in B, N Q.. Then by the Lebesgue Theorem we have:

// wfl (J/_E_ZKJ )dxdt—)W ()/_z)anon| (49)
BiNQq "

for any n € N. By (4.8)—(4.9), we obtain

v (y—3)|3| U/ (7/—2)(|B\Qa|+|3 N Q)

=y v— o |Bn\Qa|+hm// ()/———ZKJUK)d)Cdt
llmQU
1/f7 (V——)G—i—hml%f// U, dth<W (J/——)a—i—C

for some constant C > 0. Thus, by the arbitrariness of o we have

A

|Bul < (4.10)

C
vy =3
for any n € N. Letting n — 00 in the previous inequality gives (4.6), whence

IS| = 0 by (4.5).
(i) Let R € Q be the open set defined as follows:

R:={x. 1€ Qw1 <y} 4.11)
‘We now claim that

Uy, £)g = // {w—l(w) - U,} cdxdr forany ¢ € Co(R).  (4.12)
0

Fix any ¢ € C.(R), denote by K C R the support of { and set:

Mg := max w(x,t) <y, 0g:=y — Mg.
(x.H)eK

Since ¥; (Uy;) — w uniformly in C(Q) (see (3.44)), there holds:

max Y, (UK,-)éMKJr?:V—?
for any «; sufficiently small. By the left inequality in (3.49), this plainly implies

)
Ug = y! (J/ - 71() in K,
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if «; is sufficiently small. From the latter inequality and the limit (3.48), by the
Lebesgue Theorem we obtain:

// U,(jg‘dxdt—>// v (w)c dxdr forany ¢ € C.(R)  (4.13)
0 0

(recall that by definition w(x, ) < y forany (x,7) € R, and w(x,t) < Mg =
y — 8k for any (x, t) € K). On the other hand, by (3.28) and (3.42), there holds

// Ug, ¢ dxdr — (U, ¢)o =// Urt dxdt + (Us, £)g (4.14)
0 0

for any ¢ € C.(Q). From (4.13)—(4.14) we obtain (4.12).

(iii) Let us now prove (4.2). By (4.12) we have U;(K) = 0 for any compact
subset K C R, hence Us(R) = 0. This implies that supp Us C Q \ R (recall that
supp Uy € Q). Since

0\R=8U{80\{Snao}},

the claim will follow if we show that any point (xg, f9) € 00 \ {S’ Nnao Q} does not
belong to supp Us.

In fact, by the very definition of S (see (4.1)) for any such (xg, #p) there holds
w(xo, f9) < y. Since w € C(Q) (see Proposition 3.6-(ii)), for any § > 0 suffi-
ciently small there exists an open neighbourhood Up s < R2 such that (xg, fo) €
Uo.s, vo,(s NS = @, and

w(x, 1) = wxo, ) +6 =y — 4

for any (x,¢) € Ups N Q. Arguing as in (ii) above, by the uniform convergence
(3.44) and the left inequality in (3.49), we obtain

5\ _
Ug <y ! ()/ - 5) in Ups N QO

for any «; small enough. As above, by such an estimate we obtain the convergence
in (4.13) for any ¢ € C.(Up s), hence in view of (3.42) we have

(Us. 85l = //Q {W‘(w)—U,]g“dxdt (4.15)

for any ¢ € C.(Uop,s), whence Ug (K N Q) = 0 for any compact subset K C Up s.
Thus the claim follows.
(iv) Finally we prove (4.3). Observe that

0\S=RuU{d0\{Sna0}}.
Since supp Us C S, by (4.12)—(4.15) and the above equality we have

//Q [w—l(w) - U,] ¢ dxdt = 0

for any ¢ € C.(R?) such that supp ¢ N S = (. Then the conclusion follows. O
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A useful disintegration of the singular term Uy € M+(Q) with respect to the
Lebesgue measure on (0, T') is the content of the following

Proposition 4.2. Let U, € M1 (Q) be the singular term of the measure U &
MT(Q) given by Proposition 3.6. Then:

(1) for almost every t € R there exists a measure Ug(-, t) € MT(Q)(hence in
particular supp Uy (-, 1) € Q), U(-,t) = 0 ift ¢ [0, T, such that

T
US(E)z/O Us(-, t)(E;) dt, (4.16)

where E C R? is any Borel set and E, = {x € R| (x,t) € E} its section at
the time t. Moreover, for any ¢ € Co(R?) the mapt — (Us(-, 1), C(, Dalg is
Lebesgue measurable and there holds

T
s, )g ==J£ Uy, 0, €0, Dggdrs “.17)

(ii) for almost every t € (0, T) inequality (2.6) holds.

Proof. (i) Since Uy € MT(Q)—namely, U; € M(R?) and supp U; € O—there
exists a measure A € MT(R), suppA C [0, T'], and for A-a.e. t € R a measure
v € MT(R), suppy; € €, with the following properties (for example, see [6,
Vol. I, Proposition 8 on p. 35]):

(a) for any Borel set E C R?2 we have

Us(E):/ )/z(Er)dk(t)=/ vi(Er) da(r); (4.18)
R [0.7]

(b) forany ¢ € C,. (R?) there holds

(US,()Rzz/d)»(t)/ C(x,t)dy; =/ d/\(r)/_ C(x,t)ydy;.  (4.19)
R R [0,7] Q

Moreover, since US(Q) < 00 (because U, is a Radon measure on Rz), and
supp Us; C Q, we have U;(R?) < oco. Therefore we can choose A and y; such
that A(I) = Us(R x I) for any Borel set I € R, and y;/(R) = y,(S_Z) =1 for
rae. t € R

Let us prove that the measure A is absolutely continuous with respect to the
Lebesgue measure. To this purpose, fix any 0 < #y < T (the cases #p = 0 and
to = T can be treated in an analogous way), then choose r > 0 and ¢ > 0 such that
Lo = [to —r — 0,10 + 1 + o] C [0, T]. Moreover, fix any 7, , € C}(R) such
that 9,1 = lin[to—r, 10 +7],0 £ nr1e < 1 and supp 940 C Ir4. Finally set:

to+r+o
ﬁmﬂﬂ:—/‘ Mao(s)ds (1 € ).
t
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As before, let UKJ. be the solution of problem (PKj) and VKj the function defined
by (3.2) with ¥ = «; > 0. By equality (3.6), inequality (3.8) and assumption (H3)
there holds

T
// Ul(j (x, DNr4o (1) dxdr = _/ Nr+o (1) dt/ V/c_,-xx dx
Y 0 Q

—ﬁr+o(0)/ UOK,dX§(2r+20)/ Uoe;dx = 2r+20)[Uoll pq)  (4:20)
Q Q

(observe that 7,1, (t) = 0 for any ¢ = 9 + r + o). In view of (3.42), passing to
the limit in (4.20) as «; — 0, and using (4.18) we obtain:

to+r
/ / Uy(x,t)dxdr +/ dA(r)
to—r JQ [to—r,t0+7]

to+r _
= / / Uy(x,t)dxdrs +/ Y (2) dA(2)
to—r JQ [to—r,to+7]

fo+r _
:/ / Ur(x,t)dxdt—i—Us(Q X [to —r, t0+r])
to—r Q
< / / Uy (e, Oy (1) dxdt + {Uy. 1y )z2 S @r +20) 1 Ul ag)
[¢)

(recall that y,(Q) = 1 for A-a.e. r € R). By the arbitrariness of o the above
inequality implies

fo+r
/ dt/ Ur(x,t)dt—i—/ dr(r) £ 2r |1 Uoll pqsry 4.21)
to—r Q [to—r,to+r]

hence
/ dr(r) £ 2r||U0||M(§2) (4.22)
[to—r,to+r]

since U, = 0 almost everywhere in Q. This proves the claim.
Therefore, there exists h € L' (R), supph C [0, T'], such that dA(¢) = h(t)dt.
Moreover, since Uy € M™(Q) is a positive Radon measure, from (4.22) we have

05 h(r) < 1Uoll pqs) Tor almost every ¢ € (0, T),
hence h € L°°(R). Finally, claim (i) follows defining
Us(-, 1) == h(t)y:. (4.23)
(i1) By (4.23) and the positivity of Us, for almost every #y € (0, T) there holds
h(to) = Uy (-, 10)(R) = |Us (-, 10) | pmay
(recall that y;, is a probability measure). Then inequality (4.21) reads

1 to+r 1 to+r
L U (x,t>dxdr+—/ 1Us 2 O acay 47 < 100l arccy-
2 J /Q ' 2 Jy, 106D e M@)

whence inequality (2.6) follows, letting » — 0. This completes the proof. O
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Now we can prove the existence part of Theorem 2.1. This is the content of the
following

Proposition 4.3. Let assumptions (H1)—(H3) be satisfied. Then there exists a solu-
tion U of problem (1.5), which has the properties asserted in Theorem 2.1.

Proof. Letus show that the Radon measure U € M™T(Q) mentioned in Proposition
3.6-(i) is a solution U of problem (1.5) with the asserted properties.

(1) Claim (i) of Theorem 2.1 follows by Proposition 4.2, thus in particular
U e L0, T); MT(Q)).

(ii) Consider the functionw € L>((0, T); Hy (2))NH'(Q)NC(Q) mentioned
in Proposition 3.6-(ii). Since the set S defined in (4.1) has zero Lebesgue measure
and ¥ (U,) = w almost everywhere in Q \ S by Proposition 4.1, w is the unique
continuous representative of the function v (U,) € L*(Q). Identifying ¥ (U, ) with
w in Q (see Remark 2.1), we obtain that ¥ (U,) € C(Q) N L>((0, T); Hy (Q))
and [y (U,)]; € L2((0, T); HOI(SZ)) by Proposition 3.6-(ii).

Moreover, observe that for any « > 0

Yie (Ui (x,0)) = ¥ (Upi)(x) forany x € Qa

U, being the unique solution of problem (P,)). Therefore, since ¥, (Upe) —
¥ (Up,) in C(2) by assumption (H3)-(ii) (see also (3.1)), and ¥ (Uy) — w =
¥ (U,) in C(Q) by Proposition 3.6-(ii)—hence ¥, (U,)(-,0) — ¥ (U,)(-, 0) in
C (Q)—we obtain [ (U,)](x, 0) = ¥ (Uo,) (x) for any x € Q.

By Proposition 3.6 (see (3.48)) and equality (4.3), we have Ue = Uy almost
everywhere in Q. Therefore,

9(Uy;) = ¢(U;) almost everywhere in Q. (4.24)

Hence, by estimate (3.36) we see that any subsequence of {¢(U,;)} admits a

sub-subsequence which converges weakly to ¢(U,) in L?((0, T); Hol (2)) for
any p € [1,00) (where we have made use of (4.24)). Moreover, since the
sequence {(p(U,(_/.)} is uniformly bounded in L*°((0, T); HO1 (€2)), there also holds
¢(Uy) € L¥((0, T); Hy ().

(iii) Clearly, the identification ¥ (U,) = w in Q implies S = S (see (4.1) and
the very definition of S in (2.4)). Then the property (2.4) follows from (4.2).

(iv) It remains to prove equality (2.5). To this purpose, consider for any x; > 0
the solution Uy; of problem (P;). For any p € HO1 (€2) set

IKj’p(t) ::/ UKj(x,t)p(x) dx (te0,T]).
Q

By equality (3.6) we have

I{(j,p(t) = _‘/Q VKjx(xv t)p/(x) d)C,
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thus IKJ., o € H L0, T) (where V,(j is the function defined by (3.2); recall that

VKj e C((0, T]; C2(S_2))). Moreover, by (3.28) and (3.30) there exists a constant
C, > 0 such that for any «; > 0

| Ze =G, (4.25)

jP ” C([0,T]

;. 0(12) = ;o (1) | =

5]
|| Vertwonp @y asar| scptn a1 @26
n

for any t1, t» € [0, T]. Estimates (4.25)-(4.26) imply that the sequence {Z,(j, p}
is uniformly bounded in C ([0, T']) and equicontinuous. Therefore, by the Ascol-
i—Arzela Theorem there exist a subsequence {",/1} - {/c j} and a function 7, €
C ([0, T]) such that:

7,

Kji

o —>2I, in C(0,T]) asl — oo. 4.27)

On the other hand, for any k € C.(0, T)) we have:

[— 00

T
lim k(t)dt/ U, (x, )p(x) dx
0 Q
T
_ / k(r)dr[ / Uy (v, Dp () dx + (Us (- 1), )z 4.28)
0 Q

(where we have made use of (3.42) and Proposition 4.2-(i)). By the arbitrariness
of the function k, combining (4.27) and (4.28) gives

Ip(t) = /Q Ur(x,)p(x)dx + (Us(-, 1), p)g (4.29)

for almost every ¢ € (0, T'). It is easily seen that the same limit is reached along
any converging subsequence {IK i ’p} c {IK j’p}. Therefore, we have:

lim UK,-(x,t),O(x)dX=/Ur(x,l)p(X)dx+(Us(-,t),p)sz (4.30)
Q Q

Jj—o00
for any p € HOI(Q) and for almost every ¢ € (0, T').

We can now prove equality (2.5). Recall that for any «; > 0 and for any
¢ e CY([0, TT; HH(Q)), ¢(-, T) = 0 in § there holds

//Q {ijé“z—[fﬂ (UKJ)]X {x—€ [l[f/(j (UKj)]tx é‘x} dx‘jt:_/g2 UOKjé‘(-xv 0) dx

431)

(see (3.3)). By (3.28) and (4.30) we obtain respectively

‘ /S2 Us, (6.0 (x. 1) dx| < Cligrlleg). (4.32)
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and

hm U/Cj(x’t);l(xvt)dx=/ Ur(-x’t)é‘l(xvt)dx—i_(US(‘vt)’ Cl‘(at)>52
Q Q

j—o0

(4.33)

for almost every ¢ € (0, T'). Therefore, by the Lebesgue Theorem there holds

lim // U,Ci(x,t)gt(x,t)dxdt:// Ur(x, 1) (x, t)dxdt
T
+/0 (Us(, 1), & (- 1) de. (4.34)

Finally, by assumption (H3)-(ii), Proposition 3.6-(ii) and the weak convergence
of the sequence {¢ (UKj)} to ¢(U,) in LP((0,T); HO1 (), (p € [1, 00); see (ii)
above), letting j — oo in equality (4.31) and using (4.34) we obtain equality (2.5).

(v) Let us finally prove claim (ii) of Theorem 2.1. For any open subset Qg € Q
such that dist (Qg, S) > 0, by the continuity of the function ¥ (U,) in Q and by
the very definition of the set S there exists 0 < yp < y such that

ma& w(Ur)(x’ t) é YOv
(x,1)€Qg

hence

esssup(, e, Ur(x, 1) = ¥ () < o0,
essinf(y e, [V (U)](x, 1) Z a

for some a > 0 (see assumption (H>)-(i)). Since ¥ (U,) € Hl(Q) by the identi-
fication w = ¥ (U,) (see Proposition 3.6-(ii)), from the above estimates and the
identification U, = v~ (y(U,)) we obtain that U, € H'(Qy).

To prove that U, € C(Q \ S), fix any (¥,7) € Q \ S. By the very defini-
tion of S, there holds ¥ (U,)(%,7) = 7 < y. Since ¥(U,) € C(Q), for any
€ € (0, y — ) there exists a neighbourhood of (%, ) where ¥ (U,) < 7 + €. On
the other hand, ¥ ~! is well defined and continuous in (0,  + €), for y + € < y.
Hence U, = ¢! (1/f(U,)) is continuous in the same neighbourhood, and the claim
follows.

Since ¥ (U,) € C(Q), for any € € (0, y) there exists 6 > 0 such that

0<dist(x,1),S) <8 = YyWU)>y—€ = U >y '(y—e.
Then by assumption (H>)-(i) we obtain (2.7). This completes the proof. 0O

Remark 4.1. Since the limiting value in (4.24) does not depend on the (the choice
of any subsequence of the) sequence {UKj }, the arguments in part (ii) of the above
proof show that as k; — 0

¢Ug) = @Uy) in LP((0,T); Hy(R)) (1< p<o0). (435)
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It can be further observed that
¢ (Ug;) = ¢U,) in C(Q) (4.36)

as kj — 0. In fact,

|[§0(Ul(,)]t| = |(p/(UI(_,') UK_,'[| § ky w;ij(UKj) Ul(jt =k |[wl(_/ (U’(j)]ti

by assumption (Ax)-(iv). From the above estimate and inequality (3.41) we obtain

o)),

for some constant C > 0. Arguing as in the proof of (3.40), with (3.34) and (3.41)
replaced by (3.36) and (4.37), respectively, we obtain

||‘P(U;<j) lc12¢0) =C.

Hence there exists a subsequence (denoted again {go(UKj )} for simplicity) uniformly
converging in Q Then by (4.24) we obtain (4.36).

<c 4.37)
L2((0.T): L%(2))

Let us proceed to prove the uniqueness part of Theorem 2.1. To this purpose
we need the following lemma, whose proof is postponed.

Lemma 4.4. Let U € L*®((0, T); M1 (Q)) be a solution of problem (1.5). Then
forany ¢ € C([0, T1; L*(2)), & € L*(Q),
(1) the function
T (1) = /Q [v(U)], (. D¢, dx (€ (0,T)) (4.38)
belongs to HY0, T), with weak derivative
VAGES /Q {lvWn], x.0) e 0) + [P (U] (x, 1) & (x, )} dx; (4.39)
(ii) there holds:

J:(0) Z/Q[WUOr)]x(X)C(x,O) dx. (4.40)

Proposition 4.5. Let assumptions (Hy)—(H3) be satisfied. Then there exists at most
one solution U of problem (1.5).

Proof. (i)Let Uy, U; be two solutions to problem (1.5). Then the difference U —U»
satisfies the equality

//Q [Ulr - U2r]§t dxdt +/(; (Uls('v t) - UZS('v t)’ ;t(" t) )th

= / /Q {leW1r) — pWa)], + €[¥ (U1r) — ¥ (Uar)],, } ¢ dxdr

=// [Vir — Vo] &x dxdr (4.41)
0
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for any ¢ € clqo, 1; HOI(Q)), ¢(-, ) = 0 (see (2.5)). Here Vj, is defined by
2.8)(j =1,2),and Q; := Q2 x (0, 7) with T > 0 to be chosen.
By standard regularization arguments, we can use in (4.41) the test function

C(x, 1) = —/ [V (U1) = ¥ (Ua)](x, 5)ds ((x.1) € Or).
t
Then we obtain

//; [Ulr - U2r][w(U1r) - 1p(UZr)]dth
+/0 (UisCot) = Ung (1), (Ui o 1) — Y (Uar) (1) ) de

—//Q [Vi — V2], (/ [¥ (U1r) = ¥ (Ua)], (x.5) ds) dxdt.  (4.42)
r t

Let us study the three terms separately:

ni= [ [ - v ]lv@in - v ax,

h :=/0 (U1 (1) = Ung (1, YU ) — Y Ua) (1) )l

_//Q [Vi = V2], (/ [v Ui - 1/f(Uzr)]x(x,s)ds) dxdz.

‘We have:

I = / / LU — ¥ G U [¥ U) — ¥ (U] dad
. Un) — ¥ (Ua)]Pdxd 4.43
W”LM(R)/QZ[WM ¥ (Us)] dxds; (4.43)

12=/0 (U0 G U1 1) — Y (Ua) (1) )
+/0 (Uns (1), Y (Uap) (1) = YU G 1) )l

=/0 (U1sCo 1), [y = 0 Wa) (D] )t

4 /0 (U 00, [y = YU D] )gdt 2 0 (4.44)
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by the characterization (2.4), since Uy, Upg € M+(Q);
I=— / /Q [eU1) — (U], ( / [vUir) =¥ (U2)], (x, s)ds) dxd:
T t
T d -
+6/ d_/ [w(Ulr) - w(UZr)]Xé‘x dxdr
0o dr Jgq
- 6/ / [w(Ulr) - 1/f(UZr)]xExt dxdr
0 JQ
= - / /Q [eU1) — 9], ( / [V (U1 — ¥ (U2)], (x. 5) ds) dxdr
T t
—€ //Q [vU) — w(Uzr)]idxdt (4.45)
by Lemma 4.4 (observe that ¢ (Uy,), ¥ (Uar) € L*°((0, T); H&(Q)) imply that
& € C(I0, 7]; L2(Q)) and &y € L2(Q1).
(i) From (4.42)—(4.45) we obtain

1 5 )
1Y lloo // [vU1) = ¥ (Uan)] dxdr +€//Q [V (U1) = ¥ (Ua) ] dxdr

<- / /Q [eU1r) — 0W2)], ( / [v (1) = ¥ W], (x, s)ds) dxdr,
. t
(4.46)

Concerning the right-hand side of the above inequality, there holds

/‘/QT
1 T ?
< 5 / / ( / [ww]r)—wwzf)]x(x,s)ds) dxdr
0O~ t

8 2
+ 5// [oUy) — ¢(U2r)])2cdxdl‘ < ;_8// [V (U),) — w(Uzr)]idxdt
O+ 0.

)
+5 / /Q [o(U1) — o(Ua)] dxdr (4.47)

dxdr

[0(U1r) — 9(Ua)], ( / [v(U1r) = ¥ (U2)], (x,5) ds)
t

for any 8 > 0. On the other hand, writing ¢ (U;,) = (¢ o ¢ ~1) (¥ (U;)) (i = 1,2)
and using assumptions (H>)-(iv), (v) we easily find

1
3 / . [o(U1) — Uz 2dxdr < &k} / /Q [ (1) — ¥ (Usy)|2dxdt

+ 1 / /Q [v WD [L[¥ W) =9 (U] £ 6 / /Q [ (U1r)— ¥ (Unp) 2
+k3 sup (/ [W(Uy)]i(x,t)dx)/
te(0,7) \JQ 0

[V (W) — W) 0) H dr.

c(Q)
(4.48)
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Since [ (U1,) — ¥ (U2)] (-, 1) € Hj () for almost every ¢ € (0, ), there also
holds
[y = vl

c()

<2 /S2 [¥ U1 = ¥ U2 E D] [[¥Urr) — ¥ (Ua)], (E.1)] dE

< /Q [V (U1 — U] (€ 1) d + /Q [V (UL — ¥ (U2 &, 1) dE.

Inserting the above inequality into the last term of (4.48) gives

1
2 //Q o) = pUanidrdr < i / /Q [ (U1) = ¥ (U2 |Sdxds

+ky sup ( /Q [w<Uzr>]§<x,t>dx) / /Q [ (1) = ¥ (Wan)[Pdxdr

t€(0,7)

+43 sup ( /52 [w<Uzr>]§<x,t)dx) / /Q [ (U1) — ¥ (U2n)[2dxdr. (4.49)

t€(0,7)

(iii) We can now conclude the proof. By (4.47) and (4.49), inequality (4.46) reads:

1
i [, o — vl e ] T v Fasa

2
<= / /Q [ (U1,) = v (Us)2dxds + 813 / /Q [ (U) — v (Us)] dxdt
+8k3 sup (/ [I/I(Uzr)]i(x,t)dx) // [V (U1,) — ¥ (Ua)] dxds
re(0,7) \JQ 0.
+38ky sup ( / [lﬂ(Uzr)]i(x’f)dX) / / [¥ (U1r) — ¥ (U] dudr,
te(0,7) Q o
whence

C //Q [v(U) — W(Uzr)]zdxdt +C //Q [vU1) — Iﬂ(Uzr)]idth <0,

where

1 ) 2
Cy:=—— —8ky sup ( / [V (Uar)] (x,t)dx), (4.50)
1Y oo re0,1) \JQ *
2
Cri=¢€— ;—8 — 8ki — 8k3 sup (/ [¥ (U] (x. t)dx) . @S5
Q

te(0,7)

Choosing é and 7 so that

83 supre0,e) (Jo [ W Lo, D) < 11,
7% < €,

2
8k2 + 8K2 sup,c(o 1) (fQ [V U]} (x, t)dx) <€)2,
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we obtain C; > 0, C > 0. Then by (4.50)

”W(Ulr) - w(U2r)||L2((()’T);H01(Q)) § 0,

whence the result follows. O

Proof of Lemma 4.4. Let U € L*((0,T); M*T(Q)) be a solution of prob-
lem (1.5). Then v (U,) € L*((0,T); HOI(SZ)), thus J; € L?(0,T) for any
¢ € C([0, T]; L*()). Moreover, since [ (U,)], € L2((0, T); Hy (), it is eas-
ily seen that for any ¢ € C®(Q) with ¢(-, ) € C2°(R) and for any h € C1(0, T)
there holds

T
/0 h(r)dr/ﬂ{[vf(Ur)],x(x,r)r;(x,tH [V (U], . 0) & (x, 1)} dx
T
=— /0 he () T (t)dt. (4.52)
Since [Y(Uy)],, € L*(Q) and [¢(U,)], € L®((0,T); L*(R)), by standard

regularization results the above equality holds for any ¢ € C([0, T]; L*(R)),
& € L2(Q), and we have

T 2
/0 (/Q{[WUr)],x(x,t)c(x,tH[W(Ur)]x<x,t)¢t(x,r)} dx) dr
T 2 T 2
§2/ (/[WUr)],x(x,t)z(x,r)dx) dt+2/ (/ [¢<Ur>]x<x,t>;,<x,t>da) dr
0 Q 0 Q

T
< 2/ (/ [W(Ur)]tzx(x,t)dx) (/ {2(x,t)dx) d
0 Q Q
T
+2/ (/ [w(U,)]i(x,t)dx) (/ g,z(x,t)dx) dr
0 Q Q

2
ES 2”“'%@%(01);#(9)) “ [‘//(Ur)]zx ||L2(Q)
2
+ 2 H [l/f(Ur)]x ||L°°((0,T),L2(Q)) ”Ct ||%2(Q) é C.

Therefore, the map
t— /Q {lvWH], x.0) e, )+ [Y (U] (6, 1) & (x, 1)} dx

belongs to L2(0, T'), whence by equality (4.52)
Jr € H'(0,T) (4.53)

for any ¢ as above. This proves claim (i).
Concerning (ii), observe that by its very definition

T () = —/QW(Ur)](x,t) Ce(x, 1) dx (4.54)
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forany ¢ € C([0, T]; Hy (), ¢ € L*(Q) and ¢ > 0. Then by the continuity of
¥ (Uy) in the rectangle Q and the initial condition there holds

J¢(0) = lim 7, (1) = —/Q ¥ (Uor)(x) Ex(x, 1) dx = /QW(UOr)]X(X) ¢(x,0)dx,

(here we have made use of assumption (H3)). Finally, by regularization results the
above equality holds for any ¢ € C([0, T]; LZ(Q)), & € L2(Q). This completes
the proof. 0O

Proof of Theorem 2.1. The existence of a solution to problem (1.5) with the
asserted properties in (i)—(ii) follows by Proposition 4.3, whereas the uniqueness
of this solution has been proven in Proposition 4.5 above. O

Let us now prove Theorem 2.2.

Proof of Theorem 2.2. Claim (i) follows from Proposition 4.1 and the identifica-
tion ¥ (U,) = w, whereas (ii) is a consequence of the very definition of S and the
boundary condition ¥ (U,) = 0 on 92 x [0, T] (see Definition 2.1-(i1)), for the set
S is closed (see Remark 2.1). O

4.2. Proof of Theorem 2.3

To prove Theorem 2.3 we need some preliminary results.

Lemma 4.6. The function V, defined by (2.8) belongs to the space L*(Q) N
L2((0, T); Hé (2)). Moreover,

(i) there exists C > 0 (independent of €) such that

1Viell 200y < C (4.55)
(i) there holds

0=V, = ¢(). (4.56)

Proof. Let {«;} be the sequence in Proposition 3.6. Since ¢(U,) € L*((0, T);
Hy () and [ (U,)], € L*((0, T); Hj(R)), wehavethat V. € L2((0, T); Hy ()
and

Ve, =V, in L2((0, T); H} () (4.57)

(see Proposition 3.6-(ii) and (4.35)). Then inequality (4.55) follows from (3.30) by
the lower semicontinuity of the norm. On the other hand, inequality (4.56) imme-
diately follows from (3.7), observing that

0< limo// {p(@) =V, }¢dxd =// {p(@) — V,}rdxds
Kj—) Q Q

forany ¢ € L?(Q), ¢ = 0. Hence the result follows. 0O
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Lemma 4.7. There exists a constant C > 0 such that for any € > 0 there holds:

2

/ dedt§£. (4.58)
o V'U) €

Proof. First observe that by (3.31) there exist a sequence k; — O and g € L?*(Q)
such that

[V, (Ue)],
[vi, (U,

Let S and B,, be the sets defined by (4.1), (4.4). Denote by A,, the complement of
B, in Q, namely

—~ ¢ in L*(0). (4.59)

1
Av={@neolvwn <y -] (4.60)
n

(recall that by choice w = ¥ (U,) in 0, thus S = S; see (2.4)). Then A, C
Ant1, BpNQ = Q\ A, forany n € N. For any j € N sufficiently large there
holds:

1 .
Uy, <y~ (y — ﬂ) in Ay. (4.61)

In fact, since ¥; (Ux;) — ¥ (Uy) in C(Q) as kj — 0 (see (3.44) and (4.3)), we
have

.
Vi, (Uk) =y — 5, I An

for any «; sufficiently small. Then inequality (3.49) and the nonnegativity of Uy;
give

L.
lﬂ(Uk_,-) § ijk/ + w(Uk,) é 1/fk,-(Uk_,~) g Yy — % m An

By inequality (4.61), (H>)-(i) and (Ag)-(ii), there exists C,, > 0 such that
I .
I/f,éi(UKj) = Kj+ Ilf/(UKj) Z C. in A,,
) n
thus

< <, inA,, (4.62)
= ,Qj(UKj) =Ln n

for any j € N large enough.

Moreover, since A, is open, and U, A, = Q \ S, forany ¢ € C(} (Q\ S) there
exists n € N such that supp¢ C A,,. Since .. — ¥’ in Cjoc (R) (see assumption
(Ax)-(1)), by (3.48), (4.3), and inequality (4.65) there holds

1

1
in L2 .
\/ij T — 0 in L“(supp ¢)
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On the other hand, by (3.45)
[ve, (U,)], = [v @], in L*Q).

Therefore
[w’ﬁ( [lﬂ( r)
; dxdt — // L ¢ dxdt
/ W) wK o VT
forany ¢ € Ccl(Q \ S). Since |S| = 0, in view of (4.59) we obtain

_yw»],
VW)

Then inequality (4.58) follows from (3.31), (4.59) and (4.63) by the lower semi-
continuity of the norm. This proves the result. O

a.e.in Q. (4.63)

Proposition 4.8. For any n € NU,;, Vixx € L*(A,), where A, is the open set
defined by (4.60), and there holds

Urt = Vixx in L*(Ap). (4.64)
Moreover,
U,
Uy = M a.e.in A,. (4.65)
V' (Uy)

Proof. Let x; — 0 be any sequence such that Uy, — U, almost everywhere in O
(this sequence exists by Proposition 3.6-(iii); see (3.48) and (4.3)). By the equality

[I/IK]‘ (UKj)]t
WU

and inequalities (3.33), (4.62) (which holds for any j € N sufficiently large), we
have

// (U,(jt)zdxdtz// (Viejx) dxdr
Ay

[, Ui ) c
//n( (UKJ) ) d dt é Cn H[I/fK,(UK,)]IHLQ(Q) é C :

Therefore the families {U;;}, {Vi;xx} are uniformly bounded in L?(A,), thus
Urts Vexx € L2 (Ay) and
Ut = Upts Vigex = Vexx in L2(4) (1 €N). (4.67)
Hence (4.64) follows from the first equality in (4.66).
Finally, arguing as in the proof of Lemma 4.7 we obtain
[V, Ul [w W],
LWy (U

By the second equality in (4.66), the above convergence gives equality (4.65). Then
the conclusion follows. O

VK_,-xx = UKjl‘ = (466)

n L%(A,).
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Remark 4.2. By Proposition 4.8 the distributions U,;, V,xx € D'(Q) “restricted
to the open set Q \ S” can be identified with the function [:/ZS(LU”))]’ € L}O A0\ S),
namely

(Y (U]
Uit =V = ——77—
’ v'(Uy)

In fact, using (4.64)—(4.65), the very definition of the sets S and Ap (see (2.4) and
(4.60), respectively) and the continuity of the function ¥ (U,) in Q, it is easily seen
that

in D'(Q\S). (4.68)

v (U

s ¢ dxdr (4.69)

Urt($) = Vixx (0) = /
o

forany { € C°(Q\ S).

Since the set S has zero Lebesgue measure, in view of (4.68) we can associate
to the distributions U,;, V,xx € D'(Q) two measurable functions, again denoted
U,t, Vyxx for simplicity, which “represent” the distributions U,;, V,xx in Q \ S in
the sense of (4.69), such that

U,
Vix(x, 1) = Up(x, 1) = [:/ﬁ//((—Ur))]t

for almost every (x,f) € Q. Keeping in mind the above considerations, in the
following we shall always use the notations U,,, V,, to indicate the measurable
functions in (4.70) (in particular, see Propositions 4.10 and 5.1).

(x, 1) (4.70)

To prove Theorem 2.3 we also need the following technical lemma, whose
standard proof is omitted.

Lemma 4.9. Let £ € L%((0, T); H'(Q)), where Q@ C R is a bounded interval.
Then:

(1) for any xo € 2 the function ¢(xg,-) : (0,T) — R belongs to the space
LY(0,T);

(ii) there exists a set H C (0, T) of Lebesgue measure |H| = 0 such that for
any ty € (0, T) \ H and for any xo € Q2

to+h
i /lo ¢ (xp, 1) dt = & (xo, to) (4.71)

Let us remark that the null set H € (0, T') which we exclude in the limit (4.71)
is independent of the choice of xo € Q.

Proof of Theorem 2.3. (i) Let A C Q be any open set such that dist(A, S) > 0.

By the continuity of ¥ (U,) in Q and the very definition of the set S, there exists
A, such that A C A, (where A, is the set defined in (4.60)). Then by Proposition
4.8 the claim follows.
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(ii) Since V, and [¢(U,)], belong to L2((0, T); H}(Q)), there exists a set
H C (0, T) of zero Lebesgue measure such that fgr any t € (0, T)\ H there holds
Ve(o 1) € HY(Q), [y (U], 1) € HY(2) € C(2) and

1 to+h
lim — [ (U], (xo, Ddt = [ (U)], (x0, 10) (4.72)
h—0 h 1
for any xo € Q.
Set
Bs(t) :={x € Q| V,(x,1) 28} (8>0;1€(0,1)). (4.73)

Arguing by contradiction, let there exist 5 € (0, 7) \ H and xo € 2 such that
X0 € Bs(tp) NSy, for some § > 0. For any » > 0 and any & > 0 sufficiently small
we have

1 1
—/ Y (Ur)(x, 10 + h)dx — —/ Y (Ur)(x, 19)dx
1 (x0) r

r I (x0)
1 to+h
_ / / (Y (U, (x, dxdr,
r 0] I (x0)
where [I,(xg) = (xo — r,xo + r). Since ¥ (U,) € C(Q),[W(Ur)]t €

L*((0,T); H} (), thus [¢(U,)],. € L*(Q). and [y (Up)],(x0.-) € L'(0, T)
by Lemma 4.9-(i), letting r — 0 in the above equality plainly gives:

to+h
¥ (Up)(x0, 10 + h) — ¥ (Ur)(x0, f0) = / [V (Ui (xo, 0)dr.  (4.74)
10
Since ¥ (U,) < y in Q and ¥ (Ur)(x0, t9) = y by assumption, the left-hand side
of the above equality is nonpositive. Then by (4.72) we have

to+h

1
lim — [V (Ui (x0, 1)dt = [ (Uy)], (x0, f0) < 0.
h—0 h to

On the other hand, there holds ¢(U,)(xo, o) = O (see Remark 2.1). Therefore, we
obtain

0 < 3§ = Vi(x0, t0) = ¢(Ur)(x0, 10) + €[y (U;)]s (x0, t0) = 0.
The contradiction proves that
Bs(H)NS; =0 (4.75)

for any 6 > O and for any ¢ € (0, T) \ H; here Bs(¢) is the set defined in (4.73).
Then, since supp U (-, 1) € S; and S; C 2 by the boundary condition ¥ (U,) = 0
in 92 x [0, T'], by the arbitrariness of § > 0 the claim follows. This completes the
proof. O

Let us prove, for further purposes, an additional result concerning the regularity
of the function V, (-, t) for almost every fixed r € (0, T'). The following proposition
can be regarded as a pointwise version (with respect to ¢) of Proposition 4.8.
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Proposition 4.10. Let U,;, V,xx be the functions defined in Remark 4.2. Then there
exists anull set F € (0, T), |F| = 0, such that forany t € (0, T) \ F and for any
n € N there holds Uy (-, t), Vyxx (-, 1) € L2(AL), V, (-, 1) € H*(A!) and

Ui (1) = Vx5 8) = [Vr (L D] acein A£19 (4.76)

where

1
A; =1{x e QY U)(x,t) <y — —] neN,te(0,T)). @77
n
Proof. (i) Since the functions U,;, V;xy are measurable in Q and V,, [1/;(Ur)] €
L2((0, T); HOI(SZ)) - Ll(Q), it is easily seen that there exists a set FF C

(0,7),|F| =0,suchthatforanyr € (0,7) \ F

o U, (-, 1) and V., (-, t) are measurable in Q2 and the equalities in (4.70) hold
for almost every x € ;

o V(). [¥(U], (1) € HJ(Q):

e forany¢ e C(Q)

t+R
Iygloﬁ / Vi (x, )¢ (x) dxds —/ Vi(x, 1)¢(x) dx, (4.78)
t+R
Iy_)oﬁ [¢(U) (x, $)¢(x) dxds —/ [¥ (U], (x, D¢ (x) dx,
(4.79)
t+R
1y—>oﬁ / [ U], (. S)|§(x)dxds—/ [ (U], (x. 0)|¢ (x) dux.
(4.80)

Also observe that for any n € N there exists 6 > 0 (depending on n) such that
foranyr € (0, T)

Q! = Al x (1 — 8,1 +8) C Ay, 4.81)

(where A,, C Q is the set in (4.630)). In fact, by Lemma 3.5, (3.43)—(3.45) and
(4.3), there holds ¥ (Uy) € CY2(Q). Hence there exists C > 0 such that for any
(x1,11), (x2,12) € Q there holds:

W (WU G2 12) = W UG )] £ C (12 =il 41— n'2) . (482)

Then for any x € Al (n € N fixed) and for any s € (0, T') we have
12 1/2 1
V(U)x, ) =Cls =t +9U)x,t) <C s —t|/"“ +y— . (4.83)
Set § := (ﬁ)2 Then the above inequality gives

1
VUG, s) <y —

for any x € A; and any s € (t — 6, t + ), thus the claim follows.
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(i) Fix any n € N,z € (0,7) \ F. Let A/, C  be the corresponding set
defined by (4.77). Clearly, V. (-, t) e H! (A’) and [V, (-, H)]x = Vi (-, t) almost
everywhere in €, for V,.(-, t) € H (€2). Therefore the conclusion will follow, if we
show that U, (-, 1) € L>(A!) and

/ Ur(x,t) L (x)dx = / Vo(x, 1) " (x)dx (4.84)
Al !

forany ¢ € C°(AL) (letusalsorecall that Vi, x (-, 1) = Uy (-, f) almost everywhere
in Q by (4.70)).
To this purpose, observe that
Ure,) S Y~y = 1/n)
for almost every x in the closure qu of the set A!. Since ¥ (U,)(-, 1) € H(} (RQ) <
C(Q) and v~ € C'([0, y — 1/n]), it follows that
Ur(,0) =9~ (WU 1) € C(AY).
Moreover, the function v (U, (-, 1)) is bounded away from zero in Aﬁl, hence
1
———(, 1) € C(A}) € L®(A)).
v'(Ur)
Since [y (U,)], (. 1) € Hj (), by the very definition of the functions Uy, Vy.y in
Remark 4.2 (in particular, see (4.70)) we obtain
[v (U]
()

It remains to prove (4.84). To this purpose, fix any ¢ € C°(A!) and choose
= &(n) > 0 as in (i) above, so that (4.81) holds. Then by Proposition 4.8
U}’fs erx € L2(Q,t¢) and

Uy = Vxx in L2(Q"). (4.86)

Viex (o 1) = Upy (-, 1) = ==L (-, 1) € L2(A}). (4.85)

In particular, using (4.65) there holds

1 [ItR [v( ,) | [rHR )
ﬁ/t—R /Ar A s)C(x)dx:ﬁ/t_R ds/A;V,(x,s); (x) dx

(4.87)

forany R € (0,6) and ¢ € C°(AL).
The left-hand side of the above equality can be rewritten as follows:

il / o
£(x)
d U,
/ s/ VUL ey

4R ) ()
Uy ,5)dx.(4.88
/A’i V(UH]x,s) [ WU)]x, 1) [¥(Un], (x, 5)dx. (4.88)
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Since Q! C A,,, arguing as in the proof of (4.85), we have

n —

213 00 t
oy € C@ S L@,

In particular, the function 1/ ¥'(U,) is uniformly continuous in the compact set
Q! Hence for any € > 0 there exists 0 < o, < & such that for any x € A, and
s € (t — 8, t + 8) there holds

H/\

1 1
‘[1//(0,)]@, n o [WWwn]e.s)

whenever |s — 7| < oc. Hence for any R sufficiently small

1 t+R
ey
R Ji—r Al

1 t+R
ge—/ ds/ [v(UN],(x.9)5 ()] dx

4O 150
[v'U)]x.5)  [vWU)]&x. 1)

)], (. 9)] dx

<e—/ / [¥ W], (x. 9)¢)] d.

By (4.80) and the arbitrariness of €, letting R — 0 in the above inequality gives

1+R
lim — / ':(x) I 15) 0], (x, 9| dx =0.
R—02R a [V U], [¥U] &, 1) ‘
(4.89)
Moreover, the function ¢ := —L0_ belongs to C.(Al) < C(R2). Therefore

[v'@wn]cn
by (4.79), (4.88) and (4.89) we have

[v U],
I%Lnoﬁ/ /A' I/I(U) S)C(X)dx=/A§1Urz(x,t)C(X)dx

(see (4.70)). On the other hand, by (4.78) we also have

1 VA 1
Iygloﬁ ds/ Vi(x,s)¢ (x)dx—/A Vi(x,t)¢"(x)dx.

Then letting R — 0 in equality (4.87) the conclusion follows (see also (4.85)). O
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5. Proof of Entropy Inequalities

To prove Theorem 2.4 we need the following result.

Proposition 5.1. Let G be the function defined by (2.15), with g € cH([0, p(a)])
g0) = 0. Then G(U,) € C(Q). Moreover, if g = 0 in [0, Sg] for some
Se € (0, p()), then

@) G(UKj) — GU,) almost everywhere in Q, {k;} being the sequence
mentioned in Proposition 3.6;

(i) [G(UN), € L*(Q) and
[GWU,)], = g@U,)) Uy almost everywhere in Q, 5.1
where U,; is the function defined in Remark 4.2. Moreover,
[GWUN): — [GW], in L*(Q). (5.2)

Proof. For almost every (x, ) € Q we have
o o0
|G (Ur(x,1))| §/0 lg(p(s)ldx = IIg/Iloo/O @(s)ds < oo,

since ¢ € L' (R) by assumption (Hj)-(i). Therefore, G(U,) € L*°(Q). By Theo-
rem 2.1-(ii) the function

. GUy) inQ\S.
G(x, 1) = / 2(o(s))ds inS (5.3)
0

is a continuous representative in Q of G (U,), again denoted G (U, for simplicity
(recall that |S| = 0 and G is continuous by definition).

Claim (i) follows from (3.48), (4.3) and the continuity of G. To prove (ii), let 0 <
51(Sg) < 52(8g) denote the roots of the equation ¢(z) = S, with S, € (0, p(@)).
Set

Ee :={(x.1) € Q| Uy, (x.1) < 52(Sg)} .

Since g = 01in [0, S,], we have

g((p(UKj))UKjl in EKj,
0 otherwise.

[G(UKj)]t = I

Therefore [G (Uy;)], € L*(Q) (recall that U,;; € L*(Q) by definition) and

//Q [GU)],¢ dxdt://E | [G(U)],¢ dxds (5.4)

for any ¢ € L%(Q).
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We shall prove the following

Claim There exists n € N (possibly depending on g) such that E,.; < Ay, for any
j € N sufficiently large, A, being the open set defined in (4.60).
Since

o Uk — Uy in L%(A,) by (4.67) (see also Remark 4.2),

@(Uk;) — ¢(Uy) uniformly in A, (see Remark 4.1),
g is continuous,

the above Claim and equality (5.4) imply claim (ii). Hence the conclusion follows.
It remains to prove the Claim. To this purpose, observe that by assumptions

(Ap)-(1), (ii)

E; = (1) € Q| ¥, (U (. 1) < i, (52(S))}
Ve, (52(Sg)) — ¥ (52(Sy)).

Therefore there exists ¥ > 0 such that for any «; < &

Vie; (52(Sg)) = ¥ (52(Sg)) + o,

where o 1= w . Hence

E; S{x.1) € Q| ¥; Ue))(x, 1) < ¥(52(Sg) + 0} (5.5)

for any k; < . On the other hand, since by (3.44) and (4.3)
Vi, (Ue;) = ¥(Uy) in C(D),
there exists £ > 0 such that for any k; < & and any (x,t) € Q
Vie; (U, (x,0)) Z ¥ (U (x,1) — 0.

Therefore by (5.5)

E, S{(x.0) € Q| ¥ (W) (x.1) =0 < Y(s2(S,) + 0} (5.6)
for any «; < min{i, &}. It is easily checked that for any n > [ 5|

{,0) € QY WU, 1) —0 < Y(52(Sp)) + 0} C Ay (5.7)

Then by (5.6)—(5.7) the Claim follows. This completes the proof. 0O
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Now we can prove Theorem 2.4.

Proof of Theorem 2.4. It follows by Proposition 5.1 that G(U,) € C(Q). Let us
prove inequalities (2.16), assuming first g = 0 in [0, S,] for some S, € (0, p(@))
(steps (i)—(iii)). This assumption will be removed in step (iv).

(1) Let F € (0,T), |F| = 0, be the set considered in Proposition 4.10. Fix
any 7 € (0,T)\ F and any g € C'([0, ¢(e)]) such that g’ > 0, g = 0in [0, Sel
for some S, € (0, ¢(a)). Then g((U;))(-, 1) € C(Q) (see Remark 2.1) and there
holds:

supp g(@(U,) (-, 1) € {x € Q| p(Un)(x, 1) = Sg}

C{x e Qo) (x,1)>8/2} S {xeQ Y WU,)(x, 1) <P (52(S¢/2))}  (5.8)
(where 52(S,/2) is the second root of the equation S;/2 = ¢(z), S, € (0, p(@)));
here we have made use of the equality ¢(U,) = 0 on 92 x (0, T') and of the proper-

ties of the functions ¢, . Since ¥ (s2(Sg/2)) < v, by the continuity of ¥ (U ) (-, t)
in €2 there exists n € N such that

{x e QYU 1) < P(52(Sg/2)} € A (5.9)

From (5.8)—(5.9) we obtain supp g(¢(U,) (-, t)) € AZ, thus g(p(U)U;+ € L%(Q)
by Proposition 4.10.

(ii) Let V,., be the function defined in Remark 4.2. Arguing as in (i) above,
using (4.75) and the boundary condition V,(-,#) = 0 on 9%, it is similarly seen
that

supp g(V, (. 1)) € A}, (5.10)

for some ng € N sufficiently large. Then, since V, € H Z(AZ) and [V, (-, )]xx =
Viexx (-, 1) almost everywhere in A, for any n by Proposition 4.10, the function

Fo(x) = gWVr(x, ) Vixx (-, 1) for x € A;g
=00 forxeﬁ\Aﬁg

belongs to the space L%(£2); moreover, a standard calculation shows that for any
n € Hy(RQ)

/Q {evee )0 @) Via e ) 4000 g (Vo) VA0 | e
= —/ n(x) g(Vr(x, 1)) Vixx(x, 1) dx. (5.11)
Q
(iii) By equalities (4.76) and (5.11) we have

/Q[g(w(Ur))Urzé“](x,t)dx

[y (Up)]:

VU, 5] 1) dx

= /g2 [[g(so(Ur»—g(Vr)]
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+/Q [V Vixg](x, 1) dx

Vr - (p(Ur)
ey’ (Uy)

_/Q[g/(vr)(vrx)zé‘ +g(Vr)er§x](x»t)dx

Z‘/S2 I[g(ga(Ur)) - g(Vr)] é‘] (x,1)dx

é _A [g’(V,)(er)ZC +g(Vr)er§x](xv t)ydx (5.12)

for any ¢ as above and any ¢ € cl(o, 11; HO1 (2)), ¢ 2 0 (where we have made
use of (4.70) and of the assumption g’ > 0).

Observe that the right-hand side of inequality (5.12) belongs to the space
L'(0, T), since V, € L?((0,T); Hé (2)) N L*°(Q). Moreover, by Proposition
5.1-(ii) for any ¢ € C'([0, T]; HO1 (£2)) the map

t —> / [G(Ur) {](x, t)dx =: G()
Q
belongs to the space H 1 (0, T), with weak derivative
G'(1) = /52 [&(pU)Ur ] (x, 1) dx + /Q [GW) &]ex. 1) dx.

Integrating the above equality between 71 and tp, with 0 < 71 < tp £ T, we obtain
/ GWUp)(x, 2)¢(x, 12) dx — / GUp)(x, )¢ (x, 1) dx
Q Q

n
_ / /S2 ((@UNUnE + GUE) dxdt (5.13)
a1

for any g and ¢ as above. Combining (5.12) and (5.13) we obtain inequalities (2.16)
for any smooth, nondecreasing g such that g = 0in [0, S, ] for some S, € (0, ¢(a)).
(iv) Finally, let us remove the auxiliary assumption g = 0 in [0, Sg](S, €
(0, ¢(@))). To this purpose, fix any g € C1([0, p(a)]), g’ = 0, g(0) = 0. Choose
any sequence {g,} € C!([0, ¢(a)]) such that g, 20, g, =0in [0, S,] for some
S € (0, p(a)), and

gn— g in C'([0, p(a))). (5.14)
By the Dominated Convergence Theorem it is easily seen that
gn(@) > g(p) in L'(R), (5.15)
[G.(U)]C 1) = [GUH] 0 in L'(@) (1 €[0,TD,  (5.16)
G,(U,) = G(U,) in L'(Q). (5.17)
Moreover, we also have:
gn (V) Vix = (V) Ver in L2(Q), (5.18)

g, (V) = g (V) in L*(Q). (5.19)
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On the other hand, the above steps of the proof ensure that
/Q Gn(Up)(x, 2)¢(x, 12)dx — /Q Gn(Up)(x, )¢ (x, 11)dx
= /ttz/SZ [Gu (UG — 8n (Vi) Vixtx — 81, (Vi) (Ver)*¢ |dxdt
1

forany ¢ € C1([0, T1; H}(R)), ¢ = 0. In view of (5.15)(5.19), letting n — o0
in the above inequality the conclusion follows. O

Proof of Theorem 2.5. Consider the sequence {g,} S C'([0, ¢()]), defined as
follows:

0 if s € [0, 1/2n]
gn(s)=12ns—1 ifse (1/2n,1/n)
1 ifs € [1/n, p(a)].

Denote by I';, the function (2.15) with g = g,, namely
z
Iy (2) ;:/ gn(p(s))ds  (z € R).
0

Since I', (Uy) and ¢ (U;) are continuous in Q, and since ¥ (U,) (-, 0) = ¥ (Up,) in
2 (see Definition 2.1-(ii)), we obtain:

[T (UN](x, 0) = Ty (Uor (x))
for almost every x € €. Thus, although g, ¢ C'([0, ¢(«)]), by standard convolu-
tion arguments, writing the entropy inequalities (2.16) for g = g, and #; = 0 and
tp = T gives:

[ mawoe — v viacaar (5.20)
0
>~ [ 10 o102, 0)
Q

forany ¢ € C'([0, T1; Hj(R)). ¢ 2 0,¢(, T) =0in Q.

Since 0 < I, (U,) < Uy, U, belongs to L' (Q) and I',(U,) — U, almost
everywhere in Q, by the Lebesgue Theorem we obtain

// F,,(U,);,dxdt—>// U, ¢ dxdt (5.21)
0 0

for any ¢ as above. Moreover, there holds

12
en(Vi)Vix = [/ gn(S)dS} , (5.22)
0 x
and

8n (Vi) Vixll 200y = 1VixllL2¢0)-
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Therefore the sequence {g,,(Vr)er} is weakly relatively compact in LZ(Q). By
(5.22), since for almost every (x, t) € Q there holds

Vi (x,0)
/ gn(s)ds — V,(x,1)
0
as n — 00, we obtain
8 (V) Viy = Viy in L*(Q). (5.23)

Using (5.21) and (5.23), passing to the limit as n — oo in (5.20) gives:
] wa=viey asarz— [ vpwcwoar 62
0

forany ¢ € C'([0, T1; H}(Q)), ¢ 20, ¢(-, T) = 0in 2 (in fact, it can be easily
seen that I', (Up,) — Uy, in L' () as n — 00). Combining (2.5) and (5.24), this
gives

T
/0 (U, 1), 6, 1))g df = — (Uos, £, 0))q (5.25)

for any ¢ as above.
Let us prove (2.18), the proof of (2.17) being formally analogous. Fix any
0 < t) <t < T and consider x, € Lip([0, T']) defined as follows:

Le—n+% ifrem—-5u0+%

1 if reln+5,0—5]

f) = . 2 2

xr (1) —}(t—t—g) if re(ta—5.0+5%)
0 otherwise,

withr € (0,12 —11) suchthat [t — 5, 12+ 5] C (0, T). Forany n € Hy (), = 0,
choose n(x) x»(¢) as test function in inequality (5.25). We obtain:

1 t1+% 1 t2+%

—/ (Us(-, 1), m)qdt = —/ (Us(-, 1), mgdt.

rJu-4 rJn—%

For almost every 0 < #; < 1, < T, letting » — 0 in the above inequality gives:
(UsC 1), Mg = (Us(, 02), g

for any n as above. Then the conclusion follows. 0O

6. Proof of Regularity Results

Let us first prove Proposition 2.6.

Proof of Proposition 2.6. We shall distinguish two cases: («) U satisfies (A1), or
(B)Uy satisfies (Aj).

(o) In this case Upy = 0, Uy = Uy, € L'(Q) and ¢ (Up) € Hy (Q). Let us first
prove the following
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Claim Leto € (0,1/2]. Then Uy € HJ ().
Clearly, by standard regularization results the above Claim implies the conclu-
sion (if o € (0, 1/2]). In order to prove this, define for any x > 0

Uoe (x) = Ti /e (Up(x)),  (x € Q) (6.1)
where
s if s € [0, 1/x),
Tije(s) = [ 1k if s € [1/k, 00). 6.2)
Defining
. 1 ¥R if z €10, 9 (1/x)),
Le(@) =Ty (2) = [1/K i 2 e (Lo, v,
we also have
Uoe (x) = Ly (¥ (Up) (x)) (6.3)

for almost every x € €. Moreover, L, is Lipschitz continuous in [0, y] and
L.(0) =0 (recall that the function ¥~' e C!([0, ¥(1/k)]) since ¥ > 0
in R by assumption (H>)-(i)). By standard results on Sobolev functions, since
Y (Ug) € H(} (2), equality (6.3) and the above considerations guarantee that
Uoc € H(} (2) for any k > 0, with weak derivative
Unex = MXEK’ Ec :={x e QyWo)(x) <y (/x)}.  (64)
¥'(Uo)

Set
2o (x) == In [1 + (70,((x)] (x € Q).

Then z, € H(} (2) for any « > 0 and

] S
L= [ Woal g [ vl a+vor
Q Q 1+U0K o W(Uo) (1+U0)0+

1 -
< E/Q(HUO) [vUo)],| dx

1 1/2 5 1/2
< — ( / (14 Up)* dx) ( / [W(Uo)]xdx) (6.5)
l[ Q Q

(where we have made use of assumption (Hz’)). Since by assumption o < 1/2,
there holds

/ (14 Up)*® dx g/ (14 Up) dx £ C. (6.6)
Q Q

Then from (6.5) we obtain [|z,xll;1(q) = C for some C > 0. Since z, = 0
on 9€2, it follows that the family {z,} is uniformly bounded in W(;’l (2), thus in
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L°°(Q). By the very definition of z,, we also have ||U0,( L) < C for some
constant C > 0. Therefore, there exists & > 0 such that for any k < ik we have
Uy = UOK almost everywhere in €2 (see (6.1)). Since UOK € H (R2) for any «, the
above equality implies that Up € H (£2). This proves the Clalrn

Letus now suppose o > 1/2. Inthis case we construct a family {170,(} C H(} ()
along which the convergences in (H3)-(ii) hold. By standard regularization argu-
ments, this guarantees the existence of a family of smooth functions with the same
properties. Hence the conclusion follows in this case, too.

For any « > 0 set

U (x) := Ty 0 (Up(x))  (x € Q),

where the function 7} ;s is defined by (6.2) with 1/« replaced by 1/k%,6 > 0to

be chosen. Arguing as in the case o € (0, 1/2] shows that Up, € H(} (2) for any
k > 0, with weak derivative given by (6.4) where 1/« is replaced by 1/«. Since
001« — Up as k — 0 almost everywhere in €2, and UOK < Uy € LY(Q) for any
k > 0, there holds

Uoe — Uy in LY(Q). (6.7)

Hence
/Uo,(g“dx — (Up, ¢)g forany ¢ e C(S_Z)
Q

namely, condition (a) in (H3)-(ii) follows.
Let us address condition (b) therein. To this purpose, observe that by (6.1), (6.2)
and (6.4) with « replaced by «?, there holds

AWWMEM=L[wwﬁM§Awwm@n (6.8)

Therefore, the family {W(l?@,()} is weakly relatively compact in H& (2). Moreover,
by (6.7) for any converging subsequence {W(l?o,( DIEs {w(ljo,()} there holds

¥ (Wo,,) = ¥(Up) in Hy ().

Hence condition (b) follows.
It remains to prove condition (c). To this end, observe that by (6.4) and
assumption (H)

~ 2 2 1»ZI(IJO)
kU =K
|| Ok H HO1 () EKG w (UO)
2
§%E[wwﬂa+%W”m
1 «0
< K

2 2042
7( ) /ﬁwm> 69)
1
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Choosing 6 < 1/(o + 1), from the above inequality we obtain the convergence in
part (c) of (H3)-(ii). This concludes the proof in case (o).
(B) Assume for simplicity that

Ups =6(-—x0)  (xp € Q).

For any x > 0 set

0

I == [xo — &%, x0 + &7,

with & > 0 to be chosen. Then, since ¥ (Up,) € WOI’OO(SZ) and ¥ (U, ) (x0) = y
by the condition supp Ups € S, there exists L > 0 such that for any x € I,

¥ (Uor)(x) 2y — Lic’. (6.10)
On the other hand, by assumption (H,) we also have

1 lld_l

14
- < <y -
(1 +s)o_ = 1//(‘9) =Y

110’ PR
(I+s)°

for any s = 0. Hence by inequality (6.10) we obtain for almost every x € I,

(yr=hH'"

e = Cy 0", 6.11)

1+ Upr(x) 2
Next, for any ¥ > 0 and almost every x € 2 set

Uoric (x) 1= T g—o/a 1 (Uor (x));

B K_ze(x—x0+/c9) if x € [xo—ice,xo],

Uogic (x) := K‘29( — X +x0+ Ke) if x € (xg, x0 + «7],
0 otherwise;

Uok (x) 1= Ugye (x) + Upsic (x)

(@ > 0 to be chosen).

As in the above case (@) we have 170”( € HO1 (R2) and 00s,( = 0 on 9%2, thus
l}os,( € HO1 (R2), for any « sufficiently small. Let us show that the family {UOK}
satisfies the convergences in (H3)-(ii). Arguing as in (6.7), by the definition of the
family {Ups ) there holds

Uore — Uy in L'(Q), (6.12)
Uose — 8(- — x0) in M(R) (6.13)

as k — 0. From (6.12) and (6.13), the convergence in (a) foljows.
Concerning (b), observe that since supp Ups, < I and Uy = Cor— 07 — 1
in I, (see (6.11)), there holds

U (Uorie (X)) Upriex (x) if x ¢ Iy,

W (Tore () + Ut () Do () if x € I, 01D

[ (Uoe)]x (x) = [
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Using (6.14) and arguing as in (6.8) we get:
~ 2 _ ~ 2 2
/Q\]K [¥ (o), dx = /Q [¥ (Uoro)]; dx < 1Y (Uor) IIHOI(Q). (6.15)
On the other hand, by assumption (Hz/) and (6.14) we have

/, [¥ (D00 dx = /1 [¥' (T00)] (Tosicx)? dx

1 ~ ~ _
< Kw 3/20'2(1 + Uore + UOSK) 2(U+l)dx
1,

K

2 202 xo+«? B
< VTo/ (Cok ™17 41~ 4 k=P xg — = 20x) 2o+ g,
K o

C 2yt | 1 | e
_(20‘+1)K20|_(C0K79/(r)2‘7+1 (Corc=017 + i )2(7+1 = Ck?7(6.16)

for some C > 0. By (6.15) and (6.16) the family {W(l}o,()} is uniformly bounded
in HO1 (€2), hence the convergence (b) follows. To prove (c), observe that by (H,),
arguing as in (6.9) we obtain

- ) K2 2042
K “UOrK ”HOI(Q) é ? (KQ/U) / [w(UOr)

and
K2|| 00&/( ”i]& «@ = K2</I (00s1(x)2 dx = 2>,

Choosing 6 < min {o J(o+1),2/ 3} the convergence (c) follows. This completes
the proof. O

Now we can prove Proposition 2.7.

Proof of Proposition 2.7. (i) = (ii) Obvious.

(ii) = (i) The same proof of the Claim in the proof of Proposition 2.6 shows that
Uor = UOK for some k¥ > 0, where UOK = T/ (Uor) (k > 05 see (6.1)). Hence
Uor € H (£2), and

1
max [ (Uo,) | (x) = ¥ (:) <.
xeQ K
Hence
So=9 = suppUps = 0.

Therefore Uyg = 0, thus the conclusion follows. 0O
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Let us prove Theorem 2.8.
Proof of Theorem 2.8. Arguing by contradiction, and using the continuity of
¥ (U,) in the rectangle Q (see Remark 2.1), let there exist (xg, #p) € O, > 0

such that
Y (Up)(xo, t0) =y

(observe that ¥ (Uy)(x, 0) = ¥ (Up(x)) < y forany x € Q, since Uy € H(} (RQ)).
Observe that by the continuity of ¥ (U;) in Q and by Definition 2.1, for any € > 0

there exists #; € (0, T') such that
U (Up)(x0.11) 2 y — €, (6.17)

and
V(U 11) € Hy ().
Then the argument used to prove the Claim in the proof of Proposition 2.6 shows

that
Uy (-, 11) = Ty (Ur (-, 1)),

where

=1L

1| =

1/2 1/2
= exp [11—1 (/ 1+ Ur(x, tl))dx) (/ [1//(U,)]§(x, tl)dx) } -1
Q Q

< exp {1171 1+ UO”M(Q) + lfl ||W(Ur)||LOC(o,T;HOI(Q))} -1
(see (6.5)). Hence U, (-, 1) = ¥~ (Y (U) (-, 11)) € H} () and
max [y (Un)(x. 1] S v (L) < —e

for any € > 0 sufficiently smgll. From the contradiction (see (6.17)) we have
S = P—hence Ug; = 0 in M(Q) by (2.4)—and claim (ii) follows. Claim (i) is a

consequence of (2.19), since
WUy < ¥~ (r*) < oo

Concerning (iii) observe that, since ¥ (U) = ¥ (U,) € L*°((0, T); HOl (2)) (see
Definition 2.1) and /' is strictly positive on every bounded subset of R,

UGl o, = | (v @]}
1U( )”L ((()’T))HOI(Q)) 4 {[10( )]( )} LOO((O,T);HOI(Q))

1
I[w@]c. t)”LOC(((),T);H(}(Q)) sC.

A

minse[o’w—l(y*)] '(!//(S)
Since U € L*°(Q) and [y (U)], € L*((0, T); Hy(R)), it is similarly seen that

U, € L*((0, T); HOl (£2)). This completes the proof. O
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Let us finally mention the following result. The proof is analogous to that of
Theorem 2.1 and Proposition 4.1, thus we omit it.

Proposition 6.1. Let 1 € M1 (Q) and v € C®(R) satisfy assumption (H,). Let
there exists a family {j,.} € C°(R), i, = 0(k > 0), such that as k — 0

V() = ¥ (wy) in Hy (), (6.18)

/QMK(X)(()C)dx = (. 8)g (6.19)

forany ¢ € C(Q). Then:

O v € Hy(:
(ii) the set S* = {x e Q| [W(/Lr)](x) = y} is closed and has zero
Lebesgue measure;
(iii) supp us S S*;
(iv) pr € C(Q\ SM).
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