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Abstract

We study rates of convergence of solutions in L? and H'/? for a family of
elliptic systems {L.} with rapidly oscillating coefficients in Lipschitz domains
with Dirichlet or Neumann boundary conditions. As a consequence, we obtain
convergence rates for Dirichlet, Neumann, and Steklov eigenvalues of {L.}. Most
of our results, which rely on the recently established uniform estimates for the L?
Dirichlet and Neumann problems in KENIG and SHEN (Math Ann 350:867-917,
2011; Commun Pure Appl Math 64:1-44, 2011) are new even for smooth domains.

1. Introduction

Let u, € H'(Q) be the weak solution of L.(u;) = F in Q subject to the
Dirichlet condition u, = f on 92, where F € L*(Q), f € H'/2(3) and £, =
—div[A(x/e)V]. Assuming that the coefficient matrix A(y) is elliptic and peri-
odic, it is well known that u, — ug weakly in H'(€2) and strongly in L?(),
where ug € H'(Q) is the weak solution of the homogenized system Lo(ug) = F
in Q2 and ug = f on 9<2 (see for example [4]). The same holds under the Neumann
boundary conditions gb‘: = 3%8 =g € H_I/Z(BQ) with <g, 1> = —fQ F, if
one also requires fQ Ug = fQ ug = 0. The primary purpose of this paper is to
study the rate of convergence of [us —uoll;2(q). as € — 0, in a bounded Lipschitz

domain © C R?. As a consequence, we obtain convergence rates for Dirichlet,
Neumann, and Steklov eigenvalues of L. Most of our results, which rely on the
recently established uniform regularity estimates for the L? Dirichlet and Neumann
problems in [14,15], are new even for smooth domains.
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was supported in part by NSF grant DMS-0700517. ZHONGWEI SHEN was supported in part
by NSF grant DMS-0855294.
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More precisely, we consider a family of elliptic systems in divergence form,

a apf (X a

We will assume that A(y) = (a?jﬁ(y)), 1<i,j<d, 1< a B < misreal and
satisfies the ellipticity condition,

w 1
wlel? < alf (ngrel < 67 fory e R and§ = &) €R™. (12)

where ;o > 0, and the periodicity condition
A(y+72) = A(y) foryeR?andz e Z%. (1.3)
We shall also impose the smoothness condition,
[A(x) —A(Y)| S 1lx — y|)‘ for some A € (0, 1) and T = 0, (1.4)
and the symmetry condition A = A*, that is, af}ﬁ(y) = aff‘(y) for1 <i,j<d
and 1 £ o, 8 < m. Wesay A € A(u, A, 7) if it satisfies conditions (1.2), (1.3)

and (1.4).
The following are the main results of the paper.

Theorem 1.1. (Dirichlet condition) Let 2 be a bounded Lipschitz domain,
A € A(u, A1) and A* = A. Given F € L*(Q) and f € H'(0Q), let
ue € HY(Q), & = 0 be the unique weak solution of the Dirichlet problem:
Le(ug) = Fin Qandu, = f on Q. Then for 0 < ¢ < (1/2),

llue — uoll2(q) + IM(ue —uo)ll250) = C elluoll y2(q) (1.5)
ifug € H*(RQ), and
< 3+
lue —uoll 20y < Co el @2 {IFll 2 + 1/ a1 e}

3
M — MO)||L2(3Q) S Coel ln(8)|2+a {||F||L2(sz) + ||f||H1(aQ)}

forany o > 0.

(1.6)

Theorem 1.2. (Neumann condition) Let 2 be a bounded Lipschitz domain,
A € A(u,r,7) and A* = A. Given F € L*(Q) and g € L*(dQ) with
JoF+ ;08 =0, letu, € H'(Q), & = 0 be the unique weak solution of the

Neumann problem: L.(us) = F in Q, 8—':; = g on 02 and fQ ues = 0. Then for
0 < & < (1/2), estimate (1.5) holds if ug € H*(R), and

1
lue — uoll 20y + lue — uoll 200y < Co ln@2 {IIFll 20 + I8l 1200}

3
M — MO)”LZ(BQ) < Gy elIn(e)[2* {||F||L2(Q) + ||g||L2(39)}
(1.7)

forany o > 0.
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Here and thereafter M denotes the radial maximal operator (see Section 2 for
its definition). Note that estimates of M (u; — ug) in L?(32) in Theorems 1.1-1.2
imply, in particular, the convergence of u, to ug in L*(S) uniformly for any “par-
allel boundary” S of Q2. Also observe that in the case F' = 0, estimates (1.6)—(1.7)
give
% +o

llue — ”0||L2(Q) = Co ¢|In(e)| ||“0||H1(a§z), (1.8)

forany o > 0. The estimate of u; —ug in L? (£2) by ug and its first-order derivatives
is anatural question in the theory of homogenization (see [ 10] for a two-dimensional
result). It is not known whether the logarithmic factor in (1.8) is necessary, even
for smooth domains.

We now describe the existing results on L? convergence and our approach to
Theorems 1.1-1.2. For the scalar equation (m = 1) with the Dirichlet condition, it
is known that

lute = uoll 2@ < Ce {IV2u0l 2@y + I Vuto Lo | (1.9)

holds without any smoothness or symmetry condition on A(y) or smoothness of €2.
To see this, one considers

we(x) = ug(x) —up(x) —ex(x/e)Vuo(x) in , (1.10)

where x (y) is the matrix of correctors for L. Let w (x) = 60, (x)+z.(x), where 6, is
the solution to the Dirichlet problem: £.(0;) = 01in Q and 6, = —ex (x/&)Vug on
aQ2. It follows from the energy estimates that ||z£||H(} @ < Cg||V2u0||Lz(Q) (see
[4,12,19] or Remark 3.7 below). This, together with the estimate [|0;]/ L) <
Cel|Vug|l L= (s5) obtained by the maximum principle, gives (1.9). For more recent
work on error estimates for scalar equations with the Dirichlet condition u, =up =0
on 02, we refer the reader to [5,8,9,21]. In particular, it was proved by GRISO in
[9] that [[us — uoll12(q) < Cel|Fll2(q), where u, € HO1 () and L. (u,) = Fina
C! domain Q.

For elliptic systems in a C Lo domain with A € A(u, A, ), the uni-
form estimates in [1,2] for the L? Dirichlet problem imply |6, L2 <
CellVuoll 290y = Celluoll g2(q)- It follows that

lue — MO||L2(Q) = ||Za||L2(§z) + ||98||L2(Q) + C8||VM0||L2(Q) = C8||”0||H2(Q),

as noted in [19]. Using the recently established uniform L? estimates in [15], in
the presence of symmetry (A = A*), we extend this result to the case of Lipschitz
domains in Section 3, where we in fact prove that

172
||M(we)||L2(asz) + ||we||H1/2(Q) + [/Q |Vwe(x)|28(x) dx] = CS””O”HZ(Q),
(1.11)

where 8 (x) = dist(x, 02) (see Theorem 3.4), and deduce (1.5) as a simple corollary
of (1.11).
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The proof of (1.6) is more involved than that of (1.5). Note that with boundary
data f €e H 1(3%2), one cannot expectug € H 2(Q). Furthermore, if 2 is Lipschitz,
1o may not be in H?() evenif F and f are smooth (it is known that ug € H32(Q)
[11]). To circumvent this difficulty, our basic idea is to replace u¢ in (1.10) by a
solution v, to the Dirichlet problem for £y in a slightly larger domain: Lo (v.) = F
in 2, and ve = f. on 92, where €2, is a Lipschitz domain such that 2, D €2 and
dist(0€2¢, 02) & ¢. Also, F an extension of F' and f,(Q) = f(Ag_l(Q)), whege
Ag : 92 — 0 is bi-Lipschitz map. Let w, = u, — v, —ex (x/8)Vve = Z¢ + e,
where 55 solves

L:0:)=0 inQ,
[ (€2 . (1.12)

(75 =f—v.—ex(x/e)Vv, on 2.

The desired estimates of & follow from the estimates for the L2 Dirichlet problem
in [15]. To handle Z;, one observes that £, (Z;) = e div(h,) in Q and 7, = 01in 92,
where |h,| < C|V2v,] in Q. Using weighted norm inequalities for singular inte-
grals, we are able to bound [|Z¢ || ;2(q) and [|M(Ze) [l 125 as well as [[Z¢ [l g12(q)
by

172
Ce [/Q V20 ()28 (X)a (8 (x)) dix = Celln(e)|2 {||F||L2(sz)+||f||H1(asz)},

for suitable choices of a’s, where ¢, (1) = {ln(} + e“)}a. See Section 4 for details.

Very few results are known for the convergence rates in the case of the Neumann
boundary conditions. By multiplying by a cut-off function the third term in the right-
hand side of (1.10), one may obtain an O (/) estimate of ||u, —ug|| 12(q)- regardless
of the boundary condition [4,12]. As far as we know, the only other known results
are contained in [9,20], both of which deal with the scalar equation £, (1) = F in
Q with g%i = 0 on 9€2. In particular, the estimate |lu, — uoll;2(q) < CellFll g2 )
was proved in [20] for curvilinear convex polygons €2 in Rz, and in [9] for C!:!
domains with no smoothness condition on A(y). In Section 5 we prove estimate
(1.5) in bounded Lipschitz domains in R?, d > 2 for the Neumann boundary con-
ditions. The proof uses an explicit computation of the conormal derivative ‘

68155 on
9 and relies on the uniform estimates for the L? Neumann problem in [14,15].
The proof of estimate (1.7), which is given in Section 6 and also uses estimates for
the L? Neumann problem in [14,15], is similar to that of (1.6). It is interesting to
point out that in this case the function v, which replaces uq in (1.10), is a solution
to the Dirichlet problem for Ly in 2., with boundary data given by a push-forward
of uplaq.

By a spectral theorem on collectively compact operators [12,22], the L? error
estimates of u, — ug in Theorems 1.1-1.2 lead to error estimates for eigenvalues
of {L£.}. For ¢ 2 0, let {,ulg } denote the sequence of Neumann eigenvalues in an
increasing order of {£,} in 2. We will show in Section 7 that | ,u]g — u16| < CreifQ
is C11 (or convex in the case m = 1), and Wg - ,u§| < Cro €l ln(e)|%+" for any
o > 0if Q is Lipschitz. The same holds for Dirichlet and Steklov eigenvalues. To
the best of the authors’ knowledge, only results for Dirichlet eigenvalues in smooth
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domains [12,19] and Neumann eigenvalues in a two-dimensional curvilinear con-
vex polygon [20] were previously known (see [16,17,23,24] for related homoge-
nized eigenvalue problems).

Finally, in Section 8, we prove several weighted L? potential estimates, which
are used in earlier sections, for the operators {L£.}. Our proofs use asymptotic esti-
mates of the fundamental solutions for £, in [3] as well as some classical results
from harmonic analysis.

The summation convention is used throughout this paper. Unless otherwise
stated, we always assume that A € A(u, A, 1), A* = A, and Q is a bounded
Lipschitz domain in R?, d > 2. Without loss of generality we will also assume
that diam(€2) = 1. We will use C and ¢ to denote positive constants that depend at
mostond, m, i, A, T and the Lipschitz character of <.

2. Uniform Regularity Estimates

In this section we recall several uniform regularity estimates for {£}, on which
the proofs of our main results rely. We also give definitions of the non-tangential
maximal function and radial maximal operator M.

Let u, be a weak solution of £, (u;) = 0 in Q. Then if B(x, 2r) C £,

C
Ve (x)] = AT g, lue(y)ldy. 2.1
X,r

This uniform gradient estimate was proved in [1] (the symmetry condition A* = A
is not needed for this). Let I’z (x, y) = (F?ﬂ (x, y)) denote the fundamental solu-
tion matrix for £, in R, with pole at y. It follows from the gradient estimate (2.1)
that |Te (x, )| < Clx — yP~%, [VaTe(x, )| + [VyTe(x, y)| < Clx — y|'~¢ and
[ViVyTe(x, y)| < Clx — y| = (see [3]).

For a function « in a bounded Lipschitz domain €2, the non-tangential maximal
function (1)* on 92 is defined by

w)*(Q) = sup{|u(x)| :x € Qand |x — Q| < Codist(x, BQ)}, (2.2)
where C¢, depending on d and the Lipschitz character of €2, is sufficiently large.
Theorem 2.1. Let f € L*(32) and u, be the unique solution of the L* Dirichlet

problem: Lq(ug) = 0in Q, us = f non-tangentially on 32 and (uz)* € L*(3).
Then

1/2
ue) I L2ag) + Nuell i) + i/ |Vus(x)|25(x)dx] = Cllf 20
Q

(2.3)

where §(x) = dist(x, 9Q). Furthermore, if f € H'(9S), the solution satisfies the
estimate ”(Vug)* ”LZ(dQ) g C”f”H](dQ)
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Proof. The non-tangential maximal function estimate || (u,)™*|| L2(0Q) < £l L2009)
in Lipschitz domains was proved in B. DAHLBERG (1990, personal communication)
form = 1 and in [15] for m = 1. In the case of smooth domains, the estimate was
obtained earlier in [1,2]. The proof of [|(Vue)* |l 250 < Cll fllg1 () may be
found in [14] for m = 1 and in [15] form = 1.

It was also proved in [15] that the solution of the Dirichlet problem with bound-
ary data f in L2(9<) is given by a double layer potential D, (g, ), where the density
8e satisfies [[gell 1250 < Cll fllL2(3)- This, together with Proposition 8.5, gives
the square function estimate in (2.3),

1/2
[/Q IVug(X)|25(X)dX] = Cligellizon) = Clfl2oo)-

Finally, the estimate |[u¢ || g71/2(q) <ClIfI 12(35) follows from the square function
estimate by real interpolation (see for example [11, pp. 181-182]). O

The next theorem was proved in [15] (the case m = 1 was obtained in [14]).
We refer the reader to [13—15] for references on L? boundary value problems in
Lipschitz domains in non-homogenized settings.

Theorem 2.2. Let g € L*(dS2) with fasz g =0. Letu, € H'(Q) be the unique (up
to an additive constant) weak solution of the L? Neumann problem: L¢(ug) = 0in
Q, ‘37 =g on Q. Then | (Vue)* |l 200) = Cllgl2p0)

The radial maximal operator. Given a bounded Lipschitz domain 2, one may
construct a continuous family {€2;, —c < t < ¢} of Lipschitz domains with uni-
form Lipschitz characters such that Q¢ = €2 and Q, C Q forr < 5. We may
further assume that there exist homeomorphisms A; : 92 — 0€; such that
Ao(Q) = Q, [A(Q) — As(P)| ~ |t —s| +|P — Q| and |A;(Q) — A(Q)] =
Codist(As(Q), 092;) for any t < s (see for example [26]). For a function u in €,
the radial maximal function M (u) on 9€2 is defined by

M@)(Q) = sup{|u(At(Q))| T —c<t< 0}. 2.4)

Observe that M(u)(Q) < (w)*(Q) and if S C Q is a surface near 92 and
obtained from 92 by a bi-Lipschitz map, then [[u| ;2 g, < CIM@)| 12
Also, note that [[ul|;2q) + M)l 20) < Cll@)* |l 25> and the converse
holds if u satisfies the interior L estimate |ullpop) = C|ZB|_1||u||L1(2B)

for any 2B C Q. In particular, if L.(ue) = 0 in Q, then |[(ue)*||200) ~
luellp 2y + M@l 1256)-

3. Homogenization of Elliptic Systems

Let L, = —div(A(x/e)V) with A(y) satisfying (1.2)—(1.3). The matrix of
correctors x (y) = ( X;.xﬂ (y)) for {L.} is defined by the following cell problem:
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0 0
|:aa’3+aw (ijﬂ)i|=0 in]Rd, a=1,...,m,
k

3yz ik ay
Xl.ﬁ(y) is periodic with respect to Z¢, (3.1
/ X dy =0,

Y

foreach 1 < j <dand1 < B < m, where Y = [0, 1)? ~ R?/Z?. The homoge-
nized operator is given by Lo = —div(AV), where A = (&?jﬂ ) and

~off 9 B
Q" =/IV[ el o (x/ )} dy (3.2)

(see [4)).
Lemma3.1. Let F = (Fy,..., F;) € L*(Y). Suppose that [, F;jdy = 0 and
div(F) = 0. Then there exist w;; € H'(Y) such that w;j = —wj; and Fj = %L‘f_j.

Proof. Let f; H?(Y) be the solution to the cell problem: Afj=F;jinY, fjis
periodic with respect to Z¢ and fY fjdy = 0. Since div(F) = 0, we may deduce
that 8f L is constant. From this it is easy to see that

afj i
Wij = 7 — 7
dyi 9y
has the desired properties. O
Let
P =ail —af ) af ()5~ ( 7. (3.3)

It follows from (3.2) and (3.1) that

d
/YGJZ.)‘]ﬁdy:O and a—yi(cb?jﬂ)—o in R%

B . . L
Hence we may apply Lemma 3.1 to CD?j (y) (with «, B, j fixed). This gives

,‘:5 e H'(Y),where 1 < i,j,k <dand1 £ «, B < m, with the property

that

af 0

B B B
o _ﬂ{\y’?‘j} and W7 = 07 (3.4)

kij — ikj*

Furthermore, it follows from the proof of Lemma 3.1 thatif x € W7 (Y) for some
p > d or x is Holder continuous, then ¥ € L°°(Y).

The next lemma is more or less known (see for example [12, Chapter 1] for the
case m = 1 and v, = ug). We provide the proof for the sake of completeness.



1016 CARLOS E. KENIG, FANGHUA LIN & ZHONGWEI SHEN

Lemma 3.2. Let u% € H'(Q), v¥ € H*(Q) and

B
w(x) = u(x) — 1% (x) — ex” e (3.5)
where 1 < a < m. Suppose that L (ug) = Lo(ve) in Q. Then
(Lown)® = o= BT (/) at (3.6)
w =e— .
e 0x; ”k 0x;0xk
where
b () = Vi) +ajf P o) (3.7
and \11;‘1.7; (y) is given in (3.4).
Proof. It follows from the assumption L. (1) = Lo(v,) that
d ~af B v 0 B 0 B
(Ee(ws))a = Ton [[a?j 5 (x/e )] j ] + o [a?j (x/s)a[xky(x/e)]

8”Ey]Jrii B esent” (u/e) y}
Xaxk 88,~ x/€)x; x/sa o

_ 9
= "9

where the periodic function CID?ky (y) is given by (3.3). Using the first equation in
(3.4), we obtain

oo (oo g |
e AN (x/s)8 -

« 92 7
(Ee(wa)) = —¢ 930, [ ]
0 af 8y 920!
+88_xl-[( jzk(X/s)+a (x/e)xy " (x/e )) 9% 051 } (3.8)

By the second equation in (3.4), the first term in the right-hand side of (3.8) is zero.
This gives the equation (3.6). O

Remark 3.3. Under the assumption A € A(u, A, 1), it is known that Vy is
Holder continuous. This implies that VW*”

ijk
5’2, buk € L®°(Y). Furthermore, ||‘I’,]k||oo + ”szk”OO is bounded by a constant

depending only on m, d, ¢, A and 7. Note that in the scalar case (m = 1), the
correctors xi are Holder continuous by the De Giorgi-Nash estimate. This implies
that W; i, b; i are bounded.

is Holder continuous. In particular,

Fix F € L>(Q) and f € H'/?(3Q). Let ug, up € H'(Q) solve

Le(ug)=F inQ, and [Co(uo):F in Q,

us = f on 092, ug = f on 0€2, (3.9)

respectively.
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Theorem 3.4. Let Q2 be a bounded Lipschitz domain. Suppose that A € A(u, A, T)
and A* = A. Assume further that ugy € H2(Q). Then

1/2
||M<wg>||Lz(m)+||wg||Hu2(Q>+[ / IVwe ()28 def < Celluoll gy,
Q

(3.10)

B
where wg (x) = uZ (x) — ug (x) — axgﬁ(x/a)g% and §(x) = dist(x, 0K2).
Observe that
lue — uollz2(q) + IM@e —uo)ll 2250

= lwellp2g) + IMWe)llL29g) + Ce {||VMO||L2(Q) + ||M(VMO)||L2(39)}
= ||w8||L2(Q) + ||M(ws)||L2(agz) + C8||M0||H2(Q)’ (3.11)

where we have used the fact that | M(Vuo)l 1250 < Clluol| H2(©)> Which follows
from the estimate (8.15).
As a corollary of Theorem 3.4, we obtain the following.

Corollary 3.5. Under the same assumptions as in Theorem 3.4, we have
lue — uollL2(q) + IM(ue —uo)ll250) = Celluoll pg2(q)- (3.12)

Proof of Theorem 3.4. We first observe that by (3.6), w, satisfies

2.7
{Le(we)}” NS [bf;g(x/e) 97 ] in €,

0x; 0x;0Xx
’ JO (3.13)
op Bug
wy = —&x; (x/s)a—xk on 0L2.
Let w = 0, + z., where
{£:00} =0 ing,
B (3.14)
0
6% = —gx,f‘ﬂ(x/e)alm‘j on 99,
and
9 3%ul
L Y =e— 1077 0 in Q,
{£ezo) “ox [ ik /) oxjoxc [ (3.15)

ze € HY(Q).

To estimate 6., we apply Theorem 2.1 to obtain

1/2
MO L250) + 10l 172y + [/Q IVQE(X)|23(X)dx] < CellVuoll 250
(3.16)
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Since bf?,/( € L%(Y), by the usual energy estimates, we have lzell g <
CellV2uol 12(q)- Thus,

1/2
||M<za)||Lz(aQ>+||zs||Huz<Q)+[ / IVze@)[P8(x)dx < Cel|Vuoll 2q)-
Q

(3.17)

Since [|Vuoll 250 < Cllugl| H2(Q)» the desired estimate (3.10) follows from (3.16)
and (3.17). This completes the proof of Theorem 3.4. 0O

Remark 3.6. Let 2 be a C1® domain in R?. As we mentioned in the Introduction,
the estimate [lus—uoll 2 (q) < Cellugl| H2(q) Was proved in [19], using the estimates
for the L? Dirichlet problem in [1,2]. Let 6, and z, be given by (3.14) and (3.15)
respectively. It follows from [1, Theorem 3] that [|6; || L) < CellVuollLe@e)-
In view of (3.15) we have

|ze ()] = CS/Q IVyGe(x, ) [V2uo ()] dy, (3.18)

where G.(x,y) denotes the Green function for £, in Q. By [1] we have
IVyGe(x, y)l < Clx — yll_d. It follows from (3.18) and Holder inequality that
lzellLo@) = Cp £||V2uo||Lp(Q) for any p > d. This gives

lue —uollLo@) = Cpelluollwzrq — forany p >d, (3.19)

where we also used the Sobolev imbedding ||Vu0||c(§) < Cplluollw2.r(q) for
p>d.

Remark 3.7. For scalar equations (m = 1) with bounded measurable coefficients,
since b;jx € L*°(Y), the estimate ||z, IIH(}(Q) < C£||V2uo||Lz(Q) continues to hold.
This, together with ||6; || L) < Cell0; |l L~ (5e) obtained by the maximum princi-
ple, gives the estimate (1.9).

4. Dirichlet Boundary Condition

Let Q2 be a bounded Lipschitz domain. Let 2, D Q2 and A, : 9Q2 — 92, be
defined as in Section 2. Given f € H'(32) and F € L*(), let v, € H' () be
the weak solution of

[Lo(vg)zf in Q,, @1

Ve = fr on 082,

where F = F in Q and zero otherwise, and f.(Q) = f(A;'(Q)) for O € 9%.
The goal of this section is to prove the following.
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Theorem 4.1. Let Q2 be a bounded Lipschitz domain. Suppose that A € A(u, A, T)
and A* = A. Let

vi
8xk ’

w? (x) = u (x) — ul (x) — ex (x/e) (4.2)

where v, is given by (4.1). Then, if 0 < & < (1/2),

lwell 2@y < Celln@I* {IFll 2@ + 1 flgoey}s  foranya >1/2, (4.3)

IMwe)ll 290 S Celln@” {I1F I 2 + 1 f ey} foranya > 3/2,
4.4)

and

1/2
IstIIH1/2<Q)+[/QIVwe(x)IZS(X)dx] / S Cellnel {IFll 2+ flla oo}
4.5)
where C depends only on u, A, T, d, m, a and 2.
As a corollary, we obtain the following convergence rates of u; to uq in L>.

Corollary 4.2. Under the same conditions as in Theorem 4.1, we have

1
lue — MO”LZ(Q) = Ce| ln(8)|2+o {||F||L2(Q) + ||f||H1(aQ)}, (4.6)
3
M — uo)llz2v0) < Ce|lng|2™° {||F||L2(Q) + ||f||1-11(agz)}, 4.7)
forany o > 0.

Without loss of generality we shall assume that || F|;2(q) + | fl g1 (9g) = 1 in
the rest of this section. We begin with an estimate on V.

Lemma 4.3. Let v, be defined by (4.1). Then

1/2
IMe(Vo)llr2pa, + Vel gir2g,) + i /Q V20 (0)[* 8 (x)dx | = C,
where 8, (x) = dist(x, 0Q2,) and Mg (ve)(Ac(Q)) = sup{|v8(AS(Q))| D —c <

t <e}l

Proof. Let G = 'y % F in RY, where I'y(x) is the matrix of fundamental solutions
for the operator Lo, with pole at the origin. Clearly, |G|l ;2 (Rq) < C|F| L2(Q)-
This implies that [| M (VG) |l 290,) + G n1 90, = CIFl2q)-

Next, we note that Lo(ve —G) = 0in Q2. and v, — G = f. — G on 9€2,. Hence,
by Theorem 2.1 (see [7] for operators with constant coefficients),

1/2
1(V (e —G)* I 1250, HIIV (Ve — Ol 172,y + | /Q IV2(ve — G)[?8¢ (x) dx

= Clfe = Glgpe,) =C.
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It follows that

1/2
IMe(Vooll 20, + IV Vel g2,y + [ / V20, ()28 (x) dx]
Q.

1/2
< CH IMc(VO) 1200, + IVG g, + [ /Q |VzG<x)|265(x>dx]
< C.

Remark 4.4. By Lemma 4.3 we have [|[Vve|12(q) + IM(Vve)l 1250 <C. It
follows that

lue — uoll2(q) = llwell2) + Ce,

(4.8)
M(ue —uo)ll 290 = IMWe)ll 250 + Cé.
This, together with Theorem 4.1, gives the estimates in Corollary 4.2.

Lemma4.5. Let f:(Q) = f(A;'(Q)) and ve be defined by (4.1). Then
If - v€||L2(3Q) < Ce¢ and

12

(Ve — u0)* 125 + llve — uoll g1r2(q) + [/ IV (ve — 1) |*8(x) dx] < Ce.
Q

Proof. Note that for Q € 92,

| F(Q) = ve (D) = [ve(Ae(Q)) — ve(Q)] = Ce M (V) (Ae(Q)).

This gives || f —vell2¢50) = CelMe(Vue)ll2(90,) = Ce, where the last inequal-
ity follows from Lemma 4.3. Since Lo(ve — ug) = 0in Q and v, — ug = vy — f
on 952, we may apply Theorem 2.1 (for the case of constant coefficients) to obtain

(Ve = u0) Il z2a02) + Ilve — woll 12y + [/Q IV (ve — uo)|25()€)(1x]1/2
= Clve = fll2pg) = Ce.
This completes the proof. O
Let ¢4 (1) = {In(} + e}
Lemma 4.6. Let W, € HY(Q) be a solution of LWg) =div(h) inQand W, = g
on 92 for some h € L%(Q) and g€ HY(Q). Then

172
||W€||L2(Q) = C||g||L2(agz) +Ca [/Q |h(x)|25(x)¢a(5(x)) dx] foranya > 1,

4.9)
1/2

1/2
{/Q|vwg<x)|26(x)dx] gcngnmmw{A|h<x)|28(x>¢z(6(x)>dx| ,
(4.10)
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and

1/2
IMWoll 1200 = Cligl2pa) + Ca {/Q Ih(x)|25(x)¢a(5(x))dx] 4.11)

forany a > 3.

Proof. Let i = (hY) and
0
HJ (x) = —/ FY {ref (x, y)}h,»ﬂ(y)dy, (4.12)
Q 0Yi

where Iy (x, y) = (F?ﬂ (x, y)) is the matrix of fundamental solutions for £, in RY,
with pole at y. Note that L,(W, — H,) = 0in Q and W, — H, = g — H, on 9L2.
It follows by Theorem 2.1 that

1/2
”Wg — Hs”LZ(Q) + ”(Wg — Hg)*”LZ(aQ) + [/ |V(Wg - H8)|25(X) dx]
Q
= Cliglli2p0) + CllHell 1250

Hence,

IWellr2@) < C{llgll2p) + 1 Hell 2y} + 1 Hell 12()-
MWl 250y < C{lIgll200) + IME 200}

1/2 1/2
[ /Q |VW5|26<x)dx} §c{||g||Lz(aQ)+||Hs||Lz(m)}+[ /Q |VH8|28<x>dx]

The desired estimates now follow from Propositions 8.1, 8.2, 8.3 and 8.4. O
We are now in a position to give the proof of Theorem 4.1.
Proof of Theorem 4.1. Let
~o o o af avf o
wy = ug (x) — v (x) — &, (X/E)E = w, — (vg — Uup) 4.13)
in . In view of Lemma 4.5, it suffices to show that w, satisfies the estimates in
Theorem 4.1.
To this end, we first observe that by Lemma 3.2,
92v)

0x;j0xy

L
(Le(@e))” = e-— [b,-,-i(x/e)

], in
3)6,'

B
~ av
w“:f“—vg‘—ex,‘:ﬁ(x/s)a—); on 9.

&

Let W, = 6, + Z., where L£:(0;) = 0in 2, 0, = W, on 9L, and Z, satisfies

a 0 ay 321);/ .
(L:(3e)) :88_x,~ bijk(x/g)axjaxk in Q

Ze € HY(Q).
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To estimate 6, we apply Theorem 2.1 to obtain

- - - 172 -
11l 22 + IM Bl 1250) + {/Q |V98I25(X)dX] S Clo:ll 2 o)
= C”wsan(aQ) =C {||f - Us||L2(3Q) + 8||Vvs||L2(aQ)} = Ce,

where the last inequality follows from Lemmas 4.3 and 4.5.
Finally, we use Lemma 4.6 to handle Z,. In particular, this gives

1/2
||Zg||Lz(Q)§Cs[ /Q |v2vs|25(x)¢a(5(x>)dx] : (4.14)

for any a > 1. Note that ¢, () is decreasing and t¢, (¢) is increasing on (0, oo) for
any a 2 0. Hence, forany x € Qand 0 < ¢ < ¢,

§(X)Pa(x) = 85 (X)Pa(8e(x)) = 8e(x)Pa(e/C) = Ce(x)]In(e) |,

where 8. (x) = dist(x, 92;). In view of (4.14) we obtain
/ V20, 28 (X)$a (8(x)) dx < Ce|In(e)|” / V20,26 (x) dx
Q Q

< Cs|ln(8)|“/ | V20, |28 (x) dx
Q.

< Celln(g)|*, (4.15)

forany a > 1, where the last inequality follows from Lemma 4.3. Thus ||Z, || L2(Q) <

Ce|In(g)|*/? for ant @ > 1. This, together with the estimates of 0, and v, — ug in
L2(), gives (4.3). Estimates (4.4) and (4.5) follow from Lemma 4.6 in the same
manner. We omit the details. O

Proof of Theorem 1.1. Estimate (1.5) is given in Corollary 3.5 and estimate (1.6)
in Corollary 4.2. O
5. Neumann Boundary Condition, Part I

Fix F € L*(Q) and g € L*(d9). Suppose that [, F + [, ¢ = 0. Let
Ug, Uy € Hl(Q) solve

L:(us) =F in Q, and Lo(up) = F in Q, 5.1
gi‘):': on 082, g—'ﬁ(‘)’zg on 0€2, ’

respectively. Recall that

o B
(aug) = ni(X)aff(X/a)a

Ug
dVg 0x;

E)uo ¢ N ﬂaug
and (8_1)0) =n,-(x)a;xj Wj, (52)

where n = (ny, ..., ng) denotes the outward unit normal to 9£2.
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e H'(Q) and v; €

s
Lemma 5.1 Let w® = u® — v — ex (x/e) ‘33&,
H2(). Then

dwe \“
(2 o

e d d vl
+5{ni<x)§j—n,-<x>a—m][ Ve o } (5.3)
2.V

v
— &n; (X)bf;)]/(()c/é‘)m
J

Aaﬁavsﬂ
Wil 5

where \If‘;{;,; (y) and bfﬂ (y) are the same as in Lemma 3.2.

Proof. A direct computation shows that

[0 & o, Al a f
ni(x)a;; - =ni(x)a;; i (x)a ,jﬁ 8v
J Xj J
+n,(x)<b
v/
—en; (x)a; ﬂ(x/e)xky<x/s) Xk, (5.4)
where <I> (y) is defined by (3.3). By (3.4), we obtain
v,
= en (x)—{ ik /e ]
aZUZ
—em OV /)5
= @ o —
_2 nlxaxj' n]xax,'
2,7

(5.5)

0
—en; (x)\Il]lk(x/s) ™ Bxk

Equation (5.3) now follows from (5.4) and (5.5). O

Theorem 5.2. Let 2 be a bounded Lipschitz domain. Suppose that A € A(u, X, T)
and A* = A. Let (ug, uo) be a solution of (5.1) with [, ue = [, uo = 0. Assume
further that ug € H*(). Then

1/2
[Mwe)llL2pq) + lwell g1z + [/Q Ing(X)I25(x)dx] < Celluoll g2 (g
(5.6)

B
where wg = ug (x) — uj(x) — ex;:ﬁ(x/s)z%
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Asinthe case of Dirichlet boundary conditions, Theorem 5.2 gives the following
convergence rate of u, to ug in L?. As we mentioned in the Introduction, the esti-
mate [lue — uollz2 () < Celluoll 2 (qy was proved in [20] when €2 is a curvilinear
convex domain in R2.

Corollary 5.3. Under the same assumptions as in Theorem 5.2, we have
lue — uoll f2(q) + IM(ue — uo)ll 12590y = Celluoll g2(q)- (5.1

Proof of Theorem 5.2. In view of Lemmas 3.2 and 5.1, we may write w, = 6, +
Ze + p, where

L:(6:) =0 in €,

N o g
(ﬁ) ‘5["’(X)E_”f(x)ax,-][ Lk ] onif(sg)

0. € H'(Q) and / 9, =0,
Q2

f 9 92uY '
(Le(ze))” —8§{ uk( x/e )8 8xk] in Q,

9z \* oy 0%ug (5.9)
— ) = —en;i(x)b:. 092 :
( ) en;(x) Uk(x/s) 5%, 9%k on

AV

ze € HY(Q) and /ze =0,
Q

1
p-m/gg(we_zs)

is a constant. It follows from the energy estimates that ||z ;1q) < Celluoll y2(q)-
Also note that

and

lpl = C/ |z +C€/ [Vuol = Celluoll g2
Q2 Q2

where we have used the condition f go Ue = f 90 40 = 0. Thus it remains only to
estimate 0,.
To this end we use a duality argument and consider the L? Neumann problem

»Ca(®8) =0 in ,

90,
oy, b onot (5.10)

®, € H'(Q) and / ®, =0,
Q2

where 1 € L?(9Q) and fasz h = 0. It follows from integration by parts that
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BIC) 06,
[ eeen] =[] =] [ er- 5
a0 a0 v v

&
e - —
\/39 [n ax] n] axi ] jlk(-x/ ) ‘

2
< CellVOell 2 e I Vuoll 2 ag. (5.11)
where we have used the fact that n; > a —n; aa is a tangential derivative for 1 <,

Jj < d. In view of Theorem 2.2 we have IVOellr290) < Cllhlz25g)- Hence, by
(5.11) and duality, we obtain |6, ||L2(a§2) < Cs||Vu0||Lz(3Q) Here we also use the
fact [, 6, = 0.
Finally, we use the estimates for the L2 Dirichlet problem in Theorem 2.1 to
see that
1/2
16e 1l z2(@) + MOl 2y + [/Q V0, (x) |28 (x) dx

< C||95||L2(BQ) < C5||VMO||L2(39) < C€||M0||H2(Q)-

This, together with the estimates of z, and p, completes the proof of Theorem 5.2.
O

Remark 5.4. The estimates in Theorem 5.2 and Corollary 5.3 also hold under
the condition fQ ug = fQ uo = 0. In this case the constant p is given by

o= |lﬁ\ fg(wa — 6.), and we have

ol < cg/ IVM0|+C/ 101 < Celluoll y2(c-
Q Q

This will be used in the proof of the error estimate for the Neumann eigenvalues
for L.

6. Neumann Boundary Condition, Part II

In this section we extend the results on convergence rates in Section 4 to the
case of Neumann boundary conditions.

Construction of the first-order term. Fix F € L*>(2) and g € L?(9S2) such that
Jo F+ [5q & = 0. Let (ug, ug) be the solution of (5.1) with [, ue = [, u0 = 0.
Consider

w?:u?—u%—ex? 6.1)

where v, is the solution of (4.1) in Q, with f given by uplyq and f.(Q) =
f (Ag_1 (Q)). Note that by Theorem 2.2 (for operators with constant coefficients),

Il oo < CllIgl2oo + IFl200) ]} (6.2)
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Theorem 6.1. Let 2 be a bounded Lipschitz domain. Suppose that A € A(u, A, T)
and A* = A. Let w be defined by (6.1). Then, if 0 < & < (1/2),

lwell 290+ 1well L2(q) = CelIn(e) | {”F”LZ(Q)+”g”Lz(aQ)}v forany a>1/2,
6.3)

||M(w8)||L2(aQ) = Ce|ln(e)| {||F||L2(Q) + ”g”LZ(aQ)}» foranya > 3/2,
(6.4)

and

1/2
lwell g2y + [/Q |Vwe<x)|26<x>dx] / < Celne[{lIFll 2@ + gl 20}
(6.5)
where C depends only on ju, A, T, d, m, a and 2.
Observe that
IVvell2) + IM(Vv)ll 2y = C{IFl2@) + 1l oy )
S C{IIFll 2@ + gl 2o }-

Thus, as a corollary of Theorem 6.1, we obtain the following convergence rates of
Ug to ug in L2,

Corollary 6.2. Under the same conditions as in Theorem 6.1, we have

1
llue — uoll 20 + llue — uollz2(q) < Celn(@) 2 { Fll 2 + I8l 200}
(6.6)

3
[Mue — uo)ll 20 S Cellnel2 ™ {[|[Fll2q) + gl 200} (6.7)

forany o > 0.

Without loss of generality we will assume that || F||;2q) + 181220 < lin
the rest of this section. We remark that because of (6.2), the estimates of Vv, in
Lemmas 4.3 and 4.5 continue to hold.

Proof of Theorem 6.1. We proceed as in the case of the Dirichlet condition and
write

81)’55
Ixg

The desired estimates Eor ve — ug follow directly from Lemmas 4.3—4.5 and (6.2).
Next we let w, = 0, + Z; + p, where

Le(0:) =0 in Q,

30:\" ¢ ) ) ay vl
(8_1)8) —E[nlgj—n]a—xj] [\Ijjik(x/g)axk 0n3§2, (68)

0, € H'(Q) and / 0, =0,
Q2

w =wd + {vf —uf} and W =ul(x) — v (x) — sxgﬁ(x/s)
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N a%vY .
A [ bk e/e) jBXk} in g,
9z %)
(a_ui) = —8n,-(x)bf;’,/((x/8)axja; - o aQ  (6.9)
Z. € H'(Q) and / 7. =0,
Q2

and

1 / _ 1 / 1 /
p=—— | We=—c | we——= [ (ve—up)
101 oo~ 18Q1 Jaa 1091 Jaa

is a constant. Note that
Il = Cel[Vuellp2¢5q) + Cllve — uoll 290y = Ce,

where we have used the fact fm Uy = faQ uy = 0 as well as Lemmas 4.3 and 4.5.
By a duality argument similar to that in the proof of Theorem 5.2, we have

10cllL290) = CellVuell250) = Ce.

It then follows from the estimates for the L? Dirichlet problem in Theorem 2.1 that

B B N 1/2
MO L2090 + 10l 5120y + {/ |V98|28(x)dx]
Q
< Cllfell 2 o0 < Ce.

The estimates of 7, also relies on a duality estimate. Indeed, let ®, € H L) be
the solution of (5.10) with & € L?(3S2) and faQ h = 0. It follows from integration

by parts that
~ ~ 00
’/ Ze * h' = ‘/ Ze * &
a0 bt dve

= B

az% 00

B ‘/af‘f(x/w e %
Q

x,- 8)6]'
vl 9e¢
=¢ / Uk( / )8 an : axls ‘ (610)

By the Cauchy inequality this gives

‘/ Zg-h‘
02

1/2
<e [ / |V2v8|28<x)¢a(8<x))dx]

1/2
[/| l ] : 6.11)
5(x )¢a(5(x))
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Observe thatif a > 1,

dx 1/2
VO ———— b S CIVON 200 S Cllkl 2 p0)-
[/sz 7 8(x0)pa(8(x)) o) L2 ee) 1209

Hence, by (6.11) and duality, we obtain

12
IZell250) < Ce /Q |v2vs|26(x)¢a(6(x))dx} (6.12)

for any a > 1. With (6.12) at our disposal we may apply Lemma 4.6 to obtain

1/2
IZell 2 < Ce [ / |V2v8|28(x)¢a(8(x)>dx] < CellIn(e)|*/?,
Q

where we have used (4.15) for the last inequality. This, together with estimates of
O, p and v, — ug, gives (6.3). Estimates (6.4) and (6.5) follow from Lemma 4.6
and (6.12) in the same manner. This completes the proof of Theorem 6.1. O

Remark 6.3. The estimates in Theorem 6.1 and Corollary 6.2 continue to hold
under the condition [, u; = [, uo = 0. In this case one has

1 - o~ 1 1 1 ~
pz@/ﬁ{we_ee_zs}—@/gws_@/Q{vs_MO}_@/Q{Qe +Zs}-

Hence,

ol £ CellVuell 2y + Cllve — uoll 20y + ClBell 2y + ClZell L2
< Celln()?,

for any a > 1. The rest of the proof is the same.

Proof of Theorem 1.2. Estimate (1.5) for the Neumann boundary conditions is
given in Corollary 5.3 and estimate (1.7) in Corollary 6.2. O

7. Convergence Rates for Eigenvalues

In this section we study the convergence rates for Dirichlet, Neumann, and
Steklov eigenvalues associated with {L.}. Our approach relies on the following
theorem, whose proof may be found in [12, pp. 338-345].

Theorem 7.1. Let {T,, ¢ = 0} be a family of bounded, positive, self-adjoint, com-
pact operators on a Hilbert space H. Suppose that (1) |Te|| £ C and ||Te f —
Tofll > Oase — Oforall f € H;y 2) {T; fs, ¢ > 0} is pre-compact in 'H,
whenever { f¢} is bounded in 'H. Let {ulg‘} be an orthonormal basis of H consist-
ing of eigenvectors of T with the corresponding eigenvalues {pblg‘} in a decreasing
order,

=
o —
v
=
N
1\
v
=
LN
1\

- > 0.
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Then /ng > cr > 0, and if ¢ > 0 is sufficiently small,
g — 16l < 2sup {1 Tew — Toull = u € N(ug, To) and ||u]| = 1},
where N(p,lé, To) is the eigenspace of Ty associated with eigenvalue ,u,]é.

Dirichlet eigenvalues. Given f € H = L2(Q), let TSD (f) =ug € H(} (2) be the
weak solution of L. (u,) = f in Q. It is easy to see that {TED, & 2 0} satisfies the
assumptions in Theorem 7.1. Recall that A, is a Dirichlet eigenvalue for £, in €2 if
there exists a nonzero u, € HOl (2) such that L, (ug) = Aeute in Q. Let {)Jg} denote
the sequence of Dirichlet eigenvalues in an increasing order for L. Then {()Js‘)*1 }
is the sequence of eigenvalues in a decreasing order for TgD on L%(R). It follows
from Theorem 7.1 that if ¢ is sufficiently small,

1

LY,

< 2sup {|lue —uollz2(q)} (7.1

where the supremum is taken over all u., ug € Hé (€2) with the property that
A15||u0||Lz(Q) = land L. (us) = Lo(ug) = Abug in Q. Note that if Q@ is C'! (or
convex in the case m = 1), then |lug|| H2(Q) < Cy by the standard regularity the-
ory for second-order elliptic systems with constant coefficients. Also, by Theorem
7.1, we see that )»’g < Cy. Hence, we may deduce from (7.1) and Corollary 3.5
that |)J§ — A’6| < ¢y & (see for example [12, p. 347]). However, if Q is a general
Lipschitz domain, ug € H2(2) no longer holds. Nevertheless, Corollary 4.2 gives
us the following.

Theorem 7.2. Let0 < ¢ < (1/2) and {)Jg} be the sequence of Dirichlet eigenvalues
in an increasing order of L. in a bounded Lipschitz domain. Then for any o > 0,

1
1§ — a5l < celIn(e)|2 77,
where ¢ depends on k and o, but not ¢.

Neumann eigenvalues. Given f € L%(Q) with fQ f =0,let TSN(f) = u, €
H'(Q) be the weak solution of the Neumann problem: £, (u;) = f in £, g—ﬁ; =0
on 92 and fQ ue = 0. Again, it is easy to verify that the family of operators {TSN }
on the Hilbert space { f € L*(Q) : fQ f = 0} satisfies the assumptions of Theorem
7.1. Recall that p, is a Neumann eigenvalue for £, in € if there exists a nonzero
u, € H'(Q) such that L. (uz) = peut, in Q2 and % = 0 on 0Q2. Let {pé‘} be
the sequence of nonzero Neumann eigenvalues in an irglcreasing order for L, in 2.
Then {(,of )~ 1} is the sequence of eigenvalues in a decreasing order for TSN . Thus,
in view of Theorems 7.1 and Remarks 5.4 and 6.3, we obtain the following.

Theorem 7.3. Let 0 < ¢ < (1/2) and {pé‘} denote the sequence of nonzero
Neumann eigenvalues in an increasing order for L¢ in a bounded Lipschitz domain
Q. Then for any o > 0,

1
IpF — pkI < celln(e)|27,

where ¢ depends on k and o, but not ¢. Furthermore, the estimate | pé‘ — p§| Scre
holds if Q is CY! (or convex in the case m = 1).
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Steklov eigenvalues. We say s, is a Steklov eigenvalue for £, in  if there exists
a nonzero u, € HY(Q) such that £, (u;) = 0 in Q and g%j = s€|852|_1u6 on
dQ. Note that 5.|d$2|~! is also an eigenvalue of the Dirichlet-to-Neumann map
associated with £,. Given g € L2(92) with fm g =0,let Sc(g) = uelsq, where

ug is the weak solution to the L? Neumann problem: L. (u;) = 0 in 2, g—'}‘)j =g

on 9<2 and fasz ue = 0. It is not hard to verify that the family of operators {S:} on
the Hilbert space {g € L?(dR) : fm g = 0} satisfies the assumptions in Theorem
7.1. Consequently, the L>(92) convergence estimates in Corollaries 5.3 and 6.2
give the following.

Theorem 7.4. Let 0 < ¢ < (1/2) and {sif} denote the sequence of nonzero Steklov
eigenvalues in an increasing order for L in a bounded Lipschitz domain Q2. Then
forany o > 0,

1
sk — 5§ < celln(e)|2T,

where ¢ depends on k and o, but not €. Furthermore, the estimate |s§ — s§| Scre
holds if Q is CY! (or convex in the case m = 1).

Remark 7.5. The operator S, introduced above is, in fact, the inverse of the
Dirichlet-Neumann map associated with £.. Note that by Corollaries 5.3 and 6.2,

Ce if Qis cl!,
1Se = Soll 2202) > 120002) = 4o e yin T s (7.2)
Cy elIn(e)|27° if Q is Lipschitz,
for any o > 0.
8. Weighted Potential Estimates
Let H.(x) = (H(,g1 (x), ..., H"(x)) be defined by
o 9 af B
H; (x) = P {ref(x, )P (y) dy, (8.1)
Q Yk

where h = (h',....h™) € L*(Q). It follows from [3] that ||V Hell 2rd) <
Cllhllz2 -

Proposition 8.1. The estimate

1/2
| Hell 200) = Ca [/Q |7 (x) 28 (x)pa (8 (x)) dx (8.2)

holds for any a > 1.



Convergence Rates in L? for Elliptic Homogenization Problems 1031

Proof. Recall that §(x) = dist(x, Q) and ¢, (f) = {ln(% + e} Let g =
(g',..., g™ e L>(@Q) and u, = (ul,...,u"), where

3
uf(y)=/ a—{F?ﬂ(x,y)}g“(x)da(x)-
90 0YVk

It follows from [15, Theorem 4.3] that || (u:)*|l .25 < Cligllz2(9q)- Observe that

’ / HE (0% (x) dor ()| = ‘ / h"(y)uf(y)dy‘
02 Q

172

12
= [ /Q |h<y)|26<y>¢a<6(y>>dy] [ /Q eI (8O)da BN} dy
(8.3)

and thatifa > 1,

/Q lue (N> (8P (BN} dy=C /3 . (@e)* P do (N EClel ang,  BH
Estimate (8.2) follows from (8.3)—-(8.4) by duality. O

Proposition 8.2. The estimate

172
[ Hell L2(0) = Ca [/Q |h(x)|25(x)¢a(5(x))d)€] (8.5)

holds for any a > 1.

Proof. Let K C K| be two compact subsets of Q2 such that dist(K, Q \ Kj) =
co > 0. Since |Vy T (x, y)| < Clx — y|'79, we have

poi<e [ 1010

ﬁ—i—C/ |h(y)|dy foranyx € K.
K 1x =Yl Q\K|

This implies that || He || ;2 (k) is bounded by the right-hand side of (8.5) if a > 1.

To estimate || He || 12\ k), it suffices to show that || He || 125, 1s bounded uni-
formly in ¢ by the right-hand side of (8.5) for —c < ¢ < 0, where €2; is defined in
Section 2. This may be done by a duality argument, as in the proof of Proposition
8.1. Indeed, the argument reduces the problem to the following estimate

/Q e P (BEaGN) " dy < € / &P do, (8.6)

02

where
0
Mf,z(y) =/ FYe {re (x,y)} g%(x) do (x).
9 9Vk

Finally, the estimate (8.6) follows from the observation that [lue |l 2(k)
CkllgllL2(pg,) for compact K C €, and that [lue ¢l 250,) = Cll(e.)*[l12000,)
Cligl2ag,) for —c¢ < 1,5 < 0. This completes the proof. O

IVANIVAN
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Proposition 8.3. The estimate

172

12
{/Q |V He () |* 8(x)a (8(x)) dx] = Cq [/Q ()28 () pat2 (8(x)) dx]

(8.7)
holds for any a 2 0.

Proof. Using |V, V, T (x, y)| = Clx—y| ~danda partition of unity, we may reduce
the estimate (8.7) to the case where = {(x, xg) : ' € R land x; > ¢ (x')}
is the region above a Lipschitz graph and § (x) is replaced by 5(x) = |xg — (x|
Since Ty (x,y) = > T'((x/e, y/e), by a rescaling argument, we may further
reduce the problem to the following weighted L? inequality for a singular integral
operator,

/ TP wrdx < c/ /P dx, 8.8)
R4 R4
where w1 (x) = 8(X)Pa(£8(x)), w2(x) = 8(x)Pat2(£8(x)) and

T(f)x) = /R VY ) £ dy. (8.9)

We point out that the constant C in (8.8) should depend only on d, m, u, A, t, a
and || VY | .

To establish (8.8), we first use the asymptotic estimates on V,V,I'1(x, y) for
|x —y| £ 1and |x — y| = 1 in [3] to obtain

IT(H )] = C{IT (gD + 175 (g2) ()| + M(f)(0)}, (8.10)

where T}, T) are L? bounded maximal singular integral operators with standard
Calder6n—Zygmund kernels, M ( f) is the Hardy-Littlewood maximal function of
finR?, and |g1|, |g>| are bounded pointwise by C| f|. Next we observe that o
is an A, weight in R?. This allows us to use a classical result of COIFMAN and
FEFFERMAN [6] and (8.10) to deduce that

/|T<f>|2w1dx§c/ M(F)P o) dx. @.11)
]Rd Rd

As a result, it remains only to show that

/Rd M(P)P o dx < c/Rd P dx. (8.12)

This is a two-weight norm inequality for the Hardy-Littlewood maximal opera-
tor, which has been studied extensively. In particular, SAWYER [25] was able to
characterize all pairs of (w1, w2) for which (8.12) holds.

Finally, to prove (8.12), by a bi-Lipschitz transformation, we may assume that
¥ = 0. Consequently, it suffices to consider the case d = 1. This is because
M(f) SMyoMyo---oMy(f), where M; denotes the Hardy—Littlewood maxi-
mal function in the x; variable. Furthermore, by rescaling, we may assume ¢ = 1.



Convergence Rates in L? for Elliptic Homogenization Problems 1033

With w1(x) = |x|¢s(]x]) and w2 (x) = |x|p24+4(|x]) in R, it is not very hard to
verify that (w1, wy) satisfies the necessary and sufficient condition in [25] for any
a 2 0. We omit the details. O

Proposition 8.4. The estimate

1/2
IM(He) 1290 = Ca [/Q Ih(x)|25(x)¢a(5(x))dx] (8.13)

holds for any a > 3.

Proof. By the fundamental theorem of calculus and definition of the radial maximal
operator, it is easy to see that for any Q € 9%,

0
M) (Q) £ C [ {IVu(A(Q)] + lu(A(Q)]}dr

0 1/2
éca[ ‘{|W(AI(Q>)|2+|u<At<Q>|2}|t|¢a(|t|)dt] , (8.14)

for any a > 1. This yields that

/ IM(@u)|* do gca/ {IVu)1? + 1u(x)}8(x)pa (8(x)) dx.  (8.15)
a2 Q

Letting u(x) = H¢(x) in (8.15), we obtain estimate (8.13) by Propositions 8.2-8.3.
O

Proposition 8.5. Let f = (f',..., f™) € L*(3Q) and u, = (ul,...,u™) be
given by

0
uz(x>=/ e L PO )
aQ 9YVk

Then

12
[ /Q |wg(x>|2a(x>dx] < Cllfll - (8.16)

Proof. By a partition of unity we may assume that Q@ = {(x’,xg) : x €
R4~1 and x; > ¥ (x')} is the region above a Lipschitz graph. By a rescaling argu-
ment we may further assume that ¢ = 1.

We first estimate the integral of [Vu(x) 128 (x) on

D=Q+,....,) ={(x',x3) 1 xg > ¥+ 1}
By the asymptotic estimates of V,V,I'{(x, y) for [x — y| =2 1in [3, p. 906], we

may deduce thatif x € D,

Vi () — W) §C/ /() do(y) 8.17)

s |x — yld+n
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for some 1 > 0, where W (x) is a finite sum of functions of form

82 Otﬂ /3
01 () /a gy, T e ) a0,

with |e;j(x)| < C and 1g#| < C|f]|. Recall that Tg(x, y) is the matrix of fun-
damental solutions for the operator £y (with constant coefficients), for which the
estimate (8.16) is well known [7]. It follows that

/ [W(x)]?8(x)dx < C/ | f1? do. (8.18)
Q Q2

Let 7(x) denote the integral in the right-hand side of (8.17). By the Cauchy
inequality,

2 o —1oy [ WP do(y)
1) < C{s(x)} /m [
This gives [, [1(x)]*8(x)dx < C|f|? and thus [}, [Vuy(x)[>8(x)dx <

L2(0Q)
2
C”f”LZ(aQ)
To handle Vu; in Q \ D, we let

A ={&" y () X <r},
T(r)={(' xq): Ix'| <r and ¥ (') <xq < ¥ (") + Cor}.
We will show that if £1(«) = 0 in the Lipschitz domain 7' (2) and (u)* € L?, then

(8.19)

/ Vi) |? |xg — Y (x)] dx < C/ lu)? do +C/ lul?dx,  (8.20)
T(1) A(2) T(2)

which is bounded by C [ AQ) |(u)*|> do. By a simple covering argument one may
deduce from (8.20) that

/ |Vu1|28<x)dx§6/ |<u1)*|2do§6/ |fI*do,  (8.21)
Q\D Q Q

where the last inequality was proved in [15].
Finally, to see (8.20), we use the square function estimate for £; on 7 (r) for
32<r <2,

/ |Vu(x)|2dist(x, T (r)) dx < c/ lu? do, (8.22)
T(r) aT (r)
to obtain
/ Vi) |? [xg — Y (x| dx < c/ lu|? do + c/ lu|? do.
(1) AQ) AT(N\AQR)
(8.23)

Estimate (8.20) follows by integrating both sides of (8.23) in r € (3/2,2). We
remark that under the condition A € A(u, A, t), the square function estimate
(8.22) follows from the double layer potential representation obtained in [15] for
solutions of the L2 Dirichlet problem by a T (b)-theorem argument (see for example
[18, pp. 9-11]). This completes the proof. O
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