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Abstract

We consider a variational model introduced in the physical literature to
describe the epitaxial growth of an elastic film over a thick flat substrate when
a lattice mismatch between the two materials is present. We study quantitative and
qualitative properties of equilibrium configurations, that is, of local and global min-
imizers of the free-energy functional. More precisely, we determine analytically the
critical threshold for the local minimality of the flat configuration and we also prove
several results concerning its global minimality. The non-occurrence of singulari-
ties in non-flat global minimizers is also addressed. One of the main results of the
paper is a new sufficient condition for local minimality, which provides the first
extension of the classical criteria based on the positivity of the second variation to
the context of functionals with bulk and surface energies.
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1. Introduction

In recent years, the physical and computational communities have displayed a
growing interest in the study of the morphological instabilities of interfaces between
solids generated by elastic stress, the so-called Stress Driven Rearrangement
Instabilities.

These occur, for instance, in hetero-epitaxial growth of thin films for sys-
tems with a lattice mismatch between film and substrate, such as InGaAs/GaAs or
SiGe/Si, which are useful in the fabrication of nano-structures with specific optic
and electronic properties. When the film is grown on a flat substrate, its profile
remains flat until a critical value of the thickness is reached, after which the free
surface develops corrugations or other kinds of irregularities. This is referred to
as the Asaro—Grinfeld-Tiller (AGT) instability, after the scientists who started the
theoretical investigations on this phenomenon [5, 18].

This threshold effect is usually explained in terms of the minimization of two
competing forms of energy: the surface energy and the bulk elastic energy. More
precisely, due to the lattice mismatch between film and substrate, no stress-free
states are admissible and the flat configuration (of the film) bears an amount of
stored elastic energy that is proportional to the volume of the material deposited.
Hence, nontrivial morphologies (such as wavy profiles or formations of strained
islands separated by a thin wetting layer) become favorable when the higher ener-
getic cost in terms of surface tension is compensated by the release of elastic energy.

Several numerical and theoretical studies have been carried out to study qual-
itative properties of equilibrium configurations of strained epitaxial films (see, for
example, [16,23,26,27]). All these works are very insightful. Nevertheless, they
rely upon formal methods that often lack rigorous mathematical content.

The paper [19] by GRINFELD casts the study of AGT instability in a more ana-
Iytical perspective. Following the celebrated Gibbs variational approach, the author
considers a suitable free-energy functional (given by the sum of the stored elastic
energy of the film and the interfacial energy of its free surface) and studies when
the second variation is positive definite, establishing various instability results for
the flat morphology of the film. However, existence of minimizers and the prob-
lem of deriving minimality properties from the positive definiteness of the second
variation are not addressed.

A first attempt to provide a sound variational formulation for the existence
problem of minimizing configurations in the context of epitaxial growth has been
carried out in [7], but for an unrealistic one-dimensional model. The determination
of a proper functional setting for the more realistic energy introduced in [19] has
been achieved in [6] and in [15] (for a slightly different model), using relaxation and
geometric measure theory techniques. In both papers the framework is that of linear
elasticity and only two-dimensional morphologies are considered, corresponding to
three-dimensional configurations with planar symmetry (see also [10] for a partial
extension of these relaxation results to higher dimensions). Besides the existence
of minimizing configurations, in [15] a complete regularity theory is obtained and,
in the wetting regime, a rigorous proof of the zero contact angle condition between
film and substrate is achieved, providing an analytical confirmation of the formal
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analysis of [25] (see also [14] dealing with the case of anisotropic surface energy).
Concerning the possible formation of singularities in the film, it is shown that they
can only be finitely many and of cusp type. In fact, the appearance of cusps, possibly
leading to vertical fractures in the material, is observed both numerically and exper-
imentally (see [16,26]). The regularity theory developed in [15] also applies with
minor changes to the model considered in [6] (see Section 2.1). Similar regularity
results for related free boundary problems are also contained in [3,9,22,24].

However, the analysis carried out in [15] leaves out several important issues
concerning the qualitative properties of equilibrium configurations. In this paper
we mainly address the following two issues for the model considered in [6]:

— we seek to prove rigorous minimality results and to perform a detailed analysis
of the energy landscape, focusing, in particular, on the analytical determination
of the critical volume thresholds for the local and global minimality of the flat
configuration;

— we investigate under which conditions cusp singularities or fractures do not
form, once the flat configuration becomes unstable.

These theoretical investigations may be important for those applications where the
formation of corrugations and singularities in the film is undesirable.

‘We now describe the model studied in [6]. We assume that the reference con-
figuration of the film is

Qh:z{zz(x,y)eRZ:0<x<b,0<y<h(X)},

where 4 : [0, b] — [0, oo) represents the free-profile of the film. We work within
the theory of small deformations, so that

E(u) = % (w + vTu)

represents the strain, with u : €, — R? the planar displacement. We also pre-
scribe a Dirichlet boundary condition of the form u(x, 0) = (egx, 0) + g (x) at the
interface between film and substrate, which models the case of a film growing on
an infinitely rigid substrate. This boundary condition forces the film to be strained,
thus generating elastic energy. The positive constant ¢y measures the mismatch
between the lattices of the two materials and ¢ is a b-periodic function. As cus-
tomary in the physical literature and following [6], we also impose the periodicity
conditions /#(0) = h(b) and u(b, y) = u(0, y) + (epb, 0). The energy associated
with a configuration (h, u) when & is smooth is given by

Fh, u) :/ [/L|E(u)|2 i 5(divu)2] dz + o H (1),
25 2

where @ and A represent the Lamé coefficients of the material, o is the surface
tension on the profile of the film, I}, is the graph of 4, and ' denotes the one-
dimensional Hausdorff measure. One seeks to minimize F among all admissible
configurations (h, u) satisfying a volume constraint |£2,| = d. However, smooth
minimizing sequences may converge to irregular configurations, where the profile
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0 b

Fig. 1. An irregular profile # and a smooth approximation. The smooth profile surrounds
the vertical cut so that in the limit its length is counted twice

h is just a lower semicontinuous function of bounded variation. In particular, the
(extended) graph of 7 may contain vertical parts and cuts. The latter can be inter-
preted as vertical cracks in the film (see Fig. 1) and their union will be denoted by
X' More precisely,

p={(x,y): h(x) <y < min{h(x—), h(x+)}},

where /1 (x=) denote the right and left limit at x. We denote this larger class of (pos-
sibly irregular) reachable configurations by X. Assume without loss of generality
o = 1. Itis proved in [6] through a relaxation procedure that the energy associated
to any pair (k, u) € X is given by

F(h,u):/ [,u|E(u)|2+%(divu)z]dz+H1(Fh)+2Hl(2h). (1.1)
-Qh

Notice that in this formula the vertical cracks are counted twice since they arise
as limits of regular profiles (see again Fig. 1). Equilibrium configurations are now
identified with global or local minimizers of the energy (1.1) in the aforementioned
larger class X under a prescribed volume constraint.

Coming to the main results of the paper, which are stated in precise form in
Section 2, we first deal with the local minimality of the flat configuration with
the Dirichlet datum u(x, 0) = (egx, 0). Roughly speaking, by a local minimizer
we mean a configuration (4, #) minimizing the energy among all admissible com-
petitors (g, v) such that |2, = [§2;| and the two extended graphs I, U X} and
I'y U X, are close in the Hausdorff distance. When 4 is smooth this last condition
is equivalent to requiring that 4 and g are close in the sup norm. In Theorem 2.9
we prove that if the size of the periodicity interval is sufficiently small, namely if

< - =i by, (1.2)
4 edu(u+ 1)

then all flat configurations are local minimizers, no matter how thick the film is.
Moreover, when b is larger than by, we show that the flat configuration remains a
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local minimizer if and only if the thickness of the film is smaller than a critical value
depending on b and analytically determined (see (2.16)). Notice that formula (1.2)
shows that the smaller the mismatch ey, the larger the range of local minimality of
the flat configuration. Also formula (2.16) displays a similar monotone dependence
of the critical thickness on the mismatch.

Qualitatively similar results are shown to hold concerning the global minimali-
ty of the flat configuration. In Theorem 2.11 we prove that there exists 0 < beriy < bg
such that the flat configuration is the unique global minimizer for all values of the
thickness if and only if 0 < b < beii. Moreover, when b > bi we are also able
to prove that the flat configuration is the unique global minimizer if and only if the
thickness stays below a critical value, which depends on b. Differently from the
case of local minimizers, here we do not determine the exact value of b and of
the critical thickness, since their existence follows from a more indirect argument.
We also show that for large values of b, the critical thickness for the global mini-
mality is strictly smaller than the one for the local minimality. When this happens
a non-flat global minimizer beside the flat configuration is shown to exist at the
critical level.

As mentioned before, another interesting issue concerns the occurrence of
cusped or fractured configurations. It is important to establish under which circum-
stances (if any) non-flat minimal configurations present neither cusps nor vertical
cracks. Numerical simulations and experiments suggest that this is the case when
the sample is not too large in width and thickness. An analytical confirmation is
provided in the third main result of the paper, Theorem 2.14.

One of the main tools needed to prove the previous results is a local minimality
criterion based on the study of the second variation of F. More precisely, given
a smooth critical configuration (4, u) and a b-periodic variation ¢ € C*([0, b]),
with fé’ ¢ dx = 0, one may consider the one-parameter family of configurations
(hy,us), where hy := h + tg and u; is the elastic equilibrium in §2j, under the
proper Dirichlet and periodic boundary conditions. Then, the second variation at
(h, u) along the direction ¢ is defined as

d2

@F(ht, ur)|r=0-

The result is a non-local quadratic form 92F (h, u), involving also the curvature of
I, and the trace of the gradient of E (u) on I}, (see formula (3.5)). In Theorem 2.10
we prove that if 8%F (h,u)is positive definite, then (4, u) is a local minimizer. This
theorem, together with the explicit calculation of the second variation at the flat con-
figuration, contained in Section 5 and based on [19], allows us to deduce the local
minimality properties of the flat configurations described above. Theorem 2.10 may
be regarded as the counterpart in our framework of the classical sufficient condi-
tions based on the positiveness of the second variation and of the Weierstrass excess
function. However, here we do not resort to a suitably adapted field theory (it is
not clear what the right notion of field would be in our context) but we follow a
rather different approach, as explained below. To the best of our knowledge, this
result provides the first extension of the classical sufficiency theorems for strong
local minimizers to the context of functionals with bulk and surface energies.
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The proof of Theorem 2.10 stretches for Sections 3, 4 and 6. In fact, finding
sufficient minimality conditions is not at all an easy task for functionals with bulk
and surface parts, due to the strong lack of convexity they display. Since this the-
orem is the central result of the paper and its proof is rather complex, we outline
here the overall strategy, giving a flavor of the geometric arguments involved. A
first crucial step consists in showing that the positivity of 32 F (h, u) implies that
(h, u) is a local minimizer with respect to W -perturbations of the profile. This
minimality property may be regarded as the analog of the classical notion of weak
minimizer for the standard functionals of the Calculus of Variations. Its proof fol-
lows some ideas introduced in [8] to study a similar notion of second variation
for the Mumford—Shah functional. However, the presence of the vectorial elastic
energy in place of the scalar Dirichlet functional requires a much more involved
argument. The key point is to study the continuity properties of the eigenvalues of
the operator associated with the quadratic form 8 F (h, u) with respect to W>>°-
variations. Since the expression of 82 F (h, u) involves the trace of the gradient of
E(u) on Iy, this analysis requires delicate regularity estimates in the appropriate
fractional Sobolev spaces. These estimates are carried out in Section 4.

The remaining part of the proof of Theorem 2.10 is devoted to showing that
the W2*°-local minimality is in fact equivalent to the local minimality with respect
to any admissible (possibly irregular) profile sufficiently close in the sup norm. The
argument goes as follows: Assume by contradiction that the W2 *°-local minimizer
(h, u) is not a local minimizer. Then one can find a sequence of configurations
(kn» wp) with suppg 1k — kn| = %, 12,1 = 1824, and F(ky, wy) < F(h, u).
Consider the obstacle problems

min{ F (g, v) + A[12] = 12l] : (g0 e X, g2h—L) a3
with A > 0, and let (g,, v,) be the corresponding minimizing configurations.
Notice that we have replaced the volume constraint by a penalization term. Since
(kn, wy) is an admissible competitor for (1.3), we have in particular

F(gn, vn) < F(gn, vn) + Al|2g,] — |23]| £ Fkn, wp) < F(h,u). (1.4)

We conclude by showing that if A > Ao, then g, is regular and g, — h in W>°,
This fact, together with (1.4), gives a contradiction to the W>*°-local minimality of
(h, u). The proof of the regularity and convergence of g, is the content of Section 6
and is obtained by refining in a quantitative fashion the regularity estimates for min-
imal configurations proved in [15]. The argument goes as follows. We first show
that if A is sufficiently large, then that (%, u) is the unique minimizer to

min{ F (g, v) + A[12] = 12u]] : (8.) € X, g2 h}.

From this fact we deduce that (g,, v,) must converge (in a suitable sense) to (4, u).
In particular, one can show that

gn — h in L0, b). (1.5)
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0 b
Fig. 2. The uniform inner ball condition: for each point of Iy, there is a tangent ball of
radius pg contained in Q;fn

0 b

Fig. 3. If I, contains a cusp or a vertical crack, then, due to the inner ball condition, the
L°-distance between g, and & is comparable to pg, a contradiction to (1.5)

Next, we observe that from the definition (1.1) of F, the profile g, minimizes the
functional

g — H (Tp) +2H' () + Al124] — |82

among all admissible g such that 1 — rll <g=<ag.

This one-sided minimality property alone suffices to provide a lower bound
for the curvature (in a generalized sense) of Iy, U X, . More precisely, using suit-
able isoperimetric estimates, we show that for all z € Iy, U X, there exists a ball
By, (z0) C [2:,‘" such that z € 9B, (z0), with pg = po(A) independent of n. Here
.an denotes the set obtained by repeating §2,, periodically in the x-direction (see
Fig. 2 above).

As a purely geometric consequence of this uniform inner ball condition and
of (1.5), we deduce that g, has no cusps nor vertical cuts for n large (see Fig. 3)
and, in fact, g, — h in C'([0, b]).

Owing to this last convergence, we obtain by a blow-up argument the following
decay estimate for the gradients of the displacements vj,:

/ |V, |> dw < Cor?~8
B, (Z)mggn
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B.(»)

0 b

Fig. 4. The dashed line indicates the profile of the modified configuration used as a com-
petitor to deduce the C L@ yniform bounds

forallz € I',,, r € (0, ro), where Cg and ry are independent of n and 6 is any fixed
small positive constant. With this estimate at hand, the deviation from flatness of
Iy, can be estimated by comparing the energy of (g, v,) in B, (z) N §2,, with that
of the modified configuration obtained by extending v, to the whole ball and by
replacing Iy, N B, (z) with the segments connecting the center z to the points in
Iy, N 0B, (z) (see Fig. 4).

The comparison argument yields an estimate of the oscillation of the unit nor-
mal vectors to I, that implies a uniform bound of the C L.« _norms of {g,} for
a € (0, %). In turn, by elliptic regularity, we deduce that {v,} is also uniformly
bounded in the C*-norm. This allows us to use the Euler-Lagrange equations to
finally deduce the desired W>°-convergence of g, to .

The proof of the global minimality properties stated before requires some
additional arguments that are presented in Section 7. Finally, the last section
of the paper collects some definitions and results on fractional Sobolev spaces
and contains the simple proof of a regularity result for the Lamé system with
homogeneous Neumann boundary condition, which is used in the proof of
Theorem 2.10.

We would like to point out that the approach developed in this paper can
be extended to a larger class of free boundary problems. Among these, we men-
tion the one studied in [11], where a nonlocal perturbation of the isoperimetric
problem, arising in the context of microphase separation of diblock copoly-
mers, is considered. In that paper the authors compute the second variation
of the functional and determine sufficient conditions for it to be positive
definite. Even though our results do not apply directly, the overall strategy
has been implemented in [1] to prove local minimality results also for that
model.

We conclude this introduction by observing that the proof of the W2 *-local
minimality seems to be adaptable to more general surface and bulk energy densities,
even in higher dimensions, while the arguments leading to local and global mini-
mality rely upon two-dimensional geometric constructions. Hence, the extension
of this last part to higher dimensions requires new ideas and will be the subject of
future work.
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2. Setting of the Problem and Statement of the Results

In this section we present the model studied by BONNETIER and CHAMBOLLE
in [6] and the related functional setting. We also recall the regularity theorem proved
in [15]. The main new results concerning local and global minimizers are stated in
Sections 2.2 and 2.3, respectively.

2.1. The Model

We start by introducing the class of admissible profiles over the interval (0, b).
Roughly speaking, it consists of all functions with finite total variation in (0, b)
whose b-periodic extensions are lower semicontinuous in R. For reasons that will
become clear later on, it is convenient to identify such a function with its periodic
extension. This motivates the following definition:

AP0,b) :={g:R — [0, +00) : g is lower semicontinuous
and b-periodic, Var(g; 0, b) < +o0}.
Here, Var(g; 0, b) denotes the pointwise total variation of g over the interval (0, b),
defined as

k
Var(g; 0, b) := sup »_ [g(x;) — g(xi—1)| < 400,

i=1

where the supremum is taken over all finite families xg, x1, ..., xg, with 0 < xo <
X] < --- < xr <b, ke N Since g € AP(0, b) is b-periodic, its pointwise total
variation is finite over any bounded interval of R. Therefore, it admits right and left
limits at every x € R denoted by g(x+) and g(x—), respectively. In the following
we use the notation

gt () = max{g(eh), g o)), g (0 = min{gH), g )} (2.0
We set
2y ={(x,y):x€(0,b), 0 <y < g},

(2.2)
QF={(x,»:xeR,0<y<g)

Thus, .sz is the open set obtained by repeating §2, b-periodically in the x-direction.
We now define

Fg:i={(x,y):x€[0,b), g~(x) Sy =g}, (2.3)

and

Yo i={(x,y):x€[0,b), gx) <g (x), gx) Sy=g ()} (24

We refer to X, as the the set of vertical cracks. We also set

[y =T, UX,,
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and we will use the notation
rf={xyeR:xeR g @®=y<gt@)

In the same fashion we define 22‘ and 1:; . Notice that we have decided not to
highlight the dependence on b in the symbols §2,, Iy, and X, since throughout
the most part of the paper b is fixed.

We now introduce a convergence in A P (0, b). To this aim, for any pair (A, B)
of subsets of RZ we set

dg(A, B) :=inf{e > 0: B C N;(A)and A C N:(B)},

where NV;(A) denotes the s-neighborhood of A. When restricted to the class of
closed subsets, dy reduces to the well-known Hausdorff distance.
We say that h,, — h in AP(0, b) if

sup Var(hy; 0,0) < 400 and dp(RL\ 2} RI\ 2} —0 (25
n

where R%_ ={(x,y) € R?: y > 0}. Given g € AP(0, b), we denote
LDy(82,; R?):= {v € leoc(.Q#; R?) : v(x, y) = v(x+b, y)
for (v, y) € 28, EW)lg, € LX(24: R}

where E(v) := (Vv + VTv), Vv being the distributional gradient of v and V7'v
its transpose. Given e¢g = 0, we define

Y(eo;0.6) = {(g.0): g € AP, b), v: 2 — R st
V() = (0, 0) € LDy(24: RY) |
and, given a b-periodic function g of class C2,
X (eo, 5 0, b) := {(g,v) € Y(e; 0,b) : v(x,0) = (eox +¢(x),0) forx € R}.

If ¢ = 0 we simply write X (eg; 0, b) in place of X (eq, ¢; 0, b).
We introduce the following convergence in Y (eq; 0, b).

Definition 2.1. We say that (4,,, u,) — (h,u) in Y (eg; 0, b) if and only if h,, — h
in AP(0,b) and u, — u in H_ (2F; R?).

Notice that the definition is well posed, since by the second equation in (2.5) it
follows that if £2' CC £} then 2’ cC Q# for n large enough. The notion of
convergence just mtroduced is motivated by ‘the following compactness theorem
(see [6,15]).
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Theorem 2.2. Let (hy,, u,) € X(eo, g; 0, b) be such that

sup{/ \E(u,)|? dz + Var(h,: 0., b) + |.(2hn|} < +o00.
2n,

n

Then there exist (h,u) € X (eo, q; 0, b) and a subsequence {(hy, , uy,)} such that
(hny» upy,) = (hyu) in Y (ep; 0, b).

We work in the framework of linearized elasticity, and for simplicity we only
consider isotropic and homogeneous materials. Hence, the elastic energy density
Q : M2X2 — [0, +-00) takes the form

sym

1 A
() = 5Ck - & = plgl’ + E[tr@)]z,
where

o Qu A A&+ A 2uéin
t= ( wEn  Qu+ Ve + Ak ) 26)

and the Lamé coefficients | and X satisfy the ellipticity condition
u>0 and X>—pu. 2.7)
Since

Q(&) = min{u, p +A}EF  forall & € M2

sym >

condition (2.7) guarantees that Q is coercive.
We are ready to introduce the energy functional. If (g, v) € Y(ep; 0,b) and g
is Lipschitz it is defined as

G(g,v) == /Q Q(E(v))dz + H' (Iy).
8

The following result, proved in [6] (see also [15]), gives a representation formula
for the energy in the general case.

Theorem 2.3. For any pair (g, v) € Y (eo; 0, b) define

F(g,v) := inf{liminf G(g,, vy) : (gn, vn) = (g,v) in Y(eo; 0, b),
n
&n Lipschitz, v, (x,0) = v(x,0) for x € R, [£2,] = |82}

Then,

F(g,v) =/ Q(E () dz + H (I +2H (Zy). (2.8)
Qg
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When the extended graph of g contains a vertical segment in {0} x R, by periodicity
the same occurs in {b} x R. Nevertheless, since in the definitions (2.3) and (2.4)
only the part of the graph over the half-open interval [0, b) is considered, the energy
in (2.8) is invariant with respect to horizontal translations of (g, v).

Since by definition F' is lower semicontinuous with respect to the convergence
in Y (eg; 0, b), thanks to Theorem 2.2 we have that the minimum problem

min{F(g,v) : (g,v) € X(ep,q;0,b),|82,| =d} 2.9)

always has a solution forany d > 0. Moreover, itis a well known result in relaxation
theory (see [12, Theorem 3.8]) that the minimum value in (2.9) is equal to

lnf{G(87 U) : (gﬂ U) € X(e()v q5 07 b)7 |~Qg| = d7 8 LIPSChltZ}

and that limit points of minimizing sequences for the above problem are minimizers
of (2.9).

Definition 2.4. We say that an admissible pair (i, u) € X(eq, q; 0, b) is a b-peri-
odic global minimizer for F if it solves the minimum problem (2.9) for d := |£2;,].
Moreover, we say that an admissible pair (h, u) € X(eq, q; 0, b) is a b-periodic
local minimizer for F if there exists § > 0 such that

F(h,u) < F(g,v) (2.10)

for all pairs (g, v) € X (eo, ¢; 0, b), with |2| = |$2,] and dpy (I}, T) < 8. 1f, in
addition, when g # h (2.10) holds with strict inequality, then we say that (&, u) is
an isolated b-periodic local minimizer.

Remark 2.5. Note that if /2 is continuous, then the above definition of a b-periodic
local minimizer is equivalent to assuming that there exists § > 0 such that (2.10)
holds for all pairs (g, v) € X(eo, g; 0, b), with [§2,| = |£2;] and

sup [g(x) —h(x)| = 6.
xe[0,b]

We notice here that a (sufficiently regular) b-periodic local or global minimizer
(h,u) € X(eg, g; 0, b) satisfies the following set of Euler-Lagrange conditions:

divCE(u) =0 in £2p;

CEw)[vl=0 on I, N{y > 0}; @.11)
CE)(0, y)lvl = =CE) (b, y)[v] for0 <y < h(0) = h(b);

k+ Q(E(u)) = const on I, N{y > 0},

where v denotes the outer unit normal to §2,, k is the curvature of I}, and the con-
stant appearing on the right-hand side of the last equation may be interpreted as the
Lagrange multiplier associated with the volume constraint. Due to (2.7), equation
(2.11)1 is a linear elliptic system satisfying the Legendre—Hadamard condition.

Definition 2.6. Let (h,u) € X(eo, q; 0, b) be such that h € C%([0, b]). We say
that the pair (h, u) is a critical point for F if it satisfies (2.11).
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The regularity theory developed in [15] also applies with minor changes to the
model under consideration. To recall the main result, for g € AP(0, b) we denote
the set of cusp points by

Yeci=1{(x,gx): x€[0,b), g (x) =g(x), and
g (x) = —g" (x) = 400}, (2.12)

where g~ is defined in (2.1), while g, and g’ denote the right and left derivatives,
respectively.

As usual, the set E:fyc is obtained by replacing [0, ») by R in the previous
formula and coincides with the b-periodic extension of X ..

Theorem 2.7. (Regularity of local minimizers, see [15]) Let (h, u) € X(eq, q; 0, b)
be a b-periodic local minimizer for F. Then the following regularity results hold:

(i) cusp points and vertical cracks are at most finite in [0, b); that is,
card ({x € [0,b) : (x,y) € X, U Ty ¢ for some y 2 0}) < +00;
(ii) the curve I h# is of class C' away from E;f ¢ Z‘;f . and

. # # .
hmi h'(x) = oo  foreveryxo e X U o

x—>x0

(i) I} N{y > O} is of class C"* away from £} U Sf _ forall a € (0, 1/2);
(iv) let A .= {x € R : h(x) > 0and h is continuous at x}. Then A is an open
set of full measure in {h > 0} and h is analytic in A.

Statement (ii) of Theorem 2.7 implies in particular that the zero contact angle con-
dition between film and substrate holds. Though the regularity results proved in
[15] refer to a slightly different model and to a slightly stronger notion of local
minimality, the theorem above can be deduced from that paper. In particular, as in
[15, Proposition 3.5], (i) follows from the inner ball condition that for our model
has an even simpler proof (see Corollary 6.4 and Lemma 6.7 in this paper). Con-
cerning (ii), the C! regularity of I"h# U {y > 0} can be proved exactly as in [15,
Theorem 3.14]. Only the contact angle condition at {y = 0} requires extra care
due to the presence of the Dirichlet condition, which is proven in [13] in the case
q = 0. However, the same proof given in [13] applies with minor modifications to
the general case ¢ € C2. Finally (iii) and (iv) are proved exactly as [15, Theorems
3.17 and 3.19], respectively.

Remark 2.8. If i > 0, I}, is of class C1 for all @ € (0, 1/2), and (h,u) €
X (eo, g; 0, b) satisfies the first three equations in (2.11), then the elliptic regularity
(see Proposition 8.9) implies that u € C Le(Qy) for all @ € (0, 1/2). Moreover,
if also (2.11)4 holds in the distributional sense, then the results contained in
[21, Subsection 4.2] imply that (h, u) is analytic.
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2.2. Local Minimizers

In this subsection we state the main results of the paper concerning local
minimizers.

Given d > 0, the pair (h, u.,) € X(eo; 0, b) defined as

h = %, Ueop(x,y) 1= (e()x, ZM)L—iO)\ y), (2.13)
will be referred to as the flat configuration with volume d. With a slight abuse
of notation we simply write (d/b, u.,) to denote such a configuration. Note that
(d/b, u,) is a critical point for the functional F, that is, it satisfies (2.11). We warn
the reader that whenever the flat configuration comes into play it is understood that
the Dirichlet datum is ug(x, 0) = (egx, 0).

For the applications it is important to know when the film starts developing
irregularities and corrugations. When the growth of the film is quasistatic, this cor-
responds to determining the critical thickness at which the flat configuration ceases
to be a (local) minimizer.

One of the main results of the paper is the exact description of the the local
minimality threshold. This is done in terms of the Grinfeld function K defined for
y = 0by

K (y) := max lJ(ny), (2.14)
neN n

where

y+ (3 —4v,)sinh ycosh y
J(y) = — >,
4(1 —vp)=+ y=+ (3 —4vp,)sinh” y

v, being the Poisson modulus of the elastic material, that is,

A

Vp 1= m (215)

It turns out (see Corollary 5.3) that K is strictly increasing and continuous, K (y) <
Cy and lirf K (y) = 1, for some positive constant C.
y——+00

Theorem 2.9. (Local minimality of the flat configuration) Let djo¢ : (0, 400) —

= j < T _2pth ;
(0, +00] be defined as dioc (b) := +00,if 0 < b = 7 D)’ and as the solution

to

27 dioe (b 2w+ 1
K(Flhe®)y T _2mR L 2.16)
b 4 egu(u—+r)b

otherwise. Then the flat configuration (d /b, u.,) is an isolated b-periodic local
minimizer for F in the sense of Definition 2.4 if 0 < d < djoc(b).

The threshold d\oc is critical; indeed, for d > d\oc(b) there exists (g, v) €
X (eo; 0, D), with |$2¢| = d, and supyg )18 — d/b| arbitrarily small such that
F(g,v) < F(d/b, ug).
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T 2u+r

4 egu(ptr)’
minimizer. It is an open problem to establish whether (djoc(b)/b, ue,) remains a
local minimizer or not.

We remark that the last part of the statement was already established in [19]
where the function (2.14) has been computed in connection with a certain notion
of the second variation of the energy functional F. Instead, the first part of the
statement, that is, the local minimality result below the critical threshold, is new.
It is achieved by establishing a new criterion for local minimality expressed in
terms of the positive definiteness of a suitable quadratic form. More precisely, let
(h,u) € X(eg, g; 0, b) be a critical point, with h € C§°([O, b)) and h > 0.! Given
¥ e Cg°([0, b]) with fob Ydx =0,fort € Rweseth; := h+ty, we let u, be the
elastic equilibrium corresponding to £2;, under the usual periodicity and boundary
conditions, and we define the second variation of F at (h, u) along the direction
Y to be the value of

In particular, if 0 < b < then the flat configuration is always a local

2

d
FF(htvut”t:O' 2.17)

If (2.17) is positive for all Yy € CZ°([0, b]), with fob Y dx = 0and ¢ # 0O, then we
say that the second variation of F at the critical point (h, u) is positive definite.
The main result of Section 6 is the following.

Theorem 2.10. (Local minimality criterion) Let (h, u) € X (eg, q; 0, b) be a crit-
ical point for F, with h € C;O([O, b)) and h > 0, and assume that the second
variation of F at (h, u) is positive definite. Then (h, u) is an isolated b-periodic
local minimizer in the sense of Definition 2.4.

Note that the regularity assumption on 4 is not so restrictive, thanks to Remark
2.8. To the best of our knowledge, Theorem 2.10 provides the first extension of the
classical local minimality criteria based on the second variation to the framework
of functionals with bulk and surface energies.

2.3. Global Minimizers

We describe here further qualitative properties that we are able to prove for
global minimizers. The first question we deal with is whether the flat configuration
is an absolute minimizer. We shall show two types of results: (1) given b > 0,
the flat configuration is the unique b-periodic global minimizer, provided that the
thickness d/b is small enough; (2) if the period b is sufficiently small then the flat
configuration is the unique b-periodic global minimizer no matter how thick the
film is. More precisely, we have the following.

1 Throughout the paper the notation C,”;([O, b]), k € N U {00}, stands for the space of

functions in Ck([O, b]) that admit a b-periodic extension in ck (R). The space C§(Fh) is
defined similarly.
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Theorem 2.11. (Global minimality of the flat configuration) The following two
statements hold.

(i) Forevery b > 0, there exists 0 < dgiop(D) < dioc(b) (see Theorem 2.9) such
that the flat configuration (d /b, u.,) is a b-periodic global minimizer if and
only if 0 < d = dgon(b). Moreover, if 0 < d < dgiob (D), then (d/b, ue,) is
the unique b-periodic global minimizer?>

.. . 2ith . )
(ii) There exists 0 < beiy < %e%ﬂl(tm such that dgon (b) = +00 if and only if

0 < b < berit, thatis, the flat configuration (d /b, u.,) is the unique b-periodic
global minimizer for all d > 0 if and only if 0 < b < beyit.

The results of Theorem 2.11 are more qualitative in nature than those of
Theorem 2.9. In particular, the function dgop and the constant beye are not
analytically determined and it is an open problem to establish whether or not
%% and dgiob(b) < dioc(b). However, the next result shows that
the latter inequality holds, at least for b large.

berit <

Proposition 2.12. (dgiob(b) < dioc(b) for b large) There exists a constant ¢y =
co(r, u) > 0 such that

dioc(b) > C_O

3 eg forallb > 0. (2.18)
Moreover,
d b
fim %0 ® _
b—o0 b

As a consequence of the previous proposition, we have a non-uniqueness
result.

Theorem 2.13. (Non-uniqueness) Let b > 0 such that dgiob(b) < dioc(b). Then the
minimum problem (2.9) with d = dgob(b) has at least another solution besides the
fat configuration (dgiob(b) /b, Ue,).

Next, we address the occurrence of regular non-flat minimal configurations. The
following theorem gives an analytical confirmation of the numerical and experi-
mental observations that singularities do not form when the sample is not too large
in width and thickness.

Theorem 2.14. (Regular non-flat minimal configurations) Let bt be the constant
introduced in Theorem 2.11. Then the following two statements hold.
1) Ifbeit < b < % then for every b-periodic non-flat global minimizer
0
(h,u) € X(eo; 0, b) we have h € C1 ([0, b]).

2 The function dglob as well as djoc and the constant beyj¢ introduced in the second part of
the statement, depend also on the data p, A, and eq but this dependence is not highlighted
since such quantities are considered here to be fixed.
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(i1) Assume . = —%M. There exist breg > eéilé:j:)») and dy > 0 with the

following property: If 214~ < b < byeg and dgon(b) < d < dyton(b)+dbo,

then for every b-periodic global minimizer (h, u) € X (eo; 0, b) with |$2,,| =
d we have h € C' ([0, b]).

In both cases (h, u) satisfies all the conclusions of Theorem 2.7, with X #— Z‘f» = 0.

Remark 2.15. Note that in statement (ii) of the previous theorem we impose a
condition on the Lamé coefficients that is slightly more restrictive than (2.7).

The last result that we want to highlight deals with the existence of nontrivial ana-
lytic minimal configurations. It states that if b is small enough, then b-periodic
non-flat global minimizers are analytic.

Theorem 2.16. (Analytic non-flat minimal configurations) Let byt be the constant
introduced in Theorem 2.11. There exists no > 0 such that if b = beit + n, with
n € (0, no), and (h,u) € X(eg; 0, b) is any non-flat b-periodic global minimizer,
then (h, u) is analytic; more precisely, h is strictly positive and analytic over R

. . i
and, in turn, u is analytic in §2,.

3. Computation of the Second Variation

In this section we study a suitable notion of the second variation for the func-
tional F. We look at regular configurations, where the displacement minimizes the
elastic energy. More precisely, throughout this section we assume that (i, u) €
X (e, q:0,b), h € Cg°([0, b]), h > 0, and u satisfies

CE() : E(w)dz =0 forallw € A($2y), (3.1)
Qh

where
A(2p) :={w € LDy(2y; R?) : w(-,0) = 0}.

Given ¢ € Cgo([O, b]) with fob Ydx =0, fort € Rweseth; :=h+ ty and we
let u; be the elastic equilibrium corresponding to §2;, under the usual periodicity
and boundary conditions, that is, (A, u;) € X (e, ¢; 0, b) and

CE(u;) : E(w)dz =0  forall w € A(£2y,). (3.2)
th

We define the second variation of F at (h, u) along the direction \r to be the value
of

2
@F(ht, us)|r=0-
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It is convenient to introduce the following subspace of H Lom):

A1) =g e H'(D) : 00, h(O0) = (b, ht)), | pdn' =0}.

Iy

In the following we will make use of the following notational convention: For any

one-parameter family of function {g;}, the symbol g,(x) denotes the partial deriv-

ative with respect to ¢ of the function (¢, x) — g;(x). We omit the subscript when
t = 0. In particular we let

. 8Mt . 814;
Uy = — u.=—
ot ot

=0

We denote by v the exterior normal to £2;, and we let 7 := v be the unit tangent
vector to I}, where L stands for the clockwise rotation by % As usual, 9;, 0,
denote the tangential and normal derivatives, while D, D, stand for the tangential
and normal gradient, respectively. If « is a vector field from I}, to R?, we denote
its (distributional) tangential divergence by div,«. Recall that if « is sufficiently
smooth and «(0, £(0)) = «(b, h(b)), then

/ div,adH‘z/ k(e - v) dH!,
Iy Iy

where k = div, v is the scalar curvature of I},. In particular, if « is a tangential field
and ¢ is a sufficiently regular scalar function such that ¢ (0, 2(0)) = ¢ (b, h(b)),
then

/ pdivea dH! = —/ Dr¢-adH'. (3.3)
Iy Iy

Remark 3.1. Formula (3.3) still holds when ¢ (0, £(0)) # ¢(b, h(b)), provided the
tangential field vanishes at the points of I}, that is, «(0, 2(0)) = «(b, h(b)) = 0.

We are now ready to state one of the main results of this section.

Theorem 3.2. Let (h, u), , and (h;, u;) be as above, let T : R> — R be the

orthogonal projection on the x-axis, and let ¢ € ﬁ# (I') be defined as ¢ =

wi/fw o 1. Then the function u belongs to A(82y) and satisfies the equation

CE@) : E(w)dz = / div; (¢ CE(u)) - wdH! (3.4)

2 Iy

forallw € A($2y). Moreover, the second variation of F at (h, u) along the direction
Y is given by
d2
— F(hy, uli=0 = —2/ Q(E(u))dz
dr ol

v [ Gep? a4 / @ LQ(Ew))] — K)g? dH!
Fh Fh

-/ (Q(E)) + k)3 ((h o m)p?) dH". (3.5)
h
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Proof. It is convenient to introduce the one-parameter family of C°°-

diffeomorphisms ®; : R? — R?, ®;(x,y) := (x,y + i/ (x)). We will make

repeated use of the following fact: There exists &g > O such that the map

(t,x) — u; o ®/(x) is of class C* in (—¢g, 9) x £25. This can be proved by

quite standard elliptic estimates arguing, for instance, as in [8, Proposition 8.1].
We divide the proof into several steps.

Step 1 We prove (3.4). Fix w € A(£2,) N Coo(ﬁ_h). Then w may be extended
outside £2, in such a way that w € A(82p,) N C*°(§2,) for t small. Hence we can
differentiate (3.2) with respect to ¢ and evaluate the result at t = 0 to obtain

b
0=/ CE@): E(w)dz+/ Y (x) [CE ) : E(w)](x, h(x))dx
2 0
= (CE(u):E(w)dz—i—/ @CE(u) : E(w)dH'. (3.6)
2 Iy

Since CE(u)[v] = 0, by (3.3) the second integral in the above formula can be
rewritten as

/go(CE(u):E(w)dle/ (p(CE(u):deH1
Iy Iy

=/ (p(CE(u):D,wdle—/ div; (¢ CE(u)) - wdH'.
Iy Iy

If w is any function in A(§2;) we conclude by approximation.

Step 2 In this step we introduce suitable functions carrying useful geometric infor-
mation and we prove some identities for later use. Let d; denote the signed distance
function from F;f ; more precisely,

—dist(z, I'*) ifz € 2F,
dt(Z) = . #ht . #t
dist(z, Fh,) ifz & .Qh[.

By our assumptions on & and ¥ there exist &g > 0 and a tubular neighborhood
N of I} such that the map (7,z) + d;(z) is smooth in (—&, &9) x N For
(t,2) € (—ep, €0) x N we set v;(z) := Vd;(z) and k;(z) := (divv;)(z). Note that
by construction ;| I, coincides with the outer unit normal to §2,,, while k| I,
represents the curvature of I,,. More precisely, since v; points outward we have

h o+t !
ki, = (- ———).
I|Fh’ ( /l_l_(h/_l_“/f/)Z)

We recall that we omit the subscript + when ¢ = 0; in particular, we write v and k
instead of vy and ko, respectively. Differentiating the identity |v|?> = 1 with respect
to v we get Dv[v] = 0. This immediately yields

(3.7)

Dv=Dyv=kt®t and divv =div;v  on [}. 3.8)

The same relations clearly hold for v; on I',,. Moreover, differentiating the iden-
tity Dv[v] = O we obtain that 0 = Z§=1(8J2.kvivj + djviokv;) fork, i = 1,2,
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where 01, d> stand for the partial derivative with respect to x and with respect
to y, respectively. Hence, (8,(Dv)),, = Z?:l afku,»uj = _23:1 djvidgy; =

—((Dv)z)l.k for k, i = 1, 2. From the last identity, recalling that k = (divv)(z) =
tr(Dv), we deduce

dvk = 3, (tr(Dv)) = tr(3,(Dv)) = tr(—(Dv)?) = —k?, 3.9)

where the last equality follows from (3.8). Note now that

qu)_(_ W+ 1y | )
T STr o0 i+ o)

Differentiating this equality with respect to ¢ and evaluating at t = 0, we get

/

v+ vy om) = —(m

oﬂl)‘c on [},.

Multiplying both sides by 7 and using (3.8), we obtain

/

\}’T+kf2l/f07[1 Z—W onmy,
that is,

V.-T=—0;¢p onl}. (3.10)

Step 3 We start by computing the first variation. Straightforward computations
lead to

d
—F(h:, ur) =/ CE(u;) : E(u;)dz
dr 2,

bWy
L+ (0 +1y")?

b
+/O (0 o E(u) . () ) ds + |

Since i, € A(82y,), by (3.2) the first integral in the previous formula vanishes.
Hence, integrating by parts and recalling (3.7), we obtain

d b
EF(hta“t)z/O [(Q 0 E@u)(x, hi(x)) 4 ki (x, by () [ (x)dx. (3.11)
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Step4 We finally compute the second variation. Differentiating (3.11) with respect
to ¢ and evaluating the result at = 0, we get

2

d
@F(ht, u)lr=o

d

b
T dr (/0 [(Q 0 E@n)Cx, hi () + ki (x, hy ()] (x) dx)

t=0

b
=/0 (CE() : E@))(x, h(x))y(x)dx
b
+/0 V(Q o Eu)(x, h(x)) - (0, ¥ (x)) ¥ (x) dx

b b
+/ ke, () (x) dx +/ Vk(x, h(x)) - 0, ¥ (x) ¥ (x) dx
0 0
=L+ DL+15+ 14 (3.12)

We now treat each integral I; separately. From (3.6) we obtain
L= [ CE@w):E@edH' =— [ CE@): E@)edz
Iy 2

_ / O(E (@) dz. (3.13)
-Qh
Writing V(Q o E(u)) = 8,[Q(E))]v + 3;[Q(E(u))]r we have

L= /F B,[Q(Ew)p® dH' + / 0[O E@N( o 71)¢” !
h

Iy

= /F WQ(Eu)]p* dH!' — : Q(Em))d, (W o m)@?) dH!,  (3.14)
h h

where the last integration by parts is justified thanks to the periodicity of the func-
tions involved. Analogously, using also (3.9), we may rewrite

14=/ Buk<p2dHl+/ dck(h' o m)? dH!
Iy Iy,
= —/ k2% dH! —/ ko, (0 o 7t1)¢?) dH". (3.15)
Fh Fh

Differentiating the identity v - v = 0 and recalling (3.8) we obtain 9,V - v =
—v - dyv = 0 that, in turn, implies k = divv = div,v. Hence,

13=/ div,f)godHl:—/ D10 pdH = [ B:¢)?dH',  (3.16)
I I I

where in the last equality we have used (3.10). Collecting (3.12)—(3.16) we finally
obtain (3.5).
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Remark 3.3. If (h, u) is a critical pair for F, then Q (E (u))+k is constant along I7,.
This implies that the last integral in (3.5) vanishes since the function (k' o m)goz
takes the same values at the endpoints of I7},.

The theorem together with the previous remark suggests that we may associate with
every crigcal pair (h, u) € X(eg, g; 0, b) the quadratic form 92F (h, u) defined for
all p € H#(Fh) as

3*F (h, u)[p) :== —2 / O(E(v,))dz + / (3:0)% dH!
2 Iy

+ / @O [Q(E ()] — k*)g* dH', (3.17)
Iy
where v,, is the unique solution in A(£2;) to the equation
CE(v,) : E(w)dx =/ divy (¢ CE(u)) - w dH! (3.18)
25 I

for all w € A(£2;). Our purpose is to provide necessary and sufficient conditions
for local minimality in terms of such a quadratic form. We immediately have the
following corollary.

Corollary 3.4. Let (h, u) € X (eo, q; 0, b) be a local minimizer. Then
*F(h,u)p] =0  forall g € H)(T}). (3.19)

Proof. If ¢ € IZ} (T'y) N Cg°(I},) then (3.19) is a consequence of Theorem 3.2
and Remark 3.3. The conclusion follows by approximating any ¢ € ﬁ# (I',) with
functions in ﬁ#} TN C;o(l"h) and observing that the map ¢ — 92F (h, u)[e] is
continuous with respect to the strong convergence in I:I'# (Tp).

In one of the main theorems of the paper we will show that if the quadratic
form is in fact positive definite; that is,

F(h,u)g]l >0 forallg € H} () \ {0}, (3.20)
then (h, u) is an isolated local minimizer. The next proposition starts paving the
way for this result. It provides two different equivalent formulations of condition
(3.20): The first one is related to the first eigenvalue of a suitable compact operator,
while the second one is expressed in terms of a dual minimum problem. To this

aim, we fix a critical pair (h,u) € X (eoLq; 0, b) and we introduce the following
bilinear form, defined for every ¢, ¥ € H# Tp):

(@, ¥)~ ::/ a(plﬂd?‘[l-i-/ 3 0y dH, (3.21)
Iy, Iy

where a := 0,[Q(E (u))] — k2. Itis easy to check that whenever
(¢ )~ >0 forall g € Hy(I')\ {0}, (322)

the bilinear form (3.21) defines an equivalent scalar product on ITI# (Tp).
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Remark 3.5. Note that for the flat configuration (d/b, u.,) the coefficient a
vanishes, and thus (3.22) is always satisfied.

Proposition 3.6. The following statements are equivalent.

(i) 92F(h, u) satisfies (3.20).
(ii) Condition (3.22) holds and the compact monotone self-adjoint operator T
acting from (H# (T'n), ~) to itself, defined by duality as

(T, w)w:z/ CE(vy) : E(vy) dzz/ CE(vy) : E(vy)dz  (3.23)
2p 2

forall o, ¢ € ﬁ# ('), satisfies

A= b Haxl(T<p O~ =T~ < 1. (3.24)

Here vy, and vy, are defined as in (3.18).
(iii) Condition (3.22) holds and, setting

[ = min{Z 0Bz veA@. 19~ = 1}, (3.25)
h

where ®, is the unique solution in ITI# (T'y) to

/ 9 Dy 0. dHl—i-/ a®,ydH! :/ div; (¢ CE(u)) - vdH' (3.26)
I N Iy
forall ¢ € ﬁ# ('), we have

= — > 1.
M1 by

Proof. Assume now (3.20). As

I F(h, wlel = (9, )~ — (Te, 9)~, (3.27)

we have (¢, (p)N > (T, )~ = 0 whenever ¢ # 0. Hence, (-, -)~ defines a scalar
product on H (I'y,) that is equivalent to the standard one, as observed before. The
monotonicity and the self-adjointness of 7" are evident from the definition.

We first observe that if ,, —  weakly in H,} ('), then div; (¢, CE (u)) —

div; (¢, CE(u)) weakly in L2(I},). Hence, recalling (3.18) and using Korn’s
inequality we get that vy, — vy weakly in Ag,. Then, by the compactness of
the trace operator, we conclude that

Yn — ¥ weakly in Hj () = vy, — vy strongly in L>(I3,).  (3.28)

To check the compactness of T let ¢, — ¢ weakly in I—NIJ (I'n). Recalling (3.18)
again, we have

/ dive (9, CE)) - vy dH! — [ div;(p CE(w)) - vy dH',
Iy Iy
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that is,

(Ton, Y)~ = (T, Y)~. (3.29)
Thus, Tg, — T¢ weakly in ﬁ# (I'y). Choosing ¥ = T ¢, in (3.29) and recall-
ing that by (3.28) vry, — vy in L2(~I’h), we discover that |[T¢,||l~ — |Tell~
and, in turn, Ty, — T ¢ strongly in H#(Fh). We conclude that T is compact so
that A1 in (3.24) is well-defined and coincides with the first eigenvalue of 7. By
(3.27) the condition A; < 1 is equivalent to (3.20). This concludes the proof of the
equivalence of (i) and (ii).

To finish up the proof of the proposition it is enough to show that under (3.22)
wehave u; = ALI First of all, arguing as before, one can check that the map v — &,
is a linear compact operator from A(£2y,) to ﬁ# (I'y). Exploiting this observation,
the existence of a solution to (3.25) can be established by the direct method of the
Calculus of Variations.

Letnow ¢ € ﬁ# (I'p) be such that ||¢||~ = 1 and T¢ = r1¢. Then by (3.18),
(3.21), and (3.23) we have

x]/ 8,(p8,1ﬁdH1+Al/ agm//d’le/ div, (¢ CE(u)) - v, dH' (3.30)
I I Iy

for all ¢ € ITI# (T'n). Hence, recalling (3.26), ®,, = A1¢. Moreover, choosing
¥ = ¢ in (3.30) and using (3.18), we have

2= rlel = 2/ O(E (vy)) dz.
2

We conclude that v, /A1 is admissible for problem (3.25) and

n1 52/Qh Q(E(;—(T))dz= %1

To show the converse inequality, let v be a solution of (3.25). Then there exists
a Lagrange multiplier pg such that

CE®®) : E(w)dz = uo(®y, y)~ forallw € A(2y). 3.31)
-Qh
Choosing w = v we immediately deduce po = w1. Moreover, recalling (3.26), we
get from (3.31)

CE): E(w)dz = / div, (®;CEu)) - wdH! forallw € A(82)),
2 Iy

which means, by (3.18), v/1u1 = ve,. Hence, by (3.23), (3.18), and (3.26) we have
forall Y € Hj (Th),

v
(T @5, Y)~ =/ —

N (CE(

) L E(vy)dz = /m CE(vy) : E(%) dz

M1

=/ divt(l/f(CE(u))-idHl =i(<1>a,1/f)~-
I “1 231
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We conclude that 1/ is an eigenvalue of T and thus 1/ < Aj.
Corollary 3.7. Assume (3.20). Then there exists a constant C > 0 such that
0> F(h,wle] = Clielg 1
forevery ¢ € 1"-Iv#l Tp).
Proof. By Proposition 3.6, (3.24) holds. Hence, recalling (3.27), we have
0> F(h, el = lol2. — (T, o)~ Z llell2 = ITI~llel%
= (1 =lel Z Clleli ),
which proves the corollary.

Corollary 3.8. For d > 0 let 11(d) be the first eigenvalue of the operator T asso-
ciated with the quadratic form 3*F (d /b, Ue,), according to Proposition 3.6 (see
Remark 3.5). Then A1 is a strictly increasing function of d.

Proof. LetO < d; < dyandletv; € A((O, b) x (0, dl/b)) be a solution to problem
(3.25), with h = d; /b. Observe that the function

dr—d
0 if0<y< =1

dy — d ) "
i <
b b =%
belongs to A((O, b)x(0,d>/ b)) and is an admissible competitor for problem (3.25),

with & = d,/b. Moreover, v, cannot be a minimizer, since otherwise it would be 0
everywhere by analyticity. Hence, by Proposition 3.6(iii),

1 b pdy/b b pdy/b
= [ [ ewwmayx= [ [7 0w davax >
rd)  Jo Jo o Jo

which concludes the proof.

v2(x,y) = dy — d; - d»
< —

U](X,y—

1
ri(dy)’

4. Second Variation and W2 *-Local Minimality

We now come to a crucial point of the paper, namely the proof that condition
(3.20) implies the W>>°-local minimality. This is essentially achieved in Propo-
sition 4.5 from which Theorem 4.6 quickly follows. The section also contains a
variant of this theorem which will be used in Section 7 to prove the second state-
ment in Theorem 2.11. We start with some technical lemmas. In the representation
formula (3.17) of the second variation, the last term involves the normal derivative
of Q(E (u)) on I'},, where u is the elastic equilibrium in £2;,. Therefore, an important
step in the proof is provided by Lemma 4.1, which shows that the H -5 (I',)-norm of
the trace of VCE (1) can be controlled uniformly with respect to C2-perturbations
of the boundary. Lemma 4.3 deals with the construction of a suitable harmonic lift-
ing from I, to §2j,, which is then used in Lemma 4.4 to prove a higher integrability
result for E (u).

For the definitions and the properties of fractional Sobolev spaces needed in
this section we refer to the Appendix.
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Lemma 4.1. Let (g, v) € Y(eo; 0, b) be such that g > 2co > 0in [0,b], g €
C2([0, b]) and

/ CE(v) : E(w)dz =/ d:Vwdz forallw e A(£2y),
Qg Qg

1 —#_ 2x2 . . . . . . -
where d € C (8243 M<*4) is b-periodic in x. Then, setting D 1= 2¢ \ 24 ¢,
D' = 24\ 24 2¢p forall p > 1

IE@lwirpmex2y+ IVCE@ 1
Hy * (I3

< CUEM 2oy + Ml gy o))

where T denotes the space of third order tensors and C is a positive constant
depending only on the C*-norm of g, on ¢y and p.

Proof. Without loss of generality we may assume that d is C2 in ﬁg. Fori, j €

{1, 2} we define
ov od
e e, e G
Tijx ( ox )ij x ox/ij

1
and similarly for oyj, d;j,. Let ¢ € H, (I';). With the same letter we denote
a lifting of ¢ such that (¢, 0) € A(§2,), ¢ vanishes in £2,_., and ||<p||H1(Qg) <

Cllell b T with C depending only on the Cl-normof g, p and on cg. Such a lift-
8

ing exists thanks to Theorem 8.5. Differentiating the equation div(CE (v)) = divd
with respect to x, multiplying by ¢, and integrating by parts, we get

/ (0111, 012x) - v dH! =/ div(dllmdl2x)‘pdz+/(Gllx,JIZX)'V(de
I D D

=/(011x—d11x,012x—d12x)'V§0dZ+/ (di1x, diny) - vo dH!
D

Fg
S CUVEW 2oy + 1l o1 p.vz2) V@l L2p:r2) + 9l 22(ry)

< _
s CUVEO I 2op-m + ”d”Cl(D;MZXZ))”(p”H%(Fg).

Therefore, setting « := (0114, 012x) - V, from the inequality above we deduce that

llel -l = CUAVEWII2pimy + Il 1 .vzx2y)s “4.1)

y ~ )

where C depends only on the C'-norm of g, on p, and on cg. Similarly,

1Al N vl N 81l -1
Hy (1) Hy 2 () Hy 2 (1)
S CUVEM N 2p:m + ldll o1 (p.pex2))s 4.2)

where

B = (012x,022x) -V, ¥ = (0O11y,012y) - V, & := (O12y, 022y) - V.
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Recall that by Theorem 8.6, if ¢ € H'(D) is b-periodic in x, then

lozall 1 = ClIVolmre
Hy % ()

for some constant C depending only on the C L_norm of g, on p, and on cg. Hence,
setting  := 3; (CE(v))11 and ¢ := 81(33%), we have

< 31)1
Il o 121 v = CIVCEM 2y + IV —— ) l2(p:R2)
H, 2(Iy) H, 2(Iy) dy
< CIVCEW)lI2(p;T)
= CIVEW I 2(pymys (4.3)

where we also used the fact that

3%v A+ Mooy + Aoty — 2p + Mooy

dy? 4p(p + 1) ’ 44
3%v; _ @u+ Moy — rony
dxdy A+ A)

a2 n2 . .
Observe that ¥ = g xg‘y vy — %}%vl. Therefore, recalling also (4.4), 0ijx, 0ijy, I,

J € {1, 2} satisty the following linear system

Ollx o
O12x B
A 022x _ 14 ;
Olly 1)
012y n
022y 4 (e + 2)
with

vy v 0 0 0 0
0 V1 V2 0 0 0
A= 0 0 0 Vi v 0
T 0 0 0 0 V1 V2
v 0 0 —V 0 0

—av; 0 Cu+Mv Cu+rvy —4(p+rv; —Av

A lengthy but elementary computation yields that the determinant of the 6 x 6
matrix of the system is (2u + )»)1)22 > ¢ > 0, where c is a constant depending
only on the C'-norm of g. Thus, 0;jx, 0;j, can be written as linear combinations
of o, B, y, 8, n, ¥ with coefficients given by suitable polynomials in vy, v, divided
by v%. Then from (4.1)—(4.3), using Lemma 8.8, it follows that

IIVCE(U)IIH_% S CUIVEW) 2 sy + ldllcr sz, (45)

b~ (Ig:

with a constant C depending on ¢y and the Cl-norm of vy, vy, hence on the C2-
norm of g. It remains to estimate || E(v) || w1.»(p.pmpx2). To this aim fix p > 1, set
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D" = £, \ 24 32, and fix a ball B CC D"\ D. By adding an infinitesimal
rigid motion, if necessary, we may assume without loss of generality that

/ (Vo—VTv)dx =0 and / vdx = 0. (4.6)
B B
Then standard elliptic regularity results (see [2, Section 10.2]) imply

IEW) oy £ CI0Iwirmrre + 1l g7 e
< COE oz + Il o1 gy o)
< CUE g e, + Idll i g ypen). - @7

where the second inequality follows from Korn’s inequality and (4.6), while in the
last one we used the Sobolev imbedding and the fact that we are in dimension two.
Arguing similarly with D and D" replaced by D” and D’, respectively, by elliptic
regularity and Korn’s inequality, we get

IE@) | g1 prvzxey < CIE @) 2 pravze2y + IIdIICI@/;szz)) (4.3)
The conclusion of the lemma then follows by combining (4.5), (4.7), and (4.8).

Remark 4.2. An obvious modification of the final part of the previous proof also
shows that if v € A(§2,), then

IEW Iwir@emzx2y + IVCE@ 1

Hy 2 (I T)
g C(”U”Hl(gg;MZXZ) + ||d||cl(§g;M2><2)) (49)

holds with a constant depending only on the C2-norm of g, on ¢g, and p.

Lemma 4.3. Let g, D be as in Lemma 4.1 and let p > 1. Given € C#(Fg; R?),
a e C# (I'y), there exists a harmonic function f € WP (D) such that V f is
b-periodic in x and 9, f = adiveyr on I'y. Moreover,

IV fllLepr2) = Clvli-

R (4.10)

where C is a constant depending only on the C*-norm of g and on the C'-norm of a.

Proof. Write adiv;y = d;(a¥ 171 + ayr12) — Y19 (aty) — Y29, (aty). Thanks
to Theorem 8.5 there exists a function W € W7 (D), b-periodic in x, whose trace
on Iy is a1 11 + ay2 12 and such that
<
”\IJ“Wl,p(D) = CHI//”WI_%"’(Fg;]RZ)’

with C depending only on the C 2_norm of g and on the C Lnorm of a. Let G €
Wl’p(Fg) be such that G(0, g(0)) = 0 and 9:G = Y19 (at1) + Y20.(at2) and
denote by G the function in W1-P(D) obtained by extending G in £2 by G(x, y) :=
G(x, g(x)). Clearly VG is b-periodic in x and we have the estimate

||G||Wl.p(D) § CIlw”WF%"’(Fg-RZ)’
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again with a constant depending only on the C%-norm of g and on the C'-norm of
a.Letv e Hol‘#(D) denote the solution of the following problem

/ Vv - Vwdz =/ (VW —VG)-Vwdz  forallw € Hy4(D),
D D

where
Hy 4(D) := {w € H (D) :
w(x, g(x)) = w(x, g(x) —co) =0, w0, y) = w(b, y)}.

By classical regularity results we have that v € W'?(D) and lvllwir(p) <

ClIV¥V — VG| pr(p:r?). With a constant C depending only on the C?-norm of g.

Setting w := ¥ —G —v, then w is harmonic in D, Vw is b-periodic, 9, w = adiv; ¥
V D . S . i i

and [|[Vwllppp.r2y = C”w”WI’IL””(rg;RZ) The conclusion then follows by letting

f be a harmonic conjugate of w.

Lemma 4.4. Let g, co, D, and D' be as in Lemma 4.1, let p > 2, and let M €
C# (Iy; M?*2). There exist 8 and C > 0, depending only on p, co, and on the

C2-norm of g, such that if v € A(82,) is the solution to the problem

/ (CE(v):E(w)dz:/ dive M - wdH!
‘QH

Ty

forall w € A(82y), then the following estimate holds:

Proof. Adding an infinitesimal rigid motion, if necessary, we may assume with-
out loss of generality that (4.6) holds for some ball B cc D'\ D. Let f €
W7 (D’; R?) be the harmonic map whose components f; and f> are constructed
in Lemma 4.3, with D replaced by D’ and taking @ = 1 and ¥ coinciding with the
rows M1 and M»> of M, respectively. From the assumption, integrating by parts, we
get that

| E)I 25 p:2x2y < C(”E(U)”LZ(D’;MZXZ) + ||M”W17%1P(pg;M2x2)

/(CE(v):E(w)dz:/ Vf:vVwdz
‘Qé’

24

for all w € A(§2,) vanishing in §2, \ D’. Then by a standard argument (see [17,
Chapter V]) one obtains that there exists 9 > 0, depending on the Cl-norm of g
and on ¢ such that if zo € D* and r < rg

2 C 2 2
IVol2dz < —2( |Vv|dz) e V2 dz,
By (z0)N$2} r Boy (z0)N$2 Bar (z0)N$2%

where the constant C depends on ¢y and the C'-norm of g. Setting o :=
|Vv|2)(9§, B = |Vf|2)(9§, the above inequality reads

2
][ adz £C ﬁdz) +C][ Bdz
By (z0) Bor(z0) Bar(z0)
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forallzo € D* andr < rg. Since B € LP/?>(D’), astandard application of Gehring’s
Lemma (see [17, Proposition 1.1]) yields that

”V‘U”L“‘E(D;MZXZ) é C(||VU||L2(D’;M2x2) + ”Vf”LP(D’;MZXZ))'
Hence the conclusion follows from Korn’s Inequality and (4.10).

The next proposition will be crucial in proving Theorem 2.10.

Proposition 4.5. Let (h,u) € X(eo, g; 0, b) be a critical point for F such that
h >2co>0in[0,b], h € CZ([0, b]) and

0*F(h,wlgl = Cillell3 f,) 4.11)

forall € ITIJ (Tp) with C; > 0. Let (g, v,) be any sequence in X (eq, q; 0, b)

such that g, € C3°([0, b)), fob gndx = fobhdx, and g, — h in C*([0, b]) and

let ¥, € H}(Ty,) be defined as ¥, := j’H‘_’lz
8n

C> > 0 depending only on h, such that

o 71. Then there exists a constant

F(h,u) + CzlliﬁnllHl(p ) = F(gn.vn) (4.12)
for n large enough.

Proof. In order to prove (4.12) we may assume without loss of generality that v,, is
the elastic equilibrium in §2,, , that is, the solution to (3.1) with / replaced by g,,. We
will use the bilinear form (-, <)~ : H (T'y) x H (I'p) — R, introduced in (3.21).

We also introduce the bilinear forms (-, )~ g, : H# (T'g,) x H# (I'g,) — R defined
as in (3.21) with I, and a replaced by I, and ag, = Bugn[Q(E(vn))] — kgn.
Here v,, denotes the outer unit normal vector to §2,, while kg, is the curvature
of I',,. Finally, let &, : £2;, — £2,, be a diffeomorphism of class C 2(ﬁhg Rz),
such that ®,, — Id is b-periodic in x together with its ﬁrst and second derivatives,
@n(x, 0) = (x, 0) forallx & [0, 0], [®n —Idlc2g,:r2) = = 2llgn —hll 20,5y and
d,(x,y) ;== (x,y+ gy — h) in a neighborhood of Ty Finally, to avoid confusion
we shall denote by v, the outer unit normal to £2, on I, and we will write aj, to
denote the quantity a defined in (3.21).
‘We now split the proof of the proposition into several steps.

Step 1 From the equations satisfied by u and v, and an easy change of variable,
we obtain that for all w € A(£2g,)

/ C(Emwo®, ") — E(vy)) : E(w)dz—/ d, :Vwdz,  (4.13)
gn 2

8n

where

Idnllcr (g, ;272 = Cll®y — Idllc2(g,.r2) = Clign — hlic2 0,61
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and C is a constant depending only on the C2-norm of u. From (4.9) and Korn’s
inequality (notice that u o ®, ! — v, = 0 on {y = 0}), we get that for all p > 1

IEwo @, 1) — E@n)llwir(a,, M)
HIVC(E o @, 1) — E@a)ll )

# Z(an;T)
<SC(lEmo®,") — E@n)ll 22,252 + lign = hllc2o.01))
=Clign — h”CZ([O’b])s (4.14)

for a constant C depending only on p > 1 and the C%-norms of / and u. Note that
the last of the previous chain of inequalities follows by choosing w = uo ®,; v,
in (4.13) and by Korn’s inequality. Using Lemma 8.8, from (4.14), we conclude
that

| Eu) — E(n) o @ullwipg,:m2x2) = Cllgn — 1l 20,6 (4.15)
and

IVCE(u) = (VCE(up)) 0 @ull 3 = Clign — hllc2o,py-  (4.16)
Hy 2 (DT

Let vy, and v, denote the outer normal unit vectors along I, and I, , respectively,

/ 72

and J1 9, = VIre

140

18y, [Q(E(Wn))] 0 @ni®p — 0y, [QEE@NI]Il -1 — 0. (4.17)

H, 2 ()

be the 1-dimensional Jacobian of ®,, on I},. We claim that

1
Indeed, we have for all ¢ € H,; (I'},)

/1_’1[%Q(E(u)) - (%Q(E(vn))) o q)n:l(del

- /Fh [(CE(%u)— (CE(%un)) 0 @, | (E(uy) 0 @) dH!
+/rh (CE(a%u) (E)— E(y) 0 @) dH!

= CIIVCE(u) — (VCE(vn)) o @ull 1 T)Il(l'f(vn) o @)l

H, % (I;
HIE ) — E(vn) o Pullpoo 2 @l L2, (4.18)

where the constant C depends only on the C2-norms of u and & and on the length
of I',. Fix p > 2. Recalling the definition of Gagliardo seminorm (8.1) and using
Holder’s inequality, the Sobolev Imbedding Theorem 8.3 (notice that H > (Ip) is
continuously imbedded in L?(I") for all p > 1), and the trace Theorem 8.4, one
obtains that

IE@ 0 @@l y o S CIEGR 0 @ullimmapay el y

Hellzr a1 EWn) o Pull  pi2 2p.
WP (1 M)

SC(|E Dyl Loo( 1y - vi2x E P ,
< CUE®) © Qallirneny HIE@) 0@l 20, el o

1
HZ(I;M2*2)



278 N. Fusco & M. MoORINI

where the constant C depends only on p and on the C!-norm of 4. From the last
inequality and (4.18), using (4.15) and (4.16), and performing a similar estimate
for the derivative with respect to y, we conclude

IV(QE@n)) 0 @y = VOEW)I _y = Clign = llc2o,pp = 0
Hy = (I'h)

Hence, (4.17) follows, taking into account that [|vg, o @, —vpllci(py — 0, [[@n —
Id|| 2, .r2) — 0, and using Lemma 8.8.

Step 2 We show that for n large enough

lel3r, , S 3CT w2,  forallp e Hy(Ty,) (4.19)

(Cj is the constant appearing in (4.11)).
Note that by (3.17) and (4.11) we have

2 > 92 > 2.
lol2 = 0 F (hwlg) = Cillely gy, (4.20)

forall g € H)(T';). Given ¢ € H} (), we set

¢ :=(pod,)J1D,.
Then ¢ € H, (T';) and

lel3r,,) =/ (Ip 0 @ul* + |(3z,, @) © Pul?) J1 Py dH!
n Fh

SA+8) [ (§+ (35,9)%) dH!
I

=G I Yomus /171 8 4.21)

where in the last inequality we used (4.20). The constant §,, appearing in the above
formulas depends only on |g, — hll¢2(0,p)) and tends to zero as n — oo. To
continue, note that from (4.17) and Lemma 8.8 we have

I(ag, 0 @) /1@y —an (1@ 4 — 0. (4.22)

Hy =(I'h)

Moreover, we have
1612 = /F (@@ + (9, 7)%) dH!
h

< / (ag, 0 ®y) (g 0 )2y b, dH' + / (i, 00 O + 8l
I r n

8n

+l(ag, 0 @p)J1 Dy — an(J1 @)% 1 o @)% 1
I(ag, 0 @) /i®n —an(h®a?l oy o @7l 1

2 2 2
= = ©,) 1P, —ap(J1 P ®
lellZ g, + I(ag, o ®u) 1Py — an(J1Pn)” |l #_%(Fh)llﬂpo n) ”H%(m

+oulle i r, ) (4.23)
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where, as before, 8, depends only on [|g, — Al ¢2(0,5}) and tends to zero asn — oo.
Finally, note that

2 / 2
(¢ o ®p) IIH%(m = C'l@o @) u v,
< C"l o @ullfy gy, = C" A+ 80015, 0 (424)

with §,, as before and C” independent of n. Note that the second inequality in
the above formula can be proved taking into account the imbedding of H!(I7},)
into L*°(I7};,). Combining (4.23) with (4.21) and taking 1nt0 account (4 22) and
(4.24), we conclude that for n large enough ||(p||H1(F = 3C1 loll% . for all

-8n
Q€ H# Tg,).

Step 3 Let T,, be the operators defined by (3.23) with (-, -)~ and A replaced by
(-, -)~,g, and g, respectively. Let T}, be the operator corresponding to /. Note that
the definition of T, is well-posed, thanks to (4.19). Denote the first eigenvalues of
T, and Ty, (see (3.24)) by A1, and Ay g, , Tespectively. We claim that

limsup Ay g, = Aqp. (4.25)
n— o0
Assume without loss of generality that lim sup,,_, ., A1, = limy 00 A1,g, = Aoo-

Then there exist ¢, € Cz°(Ig,) N H} 4 (Dg,), with [|@nll~, = 1, and vy, ¢, €
A($2g,), solution to

/ CE(vy,.g,) : E(w)dz =/ div,gn (pnCE (vy)) - wdH! (4.26)

8n I, &n

for all w € A(£2g,), such that

(Tg, @n: Pn)~g, = 2/ Q(E(vg,.g,)) dz = Aoo. (4.27)

Note that by (4.19)

sup @nll g1 (ry,,) < +o0- (4.28)
n

By the Imbedding Theorem 8.3 and the CZ-equiboundedness of the functions

gn it follows that sup, ||<,z>,,||W4 T < 4o00. From (4.15) it follows that
8&n

sup,, ”(CE(vn)||C0,a(1"gn;M2x2) < oo for all « € (0, 1). Then, using the defini-

tion of the Gagliardo seminorm of W%'A(F %,) and the a-Holder continuity with o
sufficiently close to 1 (compare with Lemma 8.8 where « is taken equal to 1), one
can check that

sup “‘pnCE(Un)”W4 oy ) < +o0. (4.29)

Using Lemma 4.4 we then have that

||E(v<pn,gn)”L2+5(an \an,CO;MZXZ)
<
S CUIE (g, g1 L2(24,\ 24y 20 :M272) T ”%CE(U")”W%“‘(F )) (4.30)

8n
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for some § and C independent of n. Choosing w = vy, 4, in equation (4.26) we
have, thanks to Corollary 8.7 and trace Theorem 8.4,

| EGgR:

8n

< Clldive,, (9 CE@aI 1, , Vgl

14
o (g W43 (I, :R?)

< Clle,CE(v )
S CllenCE( n)||W%,4(an;R2)|| ‘p”’g"”WL%(an;R%

§ C||E(U(pn,g,l)||L%(Q R2) é C"E(U%,g,,)||L2(_an;R2), “4.31)
8n»

where the last inequality follows from (4.29) and Korn’s inequality with a constant
independent on n. Hence, from (4.30), we deduce that

:M2%2) < Q.

Sup ” E(v‘ﬂmgn ) ” L2438 (-an \'an —C0
n

We may extend vy, ¢, to a function in A(£2g, U £2;,,) in such a way that

sup ”E(v‘ﬂn»gn)”L2+5((Qg,lUQh)\an_pO;szz) < +00. (432)
n

We finally set ¢, := £,(¢, o ©,)J1D,, where £, := ||(¢, o ®,)J; <I>n||:1. From

(4.23) applied with ¢, in place of ¢ and ¢ replaced by %’ and recalling (4.28), we

deduce that
0, — 1. (4.33)

Let vg, » defined as in (3.18) with ¢ replaced by ¢,. Arguing as before, we may
extend vg, 5, to a function in A(£2g, U £2;) in such a way that

sup ||E(v¢nvh)”L2+5((anUQh)\an—coiszz) < +00. (434)
n

To conclude the proof of (4.25) it will be enough to show that
lim / O(E(vg, h — Vg,.g,)) dz = 0. (4.35)
n— 00 Qh

Indeed, by (4.27) this would imply

n—oo

Ap 2 lim (Tp@n, @u)~ = lim 2/ Q(E(vg, n)) dz
n—>oo 'Qh

= lim 2/ O(E vy, ¢)) dz
n—oo 'Qh

= lim 2/ O(E(vg,,g,)) dz = Ao,
‘an

n—oo

where in the third equality we have used the equi-integrability of the functions
O(E(vy,,g,)) (implied by (4.32)) together with the fact that |2, AS2,| — 0. In
order to prove (4.35) we observe that vg, , — vg,.q, € A(£2;) N A(£2g,) is an
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admissible test function for (4.26) and for the equation satisfied by vg, ;. Using
such a test function and subtracting the two equations, we obtain

2 Q(E(vg,.n — Vg,.g,)) dz
- _/ CE(vg,.g,) : E(g,,n — Vg,.g,) dz
Qh\ﬂgn
+/ CE(vg,,q,) : E(Ug, .n — Vg,.g,) dz
an\gh
+ / dive, (@GeCE W) - (0, 1 — Vpy.0,) AH!
Iy
—/ [divrg,, ((ﬂnCE(vn)) : (U@,,h - U¢nsgn)] o @, J1dy dH]
Iy
ST AN EE N AR Al

Thanks to (4.32), (4.34), and the fact that |§2,, A§2;| — 0, we get In1 + In2 — 0.
Note now that I can be rewritten as

— [ IV, [t 82, (0aCE (v3) © ®)[Tg, © Pul - (v, h—Vgy.g,) © P Py dH'.
Iy

Notice that by (4.31) vy, ¢, is bounded in H 1(2p) (and similarly for vg, ;). There-

fore, by the trace Theorem 8.4, vg, ;, — vVgy,.q, is bounded in H 2 (Ih). We may
now apply Lemma 8.8 to deduce || |V<I>n[rh]|_1(v¢n,h — Vg,.g.) © PuJ1 P, —

Vg, p — U — 0. Hence, (4.35) is proved once we show that
( (pn,h (Pn,gn)”H%(Fh) ( ) p

ldive, (@, CE (1)) — 05, (9, CE(vy) 0 @p)[Tg, 0 Pyl 1 — 0. This, in turn,
Hy, < (I},)
follows from Theorem 8.6 and Lemma 8.8 if we check #that

1.CE W) — ¢, CE(v,) o CDn”H%(Fh) — 0. (4.36)

Recall that, also thanks to (4.33),
I@n = @n 0 ®ullggiry) = 0. (437)
Moreover, by (4.15),
ICE(u) — CE(vy) o ®pllcoe(p, . mpx2) — 0 forall a € (0,1). (4.38)

Combining (4.37) and (4.38), claim (4.36) easily follows from the Gagliardo defi-
nition of the H 3. seminorm.
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Step 4 For ¢t € [0, 1] consider (h, , un:) € X(eo, q; 0, b), where h, ; := h +
t(gn —h) and u,, ; is the corresponding elastic equilibrium. Note that (%, 1, u,,1) =
(gn»> vn)-Let (-, )~ n,,» Th,,>and Ay j, , be the corresponding bilinear forms, oper-
ators, and first eigenvalues. Let @, ; : §2;, — £2;,, defined as at the beginning of
the proof with g, replaced by h, ;. We claim that for n large enough and for all
t €0, 1]

lel3n, ) S3CT elZ,,, forallg € Hy(Ty,,), (4.39)

that

limsup sup Aip,, = Ain, (4.40)

n—>00 te(0,1]

and that for all p > 1

Sup ||E(I/l) - E(Mn’[) @] CDn,t”leP((zh;MZXZ) e 0 (441)
tel[0,1]

Indeed if not, then we may find a subsequence (not relabeled), #, € (0, 1], and ¢,
such that

lenliznr, ) = 3CT enlZ s, - (4.42)

Since the sequence (A, ;, , Un,1, ) satisfies the same assumptions as (g, v,), we may
apply all the previous steps. In particular, by Step 3 we contradict (4.42) and con-
clude that (4.39) holds. In a similar fashion we may prove (4.40) and (4.41), using
(4.25) and (4.15), respectively.

Step 5 We are now in a position to conclude the proof of the proposition. Let
Su @) := F(hp s, upn ). We claim that

1
110 > 2t =Wl (4.43)
By Theorem 3.2 and the definition of 7}, , and (-, -)~ 5, , We have
S0 = = Ty Vnts Yy + W12,

- / (QCEun ) + ki )0my, (R, 0 m)2, ) ML, (4.44)
h

nt

where ¥, ; := % o 1. By (4.40)
n,t
1—2
1—Ap, > Lk (4.45)

n,t 2

for n large enough. Moreover, since sup, ¢ 17 120t — hllc2(0,57) — 0. for n suffi-
ciently large and for all t € (0, 1], we also have

1
Sl S Wi, ) S 20050, ) (4.46)
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From the definition of A1 5, , and using (4.39), (4.45), and (4.46), we deduce

2 2
Ty Wit s Vst + W2 2 (L= A, MWl

1= s 5 Ci(1 = hip) 2
2 ”1//",1‘ ”N’hn,t i 6 ”wn,t ||H1(th.t)
Ci(1 — A1) 2
> -
= 12 ”wn”Hl(rgn)' (447)

Recall that (h, u) is a critical point, and thus there exists a constant A such that
Q(E(u)) + kn = A on I',. Using (4.41) it is then easy to see that

sup | Q(E n.0)) + ki, — Allzsecry, ) = 0. (4.48)
1€(0,1] ’

Hence,

/F (Q(E (un,0)) + ki, )0y, , Uiy, 0 TV ) M
h

n,t

/ (Q(Eun ) + ki, — M)y, (K, 0 7)p2,) dH!

Ty

2 —ClIQE (un,0) + ki, — Al ) Winil 3,
2 <21 QEWn,)) + ki, = Alloscri, )1l ) (4.49)

where C > 0 is independent of n and the last inequality follows from (4.46).
Combining (4.44), (4.47), (4.49), and taking into account (4.48), we obtain (4.43).
Hence, since fn’ (0) = 0, we have

1
Flh,u) = f2(0) = (1) —/0 (1— 1) £/ (1) dr

1 1
< faD) = 57C1(0 = xl,wnwniﬂ(rgn)/() (1—1)dt
1
= F(gu, o) = 22C1(1 =2 )l -

that is, (4.12) with C3 == 2 C1 (1 — Ay ).

Theorem 4.6. Let (h, u) € X(eo, g; 0, b) satisfy the assumptions of Proposition4.5.
Let (g,, vy) be any sequencein X (eq, q; 0, b) such that fob gndx= fob hdx, g, #h,
and || gn — hllw2.00.py = 0. Then, F(h,u) < F(gn, vn) for n large enough.

Proof. For every n let g, := h + pg, * (g, — h), where pg, (x) = ép(é) and p
is a standard mollifier and let v, be the associated elastic equilibrium. Notice that

- b - ~
Jo &ndx = [y hdx, g, € CZ([0, B, 11gn — hllc2jo.6)) = l1gn — Allw2oo 0,5y and
that &, can be chosen so small that

. G -
F(Zn. Un) S F(gn, vn) + 7||1/fn||§11w§n), (4.50)
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where C» is the constant appearing in (4.12) and v, is defined as in Proposition 4.5,
with g, replaced by g,. Since the sequence (g,, v,) satisfies the assumptions of
Proposition 4.5, by (4.12) we have

F(h) + Col ¥l o, < F (@ )
and the conclusion follows from (4.50).

We now prove a variant of Proposition 4.5 where (k, u) is replaced by a sequence
of flat configurations (d,/b, u.,) € X(ey;0,b), withd, — d € (0,4o00] and
e, — ¢g > 0. To this aim, define

Ay = {0 e H'()

(0, h(0)) = @(b, k(b)) =0, / pdH' = 0}. (4.51)

Iy
Proposition 4.7. Let (d, /b, u,,) € X(e,; 0, b) such that d, — d € (0, +-00] and
e, — eq > 0. Assume that

02 F (dn/b. ue,)0) 2 Cillgllz g, (4.52)

forall ¢ € FI(} (Ig,/p) and with Cy independent of n. Let (g,, vy) be any sequence
in X (en: 0, b) such that g, € CF([0. b]). [) gndx = dy. ga(0) = gu(b) = dy/b
and | gn—dn /bl 20,7 — O and let ¥, € HY (T'y,) be defined as , := =210 o

11. Then, there exists a constant Co > 0 depending only on C1, such that
F(dn/b, te,) + Coll¥ull iy, S F(gnsvn)
for n large enough.

Proof. We deal only with the case d = oo, since the other one is similar and, in
fact, easier. Indeed, many technical difficulties in the unbounded case arise from
the fact that we need uniform estimates on domains which become larger and
larger. Moreover, since the proof of the present proposition is very similar to that
of Proposition 4.5, we shall indicate only the main changes needed.

We will use the same notation introduced in the proof of Proposition 4.5,
unless otherwise stated. In the rest of the proof, for simplicity, we will write &,
and u, in place of d,, /b and u,,. As before, we may assume that v, € X(e,; 0, b)
is the elastic equilibrium in £2,, . In addition to the bilinear forms (-, -)~ ¢,, We
also consider the bilinear forms corresponding to the functions /4, denoted by
(s why: HY(Th,) x H}(Tp,) — R. Finally, let @, : £2;, — $2,, be a diffe-
omorphism of class C 2(ﬁhn; RR?) such that ®, — Id is b-periodic in x together
with its first and second derivatives, &, = Id in 2,3, ||P, — 1d||C2(§h,, .R2) <
2llgn — hnllc2(j0,61)> and @p (x, y) := (x, y +&n —hy) in [0, b] x [dy /b —2, d, /D].

As before, we split the proof of the proposition into several steps.
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Step 1 We show that

sup / Q(E(vp))dz < +00. (4.53)
.an\an,3

n

Note that by the minimality of u,, in (0, b) x (0, inf g, —3) and denoting the constant
strain E(u,) by E,, we have

b inf g,—3
/ dX/ ’ Q(E(vn))dy = Q(Ey)b(inf g, — 3). (4.54)
0 0

On the other hand, by the minimality of v, in §2,, we also have
/ Q(E(vy))dz = Q(E,) |82, 1.
‘an
Combining with (4.54) we easily obtain
/ Q(E(vy))dz = Q(E,)(3 + osc gn)b,
an \‘an—3

which, in turn, gives (4.53).
We claim that for all p > 1

1En — EWn) © Pullying, \a,, 182 — 0- (4.55)

To this aim, note that by (4.53) and Lemma 4.1 (which holds uniformly in n since
the C'-norms of the functions g/ are equibounded) we infer that for all p > 1

sup ”E(vn)le,p(_an \Egn*Z) < +00.
n

Since the functions g, have first and second derivatives equibounded in L*°(0, b),
for all n we may extend v, to §2,, +1 in such a way that the resulting functions, still
denoted by v,,, are b-periodic in the x-variable and satisfy the estimate

sup ”E(vn)”Wl,p(ggnﬂ\ﬁgnJ) < +o00. (4.56)
n

Since u, —v, € A(£2),) NA(£2g,) and recalling that u,, and v, are elastic equilibria
in £2p,, and in §2;, , respectively, we have

CE(up) : E(u, —v,)dz =0 (4.57)
n,
and
/ CE(vy) : E(uy, — v,)dz =/ CE(vy) : E(uy, — vy)dz
Qhﬂ th \an

—/ CE(vy) : E(u, — vy) dz.
an\th

(4.58)
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Subtracting (4.58) from (4.57), by (4.56) and recalling that [£2,, AS2,, | — 0 we
deduce

Q(E(u, —vy))dz — 0.
2,

Since || D, — Id||c2(§h R2) —> 0 and ®, = Id in £2;,—3, we conclude
/ |Ey — E(vy) 0 ®,|?dz — 0. (4.59)
th

Having established this estimate, we obtain (4.55), arguing exactly as in Step 1 of
Proposition 4.5. More precisely, the same estimate used there in §2,, holds now,
in a local version, in the domain §2,, \ §2¢, _; thanks to (4.59) and to the fact that
the functions #,, are all constants and the gradients of u,, are uniformly bounded
constants. Again, the same argument used to prove (4.17) gives now

[(V(Q o E(vn)) - vg,) 0 @ J1 Py — 0y, [Q(E(un))]llH,% — 0.

y ~ (Thy)

Step 2 For n large enough

lel3r, ) < 3C gl ,,  forall g € Hy(Ty,) (4.60)

(C1 is the constant appearing in (4.52)). The proof of this estimate goes exactly as
the proof of estimate (4.19).

Step 3 The proof of this step is very similar to the proof of Step 3 of Propo-
sition 4.5, apart from a subtle point at the end of the argument. For the reader’s
convenience we give the whole proof in detail. Let C3 be a positive constant such
that

lelZ, < Csllelyp, ,  forall p € Hy(Tn,). (4.61)

where C3 is independent of n. As in Step 3 of the proof of Proposition 4.5, we intro-
duce T, and Ty, , the operators associated with /1, and gy, respectively. Define the
first eigenvalues of 7j, and T, on H(} (I'y,) and H(} (I'g, ), respectively, as

Ay = max{(Th, @, @)~y @ € HY (T, @l = 1),
Mg, = max{(Te, @, @)~ g, : ¢ € H (Tg), l@ll~g, = 1}.

By (4.52) and (4.61), taking as ¢ an eigenfunction corresponding to A1 5, , we have

O?F (hu, un)lel = ll@lZ , = (Th,@. @)~y
= (1= rn)llelZ s, = 65 el2 .

which implies

0<CiC; <1 and  Apy, S1-CC5 (4.62)
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for n large enough. We claim that

limsupai g, S 1—CiC; . (4.63)

n—oo

Without loss of generality we assume that

lim sup A = lim A = Aoo-
n_)oop Le, = 1M Alg, 00

Then there exist ¢, € C°(Iy,) N ﬁol(Fg,,), with [|@,ll~g, = 1, and vy, ,, €

A(S824,), solution to

n

/ CE(vy,.q,) : E(w)dz = / dive, (paCE(vy)) - wdH'  (4.64)
‘an

I 8n

for all w € A(S2,,), such that
(T, Pns Pn)~.g0 = 2/ O(E(vy,.g,)) dz = Aeo. (4.65)
‘an

Note that by (4.60)

sup lgnll g1 (r,,) < +00.
n

By the Imbedding Theorem 8.3 and the L°°-equiboundedness of the functions

g, it follows that sup, ”('O"HW%"‘(I‘ ) < 4o00. From (4.55) it follows that
8&n

sup,, ”CE(Un)”Co,a(an;MZXZ) < oo forall ¢ € (0, 1). Then, using the definition of

the Gagliardo seminorm of W%A(an), it is easy to check that

sup @ CE (vy) || +o0. (4.66)

<
W%A(an ;MZXZ)
Using Lemma 4.4 we then have that

1 E (g, gl L2+ (2, \ 24, -1:M272)

< C(IE @0l 220 \2gy it + IeaCE@R)] (4.67)

3
witr,,) )
for some § > 0 and C > 0 independent of n. Set 0y, o, = Vg, q, + Zn, Where z, is
a suitable infinitesimal rigid motion such that

/ (V{)‘pn»gn - VTﬁ‘ﬂnvgn) dZ = 0’
an\ggn—] (468)

v‘ﬂnvgn dZ =0.
‘Qé’n \‘an*l
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Choosing w = vy, g, in equation (4.64) and recalling that CE (v,)[v,,] = 0 and
©n(0, g,(0)) = ¢, (b, g,(b)) = 0, also by Remark 3.1, we have

2/9 Q(E(vy,.g,)) dz = / dive, (@nCE(vn)) - vg,.q, dH'
8n I

8n

= / dive, (0 CE(vy)) - Dy, g, dH!
I

8n

< ||div CE(w )
S |ldive,, (pnCE( n))||W;%,4(an;R2)|| On.8n ”W%*%(an;]l@)

< CloCEOMI 3y o 1P0s

8n >

WIS (2,\ 26, -1iR2)
S ClE( < C|E( R2y, (4.69
= ClIE( w"’g")”L%(an\an_];Rz) S CJE( gan,g,,)”LZ(an’RZ) ( )

where the third inequality follows from (4.66) and Korn’s inequality with a con-
stant independent of n. Note that Korn’s inequality may be applied thanks to the
normalization conditions imposed in (4.68). Note also that the second inequality
follows from Corollary 8.7 and the trace Theorem 8.4. Moreover, the assumption
that ¢, vanishes at the endpoints of I, is crucial in order to get the second equality.
Hence, from (4.67), we deduce that

Slip || E(an’gn) ||L2+5(_an \.an,l;szz) < Q.
We may extend vy, 4, to a function in A(§2,, U §2,) in such a way that

sup ”E(an’gn)||L2+8((.anUQh)\-Qg,,71;MZXZ) < +00. (470)
n

We finally set ¢, := £, (¢, 0®P,,)J1 D, where £, := |[(¢p0D,)J1 D, ||:1hn . Arguing
as in the proof of (4.33), it readily follows that

L, — 1.

Let vg, p, defined as in (3.18) with ¢ replaced by ¢,. Arguing as before, we may
extend vg, 5, to a function in A(£2g, U §2;,,) in such a way that

sup ”E(v‘ﬁnvhn)”LZM((Qg,,Uth)\Qg,,fl;szz) < +00. 4.71)
n

To conclude the proof of (4.63) it will be enough to show that
lim / Q(EWg, h, — Vg,.g,)) dz = 0. 4.72)
n—oo th
Indeed, by (4.62) and (4.65) this would imply

1=C1C5t 2 im (T, @n, ), = lim 2 [ Q(E(vg,5,)) dz

n— 00 Qh
n

= lim 2 O(E(vg,,g,)) dz

n— 00 Qh
n

n— 00

= lim 2/ O(E(vg,.g,)) dz = Aeo
‘an
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where in the third equality we have used the equi-integrability of the functions
O(E(vy,,g,)) (implied by (4.70)) together with the fact that |§2,, A$2,| — 0. In
order to prove (4.72) we observe that vg, 5, — Vg,.¢, € A($2p,) N A(82g,) is an
admissible test function for (4.64) and for the equation satisfied by vg, 5, . Using
such a test function and subtracting the two equations, we obtain

2 Q(E(g,.n, — Vg,.g,)) dz
th

= —/ CE(U(pn,g,l) : E(v(ﬁn,hn - anvgn)dZ
_th\.an

o CEW) B~ )
‘an\ghn

+ / dive, GaCEn) - (35,1, — Dy ) AH!
Iy

n

—/ [dive,, (@aCE@Wn)) - 0,y — Dp.ga)] © P d1 P dH!
h

gl g2 g3 g4
=1, +1;+1]+1,,
where 0, 5, are obtained by adding to v, 5, suitable infinitesimal rigid motions in

such a way that sup,, [[0g, n, | i1 (2, U2, )\ 2,,-1:R2) < 00 and Dy, ¢, are defined
as above. In particular, we also have

SUp [10g, g, | 11 (21, U4 )\ 24, —1:R2) < OO
n

Note that we have used, as in (4.69), the invariance of I,f and I,‘z‘ under addition of
infinitesimal rigid motions to the functions vg, 5, and vy, o, .

Asin Step 3 of Proposition 4.5, I,} + In2 — O dueto (4.70), (4.71), and the fact
that |£2,, A§2;,, | — 0. The proof that I3+ I+ — 0 can be obtained exactly as in the
final part of Step 3 of Proposition 4.5, replacing vg, 5 — Vg,.g, bY Ug, h, — Vg,.g,-
Step 4 For ¢t € [0, 1] consider (hy, un:) € X(ey;0,b), where hy,; = h, +
t(gn—hy) and uy, ; is the corresponding elastic equilibrium. Note that (h,, 1, u,,1) =
(gn»> vn).-Let (-, )~ n,,» Th,,>and Ay p, , be the corresponding bilinear forms, oper-
ators, and first eigenvalues on ﬁol (Ih,,)- Set @, (x,y) == (x,y + hpy — hy) in
[0, b] x [d,/b — 2, d,/b]. We claim that for n large enough and for all ¢ € [0, 1]

leli, ) S3CT elZ,,, forall p € Hy(Ty,,). (4.73)

that

limsup sup App,, S1-C1C5', (4.74)

n—o0 te(0,1]

and that for all p > 1

sup IE, — E(un,t) o (Dn,t ”Wl,p(gh \ 2, _1;M2X2)- 4.75)
te[0,1] n n—e

The claim can be proved by contradiction as in Step 4 of Proposition 4.5.
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Step 5 We are now in a position to conclude the proof of the proposition. Let
Ju(@) == F(hus, un,). We claim that

" 1 —1 2
S () > ﬁcl (O ||1/fn||H1(pgn)-
This can be proved using the estimates (4.73), (4.74) and (4.75) and arguing exactly
as in Step 5 of Proposition 4.5. We only mention the fact that, since the curvatures
ky, are all zero, equation (4.48) still holds with A replaced by Q(E,), which is
bounded.

Remark 4.8. We remark that the conclusion of Proposition 4.7 also holds if the
sequence {g,} does not satisfy the condition g, (0) = g,(b) = d, /b. Indeed, if the
sequence (g, v,) satisfies all the remaining assumptions stated in Proposition 4.7,
since fob g, dx = d, foralln, there exists a,, € [0, b) suchthatg,(a,) = d,/b.Con-
sider the functions g, (x) = g,(x +ay) and v,(x, y) = v,(x + a,, ¥) — (enan, 0),
and observe that (g,, v,) € X(e,;0,b), g,(0) = g,(b) = d,,/b, F(gn,vy) =
F(8n, vn) by periodicity, and [|gn — dn /Dl 20,61y = 180 — dn/blic2 0,57y = O-

From the previous remark and Proposition 4.7, arguing as in Theorem 4.6, we
have the following result.

Theorem 4.9. Let (d, /b, u.,) € X(en;0,b) be as in Proposition 4.7, and let
(gn,vn) € X(en;0,b) be such that fé’ gndx =d,, gn #d,/b, and || g, — d/
b||W2,00(07b) — 0. Then F(d, /b, ue,) < F(gn, vy) for n large enough.

5. Second Variation of the Flat Configuration

Using Theorem 3.2, we can now calculate the second variation of the flat con-
figuration (d /b, u.,) evaluated at an admissible variation ¢. In v1ew of Remark 4.8
it is enough to consider variations ¢ belonging to the space H (Ia/p) defined in
(4.51). Clearly, such a space can be identified with

b
ﬁ(}(o,b)={¢eH1(0,b): (p(O):(p(b):(),/O (pdx:()}.

Notice that for every admissible displacement u, by (2.6), we have

a a a
(2M+x)—+xaiy2 (a”y1 +£)
(ﬂ ﬁ) om —‘,—X)— —|—)»ﬂ

dy ox ax

In particular, recalling (2.13),

4 Py
(CE(ueo)z((T) 8), where T := eo%. (5.2)
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Observing that div, (CE (ue,)¢) = div(CE () ) = t(¢', 0), we get

d b

32F(—, ueo)[w] = —2/ OQ(E(vy)) dz +/ ¢ dx, (5.3)
b 2n 0

where h = d/b, 2, = (0,b) x (0,d/b) and v, € A(§2),) is the unique solution

to the equation

b
CE(vy) : E(w)dz = r/ wi(x,d/b)¢ (x)dx (54)
2 0
for all w € A(82p).
The next theorem deals with the positive definiteness of 32F(d /b, Uey). We
follow the same argument used in [19] to express the second variation in terms of
the Fourier coefficients of ¢.

Theorem 5.1. Let K be the function defined in (2.14). Then,

2 (4 . .. . 2rd
°F Z,ugo is positive definite <= K N

T 2un4+xr 1
< _2—_.
4egu(n+a1)b

Conversely,

2md T 2u+A
()

1 d _
) T BZF(Z, ueo)[(p] < 0 for some ¢ € HL (0, b).
0

Proof. We set

Up(x,y) 1= %vgﬂ(%x, %y) ox) = %w(%x)

Then, v, satisfies (5.4) in the interval (0, 27), with ¢ replaced by ¢. Moreover, by
(5.3), we get

5 ¢d b2 . 2t [ _,
9 F(Z,MEO)[(p] - m[-z/ﬂﬂ Q(E(v(p))dz+7/0 @ dx], (5.5)

where /1 (x) = 2rd/b>.

In order to compute the second variation, let us now solve equation (5.4) in
£2; = (0,2m) X (0, h) by considering the expansion in Fourier series of vy (-, )
for all y € (0, h). To this aim, we set forall y andn € Z

1 2 . 1 2 .
a = e " 0,1(x, y)dx, b = —/ e " Dy0(x, v)dx,
n(y) «/E/o p1(x,y) n(Y) N p2(x,y)

and

27
@n = —/ e " g(x)dx,
0
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where Uy 1, Uy 2 are the components of U,,. Recalling (5.1) and (5.2), equation (5.4)
becomes

820, 1 820, 1 920,
2+ W) — + YL+ 2 -0 in 2;,
Cp+2) 52 TH 5y A+ 230y 3
320y 3%0y2 320y 1
2u + 2)—= A =0 in £2;,
L + QCu+Ar) 5y +( +“)ax8y in £2;
35 1 313 2 T . 313 1 35 2 ~
a; aj =;¢>/, k%+(2u+/\) a§ =0 onf{y=h)},
[ Uy, =0 on {y = 0}.

Therefore, the Fourier coefficients a,, b, satisfy the following system of ODEs
[ wa!l — in(L 4 )b, — Qu + A)na, =0 in (0, h),
Qu+ b —in(h + wa, — un’*b, =0 in (0, h),
aj, (k) — inby (h) = —iingbn, (5.6)
—inkay(h) + 2u + 2)bj,(h) = 0,
[an(0) = b, (0) = 0.

From these equations it follows that there exist constants C;, K;, i = 1,...,4,
such that

an(y) = C1e™ 4 Cre™ + C3ye™ + Cyye™,
by(y) = K1e™ + Kre™™ + Kzye™ + Kqye™™.

Inserting these expressions in (5.6), after some lengthy but straightforward com-
putations, we obtain that

Ci=—iKi—if3@3 -4, =ik, —i%23-4v)),
C3=—iK3, and Cyq =1iKy4,

where v, is defined as in (2.15). Setting y; := K1 + K2, y2 := K1 — K3, y3 =
K3 + K4, y4 := K3 — K4, we may write

. . . . 3- 4Vp .
an(y) = —iyj sinh(ny) — iy, cosh(ny) — ly3[ cosh(ny)+y smh(ny)]
. 3—4v, |
—iys| - sinh(ny)+y cosh(ny)]

by (y) = y1 cosh(ny) + y2 sinh(ny) + y3y cosh(ny) + y4y sinh(ny).
Imposing the condition a, (0) = b, (0) = 0, we get

3 -4y,

y1=0, y»=- V3. (5.7)
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Enforcing a,, (fl) —inb, (fz) = —ﬁimﬁn, we deduce

) 21 -2
- [2h cosh(nf) — %

sinh(nfz)]

4(1 —vp)
n

+y4 [2f1 sinh(nfl) + COSh(nfl)] = i(ﬁn-

Finally, the condition —inAia, (h) + Qu + Mb), (h)=0 implies

204+ 2u)(1 =2
%P<-+ux vp)

n

cosh(nh) + 2uh sinh(nfz)]

2u? . . .
y4[L sinh(nh) + 24k cosh(nh)] -
n(A + )

Solving the last two equations in y3, y1, we deduce

T nh cosh(nh) + 1 —=2v,) smh(nh)
P 2 2R (1= 0,)? + (3—dv,) sinhZ(nh)
T _  —nhsinh(nh) +2(1 — Vp) cosh(nh)
V4=

20" 2 £ 41— v))? + (B—dv,) sinh2(ah)

From these equalities, (5.5), (5.7), and (5.4) we finally obtain

5 (d s N 2r [T _,
0 F(Z,Meo)[(ﬂ] = ml:—z/gﬁQ(E(vcp))dZ‘F?/o @ dx]

b2 2w
T 4n?

b? . . 2w 5. .
=1 Z[—nnan(h)cp—n + 7n2¢n<p—n]
nez

_Z” G [ r2(l—v,,)bJ(nl;)].

nez. 27 un

2(1 — v,)bJ 2mnd /b?)
= anwnw—n[l - pZJT;Ln

- ~ 2w
[—rv(pl(x, @ (x) + Tgoa] dx

nez

293

], (5.8)

where the ¢,,’s are the Fourier coefficients of ¢ in the interval (0, b) and J is the

function introduced in (2.14). Also using (2.15) and (5.2) we have

2 2
1 bJ(2nnd/b
supt( vpz) (nn/)21<=)1{(
nez T n

27td) 7 2u+ A
b2

and the conclusion follows from (5.8).

ST _2th
4 gl + 1)
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Remark 5.2. From (5.8) it follows that

d
0 F (31000 ) 01 Z CLle 20

with

3 46%#(# +M)b (2nd)]

Cr:=|1
! [ Tu 4+ A) b?

Corollary 5.3. The function K defined in (2.14) is strictly increasing and continu-
ous, K(y) < Cy for some positive C, and lirf K@y =1
y—400

Proof. The factthat K is strictly increasing is an easy consequence of Theorem 5.1,
together with Proposition 3.6 and Corollary 3.8. The fact that limy , 1 0 K(y) =1
follows from the same property for J after observing that K(y) = J(y) for y
large. Also, the growth condition follows from the same property for J. Finally,
the continuity of K is a consequence of the fact that if y varies in a set bounded
from above and away from zero, then the maximum defining K can be restricted
to a finite subset of N.

6. Local Minimizers: Proofs

This section is mainly devoted to proving that W *-local minimizers are, in
fact, local minimizers in the sense of Definition 2.4. This fact, together with the
results of Sections 4 and 5, will lead to the proof of Theorem 2.9. For the general
strategy of the proof we refer to the introduction. We start with some technical
lemmas. The first one is an approximation lemma proved in [6].

Lemma 6.1. Given (g, v) € X(eo, q; 0, b), there exists a sequence of Lipschitz
b-periodic functions g,, such that g, 1 g pointwise and F(g,,v) — F(g,v). In
particular,

HY (I, — H' () + 2H (Zy).

The next lemma states a well-known approximation property for one-
dimensional BV -functions.

Lemma 6.2. Let h : [0, b] — R be a lower semicontinuous function with finite
total variation. Then, there exists a sequence of Lipschitz functions g, : [0, b] — R
such that g, (0) = h(0), gn(b) = h(b), g, — hin LY(0, b) such that

Hl(an) — H' (I, N ((0, b) x R)) + [h(0+) — h(0)| + |h(b—) — h(b)|.
The next lemma and the subsequent corollary show that minimizing under the

volume constraint is equivalent to minimizing with a sufficiently large penalization
term.
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Lemma 6.3. Let hy € L*°(0, b) be nonnegative, let d, ey > 0, and let (g, v) €
X (eo, q; 0, b) be a minimizer for the problem

min{ F(k, w) + 4|12 = d| : (k. w) € X(e0.q: 0. b), k 2 ho in [0, ]},

with A > Qo, where

1 b
00 ::E/o Q(Eo+ E((q.0))dx, and Eg:= E(utgy).

Then |$2] = d. Moreover, if hg = ¢, with ¢ a nonnegative constant such that
cb < d, then |2¢| = d.

Proof. We argue by contradiction. If [£2,| < d, we set g = g + (d — |§2¢])/b and
forall (x, y) € 25

( —\eg . d — 82|
eox, 2M+ky)+(q(x),0) if0<y <=5
v(x,y)=
d — 82| —Aeo(d — |82,y . d —|82,]
Wy =)+ 0 S ) R
Then

F(g,0) + Al|R25] —d| — F(g,v) — A||2,] — d|
= Qo(d — |24]) — A(d — |$2,]) <O,

which is a contradiction to the minimality of (g, v).

Assume now that 7o = c¢. If [£2¢] > d, then we may truncate g in such a way
that the resulting function g satisfies the constraints [£2;| = d and g = h. Then,
we would get

F(3.v) + A|12;] —d| < F(g,v) + Al|2| — d|,
which is again a contradiction to the minimality of (g, v).

An immediate consequence of the previous lemma is stated in the following
corollary.

Corollary 6.4. Let (h, u) € X(eo, q; 0, b) be a b-periodic global minimizer for the
problem (2.9). Then, for all A > Qg we have that (h, u) is a minimizer for the
problem

min[F(k, w) + A||2] —d| : (k, w) € X(eo, 40, b)}.
Proof. Apply Lemma 6.3 with g = 0.

The next lemma will be used to prove the isoperimetric inequality stated in
Lemma 6.6 and the unilateral minimality property (1.4) stated in the introduction.
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Lemma 6.5. Let h be a function in Cé([O, b)). Then,

b
HY(I) + Ao/ lk — h|dx = H' ()
0
forallk € AP(0, b), where

e

/
\/ 1+ h? )
Proof. Assume first that k € Lip([0, b]), k(0) = k(b). Then,

L>°(0,b)

b
H(T) - H' (D) = /(J1+k/2 VI 17) dx

/ W =mn
- V1+h?
_ /|k h| )51gn(k mdx  (6.1)

g—Ao/ lk — h|dx.
0

Assume now thatk € AP (0, b). If X} = @, then the result follows from the approx-
imation Lemma 6.1. If X} # ¢J, one reduces to the previous case by replacing k by
the function k= € AP (0, b) defined in (2.1) for which I, = I';- and X}- = 0.

The isoperimetric inequality proved in the following lemma is crucial to
deduce the uniform inner ball condition stated in Lemma 6.7.

Lemma 6.6. Let k € AP(0,b) be nonnegative, let B,(z0) be a ball such that
B,(z0) C {(x,y) : x € (0,b)and y < k(x)}, and let z1 = (x1,y1) and 2o =
(x2, y2) be points in dB,(z0) N (Ix U Xy). Let y be the shortest arc on 9B, (20)
connecting z1 and zo (any of the two possible arcs if z1 and z»> are antipodal) and
let y' be the arc on I'y, U Xy connecting z and z3. Then

, 1
H' () —H () 2 ;|D|,

where D is the region enclosed by y Uy'.

Proof. Denote by 4 the function whose graph coincides with y. We observe that
if k € Lip([x1, x2]), since k(x1) = h(x1) and k(x2) = h(x2), the same proof of

() =
x2

H (T N [(x1, x2) x R]) — HY (D N [(x1, x2) x R]) = %/ |k — h|dx,

1

1
(6.1), together with the fact that — —, yields
0

which is the conclusion when k € Lip([x], x2]). The general case follows by
approximating k in [x, xo] with a sequence k,, of Lipschitz functions according to
Lemma 6.2 and by passing to the limit in the above formula.
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Lemma 6.7. Let ho be a nonnegative function in Cﬁ([O, b)), let A > 0,d > 0,
and let (g, v) € Y (ep; 0, b) be a minimizer of the problem

min{F(k, w) + Al — d| : (k, w) € Y(eo;0,b),

w(x,0) = v(x,0) forall x € (0,b) k = ho}.

Then p < min{1/A, 1/||h6||oo} implies that for all z € I'y U X there exists a ball
By(z0) C 2% U (R x (=00, 0]) such that 0B, (z0) N (I'y U Zg) = {z}.

Proof. We start by observing that if p < 1/||A(lls0. 20 = (x0, yo) is the center
of a ball of radius p and S;(z()) := 90B,(z0) N {y = yo}, then an elementary
argument shows that there cannot exist two points z; = (x1, y1), 22 = (x2, 2) €
S;r (zo) N ', suchthat I, lies above S;," (z0)in (x1, x2) xR.Now fix p < 1/[|A{ |0
and assume that there exists a ball B, (z0) C Q;f U (R x (—00, 0]) such that S (zo)
intersects I’y U X in two points z; = (x1, y1) and z2 = (x2, y2). From the above
observations it follows that the arc y on S; (zo) connecting z; and z; lies above
the graph of ho. Hence we may modify g by replacing it with the function g, which
coincides with g in [0, b) \ (x1, x2) and whose graph on (x1, x3) is given by y.
Denote by y’ the arc on I'; U X, connecting z1 and z;, and by D the region enclosed
by ¥’ U y. Then we have

F(g,v)+A||2;|—d|—F(g, v)— A]|R2¢|—d| < H'(y)—H'(y) + AID| <0,

where the last inequality is a consequence of Lemma 6.6 and the fact that p < 1/A.
From this contradiction to the minimality of (g, v) the conclusion then follows
arguing as in [9, Lemma 2] or [15, Proposition 3.3, Step 2].

Remark 6.8. Let (g, v) € X(eg, q;0,b) be a b-periodic global minimizer and
fixz € T, ; . Then, by Corollary 6.4 and Lemma 6.7 (applied with 29 = 0), for

p < 1/Qq there exists aball B, (z9) C .QgU(Rx (=00, 0]) such that z € 3B, (zo).
Letting p 1 po := 1/Qo, we conclude that there exists a ball Bj,(z9) C .Qg U
(]R X (—00, 0]) such that z € 9B, (z0).

In the following theorem it is proved that the profiles g, of solutions to the obstacle
problems mentioned in the introduction (see (1.3)) converge to & in W2 when
(h, u) is a critical point. The theorem, in fact, deals with a slightly more general
situation, which will be needed in the proof of statement (ii) of Theorem 2.11.

Theorem 6.9. Let h € Cﬁ([O, b)), h > 0in [0,b], and A > Agy, where Ag is
defined in Lemma 6.5. Let (g,,v,) € Y(eo; 0, b) be a solution to the following
problem:

min{ F (g, v) + A[12] = 24| : (g,v) € ¥ (€03 0,b),

v(x,0) = v,(x,0) forall x € (0,b) g = h —an},
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where ay, is a sequence of positive numbers converging to zero. Also assume that
gn — hin L1(0, b),

lim H' (I, U X,,) =H'(I) and sup/ O(E(vy))dz < +00.
n—oo n an

Then for all @ € (0, %) and for n large enough g, € C“*([0, b)), the sequence
{Vu,} is equibounded in C*® (Uﬂﬁgn : M2*2), where U is any open set containing
I, such thatﬁﬂ{y =0}=0Wandg, — hin Cl'“([O, b)). Moreover, if Vv, — Vu
in LIZOC(SZ;,; M?*2) for some u € H'(§2),; R?) such that (h, u) € X (eo, q; 0, b) is

a critical point, then g, € W>°(0, b) for n large and g, — h in W>*(0, b).

Proof. Step 1 Up to a subsequence, we may assume that I, U X, converge
in the Hausdorff metric to some compact connected set K. It can be easily seen
that I, C K. Hence, by Gotab’s theorem and observing that 7! (I, UX,) =
H (I, U X,,), we have

HU(I) S HUK) S lim W (T, U Sg,) = H' ().

Therefore, H'(K \ I},) = 0. Since K is the Hausdorff limit of graphs, for all
x € [0, b] the section K N ({x} x R) is connected. Hence, K = I'j. From this
equality, the definition of Hausdorff convergence and the continuity of 4 in [0, b],
we get that supyg ) [gn — h| — O asn — oo.

Step 2 We claim g, € C°([0, b]) and Xec = 0 (see (2.12)) for n large
enough.

Fix p < min{1/A, 1/||h" | s}. By Lemma6.7 foralln andforallz € I',,UX,,
there exists aball B, (zg9) C an U@ x (—00, 0]) such that 9 B, (z0) (1, UX,,) =
{z}. We show that for n large enough g, is continuous, by proving that its extended
graph does not contain vertical segments. Indeed, assume by contradiction that
there exists x € [0, b) such that g,(x) < gn*(x) and take z = (x, g5 (x)). Then
we may find a ball B, (z9) C Q:fn U (R x (—o0, 0]), which is tangent at z to the
vertical segment connecting z and (x, g;lF (x)). Without loss of generality we may

assume zo = z + (p, 0). Let us now set M := ||h’||0o. Then,
+ (1 d : ) + n( ) € B} (z0)
Z 1% — s =:Z p(wy, wy) € 20)-
V14+M?2 14+ M2 r

Therefore, g,(x + pw;) = gn(x) + pwy. On the other hand, h(x + pw;) <
h(x)+pMw; < g,(x) +&, + Mpw;, where ¢, := Supyo, ) |h — gn| — 0. Hence,

gn(x+pw)—h(x+pwi) Z pwy—Mpwi—e,=p(V 1+ M2—M)—¢e, > &,,

where the last inequality, which holds for n large enough, gives a contradiction and
proves the continuity of g,. An entirely similar argument shows that X, . = @
for n sufficiently large, say n = ny.
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Step 3 We now claim that g, € CL([0, b)) for all n > no.

To this aim, observe that the uniform inner ball condition recalled in the previ-
ous step, the result proved in [15, Proposition 3.5], and the fact that ¥, UX, . =0,
imply that g, is a Lipschitz function such that its right and left derivatives exist
everywhere and are right and left continuous, respectively. From this it follows that
for all zo € I, there exist ¢, > 0, a radius r,, and an exponent «,, € (1/2, 1)
(depending possibly also on zg) such that

/ |V, |?dz < cpr?®
B (20)N$24,

for all » € (0, r,). The proof of this decay estimate relies only on the fact that
v, minimizes the elastic energy in £2,, and on the fact that I';, admits right and
left tangents at zo and can be obtained repeating word for word the proof of [15,
Theorem 3.13] (see also the proof of Theorem 6.10 in the present paper). Notice
that actually, in our case, the proof is even simpler: indeed, by taking n sufficiently
large, we may assume that g, > 0 so that Step 5 of the same proof is not needed.

Let us now prove that g, is of class C'. To this aim, notice that since g, is
Lipschitz we may extend v, outside §2,, in such a way that, denoting this extension
by v,, we have

/ |V, 2 dz < cpr®®n. (6.2)
B, (z0)

Forr < r, denote by 7. and z”/ € I', N3 B,(zp) two points such that the open sub-
y r r 8&n p p

arcs of I',,, v/ and y,”, of endpoints z,., zo and z,/, zo, respectively, are contained

in I'y, N B (20). Setting z,. := (x,, g.(x})), 2 1= (x}, gn(x))), define &, as

gn(x) x €[0,6)\ (x;, x)),

max{h(x) —ay, s(x)} t € [x],x)],

gn(x) = {

where s is the affine function whose graph connects z,. and z)/. By (6.2) and the
minimality of (g,, v,), we then obtain

0 = F(gn. vn) + AllR2g,1 — 120l| = F(Gn. 0n) — A[125,1 — 182
x/
> H' (y Uy)) —/ 1+ (g2 dx
X
- / O(E (By)) dz — A|$2,, A2g,|
By (z0)
2 |z, —zol + |z — 2ol — |z, — 2/

x)
—/ 14+ @E)2 = V14 ()Y dx — e — Anr?,
X

Then, from the previous chain of inequalities we obtain that

2r — |z, —z/| £

r

/ 14+ (12 = V14 (5)2) dx + cron.
(x},x;)N{h>s+ay,}
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Since h(x)) < s(x.)+an, h(x]) < s(x)+ap, eitherthe set (x., x)N{h > s+ay}
is empty or, by Lagrange Theorem, there exists X, € (x;, x;) such that A’ (x,) = 5.
Therefore, dividing both sides of the inequality above by r, we deduce

|Z/ _ Z//| 5 1
— LT <2 osc W +cprnT.
r (x),x7)

2

Letting r — 0, since 4’ is continuous and o, > 1/2, we obtain

/ "
. r—Z
lim =2l ’|=2,

r—0% r

thus showing that the left and right tangent lines at z( coincide. This concludes the
proof of the C'-regularity of g,,.

Step 4 We claim that g, — £ in CL([0, b)). To this aim fix £ > 0 and find § > 0
so small that
17" 008 < &,
Z/ . Z//
02

(6.3)
>1—¢ forallz, z” € dB,(0) with |7/ — 7| < Cov/s,

where p, Co = Co(p) > 0 will be fixed later. Let us now consider the §-tubular
neighborhood Ns(I,—a,) of I',—a,. By Step 1 we have I'y, C Ns(I—g,) if n is
sufficiently large. Now take z = (x, g,(x)) and the corresponding ball B, (z9) C
.an U (R x (—o0, 0]) touching I, tangentially at z, with p chosen in such a way
that 2p < min{1/A, 1/]h" o). If h(x) — an = gn(x), then A'(x) = g/, (x) since
gn = h — a,. Otherwise, arguing as in the proof of Lemma 6.7 and recalling that
2p < 1/|Ih"|loo, we infer that the set dB,(zo) N {(x,y) : ¥y = h(x) — ay,} is
connected. Let us denote this subarc by y. Note that y C N(I} h—a,)- Letzy € ¥
be a such that

dist (z1, [h—q,) = maxdist (w, g, ).
wey

Since z; belongs to the relative interior of y, the normal to dB,(zp) at z1 coin-
cides with the normal to I},_,, at the point zo = (x2, y2) such that |z — z1| =
dist (z1, [h—q,), that is,

2—20 _ (_ ' (x2) I ) 64
p V14 (0 @2))2 V14 (0 (x2))?

We claim that H'(y) < Co+/8, for some Cy > 0 depending only on p. To prove
this, consider the ball B,,(Zo) tangent to d B, (zo) at z1 and such that B,(z9) C
B>, (Z0). Then the ball By,(Zo + z2 — z1) is tangent to 4, at 2> and is con-
tained in .Qf_an U (R x (—00, 0]) since 2p < 1/||h”||oo. Denote by y’ the smallest
arc on dB,(z0) whose endpoints are given by the intersection of dB,(zo) with
9B, (Z0 + z2 — z1). Since By, (20 + 22 — z1) C o we clearly have y C y’.

h—ay’
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Moreover, as |z2 —z1| < 8, an elementary calculation shows that H' (y") < Co+/8,
for a suitable Cy > 0 depending only on p. Hence, the claim follows. In particular,

1z —z1] < H\(y) £ Cov/s.

Thus, observing that

2= _ (_ g, (x) 1 )
P I+ (@) V14 (g,(x)?/

from the the second inequality in (6.3) and from (6.4) we obtain

(14 g, ()R (x2))?
(14 (g, ()2 (1 + (1 (x2))?)

>(1—g)?>1-2e

or, equivalently,
(' (x2)— g () <2e(1 4+ (W )P (1 + (gp ()P <2e(1+ M) (1 + (g)(x))?),

where M = ||h'||. Taking ¢ sufficiently small, we first deduce that |g/,(x)| is
bounded by a constant M independent of x and n for n sufficiently large. In turn,
recalling the first inequality in (6.3), we infer

lgn (x) — B ()| = g, (x) — B (x2)| + W' (x2) — h'(x)]
< \/28(1 + M)+ M?) +e,

for n sufficiently large. By the arbitrariness of ¢ the claim stated at the beginning
of the step follows.

Step 5 We claim that for all « € (0, 1/2), the sequence g, converges to % in
cl([0, b)), v, € CH*T N Egn; RZ) for all @ € (0, 1/2) and for any open set U
containing I}, and such that U N {y = 0} = @, and sup,, v ”Cl-“(ﬁﬂﬁg,,;Rz) < 00.

To prove the first claim, it will be enough to show that for all o € (1/2, 1) the
sequence g, is equibounded in C 003 ([0, b]). Fix any such 0. Then by Step 4 and
Theorem 6.10 below, we know that for all n > ng and for all zg € I,

/ |V, |? dz < cor??, (6.5)
By (20)N$2g,

for all »r € (0, rg), where co and ry are independent of n. Let 0 < r < {4—(’1,
where M| = SUPy~ g llg.;|loo- Fix any point xo € [0, b) and any n. As in Step 3,
using (6.5), we may extend v, outside §2,, in such a way that, denoting by v, this

extension, we have

/ |V, |?dz < 17, (6.6)
Bam,r(20)
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where zg := (xo0, gx(x0)) and c; is independent of n. Denote by y, the open arc
contained in Iy, of endpoints (xo + r, g,(xo + r)) and zo, and define g, as

5 (x) = gn(x) x € [0,D) \ (x0,x0 + 1),
&n N max{h(x) —a,, s(x)} x € [xg,x0+7r],

where s is the affine function connecting zo and (xo + 7, gn(x0 + r)). Using the
decay estimate (6.6), the minimality of (g,, v,), and the fact that the graph of g,
over (xq, xo + r) is contained in By, (z0), we obtain, arguing as in Step 3

X0+r X0+r
/ ,/1+g;12dx§cr2‘7+/ 1+ g2dx,
X0 X0

for some constant ¢ depending only on c¢j, A, and Mj. This inequality can be
equivalently written as

x0+r
/ J1+ 82 v = J(gu(o+ 1) — gn0))? + 72

0

x0+r
<er® +/ (J1+82—V1+52)dx
X0

:cr2"+/ (\/1+h/2—\/1+s/2)dx
(x0,x0+r)N{h—a,>s}

_ Cr20+/ (\/1 +h’2—\/1 +h/2(j)) dx < cre, (6.7)

(xg,x0+r)N{h—a,>s}

Note thatin the second equality we used the Lagrange theorem to find x € (xo, xo+r)
N {h — a, > s} such that #’'(x) = s’, while in the last one we used the fact that i’
is Lipschitz. On the other hand, using the elementary inequality

2 L ab—a (b—a
V42 —V1+ m+ 2(1 4+ max{a2, b2})3/2

with a := f’“’” g, dx and b := g/ (x), and integrating the result in (xo, xo + ),
we get

1 xo+r , xo+r , 2
ST ][ (50 ][ g ds) dx

xo+r
/ mdx - -\/(gn(xo +7) — gn(xo)2 4+ 2 < /2o,

where we also used (6.7). Thus, in particular,

xXo+r xXo+r 1

/ / (7 5

][ gn(x) — ][ ds‘ dx £ 2,
X0 X0

A similar inequality also holds in the interval (xo — r, xo). Hence, by [4, Theo-

rem 7.51] we conclude that the sequence g, is bounded in Cl’”’% (10, b]) for all
o € (1/2,1), as claimed.
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To show the second claim, recall that v, is a solution to the Lamé system (2.11)
in §2,,. Therefore, from what we have just proved and from the elliptic estimates
proved in Proposition 8.9 we conclude that for n sufficiently large, the sequence
Vv, is uniformly bounded in co U N ﬁgn; M2*2) for all « € (0, 1/2) and for
any open set U containing I}, and such that U N {y =0} = @

Step 6 Let us now prove the second part of the statement. As g, — h in
C'([0,b]) by Step 5, for any n > ng there exists a C!*-diffeomorphism
D, : 24, — $2p such that ®, — Idin C L@ From the local weak convergence
of Vv, to Vu and by Step 5, we have that

L 1
Vopo® ! = Vi in COT N2 M2*2) forall o € (0, E) (6.8)

for any open set U containing I, and such that U N {y = 0} = @. We now set
K, = {x € [0,b]: gn(x) =h(x) — an},

and we assume without loss of generality that A, := (0, b) \ K, is not empty.
Notice that, since g;l and h;, are continuous functions and g, = h — a,, from the
definition of K, it follows that

g, (x)=h'(x) forallx e K,. (6.9)

By the minimality of (g,, v,) we have that forall x € A,

gn(x) )/
——) = Q(E(W)(x, ga(x)) + Ay, (6.10)
(\/l—i-g 2(x)

for some Lagrange multiplier A, € R (see the last equation in (2.11)). Note that A,
is the same for all connected components of A,,. Since (%, u) is a critical point, a
similar equation holds for £, that is, for all x € [0, b]

W (x) )
— ) = E h + A, 6.11
( ) = 2w ) 6.11)

for a suitable Lagrange multiplier A. We claim that 1,, — A. Indeed, splitting each
open A, into the union of its connected components (; », Bi »), integrating (6.10),
and using (6.11), we obtain

Bin !
Anl A |_|_/ Q(E(vy)(x, gn(x))dx—Z/ ( 1—‘1-8/2) dx
_ Z( 80 (Bin) _ 8 (@in) )
J1+

g2Bin) 1+ g2in)

_ W(Bin) — W(ain)
B Z‘(\/l )

+h2Bin) 1+ h2(ain)

n !
)
Ay 1+ h?

:MAn|+/ Q(E(u)(x, h(x)) dx,
A
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which, in turn, gives
An — A =]£ [QE)(x, h(x)) — Q(E(va)(x, gn(x))] dx.

From (6.8) one easily deduces

Q(EWn)(, gn(-)) = Q(E(u)(-,h(-))  uniformly in [0, b].

Hence the convergence of A, to A follows.

To conclude the proof, notice that (6.9) and (6.10) imply that g/, is a Lipschitz
function for all n. Then, the same equations, together with the convergence of A,
to A and the uniform convergence of Q(E(v,)(-, g:,(-)) to Q(Ewm)(-, h(-)) also

yield that
re. / (. /
( 8n () ) N ( ¢ ) uniformly in [0, b].

Hence, g;l’ — h” in L®°(0, b) and this concludes the proof of the theorem.

We are now in a position to prove Theorem 2.10.

Proof of Theorem 2.10. Recall that by Theorem 4.6, (h, u) is an isolated local
minimizer with respect to sufficiently small W>-perturbations of 4. Hence, it
is enough to show that W?*°-local minimality of (, u) implies the local mini-
mality in the sense of Definition 2.4. We prove this by contradiction assuming
that for every n there exists (g,, Un) € X (e0, q; 0, b), with [Q2 | = [€2j], such that
F(gn, Un) < F(h,u)and0 < supyg ) |8 —h| = 1/n.Let(gn, vn) € X (e0, q; 0, b)
be solutions of the following problems

min{F(g, )+ A[12]—12l] : (8. v) € X(e0.4:0,0), g = h—1/n in [0, b]},

with A > max{Ag, Qo} and A¢ defined as in Lemma 6.5.

Assume first that (up to a non-relabeled subsequence) F (g, vn) < F(gn, Uy) <
F (h, u). By the compactness Theorem 2.2 we may assume that (g, v,) converges
in X (eg, q; 0, b) to some pair (k, v).

Fix (g, w) € X(eg, q; 0, D), with g = h. By lower semicontinuity and the
minimality of (g,, u,), we get

Flk, v) + A[12] = 21| £ liminf]| (g, va) + 4192, 1 = 1241]]
S F(g, w) + A|12¢| — |2;1]. (6.12)

Since k = h, by applying the above inequality with (g, w) = (h, v) we obtain, in
particular, that

b
H' (o) + A/o lk — | < HY(Ty).

Recalling that A > Ap, by Lemma 6.5 it follows that k = h. Notice that, in particu-
lar, we have just proved that g, — & in L'(0, b) and that (4, v) minimizes F in the
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class of all (g, w) € X (e, q; 0, b) such that g = h. In particular, v must coincide
with the elastic equilibrium . By the lower semicontinuity of g > ! (I'g) with
respect to the L'-convergence and the lower semicontinuity of the elastic energy
with respect to the weak thc' convergence, applying (6.12) with (g, w) = (h, u)
again, we deduce

H () = lim H'(I, U Z,,). / O(E(u))dz= lim / O(E(vp)) dz.
n—o0 Qh n—0o0 an

From Theorem 6.9 we obtain that g, — & in W2°(0, b). By the choice of A and
by Lemma 6.3 it follows that [§2,,| = |§2;] for all n. Therefore, by replacing g,
with &, = g, — (12¢,| — £211)/b, we have

1225,1 = [82n], F(&n,vn) < F(h,u)foralln, and g, — h in W2%(0, b),
a contradiction to the strict W2°-local minimality of (k, u).
If, instead, F (g,, vy) = F(gn, Uy), we may reproduce the same argument with
(gn, vp) replaced by (g,, Up) to deduce that g, := g, — (|.Qg,,1 | — |82y |)/b converge
to 1 in W>°(0, b). Note that either g, = &, or F(&n, Uy) < F(%, Un) < F(h, u).
In all cases g, # h, thus giving a contradiction.

The proof of Theorem 2.9 is now immediate.

Proof of Theorem 2.9. The conclusion of the theorem is an easy consequence of
Theorems 2.10 and 5.1.

We conclude this section by proving the following regularity theorem, which
was used in the proof of Theorem 6.9.

Theorem 6.10. Let g, € C#IE([O, bl) such that g, — h in C#([O, b)), where h > 0,
and let v, be the solution to

min{ [ Q(EW)dz s (5. v) € ¥(eni0.5),
'an

v(x, 0) = vy (x, 0) forall x € (0, b)}.
Assume also that

sup / Q(E(wa)) dz < 00
nJS2g,

and let o € (1/2,1). Then there exist co, ro > 0, independent of n, such that for
allr € (0, ro) and for all zg € Iy,

/ |V, |?dz < cor?e. (6.13)
By (Z())ﬁﬂg”
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Proof. The proof is very similar to [15, Theorem 3.16]. For the reader’s
convenience we give the details in order to show that the estimates can be made
independent of 7.

We begin by showing that there exists ¢; > 0 such that, for all ¢ € (0, 1),
there exists a radius r; > 0 such that whenever r € (0, r;) and zg € I,

/ [Vv,|?dz < cltz/ |V, |? dz. (6.14)
Bry(z0)N82g, By (20)NS82g,

We argue by contradiction, assuming that (6.14) is false for some 7 € (0, 1). Hence,
we may find a (not relabeled) subsequence of g, a sequence of radiir,, — 0, z, =
(x5, gn(x,)) converging to some zg = (xg, £(xp)) such that

/ Vv, |?dz > 011:2/ [V, |? dz. (6.15)
Bry, (20)N82g), By, (zn)N 82y,

Define the sets

1
B, = _[_Zn + Brn (zn) N -Qg,,]
'n
and observe that xp, — X3, In LZ(RZ), where B = {(x,y) € B1(0) : y <
K’ (x¢)x}. This is true since g, — h in CL([0, b]). We now also rescale the function
v, by setting for z € B,
U (Zn +1p2) —ay

wy(2) == o s
nln

where

a, ::][ v, dz, )»ﬁ ::][ |an|2dz.
Brn (Zrz)ﬂggn Brn (Zn)ﬂggn

Note that
][ [Vw,|*dz = 1, /w,,dzzo.

By Poincaré Inequality and a standard extension argument we may extend each
function w, to the ball B;(0) in such a way that the resulting function, still
denoted wy, satisfies [|wn |l 515, (0)) < C, with C independent of n. Without loss
of generality we may assume that the sequence w, — ws € H'!(B1(0); R?).
Moreover, it is easy to see that the functions w,, satisfy the equation

C(E(wy)) : E(p)dz =0 (6.16)
By

for every ¢ € Cé(Bl(O); R2).
We claim that for all functions y € Cé (B1(0))we have

lim ¥ |[Vw, — Vwes|? dz = 0. (6.17)

n—oo B
n
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From (6.16), and the fact that xp, — xp, in L?(B1(0)), w, — we in
H' (B1(0); R?), we get that

/ CE (weo) : E(p) dz =0 (6.18)
B

for all ¢ € C}(B1(0); R?). Fix ¥ € C} (B1(0)) and choose ¢ := ¥>w, in (6.16)
(¢ := Y 2weo in (6.18) respectively), thus obtaining

V2CE (wy) : E (wy) dz
Bll

= —/B ¥ CE (wy) : (wp @ VY + (w, ® V)7 dz (6.19)
and
/B Y2CE (weo) : E (weo) dz
= —/B ¥ CE (woo) : (wn ® VY + (woo ® V) ) dz.  (6.20)

Letting n — oo in (6.19) and using the fact that the right-hand side converges to
the right-hand side of (6.20), we obtain that

n—o00

lim V2CE (wy) : E (wy) dz =/ V2CE (woo) : E (weo) dz,
By o

from which we easily get

lirréo/ CE (W (wp, — weo)) + E (Y (wy, — weo)) dz = 0.

n— Bn

Hence the claim follows from the Korn’s inequality stated in [15, Theorem 4.2].
It follows from (6.18) that w, is a weak solution of the problem

UAWso + (A + 1) V (divws) =0 in By
[u (Vwoo n Vw;) A (diV weo) 1] v=0 on Iy, N B 0),

where goo(x) := h'(xg)x. By [15, Theorem 3.7] it follows that there exists ¢ > 0
such that

sup |Vweo|?dz < c/ |Vweo|? dz.
Boo

1
7B

Hence, we have

/ |Vweo|? dz < crz/ |Vweo|? dz < ¢72,
TBxo Boo



308 N. Fusco & M. MoORINI

where we have used the fact that fBoo [Vweo |2 dz £ |Bxl. By (6.17) we then have
that

lim |Vw,|? dz =/ [Vweo | dz
B 7B

n—o0 B,

and so
 Jpyong,, VoilPdz , P
lim 2 En 5 = lim [Vw,|~ dz < T
n—00 fBrn(Zn)ﬂan Vv, |* dz | Boo| =00 B, | Boo|
which contradicts (6.15), provided we take
c
=22 z_
| Bool

This proves (6.14).
‘We are now in a position to prove (6.13). Fix o € (1/2, 1) and choose 7 such
that
> <%,

Fix 0 < r < r; and find k € N such that t%*!r, < r < tkr,. By iterating (6.14)
and by the choice of 7, for every n and for every zg € Iy, we have

/ |V, dz g/ [V, dz

By (20)N$2g, Bk, (20)N$2g,

‘L'Zko/ |V, |* dz
Brr (ZO)mﬂgn

rZ(f 5
< —/ |V, |2 dz
o (Trr)2a 2

n

A

and this concludes the proof of the theorem.

7. Global Minimizers: Proofs

This section is devoted to the proof of all results concerning global minimiz-
ers. Here we will often work with sequences (h,, u,) of global minimizers having
different periods b, ; for this reason we shall consider the energy F over varying
intervals. When needed, we will underline the dependence on the interval (0, b,,) by
writing Fp, instead of F'. More precisely, Fp, (g, v) will denote the energy defined
in (2.8) with £2¢, I, and X, asin (2.2), (2.3), and (2.4), respectively, with (0, b)
replaced by (0, b,,). Moreover, throughout this section the function g appearing in
the Dirichlet datum is assumed to be zero.

We start by stating the following simple generalization of the Compactness
Theorem 2.2.
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Theorem 7.1. Let (h,,, u,) € X(ey; 0, by) be such that

n

sup{/ \E(u,)|? dz + Var(hy: 0, by) + |.<2,,”|} < 400,
2,

where 2y, = {(x,y) : x € (0,b,),0 <y < h,(x)}. Assume that b, — by > 0
and ey — ey 2 0. Then there exist (h, u) € X (e, q; 0, b) and a subsequence (not
relabeled) such that

dpRE\ 2F RI\2}) >0 and uy — uin Hy (25 R, (7.1)
Moreover,

Fyp(h, u) < liminf Fy, (hy, uy). (7.2)
n—oo

The compactness part follows from the same argument used in [6] to prove
Theorem 2.2, hence we omit its proof. Concerning the lower semicontinuity, it
easily follows from the fact that for any positive § the functional Fj_s is lower
semicontinuous with respect to the convergence given in (7.1).

As a consequence of the previous compactness result, we have the follow-
ing lemma showing that global minimizers with possibly different periodicities
converge to a global minimizer.

Lemma?7.2. Let b, — b > 0,e, — ey, d, — d > 0. Let (h,,u,) €
X (en; 0, by) be a sequence of b,-periodic global minimizers with foh" h,dx = d,.
Then there exist a b-periodic global minimizer (h,u) € X(eo; 0, b) and a subse-
quence (hy, , uy,) such that (7.1) holds.

Proof. By Theorem 7.1 there exist (h, u) € X(eo; 0, b) and a subsequence (not
relabeled) such that (7.1) holds. Let (g, v) € X(ep; 0, b), with g Lipschitz and

i ¢ dx = d, and define

oy bl (D vy o e (B
x) = —x ), v,(x,y):= vl —x,—v).
&n db, ¢ \ b, Y= e A\ by bd,”

Then, (g,, v,) € X(ep; 0, by), fob” gndx =d,,and Fy,, (gu, vu) — Fp(v, g). Thus,
by the minimality of (%, u,) and by (7.2), we have

Fp(h, u) < liminf Fp, (hy, uy) < lim Fp, (84, va) = Fp(g, v).
n—00 n—00
We conclude by applying the approximation Lemma 6.1.
The following lemma deals with the uniqueness part of Theorem 2.11.
Lemma 7.3. Let b, d > 0 such that the minimum problem

min{F(g, V) (.v) € X(eo; 0, b), [24] = d} (7.3)

has a non-flat solution. Then, for all d' > d the flat configuration is not a global
minimizer for the minimum problem

min{F(g, v) ¢ (2. ) € X(eo: 0, b), |82] =d’}.
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Proof. Let d’ > d and let (g, v) be a non-flat minimizer for (7.3). We set g :=
g+ (d —d)/band

(o 3 77)
v(x,y) =
R e R

Let (d'/b, u,,) be the flat configuration and denote by i the minimizer of the elastic
energy in §2; under the usual periodicity and boundary condition. Note that

/ O(E(i)) dz < / O(E(¥)) dz. (7.4)
2z 2z

Indeed, if not, then v would be a solution of the Lamé system coinciding in an open
set with (eox, % y), and therefore, by analyticity, it would coincide with this
function everywhere. Hence, by the minimality of (g, v) we would have

Qod + H'(Iy) +2H (Z,) = F(g,v) £ F(d/b, ue)) = Qod + b,

where, we recall, Qo = Q(Ep) and Ey = E(u,,) (see Lemma 6.3). The above
inequality would then imply that g = d /b, which is impossible. Thus, from (7.4),
we conclude that

F(g, i) < F(§,0) = F(g,v) + Qo(d' —d) = F(d'/b, ug,),
thus showing that the flat configuration (d’/b, u,,) cannot be a global minimizer.
We are now in a position to prove part (i) of Theorem 2.11.

Proof of Theorem 2.11(i). We fix b and we first show that there exists dy > 0
such that if 0 < d < dy then (d/b, u.,) is a b-periodic global minimizer. To this
aim, we argue by contradiction by assuming that there exist a sequence d,, | 0, a
sequence (k,, w,) € X(ep; 0, b) minimizing F under the constraint |$2, | = d,,
such that F(k,, w,) < F(d,/b, ue).

Let £ > 0 be such that 32F(8, U, ) is positive definite. This is possible thanks
to Theorem 5.1. Then, by Theorem 2.10 the flat configuration (¢, u,, ) is aanisolated
local minimizer for F'. We set

dn

Ep =& — —
b

and we denote by (g,, v,) a sequence of minimizers of the following problems
min{F(g, v) + A||2] — eb| : (g, v) € X(e0;0,b), g = en},

where A > Q. Arguing as in the second part of the proof of Theorem 2.10, we
deduce that g, — ¢ in L'(0, b) and lim,_, o H'(I;, U Xy,) = b. This, in turn,
implies supyg 5y 18 — €| = 0.

n
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Still arguing as in the second part of the proof of Theorem 2.10, we may
conclude that [§2¢,| = eb and the functions g, := g, — (|$2,,| — €b)/b satisfy
supy p1 18n — &l — 0 and F (g, vy) < F(gn, vn)-

Therefore, setting 12,, =k, +¢&, and

-
(eox. 3 5) if0<y<e,
Wy(x,y) = H

—Ae
4 en) ify = e,

wp(x,y — &) + (O, 2+ A

we have

F(gn, vn) < F(];nv Wy) = Fky, wy) + F(en, ueo)
< F(d,/b, ueo) + F(en, ’/leo) = F(e, ue0)~

Since supyg p) [gn — €| — 0, the inequality above contradicts the local minimal-
ity of ¢, thus proving that there exists dy > O such that if 0 < d < dp the flat
configuration is an absolute minimizer. Then, setting

d
dgiob(b) = sup{d >0: (Z’ ueo) is a minimizer of (2.9)
in the interval (0, b) }

from Lemma 7.3 we also obtain that for d € (0, dgjop (b)) the flat configuration is
the unique minimizer. Finally, (dgiob (D) /b, u.,) is also a global minimizer since it
is the limit of global minimizers (see Lemma 7.2).

Before proving part (ii) of Theorem 2.11, we need to show that the map
b — dgob(b) is upper semicontinuous.

Lemma 7.4. The function dgiob : (0, +00) — (0, +00] is upper semicontinuous.

Proof. Let b, a sequence of positive numbers converging to b > 0. It is enough to
show that if d < lim sup,, dg1ob(by) then dgion (D) 2 d. Without loss of generality
we may assume that the limsup is in fact a limit. By Theorem 2.11(i) we then have
that (%, Uey) 1S a by -global minimizer of F for n large. By Lemma 7.2 it follows
that (d/b, u,,) is a b-periodic global minimizer, thus proving dgjon(b) = d.

Proof of Theorem 2.11(ii). By Theorem 4.9 and Remark 5.2,if 0 < b < by :=
T2 there exists 8§ > 0 (possibly depending on b) such that for all d >

16 e5p(u+1)’
0, (g,v) € X(tep; 0,b),and t € (%, 2), we have

b
6 and /gdx:d
0

d
0<fe-3]
=f b lw2.20(0,b)

d
— Fy(g,v) > F;,(Z, mm). (1.5)
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Step 1 We claim that there exists § > 0 such that for all b € [bo/2, by] and all
(g, v) € X(eo; 0, b) we have

b
d
0<sup‘g——‘<8 and/ gdx =d = Fb(g,v)>Fb(—,u30). (7.6)

[0,b] 0 b

To prove this claim we argue by contradiction, assuming that there exist 8, |
0, b, = b € [by/2, bol, d, — d € [0, o], (&n, Uy) € X(eo; 0, by) such that

b,
. d,
=<t [fr = and (5 < B (). D)
0

n

[0,b4]

We will provide a proof only in the case d = oo, the other cases being similar and
easier. We start by rescaling all the functions to the fixed interval (0, b), namely,
we set

fu = aa(P). w2 ().

Notice that from (7.7) we get

. bd, bs, /b b3, a8
& — /> | < 7T & = 75 .
sl by by o " by
b b d
Fy @ ) = 3 Fi, (Bn, 0n) < - F, (b—”, teo)
n

bd, by
_ Fb( b}% ,Jzum). (1.9)

Choose A > Qp and denote by (g,, v,) € X (eo; 0, b) a minimizer to the problem

b2d,
bn

(g, v)eX(\/Eeo,O b) g2 bbdzn %}

We start by assuming that, up to a not-relabeled subsequence,

A bd, /b
Fy(gn, va) < Fp(gn, Un) < Fb(b_znv Znueo)
n

By Lemma 6.3 we have that |2, | = (b*d,)/b2, where

min{ Fy(g, v) + 4121 — =5

‘an = {(-xs )’) L X € (Os b)v O < y < gl’l(x)}
Thus, by the minimality of v, in £2,,

/an Q(E (vy)) dz < /K2 Q(E(\/%ueo))dz — bli” 0o.  (7.10)

8n
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By the minimality of b e in (0, b) x (0, bbdz" — iﬂ) we have
n
bd,, b(S,,

/S2 Q(E(vp)) dz 2 Q(E(va)) dy

>?

Using this inequality and the fact that, by (7.8) and (7.9),

bd, |b,
Fy(gn, vn) < Fb(gnv Un) ( bZn’ #ueo),

we also obtain
HY(Iy,) +2H (Z,) — 8,0Q0 < b. (7.11)
From (7.11) and the trivial inequality b < H!(I,,) + 2H' (Z,,), we deduce

11m (H (I, +2H (Z,) =

Since ||gn, — % + %“Ll(o py = 1, from the above equality we easily get that

gn— 2%+ 1§ — 1 in L0, b).
We now translate the functions g,, v, by setting

bd, 1

bd, 1
2 b )

ha(x) = gn(x) — wy (x, y)_vn(x )

Notice that (h,,, w;,) solves the minimum problem

min{Fb(g, V) + A[|2¢] — 1] 1 (g,v) € Y(eq; 0, b),
1 bs, }

v(x,0) = wy(x,0) forall x € (0,b), g = — — — .
b by

We are now going to apply Theorem 6.9 to (h,, w,). To this aim, notice that by
what we have proved above, we have that s, — % in L1(0, b) and H! (Th, UXp,)

converges to b. On the other hand, since by the minimality of by F ey in (0, b) x
0, % — 5) we have

bd, 1
bd, 1 b »2 b
I < n
(% S)0is [Ca [T 0wy,

recalling also (7.10), we infer

by
Q(E(wp))dz = - <o-

n,
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Thus we may apply the first part of Theorem 6.9 to deduce that for all « €
0, 1), hy — 1 in C1¥([0, b]) and Vw, is equibounded in C%¥($2;,). Let us
now show that Vw,, — Vu,, in L lOC((O b) x (0, b) M?2%2) and that

lim O(E(wy,)) dz = Q. (7.12)
h—00 2,

This will enable us to use also the second part of the statement of Theorem 6.9. To
this aim, notice that we may extend v, in (0, bp) x (Z—g +26;) in such a way that the

the gradients of these extensions are equibounded in C([0, bo] x [i—g —26,, Z—g
25,]1). We shall still denote by vy, the resulting extensions. By the minimality of v,

b‘s” ) we get

/ CE(vy) : E(vn — \/?ueo) dz =0,
bdn ha 3
/ / \/ZEO] E(vn — \/%ueo) dy=0

and thus, subtracting the two equations,

in 2, and of /2 Feg

/dx b n Q(E(v)—,/lﬁE)d
n b 0 y
&n(x) bn
/dxﬁ7 _bS (CE(U,,):E(U,,—,/?ueo)dy.

n

By using the uniform bounds on the C%%-norm of Vv, we first deduce that

o &
/ dx/ " Q(E(wn) — —"Eo) dy — 0.
0 0 b

Again using the uniform bounds on the C%*-norm of Vw,, and the fact that /1, — ll—]
in L(0, b), we conclude

lim Q(E(w,) — Eg)dz =0,

n—oo Qh

which, in turn, implies (7.12) and, by Korn’s inequality, that Vw, — Vu,, in
IOC((O b) x (0, h) szz) Therefore, from the second part of Theorem 6.9 we

may deduce that h,, — b in W2°°(0, b), or, equivalently, || g, — b2 Hlw2.0000,5) = O-

bbdz” 1/ bb_”“eo)’ we have a contradiction to (7.5). If

instead Fp(gn, vy) = Fp(&n, Un), we may reproduce the same argument as before,
with g, replaced by g, to deduce that || g, — % lw2eo0.p) — 0. Again, we have

by
b2 -

Recalling that Fj (g, v,) < Fp(

reached a contradiction to (7.5), since g, #
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Step 2 We now prove that for all b € (0, bp] and all (g, v) € X(eop; 0, b) the
implication (7.6) holds with the same 5. Tothis aim, letus fix b € (0, b /2), (g,v) €
X (eo; 0, b) withsupyg ) |g§—d/b| < & and let m the smallest integer such that mb e
[bo/2, by]. Let us now extend g by periodicity to the interval (0, mb) and denote this
extension by g. Similarly, let us extend v to {(x, y) : x € (0,mb),0 <y < g(x)},
by setting

V(x,y) =gy (x,y) + (v(x — [%]b y) — U (x — [%]b y))

where [%] denotes the integer part of 7. Clearly supyg 5 1§ — d/b| < § and
Fmb(g’ ﬁ) = mFb(g: U).

Therefore, since by Step 1 F,p(8,0) > Fup(d/b, uey) = mFp(d/b, ue,), we
conclude that Fj, (g, v) > Fy(d /b, u,,), as claimed.

Step 3  Let us now prove that for b < bg sufficiently small and for all d > 0
the flat configuration (d/b, u,,) is a global minimizer for Fj. To this aim, let us
fix p := 1/Qo. Without loss of generality we may assume § in (7.6) to be smaller
than p.

We argue by contradiction, by assuming that there exists a non-flat minimal
configuration (g, v) € X(eg; 0, b) such that fob g = d. By Steps 1 and 2 it then

follows that supg ;1g — d/b| = 8. Moreover, since fob gdx = d, there exists
x € [0, b) such that g(x) = d/b. Hence,

[(()fg)g > 8. (7.13)
Let (x0, yo) € Iy be such that yg = max{y : (x,y) € I';, x € [0, b)}. By trans-
lation invariance of F, we may assume that xo = b/2. By Remark 6.8 and the
choice of p, we know that there exists a ball B,(z) C Qz such that zg € 9B, (2).
Thus B,(z) touches zo at its highest point, that is, z = (b/2, yo — p). Call g
the function whose graph represents the upper half of 0B,(z). If b < 2p then
g < g < yo = g(b/2) and, in turn, an elementary calculation

b
osc g Sosc g=p—,/p*—— <8,
[O,b)g - [O‘b)g P p 4

where the last inequality holds provided that b < 2/2p8 — §2. Since this contra-
dicts (7.13), the claim is proved.

Step 4 Set
berit := sup{b > 0 : dgiop(b) = +00}.

By Step 3 and Theorem 2.9 we have 0 < berie < T f“—“

Gt To conclude the proof

of the theorem it is enough to show that

dglob(b) = 400 forall 0 < b = beri. (7.14)
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We introduce the following temporary notation. Given » > 0 and y > 0, we let
Fy.,, be the functional defined on X (eg; 0, b) as

Fpy(g.v) = /Q Q(E())dz +yH' (I + 2y H' (),

with §2,, I, and X, defined as in (2.2), (2.3), and (2.4), respectively.
Note now that by Lemma 7.4 and from the definition of b.j; we have

dglob (berit) = +00. (7.15)
Let y € (0, 1), and for all (g, v) € X(eo; 0, berit) let (gy, vy) € X(eo; 0, ¥ berit)
be defined as

gy (x) = Vg(§> vy (x,y) = J/U(g, %)

Fix d > 0 and note that ((d/bcrit)ya (ueo)y) = (yd/berit, Meo)- As (d /berit, ueo) is
a berit-periodic global minimizer for Fj,_, 1 thanks to (7.15), a rescaling argument
yields

F}’hcrit,}’(yd/bcrit’ “eo) g Fybcm,y(gy, Uy) (7.16)
for all (g, v) € X (eq; 0, berit) with [y g dx = d. Since

Fybeey (vd erits ttey) = Qoy*d + y b,
it follows from (7.16) and the trivial inequality
vheit £ H' (T,) +2H' (Zg,)
that
Fybei 1 (v d /berits Uey) = Fyp,1(8y, vy)

for all (g, v) € X(ep; 0, berit), with f(f““ gdx = d; that is, (yd/brit, Ue) 1s @
global minimizer for Fy;_; 1 among all pairs (k, w) € X (eo; 0, yberir) such that
foyb““ kdx = yzd . From the arbitrariness of d > 0 it follows that dgiop (¥ berit) =
+00. As thisis true forall y > 0, we have established (7.14) and we have concluded
the proof of the theorem.

Let us now prove that the critical thickness for the global minimality of the
flat configuration dgjop(b)/b tends to zero as b — oo, while the critical thickness
for the local minimality djoc(b)/b is always bounded away from zero.

Proof of Proposition 2.12. From Corollary 5.3, there exists a constant c(A, @)

< i x_2pth
such that K (y) = c(%, n)y. Therefore, from (2.16) we get thatif b > 7 )’

then

)

doc0) o 1 o (27leoc(b)) _ oG )
b2 T 2mwc(h, p) b2 be}

thus proving (2.18).
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Let us now show that the critical thickness dgjob (b) /b for the global minimality
tends to zeroas b — +o00. Givenaconstants > 0, we have to prove that the flat con-
figuration (s, u,) is not a global minimizer over X (eo; 0, b) if b is large enough. For
a € (0, 1) (to be chosen later) we consider the competitor (gp, up) € X (eg; 0, b)
defined as

0 forx =0,
s .

gr(x) = 5 if0<x <ab, and up(x,y) := (eowp(x, y),0) + uq(x, y),
0 fab<x<bd

where wy, (x, y) := n$ sinh (%) sin (*32), with ) € (0, 1) to be chosen

later. Note that

« [ob A 2s
2 . 2
Fotgneun) = [* [ (EG@nP + S @) dray + 2+,
0 0 2 o
while
2 Ao 2
Fi(s. uey) = (HIEo[ + 5 (divitey)?) b + .

Therefore, to prove that Fj,(gp, up) < Fp(s, ue,) for b large enough it suffices to
show that

A
Gap(b) _/ / 1w (1E (up)|* — |Eo|2)+5((divuh)2—(divueO)Z))dxdy

< ——. (7.17)
o

Indeed, using the definition of wy, after some lengthy but straightforward compu-
tations, we get

Gap(b) ab Bwb ab Bwb
€0
4 A ab
up + )/ / %dxdy
2+ A
2 ab 5
ox « amy
u+ )—/ cosh? (— dx/ sin? (—= dy
( 2cosh2(—b)0 (s) 0 (s)
+EL/OH] smh2( ) dx/; cos? (@) dy
2coshz(‘)%) 0 § 0 s

du(w+1r) 7 ob ax @ . qamy
- 5 cosh (—) dx sin (—) dy
2u+X cosh (#) 0 s 0 s

A 772 s . a?b a?b abl] s
=\u+35)——~ | sinh{ — Jcosh{ — )|+ — | —
2/ cosh? (as_b) 20 s s 2 | 2«
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" n?n? s . o?b o?b ab] s
+5——— 5~ |5-sinh{ — )cosh| — ) —— | =
2 osh? (as_b) 2 s s 2 | 2a

C8u(u+r) 52 (azb)

Letting b — 400 we obtain

2.2 2
. neys M\ n  prn Bu(p+a)l
lim Gap(b) = Z)- — —1. 7.18
pm Gap(®) = =7 [(“Jrz)fL 8 R (7.18)

We choose 1 € (0, 1) so small that

M n o, ur’n 8u(u+2) 1
= — — | — — — 0
“n [(“Jrz)ﬂL 8 SR e

It is now clear that if we also choose @ < OC”S , by (7.18) we obtain (7.17).

The next lemma is needed in the proof of Theorem 2.14. This is the only point
of the paper where we assume the condition A = — —Su

Lemma 7.5. Assume ) > ——u and set by = —2LT*— Then
egu(p+a)

b1
dioc(bo) < 0.
Proof. By Theorem 2.9

Since the function K is strictly increasing by Corollary 5.3, it is enough to show
that

k(M) -x(F)- T

By the definition of K (see (2.14)), this inequality is true if J (n? /4) > /4. In
turn, since under our assumptions v, € [—8.5, 1/2), this amounts to proving that

Y(y) i=m(l —vp)?
2 2 5 2

+Z sinh2(%2) — sinh () cosh () |G —4v) + T = T <0

for all v, € [-8.5,1/2). Since ¥ is convex, the conclusion follows from the fact
that both 1(—8.5) and ¥ (1/2) are negative, as can be checked by elementary
calculations.
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Proof of Theorem 2.14. We start by proving part (i). Recall that by Remark 6.8, if
(h, u) is a b-global minimizer for some b > 0, then Q}f U (R x (—o0, 0]) satisfies
an interior ball condition with radius p = & that is, for every z € [} ;f there exists

aball B,(z0) C 2] U (R x (—00,0]) such that z € 3B, (z0). Notice that the

assumption on b is equivalent to Qo = Zeg% < % Assume now that either

z € X} or z € I}, with a vertical tangent. In both cases the tangent inner ball can
be chosen with zg = z £ (p, 0). Without loss of generality, zo = z + (p, 0). Since
o > %, the point z + (b, 0) belongs to the interior of B, (z0), a contradiction to the
fact that by periodicity z + (b, 0) € T, f . This contradiction shows that I}, does not
contain vertical segments. Due to Theorem 2.7(ii), part (i) of the statement follows.

To prove part (ii) we argue by contradiction. Assume that there exist b, —
Ty With by 2 2, dy € [daion(b), dyab(bn) + 57), by-periodic global
minimizers (h,, u,) with |£2;, | = d,, and balls B, (z,) C .Qﬁn U (R x (—o0, 0])
_ 2t
2edpu(p+n)’
zn — (p, 0) belongs to f;i . By Lemma 7.2 we may assume that there exists a

bo-global minimizer (h, u) € X (ep; 0, bg), with by = ezi’(‘:i o such that (7.1)
0

holds. Moreover, there exists a ball B,(zg) C .Q;f U (R x (—o0, 0]) such that
both points zg + (p, 0) and zp — (p, 0) belong to I:f (here we are using the fact
that 2p = by and the by-periodicity). Without loss of generality, by translation
invariance we may assume that zg = (%, vo). Hence, in particular, the upper half
ball B:{(zo) C $£2p,. On the other hand, by Lemmas 7.4 and 7.5 we have that

lim, d, = |$2] = dglob(bo) = dioc(bo) < %bg = |B;‘(z())|, a contradiction.

with p = ﬁ = such that at least one of the points z,, + (p,0) and

Next we show the existence of nontrivial analytic configurations.
Proof of Theorem 2.16. We start by proving that
lim  dgjop(b) = +00. (7.19)

b—bl,

5 2yt by Remark 5.2 and using the factthat0 < K < 1
e (i)

(see Coroyary 5.3), for M > O there exists cy; > 0 such that for all d € [0, M]
and ¢ € Hy (0, bei)

Recall that since berit = 7

d
02F (2 ey )01 Z a1 g (7.20)
bCl‘i[ »Dcrit
Assume by contradiction that there exist a sequence b, — bg:it such that

dgiob(by) < M/2 for all n and for some M > 0. Then, Remark 5.2, together
with (7.20), implies

d ‘M
82F(E’ ueo)[</’] 2 7|I<P||§{1(o,b,l)

foralld € [0, M] and ¢ € ITI# (0, by), provided that n is large enough. Arguing
as in the proof of Theorem 2.11(ii), we may conclude that there exists 6 > 0 such
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that if d € [0, M] and (h, u) € X(eo; 0, by) with O < supyg i |h —d/bn] < 3,
then F(d/b,, ue,) < F(h,u), provided n is sufficiently large. Fix M/2 < d <
M and let (h,, u,) € X(eg; 0, b,) be a non-flat minimal configuration such that
fo "hydx = d.In particular, supjg | |, — d/b,y| = & for n large enough. By
Lemma 7.2, we deduce the existence of a b¢-periodic global minimizer (h, u)
such that (up to a subsequence) (7.1) holds and SUP[0, pei ] |h — d/beit| = 8. This
contradicts the fact that dgjop (berit) = +00 and concludes the proof of (7.19).

2utr_ quch that

To prove the theorem choose by € (berit, bo), Where by := ZaGin)
0

dglob (D)bo

\ (dglob(b))2 + bé

Note that this is possible thanks to (7.19). Now fix any such b and let (%, u) be a
non-flat b-periodic global minimizer, with [£2,| =: d > dgiob(b). If & > 0 then h
is analytic by Theorems 2.14(i) and 2.7. If h(x) = O for some x € [0, b), since
maxo p; h = d/band his of class C! by Theorem 2.14, there exists ¥ € [0, b) such
thath/(x) = d/bz. By Remark 6.8, there exists aball B, (z0) € .Q,fu Rx (=00, 0])
such that (x, h(x)) € dB,(zo) with p = bg/2. Since I', and 9 B, (zo) share the same
tangent at (x, h(x)), an elementary calculation shows that the horizontal chord of

. - db
B, (z0) starting from (x, h(x)) has length equal to \/cﬁob‘*' As

> b forall b € (beit, b1).- (7.21)

dby dgiob(b)bo

JET s
@aion (0))? + b

by (7.21), we obtain a contradiction to the fact that the chord must lie inside .Q;f.
Finally, we prove the nonuniqueness result stated in Theorem 2.13.

Proof of Theorem 2.13. The argument is similar to the one used in the sec-
ond part of the previous proof. Since under our assumption the second variation
82 F(d/b, ue,) 1s uniformly positive definite as d varies in a sufficiently small
neighborhood of dgiob(b), choosing dy, = dgiob(b) + % any non-flat b-periodic
global minimizer (hy, up), with |2, | = d, satisfies sup(g ) |hn — dn/D| > § for
some § > 0 and for n large enough. Therefore, up to a subsequence, by Lemma 7.2
the sequence (4, u,) converges to a non-flat b-periodic global minimizer (&, u)
with |2, = dgiob (D).
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8. Appendix

8.1. Fractional Sobolev Spaces and Trace Theorems

Throughout this section # denotes a strictly positive b-periodic function
belonging to C'(R). To simplify the notation introduced in Section 2.1, we write
I'" and I'* in place of I, and I}, respectively. For p > 1 we let L”(I") denote the
space of all functions u : I" — R such that fF lul? dH!' < oo.

Definition 8.1. Let 0 < s < l and 1 < p < oo. We denote by W7 (I") the
fractional Sobolev space consisting of all functions u € L? (I") such that

u(@) —u@)l” NY:
= ) Z BT aH (w) dH ) o, (8.1
e o= /F [ aH w)aH' @) < 8.1)
and we set ||u|lws.pry := ullLrry + [uls,p,r. We shall refer to [uls p r as the
Gagliardo seminorm of u.

By W;’p (I'"), we denote the subspace (endowed with the same norm) of all
functions in W*?(I") whose b-periodic extension to I'# belongs to Wli)cp .

2 _e P
The spaces W_S’P’T' (I") and W, S (I'") are defined as the dual spaces of
W#P(I') and W;’p (I'), respectively.

Remark 8.2. Notice that from the very definition of fractional spaces it follows
thatif —1 <t < s < 1l and p > 1, then W*?(I") is continuously imbedded in
WP (I).

When p = 2 we often write H*(I") and Hj(I") instead of W*2(I') and W;’Z(F).
A similar notation will be used for their dual spaces. We recall the following clas-
sical imbedding theorem. Notice that we use the convention wo-r(ry .= LP(I).

Theorem 8.3. Let —1 <t < s < 1, q = psuchthats — 1/p =t — 1/q. Then
W*:P(I") is continuously imbedded in W9 (I"). Moreover, the imbedding constant
depends only on s, t, p, q, b and on the C'-norm of h.

This theorem can be easily deduced from [20, Theorem 1.4.4.1], with a simple
change of variable, using Remark 8.2. From [20, Theorem 1.5.1.2] we also have
the following trace theorem.

Theorem 8.4. Let cg be a positive constant such that mingo p) h = co. If p > 1, then

_1
there exists a continuous linear operator T : WP (§2),) > w! v P (I') such that
Tu = u|r whenever u is continuous on $2y,. Moreover, the norm of T is bounded
by a constant depending only on co, || c10.py), b and p.

As an immediate consequence of the previous theorem we have that if
. T . l—%,p
ue whr(@,)is b-periodic in the x-variable, then Tu € W, /
. E N . o
any functionin W, ” " (I') is the trace of a b-periodic function in WP (£2;,). More

precisely, we have the following result.

(I"). Conversely,



322 N. Fusco & M. MoORINI

1-1,
Theorem 8.5. Let co be as in Theorem 8.4 and p > 1. Then, forallp € W, " p(F)
there exists u € WhP(§2)), b-periodic in the x-variable, such that Tu = ¢ and

[|u ||W1,p(_Qh) < C||§0||W1,1L7,p(m

Jor some constant C depending only on co, ||h| 10y, b, and p.
This result is more or less standard except for the fact that here we have to guarantee

the periodicity of the lifting u. This follows from the fact that u can be explicitly
defined as

_ ! ( f—x ) £, h(t))dt
u(x’y)_h(.x)—y\/Rp h(.x)_y (p(v ()) )

where p is a standard mollifier. The estimate of [|u ||y 1., (¢, can be obtained arguing
as in [20, Lemma 1.4.1.4].
The next result is a simple consequence of Theorem 8.5.

Theorem 8.6. Let co and p be as above. Then, for all u € WP (82y,), b-periodic
in the x-variable,

lOzull _1 = ClIVullpr(g,:r2
T W, ”’p(I") (825, R#)

Jor some constant C depending only on co, ||hllc1 o 4y, b, and p.

L

Proof. By a density argument we may assume u € C2(£2). Fix ¢ € W#;’ .

By Theorem 8.5 we may find a lifting in Wl’%(!?h) (still denoted by ¢),

b-periodic in the x-variable, such that |¢| | »_ < Clel 1.2 .

w2 WP pr=1(I)
Moreover, by replacing C with a possibly larger constant, we may also assume
that ¢(x, 0) = 0. Hence,

Ju ou
9 dH‘:/ — —) - vdH!
/r i r‘”< dy )

. du  du dp  Jdp

= dlv(—go—,go—) dz = Vu - (—,——) dz
2 dy ~ dx 2 dy  ox

= ”VMHLP(Qh;[RZ)”Vﬁo”LP%

S CliVullprgryllell 1 o

where in the second equality we have used the b-periodicity of ¢, u and h. This
concludes the proof.

Combining the previous result with the lifting Theorem 8.5, we deduce the follow-
ing corollary.

-1,
Corollary 8.7. Let p > 1. Then, forallu € W, " p(F) we have

Ot 1 < Clu 1 ,
[l 0< ||W#7,p(r)_ Il ||W17,,,(F)

Jor some constant C depending only on ||| c1 0 py)> b, and p.
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We conclude this subsection by stating a lemma that is used several times in
Section 4.

Lemma 8.8. Let —1 < s < 1, p > 1, and let u be a smooth function. The following
two statements hold.

() Ifa € CY(I"), then
luallws.rry = Cllallcroryllullwsrry,

for some constant C depending only on s and p.
(i) If®: T — &) is a C'-diffeomorphism, then

-1
o @ wsr@ry = Cllullwsrry,

for some constant C depending only on the C'-norms of ® and ®~!, on s,
and on p.

If s is positive, the two statements follow from the definition (8.1) of the Gagliardo
seminorm. If s is negative, they follow from the previous case by duality. We leave
the easy details to the reader.

8.2. A Regularity Result for the Lamé System

We prove here a regularity result for the Lamé system with homogeneous
Neumann boundary conditions, which is used in the proof of Theorem 6.9.

Proposition 8.9. Let (h, u) € Y (eo; 0, b) satisfy the first three equations in (2.11).
Assume that there exist zo = (xo, h(xo)) € Iy and rog € (0, h(xg)/2) such that
h e Ccl¥([xy — 2rg, xo + 2ro]) for some O < a < 1. Then, there exists a constant
C depending only on A, u, the Cl% norm of h in [xog — 2rp, X0 + 2ro], on ro, and
on the L*-norm of E(u) in Q2 N Bayy(20), such that

. — <
”VMHCO'O‘(QhﬂBrO(ZO)) s C.

Proof. Let ® be a C'¢ diffeomorphism from €2, N Ezro (zo) onto U, where U is
an open set contained in R x (0, 00), such that ® (I}, N By, (z0)) = S is an open
segment contained in {y = 0} and the C L2 norms of @ and &' are controlled
from above by the C!"*-norm of 4 and ry. Setting ii := u o ®~!, then it is easily
checked that & solves a linear system of the type

/ A()Viu : Vwdz =0, (8.2)
U

forall w € H'(U; R?) vanishing in a neighborhood of dU N {y > 0}, where the
fourth order tensor A is of class C%¢ in U, with the C%%-norm controlled by the
C%-norm of h.

Let us now fix 7 € S and R > 0 such that the half ball B;r R CU.



324 N. Fusco & M. MoORINI

For any point zg € E; (z) and any 0 < r < R, denote by v the unique solution
to the constant coefficients system

/ A(zo)Vv : Vwdz =0 (8.3)
B (z0)

for all w € H'(B;}(z0); R?), with w = 0 on 3B, (z0) \ S, such that v = i on
8B;F (z0) \ S. Subtracting the two equations (8.2), (8.3), choosing w = u# — v and
using the fact that A is C%%, one easily gets that

/ |Vii — Vo2 dz < ch“/ |Vii|? dz, (8.4)
B (z0) B (20)

for some positive constant c. Moreover, since v solves a linear system with constant
coefficients, standard elliptic estimates yield that for all0 < p < r,

2
/ |Vv|2dz§c(£)/ Vo2 dz,
Bf (z0) r B (z0)

20 < (PY! 2
Vo = (Vu)p 5|7 dz = e = Vv — (V) |” dz.
B (z0) r B} (20)

Thus, from the first equation in (8.5), recalling (8.4), we get that forall0 < p < r

/ |Vii|2dz < 2/ |Vo|?dz + 2/ |Vii — Vv|?dz
B} (20) B} (z0) Bf (z0)
2
< C(B) / [Vv|?dz + cr2°‘/ |Vii|?dz
r B (20) B (z0)

< 2 ~ 2 /20 ~2
Sc|- |Vi|“dz + c'r |Vie|“dz, (8.6)
"7 JB}(z0) BH®@

for some constant ¢’ depending ultimately only on R,A, 1, and the C Lo horm of h.
From this estimate, a standard iteration argument (see for instance [4, Lemma 7.54])
yields that for any § > O there exists a constant ¢ depending only on ¢/, «, 8, such
that for all 0 < r < R one has

/ X Vi) dz < >0 / |Vii|?dz. (8.7)
B, (z0)

BHR@

(8.5)

Using this estimate and the second inequality in (8.5), and arguing as in the proof
of (8.6), we then get that for all z¢ € E; @ andall0 < p <r <R

/ Vit — (Vii) . %dz
B (20)

< c/ Vo — (V)5 7dz + c/ |Vii — Vu|?dz
Bf (z0) Bf (z0)

4
c(f) / Vv — (V0)yz 2dz + ch“/ \Vii|2dz
7 J B (z0) B (20)

4
c(f) / Vit — (Vil)y.zy |2dz + cr?t2e= / \Vii|’dz. (8.8)
/7 JB} (o) By (@)

A

A
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From this estimate, the iteration lemma used above yields that

/ Vit — (Vit),.z|*dz < cr2+2°‘*5/ |Vii|>dz
B (20) B @

for all 0 < r < R. From this inequality, another standard iteration argument (see
[4, Theorem 7.51]) implies that ii € C1*~%/2(B £ (2)) and that

1
2
IVt ]l oaso 5+ éc(/ |w|2dz).
C (Br(@) B;R@

Finally, from this inequality it is clear that (8.7) holds in a stronger form, namely
that for all zg € 52 (Z)andand all0 < r < R

/ [Vil|*dz §cr2/ |Vii|?dz,
B (20) BR(2)

which, in turn, implies (see (8.8)) that forall0 < p <r < R

/ \Vii — (Vii).,|%dz
Bf (z0)

4
< c(f) / Vi — (Vil)y.z|dz + cr2+2°‘/ \Vii|dz.
B (z0)

r B ®

This last inequality implies the C%% regularity of Vi, since [4, Theorem 7.51] gives
that

2
[NZ1 p—— §c(/ |Vﬁ|2dz)
cle(Bh@) B

Hence, the proof of the proposition is concluded.
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