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Abstract

We consider the system Au — W, (u) = 0, where u : R" — R”, for a class
of potentials W : R"” — R that possess several global minima and are invari-
ant under a general finite reflection group G. We establish existence of nontrivial
G-equivariant entire solutions connecting the global minima of W along certain
directions at infinity.

1. Introduction

We consider the system

Au— W,(u) =0, foru:R"— R", (1)
where W : R” — R and W, := (9W/duy,...,dW/du,) ' is the gradient of W.
We assume that W has N = 2 distinct global minima a;, fori = 1,..., N, and

address the problem of finding an entire solution u# : R" — R” of (1) that connects
the N minima of W, that is, a solution of (1) such that

lim u(An;) =a;, fori=1,...,N, 2)
r——+00

for certain unit vectors 1; € S*~!, where S"~!  R” is the unit sphere.
System (1) is formally the Euler—Lagrange equation corresponding to the action

J(u) =/ [%IVM|2+W(u)]dx. 3)

One of the challenges in the study of (1) is that for dimensions n = 2 the action is
infinite for the class of solutions we are interested in (see [2]).
‘We now list our assumptions on the potential W.
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Hypothesis 1 (N nondegenerate global minima). The potential W is of class C?
and satisfies W(a;) = 0, fori = 1,...,N, and W > 0 on R" \ {ay,...ay}.
Furthermore, there holds v 3>W (u)v > c?|v|?, for v € R" and |u — a;| < G, for
somec,q > 0,andfori =1,...,N.

We recall some examples of potentials that have been studied in the past. The case
n = 1, N = 2 is textbook material and the corresponding solution is known as
the heteroclinic connection. In [7], BRONSARD, GUI, and SCHATZMAN constructed
a solution for n = 2, N = 3, while recently in [21], Gul and SCHATZMAN con-
structed a solution for n = 3, N = 4; these last two solutions are known as the
triple-junction solution on the plane and the quadruple-junction solution in space,
respectively. Triple-junction and quadruple-junction solutions have additional sig-
nificance of their own and we will comment on them later.

In all these works (for n = 2), the W potentials have been assumed to have
certain symmetries. This takes us to the next hypothesis.

Hypothesis 2 (Symmetry). The potential W is invariant under a finite reflection
group G acting on R" (Coxeter group), that is,

W(gu) = W(u), forall g € Gandu € R". 4)

Moreover, we assume that there exists M > 0 such that W (su) = W (u), fors = 1
and |u| = M.

We seek equivariant solutions of system (1), that is, solutions satisfying
u(gx) = gu(x), forallg € G and x € R". (5)

In[7] G = 7, the group of symmetries of the equilateral triangle, with six ele-
ments, and in [21] G = 7%, the group of symmetries of the tetrahedron, with 24
elements.

The hypothesis next relates the number and location of the minima of W to the
group G. If ¢ is a group, we denote by |¢| the order of ¥.

Hypothesis 3 (Location and number of global minima). Let F C R" be a funda-
mental region' of G. We assume that F (the closure of F) contains a single global
minimum of W, say a1, and let G, be the subgroup of G that leaves a, fixed. Then,
from the invariance of W, it follows that the number of the minima of W is

_ 1G]
Ganl

(6)

Let us give some examples. For %”23 on the plane, we can take as F the 5 sector. If
ay € F,then N = 6, while if a1 is on the walls, then N = 3. In higher dimensions
we have more options since we can place a; in the interior of F, in the interior of a
face, on an edge, and so on. For example, if G = #*, the group of symmetries of
the cube in three-dimensional space, then |G| = 48. If the cube is situated with its

I See [20] or [25] and Section 2.1.
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center at the origin and its vertices at the eight points (1, =1, £1), then we can
take as F' the simplex generated by s1 = e] + €2 + €3, 52 = e2 + €3, and 53 = e3,
where the ¢;’s are the standard basis vectors. We have then the following options:

(i) On the edge s3, N = 6.
(i) On the edge s;, N = 8.
(iii) On the edge 5o, N = 12.
(iv) In the interior of a face, N = 24.
(v) In the interior of the fundamental region, N = 48.

The hypotheses so far have been purely geometric. Our final hypothesis is
analytic.

Hypothesis 4 (Q-monotonicity). We restrict ourselves to potentials W for which
there is a continuous function Q : R* — R, which, for some constants C+ > 0
and a Czﬁmction H :R" — R, such that H(0) = 0 and H,(0) = 0, satisfies

Q is convex, (7a)
Q(gu) = Q(u), forue D, g€ Gg, (7b)
Q(u+ay) = |ul+ H(u), (7¢)
Q) >0 and C_=|0,w)|=Cy, onR"\ {a1}, (7d)

and, moreover,

(Qu), Wy(u)) 20, in D\ {ar}, ®)

where we have set
D :=Int (ugegal gf) . 9)

For n = 1 and even symmetry, for a double-well potential W, and D = F =
{u > 0}, Q-monotonicity implies that W, (u)(u — a;) = 0, foru > 0.

For G = fff on the plane, F the % sector, and a; = (1, 0), it can be verified
that the triple-well potential

2 2

W, uo) = ful® + 23 = Zuq = ul’ + 3

satisfies the Q-monotonicity conditionin D = {(r,0) | r > 0,6 € (—%, %)}, with
Qu) = |u — ay|, where u = (uy, uz).

Forn = 3,G = 7%, F the simplicial cone generated by (+/2/3, 0, 1/«/§),

(0, /273, 1/4/3), (0,0, 1/+/3), and a; = (/2/3,0, 1//3), we can take as an

example the quadruple-well potential

4 2 5
W(ur, ua, uz) = lu* — —@? — ud)us — §|u|2 + 3,

V3 9
with Q(u) = |u—ay|,where u = (u1, us, u3), and D the simplicial cone generated

by (Ov v 2/37 1/ﬁ)a (07 Y/ 2/39 l/ﬁ)v (V 2/31 Oa _l/\/g)
As a final example, take G to be the reflection group on R” generated by
the coordinate planes, F the simplicial cone generated by the standard basis
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e1=(1,...,0),...,e, =(,...,1),and a; = («q,...,ay), for a; > 0. Then,
the potential

n
W) =" Celuj(ui —207) +af), foru= (uy,....u,) €R",
k=1

where Cy are given positive constants, satisfies the (-monotonicity condition in
D = F with Q = |u — aj|. Note that in this last example ; is in the interior of F
and, therefore, N = |G| = 2".

We refer to [5, Proposition 1] for the details of the construction of the triple-
well potential above, as well as for information on the construction of potentials in
general. In [5, Proposition 3] it is established that for any given reflection group G
there exist infinitely-many smooth potentials W satisfying Hypotheses 1-4.

Next we explain® how the Q-monotonicity is utilized in the proof. If u is C2,
then

AQ(u(x)) = tr{(9” Qu(x))) (Vu ) (Vu(x) '} + (Qu(u(x)), Au(x)),  (10)
where (32 Q) stands for the Hessian of Q. If now u has the property
u(F) C F (positivity), (11)
then u(D) C D, and from (10) and convexity it follows that

AQ(u(x)) Z (Quu(x)), Au(x)), 12)

and, if u is a solution of (1), for x € D we have

AQu(x)) Z (Quu(x)), Wy(u(x))) = 0, 13)

from (8). Subharmonicity then provides in D a first global estimate on |u — ap].
Hence, a key step is to show that the candidate solution u is a positive map, that is,
that it satisfies (11).

We now proceed with the statement of the main results.

Theorem 1. Under Hypotheses 1-4, there exists an equivariant classical solution
to system (1) such that

(1) lu(x) —al < Ke kdx.9D) g5 x € D and for positive constants k, K ,
(i) u(F) C F.

2 Since Q is not smooth at a; by (7c¢), the calculations below should be interpreted in the
distributional sense: for u € LIIOC(R", R™), Au € LllOC (R", R"™), we have

A(Qu(x)) 2 (Au(x), Quu(x))),

with the convention that O, (0) = 0. This is a straightforward extension of the well-known
Kato inequality (see [24, p. 85]). We thank Alberto Farina for suggesting the relationship.
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In particular, u connects the N = |G|/|Gg,| global minima of W :

lim u(Agn) = gai, forall g € G,
A——+00

uniformly for n in compact subsets of D N S"~1.

We let B, g be the ball of radius R > O centered at x € R" and Bg be the ball
of radius R > 0O centered at the origin; for A C R" we set Ag = A N Bg and for
A,BCR'weletA+B={a+b|acA,be B). Wedenote by Wp*(Bg; R")
the subspace of WI'Z(B r; R™) of the maps that satisfy the equivariance condition
(5) for x € Bp.

The proof of Theorem 1 is based on a family of constrained minimization
problems

min Jp,, where Jp, (1) =/
/R

’ [%|Vu|2+W(u)}dx, (14)

over the set &R Wé’z(BR, R™) of admissible maps which is defined in (123).

The admissible set &7 % C Wé’z(BR, R"™) is defined by imposing two constraints:
the constraint of positivity (11) and the pointwise bound

lu(x) —ai1] < g0 < g, forx e 2% + By, (15)

where ¢g is the constant in Hypothesis 1, 2% c Dp is defined in (100), and ¢, 8’
are suitable positive constants.

Problem (14) provides a family of minimizers {ug € .7 ®}. We seek to construct
the solution by taking the limit, that is,

ulx) = Rlimqu(x). (16)

For carrying out this procedure and to show that the constraints imposed by mem-
bership in &7 R are inactive, we need uniform estimates in R.

Our proof consists of a continuity argument (topological part) and a PDE part.
The continuity argument is concerned with positivity; it utilizes the gradient flow

0
8—’: — Au— Wy (u), in Bg x (0, 00),
ou . L. (17)
o =0, on dBg x (0, 00), where d/0dn is the normal derivative,
n

u(x,0) =up(x), in Bg,

in the Sobolev space of equivariant maps Wé’z(BR; R™). We let t — u(-, t, up)
be the solution of (17). We establish that the set of positive maps (in the class of
equivariant Sobolev maps)

UT = (u e Wy (Bri R") | u(Fg) C F) (18)

is (positively) invariant under the flow (17).
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With the help of this invariance, we establish that there exists an Ry > 0, such
that for R > R( the minimization problem (14) has a solution that satisfies the
Euler-Lagrange equation Au — W, (1) = 0 in Bg. We do not know if minimizing
freely without restricting our enquiry to the set of positive maps will automatically
render a positive map.

The PDE part of the proof is concerned with the pointwise estimates leading
to the exponential estimate in Theorem 1. To indicate the main ideas we assume
QO(u) = |u — ay| and set g“® = Q(ur). By positivity (11) and by (12),

Ag"® =20, in Dg. (19)
On the other hand, by the nondegeneracy condition in Hypothesis 1, we have
AG“R > *g R where ¢"* < g. (20)

Estimate (19) provides a first global bound on g“# in Dpg, while estimate (20)
implies a stronger exponential bound on ¢“# in £2%. For general Q we first have
to develop a global coordinate system in R” in terms of the level sets of Q. By
suitably combining (19) and (20) we can construct a local comparison function that
enforces (uniformly in R) the estimate |u(x) — aj| < Kekdx.0DR) for x € Dp.

Previous works on special cases of major interest are [7,21]. Our approach
and point of view are different and, in particular, we work with a different set of
assumptions. In [7,21] the authors proceed via Dirichlet problems and build up a
higher-dimensional object out of lower-dimensional solutions. We, instead, pro-
ceed via minimization with two constraints. The solution we construct is a global
minimizer of Jp, in the class of positive maps satisfying (15), in addition. The pos-
itivity constraint is removed via the gradient flow. The other constraint is removed
via comparison arguments. We note that by the results of PALa1s [30], equivariance
is not a constraint, in the sense that a critical point in the equivariance class is
automatically a critical point in W12(R”"; R™). The paper [4] contains some seeds
of the present work.

Symmetry is a rather restrictive assumption. On the other hand, for general
potentials that are required to satisfy only Hypothesis 1, it may be impossible to
characterize a solution of (1) and (2) via minimization of the action. Indeed, some
of the solutions given by Theorem 1 are expected to be unstable with respect to
compact nonsymmetric perturbations. Particular cases where the existence of solu-
tions of (1) and (2) has been established without assuming symmetry are studied
in STERNBERG [37] and in [3] for N = 2,n = 1, and in SAEzZ TRUMPER [33] for
N = 3,n = 2, where the existence of a triple junction is shown by utilizing the
gradient flow. A possible approach for removing the assumption of symmetry a
posteriori could be to establish the stability of the constructed solution in the class
of general compact perturbations. This is reasonable for at least those solutions in
Theorem 1 which enjoy extra minimality properties (as, for example, the triple-
junction solution). Finally, in light of [4], uniqueness should not be expected in
general.

The scalar problem related to (1), for u : R" — R, and without any symmetry
hypotheses on the solution, has been the object of intensive investigation for many
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years, with the De Giorgi conjecture and the related contributions at the center of this
activity (see the expository article of FARINA and VALDINOCI [13]). On the physical
side, we note that for describing coexistence of three or more phases (N = 3), a
vector-order parameter u is needed. A triple-well potential in R? or a quadruple-
well potential in R? would be appropriate for modeling coexistence of three or four
phases correspondingly, with the origin x = 0 representing the coexistence point
(or junction). On the geometric side, the rescaled solution u,(x) := u(x/¢) in the
triple and quadruple-well cases is expected to converge, as ¢ — 0, to the solution
of the corresponding partitioning problem (see BALDO [6]). The boundaries of the
partitioning sets form a system of weighted minimal surfaces meeting in groups of
three along free-boundary curves called ‘liquid edges’, and liquid edges meet in
groups of four at ‘supersingular’ points, the coexistence points mentioned above
(see DIERKES ET AL. [9,10,29, §4.10.7]).

The relevance of the solutions of (1) in the description of the neighborhood
of the junction was first pointed out in BRONSARD and REITICH [8], where also
the formal linking of the diffused and sharp-interface models was established for
n = 2. For rigorous linking, for n = 2, see SAEZ TRUMPER [34]. For the associated
sharp-interface evolution problem involving motion by mean curvature and Pla-
teau angle conditions see [8], for n = 2 in the classical smooth evolutions. See also
MANTEGAZZA, NOVAGA, and TORTORELLI [27] for initiating and partially resolving
globally in time the triple-junction case for n = 2, and FREIRE [15], SCHNURER
and SCHULZE [36], and SCHNURER ET AL. [35] for related work for n = 2. For
the evolution problem for general n see FREIRE [14]. Papers of related content are
[1,22,26,28,32].

The paper is structured as follows. In Section 2 we establish the positivity
property of the semigroup that (17) generates. In Section 3 we introduce the Q-
coordinate system and in Sections 4 and 5 we state and prove the comparison
lemmas needed for deriving estimate (i) in Theorem 1. Finally, in Section 6 we
give the proof of Theorem 1.

2. The Positivity Property

2.1. Algebraic Preliminaries

For the general theory of reflection groups we refer to [20,25]. Let G be a
Coxeter group, that is, a finite effective subgroup of the orthogonal group O (R"),
generated by a set of reflections. A reflection y € G is associated to the hyperplane
my, ={x e R" | (x,n,) =0} via

yx =x —2(x,n,)n,, forxeR", 21

wheren, € S"~1is a unit vector. Every finite subgroup of O (R") has a fundamental
region, that is, a subset F' C R”" with the following properties:

(1) F is open and convex,
(i) FNgF =g, forl # g € G, where [ is the identity,
(i) R"=U{gF | g € G}.
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We choose the orientation of 7, so that F C &), where 2] = {x € R" |
(x,ny) > 0}. Then, we have

F=Nyer 2, 22)

where I' C G is the set of all reflections in G. Given A C R”, the (pointwise)
stabilizer of A, denoted by Stab[A], is the subgroup of G that fixes A pointwise,
that is,

Stab[A] = {g € G | gx = x, forall x € A}. (23)

Stab[A] is the reflection group generated by the reflections that it contains [25,
p. 23]. In particular, G, defined in Hypothesis 3 is a reflection group. For A C R"
a nonempty set, we also define G4 C G to be the subgroup that leaves A fixed as
a set, that is,

Gy=1{gecG|gA=A} (24)
‘We conclude this section with a characterization of G p.
Lemma 1. There holds
Ga, = Gp. (25)

Proof. Observe that Gp = G and that by definition, D = U{gF | g € G, }. It
follows that

gD =D, forall g € Gy, (26)

and, therefore, that G,; C Gp. To show that G C G, we note that, by property
(i1) of the fundamental region, there is a one-to-one correspondence between G,
and the orbit {gF | g € Gy} of F under Gy, . Therefore, g’ € G \ G, implies
¢'F ¢{gF | g€ Gyland,intumn, gD #D. O

2.2. Parabolic Flows and Positivity

We can assume that W is a C? potential satisfying the global bound

uju

EX W@l <C, inR". (27)

This can be imposed without loss of generality because of the a priori pointwise
bound (125). As before, we denote by u(-, t; ug) the solution of (17) and let % F°
be the set of equivariant positive maps defined in (18).

Theorem 2. Suppose W satisfies the bound (27) and the symmetry (4). Then, (17)
leaves the positive class U Pos invariant, that is,

WP 5 up > u(-, t; ug) € U,
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We begin with a lemma.
Lemma 2. Let u : B — R" be an equivariant map. Then, u is a positive map if
and only if
u(PHR) C PF, forally €T, (28)
where (Z)r = P} N Bg.
Proof. Suppose that (28) holds. Then
u(Fg) = u(Oyer (Z))k) C Nyer u((P)r) C Nyer P =F.

Hence, u is positive.
Conversely, suppose that u is a positive equivariant map on Bg. Then, equiva-
lently, ue defined by

__Jul), forx e Bg
k() = [0, for x € R" \ Bg 29)

is a positive equivariant map on R". For any g € G, we have from equivariance
and positivity,

ue(g(F)) = g(ue(F)) C g(F). (30)

Now pick a y € I' and take an x € 9;“ and fix it. There is a g € G, denoted
by gx, such that x € g,(F) and g,(F) is also a fundamental region. Since for
each fundamental region F’ and for each reflection y we have either F/ C gz;r or
F' C —@;‘ , we conclude that

g:.(F) c 7§ 31)
Thus, by (30), ue(?;“) C %, and so (28) follows. 0O

‘We continue with the

Proof (of Theorem 2). Consider (17) with ug € %P°. By the regulariz-
ing property of the equation, the solution is classical for + > 0, and by
(27), it exists globally in time and belongs to C ([0, +00); WL2(Br: RY)) N
CH((0, 400); C**(Bg; R") N C(Bg; R™)), for some « € (0, 1) (see [23]). Con-
sider a reflection y € I and set

C(x,t):(u(x,t,uo), n)/>7 on BR X (05 OO),
So(x) = (uo(x), ny), on Bg.

By taking the inner product of Eq. (17) with n,,, we obtain

ad

a_i = AC +c¢Z, in Bg x (0, 00),

5 32
—é‘ = O, on aBR X (07 OO), ( )

on
C('ﬂ O) = é‘Oa
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where we have set

<Wu(u(~x7 t’ MO), 7))/)
¢x, 1)

From the equivariance of u(-, t, up) and W, (yu) = y W, (u) it follows that

clx,t) =

C(x,t) = —=C(yx,t), in Br x (0, 00), (33)
c(x,t) =c(yx,t), in Bg x (0, 00). (34)

From the symmetry of W we also have that u € 7, implies W, (u) € m,,. From
this we deduce

1
Wy (u), ny) = (u, ny) </O Wi (u + (s — 1){u, ny)ny )0y ds, ny>. (35

Thus, the coefficient c(x, t) of ¢ in (32) is bounded (actually continuous) on Br X
(0, 00).

Since ug is a positive map, we have ¢o = 0 for (x,7n,) = 0. Therefore, by
Lemma 2, for establishing positivity it is sufficient to show that ¢ (x, r) = 0, for
X € B; ={x € Bg | (x,n,) > 0} and ¢ = 0. We note that by (33) there holds
¢(x,t) =0forx € m, x [0, 00), hence if ¢ is a classical solution of (32), we have
by the maximum principle ([11,16, 18]) that ¢ (x, ¢) is nonnegative on B; x [0, 00).
Since mollification preserves positivity [ 12] and symmetry, the general case follows
by continuous dependence in WL2(Bgr: R™) for (32) (see [23]).

3. The Coordinate System

Lemma 3. Suppose that Q : R" — R satisfies (7) in Hypothesis 4. Then, the
following hold.

(i) For each v € S*~!, the ODE system

du 0, (u)
dg ~ (Qu), Qu(w)’ R , 36
dg  (Qu(w), Qu(u)) Joru e \ {ai} (36)

has a unique solution u : (0, +00) — R”" such that

lim ii(g:v) =a and lim i(g;v) — ai 37)

q—0+ li(q; v) — ayl

(ii) The map u and its partial derivatives iy, i, with respect to q, v, extend con-
tinuously to g = 0 and

iu(0;v) = ay, iig (0 v) = v, iy (0; v) =0.
Moreover,
Cl <lig(g: v = C,

with C'. = C_C*,C, = C4CZ2
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(iii) It results that
ii(q; gv) = gii(q; v), forveS" ! geGp=G,. (38)
(iv) The map defined through the solution
(q.v) = ilg:v),
is a C? diffeomorphism of (0, +00) x S"~! onto R" \ {ay}.

Proof. For the proof we refer to [5, Proposition 2]. Here we present a proof under
the stronger hypothesis

Q) = lu—ail, for|u—al = ro,

with rg > 0 and small.
From (36) we have that

Loty =1
@Q(u(q))— :

This implies that the left extremum of the interval of existence of # is ¢ = 0 and,
furthermore, that
lim u(g) = a. 39)
q—0+
Moreover, for lu — aj| < rg we have that Q,(u) = (u — ay)/|u — a1| and (36)
takes the form du/dg = (u — a1)/|u — ay|. Therefore,

d i—a

)

dg li —ar|

hence, the existence of the second limit in (37) follows. Statements (ii) and (iv)
follow by standard ODE theory. Uniqueness and (7b) imply (iii). O

We regard the pair (g, v) as the polar coordinates of u = ii(g; v) and associate
to the potential W the function V : (0, +00) x S"~! — R defined by

Vg, v) := W(i(g; v)), for(g,v) e (0,+0) x st (40)
From (38) and (4) it follows
Vg, gv) =V(q,v), for(q,v) e (0,+00) x S"*l, g €Gp. “1

We denote by ¥ C (0, +00) x S"~! the inverse image of D \ {a;} via the diffeo-
morphism (g, v) — u(q; v). The set X is of the form

L =1{(g.v)qeg) veS} (42)

where, for each v € §"1, (0, gy) is the interval the map ¢ — u(qg; v) spends in
D. We remark that (8) in Hypothesis 4 implies, via (40) and (36),

aV
50 V) 20, for(q,v)€X. (43)
q
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On the other hand, by Hypothesis 1,
av - - _ _
FrcRE Hiig(q: v),iig(qsv)p, for0Sp<qg=g, veS ' (44

We show in (125) and (126) that we can restrict our enquiry to bounded values of g.
Therefore, by changing the definition of V (¢, v) if necessary, we can also assume

aVv
a—(q, v) >0, forg > I. (45)
q

Given u € WH2(Bg; R"), set ., := {x € Bg | u(x) = a;}. The diffeomorphism
defined in Lemma 3 associates to the restriction to Dy \ ., of any positive equi-
variant map u € %% a polar representation (g%, v*) : Dg \ % — R x §" ! as
follows

ulpy < (", v"), where u(x) = ii(g"(x); V" (x)), x € Dg \ .%,. (46)

From (38) and the equivariance of u it follows that the maps ¢* : Dg \ .}, — R"
and v : Dg \ ¥, — sn-t satisfy

q"(gx) =¢"(x) and v"(gx) = gv"(x), (47)

forall x € Dg \.%, and all g € Gp.
From (46) we calculate

Ux; (x) = ’/th‘]xu,- (x) + IZVV)I:I- (x),
thus, utilizing (52) below,
n
Vul® = (iig, g) | Vq" > + D Giuvy s vy, (48)
j=1

where |T'| denotes the Euclidean norm of the matrix 7. From u € W2(Bg; R")
it follows that the Euclidean norm |# — a1| belongs to W12(Bg: R), hence

g" € W'2(Dg; R).

From (48) and (40) we obtain that, under the standing assumption u € % Pos the
action takes the form

Jpp () =N [1|W|2 + W(u)] dx
pr 12

1
=N [—|Vu|2+W(u)}dx
DrN{lu—ar|>0) | 2
1 n
=N | G i) Vg P4+ D (vt i) | + Vg v ¢ dx,
Drnig >0 | 2 o '
where N = |G|/|G,| and we have used |Vu| = 0 almost everywhere on the

measurable set {x | u(x) = a}.
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Lemma 4. Consider the mapping (q, v) — u(q; v) as defined in Lemma 3. Then,
for any fixed vector t L v, the quadratic form

w(a, B) = —(igq, ﬁq)az + (tgot, ft‘,t),B2 — 2ugyt, ug)af, fora,peR

(49)
is positive semidefinite.
Proof. By differentiating the identity
Q(ulg: v)) =4, (50)
with respect to ¢, we obtain
(Qu,ug) = 1. (51)

On the other hand, differentiating (50) with respect to v in direction ¢, we obtain,
using also (36),

(Qu,iiyt) =0 & (ig, uyt) =0, (52)
and differentiating once more gives

(igut, tyt) + (ig, iy (t, 1)) = 0. (53)
Now, differentiating (51) with respect to g yields, via (36),

- - (itgq, tig) -
(Quultg, g) +{(Qu,tigq) =0 & ———— = —(Quully, Ug), (54a)
(uqv uq)

while differentiating with respect to v in direction ¢ yields

(gt itg)

(Quaiivt ig) + (Qu» fignt) =0 & Z s

= —(Quuiivt, iig). (54b)

Finally, differentiating (52) with respect to v yields, using also (53),

(Quuﬁvh ’Zut) + (qu ﬁvv(t’ t)) =0
(iigut, iiyt) (i (1, 1), ig) L
(;” - ”) = - (u iy = (Quadiot i), (54c)
q-Hq q>HUq
The convexity of Q implies
(Quuv,v) 20, forallveR". (55)
From this and (54¢), we obtain
(iigvt, tiyt) 2 0, (56)

while from (55) and (54a) we obtain

— (iigq.iig) 2 0. (57)
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From (55), by the same argument that proves the Schwarz inequality, we have
(Quuv, w)? < {Quuv, V){Quuw, w), forall v, w € R". (58)
Thus, from (54) and (58), it follows,
—(iigq, itg) gyt iivt) = (igut, itg)? Z 0,
which, together with (56) and (57), concludes the proof. O

Lemma 5. Assume that b > 0 and that u € %% satisfy the following.

(1) The set Ap, C Dg deﬁned_by Ap = {x € Dg | g" > b} is open,
(ii) g € L*®(Ap) and v* : Ay — S"Vis C! smooth.
Moreover, let F : A, x R x R" — R be the function defined by

1] 5 5 5
F(x.q,2)=> (it (q3 V") g (g, v 2+ D (lin (g5 vV, (g, v VDT
j=1

(59)
forx € Ap,z € R, and g = 0, while for g < 0 let
F(x,q,2) = F(x,—q, 2).
Then, the functionals 4, and &4, = Ha, + Va,, where

Ha,(p) = / F(x,p, Vp)dx, (60)

Ap
Va0 i= [ Vil ax, 61)

Ap

admit a nonnegative minimizer p € Wl’z(Ab) N L%°(Ayp) that satisfies the Dirichlet
condition p = q", for x € d Ay and the invariance condition
p(gx) = p(x), forx € Ap, g € Gy,. (62)

Proof. The smoothness of v* implies that the function F' defined in (59) is contin-
uous on A, x R x R and convex in z for each fixed (x, ¢) € A, x R. From this
and the boundary condition it follows that F' satisfies all assumptions in Theorems
4.5 and 4.6 in [19]. Therefore, the existence of a minimizer p € W12(Ay) follows
from Theorem 4.6 in [19]. To show that a minimizer p of %3, is in L°°(A;) we
set o~ := min{p, [|g"||L>(a,)} and observe that

Vp~ =0, onfp>p}
and
(iigu(g, V")V ity (g, v")VY) 2 0 (from (54c))
imply
Ha,(p7) = Ha,(p).

The L bound for a minimizer p of &4, follows from assumption (45) and a similar
argument. Finally, the evenness of F and of V(| - |, v¥) in ¢ imply we can assume
020 O
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4. The Comparison Function o

We prove three lemmas leading to the construction of a map o that we use
systematically as a comparison function in the proof of Theorem 1. We let x4 be
the characteristic function of a set A.

Given numbers /, 2 > 0, set L =1+ X and let ¢ = xz¢1 + XB\B %2> where

@1 : B = R, ¢ : By \ B — R are defined by

Agi = g1, in By,
[‘/’l =q, on 4By, 63)

and

Agy =0, in By \ By,
©m=q, on 0By, (64)
=0, ondB,

where ¢, g, and M, below, are the constants defined in Hypotheses 1 and 2 and

0= max Q@), (65)

ueD, |u\§M

(see Hypothesis 4). The map ¢ is radial, that is, ¢;(x) = ¢;(|x|), for j = 1, 2.
Classical properties of Bessel functions imply that ¢; : [0, /] — R is positive and
increasing together with the first derivative qbi. The function ¢ : [I[, L] — R is
increasing with decreasing first derivative ¢, by explicit calculation.

Lemma 6. The following hold.
(i) The function ¢{(1) is strictly increasing for | € (0, +-00) and
Jim ¢1(0) = g (66)
(i1) There exists a strictly increasing function h : (0, 4+00) — (0, +00) such that
$1(r) < "V D), forr € 10,11, (67)

and lim;_, 1 5 h(l) = c.
(iit) There is a constant Cy, independent of |, such that

¢{(r) < Coy, forr€]0,1]. (68)

Proof. (i) and (ii) are proved in [17, Lemma 2.4]. From the bound provided by
(67) for ¢ and standard arguments it follows that

¢! (r) < Co, for r € [0, min{l, 1}]. (69)

If [ > 1, from the proof of Lemma 2.4 in [17], it follows that ¢|(r) < C, for
r € [1,1], where C is a constant independent of /. This, together with inequality
(67), implies

¢{(r) < Co, forr e [1,1], 1 > 1. (70)

O
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An explicit computation yields, for r € [/, L],

[
ﬁ, forn = 2,
$h(r) = | rloe&/D (71)
"0 —¢q)
(n—-2) , forn > 2.
=11 = (I/L)"2)
Lemma 7. The following hold.
(i) Let the ratio 1/ L be fixed. Then,
lim ¢5() = 0. (72)
[—+00

(i) Let the difference L — | = X be fixed. Then, ¢5(l) is a decreasing function of
[ € (0, +00) and

@, forr e[l,1+ Al (73)

li bor) =
Jm 450 =5

Moreover, there exists a constant Cy, independent of | € [1, 400), such that
Co
l

Proof. (i) is a straightforward consequence of (71). We prove (ii) for n > 2. The
case n = 2 is similar. To show that ¢} (/) is decreasing, we prove that the map
fO=10-U/d+ )2) s increasing. Setting & = [/(l + 1) we have

SO =dE) :=1—(n—DE?+n-2&""", forgel0,1),

and f'(I) > 0, forl € (0, +00), follows from d(0) = 1,d(1) = 0,and d'(¢) < O,
for & € (0, 1). The limit (73) follows from (71). The last statement of the lemma
follows from

|p5 (r)| < , forrel[l,l+A]. (74)

ln—l

Py(r)=—(n—1)

P (D).

i
O

Let ¢ be as before and let § > 0 be a small number. Denote by 9 : Bj+5\Bj—s —
R the solution of the problem (Fig. 1)

AY =0, in Bjys\ Bi—s,
A 75
[ D=9, ond(Biys\ By 7
We have 9 (x) = 6(|x])), where 8 : [[ — 8,1 + §] — R satisfies
$2(l+3) — d1(l —9d) f
=3 , orn =2,
0'(r) = AN (76)
- [—8)"" [+8)—¢p1(l—6
(n—Z)( )" (P2l +8) — ¢ ( ))’ forn = 2.

(1= (5D
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} 1 } A |

Fig. 1. The comparison functions ¢1, ¢>, and ¥

Lemma 8. There exist positive constants ly, A, 8, ¢ < q, &, u, such that | =
lo, L =1+ A implies
(i) ¢} (1) > $5(D) + u,
1) v < ¢, in Bﬂ\ B;_s,
(iii)) Themap o : By — Rdefinedbyo = XBz_aU(BT\TM)q)—}_Xm\Bz_s’? satisfies

0 <G <G, inBsy. (77)

Proof. Letting the ratio p = [/L be fixed, then (66) and (72) imply that there is an
lp such that (i) holds for / = [y and some p > 0. Fixing A = lp((i/p) — 1), then
(i) holds for all [ = ly. This follows from Lemmas 6 and 7(ii), which imply that
@1 (1) is increasing and ¢ (/) is decreasing for fixed A. From (76), the relation
G2l +8) — 11 = 8) = (2(D) + ¢1 (D)5 + 0(8),
which holds uniformly in / since ¢1(I) = ¢2(I) = g, and
[+6 8

log ——2 =22 4 0(s).
Ogl—é l+0()
LY -2 o)
I+ - Aol
it follows that
|
0'(ry — §(¢§(1) + ¢} (1))‘ < C8, forrell—6,1434], (78)
1 C
0"1 < . forr e[l —38.0+9] (79)

for some constant C > 0, independent of [ € [lp, +00). From (i) and (78), and
the bounds on ¢{, ¢, 0", it follows that there is a small § > 0, independent of
[l € [lp, +00), such that

0'(r) < (]53 (r), forr e[l —234,1],
0'(r) > ¢4(r), forrell,l+35].

This and 0(I — §) = ¢1(I —8),60( + &) = ¢d2(I + 8), prove (ii). The existence of
the number ¢’ < g and 0 < &' < §, independent of [ € [ly, +00), follows by the
same arguments and from the existence of the limits (66) and (73). O
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5. The Replacement Lemmas

We divide this section into two parts. In the first part we give conditions on a set
A C Dpg which allow for a map defined on A to be extended to an equivariant map
defined on Bg. In particular, we analyze the case where A is a ball B, , and show
that, except for a neighborhood of dDg, Dr can be covered by balls By ,, with
r 2 Lo = lp + X, that satisfy the condition ensuring the possibility of equivariant
extension. These results are utilized in the second part where we prove Proposi-
tions 1 and 2, which are basic for showing that u g satisfies (15) with the sign of
strict inequality.

5.1. Equivariant Extension and the Set 2%

LetI' C Gandmy,,y € I', and G4 as in Section 2.1. We let 'y = I' N G 4.
For x € R", we set Gy = Gy}, I'x = I'(x}. G coincides with Stab[{x}] and it is
generated by I'y (see [25]).

Lemma 9. Let A be an open and connected subset of R" . Assume that forally € T,
YyANA#O implies yA = A. (80)
Then, the following hold.
() Forallg € G
gANA#£ O implies gA = A. (81)
(ii) G 4 is the reflection group generated by
I'y={yel|Anm, #0}. (82)

Proof. For each pair of fundamental regions F,, Fp, there is a unique g € G that
satisfies

8Fa = Fp. (83)

Therefore, if F;, for 1 < i < N, are the distinct fundamental regions with the
property that A; = AN F; # &, there is a unique g; € G such that g; F1 = F;.
Step 1. There exist y; € ', for 1 < j < M, such that g; =y - - - y1. Since A is
connected, given x; € A;, for 1 < i < N, there is an arc [0, 1] 3 s — x(s) € A,
such that x(0) = x1,x(1) = x;. Since A is open, by slightly deforming x(s) if
necessary, we can assume that there are sequences s, for 1 < j < M, and A; i for
1 £ j £ M+ 1, such that

x(s) € A;;, forsj1<s<sj, and 1=j=M+1, (84)
x(sj) € my;, forl = j=M, (85)
where so = 0, spyr+1 = 1, and where y; is the reflection associated to the plane Ty,

on the common boundary between Fij and Fl-j +1+ This shows that g; = ypr -+ -y
and, therefore, that g; belongs to the group generated by I';.
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Step 2. We now prove that g = yps - - -y, with y; € I}, for 1 < j < M, is a nec-
essary and sufficient condition in order that gA = A. From the definition of I'}} itis
plain that the condition is sufficient. On the other hand, gA = A implies gF}, = Fy,
for some 1 < h, k < N, and therefore, by Step 1, we have that g = g g;1 is the
product of reflections in I'}.

Step 3. To complete the proof of (i) we show that g F; NA = & implies gANA = @.
Indeed, if this is not the case, there exist F},, F, such that g Fj, = Fy. It follows that
g= gkgh_1 and therefore, by Step 1, gF; = gkgh_lFi = Fj,forsome 1 < j < N,
in contradiction with the assumption. O

We denote by IT the union of all planes ), of all reflections y € G and define
I, =11\ [1,, where I, = Uy e\, Ty - (86)
Note that [T, is the union of the planes of the reflections that do not fix x.

Lemma 10. Let A be a subset of R" and v : A — R" a map that satisfy the
following conditions.

(1) Forall g € G, gAN A # & implies gA = A.
(ii) There holds v(gx) = gv(x), forallx € A, g € G 4.

Then,
v(x) = gv(g_lx), forallx € gA, g € G, (87)
extends v to an equivariant map v : A — R", where A = UgeGgA.

Proof. We first prove that v is well defined. Assume x = g1x; = grx», for some
X1, X2 € Aand g1, g2 € G. Then, we have x, = g2_1g1x1 and, therefore, gz_lglAﬂ
A # &, which implies gz_lglA = A by (i). Thus, gz_lgl € G4 and (ii) yields that
g ! g1v(x1) = v(x7). From this and the definition (87) of v, we conclude that

5(x) = giv(gy 'x) = g1v(x1) = gu(x2) = gav(gs 'x) = B(x). (88)

To prove that v is equivariant, given x € A and g € G, from (87) we have that
v(x) = grv(xy), v(gx) = gav(xp), for some x1,x; € A and g1, g2 € G, such
that x = gix1, gx = goxp. Therefore, arguing as before, we deduce v(xz) =
& ! gg1v(x1) and conclude that

v(gx) = gav(x2) = gg1v(x1) = gu(x). (89)
O
The following corollary concerns the particular case where A is a ball.
Corollary 1. Assume that the ball By , satisfies the condition
B,, NI, =2. (90)

Let o : By, — R be a scalar function that depends only on the distance from
the center x of By, and w : By, — R" be a map that satisfies condition (ii) in
Lemma 10. Then, (87) extends the product v = aw : By , — R" to an equivariant
map v : UgeggBy,r — R".
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Proof. Sinceitresultsthaty B, , = By ,forall y € Gy, the ball By , satisfies (80)
in Lemma 9 if and only if it has an empty intersection with 7, forall y € I \ I'y.
From this and Lemma 9 it follows that (90) is a necessary and sufficient condition
in order that A = B, , satisfies condition (i) in Lemma 10. From the assumptions
on « and w it is obvious that v satisfies (ii). O

Lemma 11. Let [y and A be as in Lemma 8. There exist d > 0 and Ry > 0 such
that, if R 2 Ry, then, for each x € Dg that satisfies

d(x,9Dg) 2 d, On
there are X € Dg, and L = Lo = ly + A, such that
(1) Bi.L C Dk,
(i) Bz, NIz = 2,
(iii) x € Bsp_;.

Proof. Assume the lemma is false. Then, there are sequences R;, for x; €
Dg;,1 = j = -, such that

[ limj—>+oo Rj = +o0, 92)

limj_>+oodj = d()Cj, 8DRJ.) = +00,
and
B; 1 NII; # @, forall £, L such that L = Lo, Bz, C Dg;, |xj — £ < L — 1.

By passing to a subsequence, we can assume that, foreach y € I';; = I'p there
exists ay, € [0, +00] such that

d(x;, )

lim =L g 93
jotoo d(x;, 9Dg,) Y ©)

We distinguish two cases.
Case 1. Letay, > 0, y € I'y,. Then, provided ;j is sufficiently large, (92) and (93)
imply

1
d(xj,my) > E&dj > Ly, fory ely, 94)

where a := min{min{l, o} | o, > 0, fory € I'y,}. This shows that the ball

B. 154, C Dg ; has an empty intersection with I1, in contradiction with the
J°2 J b

assumptions on the sequences {R;}, {x;}.

Case 2. Leta), =0, for some y € ', . Let 70 = Mo, =07y and let §; € 79 be the
orthogonal projection of x; on 70. Then, there is a constant C > 0 such that

j = &)1 < € max d(x;.my) < Cdja), (95)
ay=

where

d(xj,my) .
a?::max]—y—>0, as j — +oo.
ay,=0 dj
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Therefore, if y € I'y, has a; > 0, we obtain, for j sufficiently large,
1 0 1_
d(Sj,T[);) 2 d(xj', 7'[)7) — |Xj —$j| 2 dj Eot}; — C()lj > Zadj, (96)
0 1
d(&;,0D) 2d(xj,dD) — |x; —&;| 2 d;(1 — Caj) > Edj' 97
From (95) and (96), (97), it follows that, for j sufficiently large, x; €
B, 1-, .,theball B, -, iscontainedin Dg. and has an empty intersection with
é_,,4otdj s é,,4ad_, J

[, = Uyel"\l“gj 7y, . This is in contradiction with the assumptions on {R;}, {x;}.

O
Assume R = R, with Ry as in Lemma 11 and let
N® = {(x,L) | L = Lo. By, C Dg. By, N1, = @}. (98)
From Lemma 11 and the compactness of the set {x € Dy | d(x,dDg) = d} it
follows that there is a number K and ()?j, Lj)e N forj=1,..., K,thatdepend
on R and are such that
{x € Dg | d(x,0Dg) Z d} C U Bg; 1,2 (99)

Define the set 2% C Dg by
28 =UK B L (100)

The set £2% is open and we can assume that the sequence { B L;- )\}le contains
§B;, 1, forallg e Gp, j=1,..., K, so that o

Gor =Gp =Gy, (101)

5.2. The Replacement Lemmas

Let ¢’ > 0 be the constant in Lemma 8 and let ¢ > 0 as before in (63). Assume
R > Ry and £2% as in (100).

Lemma 12. Let q : 28 — R be the solution of

4237 tien (02
Then,
q(gx) =q(x), forallge Gor =Gp = Gg. (103)
Moreover,
q(x) < Ke k@925 o ¢ QR (104)
and, in particular, ifd > 0 is as in Lemma 11,
qx) < Ke ME9DR) - \yhenever By.a C Dg. (105)

for some constants K, k > 0 independent of R.
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Proof. The invariance follows from uniqueness. The maximum principle implies
q < g'. Tt follows that if ¢ is the solution of Eq. (102) on the ball with center x
and radius d(x, 32®) with boundary condition ¢ = ¢, we have q < ¢. This and
the estimate (67) in Lemma 6 imply (104) for some K, k > 0 independent of R.
The last estimate follows from d(x, dDg) < d(x, 3$2R) + d, after changing K to
Kek. o

Lemma 13. Let A C Dpg be an open connected set with Lipschitz boundary and
let @ the solution of the problem

[A@:O, inA, (106)

®=f ondA,
for a smooth function f : dA — R. Assume that f > 0 so that

@D, = min ®(x) > 0.
x€eA

Assume also that A, f,u € %", and 0 < b < &, satisfy the following.

(a) A satisfies (i) in Lemma 10.
(b) f is the trace of a smooth map f* that satisfies

f*(gx) = f*(x), forallx € A, g € G4.

(¢) g" € L®°(Dg) and q"|y4 < f, on 0 A.
(d) The set Ap :={x € A | q"“(x) > b} is open and v“|ﬁ is C' smooth.

Then, there is a v € %F° such that

@A) vP =v¥, on DR\ Sy, Sy = {x € Dg | ¢ =0}.
(ii) gV £ @, in A. .
(i) U|BR\/§ = “|BR\A’ A = UgeggA.
(iv) Jpp(v) = Jpg (u).

Proof. Lemma 5 implies the existence of a minimizer p € W12(Ap) N L®(Ap)
of %y, on the subset of the functions that satisfy the Dirichlet condition

p=q", ondAp, (107)
and the invariance condition
p(gx) = p(x), forx € Ap, g € Gy,. (108)

Let AZ = {x € Ap | p(x) > @}. Then we have that p satisfies

n
/ (itgq (0, v"), g (p, V)V pI* + D iigy(p, v'IVE Ly (p, vIVE) £ 1 dx
AL — :

j=1

[ iy, iy o, )} 9V dx = 0 (109)
A*

b
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q" 4

&

Fig. 2. The functions p and @

forall n € Wol’z(Ab) N L (Ap) that satisfy (108) and vanish on {p < &} (Fig. 2).
Taking w = w; in (49), with o = Px;js B=1andt = v)'fj, we obtain, for n = 0,

(Z%)n—( (iigq, i)V p|* +Z ligyVy, . yVy,) ZZ lgyVy;»iig) ij>7120~
j=1

(110)

Integrating (110) and subtracting from (109) gives
(/ VPV ({ig. iig)m) dx <0, (1)
Ap

for all nonnegative n € WOl ’Z(Ab) N L (Ap) that satisfy (108) and vanish on the
set {p < @}. On the other hand, the definition of @ implies

/ VoVedx =0, (112)
A

forall ¢ e W01’2(A). We take n = (p — @)1 /(iig, i) and { = (p — @)T and
subtract (112) from (111) to obtain

/|vw—¢ﬁﬂmga
Ap
and, therefore, using also p < @ for x € A, \ A},
p S @, inA. (113)
Define ¢” : A — R by setting

min{p(x), g*(x)}, forx € Ap,

q"(x) = q"(x), forx € A\ Ap, (114)

and observe that (ii) follows from this, from the inequality (113) and ¢" < b < &,
in A\ Aj. Observe also that

g’ =q", forx e dA. (115)
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A C Dpg implies G4 C Gp. This and (47) imply that ¢g* and therefore also g”
satisfies (108). It follows that, if we set

v =" onA\S,, (116)
and recall (38) and (47), then the map v : A — R” defined by

u(g¥(x); v (x)), forx € A\ S,,
07

v(x):[ forx e ANS,,

satisfies (i) and (ii) in Lemma 10. Therefore, v can be extended to an equivariant
map v : A — R, A= UgecgA. From (115) and (116) we see that v and u have
the same trace on dA. It follows that, if we extend v to the whole By by setting
v = u,on B \A, then we have a well-defined equivariant map v € Wé’z(B r; R™M).
This in particular proves (iii). Moreover, v is a positive map because u is and, by
definition, gV < ¢“. It remains to prove (iv). We argue as follows. The definition
of v implies

G
Jpr(v) = J;(v) + JBR\A(”)’ with J 7 (v) = ||G_A||JA(U)'

Let A,™ C A, be the subset A+ := {x € 4, | ¢“(x) > p(x)} and observe that
Jp, v (V) = Ky, +(p) + Vp,+(0) = Hp,+(q") + Py, +(q") = Jy,+ (W),

where we have used the minimality of p and (43). Therefore, recalling that v = u
on A\ A,T we obtain

Ja(v) = JA,,+(U) + ‘]A\Aﬁ(u) § Ja(u).
O

Lemma 14. Let ¢, g be as in Hypothesis 1 and A as in Lemma 13, and let V be the
solution of the problem

_ 2 :
{A\D_c v, inA, (117)

v =h, on dA,
for a smooth function h : A — R. Assume that h > 0 so that
W, = min ¥(x) > 0.
xeA

Assume that A, h,u € %%, and 0 < b < W, satisfy the following.

(a) A satisfies (i) in Lemma 10.
(b) h is the trace of a smooth map h™* that satisfies

h*(gx) = h*(x), forallx € A, g € G4.
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(c) There holds
q"(x) £ g, forxeA,
and
q“loa Sh<q, ondA.
(d) The set Ap := {x € A | ¢"(x) > b} is open and v" |7 is C! smooth.

Then, there is a v € % such that

i) v¥ =4, on DR\ S,.
(ii) gV S ¥, in A.

(iii) U|BR\A = ulBR\A’
(iv) Jpg (v) = Jpp ().

A = UG gA.

Proof. The proof parallels the proof of Lemma 13. We minimize the functional &4,
on the weakly closed subset of W12(A,) defined by (107) and (108) in the proof of
Lemma 13 and obtain that, if p is a minimizer of &4, and A} = {x € A} | p > ¥},
then we have

/A*{va((ﬁq(,o; V), iig (p; v))m) + Vg (o, v )n}dx = 0, (118)
b

for all nonnegative n € WOl ’Z(Ab) N L% (Ap) that satisfy (108) and vanish on the
set {p < W}. From (118) and (44) it follows

/A*{va((ﬁq(p; V1), dig (p3 V)0 + ity (p3 V), dig (3 V') p1} dx < 0,
b
(119)

From (117) we also have
k/VWV§+8W§:Q for ¢ € Wy (A). (120)
A

Ifwesetn = (p — W)*/(ﬁq(p, V"), iy (p, v")) in (119) and subtract (120) with
¢ = (p — W)™ from (119), we obtain

/|V@—wﬁﬁ+8@—wﬁﬁx§o (121)
A*

b

From this it follows that AZ has zero measure and therefore we have
p S W, inAp. (122)

The remaining proof is analogous to the proof of Lemma 13. 0O
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Proposition 1. Let A, Iy, 1 = 1y, 8, L =1+ A, and o be as in Lemma 8. Let

0, = min o(x) > 0.
X€BL,

and set o; := o (- — X). Assume that B; ; C Dg satisfies B; ; N I'; = @ and also
assume that u € %" and 0 < b < oy, satisfy

(a) ¢" = Q, for x € B, (cf- (65)),
(b) qu g Qvfor'x € B)E,L*)n
(c) the set A := {x € Dg | g*(x) > b} is open and v" |/TZ is C! smooth.

Then, there exists v € U such that

(i) v' =v¥, on Dg \ Sy,

(ii) ¢V < o3, forx € Bz,
(iii)) v = u, forx € Bg \ B)E’L, é,g’L = Ugec Bz 1L,
(iv) Jp(v) = Jpg(u).

Proof. Setg;: = ¢(-—X),for j = 1,2,and 93 = ¥ (- —X) with¢;, for j =1, 2,
as in (63), (64), and ¥ as in (75). From Lemma 13, with A = B; 1 \ B;.1_;, Ap =
A;NA,and @ = ¢, ¢ and also utilizing Corollary 1, we canreplace u withamap v €
W% (Bg; R") that satisfies (i), (iii), and (iv),and ¢” < @y ¢, forx € Bg , \ Bi.p ;.
Similarly, from Corollary 1 and Lemma 14, with A = B; ; _,, A, = A7 N A, and
W = ¢ 3, we can replace u with amap v € Wé’z(BR; R™) that satisfies (i), (iii),
and (iv), and ¢* < ¢y ; in B; ;. Finally, a further application of Corollary 1 and
Lemma 13, with A = B; ;5 \m, Ap = AjNA,and @ = v, concludes
the proof. 0O

Proposition 2. Assume R > Rg, 28 ¢ Dg, and q : 28 — R as in Lemma 12.
Let

Qm = min q(x) > 0.

xeRR
Assume that u € Wé’z(BR; R™) and 0 < b < q,, satisfy

(@) ¢" < G, forx € 2R, where §' < G is the constant in Lemma 8,
(b) the set Ap := {x € A | ¢“(x) > b} is open and W'E is C' smooth.

Then, thereisav € Wé’z(BR; R™) such that

@) v’ =4, on D\ Sy,

(ii) ¢° < q, for x € 2R,
(i) v = u, forx € Bp \ 2R, 28 = U, 28,
(iv) Jp(v) = Jpg (u).

Proof. It suffices to apply Lemma 14 with A = 2% and ¥ = q and Lemma 10,
taking into account that Gor = Gp = G4,. O
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6. Proof of Theorem 1

Let R > Ry, 2%,3,3 < g, and Fg be as before. Fix a number g9 € (7', §)
and define the admissible set o/ R Wé’z(B r; R™) by setting

R ={u e Wé’z(BR, R™) | M(F_R) - f; qu < qo, forx € F%— Bg//z},

(123)
where §’ is the constant in Lemma 8.
Step 1. There exists a minimizer up € Wé’z(BR; R™) of the problem
min Jpgg (u). (124)
ucat/ R
Moreover,
lul < M, (125)

where M is the constant in Hypothesis 2.
For u € Wy*(Bg; R") we have Jp, (1) = Jiju=m) ) + Jpg\(jul=a) (). Set
v = u/|ul|, for |u| # 0; then

n

1
JHWM}(M):/ 5 V1P 1l D v veg) |+ W (lulv)
{lul>M} j=1

1 n
>/ EzuZZ(vxj,vxj)+W(Mu) dx
{lu|>M} j=1

= J{ju|>my(MVv),

where we have also used Hypothesis 2. This proves that minimizers satisfy the L>
bound (125) and therefore that we can restrict ourselves to the subset of 27 ® of the
maps u that satisfy

g" < Q, forx e Dgp, where Q= max Q(u). (126)
ueD, [u|lSM
Define
‘ __|d(x;9D)a;, forx € Dgpandd(x;dD) <1,
taf (x) 3= [al, for x € Dg and d(x; dD) = 1. 27)

The map u,¢r trivially satisfies condition (ii) in Lemma 10 and therefore extends to
an equivariant map on Bg. Clearly, ua € </ ®. By the nonnegativity of W and a
simple calculation,

0 < inf Jp,(u) < Jpg () < CR"!, (128)
ued/ R

for some constant C independent of R.
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Let {ux}p2, C & R be a minimizing sequence. Without loss of generality, we
may assume that (125) holds for each value of k. We have

1
-/ |Vuy > dx < Jp,(uar) < CR™™' and / lug)?dx < Cg, (129)
2 Bpr Bpg

where Cg denotes a constant depending on R. By standard arguments, we obtain,
possibly along a subsequence,

up — up, almost everywhere, (130)

where ug € </R is a minimizer of (124). Clearly, g“® < go on QR + Bs/ and
lug(x)] < M on Bg. This finishes the proof of Step 1.
Step 2. The minimizer ug, for R = Ry, satisfies

I/l(', t7uR)=uRs t >07 (131)

where, as before, u(-, t, ug) is the solution of (17) with initial condition ug = ug.
Before proving (131), we observe that (131) implies that u g is a classical solu-
tion of Au — W, (u) = 0 on the ball Br with the Neumann boundary condition.
Moreover, by Theorem 2, ug € % Pos,
We argue by contradiction. Assume that (131) does not hold. There is a sequence
f > 0 that converges to 0 and it is such that

JBr(UR) < Jpg(ur), (132)

where we have setiig = u(-, f, ug). If f > 0 is sufficiently small, we also have
¢"® <G, forx e QF. (133)

This follows from ug € /K, which implies ¢“* < go < g, for x € QF 4+ Bs)a.
We now fix 7 as above. From the definition of 7%, Theorem 2, and the fact that
(17) preserves the pointwise bound (125), it follows that

iig € %" and ¢"* <Q, forx € Dg. (134)

Let o5, be as in Proposition 1 and let L = max{L | By, C Dg}. Observe that o,
is a nonincreasing function of L € [Lg, L] and that there is a ¢ > 0 such that

om =6, LelLo L] (135)

Since iig € C*(Bg;R"), given 0 < b < &, the set AS = {x € Dg | ¢"* > b}
is open and V& |ﬁ is C2. Assume that go < ¢"* < g on some subset of 2R and
let ij,Lj, for j =1, ..., K be the sequence in the definition (100) of Q2R Since

we also have that B; ; N I1; = @, we see that iig, By, 1, Ap, satisfy all assump-
tions of Proposition 1, therefore, recalling that ¢g¥ < o implies ¢* < ¢’ < qo,
for x € Bg, 1,+s—», by applying Proposition 1 we conclude that there exists a
vy € %P with Jp, (v1) £ Jp,(ig) < Jp,(ug) and

qvl § g/ <40, XE€ BJ?],LH»(S’*)»' (136)
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The map v; given by Proposition 1 satisfies the same assumptions as i g, therefore
we can again apply Proposition 1 with vy, By, 1,, Ap to obtain the existence of a
map vy that belongs to %, has ¢¥2 < ¢!, and satisfies

g <q <qop, forxe Uile)Ej,LjM’—A (137)

together with Jp, (v2) < Jp,(v1) < Jp,(lir) < Jpp(ur). After K similar steps
we end up with a map vg € %P0 that satisfies

q"* £q' <qo, forx e U B; 1 152 (138)
together with all the other requirements for membership in .27 % and, moreover,
JBr(VK) = Jpg(iiR) < Jpg(uR). (139)

This contradicts the minimality of u g and establishes (131). The proof of Step 2 is
concluded.

Step 3 (Conclusion). From (138) it follows that we can apply Proposition 2 to
conclude that g“®(x) < q(x), for x € 2R and therefore that, by Lemma 12 and
(126),

lug(x) —ai| < Ke *9D8) - for x € Dp, (140)
for some constants k, K > 0 independent of R. As remarked earlier, ur satisfies
Au— W,(m) =0, onBg, forR > Ry, (141)

and the exponential bound (140).
Finally, the uniform bound (125) and elliptic regularity, via a diagonal argument,
allow us to pass to the limit along a subsequence in R and capture a function

u(x) = lim ug,. (142)

R,—00

The uniform bounds (138), (140) imply that the limit function u satisfies the expo-
nential bound in Theorem 1 and that it is a solution of

Au— W,(u) =0, onR". (143)

This concludes the proof of Theorem 1. O
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