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Abstract

We construct a continuous Lagrangian, strictly convex and superlinear in the
third variable, such that the associated variational problem has a Lipschitz min-
imizer which is non-differentiable on a dense set. More precisely, the upper and
lower Dini derivatives of the minimizer differ by a constant on a dense (hence
second category) set. In particular, we show that mere continuity is an insufficient
smoothness assumption for Tonelli’s partial regularity theorem.

1. Introduction

The problem of minimizing the one-dimensional variational integral

b
f(u):/ L(t,u(t),u'(¢))dt

for some function L: [a,b] x Rx R — R, L: (¢, y, p) — L(t,y, p), called the
Lagrangian, on a fixed bounded interval [a, b] of the real line, over the class of abso-
lutely continuous functions u: [a, b] — R with prescribed boundary conditions,
is now well understood. The basic assumptions on L for existence of such a min-
imizer are superlinearity and convexity in p and minimal continuity assumptions.
Superlinearity is the requirement that

L(t,y,p) Z0(p),

forall (¢, y, p) € [a, b] x R xR, for some 8: R — R with superlinear growth, that
is, satisfying 6(p)/|p| — oo as |p| — oo. This analysis was first performed by
ToNELLI [14]. Our interest is partial regularity, on which the central result is again
by Tonelli: under the assumption that L is C3 and we have the slightly stronger
strict convexity assumption L ,, > 0, we obtain partial regularity of any minimizer
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u € ACla, b]. That s, the classical derivative of u exists everywhere, with possibly
infinite values, and the derivative is continuous as a map into the extended real line.
Thus the singular set, the set E C [a, b] of points where the derivative is infinite,
is closed (and necessarily of course Lebesgue null). Moreover, away from E the
minimizer u inherits as much regularity as L permits, that is, u is C* if L is C¥
for k = 3. For a proof, see for example BALL and MizkgL [1]. The book [2] gives a
good summary of the results on existence and partial regularity.

The most natural next question is to ask what we can know about the singu-
lar set E. That minimizers of variational problems can have infinite derivatives
has been known since the paper of LAVRENTIEV [8]. This presented the celebrated
Lavrentiev phenomenon, whereby when restricting the above minimization prob-
lem to even a dense subclass of the absolutely continuous functions (for example C'!
functions), the minimum value is strictly larger than that minimum value taken over
all absolutely continuous functions. MANIA [9] gave an example of a polynomial
Lagrangian superlinear in the third variable which exhibits the same phenomenon.
In such examples, the minimizer over the absolutely continuous functions has non-
empty singular set £; Mania’s example has minimizer #'/3 over domain [0, 1], thus
E = {0}. However, these examples do not satisfy the precise assumptions of the
Tonelli partial regularity theorem, since the condition L,, > 0 on the Lagrang-
ian L is violated (both the Lavrentiev and Mania examples have only L,, = 0).
Thus the question of whether, under the exact original conditions of the theorem,
the set £ can be non-empty is not answered by these examples. However, BALL
and MizkeL [1] modified Mania’s example to construct Lagrangians satisfying the
conditions for the partial regularity theorem, that is, in particular L ,, > 0, but with
minimizers for which E is non-empty. They construct examples where E consists
of an end-point of the domain, and another where E contains an interior point; in
the latter case, the Lavrentiev phenomenon occurs. DAVIE [5] showed that nothing
more can be said about E in general by constructing, for a given arbitrary closed
null set E, a C*° Lagrangian L, superlinear in p and with L,, > 0, such that
any minimizer (and at least one minimizer exists by Tonelli’s existence result) has
singular set precisely E.

Some work has been done on lowering the smoothness assumptions in the
partial regularity theorem. CLARKE and VINTER [3] prove a version of Tonel-
li’s result under the assumptions of strict convexity and superlinearity in p, but
require merely that L is locally Lipschitz in (y, p) uniformly in 7, and that
s +— L(s,u(t), p) is continuous for all (¢, p), where u is the minimizer under
consideration. They also examine a range of conditions to move to full regularity.
Their setting is, in fact, the vectorial case dealing with functions u: [a, b] — R".
This example of the Tonelli regularity result is a corollary of their vectorial reg-
ularity results. SYCHEV [11-13] proves versions of the result under the usual
strict convexity assumption and the condition that L is (locally) Holder contin-
uous (in all variables). CSORNYEI ET AL. [4] derive the result under the condi-
tion that a local Lipschitz condition in y holds locally uniformly in the other
variables (z, p). FERRIERO [6] uses a similar but yet weaker condition, allowing
this local Lipschitz constant to be an integrable function of ¢, see Remark 1.2
below.
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The present paper shows that some smoothness assumption stronger than mere
continuity (even in all three variables) of L is necessary to obtain partial regularity.
The main result is the following:

Theorem 1.1. Let T > 0. Then there exists Lipschitz w € AC[—T, T'] and continu-
ousd: [—T, T1xR — [0, 00) such that defining L(t, y, p) = ¢ (t, y—w(t))+ p>
gives continuous Lagrangian L: [-T,T] x R x R — [0, 00), superlinear in p
and with L, > 0, such that

— w minimizes the associated variational problem

T

AC[-T,T] 3 u v+ Zu) =/ L(t,u(t), u' (1)) dt,
T

over those u € AC[—T, T] withu(£T) = w(xT), but
— for dense G (and hence second category) set ¥ C [T, T], we have x € &
implies

Dw(x) =21 and Dw(x) < —1.

Remark 1.2. Even without Sychév’s results it is immediate that the Lagrangian
we construct is not locally Holder: its main ingredient, the function &(l, y) defined
after the proof of Lemma 2.2, satisfies | (¢, |t]) — @ (¢, 0)] = |¢||w” (¢)|, which tends
to zero with speed controlled only by logarithms of |7|. A more interesting remark
is that the same estimate shows that the (local) Lipschitz constant, say C(¢), of the
function ¢~>(t, .) is not integrable (since |’ (¢)| cannot be continuous at zero). This
is, in fact, necessary: FERRIERO [6] shows that integrability of C(¢) already implies
Tonelli-type partial regularity of the minimizers.

Remark 1.3. It is immediate that the set ¥ of non-differentiability points cannot
be o -porous, since it is a second category set. We have not made any further study
of the set; in particular, the question of its possible Hausdorff dimension remains
unknown.

Remark 1.4. Finally we note that partial regularity questions are very actively pur-
sued in higher dimensions in the analysis of multi-dimensional variational prob-
lems and (nonlinear) elliptic systems, see for example the survey on regularity by
MinGIONE [10]. The specific question of low order partial regularity, discussed
in section 4.3 of [10], in particular, has recently been addressed by Foss and
MINGIONE [7], who prove a positive result for nonlinear elliptic systems and quasi-
convex variational problems assuming only continuity of the coefficients.

Notation. We shall write AC[a, b] for the class of absolutely continuous functions
on a closed bounded interval [a, b] € R. One can, of course, also think of these as
(representatives from the equivalence classes of) the Sobolev functions wha, b].
For f: R — R, we write

Lip(f) = sup |f(s) — f(f)l.
s,teR |S _t|
st
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Although of course not true in general, this will always be a finite number in our
usage. The upper and lower Dini derivatives of a function u € AC[a, b] at a point
x € [a, b] are given by

— 1 — 1 —

Du(x) = lim sup M, and Du(x) = lign inf M
—X

t—x r—x t—x

2. The construction

We assume for the remainder of the paper that 7 = e™¢/10; this just simplifies
some definitions and inequalities. Supposing we have w € AC[—e™¢/10,e7¢/10]
and ¢: [—e™¢/10,e7¢/10] x R — [0, co) satisfying the conclusions of Theo-
rem 1.1, we write u = ¢~ ¢/(10T) and define wr € AC[—T, T] by

-1

wr () = u w(pr)

and ¢7: [T, T] x R — [0, 0c0) by

or(t,y) = ud(ut, uy).

That these definitions give the claim for this arbitrary 7 > 0 follows by an easy
rescaling argument.

Given any sequence of points in (—7, T'), we can construct a Lagrangian L
and minimizer w with the set of non-differentiability points of w containing this
sequence. The construction is essentially inductive, and hinges on the fact that a
certain function w is non-differentiable at one point, but minimizes a continuous
Lagrangian. This basic Lagrangian is of form (¢, y, p) — ¢(t, y — (1)) + p for
a “weight function” é:[-T.T] x R — [0, co) which penalizes functions which
stray from . That is, ¢ (¢, 0) = 0, and for |y| < |z| we have 0 < ¢(z, y) < ¢(t, 2),
for all t € [—T, T]. This summand of the Lagrangian then takes minimum value
along the graph of w, and assigns larger values to functions u the further their
graph lies from that of w. This immediately gives us a one-point example of non-
differentiability of a minimizer, which already suffices to provide a counter-example
to any Tonelli-like partial regularity result. Additional points of non-differentiabil-
ity are included by inserting translated and scaled copies of w into the original
w and passing to the limit, w, say. The final Lagrangian is of form (¢, y, p)
@(t, y —w(t)) + p%, where ¢ is a sum of translated and truncated copies b of @,
each of which penalizes functions which stray from w in a neighbourhood of one
of the points x,, in our given sequence. We observe that many of the technicalities
of the following proof are related to guaranteeing convergence of w and L, and are
in some sense secondary to the main points of the proof.

Define w: [-2T,2T] — R by

- tsinlogloglog1/|t| t #0
w(’):[o gloglog 1/[t| tio

SO

w e C®([—2T, 2T 1\{0}). (1)
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Note for ¢t # 0,

coslogloglog 1/]t|
(loglog 1/]t)(log 1/]z])”
and we observe that this is, of course, an even function. Also note that for ¢ # 0,

Ol < 1 (1+ (2 4+ loglog 1/]t]) )
= Itl(loglog 1/[t[)(log 1/]t]) (loglog 1/]7])(log 1/]¢])

w'(¢) = sinlogloglog 1/]¢| — (2)

|u~}//

and hence see that
@ ()] = 0as0 < |t| — 0. 3)

The following functions give us for each r € [—2T,2T] the exact coefficients
we shall eventually need in our weight function ¢. Define !, y2: [—2T,2T] —
[0, 00) by

402 /"
ey — | Tmeglogcisim £ 7 0 20 _ | 3FHW O]t #0
v 0 t=0 and ¥ 7(1) 0 t=0,

and so define ¥ : [—27, 2T — [0, 00) by ¥ (t) = ¥ ' (1) +¥2(¢). Note that by (1)
and (3)

(Y1) ¥ e C([-2T,2T1\{0}); and
(¥ :2) t — ty(¢) defines a continuous function on [—2T, 2T], with value O
at 0.

Define C > 0 by

C:=1+ sup 5t|y (@), “)
te[-T,T]

so (¢ : 2) guarantees C < 00.
Let {x,}°2, be a sequence of distinct points in (-7, T), defining xo = 0. By

our choice of T, we have foralln = Oand ¢t € [—T, T]\{x,} that

1
——— <l )
10g1/|t _xnl
1
— <1; and (6)
loglog 1/t — x|
1
2 |t — xpl. @)

loglog 1/|t — x,| —
For each n 2 1, we write

0, = min |x; —x,|/2 > 0.
0<i<n

For each n 2 0 we now define the translated functions w,: [-T,T] — R by
Wy (1) = w(t — xp) and Y, : [T, T] — [0, 00) by ¥, (1) = ¢ (1 — x).
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We want to construct a sequence of Lipschitz continuous functions w, with
uniformly bounded Lipschitz constant, and with w, = w; on a neighbourhood of
xi, thus wy, is singular at x;, for each 0 < i < n. We first define a decreasing
sequence 7, € (0, 1) and hence intervals Y, := [x,, — T,,, x,, + T;,]. In the inductive
construction of w, we shall modify w,_; only on ¥,,.

Define a sequence of constants K, = 1 by setting Ko = 1 and, so that for
n=>1,

K, 21+ K,_1; and (8)
n—1

2Z|w;’(t)| <K, for te[-T,T] suchthat |x; — | = oy,
i=0

forall 0<i<n-—1. 9)

This is possible for K,, < oo by (1).

LetTy = T,so Yy = [T, T].Foreachn = 1 we inductively define 7;, € (0, 1)
small enough such that Y,, := [x, — T, x, + T,,] € [T, T'], and the following
conditions hold:

(T:1) T, < on;

(T:2) Ty < Th—1/2;

(T:3) |(t — xp) ¥ ()| <27"/5fort € Yy; and
(T:4) T, < K, L.

Note that (T:3) is possible by (i : 2). Since we modify w,—; only on Y}, to con-
struct w,,, we need to add more weight to our Lagrangian only for ¢ € Y,,. Recalling
that we are always working with translations of the same basic function ¢ (which
we will define explicitly later), we know that we can choose the intervals Y;, small
enough so that summing all the extra “weights” we need, we still converge to a con-
tinuous function. That the intervals of modification are small enough in this sense
is the reason behind conditions (T:2) and (T:3). Since Ty < 1, (T:2) guarantees in
particular that

T, <27" foralln = 0. (10)
Condition (T:1) guarantees that the points in Y,, are far away from the previous x;:
|x; —t| > 0, for 0 < i < n, whenevert € Yy; (11)

this stops the subintervals we later consider from overlapping. Condition (T:4) just
simplifies some estimates.

We emphasize that this sequence {7}, is constructed independently of the
later constructed w,,; the inductive construction of these functions will require us
to pass further down the sequence of 7, than induction would otherwise allow, as
We now see.

For n 2 0, find m,, > n such that

2

T
27 o ntl (12)
256
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mp

Choose an open cover G, € [T, T] of the points {x;}; ", such that
T2
G,) < £ 13
meas(Gp) = 16C (13)

Now, by (¢ : 1) we can find 1 < M,, < oo such that we have

Zn: (max{; (1), ¥i(xi + Ti)}) = My whenever 1 € [=T, T\G,.  (14)
i=0

Lete, = 27"(1 —e1). Let Ry = Tp and for n 2> 1 inductively construct a
decreasing sequence R, € (0, T,] such that:

(R:1) ! < &,/2;
(loglog 1/Ry)(log 1/Ry)

(R:2) R, < R,—1/2;and

27T e,
128 - 25M,,_1
Now define subintervals Z,, := [x, — R, x, + R,] of Y,,. These intervals are those
on which we aim to insert a copy of w, into w,—_. The Z, must be a very much
smaller subinterval of Y}, to allow the estimates we require to hold; the point of this
stage in the construction is that we now let the derivative of w,, oscillate on Z,, so

we have to make the measure of this set very small to have any control over the
convergence.

(R:3) R, <

Lemma 2.1. There exists a sequence of w, € AC[—T, T] satisfying, forn = 0:

2.1.1) wy,(¢) = apwy(t)+ B, whent € [x,, — Ty, Xp + Tp], for some 7, € (0, R,],
some oy, € [1,2), and some B, € R;

(2.1.2) w}, exists and is locally Lipschitz on [T, T]\{xi}l'.’zo;

(2.1.3) lwy, (1)| <2 —en fort & {x;}]_;

(2.1.4) |w))| < Kp41 on Yyq1 almost everywhere;

and forn 2 1:

(2.1.5) wy, = wy—1 off Y,
(2.1.6) |lwy, — wp—1llooc < 10R,;
Q.1.7) wy(x;) = wy—1(x;) forall 0 £ i < n;
2
Q2.1.8) [w), (1) — w!, | (1)] < 12 fort ¢ Z, U {xi}_y; and
(2.1.9) |w;, ()| < |w)_ ()| + 27" for almost every t & [x, — Tn, Xp + Ty].

Proof. We easily check that defining wog = wy satisfies all the required conditions.
Condition (2.1.1) is trivial for 9 = Tp, a9 = 1, and By = 0; and (2.1.2) follows
from (1). Condition (2.1.3) follows from (2), (6), and (5) since for r # x¢ we have

> = (S =2 £0.
(10g10g1/|t|)(10g1/|t|) ]0g1/|l|

Condition (2.1.4) follows from (11) and (9).

lwo | = 1
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Suppose for n = 1 we have constructed w; as claimed for all 0 < i < n. We
demonstrate how to insert a certain scaled copy of w,, into wy,_j.

Condition (T:1) implies that x; ¢ Y, forall 0 < i < n, thus w;_l exists
and is Lipschitz on Y, by inductive hypothesis (2.1.2). Define m := w/,_ (x,), so
|m| < 2 —g,_1 by inductive hypothesis (2.1.3). (We introduce in this proof a num-
ber of variables, for example m, which appear only in this inductive step. Although
they do, of course, depend on n, we do not index them as such, since they are used
only while # is fixed.) On some yet smaller subinterval [x, — 1,,, x,, + ] of Z,,, we
aim to replace w,_ with a copy of w,,, connecting this with w,_; off ¥,, without
increasing too much either the first or second derivatives, hence the choice of R,
as very much smaller than 7;. Moreover, we want to preserve a continuous first
derivative. Hence we displace w,_; by a C! function—dealing with either side
of x, separately—so that on either side we approach x, on an affine function of
gradient m (a different function either side, in general), which we then connect up
with W, at a point where W], = m. Because we need careful control over the first
and second derivatives, it is easiest to explicitly construct the cut-off function we,
in effect, use.

A slight first problem is that the interval on which we consider w, might be
so small that the derivative might never be large enough in magnitude to perform
the join described above. Hence the possible need to scale w,, up slightly by some
number «,, € (1, 2) to ensure we can find points where the derivatives can agree.

If |m| < 1, then by continuity of W), it is trivial that there exists t, € (0, Ry]
such that W (x, — 7,) = m = W), (x,, + 7,). So no scaling is required, set o, = 1.

If[m| > 1,in general we have to scale w, up slightly. Let A = sup, _p . , Wy,
and B = inf[y,_g, x,) W),- Then by (2) and (R:1)

1

<A< 1+ 60/2
<A g R, og /R, ~ | Tén/

and similarly —(1+¢,/2) < B < —1.Letp = min{|A]|, |B|},sol < p < 1+¢,/2.
These values are attained, say w,,(y) = A and W), (z) = Bfory, z € [x, — Ry, Xp).
Thus we have w),(y) = |Ww,(y)| 2 p and —W),(z) = |0, (z)| = p. Put o =
m/p, so |ay| < 2. Evidently the function |e,W),| takes its maximum value over
[x, — Ry, x,) at y or z, and so calculating

N m|(1+¢,/2
lan Wy, ()] < M < |m|(1 4+ &,/2) < |m| + &,

<2—¢eh_1t+e,=2—¢y,,

and similarly for |a, W), (2)|, we see |o, W,| < 2 — &, on [x, — Ry, x,), and since
this is an even function we have

loy ), (1) <2 — ¢, forallt € Zy\{xn}. (15)

We now show we have indeed scaled w,, large enough, despite ensuring this bound.
If m = 0 we see that

mw/ muw’
any, (y) = () >m, and a,Ww,(z) = mw, ) <—m<m

’
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and if m < 0 we see that

mi, (y) _

- - mw) (z
o, (y) = —, = m, and o,W,(z) = miy (2) >

Z —m 2= m.

So in either case, since by (1) W), is continuous on [x, — Ry, x,,), we can apply the
intermediate value theorem to find 7, € (0, R,] with o, W), (x, — 7,) = m. Thus
also of course o, W), (x, + ,) = m.

We now construct the cut-off functions, x; and y,, which we use on the left and
right of x,,, respectively. Additional constants and functions used in the construction
are labelled similarly.

Let & = m —w),_,(x, — Ry). So recalling that w/,_, is Lipschitzon ¥, 2 Z,,
we see by inductive hypothesis (2.1.4) that

1811 = lwy,_; () — wy_ (xn — R)| = lwyy_ oz, Re < KyRy  (16)
Define
¢ = Wp_1(Xy) + uWy(xp — 7)) —M(xy — ) — Wu—1 (X — Ry) +m(xy—Ry).

The point is that the function t +— mt+w,—1(x, — R,) —m(x,, — R,)+c; is an affine
function with gradient m which takes value w,—1(x, — R;) + ¢; at (x, — R,;) and
value m (x, — ) +wy—1(xp — Ry) —m (xpy — Ry) +c1 = wy—1(xn) + ety (X —T4)
at (x, — 1,).

Note that by inductive hypothesis (2.1.3),

ler] = lotnWn (xn — Tn) |+ [wp—1 (xn) — Wp—1 (xn — Ry)|
+im||(xn = Rn) — (xn — Tp)|
< lotp|ty + 2Ry + 2R,
< 6R,. A7)

Now putd; = Ti,, (c;1— SZ—I(T,,/Z— R,). Define the piecewise affine g;: [-7,T] — R
by stipulating

g1y —Tn) =0=g1(xp — T,,/2), g1(xp —3T,/4) =d,

and
0 t<x,—T,
gi(t) = 8 tzxn_Rn
affine otherwise.
So by definition of 4,
Xn—Ry Xp—Ry 1 Tndl
gi(t)dr = gi()dt = = + (Tn/2 — Rp)ér ) = cr.
T xo—T, 2 2

(18)
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Now, || g/llcc = max{|¥;], |d;|}. We see by (17) and (16) that

al < 2 (el + 20,0 — k) < 2 (or, +
l:Tn 1 ) n n T, n

24R,
== + K, R, (19)

n

TnKan)

So, comparing with (16) and using (R:3), we have

24R,

”gl”oo § + Ky Ry, (20)
T,
< & @1
Also, g; exists almost everywhere and satisfies ||g/[lcoc = max {4‘Tdn”a T,,/lgl—an }
Note firstly by (19) and (R:3) that
4\d, 4 (24R 96R 4K, R
|l|<_ n R, ) = n+ nn<2_n’
T, T, \ T, T;? T,

and secondly that since (R:3) in particular implies R,, < T /4, using (16) and (R:3)
we see that
1671 4R, K
<
(Th/2) — Ry T,

n —_
< 27"

Hence
lglloo < 27" (22)

We can now define x;: [-7,T] — R by x;(¢t) = fiT gi1(s)ds. This gives
xi € C[=T, T] such that X, = & everywhere, x,’
by (18),

= g; almost everywhere, and,

Xt — 1) =0, x1(xn — Ry) = ¢y, X[/(xn —R,) =g1(xy, — Ry) =4y

We perform a very similar argument on the right of x,,, to construct the piecewise
affine function g, : [T, T] — R. Define

cr=wWu—1(Xp) + auWy (Xy + ) — m(Xy + ) — Wy 1 (X + Ry) +m(x, + Ry),

and 8, = m — w),_,(x, + Ry), and finally d, = Ti,, (c, + %(Tn/2 — R,,)). Then
again stipulate

gr(xn + Tn/z) =0= gr(xn +Ty), gr(xn + 3Tn/4) = —d,,
and elsewhere

8 t<x,+R,
&) =10 tzxn‘i‘Tn
affine otherwise.
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So by definition of d,, we have

Xn+T 1 drTn
/ grt)dt == (5r(Tn/2 — Ry) — ) = —cr. (23)

2+ Ry 2

All the numbers ¢, §,, d, satisfy the same bounds as their left-hand counterparts,
and thus g, satisfies the same bounds as g; above, that is

R
lgrlloo £ —— + Ku Ry (24)
n
< & (25)
and
g lloo < 27" (26)

We now define x,: [-T,T] — R by

t

xr(t) =cr — 8, ((xp + Ry) — (=T)) +/Tgr(s) ds,

which gives x, € C'[—T, T] such that x/ = g, everywhere, x” = g/ almost
everywhere, and, by (23),

Xr(Xn + Rp) = ¢, xr(xp +T,) =0, X;(xn +Ry) =g (xn+ Ry) =6,

We can now define w,: [T, T] — R by

Wp—1(2) + xi(t) t§xn_Rn

mt + wy_1(x, — Ry) —m(x, — Ry)+c; xpn— Ry, <t <x,—1,
Wy (1) = 7 ApWy (¢) + wy—1(xp) Xp =T St X, 41,

mt 4+ wy—1(xy + Ry) —m(xy + Ry) +¢r Xy +7Tp <t <Xy + Ry

wp—1(8) + xr(2) Xp+ Ry =t

We see w, is continuous by construction. Condition (2.1.1) is immediate, with
oy and 1, as defined, and B, = w,—1(x,). We note that since y;(¢) = 0 for
t < xp,—T,, xp(t) = 0 fort > x, + T,, we have that w, = w,_; off ¥,, as
required for (2.1.5).

We see that w;, exists off {x;}_, by inductive hypothesis (2.1.2), (1), and by
construction is given by

w,;_1(t) +ea@) t S xn— Ry

m Xpn— Ry <t<x,—1,

, -

w, (1) = aﬂw;/'[(t) Xn =T St <Xp, Xp <t S Xy + Ty
m Xp+ T, <t <x,+ Ry,

wilfl(t) +g @) xu+R, =t
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This is locally Lipschitz on [T, T1\ |J7_,{x;} by inductive hypothesis (2.1.2) on
w,_4, (1), and since g; and g, are Lipschitz. By inductive hypothesis (2.1.3), and
conditions (21), (25), and (15), we have for ¢ ¢ {x;}" i—0s

lw,_ O+ g <2—ep t=x,— Ry

Im| <2 —¢g, Xn— Ry <t <x,—1,
|w;1(t)| g |a717]},/1(t)| <2—g, Xn — Tn §t<xnv Xn <t§xn+fn
im| <2 —¢g, Xn+ T, <t <x,+ Ry,

lw) O]+ 18] <2—&, xp+ Ry =
Hence (2.1.3). We also see by (20) and (R:3) that for 7 < x, — R, t ¢ {xi}?;ol,

2

24R
(0 = w (O] = 18O £ ==+ KaRy < 70

and similarly for 7 2 x, + Ry, t & {x;}'_, _0, by (24) and (R:3) we have that

2
n_.

128°

lwy (1) — wy,_ (D] = [g-(1)] =
hence (2.1.8). Also w), exists almost everywhere and, where it does, is given by

wy_ (1) +g(t) t<x,—Ry

0 Xpn— Ry <t <x,—1,
w (1) = { o) (1) Xp—Tyn <t < Xp, Xp <1t <X, + 1Ty
0 Xp+T <t <x,+R,

O+ g ) xpt+ Ry <t
and thus by (22), for t < x,, — R,, we have
lwy (O] = w1 (O] + 1g/(D] < [w,_y (O] +27",
and by (26), for x, + R,, < t, we have
lwy (O] = w1 (O] + 18- (D] < [wy,_ (O] +27".

Hence (2.1.9). We now check (2.1.4). Lett € Y,,+1. Then by (11) we see that
22 5] ()] £ Kni1

precisely by the choice of K,y; in (9). Let 0 < k < n be such that t €
Yi\ U?=k+1 Y;. Then by inductive hypothesis (2.1.5) for k + 1, ..., n (we have
checked this for k = n), we have that w,, = wy on aneighbourhood of ¢, so w/ (1) =
wZ (t) where both sides exist, that is, almost everywhere. If ¢ [x; — %, xx + %],
then by inductive hypotheses (2.1.9) (we have checked this for k = n) and (2.1.4),
and by (8), we have almost everywhere,

lwl ()] = [wl (] < [wl_ O] +27* £ K +1 £ Kyp
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asrequired. If r € (xx — %, xx + %), then by inductive hypothesis (2.1.1) (we have
checked this for k = n), almost everywhere we have, as noted above,

k
) ()] = |} (1)] = lewib] ()] < 2] ()] £ 2D ] ()]
i=0

n
<2 | ()] £ Kug
i=0

as required.
Now observe thaton [T, x, — R, ], we have, by definition, and using (19), (16),
and (T:4), that

1 (T,
Dal = 5\ S ldil+ (/2 = Ra)lsy]

T, (24R

< Z”( - +Kan+Kan)

n

S Rn 6+ TnKn

- 2

< 7TR,.

A similar estimate holds for x, on [x,, + R, T]: we note first by (23) that
t
xr (1) =Cr_8r((xn+Rn)+T)+/ g,(s)ds
-T

t
=cr +/ gr(s)ds
X

)L+Rn

T t
—/ gr(S)ds+/ gr(s)ds
Xn+Rp Xn+Ry

T
_/ gr(s)ds
t

and then, since |y, | < fxT+R |gr| on [x, + R,, T], we can estimate as above. So,
n n

forx, — T, <t < x, — R,, we have

lwa (1) — wp—1(O)] = (] = TRy
and similarly for x, + R, <t < x,, + T, we have
lwn (1) — wp—1(O] = % (O] = TRy
By inductive hypothesis (2.1.3) and (17), we have for x,, — R,, <t < x, — 1, that

[y (1) — wp—1 ()] < |mt —m(x, — Ry)|
FHlwy—1(xp — Rp) — w1 ()| + |c7| < 10R,
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and similarly for x,, + 7, <t < x, + R, we have

[wy (1) — wy—1 ()] g |mt —m(x, + Ry)
FHwp—1(n + Ry) —wp—1 ()| + |er| < 10R,,.

Finally, for x, — 7, < t < x, + 15, by inductive hypothesis (2.1.3) again we have
[wn (1) — w1 ()] S nWy ()] + |wp—1(xn) — wp—1()| < 2|T| + 2|T0| < 4R,.
Hence we have, also using (2.1.5) (which we have checked for n),

lwn = wa—1lloo = sup [wy (1) — wp—1(1)] < 10R,
tey,

as required for (2.1.6).

We finally check (2.1.7). Let 0 < i < n. If i < n, then x; ¢ Y, by (T:1), so
wp(x;) = wy—1(x;) by (2.1.5). We see from the construction that w,(x,) =
wy—1(x,) since wy, (x,) = 0, as required for the full result. O

We now show easily that this sequence converges to a Lipschitz function w. This
w will be our singular minimizer.

Lemma 2.2. The sequence {w,},°, converges uniformly to some w € AC[—T, T]

such that

(2.2.1) Lip(w) < 2;

(2.22) foralln =2 0, w(x;) = wy(x;) forall0 < i Sn+1;

(2.2.3) foralln 2 0, w' = w), almost everywhere off U?in-H Y;; and
22.4) |lw — wylleo £ 20R,41 foralln = 0.

Proof. Letn = 0. We use (2.1.6) and (R:2) to see that for m > n we have

lwn — wplloo < 10(Ry + -+ + Ryy1)
S10Q7 "D 4 DRyt < 20Rp41.

Hence the sequence {w;}., is uniformly Cauchy, and therefore converges uni-
formly to some w € C[—T, T]. Condition (2.2.4) follows immediately, and (2.2.1)
follows from (2.1.3), and so of course certainly w € AC[—T, T]. Condition (2.2.2)
follows directly from (2.1.7).

We check (2.2.3). Fixn =2 0, lett € [T, T)\({x;}]_, U U?in+l Y;), and let
j > n. In particular, then 7 ¢ U{=n+1 Y;, which is a closed set; thus by (2.1.5)
there is a neighbourhood of t on which w; = w,,. Therefore w} (t) = w) (1), which
exists by (2.1.2). So limj _, oo w} (1) exists and equals w), (¢).

Foreacht € [T, TI\({x;}{2y U Nneo Ui, Yi), this argument runs for some

n 2 0. Since for all n 2 0, by (T:2),

(o olENee] o0 o0
meas(ﬂ U Y,-) < meas(U Y,-) < ZZT,- < 4T,
i=n

n=1i=n i=n



A Continuous Lagrangian with Singular Minimizer 191

and (T:2) guarantees 7,, — Oasn — oo, we see that w), has a pointwise limit almost
everywhere. We can easily see this limit must be equal to w’. Fort € [—T, T], we
recall from (2.1.3) that |w),| < 2 for all n 2 0 and use the dominated convergence
theorem to see

t 1
/ lim w)(s)ds = lim w, (s)ds = w(t) — w(=T)
_pn—o00 n—oo [_p
and hence w’ = lim,_. w), almost everywhere. Since almost everywhere off

Ui2, 11 Yi we have lim; _, oo w] = wj, as shown above, we have the result claimed.
O

Our basic weight function ¢: [—T, T] x R — [0, co) will be given by

~ 0 t=0
¢, y) =15vOlt| |yl = 5|t
vOlyl [yl =5t

We need some bound of the form |¢ (¢, y)| < c|t|¥ (¢) to ensure continuity of ¢; it
turns out (see Lemma 3.2) that sensitive tracking of |y| only for |y| < 5]¢| suffices
in the proof of minimality. Our function w was constructed precisely so that (3)
and hence (¢ : 2) hold, and hence that this ¢ is continuous.

We will, in fact, find it useful to split d; into the summands by which we
defined 1. More precisely, we define for each n = 0 our translated weight functions
¢~S,1l, qNS,% [-T,T] xR — [0, c0) as follows. Forn = 0, and fori = 1, 2, we recall
that we need extra weight only on Y,,, so define for (¢, y) € ¥,, x R

' 0 t=x,
G, y) = 1 5%, Ot —xu| |yl 2 5]t — x4
ZAGIN |yl < 51t — x|

and then just extend to a function on the whole of [-7, T] x R by defining for
(t,y) e (=T, TI\Y,) xR

Sl/f,i(xn +T)T, |yl 2 5T,

7
f, = .
Ont ) =1y Gy + T y| vl < 5T,

For n > 0 we thus define ¢,,: [T, T] x R — [0, 00) by ¢u(t, y) = ¢} (t, y) +
$2(t, y). By ( : 2) we see that ¢, € C([—T, T] x R).
It is easily seen that for fixed r € [T, T], for all n = 0, we have

Gn(t,y) < Gult,z) whenever |y| < z[;
Lip(¢a (1, ) < max{1, (), Yu(xy + Tp)}; and
én(2,0) = 0.
Defining ¢y, : [T, T]xR — [0, c0) by ¢, (¢, y) = Z?:o qNS,- (t, y) gives asequence

of functions ¢,, € C([—T, T] x R) such that for each fixed r € [—T, T, for all
n=0,
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$n(t,y) = ¢u(t,z) whenever |y| < |zf; 27

Lip(¢a(2,.)) = Z(max{l//i (), ¥i(xi +T))}) : and (28)
i=0

¢n(2,0) = 0. (29)

Forn = 1, by (T:3), we see that for all (¢, y) € [-T,T] x R

0 < Gu(t, y) < sup 5y ()t — x| <27

tey,

So defining ¢ (¢, y) = Zfio &i(t, ) gives ¢ € C([—T, T] x R) with, by (4),

I$lloo < Idolloo + D IPilloo = Idolloo + D27 = ligolloc + 1= C, (30)
i=1

i=1

and

I = dulloc £ D Ndilloo < D 27 =27" 31

By passing to the limit in the relations (27) and (29) we see that for fixed
t e [_Ta T]7

o(t,y) < ¢(t,z) whenever |y| < |z|; and (32)
¢(,0)=0. (33)

We shall write ¢ = ¢! + ¢* where ¢ = >3 435 fori =1, 2.
We can now define a continuous Lagrangian L: [-7,T] x R x R — [0, 00),
superlinear and strictly convex in p, by setting

L(t,y,p)=p*+ ¢t y—w).

Note that L is, in fact, differentiable with respect to p and L,,(¢,y, p) =2 > 0
forall (¢, y, p) € [T, T]1 xR x R, thus it does satisfy the stronger strict convexity
assumption required by Tonelli.

Associated with this is the usual variational problem given by defining func-
tional .Z: AC[—T, T] — [0, c0) by

T
L) =/ L(t,u(t), u'(t))dt
-T

and seeking to minimize .Z (1) over those functions u € AC[—T, T'] with boundary
conditions u(£7) = w(£T). We shall refer to this set-up as ().
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3. Minimality

We shall find the following approximations of our functional .# useful: for
n 2 0define L,: [-T,T] x R x R — [0, c0) by

La(t,y, p) = p> + o1,y — wy (1)),

and define the corresponding functional .%,: AC[—T, T'] — [0, c0) by

T
,,an(u)=/ L,(t,u(),u' (t))dt.
-T

Working with these approximations is much easier, since there is only a finite num-
ber of singularities in wj,. So it is important to know what error we incur in moving
to these approximations, which is shown in the next lemma.

Lemma 3.1. Letu € AC[—T, T]landn = 0. Then

T2,
(L () — L (w)) — (Ln(u) — ZLp(wp))| < "—;
Proof. We first estimate |.Z (1) — %, (u)|. Recall our definitions of m,, > n, M,, >
0,and G, D U:"z”o{x,-} from above. Lett € [T, T]1\G,. We see by (28) and (14)
that

Lip(@m, (1,.)) = Z (max{y; (1), ¥i (xi + T})}) = M.

i=0
Then using (2.2.4) and (R:3) we see that

2

T, 1
wmmu—w—¢mmu—wnéme—wwwémMmﬁq§jg.

Then by (31) and (12), for all t € [T, T]\G,, we have

ot u—w) — ¢, u—wp)| S [P, u —w) — @, (1, u — w)|
m, (. u —w) = P, (, u — wy)|

Fm, (. u —wp) — P (1, u — wy)|
2

T
< 20¢ — dm, lloo + gl

2

T
2.27Mmn 4 1t
< + 16

2
< —T"H .

8
So

2
Tn+1

8

/ lp(t,u—w) — ¢, u—wy)| =
[~T.TN\Gn
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Now, using (30) and (13), we see

2

T
/ lp(t,u —w) —p(t,u—wy)| = 2/ plloc = 2C meas(G,) = ”TH
Combining, we have
T T2 .
12 W) — L) < /T [t u—w) = pl.u—w,)| £ L (34)

Now we estimate |.Z(w) — £, (wy)|. For almost every t € (U;":”nJrl Y\
(J™ ., Z;), we have by (2.1.8) and (T:2) that

i=n+1
mp mpy T‘Z T2 1
@) —wy, OIS\ 20 W@ —wi @) < > o< -2
i=n+1 i=n+1

By (2.1.3), (R:2), and (R:3), we have

mp mp T2
’ l . X n+l
/Um” Z lwy — wy, | < 4meas< U Z,) < 4( E 2R,> S 16R,41 = o

i=n+1 “i i=n+1 i=n+1
Thus, using (2.2.3),

I /
|lw, — Wy,

/ lw), —w'| = /
Ui YONUZ 41 ¥ (U2 YONUZZ 41 YD)

<[ -,
Uzr'n=nn+] Y’
2
< TnJrl
= 32
On the other hand, by (2.1.3), (2.2.1), (10), and (12),
o0
lw, — w'| < 4 meas U Y;
tpimnﬂ Y; i=m,+1
o
4 > o
i=mu+1
o
<8 > 27
i=m,+1
=8.27"n
2
Tn+1

32
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Hence by (33), (2.2.3), (2.1.3), and (2.2.1),

T
Lﬂm—zmm§/|w¥—wf@4/ “%—W<ZT'
, _

o0

(35)
Combining the two estimates (34) and (35) gives the result. O

We now show that w is the unique minimizer of (x). We briefly discuss the main
ideas behind the proof, which as mentioned before, are essentially those of the
proof that w minimizes the variational problem with “basic” Lagrangian

(t,y, p) > L(t,y, p) = ¢(t, y — 0 (1)) + p*.

So suppose for now that it € AC[—T, T] is a minimizer for this basic problem with
Lagrangian L. If i (0) = w(0), it suffices to argue separately on [— 7', 0] and [0, T'].
We consider [0, T']. But w is C* on (0, T'), so we can make the important step
of integrating by parts. Moreover, a simple trick relying on & being a minimizer
gives us that | ()| < |7] (see Lemma 3.2 below for the essence of the argument),
so |i(t) — w(r)| < 2|t|. Note that for any two functions i, w € AC[—T, T], we
have

@)? - =@ — ) +26 —Hw =2 —wHw'. (36)

So we can argue

/OT (Jﬁ(t, i— W)+ (ﬁ’)z) — /OT(a/)2 > /OT (2(&’ — W + o(t, it — 11)))

=[2G — W)W'];
T ~
+ I i — W _2 i — w)w”
/0 (¢>(t u—w) (n —w)w )
T
= /o (vl — b] = 2| — w||w" (1)])

and hence it suffices to choose v large enough to dominate w”, which we can
do (this is the role of y2). This argument cannot be performed in the case when
u(0) # w(0), and there is no a priori reason why this might not occur. In this case,
we compare i not with w but with a new function we obtain by replacing w with
a linear function on an interval around 0.

This basic idea on w is mimicked locally on w around each x,,; more precisely,
we in fact argue with w,, and then either show that for some » this suffices to give
the result for w, or pass to the limit. The techniques of our proof show, in fact, that
wy, is the unique minimizer of the variational problem

AC[-T,T]13u+— %

over those u such thatu(£7) = w, (£T)(= w(£T)). Thus, in particular, we get an
example of a one-point non-differentiable minimizer; the conditions of Lemma 3.6
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below always hold for n = 0, which already shows that Tonelli’s theorem cannot
hold in the continuous case.

We return to the problem proper. Suppose now u € AC[—T, T'] is a minimizer
for (x) and # # w. Note that a minimizer certainly exists, since L is continuous,
and superlinear and convex in p. We now make a number of estimates, with the
eventual aim of showing that

T

L) — L (w) =/

-T

((u’)2 +ot,u—w)— (w’)z) > 0,

which contradicts the choice of u as a minimizer for (x). Write v = u — w, and
vy = u — wy. If u(x,) = w(x,) forall n 2 0, then as discussed above the proof is
an easy application of integration by parts on the complement of the closure of the
points {x,}52 . (In the case that {x,}°° , forms a dense set in [T, T, we should
immediately have # = w by continuity, thus concluding the proof of minimality
of w without using either the assumption that # was a minimizer or that u # w.)
Should w(x;,) # u(x,) for some n = 0, further argument is required. The next
lemma shows us that since u is a minimizer, it cannot be too badly behaved around
any point x € [—T, T] where u(x) # w(x).

Lemma 3.2. Let x € [—T, T] be such that u(x) # w(x). Let J C [T, T] be the
connected component of the set of points t € [—T, T] such that

lu(t) —wx)| > 3|t — x| fortelJ.

Note that J is an open subinterval of [—T, T] since u and w agree at =T and so

by (2.2.1)
lu(£T) —wx)| = [w&ET) — wx)| = 2|+T —x].
So there exist a, b > 0 such that J = (x — a, x + b) and
lu(x —a) —w(x)| =3a and |u(x +b) — w(x)| = 3b.

Then

(3.2.1) |u'| £ 2 almost everywhere on J; and
(3.2.2) |u(®) —wx)| L 3|t — x| fort ¢ J.

Proof. We suppose u(x) > w(x). The argument for the case u(x) < w(x) is very
similar. Let ¢, d > 0be such that (x —c, x +d) is the connected component contain-
ing x such that u(¢) > w(x)+2|t—x|on (x —c,x+d). Sou(x —¢) = w(x)+2c,
and u(x +d) = w(x) + 2d. We shall first prove that u is convex on (x — ¢, x +d).
(In the case u(x) < w(x), we would have that u is concave on (x — ¢, x + d).)
Suppose not, so there exist t1, 1, € (x — ¢, x +d), t] < tp say, and A € [0, 1] such
that

u(rty + (1 = n2) > u(ry) + (1 — Vu(rr).
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Leth: [T, T] — R be the affine function with graph passing through (1, u(#))
and (#2, u(2)), so

ht) = %O—n)ﬂ(n).

So we have by assumption on 1, #, that
h(ty + (1 — M) = au(ty) + (1 — Vu(n) < u(rty + (1 — V).

Passing to connected components if necessary, we can assume that z(¢) < u(¢) on
(t1,12). That 1, 1, € (x — ¢, x + d) implies

u(ty) > wx) + 2|ty —x| and u(tr) > wx) + 2|t — x|.

Since t — 2|t — x| is convex, and ¢ +— h(?) is a straight line connecting (#1, u(#1))
and (», u(t2)), we have for ¢t € (¢1, t») that

h(t) > w(x) + 2|t — x|.
Now,
w() S wkx) + 2|t — x|

forallt € [T, T]by (2.2.1), so we have w(t) < h(t) on (t1, 12). So on (t1, 1) we
have

u—wl=u—w>h—w=\h—w|
and thus, by (32),
¢t u—w) = ¢, h—w). (37)

Since u > h on (t1, t2), where A is affine, but u = h at the endpoints, we know
u is not affine on (¢, 1), so we have strict inequality in Holder’s inequality, thus

%) o 1 tzlz 5] 2
/tl(”) _tz—fl(/tl )(/n (u))
1 2o\’
> u
nh—n (/t1 )

_ (un) —u@m))’

h—1
5]
- / W'y, (38)
1
Hence defining &i: [T, T] — R by

A) = [u(t) t¢(h.0)

h(t) te(t1,12)
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gives a u € AC[—T,T] satisfying our boundary conditions, and such that,
using (38) and (37),

5}
zm)=/ (Mf+¢mu—w»+/1ﬁﬁy+¢&h—w»
[T, T\ (t1.12) t

4]
</ «Mﬁ+¢mu—w»+/.ﬁwf+¢&u—w0
[=T.TI\(t1.12) I3l
= Z(u)

which contradicts u being a minimizer. Hence u is, indeed, convex on (x —c, x +d).
Therefore, we now claim that |u’| < 2 everywhere it exists on (x — ¢, x +d). Sup-
pose there exists 7y € (x — ¢, x +d) such that u’(g) > 2. Therefore, by convexity,
u’(t) > 2 almost everywhere on (f9, x + d). We then have

x+d

ulx +d) = u(ty) +/ u'(s)ds

1o

x+d
u(tg) + / 2ds
1

0
wx) +2|tg — x| +2|(x +d) — 1]
w(x) + 2d,

v

z
z

which contradicts the choice of d, since u(x +d) = w(x) 4 2d. Similarly, one gets
a contradiction assuming u’(zy) < —2 for some 1y € (x — ¢, x + d).

Statement (3.2.2) of the lemma is proved using the same trick we used above
to prove convexity of u on (x — ¢, x + d). Suppose there is a ty € (x + b, T') such
that u(tp) > w(x) + 3|t9 — x|. Defining affine h: [-7,T] — R by

h(s) = w(x) +3(s — x),

we see that h(fp) < u(tp). The connected component / of [—T, T] such that
h < uonl satisfies I C (x +b, T), since u(x +b) = w(x)+3b = h(x + b), and
by 2.2.1), u(T) = w(T) < w(x) + 2|T — x| < h(T). We have

u(s) > h(s) = wx) +3|s — x| = wkx) +2|s — x| = w(s)

fors € I,thus [u —w| =u —w = h — w = |h — w|. Hence we can perform
the same trick as before, constructing a new function # € AC[—T, T] by replacing
u with h on I, such that £ () < .£(u), which again contradicts choice of u as
a minimizer. We can argue similarly if there exists a point #p € (=7, x — a) such
that u(f9) > w(x) + 3|fo — x|, and also if there exists a point #y € [—T, T]\J with
u(ty) < wx) —3|tp —x|. O

Thus we see that if for some x € [—T,T],u(x) # w(x), then u must be
Lipschitz on a neighbourhood of x, and its graph cannot escape the cone bounded
by the graphs of t — w(x) &£ 3|t — x| off this neighbourhood. We note that the
second conclusion of the Lemma holds by the same argument even in the case
u(x) = w(x), and thus when the set J introduced is empty.
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For the remainder of the proof, we assume that u(x,) # w(x,) foralln = 0.
If not, one can just perform the argument in the proofs of Lemma 3.6 and Corol-
lary 3.7 on the connected components of [—T', T]\{x, : u(x,) = w(x,)}. We make
remarks in these proofs at those points where an additional argument is required in
the general case.

For eachn = 0 we now introduce some definitions and notation. Let a,,, b, > 0
be such that J,, := (x,, — a,, x, + by) is the connected component of [T, T'] con-
taining x, such that |u(¢t) — w(x,)| > 3|t — x,| for t € J,, as in Lemma 3.2.
So

lu(xp, — an) — w(xy)| = 3ay, and [u(x, + by) — w(x,)| = 3b,.

We let ¢,, = max{a,, b,}, and write J, = [x, —cn, X4 + ¢ ]. We note the following
immediate corollary of Lemma 3.2. Fix n = 0. For t ¢ J,,, we have for any i > n,
by (2.2.2), (3.2.2), and (2.1.3) that

i (O] = Ju(t) — wlx,)| + [wx,) — w;(?)]
= u(®) — wlxp)| + |w; (xy) — w; (1)
< 5|t — xp]. (39)

Easy considerations of the graphs of the two Lipschitz functions give the fol-
lowing lower bounds of |v,| on J,,. The interval J,, was defined precisely to ensure
such constant lower bounds, that is, that the graph of putative minimizer u cannot
get too close to that of w around x,,. Leti = n — 1, then w; (x;) = w(x,), S0

lvi(1)| = a, fort € [x, — au, x,]; and (40)
lv;(1)| = b, fort € [x,, x, + byl. “41)

As we see next, this lower bound means we have a certain amount of weight con-
centrated in our Lagrangian around any x,. The total weight is, in general, even
larger—we took an infinite sum of such non-negative terms—but the important
term is the ¢, term which deals precisely with the oscillations introduced by w,, to
get singularity of w at x,,.

Lemma 3.3. Let n > 0, and suppose J, C Y. Then

/ ¢ o) > 2016,,
v
n = Yoglog /ey

Proof. Suppose b, = a,. The case a, > b, differs only in trivial notation. So
= bn, and (41) 1mphes that on [xn, Xn + by /5] we have |v, (t)| = 5|t — Xp|, so
here ¢n (t,u —wy,) = 5|t — xnlw (t) by definition. Since ¢ +— m is a
concave function on [x,, x,, + b, /5], we can estimate the integral as follows, and
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see using the definition of ! that

-1 Xn+bn /S 1
_u(t,vp) 2/ 50t — xn |, (1)
Xn

Jn
Xn+bn/5 5.400
- /X loglog 1/5]f — x|
1b, 5-402
25 (loglog l/b,,)
201b,
- loglog 1/b,

1\

For n =2 0 we define H,, C [T, T] by
Hy = Jy 0 [Xy = Tno Xn + Tl = Xy — dy. Xu + dy], say,
so d, < c¢,. Note that
Wy (X £ dy) = oWy (xy £dp) + Br; and W), (x, £dy) = W), (x, £ dy).

We cannot immediately mimic the main principle of the proof and integrate by parts
across x,, since zi);l does not exist at x,. This singularity is, of course, the whole
point of the example. The main trick of the proof was in making the oscillations
of Wy, near x, slow enough so that we can replace this function with a straight line
on an interval containing x,,. We can then use integration by parts on each side of
this interval, and inside the interval exploit the fact that we have now introduced
a function with a constant derivative. We incur an error in the boundary terms,
of course, as we in general introduce discontinuities of the derivative where the
line meets w,, but the function w,, oscillates slowly enough that this error can be
dominated by the weight term in the Lagrangian (the role of w,} ).

So let fn: [-7,T] — R denote the affine function with graph connecting
(xn — dy, Wy (xy — dy)) and (x,, + dy, Wy (X, + dy)), that is

Li(t) =1 (t — (xp — dy)) + W (xy — dy),

where

- I dy) — U —d
I = Wn ¥ + n)Zd Do o = d) _ sinlogloglog 1/d,. (42)
n

So note by (2.1.3) that
lanl!| < Lip(wy) < 2. (43)
Definel,: [-T,T] — R by

wy, (1) t ¢ Hy

(1) = anin(t) +Bu t € Hy.

Clearly I, € AC[-T, T].
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We shall find the following notation useful, representing the boundary terms
we get as a result of integrating by parts, firstly inside H,, integrating /,v/,, and
secondly outside Hj,, integrating w), v;,:

I, = l;lvn(xn —dy), L, = l:,Un(xn +dy);
En,l = w,/g(xn —dp) vy (xp — dy), En,r = w;(xn +dp)v, (X, +dp).
Note that

1ot — Enil = lotn|lvn Gen — dp) (I, — @), (X, — dy))|; and (44)
Uy — Enrl = lotn][vn (n + dp) ([, — @ (xn + dn))]- (45)
Lemma 3.4. Let n = 0. Then

160d,,

N2 1\2
— 21, , — 1 _
/H ,,(”) W2 > 2Ly — Inp) oglog L/,

Proof. We want to use the following estimate, replacing w, with the line /,, and
estimating the error:

/H W) = )’ = /H (0= ) + /H (@ - a?)

> [ (@? - a2) - [ 1R - @i de
n Hn

Since w), = a, W, and [/, = a,l’, on H,, a factor of |a2| < 4 comes out of the
second (error) term, so we can just estimate this term in the case n = 0; the case
of general n is just a translation of this base case. We drop the index O from the
notation.

Observe that for t > 0, we have

coslogloglog 1/|¢|
t(loglog 1/]z])(log 1/[¢])’

d
I (sinlogloglog 1/|t]) = —

SO
1
t(loglog 1/t])(log 1/[¢])”

Hence by applying the mean value theorem we can see for 0 < ¢ < d, recalling (42)
and (2), that

d .
‘E (sinlogloglog 1/|t|)‘ <

' — @' (1)

logloglog 1/t
(sinlogloglog1/d) — ((sinlogloglog 1/]t]) — coslogloglog 1/1] )‘

(loglog 1/]t])(log 1/1t])
1

< |((sinlogloglog 1/d) — (sinlogloglog 1/|t]))| + (oglog 1/ (g L/l
d-1) N 1
~ t(loglog1/d)(log1/d) = (loglog1/d)(log1/d)
d

~ t(loglog 1/d)(log 1/d) @7
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d
Then for t € (W’ d), we have

l~/_~/t S
= wil = log 17d

the function w oscillates slowly enough that a good estimate for the discontinuity
of the derivative holds on an interval in the domain of integration large enough in
measure. Since W’ is even, we can estimate as follows, using (43) and (2.1.3):

d
/ |<l/)2—<a/)2|=2/ 7 — 7+
H 0
e d
8(/Igl/d Ii/—a)/|+/ |l"'/_&')/|)
0 d
4d /d 1
g < 4 S
log1/d d_loglogl/d

log1/d

A

A
o0

4d n d
logl/d loglogl/d
40d

S —. 48
~ loglogl/d (48)

By (36) we have

/ (@ = @) 2 20l = L1 = 200 = L)

n

Putting this and (48) into (46) gives the result. O

An estimate established in the preceding proof also easily gives the following
important result. The errors we incur in our boundary terms by introducing a jump
discontinuity in the derivative of our new function /, are sufficiently small; they
can be controlled by the integral over H, = [x, — d,, x, + d,] of a continuous
function in ¢, = d, taking value 0 at x;,.

Lemma 3.5. Let n = 0. Then

20c;,
(log 1/cn)(oglog1/cy)’

Proof. We just have to estimate |v, (x, &£ d,,)|. Suppose u(x,) > w(x,); the argu-
ment for u(x,) < w(xy,) is similar. Suppose also b, = a,, so ¢, = by. The case
a, > by, is similar. Then u(t) < u(x, + b,) by convexity of u, for all r € J,,. If
X, —dy, ¢ J,,then (39) gives us the immediate estimate |v, (x, —d,;)| < 5d, < 5b,
sinced,, < b,.If x, —d, € J,, then we can argue that, since certainly x,, +d,, € J,,

|In,r - En,r| + |In,l - En,l| <

w(xy) < w(xy) 4+ 3dy < ulxy £dy) < ulx, + by) = w(x,) + 3by,
thus

0 <ulx, £d,) —w(x,) < 3b,.
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Hence using (2.2.2) and (2.1.3), and since d, < b,,,

[V (xn £ d)| = Ju(x, £dp) — wn)| + lwp(xn) — wy (X, £ dy)l
< 3b, + 2d,
< 5b,.

The result then follows using the estimate (47) for = d in (45) and (44), and
since |a,| <2andd, < ¢,. O

We now combine our estimates for .%), across the whole domain [—7, T], integrat-
ing by parts off | J7_, H; and using the above estimate on each H;. We work with

simplifying assumptions implying the relevant intervals do not overlap. We discuss
later how to deal with the failure of these assumptions.

Lemma 3.6. Suppose n 2 0 is such that for all0 < j < n,

JkNY; =@ forall0=<k < j;and (49)

Ji €Y. (50)

Then

n Ci
_ > _
L) — Ly(wyp) = E (loglog l/ci) +/[T,T]\ U [vnl.

i=0

Proof. By (2.1.5) and assumption (49) we have w; = wy on fk forall0 < k <
J < n, in particular

wy = wg, w, =wj and w] = wj] (wherever both sides exist) on Ji. (51)
Also, by assumptions (50) and (49) together we have thatfor0 <k < j < n
jkﬂjj gfkﬂYJ»:(Z),

that is the {ji}?:o are pairwise disjoint.
Now, let 0 < i < n. We see, using (36), that

[ (@2 + 6.0 - wly?)
Ji
— L vp) + N2 _ 2 +/ N2 _ 7\2
/f,-w v) /i,-\H,- (@? = @p) + (@)= w)y)
;/<¢1<r, vi) + (1, vi>)+/ 2v;w;+/ ((u’)z—(w;)z)
J; Ji\H; H;

> [ @aw v+ [ e [ (W) - wp?).
Ji\H; Ji H;
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Now, by Lemma 3.3 (note this applies by assumption (50)) and Lemma 3.4, and
since ¢; = d;,

/wmm+/«mkmw%z[@me/YWP4wﬁ
Ji H; Ji H;

41C,’
loglog 1/c;

1\

+ 2L = i),
So combining we have

@+ o - wp?

Ji

41Cl'
+ 2y — L) +

2 /;
> t,v;) + 2viw)). 32
= oglog 1/c: ﬁ\H,(¢( v;) + 2v;w;) (52)

Now, forany t € [—T, T], write %, (t) ={i =0, ...,n : t € Y;}. We show by
an easy induction that for almost every t € [T, T,

> @ Z 2wyl + 1427070, (53)
i€9, (1)

For n = 0, we have by definition that for all # # xo,
Y3 () =3 +4wi(0)] = 3+ 2[w ()]

as required. Suppose the result holds for all 0 < i < n — 1, where n > 1. Let
i =i(n,t) < ndenote the greatest index in ., (¢), that is, the greatest index i such
that t € ¥;. By (2.1.5) we have w), (r) = w/ (t) whenever both sides exist, that is,
almost everywhere. If 1 € (x; — 7;, x; + 7;), then w (t) = ;] (t) by (2.1.1), and
by definition, for r # x;,

DY Z YR =3+ 4] (0] 2 1+2707D 4200 (1))
0]

asrequired. If ¢t ¢ [x; —7;, x; +ri] (note then necessarily i = 1sincetg = Tp = T),
then |w! ()] < |w]_ ()] + 27" almost everywhere by (2.1.9) so by inductive
hypothesis

Doz > Yo

JjeIu(t) jedii(t)
> 2w/ ()] + 14 27¢=D=D
2 2w/ ()] =2 27 41 42~ (G=D=D
> 2w ()| + 142707

as required for (53).
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Given this, now consider ¢ |J!_, J;. Then since J; 2 J; foralli = 0, (39)
gives that |v, ()| < 5|t — x;| for all 0 < i < n. Therefore ¢2(t, vy) = |v,|¥2(2)
by definition for i € .#,(¢). Thus, almost everywhere, we have by (53) that

G2t vp) = 200wy, = D (Gt v)) — 2[vg|[w)|

i€ g, (1)
= D @7 Olval) = 2fvalwy]
i€F(t)

=l [ D @) — 2w, )]
i€ I (1)
> |uyl.

Now, let € fi\Hi. Again note that we must have i > 1,sincerg =Ty =T.
Since {J j}’}:o are pairwise disjoint, we have that ¢ ¢ J; for j < i. Hence, again
by (39), |v;i| < 5|t — x| for all j < i, so by definition ¢3J2.(z, v;) = w}(t)|v,-|
for j € #;_(t). Since t‘gé H;, we have t ¢ [x; — 7, x;+, 7;], and hence that

lw/(H)] < |w}_, (1) + 27" almost everywhere by (2.1.9). Hence by (53) we have
almost everywhere

> wio z 1+ 20w (0] +2702
jegi—1(0) > 1+ 2|w,{/(f)| _p—G=1) + 7—(i-2)
1+ 2|w! (1)l

v

and so
¢*(t,v) = 2vw] = D (7, v) = 2vi ]|
Jj€Ji—1(1)

= > WOl — 2fvillw]|
jegi1(0)
> |v;].

Thus we have for almost every 7 ¢ | J7_, H;, noting the argument on J;i\ H; above
applies by (51), that

G*(t, vy) — 2v,w)) > vy,

and hence

/ (o) - 20u7) = [ vl (54
(=T. TN\ Ui Hi [(=T.TN\ Ui—o Hi

The reason for making this estimate is that we want to integrate v),w,, by parts
on [T, T]\ U?:o H;. Under our standing assumption that u(x;) # w(x;) for all
i = 0, we see immediately that this is possible, since v, and w), are bounded and
absolutely continuouson [T, T']\ U?:o H; by (2.1.2), and thus v, w), is absolutely
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continuouson [—7, T\ U?:o H;.However, in the general case that w(x;) = u(x;)
for some 0 < j < n, and thus that w;, (x j) = u(x;), we have to argue a little more.

We claim that even in this general case the parts formula is still valid on
[T, T\ U?:o H;; this is the assertion that v,w), can be written as an indefinite
integral on [T, T1\ |J/_, Hi. The argument of the preceding paragraph gives us
that v, w;, is absolutely continuous on subintervals bounded away from all x; with
u(xj) = w(x;). Thus for each 0 < j < n such that u(x;) = w(x;), and hence
H; = ¢, it suffices to check that v, w;, can be written as an indefinite integral on
aneighbourhood U = (x; — 8, x; +6) C [x; — 7j, x; + 7;] of x; not containing
any other points x; for 0 < i < n. We check that

/xj (vawy)'(s)ds = —(vw))(x; — &),

=8

the corresponding equality on the right of x; follows similarly. We know that v, w
is absolutely continuous on subintervals of U bounded away from x;. We claim
that (v,w),)’ € L' (U). Given this, we can use the DCT to get the required result:
since v, is continuous and v, (x;) = 0, we use (2.1.3) to see that

—(vawy)(xj — 8)

Tim ((vgw)) (1) = (Uaw))(x; = 8))

t

= lim (vawy) (s)ds
t—>x_/~ Xj—5

/ 7 o) (5) ds.

=8

To see (v,w),)’ € L'(U), note that since u is by choice a minimizer for (x), we
have by (2.2.1)

T T
/ W) < L) < Lw) = / W'y < oo
-T -T

Also, we can prove that |u| < 3|t — x| everywhere on [T, T, for example by
noting the arguments used to prove (3.2.2) still apply when J; = #. So using (2.1.1)
and (2.1.3), we have

/|(Unw,/1)/|§/ |vnwf/1/|+/|vl/’lw;l|
U U U
</|uwgl+/|wnwgl+2(/ |u’|+2)
U U
§|otj|(3/|(t x])ﬁ)/’|+|a]|/|w]~”)+2(/ |u|+2)
U

(3 sup |(t — x ;)W (1) + 2sup [(t — x )@} (1)) +/ | +2)
U

teU teU

This right-hand side is finite by (3), (1), and the above note.
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So, using (36), and recalling that v,(£7) = 0, and using (54), we have,
integrating by parts as we now know we can do, that

/ (62 o) + @) = w))?)
[=T. T\ Ui Hi
2/ (¢2(t, Un) +2v,’1w,’1)
[-T.T\ Ui, Hi

= 2[Unw,/,l][,T’T]\ UL, Hi +/[ TN U (¢2(f, Up) — 2vnw;’)
-4 i=0 i

-2 Z[vl x, +d, /
[

~T.TI\Ui— Hi

S (B~ B + / ol (55)

=0 [(=T. TN Uiz Hi

(¢2(t, vy) — Zvnw;{)

So since {ji }i_, are pairwise disjoint, we see, using (33), (51), (52), (55), and
Lemma 3.5, that

Zn(u) — Ly (wy)

= Z/~ (@) + 0.0 — @h?) + /
; Ji 7.7] \Un . J
41c¢; . o ) NIPPY
Z (IOglog 1/ci + Z(Iz,r Iz,l) + A\Hi ((u )+ P (t, v;) (wi) ))
+/ (@ + 2 = wp?)
[=T. TN\ Ul J;
e B T 2 2 N2
IOgIOg I/Cl + 2(11,}’ Il,l)) +/[_T’T]\ U:]:O i ((u ) —+ ¢ ([, vn) (wn) )
+2(Uiy — Eiy)— Uiy — Ei,l))) +/ [vn |
log log 1/c; T TIN Ul B

41c¢;
zz tog e~ 2 = Eirl 4 Hip = Eif)) +/ [on]
loglog1/¢; [=T.TN\NUiZ H;

(@) + ¢, o) = w))?)

[vn.

log log 1/c ) /—T,T]\ Uizo H

Corollary 3.7. Suppose for all n = 0 our assumptions (49) and (50) hold. Then

L) —L(w) 2 (—’ )+/ vl > 0.
g(; loglog 1/c; =TT\ U Hi
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Proof. This follows from the preceding Lemma by the dominated convergence
theorem, since %, (u) — £, (w,) - Z(u) — £ (w) by Lemma 3.1.

We note that in the general case we do indeed have strict inequality, as is nec-
essary for the contradiction proof. If u(x,) # w(x,) for somen = 1, then ¢, > 0
and so the infinite sum is strictly positive. If u(x,) = w(x,) for all n = 1, then
[T, T\ U?io H; = [T, T], so on the assumption that u # w, where both are
continuous functions, the integral term must be strictly positive. O

The arguments of the previous lemma and its corollary relied on the intervals
to which we have to give special attention, the f j» being small enough that they
did not escape Y; or overlap with later Y} and hence possible Ji.. The trick is now
that should one of these assumptions fail, thus apparently making the proof more
complicated, this in fact means that we can ignore the modifications we made at
stage j and beyond. That one of our assumptions fails for j means that f j is too
large, which by the very definition of J ; implies the graph of u is far away from
that of w on a set of large measure around x;. We have chosen our constants so
that this large difference between u and w around x; gives enough weight to our
Lagrangian that we can discard all modifications we made to w;_1, and hence to
L ;_1, and work just with these instead; the error so incurred is small enough that
it is absorbed into this extra weight. Very roughly, if u misses w at x; by an incon-
veniently large amount, then we don’t have to worry about the fine detail of our
variational problem at and beyond the scale j.

Lemma 3.8. Letn = 1 be such that assumptions (49) and (50) hold for n — 1, but
for some 0 < j < nwehave J; NY, # O, that is, (49) fails for n. Then

1) = Lot (wp—1) 2 T2

Proof. That (49) fails for n implies that c; > T,, otherwise choosing ¢ € J iNY,
we would have by (T:1) that

X0 — xj] S g — ]+t —xj| = Ty +¢j < 2T, < |xp — xj].
So, applying Lemma 3.6 to n — 1 we see, using this fact, and (7), that

ci
L — % D= — >3 >7%
n—1(u) n—1(Wy—1) 2 IOgIOgl/Cj =Ci =1y

O

Lemma 3.9. Let n 2~1 be such that assumption (49) holds for n, assumption (50)
holds for n — 1, but J, 2V, that is (50) fails for n. Then

L) — Lyt (wp—1) 2 TP

Proof. We suppose b, = ay, so ¢, = by. The case a, > b, differs only in trivial
notation. That (50) fails for n implies that b,, = T;,. That (49) holds for n implies in
particular that ¥, N J/—y H; € ¥, N{J!'=y J; = ¥. Thus by Lemma 3.6 for n — 1,

Xn+Ty
Zn—1() — ZLp—1(wp—1) 2/ vl 2/ [Vn—1] 2/ [Un—1l.
[_T,T]\ U:'l;() H; Y, Xn
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But the point is that [x,,, x,, + T, ] € [x, X, +by], so from (41) we have |v,_1| = b,
on [x,, x, + T, ]. So we see

Xn+Ty )
L_1(u) — L1 (wy—1) 2/ b, = T,b, 2 1.
X

n
n

O

We can now conclude our proof that w is the unique minimizer of (x). Choose the
least n = 0 such that one of our crucial assumptions (49) or (50) fails. We observe
that then n = 1 necessarily, since certainly fo C [T, T]. If no such n exists, we
are in the situation of Corollary 3.7 and we are done.

Suppose n = 1 is such that (49) fails for n. Then we are in the situation of
Lemma 3.8, and we see by Lemma 3.1 that

T? _ T?
L) — L w) > L) — Ly 1(wy—1) — 7” > 7” > 0.
Suppose n = 0 is such that (49) holds for n but (50) fails. Then we are in the
situation of Lemma 3.9 and we see again by Lemma 3.1 that

T? _ T?
L) — ZLw) > L1 () — Ly—1(wp—1) — 7” > 7” > 0.

4. Singularity

The extra oscillations we added in to w,, are small enough in magnitude and far
enough from x,, to preserve the behaviour of w as being like that of w,,, and hence
wy, around x,. In particular, the non-differentiability still holds.

Proposition 4.1. Let n > 0. Then Dw(x,) = 1 and Dw(x,) < —1.

Proof. Lett € [T, T], and let m > n. Note that if r € ¥; for i > n, we have by
(T:1)

[xn — xi] g |x, — 8] + |t — x| g X, =t +T; < |xp —t] 4+ |xp — xi1/2
and hence, again by condition (T:1),
T; < |xp —xil/2 < |xn — 1. (56)

Now lett € [T, T] be such that |t — x,| < T,. Then for n < i < m, again by
(T:1) and since the T; are decreasing,

[t —xil 2 |xi —xpl — |t —xu| > 2T; =T,y 22T; = T; = T},

sot ¢ Y;foralln <i <m.
Ifr ¢ Y; forany i > n then w(t) = w,(t) by (2.1.5), and the following
argument is trivial. Otherwise, choose least i > n such that t € Y;, so w,(¢) =
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w;—1(t). Then by the above argument we must have i > m, and so by (2.2.4), (R:3),
and (56),

lw(t) — wy ()] = [wt) —wi—1 ()] = [lw — wi—1llec = 20R;
<271 < 2_i|t — Xpl.
Hence we have by (2.2.2), and since i > m,

w(t) —wxn)  wpt) — wa(xn)

t—xy r—xy

<27 <M,

B 'w(t)—wn(t)
o t—xy

Hence by (2.1.1) and definition of w,,

Dw(xy) = Dwy(xy) = Doy (xy) 2 1; and
Dw(x,) = Dwy,(x,) = Doy, (x,) = —1.

5. Conclusion

The precise statement of Theorem 1.1 can now be obtained by letting our
sequence {x, } ", be an enumeration of the rationals in (—T7', T'). Define

Y ={xe(=T,T): Dw(x) > 1 and Dw(x) < —1}.

Then density of ¥ is immediate by Proposition 4.1. That it is G is standard:
T = Nie (Z NE;) where

w(s) — w(t) _

Zkiz[te(—T,T):‘ :l:l'<1/k

for some s € [T, T] such that |t — 5| < l/k]

are open sets. That X is therefore second category follows by density and Baire’s
theorem.

6. Further results

It is possible to perform exactly the same type of construction to produce a
continuous Lagrangian with a minimizer w of the associated variational problem
which has Bw(x,,) = 400 and Dw(x,) = —oo on a given countable set {xn}flio.
The minimizer is evidently no longer Lipschitz, and so the proofs are a little harder
in technicalities, but they are similar in spirit. The function w on which the con-
struction is based is, in this case, w(t) = f(loglog 1/|¢|) sinlogloglog 1/|¢].

In preparation is a paper performing the construction in greater generality, with
w(t) = tf(t)sinh(t), for appropriate f, h.

The example presented in the present paper illustrates the main ideas, without
the extra technical complications of the stronger or more general cases.



A Continuous Lagrangian with Singular Minimizer 211

Acknowledgements. This work is part of the PhD research done by the first named author
under the supervision of the second.

11.

12.

13.

14.

References

. BaLL, J.M., MizEL, V.J.: One-dimensional variational problems whose minimizers do

not satisfy the Euler-Lagrange equation. Arch. Rational Mech. Anal. 90(4), 325-388
(1985)

. BurTAazzo, G., GIAQUINTA, M., HILDEBRANDT, S.: One-dimensional variational prob-

lems. An introduction. In: Oxford Lecture Series in Mathematics and its Applications,
Vol. 15. The Clarendon Press, Oxford University Press, New York, 1998

. CLARKE, FH., VINTER, R.B.: Regularity properties of solutions to the basic problem in

the calculus of variations. Trans. Am. Math. Soc. 289(1), 73-98 (1985)

. CsORNYEI, M., O’NEIL, T., KIRCHHEIM, B., PREISs, D., WINTER, S.: Universal singular

sets in the calculus of variations. Arch. Rational Mech. Anal. 190(3), 371-424 (2008)

. Davig, A.M.: Singular minimisers in the calculus of variations in one dimension. Arch.

Rational Mech. Anal. 101(2), 161-177 (1988)

. FERRIERO, A.: Relaxation and regularity in the calculus of variations. J. Differ. Equ.

249(10), 2548-2560 (2010)

. Foss, M., MINGIONE, G.: Partial continuity for elliptic problems. Ann. Inst. H. Poincaré

Anal. Non Linéaire 25(3), 471-503 (2008)

. LAVRENTIEV, M.: Sur quelques problemes du calcul des variations. Ann. Mat. Pura

Appl. 4,7-28 (1926)

. MANIA, B.: Sopra un essempio di Lavrentieff. Bull. Un. Mat Ital. 13, 147-153 (1934)
. MINGIONE, G.: Regularity of minima: an invitation to the dark side of the calculus of

variations. Appl. Math. 51(4), 355-426 (2006)

SycHEv, M.A.: Regularity of solutions of some variational problems. Soviet Math. Dokl.
43(1), 292-296 (1991)

SycHEv, M.A.: A classical problem of the calculus of variations. Soviet Math. Dokl.
44(1), 116-120 (1992)

SycHiv, M.A.: On the regularity of solutions of variational problems. Russian Acad.
Sci. Sb. Math. 75(2), 535-556 (1993)

ToNELLI L.: Sur un méthode directe du calcul des variations. Rend. Circ. Mat. Palermo
39, 233-264 (1915)

Mathematics Institute,
Zeeman Building, University of Warwick,
Coventry CV4 7AL,
UK.
e-mail: R.T.Gratwick@warwick.ac.uk
e-mail: D.Preiss@warwick.ac.uk

(Received April 9, 2010 / Accepted January 27, 2011)
Published online March 22, 2011 — © Springer-Verlag (2011)



	A One-Dimensional Variational Problem with Continuous Lagrangian and Singular Minimizer
	Abstract
	1 Introduction
	2 The construction
	3 Minimality
	4 Singularity
	5 Conclusion
	6 Further results
	Acknowledgements.
	References


