
Digital Object Identifier (DOI) 10.1007/s00205-011-0404-4
Arch. Rational Mech. Anal. 201 (2011) 1047–1067

Diffeomorphic Approximation
of Sobolev Homeomorphisms

Tadeusz Iwaniec, Leonid V. Kovalev & Jani Onninen

Communicated by V. Šverák

Abstract

Every homeomorphism h : X → Y between planar open sets that belongs to
the Sobolev class W 1,p(X, Y), 1 < p < ∞, can be approximated in the Sobolev
norm by C ∞-smooth diffeomorphisms.

1. Introduction

In a domain X ⊂ R
n , the Sobolev space W 1,p(X, R), 1 � p < ∞, (also

denoted H1,p) is the completion of C ∞-smooth real functions having finite
Sobolev norm

‖u‖W 1,p(X) = ‖u‖L p(X) + ‖∇u‖L p(X) < ∞.

The question of smooth approximation becomes more intricate for Sobolev map-
pings whose target is not a linear space, say a smooth manifold [12,20–22], or even
for mappings between open subsets X, Y of the Euclidean space R

n . If a given
homeomorphism h : X

onto−→ Y is in the Sobolev class W 1,p(X, Y) it is not obvious
at all as to whether one can preserve the injectivity of the C ∞-smooth approximat-
ing mappings. It is rather surprising that this question remained unanswered after
the global invertibility of Sobolev mappings became an issue in nonlinear elastic-
ity [5,18,33,37]. It was formulated and promoted by John M. Ball in the following
form.

Question 1. [7,8] If h ∈ W 1,p(X, R
n) is invertible, can h be approximated in W 1,p

by piecewise affine invertible mappings?

J. Ball attributes this question to L.C. Evans and points out its relevance to the reg-
ularity of minimizers of neohookean energy functionals [6,10,15,17,36]. Partial
results toward the Ball-Evans problem were obtained in [32] (for planar bi-Sobolev
mappings that are smooth outside of a finite set) and in [11] (for planar bi-Hölder
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mappings, with approximation in the Hölder norm). The articles [7,35] illustrate
the difficulty of preserving invertibility in the approximation process. In [26] we
provided an affirmative answer to the Ball-Evans question in the planar case when
p = 2. In the present paper we extend the result of [26] to all Sobolev classes
W 1,p(X, Y) with 1 < p < ∞. The case p = 1 still remains open.

Let X be a nonempty open set in R
2. We study complex-valued functions

h = u + iv : X → C � R
2 of Sobolev class W 1,p(X, C), 1 < p < ∞. Their real

and imaginary parts have well defined gradients in L p(X, R
2)

∇u : X → R
2 and ∇v : X → R

2.

Next, we introduce the gradient mapping of h, by setting

∇h = (∇u,∇v) : X → R
2 × R

2. (1.1)

The L p-norm of the gradient mapping and the p-energy of h are defined by

‖∇h‖L p(X) =
[∫

X

(|∇u|p + |∇v|p)] 1
p

, EX[h] = Ep
X
[h] = ‖∇h‖p

L p(X)
.

(1.2)

This norm is slightly different from that found in other texts in which the authors
use the differential matrix of h instead of the gradient mapping, so

‖Dh‖L p(X) =
[∫

X

(
|∇u|2 + |∇v|2

) p
2
] 1

p

. (1.3)

Thus our approach involves coordinate-wise p-harmonic mappings, which we still
call p-harmonic for the sake of brevity. We shall take advantage of the gradient
mapping on numerous occasions by exploring the associated uncoupled system
of real p-harmonic equations for mappings with smallest p-energy. Our theorem
reads as follows.

Theorem 1. Let h : X
onto−→ Y be an orientation-preserving homeomorphism in the

Sobolev space W
1,p

loc (X, Y), 1 < p < ∞, defined for open sets X, Y ⊂ R
2. Then

there exist C ∞-diffeomorphisms h� : X
onto−→ Y, � = 1, 2, . . . such that

(i) h� − h ∈ W
1,p◦ (X, R

2), � = 1, 2, . . .

(ii) lim
�→∞(h� − h) = 0, uniformly on X

(iii) lim
�→∞ ‖∇h� − ∇h‖L p(X) = 0

(iv) ‖∇h�‖L p(X) � ‖∇h‖L p(X), for � = 1, 2, . . .

(v) If h is a C ∞-diffeomorphism outside of a compact subset of X, then there is
a compact subset of X outside which h� ≡ h, for all � = 1, 2, . . .

A straightforward triangulation argument yields the following corollary.

Corollary 1. Let h : X
onto−→ Y be an orientation-preserving homeomorphism in the

Sobolev space W
1,p

loc (X, Y), 1 < p < ∞, defined for open sets X, Y ⊂ R
2. Then

there exist piecewise affine homeomorphisms h� : X
onto−→ Y, � = 1, 2, . . . such that



Diffeomorphic Approximation of Sobolev Homeomorphisms 1049

(i) h� − h ∈ W
1,p◦ (X, R

2), � = 1, 2, . . .

(ii) lim
�→∞(h� − h) = 0, uniformly on X

(iii) lim
�→∞ ‖∇h� − ∇h‖L p(X) = 0

(iv) If h is affine outside of a compact subset of X, then there is a compact subset
of X outside which h� ≡ h, for all � = 1, 2, . . .

We conclude this introduction with a sketch of the proof. The construction of an
approximating diffeomorphism involves five consecutive modifications of h. Steps
1, 2, and 4 are p-harmonic replacements based on the Alessandrini–Sigalotti
extension [4] of the Radó–Kneser–Choquet Theorem. The other steps involve an
explicit smoothing procedure along crosscuts. For this, we have adopted some lines
of arguments used in J. Munkres’ work [34].

2. p-Harmonic mappings and preliminaries

Let � be a bounded domain in the complex plain C � R
2. A function

u : � → R in the Sobolev class W
1,p

loc (�), 1 < p < ∞, is called p-harmonic
if

�p(u) := div |∇u|p−2∇u = 0 (2.1)

meaning that ∫
�

〈|∇u|p−2∇u,∇ϕ〉 = 0 for every ϕ ∈ C ∞◦ (�). (2.2)

The first observation is that the gradient map f = ∇u : � → R
2 is K -quasiregular

with 1 � K � max{p − 1, 1/(p − 1)}, see [13]. Consequently u ∈ C 1,α
loc (�)

with some 0 < α = α(p) � 1, cf. [38]. In fact [27] the foremost regularity of a
p-harmonic function (p 
= 2) is C k,α

loc (�), where the integer k � 1 and the Hölder
exponent α ∈ (0, 1] are determined by the equation

k + α = 7p − 6 + √
p2 + 12p − 12

6p − 6
> 1 + 1

3
.

Thus, regardless of the exponent p, we have u ∈ C 1,α
loc (�) with α = 1/3. Clearly,

by elliptic regularity theory, outside the singular set

S = {z ∈ � : ∇u(z) = 0} ,

we have u ∈ C ∞(� \ S). The singular set, being the set of zeros of a quasiregular
mapping, consists of isolated points, unless u ≡ const. Pertaining to regularity up
to the boundary, we consider a domain � whose boundary near a point z◦ ∈ ∂�

is a C ∞-smooth arc, say � ⊂ ∂�. Precisely, we assume that there exist a disk
D = D(z◦, ε) and a C ∞-smooth diffeomorphism ϕ : D onto−→ C such that

ϕ(D ∩ �) = C+ = {z : Im z > 0}
ϕ(�) = R = {z : Im z = 0}

ϕ(D \ �) = C− = {z : Im z < 0}.
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Proposition 1. (Boundary Regularity) Suppose u ∈ W 1,p(�) ∩ C (�) is p-
harmonic in � and C ∞-smooth when restricted to �. Then u is C 1,α-regular up to
�, meaning that u extends to D as a C 1,α(D)-regular function, where α depends
only on p.

The Dirichlet problem. There are two formulations of the Dirichlet boundary
value problem for p-harmonic equations; both are essential for our investigation.
We begin with the variational formulation.

Lemma 1. Let u◦ ∈ W 1,p(�) be a given Dirichlet data. There exists precisely one
function u ∈ u◦ + W

1,p◦ (�) which minimizes the p-harmonic energy:

Ep[u] = inf

{∫
�

|∇w|p : w ∈ u◦ + W 1,p◦ (�)

}
.

The solution u is certainly a p-harmonic function, so C 1,α
loc (�)-regular. However,

more useful to us will be the following classical formulation of the Dirichlet prob-
lem.

Problem 1. Given u◦ ∈ C (∂�) find a p-harmonic function u in � which extends
continuously to � such that u|∂�

= u◦.

It is not difficult to see that such a solution (if one exists) is unique. However,
the existence poses rather delicate conditions on ∂� and the data u◦ ∈ C (�). We
shall confine ourselves to Jordan domains � ⊂ C and the Dirichlet data u◦ ∈ C (�)

of finite p-harmonic energy. In this case both formulations are valid and lead to
the same solution. Indeed, the variational solution is continuous up to the boundary
because each boundary point of a planar Jordan domain is a regular point for the
p-Laplace operator �p [19, p. 418]. See [23, 6.16] for the discussion of boundary
regularity and relevant capacities and [29, Lemma 2] for a capacity estimate that
applies to simply connected domains.

Proposition 2. (Existence) Let � ⊂ C be a bounded Jordan domain and u◦ ∈
W 1,p(�)∩C (�). There exists, unique, p-harmonic function u ∈ W 1,p(�)∩C (�)

such that u|∂�
= u◦|∂�

.

Radó–Kneser–Choquet Theorem. Let h = u + iv be a complex harmonic map-
ping in a Jordan domain U that is continuous on U. Assume that the boundary
mapping h : ∂U

onto−→ γ is an orientation-preserving homeomorphism onto a convex
Jordan curve. Then h is a C ∞-smooth diffeomorphism of U onto the bounded com-
ponent of C\γ . Thus, in particular, the Jacobian determinant J (z, h) = |hz|2−|hz̄|2
is strictly positive in U, see [16, p. 20] (where U is assumed to be a disk with no
loss of generality due to the Riemann mapping theorem). Suppose, in addition,
that ∂U contains a C ∞-smooth arc � ⊂ ∂U, and h restricts to a C ∞-smooth
diffeomorphism of � onto a subarc in γ . Then h is C ∞-smooth up to � and its
Jacobian determinant is positive on � as well, see [16, p. 116]. Numerous pre-
sentations of the proof of Radó–Kneser–Choquet Theorem can be found, some
of which appear in [16], see also [3]. The idea that goes back to Kneser [28]



Diffeomorphic Approximation of Sobolev Homeomorphisms 1051

and Choquet [14] is to look at the structure of the level curves of the coordinate
functions u = Re h, v = Im h and their linear combinations. These ideas have
been applied to more general linear and nonlinear elliptic systems of PDEs in the
complex plane [9], see also [1,2,30,31] for related problems concerning critical
points. In the present paper we shall explore a result due to Alessandrini and
Sigalotti [4] for a nonlinear system that consists of two p-harmonic equations

{
div |∇u|p−2∇u = 0
div |∇v|p−2∇v = 0

, 1 < p < ∞, h = u + iv.

We call this an uncoupled p-harmonic system. The novelty and key element in [4]
is the associated single linear elliptic PDE of divergence type (with variable coef-
ficients) for a linear combination of u and v. Such combination represents a real
part of a quasiregular mapping and, therefore, admits only isolated critical points.
We shall not go into their arguments in detail, but instead extract the following
p-harmonic analogue of the Radó–Kneser–Choquet Theorem.

Theorem 2. (G. Alessandrini and M. Sigalotti) Let U be a bounded Jordan
domain and h = u + iv : U → C be a continuous mapping whose coordinate func-
tions u, v ∈ W 1,p(U), 1 < p < ∞, are p-harmonic. Suppose that h : ∂U

onto−→ γ

is an orientation-preserving homeomorphism onto a convex Jordan curve γ . Then

(i) h is a C ∞-diffeomorphism from U onto the bounded component of C \ γ . In
particular,

J (z, h) = |hz|2 − |hz̄|2 > 0 in U.

(ii) If, in addition, ∂U contains a C ∞-smooth arc � ⊂ ∂U and h restricts to a
C ∞-smooth diffeomorphism of � onto a subarc of γ , then h is C 1,α-regular
up to �, for some 0 < α = α(p) < 1 (actually C ∞). Moreover J (z, h) > 0
on � as well.

This theorem is a straightforward corollary of Theorem 5.1 in [4]. However, three
remarks are in order.

1. In their Theorem 5.1, the authors of [4] assume that U satisfies an exterior cone
condition. This is needed only insofar as to ensure the existence of a continuous
extension of a given homeomorphism � : ∂U → γ into U whose coordinate
functions are p-harmonic in U. Obviously, such an extension is unique, though
the p-harmonic energy need not be finite. Once we have such a mapping, the
exterior cone condition on U for the conclusion of Theorem 5.1 is redundant,
see Remark 3.2 in [4]. This is exactly the case we are dealing with in Theorem 2.

2. In regard to the statement (ii) we point out that in Theorem 5.1 of [4] the authors
work with the mappings that are smooth up to the entire boundary of U. None-
theless, their proof that J (z, h) > 0 on ∂U is local, so applies without any
change to our case (ii).

3. Since J (z, h) > 0 in U up to the arc � ⊂ ∂U the coordinate functions of h
have nonvanishing gradients. This means that p-harmonic equation is uniformly
elliptic up to �. Consequently, h is C ∞-smooth on U up to �.
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The p-harmonic replacement. Let � be a bounded domain in R
2 � C. We con-

sider the class A(�) = Ap(�), 1 < p < ∞, of uniformly continuous functions
h = u + iv : � → C having finite p-harmonic energy and furnish it with the norm

‖h‖Ap(�) = ‖h‖C (�) + ‖∇h‖L p(�).

The closure of C ∞◦ (�) in Ap(�) will be denoted by Ap◦ (�).

Proposition 3. Let U � � be a Jordan subdomain of �. There exists a unique
operator

RU : Ap(�) → Ap(�)

(nonlinear if p 
= 2) such that for every h ∈ Ap(�)

RUh = h in � \ U (2.3)

RUh ∈ h + W 1,p◦ (U) (2.4)

�pRUh = 0 in U (2.5)

E�[RUh] � E�[h] (2.6)

Equality occurs in (2.6) if and only if h is p-harmonic in U.

Proof. For h = u + iv we define

RUh = RUu + i RUv.

It is therefore enough to construct the replacement for real-valued functions. For
u ∈ Ap(�) real, we define

RUu =
{

u in � \ U

ũ in U

where ũ is determined uniquely as a solution to the Dirichlet problem
{

div |∇ũ|p−2∇ũ = 0 in U

ũ ∈ u + W
1,p◦ (U)

so conditions (2.3) are fulfilled. That RUu is continuous in � is guaranteed by
Proposition 2. The solution ũ is found as the minimizer of the p-harmonic energy
in the class u + W

1,p◦ (U), so we certainly have

E�[RUu] � E�[u]
The same estimate holds for the imaginary part of h, so adding them up yields

E�[RUh] � E�[h].
Remark 1. The reader may wish to know that the operator RU : A(�) → A(�)

is continuous, though we do not appeal to this fact.
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Smoothing along a crosscut. Consider a bounded Jordan domain U and a C ∞-
smooth crosscut � ⊂ U with two distinct endpoints in ∂U. By definition, this
means that there is a C ∞-diffeomorphism ϕ : C

onto−→ U such that � = ϕ(R), and
its distinct endpoints are given by

lim
x→−∞ ϕ(x) ∈ ∂U

lim
x→∞ ϕ(x) ∈ ∂U

This � splits U into two Jordan subdomains

U+ = ϕ(C+), C+ = {z : Im z > 0}
U− = ϕ(C−), C− = {z : Im z < 0}.

Suppose we are given a homeomorphism f : U → C such that each of two map-
pings

f : U+ → R
2 and f : U− → R

2

is C ∞-smooth up to �. Assume that for some constant 0 < m < ∞ we have

|D f (z)| � m and det D f (z) � 1

m

on U+ and on U−. Thus f : U → R
2 is, in fact, locally bi-Lipschitz.

Proposition 4. Under the above conditions there is a constant 0 < M < ∞ such
that for every open set V ⊂ U containing � one can find a homeomorphism
g : U

onto−→ f (U) which is a C ∞-diffeomorphism in U, with the following prop-
erties:

g(z) = f (z), for z ∈ (U \ V) ∪ � (2.7)

|Dg(z)| � M and det Dg(z) >
1

M
on U. (2.8)

The key element of this smoothing device is that the constant M is independent of
the neighborhood V of �, see Fig. 1. The proof is given in [26] following the ideas
of [34].

We shall recall a similar smoothing device for cuts along Jordan curves. Let U

be a simply connected domain with C ∞-regular cut along a Jordan curve � ⊂ U.
This means there is a diffeomorphism ϕ : C

onto−→ U such that � = ϕ(S1), S
1 =

{z ∈ C : |z| = 1}. As before � splits U into

U+ = ϕ(D+), D+ = {z : |z| < 1}
U− = ϕ(D−), D− = {z : |z| > 1}.

Suppose we are given a homeomorphism f : U → R
2 such that each of two map-

pings

f : U+ → R
2 and f : U− → R

2
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Fig. 1. Jordan domain with a crosscut � and its neighborhood V

is C ∞-smooth up to �. Assume that for some constant 0 < m < ∞ we have

|D f (z)| � m and det D f (z) � 1

m

on U+ and U−.

Proposition 5. ([26]) Under the above conditions, there is a constant 0 < M < ∞
such that for every open set V ⊂ U containing � one can find a C ∞-diffeomorphism
g : U

onto−→ f (U) with the following properties

g(z) = f (z), for z ∈ (U \ V) ∪ � (2.9)

|Dg(z)| � M and det Dg(z) >
1

M
on U. (2.10)

Having disposed of the above preliminaries we shall now proceed to the construc-
tion of the approximating sequence of diffeomorphisms.

3. The proof

Scheme of the proof. Let us begin with a convention. We will often suppress
the explicit dependence on the Sobolev exponent 1 < p < ∞ in the notation,
whenever it becomes self explanatory. For every ε > 0 we shall construct a C ∞-
diffeomorphism � : X

onto−→ Y such that

(A) � − h ∈ A◦(X)

(B) ‖� − h‖C (X) � ε

(C) ‖∇� − ∇h‖L p(X) � ε

(D) EX[�] � EX[h]
(E) If h is a C ∞-diffeomorphism outside of a compact subset of X, then there

exists a compact subset of X outside of which we have � ≡ h.
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We may and do assume that h is not a C ∞-diffeomorphism, since otherwise
� = h satisfies the desired properties. Let x◦ ∈ X be a point such that h fails to be
C ∞-diffeomorphism in any neighborhood of x◦.

We shall consider dyadic squares in Y with respect to a selected rectangular
coordinate system in R

2. By choosing the origin of the system we ensure that the
preimage under h of the boundary of each dyadic square has zero area and does not
contain x◦.

Let us fix ε > 0. The construction of � proceeds in 5 steps, each of which gives a
homeomorphism �k : X

onto−→ Y, k = 0, 1, . . . , 5, in the Sobolev class W
1,p

loc (X, Y)

such that �0 = h, �k ∈ �k−1 + A◦(X), k = 1, . . . , 5 and �5 = � is the desired
diffeomorphism. For each k = 1, 2, . . . , 5 we will secure conditions analogous to
(A)–(E). Namely,

(Ak) �k − �k−1 ∈ A◦(X)

(Bk) ‖�k − �k−1‖C (X) � ε/5

(Ck) ‖∇�k − ∇�k−1‖L p(X) � ε/5

(Dk) ‖∇�1‖L p(X) � ‖∇�0‖L p(X) − 2δ, for some δ > 0;
‖∇�k‖L p(X) � ‖∇�k−1‖L p(X), for k = 2, 4;
‖∇�k‖L p(X) � ‖∇�k−1‖L p(X) + δ, for k = 3, 5

(Ek) If hk−1 is a C ∞-diffeomorphism outside of a compact subset of X, then there
exists a compact subset in X outside which we have �k ≡ �k−1.

Partition of X into cells. Let us distinguish one particular Whitney type partition
of Y and keep it fixed for the rest of our arguments.

Y =
∞⋃

ν=1

Yν,

where Yν are mutually disjoint open dyadic squares such that

diam Yν � dist(Yν, ∂Y) � 3 diam Yν for ν = 1, 2, . . .

unless Y = R
2, in which case Yν are unit squares. Thus the cover of Y by Yν is

locally finite. The preimages

Xν = h−1(Yν), ν = 1, 2, . . .

are Jordan domains which we call cells in X. In the forthcoming Step 1 we shall
need to further divide each cell into a finite number of daughter cells in X. Note
that all but a finite number of cells Xν, ν = 1, 2, . . . lie outside a given compact
subset of X.

Step 1

To avoid undue indexing in the forthcoming division of cells, we shall argue in
two substeps.
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Step 1a. Examine one of the cells in X, say X = Xν , for some fixed ν = 1, 2, . . ..
Call it a parent cell. Thus h(X) = ϒ is the corresponding Whitney square ϒ =
Yν ⊂ Y. To every n = 1, 2, . . ., there corresponds a partition of ϒ into 4n-dyadic
congruent squares ϒi , i = 1, . . . , 4n

ϒ = ϒ1 ∪ · · · ∪ ϒ4n .

This gives rise to a division of X into daughter cells Xi = h−1(ϒi )

X = X1 ∪ X2 ∪ · · · ∪ X4n .

We look at the homeomorphisms

h : Xi
onto−→ ϒi , i = 1, 2, . . . 4n

By virtue of Proposition 3 we may replace them with p-harmonic homeomorphisms

h̃i = RXi h : Xi
onto−→ ϒi , i = 1, 2, . . . , 4n

which coincide with h on ∂Xi . This procedure may not be necessary if h : Xi → ϒi

is already a C ∞-diffeomorphism. In such cases we always use the trivial replace-
ment h̃i = h. After all such replacements are made, we arrive at a homeomorphism

h̃ : X
onto−→ ϒ

which is a C ∞-diffeomorphism in each cell Xi and coincides with h on ∂Xi . Obvi-
ously,

h̃ = h +
4n∑

i=1

[̃hi − h]◦ ∈ h + A◦(X)

where [̃hi − h]◦ stands for zero extension of h̃i − h outside Xi and, therefore,
belongs to A◦(Xi ). Furthermore, by principle of minimal p-harmonic energy, we
have

EX[̃h] =
4n∑

i=1

EXi [̃hi ] �
4n∑

i=1

EXi [h] = EX[h].

The eventual aim is to fix the number of daughter cells in X. For this we vary n and
look closely at the resulting homeomorphisms, denoted by fn . This sequence of
mappings is bounded in A(X). It actually converges to h uniformly on X. Indeed,
given any point x ∈ X, say x ∈ Xi , for some i = 1, 2, . . . , 4n , we have

| fn(x) − h(x)| = |̃hi (x) − h(x)| � diam ϒi = 2−n diam ϒ.

Thus

lim
n→∞ fn = h, uniformly in X.
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On the other hand, the mappings fn are bounded in the Sobolev space W 1,p(X),
and so converge to h weakly in W 1,p(X). The key observation now is that

‖∇h‖L p(X) � lim inf
n→∞ ‖∇ fn‖L p(X) � ‖∇h‖L p(X)

because of convexity of the energy functional. This gives

lim
n→∞ ‖∇ fn‖L p(X) = ‖∇h‖L p(X)

Then, the usual application of Clarkson’s inequalities in L p-spaces, 1 < p < ∞,
yields

lim
n→∞ ‖∇ fn − ∇h‖L p(X) = 0

meaning that fn − h → 0 in the norm topology of A(X). We can now determine
the number n = nν = n(X), simply requiring the division of X be fine enough to
satisfy two conditions.

{
diam ϒi = 2−n diam ϒ � ε/5, i = 1, . . . , 4n

‖∇ fn − ∇h‖L p(X) � ε
5·2ν

(3.1)

where we recall that X stands for Xν .

Step 1b. Now, having n = nν fixed for each cell Xν , we construct our first approx-
imating mapping

�1 : X
onto−→ Y

by setting

�1 := h +
∞∑

ν=1

[
fnν − h

]
◦ ∈ h + A◦(X)

where, as always, [ fnν − h]◦ stands for the zero extension of fnν − h outside Xν .
This mapping is a C ∞-diffeomorphism in every daughter cell. Clearly, we have
the condition

�1 − h ∈ A◦(X). (A1)

Moreover, by the condition in (3.1) imposed on every nν ,

‖�1 − h‖C (X) � sup
ν=1,2,...

{diam ϒi : ϒi ⊂ Yν, i = 1, . . . , 4nν } � ε

5
(B1)

and

‖∇�1 − ∇h‖p
L p(X)

=
∞∑

ν=1

‖∇�1 − ∇h‖p
L p(Xν )

�
(ε

5

)p ∞∑
ν=1

1

2νp
<

(ε

5

)p
.

(C1)
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Fig. 2. �1 is a C ∞-diffeomorphism in each cell Xα ⊂ X

Regarding condition (D1), we observe that summing up the energies over all daugh-
ter cells Xi ⊂ Xν, i = 1, 2, . . . 4nν and ν = 1, 2, . . ., gives the total energy of �1
not larger than that of h. Even more, since h fails to be a C ∞-diffeomorphism in
at least one of these cells, the p-harmonic replacement takes place in this cell and,
consequently, �1 has strictly smaller energy. Hence

‖∇�1‖L p(X) � ‖∇h‖L p(X) − 2δ, for some δ > 0. (D1)

Regarding condition (E1), we note that under the assumption therein we made
only a finite number of nontrivial (p-harmonic) replacements. The same remark
will apply to the subsequent steps and will not be mentioned again. Step 1 is com-
plete.

Before proceeding to Step 2, let us put all daughter cells in X in a single sequence

X1,X2, · · · ⊂ X.

Thus, from now on, the daughter cells from different parents are indistinguish-
able as far as the mapping �1 is concerned. The point is that �1 is a C ∞-
diffeomorphism in every such cell, a property that will be pertinent to all new
cells coming later either by splitting or merging the existing cells. Note that the
images ϒα = h(Xα), α = 1, 2, . . ., form a partition of Y into dyadic squares, see
Fig. 2.

Y =
∞⋃

α=1

ϒα, where diam ϒα � ε

5

Step 2

Step 2a. (Adjacent cells) Let C(Y) ⊂ Y be the collection of all corners of dyadic
squares ϒα, α = 1, 2, . . ., and V(X) ⊂ X denote the set of their preimages under
h, called vertices of cells. Whenever two closed cells Xα and Xβ, α 
= β, intersect,
their common part is either a point in V(X) or an edge, that is, a closed Jordan arc
with endpoints in V(X). In this latter case we say that Xα and Xβ are adjacent cells
with common edge
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Fig. 3. Lenses

Cα β = Xα ∩ Xβ.

This is the closure of a Jordan open arc Cα β = Cα β \ V(X). The mappings

�1 : Xα onto−→ ϒα and �1 : Xβ onto−→ ϒβ

are C ∞-diffeomorphisms, but they do not necessarily match smoothly along the
edges. We shall now produce a new cell Xα β , a daughter of the adjacent cells Xα

and Xβ , such that

Cα β ⊂ Xα β ⊂ Xα ∪ Cα β ∪ Xβ.

To construct Xα β we look at the adjacent dyadic squares ϒα and ϒβ in Y. The
intersection ϒα ∩ ϒβ = h(Cα β) is a closed interval. Let R be a number greater
than the length of h(Cα β) to be chosen sufficiently large later on. There exist
exactly two open disks of radius R for which h(Cα β) is a chord. Their intersec-
tion, denoted by Lα β , is a symmetric doubly convex lens of curvature R−1. Thus
Lα β is enclosed between two open circular arcs γ α β = ϒα ∩ ∂Lα β ⊂ ϒα and
γ β α = ϒβ ∩ ∂Lα β ⊂ ϒβ . Note that Lα β = Lβ α , but γ α β 
= γ β α . We call

Xα β = �
−1
1 (Lα β), a daughter of the adjacent cells Xα and Xβ. (3.2)

As the curvature of the lens Lα β approaches zero, the area of Xα β tends to 0
because Cα β has zero area. This allows us to choose R so that

‖∇�1‖L p(Xα β) � ε

5 · 2α+β
. (3.3)

The lenses Lα β are disjoint because the opening angle of each lens (the angle
between arcs at their common endpoints) is at most π/3 and their long axes are
either parallel or orthogonal, see Fig. 3. Therefore, the cells Xα β = �

−1
1 (Lα β) are

also disjoint. However, their closures may have a common point that lies in V(X).
The boundary of Xα β consists of two open arcs

�α β = Xα ∩ ∂Xα β and �β α = Xβ ∩ ∂Xα β

plus their endpoints. These open arcs are C ∞-smooth because they come as images
of the circular arcs enclosing the lens Lα β under a C ∞-diffeomorphism.



1060 Tadeusz Iwaniec, Leonid V. Kovalev & Jani Onninen

Fig. 4. Three types of cells

Remark 2. In what follows we shall consider only the pairs (α, β) of indices α =
1, 2, . . . and β = 1, 2, . . . which correspond to adjacent cells. Such pairs will be
designated the symbol αβ.

Step 2b. (Replacements in Xα β ) The lenses Lα β ⊂ Y are convex, so with the
aid of Proposition 3 and Theorem 2, we may replace �1 : Xα β → Lα β with the
p-harmonic extension of �1 : ∂Xα β → ∂Lα β . We do this, and denote the result by
�

αβ
2 : Xαβ → Lαβ , only on the cells in which �1 : Xα∪Xβ∪Xαβ → R

2 is not a C ∞-

diffeomorphism. In other cells we set �
αβ
2 = �1. In either case �

αβ
2 ∈ �1+A◦(Xα β)

so we define

�2 = �1 +
∑
αβ

[�α β
2 − �1]◦.

Thus we have

�2 − �1 ∈ A◦(X). (A2)

The advantage of using �2 in the next step lies in the fact that it is not only a
C ∞-diffeomorphism in every cell, but also is C ∞-smooth with positive Jacobian
determinant, up to each edge of the cells created here. These edges are C ∞-smooth
open arcs. By cells created here, we mean not only Xα β but also those obtained
from the parent cell Xα by removing the adjacent daughters; that is,

Xα \
⋃
αβ

Xα β, α = 1, 2, . . .

See Fig. 4. The estimates of �2 run as follows. By (3.1) we have,

‖�2 − �1‖C (X) � sup
αβ

{diam Lα β} � sup
α

{diam Y
α} � ε

5
. (B2)
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In view of the minimum p-harmonic energy principle, we have

‖∇�2 − ∇�1‖Lp(X) =
∑
αβ

‖∇�2 − ∇�1‖Lp(∪Xα β)

�
∑
αβ

[‖∇�2‖Lp(Xα β) + ‖∇�1‖Lp(Xα β)

]

� 2
∑
αβ

‖∇�1‖Lp(Xα β) � 2ε

5

∑
αβ

2−α−β.

by (3.3). Hence

‖∇�2 − ∇�1‖Lp(X) � ε

5
. (C2)

The minimum energy principle also yields estimate

‖∇�2‖p
Lp(X)

= ‖∇�2‖p
Lp(∪Xα β)

+ ‖∇�1‖p
Lp(X\∪Xα β)

� ‖∇�1‖p
Lp(∪Xα β)

+ ‖∇�1‖p
Lp(X\∪Xα β)

= ‖∇�1‖p
Lp(X)

.

In particular

‖∇�2‖Lp(X) � ‖∇�1‖Lp(X), (D2)

completing the proof of Step 2.
Note that �2 is locally bi-Lipschitz in X \ V(X). The exceptional set V(X) is

discrete.

Step 3

We shall now merge all the adjacent cells together by smoothing �2 around the
edges �α β ⊂ Xα . To achieve proper estimates, we need to remove small neighbor-
hoods of all vertices, outside of which �2 is certainly locally bi-Lipschitz.

Step 3a. First we cover the set C(Y) of corners of dyadic squares by disks Dc

centered at c ∈ C(Y). These disks will be chosen small enough to satisfy all the
conditions listed below.

(i) diam Dc < ε/5 for every c ∈ C(Y),

(ii)
∑

v∈V(X)

∫
Fv

|∇�2|p �
( ε

20

)p
, where Fv = �

−1
2 (Dc), c = �2(v) = h(v).

Denote by X◦ = X \ ⋃
Fv . We truncate each edge �α β near the endpoints by

setting

�α β◦ = �α β ∩ X◦. (3.4)

These are mutually disjoint open arcs; their closures are isolated continua in X \
V(X). This means that there are disjoint neighborhoods of them. We are actually
interested in neighborhoods U

α β ⊂ Xα of �
α β◦ that are Jordan domains in which

�
α β◦ ⊂ U

α β are C ∞-smooth crosscuts with two endpoints in ∂U
α β , see Section 2.

It is geometrically clear that such mutually disjoint neighborhoods exist. Now the
stage for the next substep is established.
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Step 3b. (C ∞-replacement within U
α β ) It is at this stage that we will improve

�2 in U
α β to a C ∞-smooth diffeomorphism with no harm to the previously estab-

lished estimates for �2. The tool is Proposition 4. As always, we shall make no
replacement of �2 : U

αβ → ϒα if it is already C ∞-diffeomorphism. Recall that
we have a bi-Lipschitz mapping �2 : U

α β → �2(X
α) = ϒα that takes the crosscut

�
α β◦ ⊂ U

α β onto a circular arc. Denote the components U
αβ
+ = U

αβ \ Xα β and

U
αβ
− = U

αβ ∩ Xα β . Furthermore, we have

|D�2| � mαβ and det D�2 � 1

mαβ

, for some mαβ > 0

on each component. The mappings �2 : U
αβ
+ → ϒα and �2 : U

αβ
− → ϒα are C ∞-

diffeomorphisms up to �
α β◦ . In accordance with Proposition 4 we find a constant

Mαβ such that whenever open set V
α β ⊂ U

α β contains the crosscut �
α β◦ , there

exists a homeomorphism �
α β
3 : Uα β onto−→ �2(Uα β) which is a C ∞-diffeomorphism

in U
α β , with the following properties

– �
α β
3 ≡ �2 on (Uα β \ V

α β) ∪ �
α β◦ ;

– |∇�
α β
3 | � Mαβ and det ∇�

α β
3 � 1

Mαβ
in U

α β .

Since Mαβ does not depend on V
α β it will be advantageous to take neighborhoods

V
α β of �

α β◦ thin enough to satisfy

– Vα β ⊂ U
α β ∪ �

α β◦ ;

– |Vα β | � 1
5p ·2α+β

[
ε

mαβ+Mαβ

]p
and also |Vα β | � δ

2α+β Mαβ
.

Note that �
α β
3 , �2 ∈ W 1,∞(Uα β) ⊂ W 1,p(Uα β) and �

α β
3 = �2 on ∂U

α β , so we
have

�
α β
3 − �2 ∈ W 1,p◦ (Uα β).

Step 3c We now define a homeomorphism �3 : X
onto−→ Y by the rule

�3 =
{

�
α β
3 in U

α β

�2 in X \ ⋃
αβ U

α β.

Obviously, �3 is a C ∞-diffeomorphism in X◦ and �3 − �2 ∈ W
1,p◦ (X◦). Since �3

coincides with �2 outside X◦, we have �3 = �2 + [�3 − �2]◦. Hence

�3 − �2 ∈ A◦(X). (A3)

Then, for every x ∈ X,

|�3(x) − �2(x)| �
{

diam �2(U
α β), for x ∈ U

α β

0, otherwise
� diam ϒα � ε

5

meaning that

‖�3 − �2‖C (X) � ε

5
. (B3)
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The computation of p-norms goes as follows

‖∇�3 − ∇�2‖p
L p(X)

=
∑
αβ

∫
Vα β

|∇�3 − ∇�2|p

�
∑
αβ

|Vα β | [‖∇�3‖C (Vα β) + ‖∇�2‖C (Vα β)

]p

�
∑
αβ

|Vα β | (mαβ + Mαβ

)p �
∑
αβ

ε p

5p 2α+β
�

(ε

5

)p
.

Hence

‖∇�3 − ∇�2‖L p(X) � ε

5
. (C3)

In the finite energy case, when ‖∇�2‖L p(X) < ∞, we observe that

‖∇�3‖L p(X\∪Vα β) = ‖∇�2‖L p(X\∪Vα β) � ‖∇�2‖L p(X).

Therefore, by the triangle inequality,

‖∇�3‖L p(X) � ‖∇�2‖L p(X) +
∑
αβ

‖∇�3‖L p(Vα β)

� ‖∇�2‖L p(X) +
∑
αβ

|Vα β | · ‖∇�3‖C (Vα β)

� ‖∇�2‖L p(X) +
∑
αβ

δ

2α+β Mαβ

· Mαβ

which yields

‖∇�3‖L p(X) � ‖∇�2‖L p(X) + δ. (D3)

The third step is completed.

Step 4

We have already upgraded the mapping h to a homeomorphism �3 : X
onto−→ Y,

that is, a C ∞-diffeomorphism in X◦ = X \ ⋃
v∈V(X) Fv , where Fv are small sur-

roundings of the vertices of cells. Their images �3(Fv) = �2(Fv) = Dc are small
disks centered at c = h(v). In Step 3a, one of the preconditions on those disks was
that diam Dc < ε/5. Furthermore, the closed disks Dc are isolated continua in Y

for all c ∈ C(Y), as are the sets Fv in X. We shall now consider slightly larger
concentric open disks D

′
c ⊃ Dc, c ∈ C(Y), and their preimages F

′
v = h−1

3 (D′
c) ⊂

X, v = h−1(c) ∈ V(X). The annulus D
′
c \ Dc will be thin enough to ensure that D

′
c

are still disjoint,

diam D
′
c <

ε

5
for all c ∈ C(Y)
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Fig. 5. Neighborhoods of vertices

and
∑

v∈V(X)

‖∇�3‖p
Lp(F′

v\Fv)
�

( ε

20

)p
.

Let �′
v, v ∈ V(X) denote the boundary of F

′
v . These are C ∞-smooth Jordan

curves, see Fig. 5. We now define a homeomorphism �4 : X
onto−→ Y by performing

p-harmonic replacement of mappings �3 : F
′
v

onto−→ D
′
c, whenever such a map-

ping fails to be a C ∞-diffeomorphism. Thus every �4 : F
′
v

onto−→ D
′
c is a C ∞-

diffeomorphism up to �′
v . Moreover �4 ∈ �3 + W

1,p◦ (F′
c), so

�4 − �3 ∈ A◦(X). (A4)

For every x ∈ X, we have

|�4(x) − �3(x)| �
{

diam D
′
c in F

′
v, c = h(v)

0 otherwise
� ε

5
.

Hence

‖�4 − �3‖C (X) � ε

5
. (B4)

By virtue of the minimum energy principle, we compute the p-norms

‖�4 − �3‖p
L p(X)

=
∑

v∈V(X)

‖�4 − �3‖p
L p(F′

v)

�
∑

v∈V(X)

[‖�4‖L p(F′
v) + ‖�3‖L p(F′

v)

]p

� 2p
∑

v∈V(X)

‖�3‖p
L p(F′

v)



Diffeomorphic Approximation of Sobolev Homeomorphisms 1065

� 22p−1
∑

v∈V(X)

[
‖�3‖p

L p(F′
v\Fv)

+ ‖�3‖p
L p(Fv)

]

� 22p−1

⎡
⎣( ε

20

)p +
∑

v∈V(X)

‖�2‖p
L p(Fv)

⎤
⎦

� 22p
( ε

20

)p =
(ε

5

)p
.

Hence

‖�4 − �3‖L p(X) � ε

5
. (C4)

Again, by the minimum energy principle, we find that

‖�4‖p
L p(X)

� ‖�3‖p
L p(X)

. (D4)

Just as in the previous steps, condition (E4) remains valid, finishing Step 4.

Step 5

The final step consists of smoothing �4 in a neighborhood of each smooth Jordan
curve �′

v, v ∈ V(X). We argue in much the same way as in Step 3, but this time we
appeal to Proposition 5 instead of Proposition 4. By smoothing �4 in a sufficiently
thin neighborhood of each �′

v we obtain a C ∞-diffeomorphism �5 : X
onto−→ Y,

�5 − �4 ∈ A◦(X). (A5)

‖�5 − �4‖C (X) � ε

5
. (B5)

‖�5 − �4‖L p(X) � ε

5
. (C5)

‖�5‖L p(X) � ‖�4‖L p(X) + δ. (D5)

��

4. Open questions

Question 3. Does Theorem 1 extend to n = 3?

Given the recent interest in bi-Sobolev homeomorphisms [24,25], it is natural to
raise the following question.

Question 4. A bi-Sobolev homeomorphism h : X
onto−→ Y is a mapping of class

W 1,p(X, Y), 1 � p < ∞, whose inverse h−1 : Y
onto−→ X belongs to a Sobolev

class W 1,q(Y, X), 1 � q < ∞. Can h be approximated by bi-Sobolev diffeomor-
phisms {h�} so that h� → h in W 1,p(X, Y) and h−1

� → h−1 in W 1,q(Y, X)?

Acknowledgments. Tadeusz Iwaniec was supported by the NSF grant DMS-0800416 and
the Academy of Finland grant 1128331. Leonid Kovalev was supported by the NSF grant
DMS-0968756. Jani Onninen was supported by the NSF grant DMS-1001620.



1066 Tadeusz Iwaniec, Leonid V. Kovalev & Jani Onninen

References

1. Alessandrini, G.: Critical points of solutions of elliptic equations in two variables.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 14(2), 229–256 (1987)

2. Alessandrini, G., Nesi, V.: Univalent σ -harmonic mappings. Arch. Rational Mech.
Anal. 158(2), 155–171 (2001)

3. Alessandrini, G., Nesi, V.: Invertible harmonic mappings, beyond Kneser. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5) 8(3), 451–468 (2009)

4. Alessandrini, G., Sigalotti, M.: Geometric properties of solutions to the anisotropic
p-Laplace equation in dimension two. Ann. Acad. Sci. Fenn. Math. 26(1), 249–266
(2001)

5. Ball, J.M.: Global invertibility of Sobolev functions and the interpenetration of matter.
Proc. Roy. Soc. Edinburgh Sect. A. 88, 315–328 (1981)

6. Ball, J.M.: Discontinuous equilibrium solutions and cavitation in nonlinear elasticity.
Philos. Trans. R. Soc. Lond. A. 306, 557–611 (1982)

7. Ball, J.M.: Singularities and computation of minimizers for variational problems. In:
Foundations of Computational Mathematics (Eds. DeVore, R., Iserles, A., Süli, E.).
Cambridge University Press, Cambridge, 1–20, 2001

8. Ball, J.M.: Progress and puzzles in nonlinear elasticity. Poly-, Quasi- and Rank-one
Convexity in Applied Mechanics (Eds. Schröder, J., Neff, P.). Springer, Wien-New York,
1–15, 2010

9. Bauman, P., Marini, A., Nesi, V.: Univalent solutions of an elliptic system of partial
differential equations arising in homogenization. Indiana Univ. Math. J. 50(2), 747–757
(2001)

10. Bauman, P., Phillips, D., Owen, N.: Maximum principles and a priori estimates for
an incompressible material in nonlinear elasticity. Comm. Partial Differ. Equ. 17(7-8),
1185–1212 (1992)

11. Bellido, J.C., Mora-Corral, C.: Approximation of Hölder continuous homeomor-
phisms by piecewise affine homeomorphisms. Houston J. Math. (2011, to appear)

12. Bethuel, F.: The approximation problem for Sobolev maps between two manifolds.
Acta Math. 167, 153–206 (1991)

13. Bojarski, B., Iwaniec, T.: p-Harmonic equation and quasiregular mappings. Partial
Differential Equations (Eds. Bojarski, B., Dwilewicz, R.), Banach Center, Warsaw, 25–
38, 1987

14. Choquet, G.: Sur un type de transformation analytique généralisant la représentation
conforme et définie au moyen de fonctions harmoniques. Bull. Sci. Math. (2) 69, 156–
165 (1945)

15. Conti, S., De Lellis, C.: Some remarks on the theory of elasticity for compressible
Neohookean materials. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 2, 521–549 (2003)

16. Duren, P.: Harmonic Mappings in the Plane. Cambridge University Press, Cambridge,
2004

17. Evans, L.C.: Quasiconvexity and partial regularity in the calculus of variations. Arch.
Rational Mech. Anal. 95(3), 227–252 (1986)

18. Fonseca, I., Gangbo, W.: Local invertibility of Sobolev functions. SIAM J. Math. Anal.
26(2), 280–304 (1995)

19. Hajasz, P.: Pointwise Hardy inequalities. Proc. Am. Math. Soc. 127(2), 417–423 (1999)
20. Hajasz, P., Iwaniec, T., Malý, J., Onninen, J.: Weakly differentiable mappings

between manifolds. Mem. Am. Math. Soc. 192(899) (2008)
21. Hang, F., Lin, F.: Topology of Sobolev mappings. Math. Res. Lett. 8, 321–330 (2001)
22. Hang, F., Lin, F.: Topology of Sobolev mappings II. Acta Math. 191, 55–107 (2003)
23. Heinonen, J., Kilpeläinen, T., Martio, O.: Nonlinear Potential Theory of Degenerate

Elliptic Equations. Oxford University Press, New York, 1993
24. Hencl, S., Koskela, P.: Regularity of the inverse of a planar Sobolev homeomorphism.

Arch. Rational Mech. Anal. 180(1), 75–95 (2006)



Diffeomorphic Approximation of Sobolev Homeomorphisms 1067

25. Hencl, S., Moscariello, G., Passarelli di Napoli, A., Sbordone, C.: Bi-Sobolev
mappings and elliptic equations in the plane. J. Math. Anal. Appl. 355(1), 22–32 (2009)

26. Iwaniec, T., Kovalev L.V., Onninen, J.: Hopf differentials and smoothing Sobolev
homeomorphisms. arXiv:1006.5174 (2010, Preprint)

27. Iwaniec, T., Manfredi, J.J.: Regularity of p-harmonic functions on the plane. Rev.
Mat. Iberoam. 5(1–2), 1–19 (1989)

28. Kneser, H.: Lösung der Aufgabe 41. Jahresber. Deutsch. Math.-Verein. 35, 123–124
(1926)

29. Lehrbäck, J.: Pointwise Hardy inequalities and uniformly fat sets. Proc. Am. Math.
Soc. 136(6), 2193–2200 (2008)

30. Lewis, J.L.: On critical points of p-harmonic functions in the plane. Electron. J. Differ.
Equ. 3, 1–4 (1994)

31. Manfredi, J.J.: p-Harmonic functions in the plane. Proc. Am. Math. Soc. 103(2), 473–
479 (1988)

32. Mora-Corral, C.: Approximation by piecewise affine homeomorphisms of Sobolev
homeomorphisms that are smooth outside a point. Houston J. Math. 35(2), 515–539
(2009)

33. Müller, S., Spector, S.J., Tang, Q.: Invertibility and a topological property of Sobolev
maps. SIAM J. Math. Anal. 27(4), 959–976 (1996)

34. Munkres, J.: Obstructions to the smoothing of piecewise-differentiable homeomor-
phisms. Ann. Math. (2) 72, 521–554 (1960)

35. Seregin, G.A., Shilkin, T.N.: Some remarks on the mollification of piecewise-linear
homeomorphisms. J. Math. Sci. (New York) 87(2), 3428–3433 (1997)

36. Sivaloganathan, J., Spector, S.J.: Necessary conditions for a minimum at a radial
cavitating singularity in nonlinear elasticity. Ann. Inst. H. Poincaré Anal. Non Linéaire
25(1), 201–213 (2008)

37. Šverák, V.: Regularity properties of deformations with finite energy. Arch. Rational
Mech. Anal. 100(2), 105–127 (1988)

38. Ural’ceva, N.N.: Degenerate quasilinear elliptic systems. Zap. Naučn. Sem. Leningrad.
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