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Abstract

We study the asymptotic behavior of compressible isentropic flow through a
porous medium when the initial mass is finite. The model system is the compress-
ible Euler equation with frictional damping. As t — 00, the density is conjectured
to obey the well-known porous medium equation and the momentum is expected
to be formulated by Darcy’s law. In this paper, we prove that any L weak entropy
solution to the Cauchy problem of damped Euler equations with finite initial mass
converges strongly in the natural L! topology with decay rates to the Barenblatt
profile of the porous medium equation. The density function tends to the Barenbl-
att solution of the porous medium equation while the momentum is described by
Darcy’s law. The results are achieved through a comprehensive entropy analysis,
capturing the dissipative character of the problem.

1. Introduction

This paper is the continuation of the program toward the mathematical justifi-
cation of Darcy’s law as a long time asymptotic limit for compressible isentropic
porous medium flow, modeled by the following Cauchy problem of the compress-
ible Euler equation with frictional damping,

o+ (pu)x =0,

(o) + (o + p(p)), = —apu, (1.1
p(x,0) = po(x), ux,0) = uo(x).

Here p, u and p = «p¥, k = %, (1 < y < 3) denote density, velocity,
momentum and pressure, respectively. @ > 0 is a given positive constant modeling
frictional force induced by the medium. We also use momentum m =: pu in what

12 .
follows for convenience. For simplicity, we assume « = k = %. Such choice
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of constants « and « is purely for convenience, which simplifies the form of the
entropy functions we have employed below.

Because of the dissipative nature of frictional force, it is natural to expect the
inertial terms in the momentum equation to decay to zero faster than other terms,
so that the pressure gradient force is balanced by the frictional force, as stated by
Darcy’s law. In other words, as t — o0, the density is conjectured to obey the
well-known porous medium equation (PME) and the momentum is expected to
be formulated by Darcy’s law, as observed in experiments. Therefore, taking time
asymptotically, the system (1.1) is conjectured to be equivalent to the following
decoupled system

| ot = (p"),c, Porous Medium Equation (12)

m = —(p”),, Darcy’slaw.

The particular emphasis here is when the initial total mass is finite, allowing
vacuum states in the solutions initially, namely,

+00 +00 +00
/ p(x,t)dx :/ p(x,t)dx =/ po(x)dx =M < oo,

—00 —0Q —00

in view of mass conservation. We shall prove in this paper the L' convergence from
any L°° entropy weak solution of the compressible Euler equations to the Barenbl-
att solution [2] of the corresponding porous medium equation carrying finite total
mass. The first evidence toward this expectation was hinted at in the inspiring paper
of L1u [26] through an interesting explicit solution which behaves as the Barenblatt
solution of the porous medium equation. Recent evidence was provided by HUANG

ET AL. [21] for L* entropy weak solutions for y € (#, V2+ 1) measured

in the energy norm of the porous medium equation. The purpose of the current
paper is to finally provide a complete treatment of the case when y € (1, 3), with
measurements in both L' (the mass norm) and LY+ (the energy norm) and thus in
LPfor1<p<y+1.

Mathematical study of system (1.1) dates back to the 1970s. Following the
pioneering work of NisHIDA [33], many contributions have been made to solving
this problem. In the case away from vacuum, system (1.1) can be transferred to the
damped p-system by changing to the Lagrangian coordinates; see [32,43]. Fric-
tional damping prevents the breaking of waves with small amplitude, leading to
the global existence of smooth solutions when the initial data are small and smooth
[33]. However, waves break down in finite time when the initial derivatives of initial
data exceed a certain threshold [45]. The global existence of weak solutions in L”
was established by the method of compensated compactness in [10,11,25,46]. The
global BV solutions were proved in [7,9,27]. The conjecture mentioned above was
first justified by Hs1ao and Liu in [13, 14], and further improved by many mathema-
ticians for small smooth or piecewise smooth solutions away from vacuum based
on the energy estimates for derivatives; see [12,15-18,30,34-36,44,47]. Recently,
DaFERMOS and PAN [9] constructed global BV solutions to the damped p-system
and proved the conjecture with sharp decay rates in L2. In these results, the solutions
of the damped p-system were shown to converge to the self-similar solutions of the
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corresponding porous medium equations constructed in [40], since the end-states
of the initial density are away from vacuum.

When a vacuum occurs in the solution, the difficulty of the problem greatly
increases, mainly due to the interaction of nonlinear convection, lower order dis-
sipation of damping and the resonance due to the vacuum. It is known that non-
linearity is the reason for shock formation in a hyperbolic system. For hyperbolic
conservation laws, self-similarity is an important feature in constructing funda-
mental Riemann solutions and in describing the large time behaviors of solutions.
Although damping provides weak dissipation, it breaks the self-similarity of the
system, which is crucial for the large weak solutions. Another difficulty is due to
the resonance near the vacuum which develops a new singularity; see [28,29]. Due
to this new singularity, it is very difficult to obtain the solutions with any degree
of regularity. This makes (1.1) difficult to understand analytically and makes the
construction of effective numerical methods for computing solutions a highly non-
trivial problem. Indeed, the only global weak solution with vacuum is constructed
in L space by using the method of compensated compactness; see DING ET AL.
[10]for1 <y < % and HUANG AND PAN [19] for 1 < y < 3. Thus, to study the
large time behavior of solutions of (1.1) with vacuum, it is suitable to consider the
L weak solution.

Definition 1.1. For any 7 > 0, the bounded measurable functions (p, m)(x,t) €
L*®(R x [0, T]) are called entropy solutions of (1.1), if

pr+my =0,

m; + (% +/<,0”) +am =0, (1.3)
X

N+ qx +anym =0,

hold in the sense of distributions, where (7, ¢) is any weak convex entropy—flux
pair (1(p, m), g(p, m)) satisfying

2 t
Vg=VyVf, f= (m i +;<pV) , 1(0,0) =0. (1.4)
P

As the L* weak solution does not have any degree of regularity, the meth-
ods for the case away from vacuum are not applicable here. Earlier attempts were
made by HUANG and PAN [19], where the authors followed the rescaling argument
due to SERRE and Hs1ao [42] and obtained the first justification for the conjecture
regarding the vacuum case. It showed that the density in the L°° weak entropy
solutions of (1.1) converges to the similarity solution of the porous medium equa-
tion along the level curve of the diffusive similarity profiles, provided that one of
the initial end-states is nonzero. The long time behavior of the momentum is not
known, however. This is far from satisfactory. In [20], HUANG and PAN developed
a new technique based on the conservation of mass and entropy analysis to attack
this conjecture. They showed that the L°® weak entropy solutions with vacuum,
selected by the physical entropy-flux pairs, converge strongly in L?(R) (p = po
for some py = 2) with decay rates to the similarity solution of the porous medium
equation determined uniquely by the end-states and the mass distribution of the
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initial data, provided that the end-states are away from vacuum. This approach
seems remarkable, since it does not need smallness assumptions on the solutions.
Inspired by this result, HUANG ET AL. [21] further studied this problem with finite
total mass, where the asymptotic profile is the celebrated Barenblatt solution of the
porous medium equation. More precisely, this result is cited below:

Theorem. (HUANG ET AL., [21]) Suppose 0 < pp(x) € L'(R) N L®(R) and

+00
0<M:/ po(x) dx < oo.
—0oQ

Let (p, m) be an L™ entropy solution of the Cauchy problem (1.1), satisfying the
following estimates

0= px,0)=C, |m(x,0)| = Cpx, 1), (1.5)

where the constant C is independent of t. Let p be the Barenblatt solution of the
porous medium equation (1.2) with mass M and m = —(pY), which satisfies

_ _ 1
16117, < C(1+ 1)~ 71,

(1.6)
_ _r=1
1517, < C(1+1) v,

Define
y = —/ (b B)(r. 1) dr.

2 _
If y(x,0) € LZ(R), then there exist positive constants k; = min {()/}-;——1)2’ VTI},

2
ko = min {(;/]4/-—1)2 %} and C such that for any ¢ > 0,

o =P (x, Dl S CA+nTHH if 1 <y £2,

- % —ko+e - (1.7)
(o —p)(x, Dy, SCA+1)"7° if y 2 2.
Furthermore,
1 1 5
ki > I if +2\/_<y§2,
V+1 (1.8)
ky > ¥ 3 if2<y <1+2

Remark 1.1. Since Barenblatt’s solution p decays itself, it is necessary to com-

pare the decay rate of p with that of p — p. This theorem shows that ||p — p||2

decays faster than ||p||;2 when 1+2‘/§ <y £ 2and ||p — pllLr decays faster than

lollLy when2 <y < 1+ /2. Thus this theorem states that any L entropy weak
solutions must converge to the Barenblatt solution of the PME with the same mass

when y € (”Tfs 1 —i—ﬁ).
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Remark 1.2. The entropy dissipation method introduced in [20,21] is an effective
approach in proving the large time asymptotic behavior for L weak entropy solu-
tions for hyperbolic conservation laws with dissipation. Further application of the
approach can be found in [39] for an initial boundary value problem and in [22] for
the Euler-Poisson system modeling semi-conductor devices.

Although this is the first result providing the convergence of L* weak entropy
solutions of (1.1) to the Barenblatt solution of (1.2), the result itself is not definitive
for several reasons. One may thus ask the following questions:

— Question 1: Is it possible to remove assumption (1.5)? Assumption (1.5) is
essential in the proof of [21]. This assumption is quite reasonable, since the
solutions obtained in [10] and [19] satisfy this condition where invariant region
theory is applied to the viscosity regularized system. On the other hand, there is
no uniqueness theory available for the L°° weak entropy solutions of (1.1), it is
not clear whether there are any uniformly bounded entropy weak solutions of
(1.1) that do not satisfy (1.5) with uniform constant C. Therefore, it is natural
to ask this question.

— Question 2: Is it possible to prove convergence for any y € (1, 3), not only

on the interval (1+T“ﬁ, 1+ ﬁ) , as in the last Theorem? Although the interval

(#5 1+ \/E) contains some physical cases, most physical gases live in the

larger interval (1, 3). This generalization is thus important from the physical
point of view.

— Question 3: Is it possible to prove decay of || p — p|| ;1?7 Since the compressible
Euler equation is conserved, it is natural to measure the difference between p
and the Barenblatt solution p in L! space. Furthermore, the L! norm does not
decay for either p or p, the L' decay is very convincing. Therefore, the last
question is whether it is possible to obtain an L' convergence result.

In this paper, we will address the three questions listed above and give definite
answers to them. After a quick review of some information on Barenblatt’s solution
in Section 2, we will first prove in Section 3 the following invariant region theory
for L°° weak entropy solution to (1.1).

Theorem 1.1. Suppose that (pg, ug)(x) € L°°(R) satisfies
0= po(x) = C, |mo(x)| = Cpo(x).

Let (p,u) € L*°(R x [0, T]) be an L weak entropy solution of the system (1.1)
with y > 1. Then (p, m) satisfies

0= plx,0)=C, Imx,1)| = Cp(x, 1), (1.9)
where the constant C depends solely on the initial data.

Remark 1.3. Theorem 1.1 is valid for L* weak entropy solutions to the homoge-
neous compressible Euler systems; this is quite clear from the proof in Section 3
below. This theorem is an invariant region theorem for the weak solutions to com-
pressible Euler equations with damping. In the invariant region theorem [6], the
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derivative property of a solution is essential. But here it is impossible to use any
derivative properties due to the lack of regularity. Theorem 1.1 is proved by choos-
ing infinitely many convex weak entropies. This idea dates back to DAFERMOS [8]
and SERRE [41]. A similar idea appears in [24,38] for homogeneous two by two
systems, including compressible Euler equations and elastodynamics. The distinct
feature in our proof for this theorem is the choice of entropies designed for the
dissipative source term.

In Section 4, we will pursue the sharper decay rates of the density to the Bare-
nblatt solution, which will finally give the decay rates in the L' space. These are
stated in the following Theorem.

Theorem 1.2. Suppose po(x) € L'(R) N L®(R), ug(x) € L>®°(R) and

o0
M =/ po(x) dx > 0.
—00

Let1 <y < 3and (p, m) be an L™ entropy solution of the Cauchy problem (1.1).
Let p be the Barenblatt solution of porous medium equation (1.2) with mass M and
m = —(p?)x. Define

y= —/ (o —p)(r,1)dr.

If y(x,0) € L>(R), then forany e > 0 and t > 0,

0 1 — It gt te
lo— )OIV H o + o) T te,
o e (1.10)

1
I =AY, DIt < C(1+ 1)~ T e,

Remark 1.4. Due to the mass conservation law, it is natural to use L! norm to

measure the difference between the entropy solution p and Barenblatt’s solution p.

(1.10) implies that any L entropy solutions must converge to the Barenblatt solu-

tion of PMEs with the same mass for 1 < y < 3. This is because the L' norm is

conserved for both p and . Furthermore, we remark that the LY ! norm of p — p

decays faster than p, since for the latter one has, from Lemma 2.2 below, that
16C. 017 < Ca+n 7

Ly+!
1
which decays slower than the rate in (1.10) by roughly (1 + £)Z¢+D.

We now make some comments on the new ideas and approaches in this paper,
based on intensive entropy analysis. In the proof of Theorem 1.1, infinitely many
convex entropy functions are used. In the proof of Theorem 1.2, we first follow the
method of [21] to pave the road. With the help of a sharp estimate on the degeneracy
of p(p) at vacuum proved in Lemma 3.1, a carefully chosen entropy is applied to
obtain a much sharper decay in L ! norm of the density, which is missing in [21].
This much faster decay rate guaranteed that || p — p||; y+1 decays faster than || o] 7 y+1
for any y € (1, 3). Finally, this refined estimate, together with a key observation
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on the distribution of || o — pl| ;1 over the support of p, leads to the L' decay rates
in Theorem 1.2.

In the last section, we further discuss a Barenblatt type solution of (1.1) with
particular initial data, constructed by Liu in [26]. This interesting solution, which
we call Liu’s solution, behaves just like Barenblatt’s solution and thus could serve
as the large time asymptotic ansatz for solutions of (1.1) with finite total mass. The-
orem 1.2, together with the results in [26], implies the L! decay to Liu’s solution
as well. The reason for the choice of Barenblatt’s solution is simply because of its
explicit form which is not available for Liu’s solution. Furthermore, the decay rates
in Theorem 1.2 might not be optimal, some explanations will be presented there at
the end of the paper.

2. Barenblatt’s solutions

According to [21], the solutions to (1.1) with finite total mass should converge
in large time to the fundamental solutions of the porous media equation, that is, the
Barenblatt solutions [2]. In this section, we provide some background information
on the Barenblatt solutions.

Consider

l6t = (/3y)xx,
p(=1,x) = M§(x), M >0, (2.1)

which admits a unique solution (see also [1,2]) given below

__L 1
plx.1) = (t+1)"7T{(A— BE}) )7, (2.2)
1
Here § = x(t+1) 7+, (f)+ = max{0, f}, B = W_j’l) and A is determined by
y+1 1 b v+l
2A%-DB2 [ “(cos®)71 do = M. 2.3)

0

Due to the degeneracy at vacuum, the derivative of p is not continuous across
the interface between the gas and vacuum. Instead, p is a weak solution to (2.1)
such that

+00
/ pdx =M, (2.4)

—00

A
p=0, if [§]= \/;. (2.5)

Hence, for any finite time 7" > 0, p has compact support. This is the property of
the finite speed of propagation for the porous medium equation. For the definition of
the weak solution to (2.1), we refer to [1-3,23,31]. KAMIN proved in [23] that (2.1)
admits at most one solution. Here, we addressed the initial data at t = —1 to avoid
the singularity at t = 0. Thus, we have the following lemmas from (2.2)—(2.5).

and



672 FEIMIN HUANG, RONGHUA PAN & ZHEN WANG

Lemma 2.1. If M > 0 is finite, then there is one and only one solution p(x,t) to
(2.1). Furthermore, the following holds.

— p(x,t) is continuous on R
1

— There is a number b = > 0, such that p(x,t) > 0 if |x| < bt7*1; and
L

p(x, 1) =0if |x| = brr+l
— p(x,t) is smooth if |x| < bt r+!

1

In terms of the explicit form of p, it is easy to check the following estimates.

Lemma 2.2. For p defined in (2.2) and t > 0, it holds that

1
5] < C(1+ 1) 7,
2
137 Dal S CU+ 10777, (37| £ CU +1)7 7T, (2.6)
_2y+1
(x| S CU+071 ()] £ CA+1)~ 74

and

+o00 p—1
/ pPldx S C(+1)” b , Vp =1,

—00

+oo__12 — -l +oo —y—1\2 _dy=1
/ (P2 dx £ C1+1) / B dx S C(1 4+,

—00

oo o Ly [HS a4l
/ (PV)ydx = C(1+1) 77T, / (P dx S CA+1) 7T,
o -

2.7
3. Invariant region for weak solutions
In this section, we shall show a proof to Theorem 1.1, which serves as an invari-

ant region theory [6] for L°° weak entropy solutions to (1.1). It confirms that any
L weak entropy solutions to (1.1) will stay inside the physical region

0= px,0) =C, Im(x,1)] = Cp(x, 1),

if the initial data do so.
To proceed, we first recall some results on the entropies available for (1.1).
According to [24], all weak entropies of (1.1) are given by the following formula:

1
n(p. ) =/g<s>x<s;p,u> d — p/1g<u+zp9><1 _ 2,
a(p, m) =/g<s>(es+(1 O pou) dE 3.1)

1
= p/ gu+z0")u 4+ 020%)(1 — 2%)* dz
-1
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where 0 = VT_I, A= %, g (&) is any smooth function of £, and

xEpouw)= (""" = E—wH. (3.2)

This remarkable formula can be derived from the entropy equation (1.4) utiliz-
ing the kinetic formulation or by fundamental solution of the linear wave equation.
We remark that when g(§) = 1, n(p, m) = p; when g(&§) = &, n(p, m) = m; and
when g(§) = %é 2 thenn = ’2”—; + %= p” is mechanical energy.

As the convexity of the entropy ‘r{mction is crucial in the definition of admissible
weak solutions, the characterization of convexity of entropy functions is important.
In our case, the following lemma provides full details in this direction.

Lemma 3.1 (LIONS ET AL., [24]). Weak entropy n(p, m) defined in (3.1) is convex
with respect to p and m if and only if g(&) is a convex function.

We now present the proof for Theorem 1.1.

3.1. Proof of Theorem 1.1

Choosing g(§) = gr(§) = k6% in (3.1), for positive parameter k > 0, the
corresponding entropy n; = 0 is clearly convex. By the definition, if (o, m) is an
L entropy weak solution, we have the following entropy inequality

Mkt + Grx + Kemm <0, 3.3)
in the sense of distributions. Assuming temporarily that 1y ,,m = 0, we define
M(T) = [lull Lo®xio.r) + 0107 | Lo®x(0.7)-
which measures the largest possible amplitude of the characteristic speed of system

(1.1) up to T > 0. It follows, by the L°° divergence-measure field theory [5], that
foranya > 0and T > 0,

a a+M(T)T
/ (o, m)(x, T)dx §/ Nk (p, m)(x, 0)dx, (3.4)
—a —a—M(T)T

In view of the positivity of 7, one has

1
1

a T a+M(T)T k
(/ nk(,o,m)(x,T)dX) (/ nk(p,m)(x,O)dx). (3.5)
—a —a—M(T)T

Noting that

IN

1
042
M= p / M1 - 2y,
—1
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(3.5) implies, for Q,(T) = {(x,1,z) : —a <x Za,t =T,—1 < z < 1}, that

1 042 A “
ot e (1 = )t koo < (/ (P, T)dx)
—a

1

a+M(T)T k
< / nk(p, m)(x,0)dx | .
—a—M(T)T

Letting k — +o00 and then a — 400 in (3.6), we have

max{||(u — p”)(x, T) I oo, Il + p%)(x, T)l| 1)
< max{||(u — p?)(x, 0)ll o0, | + %) (x, 0) || e},

which implies, for any 7' > 0, that
0SS px,T)SC, 0= |ux, T)| =C.

where C only depends on the initial data.
It remains to show that n; ,,m = 0. In fact,

1
042
M = 2 m / U0 (4 4 7081 — 22Ydg
-1

00 I gn
- 2km2/ — (2" = 2 de
n=0"—"1"

0 JEaR! 2n+1

1
—WZ 2 | ity - 2
—WZ Z 2o [ e - 2

2 0.

This concludes the proof of Theorem 1.1.

4. Decay estimates

(3.6)

(3.7)

(3.8)

(3.9)

We now proceed to the decay estimates. To begin, we first prove two important
inequalities which give sharp information on the pressure near vacuum, where the

theory is most lacking.

Lemma 4.1. If 0 < p, p < C, there are two constants ¢; > 0 and ¢; > 0 such

that
a (e + N (p=p)r S p’ T =g — (v + DY (p — p)
e (o7~ 3 +0" ) (p - p)?
(0¥ = p")(p — p)
(e’ + 57 (e — p)2

et (0714577 (0= p)?

HANA A

“.1)
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Proof. By Taylor’s theorem, we have
P =" =y + D (0 P)
1
=y + D -p)’ [/ (=) =5)p+sp) " dS},
] ] ’ (4.2)
(" = p")(p —P)
1
= (o =P’y [/O (1 =$)p+sp) ! ds}.
Noting that for any 0 < s < 1,

max{((1 —$)5)” "1, (s0)’ ™"} £ (1 —$)p +s0)" ™" < max{p” !, p¥ '},
4.3)

(4.1) follows easily from (4.2) and (4.3).

We are now ready to derive the decay estimates. Suppose that (p, m) is a weak
entropy solution of (1.1) satisfying conditions in Theorem 1.2, then (p, m) satisfies

pr+my =0,
m; + (ﬁ + K(pV)) = —xm. @.4)
P X
Let p be the Barenblatt solution of the porous medium equation carrying the same
total mass M as p, and i = —(p?),, then
w=p0- 167
[ c—m— . 4.5)
satisfying
Wy + Ix = 0
2 _ _ (4.6)
2+ () + k(0¥ = pV)x + k2 = —my.
Setting
X
y= —/ w(r, t)dr, 4.7
—0oQ
we have
e =-—w, Z=). (4.8)

Thus the equation (4.6) turns into a nonlinear wave equation with source terms,
degenerate at vacuum:

2
m _ _
Yir + (7) +k(p” = pV)x + Ky = —my. 4.9)
X
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Multiplying y with (4.9), integrating over [0, ] x (—o0, 00), integrating by parts,
one has

+o0 K 5 t ptoo
[ o) avs [ [ e =50 - pravee
0 J—o0

—00
t prt+oo m2 +00
< C+/ / (y,2+ —yx) dxdr + m;y dxdz|. (4.10)
0 J—o0 P
Since ||ycllz1 = lp — pllp1 < 2M, we have, from (2.7), the following estimate
+00 +o0
myy dxdr| = o7 vy dxdt
t L
§C/(1+t) v+ dr < C. 4.11)
0

‘We thus obtain our first estimate.

Lemma 4.2. Let the conditions of Theorem 1.2 be satisfied, it holds

+00 +00
/ (yty+2y dx+// k(p¥ — p")(p — p) dxdt

+o00
< C+/ / yl dxdr ~|—/ / —yx dxdr. (4.12)

This estimate is very rough in its nature. In order to obtain a definite estimate,
a higher order estimate is required. Due to the lack of regularity, we will need to
close the estimate in the next run, which is achieved by entropy inequality.

Choosing g(§) = %52 in (3.1), the entropy n takes the form of mechanical
energy

m2 K

ne=$+y_l

and ¢, the corresponding flux. We read from the entropy inequality that

14

s

m2
Net + Gex +K7 goa (4.13)

which implies with the help of divergence measure field theory of [5] that

+o0
/ Ne(x, 1) dx +K/ / — dxdr <cC. (4.14)

Since y; = m — m, we thus have

t pr+oo t ptoo t p4oo
// y,2dxd1:§2// ﬁzzdxdr—}-Z// m? dxdt
0 J—o0

<C/(1+‘L’) AT dT+C// —dxd‘L’

(4.15)
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and

—yx dxdr

<c// —dxdt<C (4.16)

Substituting (4.14), (4.15) and (4.16) into (4.12), we arrive at the following uniform
estimate.

Lemma 4.3. Under the conditions of Theorem 1.2, for any t > 0, it holds that

+o00 400 2
[l o) [0

+oo
/ / (p p) dxdr < C. 4.17)
Remark 4.1. It holds for the Barenblatt solution that
o0 o0
/ / o7 Hldxdr = oo. (4.18)
0 —00

On the other hand, one has
0" = ") —p) 2 1o —pl" .

(4.17) thus hints p tends to the Barenblatt solution time asymptotically. In fact, a
further study carried in [21] gives a rough decay rate on || o — p|| L. We remark that
ne measures p?” while the last term on the left-hand side of (4.17) is in the form of
L?*!. The mismatch of the exponent leads to essential difficulty for better decay
rates.

For a sharper decay rate, we shall use the entropy 1nequa11ty again, which mea-

sures the LY norm in density. Choosing g(&) = |£] V = in (3.1), the entropy reads
as

: 2y
i = ,0/ lu 4+ z20% |71 (1 — 22)*dz. (4.19)
-1
We shall see below that such an entropy function measures the L?*! norm of p,

and thus matches the double integral term in (4.17).
By Taylor’s theorem, we have

1
ﬁ:,o/ gu+2p")(1 = 2)dz
-1
1 1
_ 0 / 0 ~ 0y,,2 VAV
—p/_l[g(zp)Jrg(zp )u+2g (zp )u}(l z9)*dz 4.20)
1 1
+p/1%m+m%—mm%—g@ﬁm—Ey@ﬁmﬂa—fﬂ&

= C1p? + Com® + A(p, m),
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where

1 1
A(p,m) = p / 1 [g(u +20%) — g(20”) — g’ (20" )u — Eg’%zp@)uz} (1 —z%)Mdz

3 Lrta—s)? 3) 0 2\
= pu / / Tg (su + zp”)(1 — z°)*dsdz, (4.21)
-1J0
Ly 1 +1 +1
clz/ 27T (1 — 22)dz = = B(=Y 4 ),
—1 ] 2 2(V - 1) 2()/ - 1) (4 22)
yioy +1 2 200 y(y +1) '
Cr=—"—— lz|7T(1 —z7)'dz =2———C
Ty -0 -0

and B(p, g) is a Beta function defined by

1
B(p.q) = / P11 = x4 dx,
0

Here we have used the following fact
1 A 2 1 2 A
/ g (ng) u (1 - zz) dz = —y,oeu/ 1207|712 (l - zz) dz =0.
-1 y—1 -1
(4.23)
Further advantages of this entropy 7 are summarized in the following lemma.
Lemma 4.4. For A(p, m) defined in (4.21), it holds that
3y

— DAL S Cplul (Ju| 7= + p'%),
- 2)A(p,m) 20,
- 3)A,m = 0.

Proof. From the formula (4.21) of A(p, m), it is obvious that

3y _
|Ap,m)| < CplulPlg® (lul + o) | < Colul (W_l +p! 9) :

We now prove 2) and 3). In terms of (4.21) and the fact

/] g® (Z,Oe) (1 - z2>)\ dz =0,

-1

we get
3 Pota—s)? @3) 0 B) 0 2\
A=pu//T[g (su+zp)—g (zp)](l—z)dsdz
-1J0

Lol p1 ] o) N
= Pu4/ / / %8(4) (Slszu +z,00) (1 — Zz) dsidsadz =2 0
~1Jo Jo

(4.24)
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and

1 1 2
1— 2
Apm =3A + ,0u4/ / %cg(“) (su +zp”) (1 - zz) dsdz =0
—-1J0

(4.25)
where we have used g > 0. Thus Lemma 4.4 is proved.
Let g be the flux corresponding to entropy 7. Define
e =1 —C1p" = Ci(y + D" (p = p) (4.26)

where p is the Barenblatt solution defined in (2.2). The entropy inequality implies

M + (C1p7 ™+ Cr(y + 1) (p — p))r + Gx + 26 Cam?* + k Aym < 0.

4.27)
Note that
Cily +1) =2k, (4.28)
due to (4.22), and
" =@+ Dp" o =~y + D’ + (). (4.29)

where (- - - ), denotes terms which vanish after integrating over R. We thus update
(4.27) by

st + (2C2pY (0 — )i + 2k Co(m — )?
+di Car(m — m) + kK Apm + (- ) < 0. (4.30)

Since p — p = —yy and
m(m —m) = —(p" )y = =@ V)i + Bi(p — )+ (--)xr (431D
(4.30) is reduced into

st — 2kCo (Y ¥)1 + 2k Ca(m — 1m)? + 4 C2(pY )1 (0 — p)
FkApm + (- 20. (4.32)

For any small positive constant ¢ > 0, we define

1

M(S)Zl—m—s



680 FEIMIN HUANG, RONGHUA PAN & ZHEN WANG

Multiplying (4.32) by (1 + 1)*®) | integrating the result on R x [0, 7] and using

Lemma 4.4, we find

—+00 t +00
1+ r)“@)/ ns dx +/ / (1 4+ DH*O 2k Ca(m — m)? + k Aym) dxdr
0 J—o0

—00

1 ptoo o0
<c+cC / / (14 )"y, dxdr 4+ C(1 4 1)*© / 15 1ly| dx
0 J—

—00

t 400
+c/ / (1 4+ )*E=1 57|y dxdr
0 J—o0

t “+o00
+c/ / (14 D413 [|p — 5] drde
0 J—0

4
= C+ Z],'.
i=1

From (1.5), (4.20), (4.26), (4.1) and Lemma 4.4, we have

2
— _ m
N« = C(p” = p")(p —p) + C7,

which, together with Lemma 4.3, implies

t +00
I < C/ / Ny dxdt
0 J—o0
t p+oo m2
= C/ / ((py —p")p—p)+ —) dxdr = C.
0 J—oo P

By Lemma 4.3 again, we have

+o00 +o00
L < c/ y2dx +C(1 +t)2“<8>/ 17 [*dx

—0o0 —00
1
< C+CA+ 0Oy
<c+ca+nE<c.

Similarly, we have

t 400
I < C/ / (1 + 2@~ 57 |[y] dxdr
0 —00

(4.33)

(4.34)

(4.35)

(4.36)

t p+oo t pr+oo
< / / (1+7)"'"7%y? dxdr + c/ / (1 + 1)@=+ 572 dxdr
0 J—o0 0 J—oo

t ‘ ]
§/ (1+7)~1=¢ d‘L’—I—C/ (1 4 )23+t gy
0 0

t
§C+C/(1+r)—1—8dr
0

<C.
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It remains to deal with the term /4. From (2.2) and (4.1), we obtain, when
1<y <3,

t 400
nsc [ aso i - bl
0 J—-o0

t +oo
< c/ / 7 (p — 57 dudr
0 J—o0
t +oo
+C/ / (1 + 1)@ 5175712 dxdr
0 J—
t
<c+ c/ (1+ )22 75 4q
0
t
<C+ c/ 1417~ 72 dr < c. (4.37)
0
Thus, in view of (4.33), (4.35), (4.36) and (4.37), we get
+00
/ ne dx < C(1 +1)"H®, (4.38)
—00

Therefore we can prove the following lemma,

Lemma 4.5. Under the conditions of Theorem 1.2, it holds for any t > 0 that

lm — i) D125 + 1o — ) DI,

400 J S,
+ / P P70 = 0P dx S CA+ DT )

—00
t 1
/ (14070 %) m — m) (., D)%, dr < C,
0
for any positive constant ¢.
Proof. From Lemma 4.1 and the following fact
01+ 57N = 5?2 C(o” = ") (p = p) 2 Clo —pI"H,

the estimates on p are directly from (4.39). It remains to show the estimate on m.
For this purpose, we have

+o00 +o00
/ (m —m)? dx < c/ (m? + m?) dx

—0o0 —0o0
+oo +oo
scf Tmas [ @ia
—0o0 —0o0
2y+1

< C+ 0Tt o1 407

< c + Tt
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where we have used the fact that

2y +1 1 2y +1

< —l= -
y +1 2y + 1) 20+ 1)

The proof of Lemma 4.5 is complete.

Next, we shall use Lemma 4.5 to further obtain an L' convergence rate on
density, which is based on the following key observation.

Lemma 4.6. If p = 0 and p = 0 have the same total mass M, then for any t > 0,

+oo
/ |p—ﬁ|(x,t)dx§2/ o — B1(x, Ddx. (4.40)

—00 p>0

Proof. Because

+00 +00
/ p(x,t)dx =/ pdx +/ pdx =/ p dx =/ pdx,
—00 >0 p=0 —00 p>0

(4.41)
we have
/ pdxz/ (ﬁ—p)dxg/ 16— pl dx 4.42)
p=0 »>0 p>0
and
+oo
/ Ip—ﬁldx=/ Ip—ﬁldx+/ pdx§2/ o — 7l dx.
—00 >0 p=0 p>0
(4.43)

Therefore Lemma 4.6 is complete.

Remark 4.2. Lemma 4.6 discloses the fact that |p — p| on the support of the
Barenblatt solution 5 plays a leading role in the L' estimate. It is noted that the
support of p is a bounded domain for any fixed ¢ > 0, thus it is possible to obtain
an L' convergence rate from an L” convergence rate.

The decay rates of the L' distance between p and p is given in the next lemma.

Lemma 4.7. Assume the conditions in Theorem 1.2 are satisfied, then

1
lp—ally £ CA+0 M V>0,

for any e > 0.
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Proof. To take care of the singularity of p, we divide the support of p into two
parts:

A . -
Qo—( ‘/B(]+t) v (141" p ,/ (1+t) v+ (1+t)f’),
A . L
( YA +07T, ,/ (1+10)7+ (1+t)ﬁ)
L A L
(,/ (1+1)7+ (1+t)“3,\/§(1+t)v+l), (4.44)

where 8 > 1 is a constant. Then {p > 0} = Q¢ U Q1.
With the help of Lemma 4.5 and Lemma 4.6, we now compute

/ o — pldx
0>0
=/ Ip—ﬁldx+/ o — pldx

Qo Q

1 1
—y—1 ~2: )" 1 : -

<(/ 5 |p—p|dx) (/ 5 de) +/ o — pldx

Qo Qo Qg

<cd+ t)—%+4<yl+1)+%(1 + t)zg;rlr)

NN

X

x/ A-—22 ) ax| +ca+nP
Qo (1_|_t)y+l

1 3 1
<CA+0) 02 /In(1+1) S CA+1) 0 te, (4.45)
Here we have used the fact that

-1
Bx?
A-—"2 ) @
W\ (147
. N R \/7 - \/j -
=B (1 +1)riT - — — d
(o /s=—\/§+<1+z>ﬁyl+l B¢ B*E :

1
S C(1+ 07 In(1 +1).
This completes the proof of Lemma 4.7.

Theorem 1.2 follows from Lemmas 4.5 and 4.7.

5. Remarks and discussions

This section is devoted to some further remarks on two issues. The first is about
alternative asymptotic profiles of (1.1) constructed by T. Liu. The other one is about
the optimality of the rates in our Theorem 1.2.
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5.1. Liu’s solution

In [26], Liu constructed an interesting solution to (1.1) mimic the Barenblatt
solution to (1.2). In this section, we shall discuss Liu’s solution in its one dimen-
sional version and the relation to our studies in this section.

Define ¢ = p’(p) = kyp? ! be the square of the sound speed, one can rewrite
(1.1) in terms of u and ¢:

¢ +upy + (y — Dou, =0

" + o, (5.1
ttuuy + Sy dy = —au.
Consider solutions with finite mass such that
1
t 2
p(x.1) =0, for x| 2 (%) ,
and set
B0 0) = [e®) = b0x?] L utx,n) =ax, (52)
+

for some non-negative smooth functions a(¢), b(¢) and e(¢) to be determined. One
thus obtains the following ordinary differential equations for the functions a(r),
b(t) and e(t):

e+ (y—1ae=0
b+ (y+1ab=0 (5.3)
a’—i—az—l—aa—%b:O.

The first two equations imply that
et
|:ln (F)} =0, (5.4)

el = e b7 1, (5.5)

which induces that

for some constant e; > 0. Therefore, one only needs to solve the equations for a
and b in (5.3). The existence of global solutions to (5.3) thus could be done by the
phase-plane diagram analysis on the region

az0, b=0,

where (0, 0) is the only stable equilibrium. Furthermore, ' < 0 inside the region
while a’ changes sign across the curve

-1
I'y:b= J/T(az—l—oza).

Indeed, @’ > 0 above I'1, and @’ < 0 below I';. A further conclusion from this
analysis leads to (a, b)(t) — O ast — oo.
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The above procedure can be performed for the porous medium equation to
obtain the Barenblatt solution with the same ansatz as (5.2):

¢ = [é(t) — E(z)x2] C d=alx. (5.6)
+
Instead of (5.3), for the porous medium equation, one has

&+ (y—Daé=0
b+ (y+Dab=0 5.7
aa — hb _O

which is solved explicitly as

a = 5t
b(1) = g§;+}; 1! (5.8)

e(t) = eyt V+'

if the initial density is chosen as a pointed mass located at the origin. From this
solution, one has

B B 7\ 7o 1
&ZI—M[%_MSZ] : 5=(£)yl_t a [A Bé] :
14 + ky +
5.9

where eq is chosen as ky A, while A, B and & were defined in Section 2.

When the initial data for a(t), b(t) and e(t) are chosen such that the initial den-
sity is also a pointed mass at the origin with the same total mass as the Barenblatt’s
defined through (a, b, e), these two solutions share the very similar behavior. The
main result of [26] is that (a, b, ¢) approaches to (a, b, &) time asymptotically with
very fast decay rates, which is restated in the following theorem.

Theorem 5.1. (Liu [26]) If the solution (p, u)(x, t) of (1.1) constructed in terms
of a, b and e as solutions of (5.3) carries the same total mass M as (p, i) given by
a, b and e, then as t — +0o0, it holds

b® 2 = M, (5.10)
a(t) a 2
and
(a(t), b(t), e(t)) = (a(t), b(t), &(t)) (1 + O(I)mTI) , (5.11)

where O (1) is independent of t 2 1, but varies with the trajectories of (5.3).

Remark 5.1. Theorem 5.1 is sharper than the original statement in [26], but (5.11)
should be the true statement as it is clearly stated in the proof of [26]. On the other
hand, there seems to be some misprint in the original statement, as both a(¢) and
b(t) decay faster than the remainder term o)~ It there.
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The detailed information of Liu’s solution, denoted by (pr, ur)(x, ¢) given in
Theorem 5.1 indicates that

1
_ In(z+1) |71 _
(oL —P)(x, )] = C [—} px, 1), (5.12)
t+1
which implies that

1

_ In(z+1) |71
—p)(,t <C|—= . 5.13
(oL =) Dl = [ P } (5.13)

Now, one easily concludes from (5.13) and Theorem 1.2 that

1
1o = pL) (. D1 £ CA+1)” 57 for Ve > 0. (5.14)

5.2. Optimality of decay rates

It is not clear whether the decay rates we obtained in Theorem 1.2 are optimal
or not. When first examining the rates in (5.12) and (5.13), one may feel that the
rates in Theorem 1.2 are too slow. Indeed, since Liu’s solution is a particular solu-
tion with the same initial data as Barenblatt’s solution, the decay rates obtained in
(5.12)—(5.13) are much faster than those stated in Theorem 1.2.

However, Theorem 1.2 is general in its nature. First of all, the results in Theo-
rem 1.2 are valid for any L°° entropy weak solutions without any regularity, while
Liu’s solution is Lipschitz almost everywhere and is Holder at the vacuum bound-
ary. Other reasons include the generic condition of the initial mass distribution in
Theorem 1.2, without specification of the center of the mass. We note that a shift of
the center of the mass could result in a large error compared to the specific choice
made in Liu’s solution, which matches the Barenblatt solution in a perfect way. For
instance, one could easily estimate the L' decay between Barenblatt’s solution and
a shifted one as follows.

1

! \/% A !
I(p(x, 1) = px +d, D)l = 00)1 +;)—m/0 (J;— é‘) dé

— O()(1 +1) 7. (5.15)

This partially explains why the decay rate of Theorem 1.2 is much slower than
(5.11).

We further remark that one should not expect the rate in (5.15) for the gen-
eral case in our problem and for the porous medium equation. In fact, CARRILLO
and ToscANI [4] proved that the L' convergence rate from solutions of the porous
medium equation with finite total mass and finite second moment to the Barenblatt

solution is about (1+1¢)"~ HeT using the relation between the porous medium equa-
tion and the Fokker-Planck equation. This idea is later adopted in the recent work
of OGawa [37] for the Keller-Segel system. This rate is much closer to our rates in
Theorem 1.2. The difference between these two rates could be explained in many
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ways. A distinct feature here is the lack of regularity in our L°° solutions. It is also
remarkable that we did not question the conditions on the boundedness of sthe ec-
ond moment. Furthermore, [4] is on the difference between solutions of the porous
medium equation, while we compare the solutions of compressible Euler equations
with damping, which is hyperbolic, with the Barenblatt solution. One thus expects
slower decay rates in our case than in [4]. Finally, we note the constraints in our
proof for better decay rates are from the terms of I; (i = 1, 2, 3, 4) in (4.33)—(4.38).
It is clear that the current rates are very hard to improve with current approach.

On the other hand, we did not find an argument on the optimality of our rates
in Theorem 1.2. Therefore, the optimal decay rate of ||p — p||;1 remains as an
interesting open problem.
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