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Abstract

In this article, we investigate the response of a thin superconducting shell to an
arbitrary external magnetic field. We identify the intensity of the applied field that
forces the emergence of vortices in minimizers, the so-called first critical field H,|
in Ginzburg—Landau theory, for closed simply connected manifolds and arbitrary
fields. In the case of a simply connected surface of revolution and vertical and
constant field, we further determine the exact number of vortices in the sample as
the intensity of the applied field is raised just above H.j. Finally, we derive via
I'-convergence similar statements for three-dimensional domains of small thick-
ness, where in this setting point vortices are replaced by vortex lines.

1. Introduction

In this article, we investigate the response of a thin superconducting shell to an
arbitrary external magnetic field. The intensity of the applied field is taken of the
order of the so-called first critical field H, in Ginzburg—Landau theory. The main
goal is to identify the asymptotic value of H. as one lets the Ginzburg-Landau
parameter « go to infinity, when the thickness of the sample is sufficiently small.
Once this is established, we specialize to shells constituting a neighborhood of a
simply connected surface of revolution, and take the applied field to be constant
and vertical. A second major thrust is then to determine, in this particular case,
the exact number of vortex lines present in minimizers of the Ginzburg-Landau
functional when the intensity of the external field is raised above H,; by a lower
order term. In addition, the asymptotic location of vortices is found analytically;
vortex lines consist of two collections that concentrate near the poles. Finally, it
is proved that the configurations of the limiting vortices in the manifold tend to
minimize a renormalized energy.
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We consider a sample occupying a neighborhood of a closed two dimensional
manifold M in R3. More precisely, our object of study is the functional

2
Gerx(W,A) = é/ (|(v — iAW+ %(|l1/|2 - 1)2) dx

Q¢

+l/ IV x A — Hey(|? dX, (1.1)
& JR3

where 2. is a thin superconductor corresponding to an e-neighborhood of M,
¥ : 2, — C is the order parameter, Hey : R3 — R3 is the external mag-
netic field, that is, a given smooth, divergence-free vector field, and A : R3 —
R3 corresponds to the induced magnetic potential. The functional (1.1) is the
Ginzburg-Landau energy functional with a scaling factor of 1/¢, that is normalized
by the volume of the sample (up to a multiplicative factor). One reason for studying
this functional stems from the fact that even though the literature available for the
case of an infinite cylinder and constant applied field is extensive (see [25] and the
references therein), much less is known for general three-dimensional domains and
arbitrary applied fields. Unlike the case of an infinite cylinder where one considers
a vertical applied field to reduce the problem to a two-dimensional one, the thin
sample approach described below allows the possibility of studying features of the
solutions arising from nontrivial geometries responding to general applied fields.
Another reason that this setting is interesting is the fact that vortices cannot escape
through the boundary. This also imposes the restriction that the total degree of the
vortices must be zero.

One way to circumvent the difficulty of studying the full three-dimensional
Ginzburg-Landau functional without losing the geometric and topological rich-
ness of generic domains is by considering a thin superconducting sample. This
is the approach the author and Sternberg follow in [5], where we analyze the
Ginzburg-Landau energy of a superconductor that occupies a neighborhood of
a compact surface without boundary. We establish a relation between G, , and
a reduced model posed on the manifold in which the induced magnetic field is
replaced by the tangential component of the applied one. More precisely, we prove
that G (¥, A) I'-converges to Gy . (), where

2
Gm(¥) = /M (|(VM — iAe) V| + %(W - 1>2) dH3, (). (1.2)

Here A¢x is a divergence free vector field satisfying V x Aext = Hex, and
(Aext)™ = Aext — (Aext - V(x))v(x). The precise topology of convergence is pre-
sented in detail in [5] and in Section 2 below. In [5], we also obtain, for simply
connected surfaces of revolution and vertical fields, the asymptotic value of the first
critical field H,1, that is, the minimum magnetic field strength that must be over-
come in order to see vortices in minimizers when « >> 1. For the case of an infinite
superconducting cylinder of constant cross-section, the authors of [23] carry out
such an investigation and determine the critical coefficient of In k, characterizing it
in terms of a solution to a certain auxiliary problem related to the London equation.
(See also [25] for much more detailed information about H,; in this setting.) For
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the planar problem arising as a thin film limit, the authors of [6,7] determine this
critical coefficient in terms of a different auxiliary problem. Rather remarkably, in
the case of a surface of revolution and constant vertical field, Sternberg and the
author show in [5] one has simply

H.1 ~ 4 /(Area of M) Ink,

for« > 1. Among other things, the author extends here this result of [5] to allow for
arbitrary fields and general simply connected manifolds. In this paper we consider
fields that are presented in the form Hex; = 7 (k) H®. Here the scalar /i (k) denotes
the intensity of the given external field and we assume ||H¢|| o, = 1. We also write
H¢ = V x A¢, which we refer to as the normalized field and normalized potential,
respectively. In Theorems 3.1 and 3.2, we prove that given a simply connected
manifold M, there are two kinds of applied fields, those that give rise to an infinite
value of H,; and those for which
1

H. = - Ink,
max pq xF — minpg *F

where % F is a O-form with F a solution of d*F = (A°)". Here (A°)" is the
tangential component of the normalized applied potential A¢ in some convenient
gauge. The strategy of the proof is to first identify a “first critical field” for the
reduced Ginzburg-Landau functional G, and then prove that this serves as the
asymptotic value of H.; for the full Ginzburg—-Landau energy, provided the thick-
ness is taken small enough. This is achieved through the I"-convergence relation
described above. To our knowledge, this is one of the first calculations of the first
critical field for Ginzburg—Landau in a three-dimensional setting, preceded by [5],
and by the determination of a candidate for H, for a solid ball in R in [1]. It also
corresponds, to our knowledge, to one of the first calculations of H.; for generic
three-dimensional non-constant applied fields.

In the second half of the paper we try to understand how vortices emerge as
one increases the strength of the field slightly above H. We fix H® = ¢, and let
now M denote a simply connected surface of revolution obtained by rotating a
C*-curve around the z-axis. The intensity that we consider here is

hik) = 47TV Ink +olnlnk,
HA(M)
where o > 0 is a fixed constant independent of «. This intensity is just o(ln «)-
above H,.1, and is within the regime where we expect the successive appearance of
multiple vortices in the sample as o increases. In [22], Serfaty proves that in a super-
conductor that is an infinite cylinder with cross section a disk D> C R2, subject
to a constant vertical field, there exist locally minimizing solutions of Ginzburg—
Landau exhibiting multiple vortices of degree one when the external magnetic field
is raised above H,; by an addition of a In In « term, whose coefficient determines
exactly how many vortices there will be in the sample. She also proves that these
vortices concentrate near the center of the disk and that their rescaled configuration
tends to minimize a renormalized energy. This result was later extended in [25] to
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consider more general domains, and where the solutions thus obtained are shown
to be global minimizers. With the insight gained from [22] in mind, it is natural to
ask whether something of the sort holds in our setting. One big difference is that
in our case the total degree zero restriction precludes the possibility of only degree
+1 vortices. The concentration set of the vortices cannot be a singleton, either, for
the same reason. If a renormalized energy is to be found, the way to account for
the interaction of vortices is not clear a priori, since degree +1 and degree —1 are
supposed to attract each other and they must both coexist in M. We prove that if
o ¢ (4 /H? (M))Z, then any global minimizer of G 1. Possesses exactly

.
4

vortices, where half of them are located near the north pole and have degree 41,
while the rest lie close to the south pole and have an associated degree of —1.
Here, || denotes the integer part of a real number. When o € (47/ H? (M))Z a
transition between consecutive integers occurs in the optimal number of vortices.
The projections of these configurations of vortices onto the xy-plane, rescaled by
a factor of +/In« , tend to minimize

no
R™(xy,...,x,) i= —Zln |xi — x;] + L Z ;|2
i#] H> (M) i=1

This happens for both sets of vortices independently. The leading order term forces
the two configurations to be well separated and their interaction is fixed up to o(1).
These renormalized energies are thus decoupled and it could well be that both
configurations converge to different minimizers as k — oo. This result is later
combined with the I"-convergence result to obtain the same number of vortex-lines
and similar locations for minimizers of G .. The result on the number and asymp-
totic location of vortices constitutes an analogue of those in [22,25]. In these works
the renormalized energy consists also of two components, a logarithmic interaction
term and a quadratic one that confines the vortices near a preferred location.

While one of the reasons to study the reduced functional is to obtain new
information about three-dimensional Ginzburg-Landau, the underlying problem,
namely the pursuit of understanding salient features of G Mo is an interesting prob-
lem in its own right. Within the physics community, there are numerous studies of
the response of a spherical superconducting shell or thin film to a magnetic field,
including the experimental study [27] and the theoretical studies [10,20,28], the
latter being primarily computational. Within the applied mathematics community,
we note the computational work in [11,12] on superconducting spheres in the pres-
ence of a vertical magnetic field. Here the authors capture various vortex patterns
on the surface of the sphere as the magnetic field strength is varied. Note that all
of the research cited above focuses solely on a spherical geometry and is largely
computational. Thus, the result presented here on vortex location and multiplicity
at the manifold level gives rigorous confirmation to the experiments in [11]. But it
proves more; it holds for any simply connected connected surface of revolution, not
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only a 2-sphere, and it shows those solutions can be realized as global minimizers.
We point out that in the general case (when the external field is not constant, and the
surface is not of revolution), the derivation of the asymptotic location of vortices is
more involved. First, the set where max x * F (resp. min a4 * F') is achieved may not
be a singleton and therefore the vortices carrying a positive degree (resp. negative)
have multiple options regarding where to concentrate. This also makes the optimal
number of vortices more difficult to derive. Another issue is that, depending on
the external field and the manifold, the behavior of *F near a concentration point
may yield a weaker attraction of vortices towards it, affecting the renormalized
energy in particular and making a particular concentration point more preferable
than others. Also, when the symmetry is lost, the energy renormalization cannot be
performed by simply projecting the vortices onto a single plane. All of these mat-
ters are currently being pursued by the author. Finally, in the case of higher genus,
its effect on the first critical field and emergence of vortices, to our knowledge,
remains unexplored in this manifold setting.

The article is organized as follows. In Section 2 we introduce the necessary
notation and background. In Section 3 we obtain the value of H,.; for simply con-
nected manifolds and arbitrary applied fields. We achieve this by first obtaining an
upper bound for the energy of minimizers through a construction. Then, we obtain
a lower bound based on an adaptation of the technology on energy concentration
on balls developed in [15,23]. Section 4 may be regarded as a toolbox; it consists of
several results that allow for the isolation of the singularities of minimizers and its
consequences, such as lower bounds on the energy taking into account the location
of the vortices. In these results we carefully adapt, when necessary, to our setting,
the lower bounds based on ball construction techniques of [2,3,22], in the case
of a bounded number of vortices. In this context the ball constructions are done
using geodesic and isothermal balls and we employ the terminology of pseudo-
balls indistinctly to refer to either type, to avoid confusion with Euclidean balls. In
Section 5 we prove that the hypotheses of the technical propositions of Section 4
are satisfied in the cases we consider. We then use these tools to derive the results
on multiplicity and location of vortices.

2. Notation

Let M be C? orientable and a closed simply connected 2-dimensional man-
ifold without boundary in R3. In this paper X will typically be a point in R,
while x or p will usually represent points on M. In addition, we write v(x) for
the outer unit normal to the manifold at a given point x € M and denote by
VV(x) := (V(x) - v(x))v(x) and V' (x) := V(x) — V¥ (x) the components, normal
and tangential to the manifold, of a vector field V in R>. Finally H%\A will denote
the two-dimensional Hausdorff measure restricted to M. The map

T, : M x (0,1) = R3 given by X = To(x, 1) := x + etv(x), 2.1

is smoothly invertible for ¢ small, in light of the regularity assumed on M. Our
purpose will be to study certain properties of minimizers of the Ginzburg—Landau
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functional

2
Ge (W, A) = é/ (|(v iAW+ % (|v1/|2 - 1)2) dx

&

1
+-/ IV x A — Heye|? dX, (2.2)
& JR3

where 2. is a thin superconductor corresponding to an e-neighborhood of M.
More precisely,

Q. ={XeR: X=x+erv(x)forx e M, t € (0, 1)}.

In the functional (2.2) the constant k > 0 is the Ginzburg-Landau parameter,
Heyx: : R3 — R3is the applied magnetic field, that is, a given smooth, divergence-
free vector field, and A : R? — R3 corresponds to the induced magnetic potential.
Asisnatural, we take G  tobe defined for¥ € H 1(82,; C). Regarding the domain
of definition of the potential A, we introduce

H :={A € C°(R3; R3) : A compactly supported}, (2.3)

where the closure above is with respect to the norm

1/2
VAl 2R3 R3) = (/R% |VA[? dx) .

Then we set Hp = {A € H : div A = 0}. Consider A¢x; a magnetic potential corre-
sponding to the given external magnetic field Hex to be any vector field satisfying
the requirements

V X Aext = Hexy and  div Aeg = 0 in R, (2.4)

These conditions determine Ay up to the gradient of a harmonic function. Thus,
G will take pairs (¥, A) € H'(M; C) x ({Aext} + Ho).

In [5], the ["-limit of G, as ¢ — 0 is obtained. We introduce the topology
of this convergence; given (¥4, A®) C H'(£2,; C) x ({Aext) + Ho) and (¥, A) €

H'(M x (0,1); C) x ({Aext} + Ho) we will write (&€, A?) R (¥, A) provided

¥® — o weakly in Hl(./\/l x (0,1); C) and A® — A — 0 strongly in Ho,
(2.5
where Y¢ = W€ o Tp.
Then for (¥, A) € H'(M; C) x ({Aext} + Ho) we define

. . K 2
IMauc(¥) = /M (|<VM — iAW+ 5 (WP - 1) ) M3 (x). (2.6)

and for (7, A) € H' (M x (0, 1); C) x ({Aext} + Ho) we define

GM. () if Yy = 0 almost everywhere in M x (0, 1), A = Aext,

GMmu (W A) = { o0 otherwise,

2.7
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where ¥, 1= %—If We point out that in (2.7) we have made the obvious identification
between elements ¥ of H! (M x (0, 1); C) satisfying the condition v/; = 0 almost
everywhere and elements of H (M ©).

Theorem 2.1. (cf. [5], Theorem 3.1 and Proposition 3.4) The sequence of
Sfunctionals G¢ , I'-converges as ¢ — 0 to Gnq in the Y-topology. In addi-
tion, given any sequence {(¥¢, A®)} C H'(£2,; C) x ({A} + Ho), satisfying a
uniform energy bound

Genc(WE,A%) £ C,

there exists a function ¥ € H'(M; C) such that after passing to a subsequence
one has

Ve = WE(T,) — ¥ weakly in H'(M x (0, 1); C)
and (Ye); — 0 strongly in L*(M x (0, 1); ©), (2.8)

while
A® — Aext — 0 strongly in Hy. (2.9)

The following is an improvement on a proposition in [5], which can be easily
obtained via a bootstrap argument, when enough regularity of M (also 3. M when
the manifold has boundary) is assumed.

Proposition 2.1. (cf. [5], Proposition 3.5) Fix any k > 0. For any ¢ > 0, let
Yoo + 2 —> Cand Ag ¢ - R?® — R3 denote a minimizing pair for G with
Ve : M x(0,1) — C associated with W, . via Y (X, 1) := We  (x + tev(x)).
Then there exists a subsequence {&;} — 0 and a minimizer V¥ of G i such that
Vejk = Y in Ch¥ (M x (0, 1)) for any positive a < 1.

Through Theorem 2.1 it is possible to establish a correspondence between prop-
erties of minimizers of G, and G A4, provided ¢ is small, and in principle also
between local minimizers (see [18]) and even non-degenerate critical points (see
[17]). In light of this we study the limiting behavior of minimizers of G o, as
K — 00.

3. H. of a simply connected manifold and its associated thin shell

In this section we will take Hex¢ to depend on « with the aim of determining the
asymptotic value lim, _, oo Hex(x), above which the global minimizers of G aq
and G, . exhibit vortices. This is done in Theorems 3.1 and 3.2 below. These results
extend those of [5] where the surface is taken to be of revolution and the applied
field is constant and vertical. In the present work the surface is any simply connected
smooth two-dimensional manifold without boundary and the field is arbitrary. To
be more precise, let H, A¢ be smooth vector fields such that

H° = V x A°, for some A° with divA® =0inR’, and |H|,. =1 (3.1

[
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Thus, given H¢, A¢ satisfying (3.1), we study asymptotically the response of a
superconductor subject to external fields Hexy = Hex¢(k), with applied potentials
Aext = Aext(k), of the form:

Hex (k) :=h(k) H,  Aexi (k) := h(x) A°. (3.2)

We call h(k) the intensity or strength of Hex¢. The most commonly studied case
corresponds to the family of fields arising from H® = ¢, and our definition of
strength is consistent with the one utilized in that situation. In this terminology, the
first critical field, or H, for G aq  (resp. Gg i) is the minimum value 4 (x) such
that any global minimizer has at least one vortex (resp. vortex line). In order to
describe how the value H.| depends on H® and the manifold, it is first necessary to
divide the vector fields H¢ according to:

(H;) We say that H® satisfies (Hp) if H¢ is s.t. there exists ¢ € C*°(M; R),
satisfying Vo ¢ = (A°)T restricted to M.
(H>) We say that H® satisfies (H») if H® does not satisfy (Hy).

It is worth mentioning that neither of the above conditions is void. The next
proposition implies in particular that non-vanishing vector fields satisfy (H>) (see
Remark 3.1 below). As an example of a vector field H satisfying (H;), consider
M =S? and H? := V x A¢, where

e _ 2 A _ﬁ ~ In
A =r-sinf 0 + 2cos9 r+0- ¢,

and 7, 6 and ¢ are the unit vectors for the spherical coordinates. One readily checks
that H® = V x A¢ = (V x A®)7, and V- A® = 0. Thus, since for a smooth function
f we have

1af . 1 af
Ve f =6--L iy
2 f =05 TP ine 00

we get that for f = —cos 6 r3, Ve f = (AT = r2sin6 0.

Proposition 3.1. Given a manifold M, assume H¢ is a given smooth vector field
satisfying (Hy). Then H® = (H®)" on M.

Proof. Let S C M be any open simply connected subset of the manifold with
boundary I'. Hypothesis (H;) guarantees the existence of a smooth function ¢
defined in a neighborhood in R3 of the manifold M such that its restriction to M
satisfies: Voq¢p = (A€)T. It then follows that

0=/(VX(V¢))-V=/V¢'TF=/VM¢'TF
S r r

Z/(Ae)r'TFZ/Ae~‘L'['=/He~U.
r r S

Since S is arbitrary, this implies H* = (H*)" on M. 0O
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Remark 3.1. Proposition 3.1 guarantees that if H® does not vanish on M, then
H¢ satisfies (H3). Indeed (H®)® is a smooth vector field on M, so by the Poin-
care—Hopf theorem it must vanish at some point p in M. But if H*(p) # 0, then
H¢(p) # (H°)"(p) and hence H€ satisfies (H>).

Our first result shows that for external fields defined in (3.2), where H¢ satis-
fies (Hj), there is no first critical field for G a4, ; that is, global minimizers never
vanish, regardless of the strength of the applied field. Surprisingly, merging this
with Theorem 2.1, we also obtain that for G, . the value of H, is infinite for ¢
sufficiently small.

Theorem 3.1. Let k > 0 be a given positive number. Let G, and Gaq . be the
Sfunctionals defined in (2.2) and (2.6), respectively, where Hex = Hexi(h) = h HE,
and Aext = Aext(h) = h A¢, for H®, A° satisfying (3.1).

IfH satisfies (Hy), then global minimizers of G never vanish, independent
of the intensity h of the external field. Furthermore, there is an &9 > 0 such that
forany e < &g, any global minimizer W¢, of G satisfies |W¢| 2 %.

We point out that the hypothesis of Theorem 3.1 that H¢ satisfies (H;) is actu-
ally very sensitive even to arbitrarily small C! perturbations of M. Thus, in general
we expect to be in the case where H¢ satisfies (H>). As we will see in Theorem 3.2
below, such a perturbation would have the effect of lowering the value of H.{, from
effectively oo, to O(In k).

Proof. The proof is remarkably easy. First note that even though the limiting func-
tional G ¢, does not enjoy the gauge invariance of G ,, one still has

2
Py = min/ I\(VM —ih(Ae)T)l//|2+ LA 1)2] a3,
v Jm 2

. 2
=P = mni“/M [|<VM — i h((A) + V)| + %(Inl2 - 1)2] dH4,
(3.3)

with the minimizers related via n ~ e'?. Note also that the vortex structure is
preserved under this transformation. Since H® satisfies (H;), we can choose ¢
above to erase the contribution of the applied potential 2 A¢ completely from the
energy. Clearly then, the global minimizers of the resulting functional are simply
constants of modulus 1. The last statement of the theorem follows immediately
from the uniform convergence of minimizers provided by Proposition 2.1. O

We have now seen that fields H® that satisfy (H1) yield H.; = oo. In the rest of
the section we compute the leading order term of the first critical field in the case
in which H¢ satisfies (H>), and we find it is of order O(In k).

Recall the definition of intensity & (x) of an external field Hey (k) given by
(3.2). We assume the intensity obeys
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lim — = Cy, (3.4)

for some non-negative constant C.
In what comes, we will at times view (A¢)" as a 1-form, and whenever we do so
it will be clear from the context. Let ¢ be a O-form (or a function) on M satisfying

— Apmgp =d* (A7), (3.5)

where d* = xdx is the Hodge differential and * is the Hodge star operator on
forms. Equation (3.5) is always solvable since the kernel of A 4 consists only of
constant functions while [, d * f = 0 for any 1-form f. Now let ¢ be a solution

of (3.5) and extend it smoothly to all of R3. Call this extension ¢ and let
A =V + A°. (3.6)

Notice that d*((A~e)’) = 0 on M, where we are again making the identification
of (A°)" with a 1-form. In light of (3.3), without loss of generality, we assume
A¢ = A°. Since in our case H [} rM) = HL} R(Sz) = 0, this implies the existence
of a 2-form, F such that

d*F = (A°)". 3.7
Remark 3.2. Note that F' is determined up to a constant. Recall that H® satisfies

(H>) which implies (A€)" = d* F is not identically zero, so *F is not constant.

We now present the main theorem of this section. The second part provides an
equivalent of the main result of [23] in our setting. In our case, the role of &y in [23]
is played by % F.

Theorem 3.2. Let Gaq . be the functional defined in (2.6) where the parameters
are defined in (3.1), (3.2) and H¢ satisfies (H>). Then, if the intensity h(x) obeys
(3.4) with
1
- <
maxaq xF — minpg xF

Co, (3.8)

where F is any solution of (3.7), there exists a value Kq such that for all Kk 2 K,
any global minimizer W, of Gaq, has at least two vortices of nonzero degree. If,
instead the external field satisfies (3.4) with

1
" >
max aq kF — minpg xF

Co, (3.9

then there exists a value kg such that for all k 2 ko, any global minimizer of Gaq
does not vanish.

Theorem 2.1 allows us also to assert in this section that the value Cg In x serves
as an asymptotic value for H.j for the 3d Ginzburg—Landau energy G, , as well,
when ¢ is sufficiently small. To that end, for any € (0, 1) and ¢ € (0, g9), we
introduce the manifold

M :={x+etvx): x € M}. (3.10)
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The following holds:

Theorem 3.3. Let G  be the functional defined in (2.2) where the parameters are
defined in (3.1), (3.2) and H¢ satisfies (H). Fix any value k 2 o where k is the
value arising in Theorem 3.2. Then, there exists a value ey = eo(«) such that for all
positive e < g, If (3.8) holds, any global minimizer ¥, , of G  vanishes at least
twice on each manifold M., for 0 < t < 1. On the other hand, if (3.9) holds,
Y, . does not vanish in §2;.

In the proof of Theorem 3.2 we will make use of a result that requires some back-
ground. We will denote by exp, the exponential map for M at p, cf. [8]. It is well
known that for r small enough, exp,, provides a local diffeomorphism from 7}, M
onto its image in M. In this section a pseudo-ball will be the diffeomorphic image
of a Euclidean ball under the exponential map, that is é( p.r) = exp,[B(0,r)]
for B(0,r) C T, M. We state without proof the following proposition (see [5]
for additional comments) which is nothing but the translation to our setting of a
vortex-ball construction technique developed in [15,23].

Proposition 3.2. (cf. [5], Proposition 5.7) Let . be a sequence of smooth functions
defined on M, satisfying |V | < C - k., with

Vainel + S (2 1) @1, < C - iy 3.11
[ vat + 5 (P = 1) @ S coamet G

Then, there exists a family l§j = E(pj, r;) of disjoint pseudo-balls, with p; € M
for j =1,..., Ny, such that for k sufficiently large

Ul 10.3/4)) € U, B
N, < C - (Ink)?
ri £C-(Ink)~°

2
Ja, 1Vawe P + 5 (e = D? dH5 2 2

Sl

K
dj

(Ink — O(Inlnk)),

where we have defined d](-K) = deg(Y, 0 éj).

We will apply this proposition to global minimizers of G4, . The hypotheses will
be satisfied since under assumption (3.4), we can compare the energy of a min-
imizer to the energy of ¥ = 1 to get the energy bound (3.11). Then the needed
hypothesis |V | < C - k follows from elliptic regularity by working in local
coordinates, rescaling these by % and applying standard Schauder theory, cf. [13].
By the compactness of M, one constant C can be obtained such that the estimate
holds along the entire manifold.

Prior to proving Theorems 3.2 and 3.3, we proceed to prove a few lemmas that
will be of relevance.

We begin by constructing a comparison map that will give us more accu-
rate control on one term of the energy that, as we will see, forces the emer-
gence of vortices in minimizers. To that end, let p; € (xF)~'(maxq *F) and
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P> € (+F)~ ! (minp *F). Fix § small and let B(pi, §) and B(p2, §) be two dis-
joint pseudo-balls. Define f; : [0,5] — R by

0, relo 5)
fer)y = {2k (r—5). rels 1) (3.12)
1, rells]

For¢ = 1,2,let Bi(r,0) = fe (reD'i0 By definition, B(p1, 8)and B(pa, 8)
are diffeomorphic images of neighborhoods in 7),, M and in T,, M under the
exponential maps exp,, and exp,,, respectively. We will parametrize each of these
neighborhoods using polar coordinates (ri, ;) and (r2, 6#3) accordingly, where
for £ = 1,2, 6, is measured clockwise, fitting with the orientation of 7}, M for
¢ = 1,2 corresponding to the outer normal of M at each p,. Now, for each
X € é(pg, &) there exists a unique (r¢, 0¢) s.t. exp,, (re, 8¢) = x and we define

Ve (x) = Bi(re, o). (3.13)
One readily checks

7 2 N2 1 o
Ve (x(re, 00)| = (f ) (ro) + 2 fereo) +C, (3.14)
¢

where C is independent of k. Now C := M\ (B(p1 s U B(pz, 8)) is diffeomor-
phictoa cyhnder and therefore we can find a function ¥ : C — S' ¢ C such that

WaBW’S) Yt for b = 1,2.
Finally define ¥, : M — C by

Yi(x) forx € B(p1,8)UB(p2, )

¥ (x) otherwise. (3.15)

Ve (x) = [

Lemma 3.1. Assume h(k) satisfies (3.4) and that (3.7) holds. Let 1},( be the function
defined in (3.15). Then:
M) < (h()? (AT ”iZ(M) + 47 (ln/c - (11/1\2/1lx *F — nj&n *F)h(/c))
+0(1). (3.16)

The next lemma gives a bound that contains crucial information about any min-
imizer. To that end we first need to introduce for any smooth A : R3 — R3, and
¥ € H' (M; 0),

AG =i [ AT VM M e G
M
where as before, AT := A — (A - v) v. The superscript ““ * ” in formula (3.17) means

complex conjugation and is not to be confused with expressions of the form xg,
which denote the application of the star operation on forms.



Emergence of Vortices on a Manifold 575

Lemma 3.2. Assume h(x) obeys (3.4) and that Cq satisfies (3.8). Then any mini-
mizer Y of Gam e satisfies

h(kK) AAC, V) 2 4 ((max g *F — minpg *F) h(k) — Ink) — O(1).

Proof of Lemma 3.1. First observe that for any v:

2
gM,K(w:/ Vvl + (|1/f|2 1) Ml — h) A, ¥)

w2 [ @ P (.18)
M

We compute, using the fact that ‘&K‘ = 1 outside l§( p1,0)U f?( P2, 8), defini-
tion (3.12) and estimate (3.14):

SO N L (E N B
/M‘ MV +7(W —) M
.2 2
=/ |Vl a+ /
/M\B(p1,8)UB(pz,5) ; B(pe.d)
2
K o |? 2
([ 1)

2 2w g8 2

§C+Z/ /riz|fK|2<1+0(r))rdrde+%HzM({fKg1})
=1 0 0

< dxlnk + O(1). (3.19)

We next turn our attention to

—hO AW P =i [ dw P A (Jrdi - Dedidy)
M\B(p1. ) UB(p2.)
+ih(o) @ (5) Vaadi=piva (72)
Z @0 ((72) Vndi—divm (02) )
_. 7l 2
= Il/}K +17 (3.20)

The quantity Iv% is negligible. Using Holder’s inequality together with A (k) =
O(Ink) and maxe—; » H%\/l (é(p[, §) =0 (K]—z) , We see

(Ink)?
e
(3.21)

m’ < 2h(k) - |AY|| - P “‘ Vi

L2(B(pr. 6))] '
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As for the first term, we have
1L =ih) d [*F : (&*dlh - Iﬁkdlﬁ*)]
Vi M\é(m,%)Ul}(m,%) ‘ ‘

+ih(x) A ) wF - (dyre AdYF —dyre AdYTY).
M\B(m,,%)UB(pz,%)
But (i Ad i —d Y Ad W) = 0on M\B(py, HYUB(pa, 1), since f, = 1 there.
Thus, integration by parts yields 11/1/ = ih(k) Z?:l faé(m 1 *F((Iﬂf)*d&,f —

tﬁ,f d(tﬁ,f)*), where the boundaries 3 B (pe, %) adopt the induced orientation by M.
It follows then that:

o[ () oo () o
) (o)) o

On the other hand *F(x(%, 0¢)) = *F(pe) + O(QK&F)). Plugging this into
(3.22) and replacing (3.21) and (3.22) in (3.20), yields

— h(k) A(A®, ) = 4m h() [xF (p2) — *F (p1)] + o(1). (3.23)

Finally the last term in (3.18) can be computed rather easily using (3.15). One has,

(h(x))? /M |A9T|* - |9

K

’ dH}wz(h(K))sz (A9 [* dH3 +o(D).
(3.24)

Estimates (3.19), (3.23) and (3.24) applied to (3.18), allow us to conclude
(3.16). O

Proof of Lemma 3.2. Simply by considering the function as a competitor, we
observe that any global minimizer ¥, must satisfy the bound

I (W) = (0D [ AT [720p) - (3.25)

Likewise, any global minimizer v, satisfies

(h(k))? /M (AT [ 2 dHE, — () AR, ¥i0) < Gae (Vi) S Gnte Tre)-
(3.26)

Writing (h(0))* [ 1A 1| dH5 = (h())* [yq [(A)TI* dHG + 1, and
appealing to estimate (3.25), we know by (3.4) that

I In )3
111 S B0 A [Fa g, - (%) < c(“:) . (327)
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Hence,
(h(x))? /M (A 1 a3y = () (A [F2 gy +0(D. (3.28)

Thus, as Lemma 3.1 provides us with an upper bound for G M’K(IZK), we can
rearrange the terms in (3.18) to obtain the desired conclusion. O

We are now able to present

Proof of Theorem 3.2. We divide the proof in two parts. First:

Upper Bound for the first critical field We assume C satisfies (3.8). Since {1}
are global minimizers and their energy satisfies the energy bound (3.25), we can
appeal to Proposition 3.2 to obtain up to o(1) the value of the quantity:

h() A(A®, Yre) = h(K)i/ AT (Ve Vv — ¥V M) dHGy

jel Bj

+h(/<)i/ \ B_(Ae)’ (Y VMW = YEV M) dHy

=1I+1II

This will be achieved by performing, following Sandier and Serfaty (cf. [25]):

Jacobian estimates on a manifold First, Holder’s inequality with the aid of Prop-
osition 3.2 yields

Ny o)

I SC-hk) |[AC], o IV K <= (329

| | = (K) || HL ” MI//.K”LZ(M) (an)ﬁ = (an)z ( )
Then writing « := %, I11 can be computed by
111 = h(/c)i/ (AT (aV ot — atVa) dHE,

M\Ujel Bj M
+h(/<)i/ (el = DA - (@V 0" — a*Vage) dHy,
\ jel Bj
=1V +V. (3.30)

The term V is actually harmless. Estimate (3.25) together with the fact that
Y| 2 3/4on M\ J;; Bj imply:

1/2
V] < 2h(c) |A]| (/M\U (el - 1)2d7ﬁ4)

jel Pj

12
X R |VMot|2 dH%Vl)
(/M\Ujel Bj
| 1/2
nk
< C(Inw) (—) ((4/3)2 J I T dHiA)
K M\U i B

jel Pj

3
<c ((ln_/c)) . (3.31)

K
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We now turn to /V. Recall F satisfies (3.7), thus

IV =ih(k) (@dx FAda™—a*d* F Ada).
M\Ujes Bj
Then
IV =ih(k) o d (*F(otdoz* - a*da))
M\Ujel Bl
+ih(k)  *F(da* Ada —da Ada’). (3.32)
M\Ujel Bj

The last integral is zero because || = 1. We integrate by parts to obtain

Nie
1V = —4xh(k) Z*F(pj)dj(K)
j=1
Nie
+h(ic) Z/ (*F — %F(p))i(ada* — a*da). (3.33)
io1/0B;

We will argue that the last sum above is o(1). Indeed, define

=

{w,( if || < 3/4,

S if 1l > 3/4,

R=3. /3 . (5F = #F(p)) i (Gd&” = &"dé)

16 < S
) jszaéj (xF = *F(p))) i (ydyr™* — y*dr)
-5 NZ/ d ((*F —*F(p))i (fdy* - 1/Af*d&))

0 j=1 B;
= E%/ d«Fni (&d@*_lﬁ*d@)

9 = Jp,

N,
32 & o
+—Z/ (*F —%F(pj))d ¥ Ady* =R+ Ry.  (3.34)
? j=1"8j
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But since the gradient of *F' is bounded on M and the norm of the gradient of 1/Af is
bounded by the norm of the gradient of ¥, we can invoke Proposition 3.2 to find
that

Nic
he) IR S Che) D7 IVMViell 2, 11125,
< | |

Nic

< 2
< C (Ink) Inx)s

(In K)4

o (3.35)

To estimate Rj, note that inside each pseudo-ball B j we have |>|<F —xF(p j)| <
In this way we see that

un IInxf®
Ni Inx)’
) Ral < € ) VA sy s < € (e 336
So we have
N
() AAS, o) = —4mh() D +F (pj)d\ + o(1), (3.37)

j=1

thanks to (3.29), (3.30), (3.31), (3.33), (3.34), (3.35) and (3.36).

Thus, we conclude that if either N, = 0 or if d% = 0 for all j, then
h(k)A(A?, ¥) = o(1), and this would conflict with Lemma 3.2. To finish the
proof, simply take 0 < j, < N, such that d(K) # 0. Now 8B divides M into
two submanifolds, each of them homeomorphlc to a disk. But /\/l is simply con-
nected and it then follows that the zeros of ¥, are isolated, whence each of the
submanifolds contains a vortex of nonzero degree.

Lower Bound for the first critical field In this part, we assume Cy satisfies (3.9).
To establish this we first claim that in this case

Nie
IreWi) 2 27 > |4 anie = OnIn ) + 56> [ A7y

j=1

Ne
+4mh (k) Z*F(pj)dj(.x) —o(1). (3.38)
j=1

Indeed, through an appeal to Proposition 3.2

(Ink —O(Inlnk)).

2 2 Nic
2, % 2 2 ()
/M|VM¢/<| +5 (P -1)” o 22 j§:1 4§

(3.39)
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Also, because (3.28) and (3.37) are still valid in the present situation, we have

(h(x))* /M [A)T)? 1 12 dH — h() AAS, )

N
= (h())? || (A*)* ||i%M) +amh(e) > #F(pydS +o(1).  (3.40)
j=1

Adding up (3.39) and (3.40), yields (3.38). Recall that o := % ‘We note that

N
47 Zd(.K)ziZ/ otda*—a*da:i/ d(ada* —o*da)=0.
jel ’ j=170B; M\Uje; B

(3.41)

Denoting by N, the number of pseudo-balls out of the total of N, that carry a
positive degree and assuming, without any loss of generality, that the pseudo-balls
are ordered so that the ones with positive degree are listed first, we can express
(3.41) as

Nt Ne Ny NE
a9+ > a% =0 orequivalenty, Z‘d}” =234, (3.42)
Jj=1 J=NI+1 j=1 j=1

We then invoke (3.38) and the inequality Gaq . (Vi) < Gaq (1) to obtain

N
(h()? A 2y Z 27 D, ‘d}“’ (Ink — O(nlnk))
j=1

RN A 2
Ny

+HAh(k) > *F(pj)d](.” —o(l). (3.43)
j=1

This implies

+ o(1).

Ny Nie
(I+ o)l )d}“)) < (%x #F — min *F) o> ’d](.”
j=1 j=1

1

max o #F —ming #F this cannot hold

But in view of (3.4) and the assumption Cy <
for k sufficiently large unless

=0, (3.44)

&0
i
; j

that is, unless the zeros (if any) of the minimizer v, all have zero degree. Pursu-
ing this possibility, however, we note that (3.37) would then imply that A(A¢, )
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= o(l) and so in view of the fact that i, is a minimizer, we would find
f/\/l [V ¥ 1>+ ’(2—2 (Ix/f,(l2 - 1)2 dH%M = o(1). But if there exists even one zero of
¥ of zero degree, say at x = p € M, then the estimate |V (| < C -« implies that
|| £ 1/2 on a pseudo-ball é(p, r) for a radius r = % for some C; independent
of k. Hence, we can rule out the possibility of (3.44) since we would then have

2 2
2, K 2 2
/;|VM¢H +5 (el - 1) @y

2 2

K

z/ Vel + 5 (il = 1) d#y 2 Co,
B(p.r)

for some positive constant C independent of «, a contradiction. The theorem is

proved. O

We conclude this section with the extension of Theorem 3.2 to the small thick-
ness setting.

Proof of Theorem 3.3. First we prove that under the assumption that C satisfies
(3.8) and for fixed « > ko, global minimizers of G, , must vanish at least twice
on each M, ,, for all + € (0, 1), provided ¢ is sufficiently small. We argue by
contradiction. Suppose for some ¢ € (0, 1) that there is a sequence {¢;} — 0, and
a sequence of global minimizers ¥, , that do not vanish on M, ;. After perhaps
passing to a further subsequence (still denoted ¢ ), we may apply Proposition 2.1
to establish that ¢, « — V¥, in C 0.« where, ¥, is a global minimizer of G M-

Associated with this minimizer there is a pseudo-ball B guaranteed by Theorem 3.2
and Proposition 3.2 with an associated degree d) # 0. Since v, is independent of
t, the degree deg(Y,, {x +¢;tv(x) : x € 81§}), must be different from zero for all
t € (0, 1) as well. But then deg(Ve, . {x +&;1v(x) : x € 3B}) # 0, must be valid

in light of uniform convergence. Since the set {x + g;tv(x) : x € Bé} is diffeo-
morphic to a circle, it divides the manifold into two disjoint components, each of
which is diffeomorphic to a disk, whence each contains a zero, and a contradiction
is reached.

Now, to prove the second statement in Theorem 3.3 we simply note that it is
a straightforward consequence of the uniform convergence of minimizer of G,
guaranteed by Proposition 2.1, coupled with the non-vanishing property of mini-
mizers of the I"-limit provided by the second part of Theorem 3.2. O

4. Energy estimates for critical points when there is a bounded
number vortices

The results presented in this section comprise several propositions that are basi-
cally drawn from [2,3], where a similar functional is studied in a planar setting.
When needed, we carefully present the necessary adjustments to those results to

fit our purposes. Here, we assume that Z;V; . ‘ d]('K )‘ is bounded independent of «
which allows us to isolate the singularities of 1, in a bounded (independent of «)
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number of pseudo-balls. From this, the lower bound on the energy of a minimizer
obtained in Section 3 is improved by adding a sum of terms that accounts for the
vortex interaction. This is not possible if we employ the pseudo-balls provided by
Proposition 3.2; they are too large in the sense that they may contain many vortices.
That is the reason why we need a smaller scale concentration construction.

In this section suitable competitors are also constructed, providing us with an
almost matching upper bound for the energy of v,.. In this section we assume that
the manifold M is analytic in addition to being simply connected. We denote by
daq(x, y), the geodesic distance between points x, y € M whenever it makes
sense.

At this point, it will be more convenient to work with isothermal balls rather
than with geodesic balls as we did in the first part of the paper. The reason behind
this is the simple form that the Laplace-Beltrami operator takes in these coordi-
nates, which allows us to write a Pohozaev’s identity that is the basis for a small
scale concentration construction, as in [2,3]. As we point out in the introduction, we
use the term pseudo-ball indistinctly when referring either to a geodesic ball or an
isothermal ball, with the only purpose of avoiding confusion with Euclidean space
terminology. We fix notation that we use until the end of this paper. First, let rq
denote the injectivity radius. For each point p € M, let (U, Z,) be an isothermal
coordinate chart (which always exists since we are in dimension 2), that is, 7, is
a conformal map from U, onto R%. We define B(p, r) := I;I(B(Ip(p), r)). In
these coordinates, we can write the metric near p as

22 (dx>+dy*) where A is a smooth function with the property AZp(p))=1,

4.1)
and the Laplace—Beltrami operator takes the form
1
Ap = ﬁA’ 4.2)

where A denotes the Euclidean Laplacian.
First we prove a lemma that gives a Pohozaev identity bound at the level of
pseudo-balls of radius KL(, forO <a < 1.

Lemma 4.1. Fix 0 < o < 1. Let {{} be a sequence of critical points of G -
Assume the intensity h(k) satisfies (3.4). Assume also the uniform bound

2 K2 2 2 2
/ IVmbe” + = (IwKI - 1) dH5 < Clnk. (4.3)
M
Then, for all k such that K% < %0 one has

2 / (1= [y < Ca 44)
5(p.ir)

Epeg

where C,, depends on o, but not on the point p € M.
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Proof of Lemma 4.1. Since v, is a critical point and d*(A¢)" = 0, we have the
Euler-Lagrange equation
— AW = 1P (1 = [Pe?) = 2ih () [(A)T - V1Y
2
—(h()* [(A)*[" ¢ on M. (4.5)
In the proof we use the notation " := ¥, o (Ip)’l. Let (x1, x2) denote the
canonical Euclidean coordinates in R?. We identify a complex valued function v =

Rey +iImy with (Rey, Imy), and consistenly iy with ¥+ = (=Imy, Rey).
We denote by (-, -), the scalar product in R?. Define Py, = K2 fB(Ip(p) "

2
(1 _ |¢§“°|2) [A2 + 2A(VA, ((x1, x2) — T,(p))}] dx. Phrasing (4.5) in isother-
mal coordinates, multiplying (4.5) by

WL aw:“C]

4.6
0x1 0x2 (4.6)

S = A2 |:x1

and integrating by parts on B(Z,(p),r) € R2, where r € [K% L%] , yields
K

K2

2 euc|2)?
Py =" 22 (1= [wee) (o x) = (o). v)
dB(Zy(p).r)
2 ~ ‘31/!,?“0

(o
ABZ,(p).r) \| 9T dv

(N
/8B(Zp(p),r)<( e )\ o0 (((x1, x2) = Zp(p)), T)

+2h(k) ([(A)T - VAl (), §) dH3
B(p.r)

() /B . (A (g §) 3. @.7)
p.r

2
)(((mwz) —Zp(p).v)

where S denotes the pullback of S via 7,. The penultimate term on the right-hand
side can be controlled rather easily. Indeed,

h(x)

/ <[<A6>f~vM]wi,§>‘dHiAscdnK-r/ Vvl dH
B(p,r) B(p.r)

2
cno)” _ Ly, 4.8)

K¢
The last term is also of small order. From (4.3) and Holder:

/ A (. §) dH2,
B(p.r)

=

(h(x))?

§c~<1nx>2/ Vel da (x. )
B(p,r)

< e (i) IVl - ldm @, Pl ;.

<c¢- (Ink)?-vInk - 1 o(1). (4.9)
KO(
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The result will follow if we can show that for some r > K% the rest of the
terms on the right-hand side of (4.7) are bounded by a constant. In turn, this can
be obtained after noticing (((x1,x2) — Zp(p)),v) = r, ((x1,x2) — Zp(p)) L

W

2yl Z o 2) and the fact that L,
=+ 50| = OV |?) and the fact that orsomere[K—a,K—%

T’

K2 2 c
[ w4 S (P -1) o =2 @
0B(p.r) 2 r
where the constant ¢, does not depend on the point p. This last statement is a con-
sequence of (4.3) as in [3]. The left-hand side of (4.7) is bounded from below by
a quantity comparable to K2 IB(P)K%) (|1ﬁ,c|2 — 1)2 dH%\/{' Equations (4.8)—(4.10)
yield (4.4). O

As anticipated, the purpose of the derivation of (4.4) is the concentration result
presented immediately below:

Proposition 4.1. Let . be a sequence of global minimizers of G g, Borrowing
the notation from Proposition 3.2, assume

| )
"
; j

for a non-negative constant C independent of k. Then there exist Ny € N, a con-
stant Ao > 0 and points py, ..., py, in M withm, = No, such that || 2 % on

M \ Ui:l .....

disjointand Y| (pf) < %.In addition ifk is large enough, forany(0 < o < %there

exists a number 0 < oy < o and points a’f, R a',fK in Mwithn, < Ny, such that

B, =) N B(af, =) =0, fori # j,and Y| Z 5 on M\U'E, B(a¥, 2g) -

<, “.11)

- B(p¥ 20 \where the pseudo-balls B(p¥ 2y i=1,...,mare

i’ Kk i’ Kk

Proof of Proposition 4.1. First observe that (3.37) and assumption (4.11) yield
|h(k) AA®, Y)| < Clnk. (4.12)

We plug (4.12), (3.24) and (3.25) in (3.18) to obtain (4.3). Lemma 4.1 is applicable
here. The proof of the existence of the p’s and their associated pseudo-balls then
proceeds exactly as in Theorem IV.1 in [3], so we omit it. From this, the larger
pseudo-balls can be obtained by a merging procedure. 0O

Since we are now dealing with pseudo-balls of different sizes, we fix some
notation to avoid confusion. Consider a family of global minimizers {y, } satisfy-
ing the hypotheses of Proposition 4.1. Borrowing the notation contained there, we
write

1
dy, ; = deg (1/fx; B (af, K_“)) , and similarly d

= deg (w,(, oB (pf, %0)) . 4.13)
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These correspond to the degrees in smaller pseudo-balls as opposed to the dj(.K)’s
defined in Proposition 3.2. Note that also in this case, necessarily

My

Ny
>di,=>df =0.
i=l i=l

We see that equation (4.10) should hold for some r € (K%O, %), with ¢ = ),
2

K
p = af , otherwise we would reach a contradiction with (4.3), after integration with
respect to r. This implies

2
.| = —cao- (4.14)

We focus now on estimating the energy of certain functions that will yield lower
bounds for minimizers of Ginzburg-Landau in the next section. To that end, con-
sider points by, ..., by in M, and numbers di, . .., dg(). Let Ny be the integer
obtained in Proposition 4.1, and ¢ the number found in Proposition 4.1. From now
on we assume, whenever we use the letter r, that

! L 4.15
r e KTO’W . ( )

We will only be interested in collections satisfying the conditions

£(k)
2 :
£(x) < N, Z;‘di =0, |dil £ —coy foralli=1,....E®)
1=
and the pseudo-balls {5(b;, r)}fg]) are pairwise disjoint.  (4.16)

The condition (4.15) may seem strange, but its meaning will become apparent in
Proposition 4.5 below. Next, consider @, satisfying

Ap®, =00on M\ U B, r),
d)r = ¢; on 88(1?1, r)s
0P, __ .
faB(b,-,r) Ty = 2nd;,
I 0 By @ =0

4.17)

Such a @, can be obtained as a minimizer of

(k)
Vo> + 2 > di $lasw,.r)-

i=1

min

¢ /M\Uf‘”f Bb;,r)

where

£(k)
C=1¢pe H' M\ U B(b;, r); R)s.t. ¢ is a constant on each dB(b;, r)

i=1
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Consider also @ as a solution of

fj\/l @ =0.

Let G be the Green’s function of M that is, G satisfies

AMG(, p) =8p = 7tnp “.19)
[ G(x, p) d’H%Vl(x) =0.
Note that
(k)
D(x) = Z2ﬂdi G(b;, x). (4.20)

i=1

The following energy decomposition is an analogue to that in [2] for a planar model.

Proposition 4.2. Let {B(b;, r)}f(:Kf be a family of pseudo-balls and {d; }f(:”f integers
satisfying the conditions (4.16). Then the following expansion holds

VMm@, > dH3 = —47> > did; G(bi, b))
i#]
£(x)
—4r2 > d7 G(bi, xi) + O(1),  (421)

i=1

/M\Uf(:”f Bb;,r)

asr — 0, where x; is any point in 0B(b;, r).

Proof of Proposition 4.2. The proof is as in [2]. The proof of Lemma 1.3 of [2]
works in this setting yielding

1103
sup (@ —@,) — inf (@-®)<> sup &— inf &
MUY Bibrr) MU Bbir i=1 9Bi.r) 0Bbi.r)
Then, the claim follows if
&, — @1 = O(1). 4.22)

From now on we write, for real valued functions f, g, f < g to mean there is a
uniform constant C, throughout the manifold, independent of «, such that f < C-g.
Observe now that since |G (p, x)| < (1 +Indaq(p, x)), for any p, x in M, it fol-
lows that

sup @ — inf @< sup |lndM(bj,x)—lndM(bj,y)|
dBb;,r) 0B (bi.r) j=Llelic, x,y€ 3B (b;,1)

+O(r). (4.23)
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But,

o
sup  [Indpg(br, x) — Indpg(bi, )] = [In 2
.

x,y€ dB(b;,r)

' = 0O(l), (4.24)

and similarly for j # i and x,y € 0dB(b;, r), using that the pseudo-balls are
disjoint and of radius r we obtain:

dpmbj, y) +dm(y, x)
) _ . <
Indpq(bj, x) = Indp(bj, y)| S ‘1“( dpm(bj, y) )‘

O(r)
<|In{l+ —"—)=0(1). @25
N‘n( d/vl(ij)’))‘ (- )

In this way, (4.22) is a consequence of (4.23)—(4.25). We integrate by parts the
left-hand side of (4.21) to obtain

(k)
V@, )> dH3, = — Z2ndi(b(xi) +0(),
i=1

/M\Uf(:f Bbi.r)

where x; € dB(b;, r), thanks to (4.22). Finally, fori # j and x; € 0B(bj, r), we
can deduce

G, xj) =G(b;,bj)+ O(1), (4.26)

using the same argument utilized in (4.25). We can substitute (4.20) and (4.26) on
the left-hand side of (4.21), and the result follows. O

One of the implications of Proposition 4.2 is alower bound on the energy of min-
imizers that is optimal up to O(1). To this end, define the map S, : C'(M; C) = R
by

2
Se(W) == |Vmy >+ %(W - 1?2 (4.27)

and establish:

Proposition 4.3. Let . be a global minimizer of G satisfying the hypotheses
of Proposition 4.1. Using the notation in Proposition 4.1, assume in addition that
{B(af, r)}l'-’;1 is a disjoint family. Then for any x; € dB(a},r),i =1, ..., ny, the
lower bound

G (W) 2 4n22| )= 4x2 > s, ds, G (af )
i=1 i#j

o Z s, 11t - )+ h)? | (AT F2 00

+47h(K) z «F (af) df, ; +O(1) (4.28)
i=1

holds for k large.
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Proof of Proposition 4.3. First, note that all the hypotheses of Proposition 4.2 are
met here. Now, the estimate

h(k) A(A®, V) = —4mh(k) Z*F(af)d" .+ o(1), (4.29)

0,1
j=1

can be obtained in a similar fashion to what we did for the larger pseudo-balls in
(3.29)—(3.36). The fact that in this case n, is bounded independently of x only
makes the calculation simpler. Secondly, (3.28) also holds here, so we need only
to estimate [, IV e |2 + %(Ilﬁ,(l2 —1)? dHiA = fm SK(wx)ng\A. Writing
B;,, = B(af,r), one has

2 1\ 2
[, swoa | V (veo @) dx
U™, B U, B(Lyx @f).r)

i=1"ir

Ny
= > Jdb, ;| InGk - r) = C. (4.30)
i=1

which follows as in V.II of [3] without modification, for « large, thanks to (4.14)

and invariance of degree in the annulus B(a!, r) \ B(a, K+0)' In turn, defining

fe = % we notice
K

/ Se (W) z/ VSl W dHe,. (@31)
M\UIE, Bi, MU™ B

i=1Rir

Introducing H through the usual Hodge-de-Rham decomposition, i(fi A df) —
fEndfi) = %d @, +dH, where @, satisfies (4.17), thanks to (4.31), it holds that

/ Se (W) z/ e IV, 12 dH3,
M\UIE, Bi, MU, By,

+2/ [V |> d®, AdH
M\U:lil Bi,r

= I+1I 4.32)

Below, we make use of the pointwise estimates [V @, | < £, [Vo(H| < ck, that
follow from elliptic regularity. We examine

1—/ V@, ? dHA,
M\Ufil Bi,f

1

1 2 1
Sc—z(/ (W * — 1>2) ([HA (M)
r MU, B

<o, = o(1). (4.33)
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In the last inequality we used g < % and (4.3). On the other hand, d®, A dH
is closed, therefore its integral reduces to boundary terms. These terms vanish since
@, is constant on each component. One has

1| _ 5
5| = (A= 1Y) IV P IVMH]|
M\U?i] Bi,r
_ / 4 / .
MUZE, Bip) NHIvel>1- 57 ) MUZE, Bip) NI S1= )
= II1+1V. (4.34)
We see
C
111 <4 / IV Y |? dH3
(ni)> Janyrs, B, ‘ M
C
< Ink = o(1), 4.35
= o2 nk = o(l) (4.35)

where the last inequality comes from (4.3). Again invoking (4.3), one readily checks
5
Hi(MAUE Bir) NIl 1= 1o < e 9285 Thus

(Ink)?

IV <

1
/ (=Yl ~ kMR
(M\U:ZI Bi,r) m“‘/bdél— 1 } r

(Ink)?

1 5
TR YOI L Yok
= K

The result now follows from (3.28), (4.29), (4.30), (4.32), (4.33), (4.35), (4.36),
and Proposition 4.2. O

= o(1). (4.36)

To conclude, we state a couple of propositions that are required in Section 5
when the energy of G () is determined up to o(1). This time, we consider
any collection of points g1, . .., g2a, in M, where ng is a given non-negative inte-
ger. We use polar coordinates (r, 8) to parametrize the Euclidean ball B(Z,(p), r),
where p is a point in M. We define the family of sets

Faroing ()
= {w e H! (./\/l \ UB(gi, r); Sl) , s.t. for each j there is a constant §; with
¥ o (L) N (r,0) = ¢ on §B(Z,, (qi), r) fori = 2,4, ..., 2ng, and
Vo (Zy)  (r 0)=e' ) on 0B(Z,, (q;). r) fori=1,3, ... 2n0 — 1.}
(4.37)

Also associated to a pseudo-ball centered at p € M carrying a degree +1 (resp.
—1), we define the set .7-';, (resp. F, ), by

Frr= {lﬁ e H' (B(p,r): C) such that ¥ o (Ip)_l|B(Ip(p)’r):eii0} .
(4.38)
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We recall that in (4.37) and in (4.38), the radius r is understood to satisfy (4.15)
while the family {B(g;, r)}l.zi‘)l is disjoint with ny bounded independent of «.

Proposition 4.4. Let F,
has

(r) be as in (4.37). Assume that for alli # j, one

----- 92n(

No+1
dm(qis q;) k% 5 00, ask — 00. (4.39)

.....

2 . P
Vim¥oul = inf / IV |
/M\Uzno B(qiﬂr) | out | l‘//6‘7:‘11-"'»‘12110 (r) M\U2n0 B(q;,r)

i=1 i=1

~12
= / VM¢‘
M\UB(gi,r)
2n
= —47> > G(gi, xi) — 47> D" Glgi, q;) (=)'
i=1 i#j
+o(1). (4.40)

Here x; is any point in 3B (g;, r) and ¢ is a solution of

Apd =0 in M\ U Blgi,r)
9= onoBg.r).

T

(4.41)

Proof of Proposition 4.4. The proof can be carried out as the one of Theorem 1.9
in [2], modulo obvious modifications, so we omit it. O

Remark 4.1. The improvement in the order of magnitude of the error in the equa-
tion (4.40) with respect to (4.21) stems from the assumption that the distance
between the centers of the pseudo-balls is much greater than

1

No+17
k%o

which allows one to sharpen (4.22), (4.24), (4.25) and (4.26) in this case.

Following [2], we now let B(g, R) be a ball in two-dimensional Euclidean space
and let f : B(q, ro) — R, where ry is the injectivity radius. Define

C = [w € H'(B(g. R): ©) st. Ylanq.r) = eiie} . (4.42)
For any f : B — R, we now write
2 2
1{ (¢, R) := min / V2 + 2 (|1//|2 - 1) dx,  (4.43)
veCx JBg.R) 2

where dx is the Lebesgue measure in R2. When f = 1 we simply write I+ («, R) :=
Ii (x, R). We also set

Ii(k) = I+(k, 1), (4.44)
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and note that

1
I+(k, R) = I+ (K_R) : (4.45)

From Lemma III.1 in [2] it follows that there exists a constant ¢y independent of
whether the minimum in (4.43) is taken over C; or Cy, such that

(I+(s) +2m Ins) \( co, ass — 0. (4.46)
We relate the previous to our problem in the following proposition:

Proposition 4.5. Let . be a global minimizer of G, satisfying the conditions

of Proposition 4.1. Assume that for alli = 1, ..., n,, one has ‘d(’x"i = 1. Then

there exists a radius r = r (k) satisfying (4.15) and a function wl':ljl[ € fai,_( . such

that for anyi = 1, ..., n, the following asymptotic bound holds for k lar(gl?e

/ S,C(lﬂ,{)d’Ha,l 22z In(k -r) +¢o+o(l) = wmiril / S,C(lﬂ)dHf\,l

i,r a;{_,. ir

- / Se (WA HA, + o(1). (4.47)

ir

Proof of Proposition 4.5. Without loss of generality, assume dgo’ ; = 1. First one

: 1 1
finds aradius r € (7, w) such that
K

Vel =1 — on 3B, (4.48)

1
(Ink)?

This can be done in the same way as in the proof of Proposition 3.1 in [22], where
a similar result is obtained for a complex-valued function u defined on an open set
£2 C R?, based solely on the assumption

2
K2/ (|u|2—1) < Clnk. (4.49)
2

Such a bound is also true in our case thanks to (4.3). The construction is iterative,
which is why the exponent Ny + 1 appears. Next we write

Y =Y o (T (4.50)

Inequality (4.48) allows one to extend "¢ to the annulus B(Iaix (aF),2r) \
B(Iaf (af),r) exactly as in the proof of Proposition 5.2 in [22], to a function
P e guch that

s i0
:uc ext — el (451)
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on 8B(Iaik (af), 2r), and which satisfies

/ -
BTk (@), 2P\ B(Z e (@),r) 2
=27 1n2 + o(1). (4.52)

? — 1) dx

euc,ext |2 euc,ext
[V + (i

This, together with y'¢*" € F -’l—cappa - and the fact that property (4.46) can be
a; ,2r

applied since by assumption k - r — 00, yields

2 2
2 K 2
I :=/ vy + 5 (Jweef - 1) ax
B @)
> 2 In(c - r) + ¢ + o(1). (4.53)

One has

2
S = VU 4225 (e - 1%

B(Zx (af),r)
= 1. (4.54)

The property (4.1), the bound (4.4), and k¥ - r — oo can be used to prove
[lo — L] = O(r), (4.55)
and similarly
|LiGe,r) — Ik, 1)| = O@r). (4.56)

Finally, let ¥9 be a function that achieves (4.43) with f = XA, where X is given by
(4.1). Define ¥ 1 by

in,i
Yt (x) = Yo(Z,; (x)) for x € B; . (4.57)

Then, the bound (4.47) follows from (4.46),(4.53),(4.55),(4.56) and the definition
4.57). O

5. Emergence of multiple vortices in a surface of revolution

In this section we assume M is a simply connected surface of revolution param-
etrized in the following way:

If 6 and ¢ denote the standard azimuthal and zenith angles in spherical coordi-
nates respectively, then

M = {(u(@) cos b, u(p)sinh, v(})) : ¢ € [0, 71,6 € [0,27]},  (5.1)
where u, v : [0, 7] — R are C! functions related by the condition

v(p) =cotpu(p) for0<¢p <m 5.2)
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with
u©) =0=u(r), v0) >0, v(@) <0 and V0)=0=1'(w). (5.3)
and we further assume the regularity condition

V(@) = Vu'($)? + v ($)? =y for ¢ € [0, 7] (5.4)

for some yy > 0. Note that necessarily,
u(p) =1¢ + o(¢) for some positive constant / (5.9)

near ¢ = 0 with a similar expansion holding near ¢ = 7.

The applied field Hex¢, will be taken throughout the rest of the paper to be of
the form Hex¢ (k) = h(k)e;.

In this section, we obtain a description of the emergence of pairs of vortices as
h(k) is increased. With that goal in mind, we now focus on describing the asymp-
totic intensity & (k) of the applied field Hex («) that yields the presence of a given
number of pairs of vortices in any global minimizer ¥, of G , Mo in this context.
We point out that the results here obtained extend the results obtalned in [5] and
provide us with analogues, in the manifold setting, of the corresponding results
in the plane in [22,25]. As a consequence of this analysis, we obtain that for &
small enough, the same intensity of the applied field that forces the presence of n
pairs of vortices in the manifold problem yields the existence of n pairs of vortex
lines in any global minimizer ¥, of the three-dimensional energy G .. We stress
that even though the phenomenon of vortex lines in three-dimensional Ginzburg—
Landau emerging in the presence of an external field has been studied (see [1, 16,
17]), the zero set in these cases is realized as an integer multiplicity 1-current,
thus it could be viewed as a union of curves only in a weak sense. In our case the
zero set is a union of smooth curves. To achieve this, we make use of properties
and asymptotics obtained in Section 4, but to do so we first need to verify that the
required hypotheses are satisfied. We recall that if we denote ég and é as the unit
vectors in the 6 and ¢ directions respectively, then for any function ¢ : M= C
the relative gradient V -/ can be written in the form:

Vo = 5.6
i (y(qs)‘”"’) ((¢)¢9) 60

Also, it will be convenient to choose the potential A¢xy = ’% (—X2, X1,0)
corresponding to Hey so that on M we have

h
Aext = (Aex)® = (”“’”)ée. 5.7)

2
Thus,

2 /c2 ) )
+ 7(|1/f| — D7t uydode,

2 hu
= // { |w¢|+‘wa—z71/f

since in this case dHiw = u(¢) y(¢)de do. We prove:

(5.8)
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Proposition 5.1. Let h(k) = 4T _Jnk+olInln K for a constant o > 0 indepen-

HA(M)
dent of k and let ¥ a family of global minimizers of G e Then if we denote by

.....

<C, (5.9)

Nic
3
J

j=1

where C is a constant independent of k.

Proof. We first note that in this case xF, where F is given by (3.7), can easily be
computed as

1 e L
*F(x):*F(¢(x)):§/() u(@)y (@) do. (5.10)

Here we have fixed the free constant by taking * F' to vanish at the north pole. One
can see from (5.10) xF is increasing with respect to ¢ = ¢(x). Note also that,
thanks to (5.1) and (5.3), xF satisfies
H2(M
*x F(0,0,v(r)) —*F(0,0,v(0) = 4( ). (5.11)
T

Next, we see that (3.28) in this setting reads

‘ h))?
(h(x))Z/M (A 1wl aH = (T) luall}s 0 + 0D (5.12)

R N ()
Let us assume that d* := > °X, ‘dj
to prove. Suppose without loss of generality that there is a number N such that
fori =1,...,N], Wehaved](f() > 0 and

¢(p1) = ¢(p2) -+ = P(py), (5.13)

> 0 for otherwise there would be nothing

while fori = N, +1,..., N, we have 4\ < 0 and
¢ (PyF11) Z 9(Pyrin) = 2 0(pw,)- (5.14)

We claim that we can assigntoeachi =1, ..., %d", two points p[+ and p;”, that
are centers of pseudo-balls carrying a non-zero degree and with the property that
the degree associated to p;r (resp. p; ) is positive (resp. negative). In addition we
claim these points can be chosen so that

() = d(py) -+ §¢(pjdk), (5.15)
while

ST Z (7)) 2 (p;—dk) . (5.16)
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To that end, simply define £ := min{¢ such that Zﬁ‘:] dj("() > i} — 1, and set
pi+ := p;. This means that each p; is repeated di(K)—times. We can do something

similar for the p;’s with di(K) < 0. The cardinalities of these two collections agree
and both are equal to %d" , thanks to (3.41). Finally, the monotonicity claims (5.15)

and (5.16) follow by construction since we have that (5.13) and (5.14) hold. Define
fors=1,...,1d~
9 b 2

F, = *F(p;") —*xF(p;). 5.17)

Let S := {1, ..., 1d}. With this notation we can rewrite (3.43) in the following
manner:

2
(M) |12 > 47 Z(]nK—O(]nan)+Fsh(K))

L2(M
2 (M) =~
103
+(T) el g, — 0D (5.18)

Let S be the set of indices for which Fj is positive. Inequality (5.18) together with
(5.11) imply that for some constant C independent of «, one has

Cd“Inlnk 2 C|S\Sy|Inlnk = |Sy|Ink. (5.19)

On the other hand, the conditions (5.4) and (5.5) yield the existence of a constant
Cy such that for p near (0, 0, v(0))

x F(p) = Co(d(p)* + O (p)?), (5.20)

and for ¢ close to (0, 0, v())

H2 (M)
4

* F(q) < — Co(p(q) — 1)* + O(p(q) — 1)%). (5.21)

Let Spoles denote the set

5 5
1 \12 1 \12
Spolesz[s € S such thatqb(ps_)>n—(—) , and ¢ (p;) < (—) } .

Ink Ink
(5.22)

Then, appealing to (5.20) and (5.21), we deduce from (5.18) that for some constant
C independent of «, one has

Cd“Inlnk = C |Spoies| InInk = |8\ Spoles| (In K)%. (5.23)

Let B denote the set of points in [0, ] x [0, 2] that correspond to the union
of the pseudo-balls U?’; | Bj in this parametrization. Appealing to (3.25) once again
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and substituting (5.12), we get

2
o(l)z/ [ — v/ +-3 |1/19|2 —(|wk|2—1>2] uy do d¢
[0,r] % 0271]\8

(1)
+2nZ‘dj
j=1
1 2 1 ) K 2 2
= = 1ol + = 1l + Syl = D? | uy dodg
[0,7]1x[0.27]\B LY u 2

Ny
+2r > (d](.“

Jj=1

(Ink —clnlnk) — A(Aext, Vi)

(Ink —clnlnk)

Ny
4 |
—471( T an—i—olnan)— (i) H(M)+ o(1)
HAH(M) 24
Ny
— M, — R Z‘d](f() Inlnx + o(1), (5.24)

j=1
where in the first inequality we have used item (4) of Proposition 3.2 and in the
following equality, (3.37) and (3.42). In the last line we have defined
1 2 1 K2
MK:=/ A[—2|1/f¢| +—2|w9|2+—(|m|2—1)2] uy o dg,
0,71x[0,27\B LY u 2
(5.25)
and

Ry = %HZ(M) + e, (5.26)

Our next goal is to obtain a lower bound for M, . For that purpose we once again
appeal to Proposition 3.2, more specifically to items (2) and (3), to see that if we
define Cyp = {(u(¢) cos 8, u(¢) sin0, v(¢)), 6 € [0, 2]}, then

N 1
{¢p €10, 7]s.t. Cp N uf;lB,- is non-empty }| < T (5.27)
Now, note that from (5.3) and (5.5), one sees that for ¢ near zero,
1
Y~ 1o, (5.28)
u ¢

so fixing ¢¢ small independent of x and defining

3

1 \®2 s
Agy = [¢: (H) <min{|¢|, [T —¢|} <S¢ and C¢0Uj.vilBj 1s empt>}

(5.29)
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we are able to write ¥/(0, ¢) = £ (0, $)e' ¥ locally on Ag, x [0, 27], where
f and x are real functions, f is smooth 27 -periodic in 6 and f = é restricted
to Ay, x [0, 27r]. Thus, using the “lower bounds on annuli” method introduced in
[24], we derive

7o\ | o (0x) y
MKE/A%(/O [(£) +f (@) de ;d(ﬁ
1 1 oy N\ (1
- = S5 d0) (Z+om)a
4/%47[2 (/0 ) (¢+ ()) i

2

1 1 © 1
Z/A — |27 Z d; ($+0(1)) d¢

< 47
#oN{¢ oo} {j S.t. ¢(p;)<¢}

2
Inlnx
1+0 : Rylnlnk, (5.30)
(Ink)s

for some constant R», where in the second inequality we have used Holder and in
the last one (3.42), (5.19), (5.23) and (5.27). To conclude, plug (5.30) into (5.24)
to obtain

1\

1\

1A%

‘dm

]

2

N
4R Y |d
j=1

+o(1), (5.31)

2z

which implies (5.9). O

Remark 5.1. Note that since the degrees d }‘ are integers, the conclusion (5.9) allows
us to assert the existence of a constant ¢ independent of « such that

|

1\ 12
P(pi) S ¢ (ﬂ) , forallist d® <0, (5.32)
and also
5
I \n ) ()
7 —¢(p) S c o) forallis.t.d;*’ >0, (5.33)

thanks to (5.19) and (5.23).

Before stating the main theorem of the second part of this article on number and loca-
tion of vortices, we first provide some pertinent definitions. First, for every n € N
define the function R” : (R?)" +— R, that to a given collection {x; ", C R?,
assigns the number

R"(x1,...,x,) == 2w Zln |x,' —xji + —
i#]

Z l?. (534

HZ(M)
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The projection of elements of the manifold M onto the xy plane is defined
naturally as

Projp:=p— (p-é.)é., forpe M. (5.35)

Remark 5.2. Clearly Proj is not globally one-to-one, however it is injective when
restricted to small neighbourhoods of (0, 0, v(0)) and (0, 0, v()), a fact that we
make use of later when determining the asymptotic configuration of the vortices.

We recall a function ¥ : R?> — R? is said to be non-singular at x if det [Jac /]
(x) # 0. Our result about emergence of multiple vortices above the first critical
field is the following:

Theorem 5.1. Let M be a simply connected surface of revolution as defined in
(5.1), (5.2) and (5.3), satisfying in addition the regularity condition (5.4). Let

4
Hex (k) = h(k)é,, where h(k) = —nv Ink +oInlnk. (5.36)
H2(M)

Ifo ¢ (47T/H2(/\>l))Z, then there is a ko such that for all k =2 kg, any mini-
L

mizer ¥, of G A1 POssesses exactly 2ng := 2|o H 4(4\/1 ) 1 4 2 vortices which are

non-singular. Furthermore, the set of vortices {pf :i =1, ..., 2no} satisfies:

1. There exists a constant M such that for all k 2 kg, it holds that

Ink

{pf ?ilglxe/\h:zp(x)g ] and

K201 .. M
{P{ )01 S lx eMipx) 2w — ml .

2. Foralli = 1,...,ng the degrees associated to the vortices pf is equal to 1,
whereas the remaining vortices have an associated degree of —1.
. . K __ s K
3. Lastly, if fori = 1,...,2n0 we define P’ = ~/Ink Proj p;, then the config-
urations (Pf, ..., P,’L‘O) and (P,’l‘0 IRTREES PZKHO) converge, up to subsequence,

- -
simultaneously as k goes to infinity to respective minimizers X o and X ; of
the renormalized energy R™.

Theorem 5.1 provides an analogue of Theorem 1.2 in [21] in the case of a planar
disk. Here, we see that there are two concentration points, as opposed to the case
considered in [21]. Also, in this setting in order to write a renormalized energy, one
is forced to leave the manifold; in order to rescale the vortices one must project them
first to the xy plane, an operation that, for « large, provides a one-to-one relation
between these points living in Euclidean space, and the vortices, while allowing us
to write the energy in terms of these projections with a precision of o(1). Once this
is achieved, the renormalized energy is decomposed into two independent compo-
nents that are qualitatively like the one in the flat case.
A related result for thin shells is also available.
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Theorem 5.2. Using the same notation as in Theorem 5.1, fix k 2 «q. It holds that
there exists an g such that for all ¢ < g9 any minimizer ¥, . of G¢  has exactly
2ng vortex lines. More precisely, letting ¢ . be the function in (2.5), there are
0,i=1,...,2no, disjoint C! curves whose union comprises the zero set of Ve x
and such that for alli = 1, ..., 2ng, it holds that

() — (pi 1),
uniformly in (0, 1), as ¢ — 0.

Proof of Theorem 5.1. 1. We first prove that the vortices with non-zero degree
lie near the poles

By the hypotheses, we can apply Proposition 5.1. Thus, equation (5.9) holds
and this implies that we can also make use of Propositions 4.1 and 4.1. Remember

that 37 d% = > % = 0.

0,1

From (3.25), (3.28), (4.29) and (4.30) applied to r = K%O one sees that

ne

() [ A [Faip 227 D dgo,j‘ In(k' =) + dh(c) D *F(a5)d}
j=1

o, j
j=1
2
F0GD? [ A2 00, — 0D (5.37)
Defining d*° := Z?;l dgo,j , we assign to each i € S := {1,...,d*} two

centers of pseudo-balls; a;"+ and a;"_, carrying positive and negative degrees
respectively. In addition, the points thus chosen can be assumed to satisfy (5.15)
and (5.16), where this time the role of the pl.i’s is replaced by the a;"i’s. This
construction can be carried out in a way similar to what we did for the larger
pseudo-balls in the beginning of the proof of Proposition 5.1. In the same way as
before, we define

Fy := F(@"") — F(a“"). (5.38)

LetS, :={s € S: F; > 0}. We see that fors € S, one has trivially Fyh(x) = 0,
while fors ¢ Sy, Fyh(x) = —Ink — O(Inln k). From this and (5.37), we see that
for some constant ¢ independent of «

capd® Ink 2 cag |S\ S+|Ink = (1 —ag) |[S+|Ink + o(1). (5.39)

Similarly, fixing €9 small, we define Sy := {s € S : F; < —¢gg Hif;w)}. This
time, we see that for s ¢ Sg,, Fsh(x) = —golnk — O(Inlnk). Again, appealing

to (5.37), we deduce that for some constant ¢ independent of k

capd® Ink 2 cag |Sey| Ink = |S\ Sep| (1 — g — g0) Ink +o(1).  (5.40)

We note that g can be chosen arbitrarily small and the results in Section 4 remain
valid. If one considers the construction of Proposition 4.1 for two different expo-
’

’ . . . .o, .
nents oy > «,, one must necessarily have the monotonicity condition deo > d%,
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due to the fact that the pseudo-balls associated to the smaller exponent are larger.
Since we know that d*° is bounded independently of k, thanks to (4.14), we may
assume o is small enough so that ¢ 1— ozo d”‘0 < 1. This together with (5.39) and
(5.40) yields that both S; and S\ S, are ernpty But then, there exist a constant C
such that

min {¢ (af) : dfy ; < 0} —max {p(af) : dj,

0,1

> O} > Cegy.

Because of this, each pseudo-ball of size ~ m cannot contain two different

pseudo-balls B; and B, of size ~ ;<+0’ with associated degrees d; > O and dy < O

respectively. As a consequence of this, we have > 7% | dgo = Z?/;] d](.K) , and
1\%
P <c (—) , foralli such thatdf . >0, (5.41)
Ink 0
while
5
1 \12
T —¢@)=c (1—) , forall i such that dgo ; <0. (5.42)
nk

2. We prove now that ’dgo’i) = 1foralli
Assertions (5.21), (5.41) and (5.42) allow us to write

h() A(AS, ¥) = —h(k) = Z| | HAM) + O((ni)s).  (5.43)

Denote by Jy (resp. J) the set of indices i € {1, ...,n,} s.t. dgo ; < 0 (resp.
dgo ; > 0). We apply Proposition 4.3 letting r = K%O Substituting (5.43) in (4.28)
we obtain

G opc Vi)

—4r* > |4 0l| G}, xj)—4n* D" df ds . Glaf.d)
iedoU Jx i#jedo
2 2
Z i aojG(a a]’f)—47r Z Otol OtOJG(a af)
z;éjej,, i€y, j€Jx

h
1203 [ G- “0)+( (“)) el o

i=1

]’l nye 5 ]
(K) Z‘ aO,}HZ(M)—i—O((lnfc)E)—kO(l), (5.44)
Note that

G (af.a¥) = G((0,0,0(0)). 0.0, v(x)) +o0(1) fori € Jp,j € Jr.
(5.45)
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and that
JodE = dy.i dgo‘j’ i, jetoori,jetn, (5.46)
ap.i %o, j _ ‘d&(o,i ‘dgo,j‘ ifi e Jo,j€ Jx.

Now that we have established that all the vortices with non-zero degree lie
within two well separated neighborhoods of (0, 0, v(0)) and (0, 0, v(;r)), we write
the Green’s function in a more convenient way. Recall that we denote by ry the
injectivity radius. Fix a number r < 7. Let p € M and consider an isothermal
coordinate chart (B( p,v), 7L p) . Let p be a cut-off function supported in 5(p, 2r),
equal to 1 on B(p, r). Consider the function I',, defined on B(p, 2r) by

1
ry(q) = (g In|Z,(p) — Ip(q)|) - p(@)- (5.47)
Then, defining the regular part
H(x,y) =G, y) — Ik(y), (5.48)

we see that, thanks to (4.2) and elliptic regularity, H (x, y) is of class Cl. The
definition of H (x, x) can easily be seen to be independent of r and the coordinate
chart.

Remark 5.3. Note that in light of this, for all x € d5; ,, it holds that

i

G (aK x) = —%ln%—l— H (a;‘,al’f) +o(1).

In addition, since

( min A(x)) .
xeB(Zk (af),r)

< ( max A(x)) .
xeB(Z (a;‘),r)

and A satisfies (4.1), we conclude

Tar (@) = Tor @5)] < dpa(af o)

Ia;( (alK) - Ial'.( (alj()

3

1
Ty (@) = 5—Ind,g (af . a5) + o(L).

whenever i, j € Jo, ori, j € Jr. Lastly, note that (5.47) and (5.48) make the rough
bounds (4.24), (4.25) and (4.26) superfluous, since we can now assert that

sup |G (i, x) — G(bi, y)| = o(1).
x,y€dB(b;,r)



602 ANDRES CONTRERAS

Next, using Remark 5.3, along with (5.12), (5.41), (5.42), (5.45) and (5.46) in (5.44)
yields

gMK(wK)>2nZ| 0{0!\ In(x%) — 27 Z | Otot C{O]‘lndM(alvaK)
i=1 i#jedo
—2n Z |Dtoz u0,‘11161/\4(@,aK)+H(JOUJ7,)
i#j€Jy
—2m > s |dg, | G (0,0,00)), 0,0, v(m)
iely,jely

h
+2n2| dg, ;[ “0)+( (K)) Il 1,

h .
(K) Z| ds, ;| HX (M) + O((In k)®)

II\/

Z\ ao,} 1n(1c°‘°)+2712| dl, |G =)

i=1 i=1

h(k) h( ) .
+(T) lall2 0 — Z| dg.i| H2M)

+0O ((ln K)%) . (5.49)

Here, we have introduced for a global minimizer (later on this quantity will take
on a simpler form after we show all the vortices have degree £1) the notation

H(JoU Jy)

= | 2l + >0l ]

iely i#jely

| 2 el + 2 eyl

iely l?é]'e-]rr

dx ) H ((0, 0, v(0)), (0,0, v(0)))

«0, J

d¥ ’ H ((0, 0, v(m)), (0,0, v(m))) .

a0,

(5.50)

On the other hand, we claim that we can construct a comparison map 7 M=

Cwith 5 377 |d

and the same number of vortices of degree —1 on the circle {p € M, ¢p(p) =
T - ﬁ}, with total energy

i vortices of degree +1 on the circle {p € M, ¢(p) = \/];7}

()
Gy ) <21y | a0l|lnx+( 5 ) T

i=1

_h(K)Z| .l H (M) + O(Inlnk). (5.51)
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This can be achieved as follows. Let ng := % Z;’;l dgo ;| Fori=1,... nop, let

gi denote the point in M whose coordinates are

12w (i1 s ,

(9(gi),0(qi) = («/lerK’%(Tl)) ifi = 11iseven,
ql ’ ql - (j'[— 1 2_71(1_)) lfllsodd
VInk? no \2 .

(5.52)

Note that the points defined in this way satisfy (4.39). We let r := K+0 Thanks
to Proposition 4.4 we can associate to the points ¢;,i = 1, ..., 2ng, a function

o defined on M\ U,»ZZOIB(qi, r) satisfying (4.40). In turn, inside each B(q;, r)
we can define a function ; analogously to ¥/ in (3.13), that agrees with ¥, on
0B(qj, r). To see this, let fi be the function in (3.12), where now delta takes the
value § := K+o . Using polar coordinat‘es aboutZ,,(q;), we let y/; be the pullback of
the function ¥, (r, 0) := f(r)e=""" under 1Z,,- Just as in the calculation (3.19),
using the definition (4.27), one finds

/ Se () dH2 < 27 In(kc' 7)) + O(1). (5.53)
B(g;.,r) M

We thus define ¥, by

I/[(:ul(x) ifx e 'Av/t \ UB(C]i, r),

Yi(x) ifx € Bgi,r). (5.54)

li/l{(-x) = {

The function ¥, is of modulus = 1 outside of the union of the pseudo-balls, whose
total measure is of order K+0 Therefore

(h(x))zfv AP
M

For the same reason, one can argue as in the derivation of (3.37) and (5.43) that

e

2 h 2
Q. = (%)) I, + 0D (555)

h(k) A(AS, ) = —@

ng
> lds, I HA M) + Onlnk). (5.56)
i=1

Making use of (5.53), (5.55) and (5.56), the bound (5.51) follows after substituting
the expansions contained in Remark 5.3 into (4.40). Because the ¥, are global
minimizers, we must have

Gt W) Z Gy (W), (5.57)
which together with (5.49) and (5.51) imply

2m 3" (Jds = [ds ) ne < OCani®). (5.58)

Ny
i=1
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This cannot hold unless

d;o,i‘ = 1 for all i such thatd, ; # 0, for large values

of k. With this conclusion at hand, we may use (5.49), (5.51) and (5.57) one more
time to conclude

= > hmdy@aH - > 1ndM(a;(,a';)§(9((1nK)%), (5.59)

i,jeJo i,j€Jy

which in turn implies the existence of a § > 0 such that for « large, letting &€ <

05(1)\/0+17
1 InK)6 £l
< PIOC <IN foralli £ . (5.60)
dM (a; ,aj)
This implies that for i # j,
1
dyy(ai,a5) > —— (5.61)
k%0

We would like now to refine the estimates we have so as to compute the energy
of a minimizer up to o(1). To this end, take p;.‘, i =1,...,m,, the center of the

pseudo-balls {B(p¥ A—O)}l'.":”l provided by Proposition 4.1. By making Ao larger

i’ K
if necessary we can always assume dM (pf, pj) > ,5%0’ whenever i # j, and

therefore assume that each pseudo-ball of radius ~ K% contains at most one of

the family {B(p¥, %)}?":'(1. Then, since we know ‘d" ‘ = 1 for all { such that

0,1
dgo,i # 0, the same must hold for the degrees df of the smaller pseudo-balls.
Thus, Y |df| = 3 |d5 ;| = 3 |d*
following confinement assertions

< C. As before this has as a by-product the

3

1 \12
p(pf) < (m) , forallis.t.df >0 (5.62)

and
5

1 \12
T—¢(pf)Sc (m) , forallis.t df <O. (5.63)

Now, using the notation in (4.50), we write inside any of the balls B(Z o ( p;.‘ ),

A0y .
K)’

o 1
e (y) = e (Ip,.x () + ;y) . (5.64)

One can see ¥, converges in C lla . (R?) as k — 00 to a solution Yo of

N N ~ |2 ~ 12
— Ao = Vo (1 - ‘wo‘ ) with /Rz (1 — ‘%‘ ) <00, (5.65)
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Vi
the pseudo-ball B(p!, )‘70) should not even belong to the collection. In particular
df = %1 forall i. It is known that the solutions of (5.65) of degree *1 are unique,
up to a multiplicative constant (cf. [19]). More precisely 1/}0 =f (r)e*? where f
is a real valued function. A result of Herve-Herve (cf. [14]) asserts the existence
of a constant @ > 0 such that f(r) = ar — %r3 + O(rd), for r small, and then
det [Jac ¥01(0, 0) = a + o(1). By virtue of this, one can apply the implicit func-
tion theorem and conclude there is only one zero inside each pseudo-ball. We may
thus assume pf = af corresponds to the unique zero inside B(a;, K%O), thanks to
(5.61), foralli =1, ..., m,, and note that m,, = n,.. In turn, de = 0 allows us
to conclude that there is a number n¢ such that 2ny = m, which we prove later to
be independent of «, as k — o0.

3. We now find the number of pairs of vortices, n(

We claim that

2 .
/M Se(We) dHy, = 4mnolni + 2ngeg — 27 > Ind g (pf. p%)
i#j€do
—2m > Indy(pf. p§)+ H(Jo U Jx)
i#j€Jx
—27ngG ((0,0, v(0)), (0,0, v())) +o(1), (5.66)
where ¢ is the constant from (4.46). To see this, fix r = r(k), the radius obtained

in Proposition 4.5 and note that we can appeal to it thanks to inequality (5.61). One
can see

If df = 0, then ‘@0 = 1 (cf. [4]), and hence — 1, which implies that

2ng

Z/ Sk (w,c)d'Hi;[ 2 4angIn(k - r) + 2noco + o(1). (5.67)
i=1 7/ Bir

We then resort to Remarks 4.9 and 5.3, to refine (4.21) by replacing the O(1)
term by an o(1) term. Then, a consequence of this is:

1
/M\uz"ozs S,((xp,()dHf\;[ > dxngln — — 27 Z Ind v (pf. p)
i=1~0,r

" i#jedo
=21 > Indy(pf, pY) + H(Jo U Jx)
i#j€Jy

—27n§G ((0,0,v(0)) ., (0,0, v()))

+o(1). (5.68)
This follows from revisiting (4.31)~(4.36). To complete the proof of the claim
(5.66), we construct a comparison function ¥, as follows. First, let ¢; := p;.‘ for all
i =1,...,2n0, in Proposition 4.4. Again, making use of the notation and results

contained in Proposition 4.5, we define

~ z’;ut(x)’ ifx e M \ Uizio]Bi,ry
We(x) = { Yin f(x), if €Bi,anddf =1, (5.69)

YET 0, if € By, anddf = —1.



606 ANDRES CONTRERAS
We see that (5.55) and (5.56) hold for this new lf/,(. This and (5.57) yield

2
/M Se(We) dHy, < 4mnglni + 2ngeg — 27 | Z Ind v, (pf . P)
i#j€o
=2 D Ind (pf. p5)+ H(Jo U Jx)
i#jely
—27n3G ((0, 0, v(0)), (0,0, v(7))) +o(1), (5.70)

The claim now follows from this, (5.67) and (5.68). Using (5.66) we can now assert
that

gM,K(wK) =4mnglnk + 2ngeg — 2w Z lndM(pf, pj)
i#jeo
2ng
=21 > Ind g (pf. p) +4mh(c) D «F(pf)dy
i#jely i=1
FH(Jo U Jy) — 277026 ((0,0, v(0)) , (0,0, v(1)))

G N
+(T) l|u”L2(M)+0(1)‘ (5.71)

We now proceed to determine the number of vortices. More precisely, we study the

dependence ng = ng(o). Let ¢; = ¢(p;), where o arises in (5.36). The definition
(5.10) together with (5.5) imply that

1
# F(p)) = 1luy] 06} + 0 (#}). (5.72)

whereas for j € J,

HAM) |1
S (G ICTRRE A CRNCY (CYSE ) BREREY

*Fpp)=—1 4

From (5.2), (5.3) and (5.5) it follows that

[uy](0) = u'(0) y (0) = u'(0)> = v(0)?,
[yl () = u' () y(7) = —u' (1)* = —v(7)*.

Thus, the constraints (5.62) and (5.63) applied to (4.29) justify the expansion

. HEM) 1
h() AAS, o) = 47 hix) | no— —ngw)%f
0

N % > v — ) | + (9( h(K)S ) (5.74)

jedx (an)ﬁ
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We next see that H (Jy U J) takes the simple form

H(JoU J,) = (n% + no) [H ((0,0,v(0)), (0,0, v(0)))
+ H ((0,0,v(m)), (0,0, v(m)))],

so f(ng) := H(JoU Jy) — Znn% G ((0,0,v(0)), (0,0, v(mw)) ) + 2npcp is a quan-
tity that depends on ng but not on the configuration of vortices. We can now write
using (5.71) and (5.74)

95t W) = To(no) + Ix (no) — nooH* (M) Inlnk

+f(no)+( (2)) lll oy, +oDe (5.75)

where we have introduced

Io(no) :=2m | = > 1ndM<p,-,p,>+—Z v(0)* ¢7

i,jelo jedo

and

Iy(no) :=2m | — > lndM<p,-,pj)+— > v (¢ — )

i,jely jelr

We write ¢, := max ey, ¢;. One has

h
( ) > w0 ¢2> ) v(0)* 63, (5.76)
Jj€Jo
and
— > Ind(pi. pj) = —(ng — no) In gy, + O(1), (5.77)

i,jedo
since dM (pi, pj) = C-¢j, for some constant C independent of «, in light of (5.1)—

5. 5) Using (5.76) and (5.77), we obtain a lower bound for /y(n¢) by minimizing
—(n0 —np)Inx + h(K) 1)(0)2x2 The lower bound reads

Io(no) = w(n} — no) Inlnk 4+ O(1).

One can easily see the same estimate holds for /; (n¢). Employing a comparison
map similar to the one defined in (5.69), only this time with n¢ vortices of degree
1

2
ny—no

+1 equally distributed on the circle {¢p = (m

2
) }, and another n¢ of degree
1
. n2 —ng 2
—1 on the circle {¢p =7 — m }, one can deduce

Io(no) = w(n§ — no) Inlnx + O(1), (5.78)
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and that the same estimate holds for I; (np). From this, one can already determine
the value of ng = ng(o). The energy of ¥, depends on ng in the following way

QM’K(W,() = 27r(n% —ng)Inlnk — noaHz(M) Inlnk

h(k)

2
2
+f (o) + (T) [l o +OM,  (579)

so for « large, nog will be given by the minimum value of n € N of
271(n2 —n)— nGHZ(M).

Simple analysis then reveals that if o ¢ (4n/H2(M)) Z,

.
ny = \\O‘H (M)J + 1. (5.80)

4

The case nop = 0 can be incorporated into the argument without considerable addi-
tional effort and (5.80) reads the same in all cases.

4. We prove now that the configuration of vortices tends to minimize a
renormalized energy.

Since we cannot really rescale points in the manifold, and this is necessary for
the identification of a renormalized energy, we proceed as follows. By our analy-
ticity assumptions, we have:

2
pi — P . =dy(pf P = |pf = p) wTC pi — P} w 68D

Recall the definition of Proj in (5.35). Since v’(0) = 0, we have
2
R®

2 2
VO (9 =9 (4)?)

pi —Pj ’Proj p; — Proj pf;

+o ((¢(pf)2 - ¢<p§>2)2) . fori, j € Jo. (582)
One can also see, resorting to (5.5), that for some constant /y
L= @) +u (o (7))’
=200 () u (0 (5)) cos (0 () — 0 (7))
> 1o (00) — 0 0) (5.83)

Similar estimates holds for i, j € J;. So (5.81), (5.82) and (5.83) imply that
whenever i, j belong both to either Jy or J, then

Proj pi — Proj p';

Ind ., (pf. p%) = In ‘Proj P = Proj | +o(1).

Fori € Jy, (resp. fori € Jy) [Proj p¥|> = | p¥ — (0,0, v(@*)|* = v(0)? [¢*]* +
OB (resp. [Proj pf|* = v(m)? ¢ — x|” + O((@F — 7)%)). From (5.78)
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we see that

¢;f - n) , \qbl"| < \/1ch’ where i € Jo, j € Jr. Indeed, appealing to
inequalities (5.76) and (5.77), the definition of Iy(ng), estimate (5.78), and writing
Ce == ¢j,vInk, we deduce

(C)? <InCe + O(1). (5.84)

This implies Cy is bounded independent of k. We can proceed analogously to prove
something similar holds for the vortices { pf } jeu, - This concludes the proof of the
claim. Using this and substituting the definition of P/ given in Theorem 5.1 and
the one for the renormalized energy R"° given in (5.34), we finally arrive at

QM(W) =27 (n% — no) Inlnk — noaHz(M) Inlnk + f(ng)
+R" (Pf; i€ Jo) +R™ (P i€ Jy)

h(x)
+(T) llu HLZ(M) +o(1). (5.85)

We claim that (5.85) forces the configurations {P/’f , J € Jo} and {PJ’.‘ , j € Jg}to
converge at the same time to minimizers of R". To prove this, suppose towards
a contradiction that at least one of these collections does not. Without any loss of
generality, we assume this happens for the collection corresponding to j € Jy.
Then, there exists a collection {x;, j € Jo} of points in R2, such that perhaps after
passing to a subsequence, R"O({PJ’?, Jj € Job) > R™({x;, j € Jo}) + €0, where

&o > 0is a small constant independent of «. Then, define a map ¥, analogously to
the one in (5.69), with vortices ﬁf = «/ﬂ + v(¢j)e;, where

% |
¢j=u"" 2 ).
! VInk
for j € Jp, while for j € J; we simply let [37 = p;. With the aid of (5.85), one
deduces

02 Gy (W) = Gy ()
= R({pj: j € Jo}) — R({xj; j € Jo}) +o(D)
2 g0 +o(1), (5.86)

which is a contradiction. 0O

Proof of Theorem 5.2. Fix « large enough so that for all ¥ > o all minimizers

of G Mo have 2ng = 2|0 L5 (M)J + 2 nonsingular vortices. This is possible thanks
to the precedlng theorem and the analysis presented immediately below (5.65). By
Proposition 2.1 we know that, given any sequence of minimizers ¥, of G, the
corresponding maps ¥, , converge in C'*, up to a subsequence, to a minimizer
Y of g . Lastly, the fact that the zeros of Y, are nonsingular and the implicit
functlon theorem yield the desired conclusion. O
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