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Abstract

We prove the solvability in Sobolev spaces for both divergence and non-
divergence form higher order parabolic and elliptic systems in the whole space,
on a half space, and on a bounded domain. The leading coefficients are assumed to
be merely measurable only in the time variable and have small mean oscillations
with respect to the spatial variables in small balls or cylinders. For the proof, we
develop a set of new techniques to produce mean oscillation estimates for systems
on a half space.
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1. Introduction

This paper is devoted to the study of the L p-theory of higher order parabolic and
elliptic systems. More precisely, we expand the L p-theory of higher order elliptic
and parabolic systems to include a class of not necessarily continuous coefficients
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via a unified approach for both divergence type and non-divergence type systems
in the whole space, on a half space, and on a bounded domain. The coefficients
we consider are complex valued and, in particular, the leading coefficients of para-
bolic systems are merely measurable in the time variable and belong to the class of
BMO (bounded mean oscillations) as functions of the spatial variables. The mean
oscillations of the coefficients need only be sufficiently small over small cylinders.

To present the exact forms of such systems, we let

Lu =
∑

|α|�m,|β|�m

AαβDαDβu, Lu =
∑

|α|�m,|β|�m

Dα(AαβDβu),

where m is a positive integer,

Dα = Dα1
1 . . . Dαd

d , α = (α1, . . . , αd),

and, for each α, β, Aαβ = [Aαβi j (t, x)]n
i, j=1 is an n × n complex matrix-valued

function. The involved functions are complex vector-valued functions, that is,

u = (u1, . . . , un)tr, f = ( f 1, . . . , f n)tr, fα = ( f 1
α , . . . , f n

α )
tr.

The parabolic systems we study are

ut + (−1)m Lu = f, ut + (−1)mLu =
∑

|α|�m

Dα fα,

where the first expression is in non-divergence form and the second one is in
divergence form. The elliptic systems, non-divergence form and divergence form,
respectively, are

Lu = f, Lu =
∑

|α|�m

Dα fα.

Whenever elliptic systems are considered, all the involved functions are independent
of t . When the domain is other than the whole space, we impose the homogeneous
Dirichlet boundary condition.

In the case of non-divergence type elliptic systems, we prove that, for a given
f ∈ L p(Ω), there is a unique solution u ∈ W 2m

p (Ω) to the system Lu = f in

Ω , where Ω is either the whole space R
d , the half space R

d+ = {(x1, . . . , xd) ∈
R

d , x1 > 0}, or a bounded domain. We also prove the corresponding results for the
other types of elliptic and parabolic systems; see Sect. 2.

As is well known, the key ingredient in establishing L p-theory is a priori
L p-estimates of solutions to given systems. Generally, this is done in two steps.
First, one establishes L p-estimates for systems with ‘simple’ coefficients, for exam-
ple, constant coefficients. Second, if the given system is in some sense close to
systems with simple coefficients, one obtains the desired L p-estimates by using a
perturbation argument.

The L p-estimates for systems with constant coefficients, in many references,
for example [2,3], rely on the exact representation of solutions and the Calderón–
Zygmund theorem. Another approach for such L p-estimates is that of Camp-
anato–Stampacchia using Stampacchia’s interpolation theorem (see [20]). As to
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perturbation arguments, if the coefficients of given systems are uniformly continu-
ous, the estimates are carried out by using the local closeness of the coefficients to
constant coefficients in L∞ norm. When the class of VMO (vanishing mean oscil-
lations) coefficients was first introduced, another perturbation argument was used
in [5,8,9], where the continuity of coefficients is measured in the average sense,
not in the pointwise sense, through a representation formula of solutions and the
Coifman–Rochberg–Weiss commutator theorem.

In this paper, in establishing the key L p-estimates, we replace the first step,
L p-estimates of solutions to systems with simple coefficients, by mean oscillation
estimates of solutions to the systems. Then for the second step we use a different
perturbation argument, which is well suited to the mean oscillation estimates. For
instance, if the system under consideration is elliptic in the form of Lu = f with
constant coefficients in the whole space, then by the mean oscillation estimate of
D2mu we mean a pointwise estimate of the form

–
∫

Br (x0)

|D2mu − –
∫

Br (x0)

D2mu dy| dx

� Nκ−1
(

–
∫

Bκr (x0)

|D2mu|2 dx

)1/2

+ Nκ
d
2

(
–
∫

Bκr (x0)

| f |2 dx

)1/2

(1)

for all x0 ∈ R
d , r ∈ (0,∞), and κ ∈ [κ0,∞), where Br (x0) is a ball with center

x0 and radius r . Indeed, this implies the L p-estimate of D2mu by the well known
Fefferman–Stein theorem on sharp functions and the Hardy–Littlewood maximal
function theorem. But more importantly, this type of estimate embraces well the
perturbation between the original systems and systems with simple coefficients
when the coefficients have small mean oscillations over small balls or small para-
bolic cylinders. This approach was first introduced by Krylov [25,26] to deal with
second order elliptic and parabolic equations with VMO coefficients in the whole
space, and is well explained in his book [27].

Due to the well-adaptedness of estimates like (1) to the perturbation argument,
our main effort in this paper focuses on obtaining mean oscillation estimates of
systems with simple coefficients. Since in the parabolic case we allow coefficients
to be merely measurable in the time direction, the systems with simple coefficients
in our case are naturally those with measurable coefficients depending only on t .

For systems in the whole space, which requires only interior estimates, the mean
oscillation estimates follow rather easily by adapting the techniques in [25,27] to
higher order systems. However, unlike the arguments in [25], we derive the non-
divergence case as a corollary from the divergence case. Another noteworthy dif-
ference is that we prove the mean oscillation estimates not only for the highest order
terms but also for the lowest order terms, so we are able to avoid the argument in
[25] deriving the L p-estimates of solutions from those of the highest order terms,
which is technically difficult in the case of higher order equations.

For systems on a half space or on a bounded domain, which also require
boundary estimates, it is not possible to use the approach in [25,27] since the
estimates developed there are only for equations in the whole space (interior esti-
mates). Thus, we develop here a set of new techniques to produce mean oscillation
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estimates for systems on a half space. This is a new approach for boundary
L p-estimates which is applicable to a wide class of equations or systems. To get
these boundary mean oscillation estimates, as in the whole space case, we start with
L2-estimates of systems on a half space. Although the L2-estimate for divergence
type systems is well known under appropriate ellipticity or parabolicity conditions
on the leading coefficients, our Theorem 13 regarding the L2-estimate for non-
divergence type systems on a half space with coefficients measurable in time is, to
the best of our knowledge, a new result. In the proof we only use the L2-estimate of
divergence type systems and an interpolation argument. It is worth noting that L2-
estimates for higher order elliptic equations and systems were obtained in [16,19]
by using bootstrap arguments. For parabolic equations, however, in [19] the coeffi-
cients are assumed to be Hölder continuous in the time variable since a semigroup
method was used.

From the L2-estimates, we derive the boundary mean oscillation estimates of
some of the highest order derivatives of solutions, precisely, Dm

x ′u in the case of
divergence systems and D2m

x ′ u in the case of non-divergence systems, where x ′
denotes the last d−1 coordinates of x = (x1, x ′) in R

d . These estimates alone, how-
ever, are not sufficient for us to prove the main theorems. Because of this, we then
consider a parabolic system with special coefficients, such that in a periodic pattern
certain order normal derivatives of solutions to the system vanish on the bound-
ary. This gives us the boundary mean oscillation estimates of Dm

1 u or D2m
1 u; see

Lemma 14. Once we have all the required mean oscillation estimates, we proceed
as in [25] to the desired L p-estimates using the perturbation argument, the details of
which are illustrated for divergence type systems in the whole space; see Section 5.

In the literature, for uniformly continuous coefficients, a rather complete
L p-theory can be found for general linear elliptic systems in [1–3] and for par-
abolic systems in [18,17,36,29]. If coefficients are in the class of VMO, non-
divergence type higher order systems in the whole space have been investigated in
several papers, for example [10,22,34,35], where leading coefficients of systems
are either VMO with respect to all the variables or independent of the time vari-
able. For divergence type higher order elliptic systems with VMO coefficients, we
refer the reader to a recent interesting preprint [31] in which the inhomogeneous
Dirichlet problem on Lipschitz domains is studied. In all these papers, the method
of singular integrals is used, so measurable coefficients are not allowed.

Restricted to second order systems or equations, there are a relatively larger
number of papers which can be compared to this paper. Non-divergence elliptic and
parabolic equations on smooth domains with VMO coefficients were first studied
in [5,8,9] by using the technique of singular integrals. For further related results,
we refer the reader to the book [32] and references therein. The corresponding
results for divergence elliptic equations were obtained in [4,11] by a similar tech-
nique. These results were later improved upon by the authors of [6] in several
papers for divergence type equations/systems without lower order terms on non-
smooth domains by using a perturbation argument based on the maximal function
theorem and a covering lemma (see [7] for an extension to fourth order systems).
An interesting question would be whether the methods in [6,7] can be applied
to equations with lower order terms or non-divergence form equations/systems.
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The methodology used by Krylov in [25,26] was later developed and extended in
[14] for divergence and non-divergence systems in the whole space with the same
class of coefficients, and in [23,24,28] for non-divergence parabolic and elliptic
equations in the whole space with partially BMO coefficients for p > 2, and in [12]
for any p ∈ (1,∞). In [12,13,15], this method was further adapted to divergence
parabolic and elliptic equations/systems in the whole space with partially BMO
coefficients. It is worth noting that in [12–15] and [23–28] only interior mean
oscillation estimates were derived. When dealing with equations and systems on a
half space or on a bounded domain in [13,15,23,24], the authors took full advantage
of the fact that the coefficients are allowed to be merely measurable in one spatial
direction and the fact that the given systems are second order. Thus without using
any boundary mean oscillation estimates developed here, the boundary L p-esti-
mates were derived from interior estimates as corollary type results by using odd
and even extension techniques. However, the extension techniques do not work for
higher order equations or systems. This is the first paper in which the ideas in [25,26]
are adapted to boundary estimates, in both divergence and non-divergence cases.

As noted above, the first critical step of the proof is the L2-estimates of systems
with relatively simple coefficients under the ellipticity or parabolicity conditions on
the leading coefficients. In this paper, we use the Legendre–Hadamard ellipticity
condition, which is more general than the strong ellipticity condition considered,
for example, in [7,15,30]. Nevertheless, it is still stronger than the uniform pa-
rabolicity condition in the sense of Petrovskii, which was used in [17,34,36] with
more regularity assumptions on the leading coefficients. We shall discuss these
conditions in detail in Section 11.

The organization of the paper is as follows. We introduce some notation and
state the main results in the next section. The remainder of the paper is divided into
two parts. In the first part, we treat systems in the whole space. Sections 3 and 4 are
devoted to the L2-estimates and mean oscillation estimates for both divergence and
non-divergence parabolic systems with simple coefficients. In Section 5 we com-
plete the proofs of the L p-solvability of systems in the whole space. The second
part is the main part of the paper, in which we treat systems on a half space or on
a bounded domain. In Section 6 we establish the L2-solvability of divergence and
non-divergence parabolic systems with simple coefficients on a half space. Then in
Section 7, we obtain the boundary mean oscillation estimates of Dm

x ′u and D2m
x ′ u

for divergence and non-divergence systems, respectively. Section 8 is devoted to
the estimates for a special type of systems. With these preparations, in Sections 9
and 10 we establish the L p-solvability of both divergence and non-divergence par-
abolic systems on a half space and on a bounded domain. Finally, we discuss in
Section 11 some other ellipticity conditions used in the literature, and show how
our results can be extended to systems under those conditions.

2. Main results

We first introduce some notation used throughout the paper. A point in R
d is

denoted by x = (x1, . . . , xd). Whenever needed, we denote x by (x1, x ′) where
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x ′ ∈ R
d−1. A point in

R
d+1 = R × R

d = {(t, x) : t ∈ R, x ∈ R
d}

is denoted by X = (t, x). For T ∈ (−∞,∞], set

OT = (−∞, T )× R
d , O+

T = (−∞, T )× R
d+,

where R
d+ = {x = (x1, . . . , xd) ∈ R : x1 > 0}. Especially, if T = ∞, we have,

for example, O+∞ = R × R
d+. We also have

Br (x) = {y ∈ R
d : |x − y| < r}, B ′

r (x
′) = {y′ ∈ R

d−1 : |x ′ − y′| < r},
Qr (t, x) = (t − r2m, t)× Br (x), Q′

r (t, x ′) = (t − r2m, t)× B ′
r (x

′),
Q+

r (t, x) = Qr (t, x) ∩ O+∞.

We denote

〈 f, g〉Ω =
∫

Ω

f trḡ =
n∑

j=1

∫

Ω

f j g j .

For a function f on D ⊂ R
d+1, we set

( f )D = 1

|D|
∫

D
f (t, x) dx dt = –

∫

D
f (t, x) dx dt,

where |D| is the d + 1-dimensional Lebesgue measure of D.
In order to state and prove our results on systems in Sobolev spaces, in addition

to the well known spaces L p and W k
p , we introduce the following function spaces.

As a solution space for non-divergence type parabolic equations, we use

W 1,2m
p ((S, T )×Ω) = {u : ut , Dαu ∈ L p((S, T )×Ω), 0 � |α| � 2m}

equipped with its natural norm. Unless otherwise specified, in this paper Dαu(t, x)
means the spatial derivative of u. For divergence type parabolic equations with
Ω = R

d , we introduce

Hm
p ((S, T )× R

d) = (1 −Δ)
m
2 W 1,2m

p ((S, T )× R
d)

equipped with the norm

‖u‖Hm
p ((S,T )×Rd ) = ‖(1 −Δ)−

m
2 u‖W 1,2m

p ((S,T )×Rd )
.

Note that if we set

H
−m
p ((S, T )× R

d) = (1 −Δ)
m
2 L p((S, T )× R

d),

‖ f ‖
H

−m
p ((S,T )×Rd ) = ‖(1 −Δ)−

m
2 f ‖L p((S,T )×Rd ),

then

‖u‖Hm
p ((S,T )×Rd )

∼= ‖ut‖H
−m
p ((S,T )×Rd ) +

∑

|α|�m

‖Dαu‖L p((S,T )×Rd ).
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For a general Ω , we set

H
−m
p ((S, T )×Ω) =

⎧
⎨

⎩ f : f =
∑

|α|�m

Dα fα, fα ∈ L p((S, T )×Ω)

⎫
⎬

⎭ ,

‖ f ‖
H

−m
p ((S,T )×Ω) = inf

⎧
⎨

⎩
∑

|α|�m

‖ fα‖L p((S,T )×Ω) : f =
∑

|α|�m

Dα fα

⎫
⎬

⎭ ,

and

Hm
p ((S, T )×Ω) = {u : ut ∈ H

−m
p ((S, T )×Ω), Dαu ∈ L p((S, T )

×Ω), 0 � |α| � m},
‖u‖Hm

p ((S,T )×Ω) = ‖ut‖H
−m
p ((S,T )×Ω) +

∑

|α|�m

‖Dαu‖L p((S,T )×Ω).

Let δ, K > 0 be two constants. Throughout the paper, we assume that all the
coefficients are measurable, complex valued and bounded,

|Aαβ | �
{
δ−1, |α| = |β| = m,
K , otherwise.

In addition, we impose the Legendre–Hadamard ellipticity condition on the leading
coefficients (see, for instance, [18,20]). Here we call Aαβ the leading coefficients
if |α| = |β| = m. All the other coefficients are called lower-order coefficients. By
the Legendre–Hadamard ellipticity we mean

�
⎛

⎝
∑

|α|=|β|=m

θ trξαξβ Aαβ(t, x)θ̄

⎞

⎠ � δ|ξ |2m |θ |2 (2)

for all (t, x) ∈ R
d+1, ξ ∈ R

d , and θ ∈ C
n . Here we use �( f ) to denote the real

part of f .
Now we state our regularity assumption on the leading coefficients. Let

oscx
(

Aαβ, Qr (t, x)
) = –

∫ t

t−r2m
–
∫

Br (x)

∣∣∣∣Aαβ(s, y)− –
∫

Br (x)
Aαβ(s, z) dz

∣∣∣∣ dy ds.

Then we set

A#
R = sup

(t,x)∈Rd+1
sup
r�R

sup
|α|=|β|=m

oscx
(

Aαβ, Qr (t, x)
)
.

We impose on the leading coefficients a small mean oscillation condition with
a parameter ρ > 0, which will be specified later.

Assumption 1 (ρ). There is a constant R0 ∈ (0, 1] such that A#
R0

� ρ.
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Contrary to non-divergence type systems where equations are defined almost
everywhere, solutions to divergence type equations are understood in the weak
sense. More precisely, for example, we say that u ∈ Hm

p,loc((S, T ) × Ω), where

1 < p < ∞, Ω ⊂ R
d , and −∞ � S < T � ∞, satisfies

ut + (−1)mLu + λu =
∑

|α|�m

Dα fα in (S, T )×Ω,

provided that

∫ t

S

∫

Ω

(
−ϕt · u + (−1)m+|α| Dαϕ · AαβDβu

)
dx ds

= (−1)|α|
∫ t

S

∫

Ω

Dαϕ · fα dx ds +
∫

Ω

u(S, x)ϕ(S, x) dx

−
∫

Ω

u(t, x)ϕ(t, x) dx

for every t ∈ (S, T ] and ϕ = (ϕ1, . . . , ϕn) ∈ C∞((S, T )×Ω) such that ϕ(t, ·) ∈
C∞

0 (Ω) for all t ∈ [S, T ]. If S = −∞ or T = ∞, we take ϕ ∈ C∞((S, T )×Ω)

such that ϕ(−∞, ·) = 0 or ϕ(∞, ·) = 0, respectively.
We are now ready to present our main results.

Theorem 1 (Divergence parabolic systems in the whole space). Let p ∈ (1,∞),
T ∈ (−∞,∞] and fα ∈ L p(OT ) for |α| � m. Then there exists a constant
ρ = ρ(d,m, n, p, δ) such that, under Assumption 1 (ρ), the following hold true.

(i) For any u ∈ Hm
p (OT ) satisfying

ut + (−1)mLu + λu =
∑

|α|�m

Dα fα in OT , (3)

we have
∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(OT ) � N

∑

|α|�m

λ
|α|
2m ‖ fα‖L p(OT ),

provided that λ � λ0, where N and λ0 � 0 depend only on d, m, n, p, δ, K
and R0.

(ii) For any λ > λ0, there exists a unique u ∈ Hm
p (OT ) satisfying (3).

Theorem 2 (Non-divergence parabolic systems in the whole space). Let p ∈ (1,∞),
T ∈ (−∞,∞] and f ∈ L p(OT ). Then there exists a constant ρ = ρ(d,m, n, p, δ)
such that, under Assumption 1 (ρ), the following hold true.

(i) For any u ∈ W 1,2m
p (OT ) satisfying

ut + (−1)m Lu + λu = f in OT , (4)
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we have

‖ut‖L p(OT ) +
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(OT ) � N‖ f ‖L p(OT ),

provided that λ � λ0, where N and λ0 � 0 depend only on d, m, n, p, δ, K
and R0.

(ii) For any λ > λ0, there exists a unique u ∈ W 1,2m
p (OT ) satisfying (4).

Remark 1. We can also solve Cauchy problems for systems defined on (0, T )×R
d

in divergence or non-divergence form. If the initial condition is zero, this is done
by extending the original system to a system defined on (−∞, T ) × R

d with the
right-hand side being zero for t ∈ (−∞, 0). In the same manner, we deal with
Cauchy problems for the systems below defined on a half space or on a bounded
domain. Note that in the case T < ∞, by considering e−(λ0+1)t u instead of u we
can take λ = 0 in the theorems above and below with the expense that N also
depends on T .

The next two theorems are about the boundary value problem of systems in
divergence and non-divergence form on a half space O+

T = (−∞, T )× R
d+.

Theorem 3 (Divergence parabolic systems on a half space). Let p ∈ (1,∞),
T ∈ (−∞,∞] and fα ∈ L p(O+

T ) for |α| � m. Then there exists a constant
ρ = ρ(d,m, n, p, δ) such that, under Assumption 1 (ρ), the following hold true.

(i) For any u ∈ Hm
p (O+

T ) satisfying

⎧
⎪⎨

⎪⎩

ut + (−1)mLu + λu =
∑

|α|�m

Dα fα in O+
T ;

u = D1u = · · · = Dm−1
1 u = 0 on ∂pO+

T ,

(5)

where ∂pO+
T = (−∞, T )× ∂Rd+, we have

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(O+

T )
� N

∑

|α|�m

λ
|α|
2m ‖ fα‖L p(O+

T )
, (6)

provided that λ � λ0, where N and λ0 � 0 depend only on d, m, n, p, δ, K
and R0.

(ii) For any λ > λ0, there exists a unique u ∈ Hm
p (O+

T ) satisfying (5).

Theorem 4 (Non-divergence parabolic systems on a half space). Let p ∈ (1,∞),
T ∈ (−∞,∞] and f ∈ L p(O+

T ). Then there exists a constantρ = ρ(d,m, n, p, δ)
such that, under Assumption 1 (ρ), the following hold true.

(i) For any u ∈ W 1,2m
p (O+

T ) satisfying

{
ut + (−1)m Lu + λu = f in O+

T ;
u = D1u = · · · = Dm−1

1 u = 0 on ∂pO+
T ,

(7)
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we have

‖ut‖L p(O+
T )

+
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(O+

T )
� N‖ f ‖L p(O+

T )
,

provided that λ � λ0, where N and λ0 � 0 depend only on d, m, n, p, δ, K
and R0.

(ii) For any λ > λ0, there exists a unique u ∈ W 1,2m
p (O+

T ) satisfying (7).

Remark 2. By using a scaling argument, it is easy to see that we can choose λ0 to
be zero in the theorems above, provided that L or L has no lower-order terms and
the leading coefficients depend only on t .

Remark 3. In what has gone above we have presented results only for parabolic
systems. From those results we easily obtain the corresponding results for higher
order elliptic systems in divergence form and non-divergence form. The key idea is
viewing solutions to elliptic systems as steady state solutions to the corresponding
parabolic systems. We refer the reader to [25] and [14] for details. To show the exact
form of results for elliptic systems, we state below the cases for elliptic systems on
a bounded domain, Theorems 7 and 8.

Next we consider the solvability of systems in domains with the homogeneous
Dirichlet boundary condition. For divergence systems, we assume the boundary ∂Ω
of the domainΩ is locally the graph of a Lipschitz continuous function with a small
Lipschitz constant. More precisely, we make the following assumption containing
a parameter ρ1 ∈ (0, 1], which will be specified later.

Assumption 2 (ρ1). There is a constant R1 ∈ (0, 1] such that, for any x0 ∈ ∂Ω

and r ∈ (0, R1], there exists a Lipschitz function φ: R
d−1 → R such that

Ω ∩ Br (x0) =
{

x ∈ Br (x0) : x1 > φ(x ′)
}

and

sup
x ′,y′∈B′

r (x
′
0),x

′ =y′

|φ(y′)− φ(x ′)|
|y′ − x ′| � ρ1

in some coordinate system.

Note that all C1 domains satisfy this assumption for any ρ1 > 0. Below we denote
ΩT = (−∞, T )×Ω , where Ω ⊂ R

d .

Theorem 5 (Divergence parabolic systems on a bounded domain). Let p ∈ (1,∞),
T ∈ (−∞,∞]. Then there exist constants ρ = ρ(d,m, n, p, δ), ρ1 = ρ1(d,m, n,
p, δ, K , R0) and λ0 = λ0(d,m, n, p, δ, K , R0, R1) > 0, such that under Assump-
tion 1 (ρ) and Assumption 2 (ρ1) the following is true. For any fα ∈ L p(ΩT ),
|α| � m, and λ � λ0, there is a unique solution u ∈ Hm

p (ΩT ) to
⎧
⎪⎨

⎪⎩

ut + (−1)mLu + λu =
∑

|α|�m

Dα fα in ΩT ;

u = |Du| = · · · = |Dm−1u| = 0 on (−∞, T )× ∂Ω ,
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and we have
∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(ΩT ) � N

∑

|α|�m

λ
|α|
2m ‖ fα‖L p(ΩT ),

where N depends only on d, m, n, p, δ, K , R0 and R1.

Theorem 6 (Non-divergence parabolic systems on a bounded domain). Let
p ∈ (1,∞), T ∈ (−∞,∞] and Ω be a C2m−1,1 domain with the C2m−1,1

norm bounded by K . Then there exist constants ρ = ρ(d,m, n, p, δ) and λ0 =
λ0(d,m, n, p, δ, K , R0) > 0, such that under Assumption 1 (ρ) the following
is true. For any f ∈ L p(ΩT ) and λ � λ0, there is a unique solution u ∈
W 1,2m

p (ΩT ) to
{

ut + (−1)m Lu + λu = f in ΩT ;
u = |Du| = · · · = |Dm−1u| = 0 on (−∞, T )× ∂Ω ,

(8)

and we have

‖ut‖L p(ΩT ) +
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(ΩT ) � N‖ f ‖L p(ΩT ),

where N depends only on d, m, n, p, δ, K and R0.

As discussed in Remark 3, the theorems above have elliptic analogies. For future
reference, we state the results below for elliptic systems on a bounded domain.

Theorem 7 (Divergence elliptic systems on a bounded domain). Let p ∈ (1,∞).
Then there exist constants ρ = ρ(d,m, n, p, δ), ρ1 = ρ1(d,m, n, p, δ, K , R0)

and λ0 = λ0(d,m, n, p, δ, K , R0, R1) > 0, such that under Assumption 1 (ρ) and
Assumption 2 (ρ1) the following is true. For any fα ∈ L p(Ω), |α| � m and λ � λ0,
there is a unique solution u ∈ W m

p (Ω) to
⎧
⎪⎨

⎪⎩

Lu + (−1)mλu =
∑

|α|�m

Dα fα in Ω;

u = |Du| = · · · = |Dm−1u| = 0 on ∂Ω ,

and we have
∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(Ω) � N

∑

|α|�m

λ
|α|
2m ‖ fα‖L p(Ω),

where N depends only on d, m, n, p, δ, K , R0 and R1.

Theorem 8 (Non-divergence elliptic systems on a bounded domain). Let p ∈
(1,∞) and Ω be a C2m−1,1 domain with the C2m−1,1 norm bounded by K . Then
there exist constants ρ = ρ(d,m, n, p, δ) and λ0 = λ0(d,m, n, p, δ, K , R0) > 0,
such that under Assumption 1 (ρ) the following is true. For any f ∈ L p(Ω) and
λ � λ0, there is a unique solution u ∈ W 2m

p (Ω) to
{

Lu + (−1)mλu = f in Ω;
u = |Du| = · · · = |Dm−1u| = 0 on ∂Ω ,
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and we have
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(Ω) � N‖ f ‖L p(Ω),

where N depends only on d, m, n, p, δ, K and R0.

Part I. Systems in the whole space

This part of the paper is devoted to the proofs of the L p-solvability of sys-
tems in the whole space, that is, Theorems 1 and 2. In Section 3 we obtain several
L2-estimates for systems with coefficients depending only on t . By using these
estimates, in Section 4 we prove the mean oscillation estimates for systems with
the same class of coefficients. We complete the proofs of Theorems 1 and 2 in
Section 5.

3. L2-Estimates for systems with simple coefficients in the whole space

In this section we obtain L2-estimates of parabolic systems in divergence and
non-divergence form when the coefficient matrices are measurable functions of
only the time variable satisfying the Legendre–Hadamard ellipticity condition (2).
Even though our proofs are basic, we present them here for the sake of complete-
ness. In particular, we derive the L2-estimate of systems in non-divergence form
by using only that of divergence type systems. Throughout the section we set

L0u =
∑

|α|=|β|=m

Dα(AαβDβu),

where Aαβ = Aαβ(t). Since Aαβ are independent of x ∈ R
d , we can write

L0u =
∑

|α|=|β|=m

AαβDαDβu.

Let C∞
0 (OT ) be the collection of infinitely differentiable functions defined on OT

vanishing for large |(t, x)|.
Theorem 9. Let T ∈ (−∞,∞]. There exists N = N (d, n,m, δ) such that, for any
λ � 0,

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L2(OT ) � N

∑

|α|�m

λ
|α|
2m ‖ fα‖L2(OT ), (9)

if u ∈ Hm
2 (OT ), fα ∈ L2(OT ), |α| � m, and

ut + (−1)mL0u + λu =
∑

|α|�m

Dα fα (10)

in OT . Furthermore, for λ > 0 and fα ∈ L2(OT ), |α| � m, there exists a unique
u ∈ Hm

2 (OT ) satisfying (10).



Higher Order Parabolic and Elliptic Systems with BMO Coefficients 901

Proof. We assume λ > 0. If λ = 0, the inequality (9) holds trivially or we obtain
∑

|α|=m

‖Dαu‖L2(OT ) � N
∑

|α|=m

‖ fα‖L2(OT ) if fα = 0 for |α| < m

using the inequality (9) for λ > 0 and letting λ ↘ 0.
Let us assume that the inequality (9) is proved. Then due to the fact that

ut = −(−1)m
∑

|α|=|β|=m

Dα(AαβDβu)− λu +
∑

|α|�m

Dα fα,

we obtain ‖u‖Hm
2 (OT ) � N‖Pλu‖

H
−m
2 (OT )

, where Pλu = ut + (−1)mL0u + λu
and N = N (d, n,m, δ, λ). Then using the estimate, the method of continuity, and
the unique solvability of systems with coefficients Aαβ = δαβ In×n we prove the
second assertion of the theorem. Therefore, we only need to prove the inequality
(9). Moreover, since Pλ is a bounded linear operator from Hm

2 (OT ) to H
−m
2 (OT ),

it suffices to concentrate on u ∈ C∞
0 (OT ).

Multiply both sides of (10) by u and integrate them on OT . Then by integration
by parts we have

〈u, ut 〉OT +〈Dαu, AαβDβu〉OT +λ〈u, u〉OT =
∑

|α|�m

(−1)|α|〈Dαu, fα〉OT . (11)

Note that

〈Dαu, AαβDβu〉OT = 〈(i ξ)α ũ, Aαβ(i ξ)β ũ〉OT =
∫

OT

ξαξβ ũtr Aαβ ũ dξ dt.

Here ũ is the Fourier transform of u in x . By the ellipticity condition we get

δ

∫

OT

|ξ |2m |ũ|2 dξdt �
∫

OT

�
(
ξαξβ ũtr Aαβ ũ

)
dξ dt.

Also note that
∫

Rd
|u|2(T, x) dx =

∫

OT

∂

∂t
|u|2(t, x) dt dx = 〈u, ut 〉OT + 〈ut , u〉OT ,

�〈u, ut 〉OT = 1

2

∫

Rd
|u|2(T, x) dx � 0.

Thus, if we denote the right-hand side of (11) by I , we obtain

δ

∫

OT

|ξ |2m |ũ|2 dξdt + λ〈u, u〉OT � �I �
∑

|α|�m

|〈Dαu, fα〉OT |.

Since

‖Dmu‖2
L2(OT )

� N
∫

OT

|ξ |2m |ũ|2 dξdt
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and

|〈Dαu, fα〉OT | � ελ
m−|α|

m ‖Dαu‖2
L2(OT )

+ Nε−1λ− m−|α|
m ‖ fα‖2

L2(OT )

for all ε > 0, the inequality (9) follows by using the interpolation inequalities and
choosing an appropriate ε. ��
Theorem 10. Let T ∈ (−∞,∞]. There exists N = N (d, n,m, δ) such that

‖ut‖L2(OT ) +
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L2(OT ) � N‖ut + (−1)mL0u + λu‖L2(OT )

for all λ � 0 and u ∈ W 1,2m
2 (OT ). Moreover, for λ > 0 and f ∈ L2(OT ), there

exists a unique u ∈ W 1,2m
2 (OT ) satisfying

ut + (−1)mL0u + λu = f

in OT .

Proof. As in the proof of Theorem 9, we only prove the estimate assuming that
u ∈ C∞

0 (OT ). Let f = ut + (−1)mL0u + λu and write

ut + (−1)m Dα(AαβDβu)+ λu = f. (12)

Then by Theorem 9

λ‖u‖L2(OT ) � N‖ f ‖L2(OT ). (13)

Now by differentiating both sides of (12) m times with respect to x we get

(Dmu)t + (−1)m Dα(AαβDβDmu)+ λDmu = Dm f.

This with Theorem 9 shows that
∑

|α|=m

‖DαDmu‖L2(OT ) � N‖ f ‖L2(OT ). (14)

Using (13), (14), and the interpolation inequalities, we obtain

∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L2(OT ) � N‖ f ‖L2(OT ).

Finally, observe that

‖ut‖L2(OT ) = ‖ f − (−1)mL0u − λu‖L2 � N‖ f ‖L2(OT ).

The theorem is proved. ��
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4. Mean oscillation estimates for systems in the whole space

In this section we continue working on the operator

L0u =
∑

|α|=|β|=m

AαβDαDβu,

where Aαβ = Aαβ(t). The main objective of this section is to obtain mean oscil-
lation estimates for divergence type systems (Theorem 11) and for non-divergence
type systems (Corollary 2) defined in the whole space.

4.1. Some auxiliary results for systems in the whole space

First we prove the following localized version of Theorem 10.

Lemma 1. Let 0 < r < R < ∞. Assume u ∈ W 1,2m
2 (Q R) and

ut + (−1)mL0u = f

in Q R, where f ∈ L2(OT ). Then there exists a constant N = N (d, n,m, δ) such
that

‖ut‖L2(Qr ) + ‖D2mu‖L2(Qr ) � N‖ f ‖L2(Q R) + N (R − r)−2m‖u‖L2(Q R).

(15)

Furthermore,

‖u‖W 1,2m
2 (Qr )

� N‖ f ‖L2(Q R) + N‖u‖L2(Q R), (16)

where N = N (d, n,m, δ, r, R).

Proof. Let

R0 = r, R j = r + (R − r)
j∑

l=1

2−l , j = 1, 2, . . . .

For each j = 0, 1, . . ., we take ζ j ∈ C∞
0 (R

d+1) satisfying

ζ j =
{

1 on Q R j

0 on R
d+1 \ (−R2m

j+1, R2m
j+1)× BR j+1

,

and

|Dkζ j | � N2k j (R − r)−k, |(ζ j )t | � N22mj (R − r)−2m,

where k = 0, 1, . . . , 2m. Indeed, we can take ζ j as follows. Let g(z) ∈ C∞(R) be
a function such that

0 � g � 1, g(z) = 1 if z � 0, g(z) = 0 if z � 1/2.
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Then set ζ j (t, x) = ψ j (t)η j (x), where

ψ j (t) = g
(

2 j (R − r)−1(|t | 1
2m − R j )

)
,

η j (x) = g
(

2 j (R − r)−1(|x | − R j )
)
.

Now we apply Theorem 10 with λ = 0 to ζ j u ∈ W 1,2m
2 (O0), so that

‖(ζ j u)t‖L2(O0) + ‖D2m(ζ j u)‖L2(O0) � N‖(ζ j u)t + (−1)mL0(ζ j u)‖L2(O0)

� N‖ f ‖L2(Q R) + N‖(ζ j )t u‖L2(O0)

+N
2m∑

k=1

‖Dkζ j D2m−ku‖L2(O0).

(17)

Using the properties of ζ j and interpolation inequalities (see, for instance, [27]),
for each 1 � k < 2m, we have

‖Dkζ j D2m−ku‖L2(O0) = ‖Dkζ j D2m−k(ζ j+1u)‖L2(O0)

� N2k j (R − r)−k‖D2m−k(ζ j+1u)‖L2(O0)

� ε‖D2m(ζ j+1u)‖L2(O0)

+N22mj (R − r)−2m‖u‖L2(Q R). (18)

Furthermore, we have

‖(ζ j )t u‖L2(O0) + ‖u D2mζ j‖L2(O0) � N22mj (R − r)−2m‖u‖L2(Q R).

(19)

Therefore, if we set

I j = ‖(ζ j u)t‖L2(O0) + ‖D2m(ζ j u)‖L2(O0),

from (17), (18), and (19) we obtain

I j � ε I j+1 + N‖ f ‖L2(Q R) + N22mj (R − r)−2m‖u‖L2(Q R).

Multiply both sides by ε j and make summations with respect to j to get

∞∑

j=0

ε j I j �
∞∑

j=1

ε j I j +N
∞∑

j=0

ε j‖ f ‖L2(Q R)+N (R−r)−2m
∞∑

j=0

ε j 22mj‖u‖L2(Q R).

Upon choosing, for example, ε = 2−2m−1, the summations are finite, so from the
above inequality we have

‖D2m(ζ0u)‖L2(O0) + ‖(ζ0u)t‖L2(O0) � N‖ f ‖L2(Q R) + N (R − r)−2m‖u‖L2(Q R).

This proves the inequality (15) because the left-hand side of the above inequality
is greater than that of (15). Finally, the inequality (16) follows from (15) and the
interpolation inequalities. ��
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In the sequel we denote u ∈ W
1,∞
p (Qr (t0, x0)), 1 < p < ∞, (t0, x0) ∈ R

d+1,
if Dαu, Dαut ∈ L p(Qr (t0, x0)) for all multi-index α including α = (0, . . . , 0).

Corollary 1. Let 0 < r < R < ∞ and u ∈ W
1,∞
2 (Q R) satisfy

ut + (−1)mL0u = 0 (20)

in Q R. Then for any multi-index γ , we have

‖Dγ u‖L2(Qr ) + ‖Dγ ut‖L2(Qr ) � N‖u‖L2(Q R),

where N = N (d, n,m, δ, r, R, γ ).

Proof. Note that

Dγ ut = −(−1)mL0 Dγ u

in Q R . Hence it is enough to prove

‖Dγ u‖L2(Qr ) � N‖u‖L2(Q R). (21)

Since u ∈ W 1,2m
2 (Q R), this inequality follows from (16) if |γ | � 2m, so assume

that |γ | > 2m and

Dγ u = D2m Dϑu.

Note that Dϑu is in W 1,2m
2 (Q R) and satisfies (20). Thus applying (15) to the equa-

tion (20) with Dϑu in place of u we get

‖Dγ u‖L2(Qr ) � N‖Dϑu‖L2(Q R0 )
,

where r < R0 < R. We repeat this process as many times as needed to get

‖Dγ u‖L2(Qr ) � N‖Dγ0 u‖L2(Q R1 )
,

where |γ0| � 2m and r < R1 < R. Then the inequality (21) for |γ | > 2m follows
from the same inequality for |γ | � 2m (with R1 in place of r ). ��
Lemma 2. If u ∈ W

1,∞
2 (Q4) satisfies (20) in Q4, then

sup
Q1

|Du(t, x)| + sup
Q1

|ut (t, x)| � N‖u‖L2(Q4),

where N = N (d, n,m, δ).

Proof. Thanks to the fact that ut = −(−1)mL0u in Q4, it suffices to prove

sup
(t,x)∈Q1

|Dγ u(t, x)| � N‖u‖L2(Q4) (22)

for a multi-index γ . By the Sobolev embedding theorem

sup
t∈(−1,0)

|Dγ u(t, x)|2 � N
∫ 0

−1
|Dγ u(s, x)|2 ds + N

∫ 0

−1
|Dγ ut (s, x)|2 ds
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for each x ∈ B1, where Dγ u(t, x) is considered as a function of t ∈ (−1, 0) for
each fixed x ∈ B1. On the other hand, again by the Sobolev embedding theorem,
there exists a positive number k such that

sup
x∈B1

|Dγ u(s, x)| � N‖Dγ u(s, ·)‖W k
2 (B1)

for each s ∈ (−1, 0), where Dγ u(s, x) is considered as a function of x ∈ B1 for
each fixed s ∈ (−1, 0). We have the same inequality as above with Dγ ut in place
of Dγ u. Therefore, we obtain

sup
(t,x)∈Q1

|Dγ u(t, x)|2 � N
∑

|ϑ |�k

‖DϑDγ u‖L2(Q1) + N
∑

|ϑ |�k

‖DϑDγ ut‖L2(Q1).

This together with Corollary 1 gives the inequality (22). ��
Lemma 3. Let λ � 0 and u ∈ W

1,∞
2 (Q4) satisfy

ut + (−1)mL0u + λu = 0 (23)

in Q4. Then we have

sup
Q1

|Dm+1u(t, x)| + sup
Q1

|Dmut (t, x)| + λ
1
2 sup

Q1

|Du(t, x)| + λ
1
2 sup

Q1

|ut (t, x)|

� N
m∑

k=0

λ
1
2 − k

2m ‖Dku‖L2(Q4), (24)

where N = N (d, n,m, δ).

Proof. The case λ = 0 follows by Lemma 2 applied to Dmu since Dmu satisfies
(20). For the case λ > 0, we follow an idea by S. Agmon. Consider

ζ(y) = cos
(
λ

1
2m y

)
+ sin

(
λ

1
2m y

)
.

Note that

(−1)m D2m
y ζ(y) = λζ(y), ζ(0) = 1, |Dmζ(0)| = λ

1
2 .

Denote by (t, z) = (t, x, y) a point in R
d+2, where z = (x, y) ∈ R

d+1, and set

û(t, z) = u(t, x)ζ(y), Q̂r = (−r2m, 0)× {|z| < r, z ∈ R
d+1}.

Since u satisfies (23), û satisfy

ût + (−1)mL0û + (−1)m D2m
y û = 0

in Q̂4. Upon applying the inequality (24) with λ = 0 just proved above, we get

sup
Q̂1

|Dm+1
x û(t, z)| + sup

Q̂1

|Dm
x ût (t, z)| + sup

Q̂1

|Dm
y Dx û(t, z)| + sup

Q̂1

|Dm
y ût (t, z)|

� N‖Dmû‖L2(Q̂4)
. (25)



Higher Order Parabolic and Elliptic Systems with BMO Coefficients 907

Since, for example,

sup
(t,x)∈Q1

λ
1
2 |Dx u(t, x)| � sup

(t,z)∈Q̂1

|Dm
y Dx û(t, z)|,

the left-hand side of (25) is greater than that of (24). On the other hand, Dmû is a
linear combination of terms such as

λ
1
2 − k

2m cos
(
λ

1
2m y

)
Dk

x u(t, x), λ
1
2 − k

2m sin(λ
1

2m y)Dk
x u(t, x), k = 0, . . . ,m.

Thus we see that the right-hand side of (25) is bounded by that of (24). The lemma
is proved. ��

Recall that we denote by X a point in R
d+1 = R × R

d .

Lemma 4. Let r ∈ (0,∞), κ ∈ [4,∞), λ � 0, and X0 = (t0, x0) ∈ R
d+1. Assume

u ∈ Hm
2,loc(R

d+1) satisfies (23) in Qκr (X0). Then for any α, |α| = m, we have

(|Dαu − (Dαu)Qr (X0)|
)

Qr (X0)
+ λ

1
2
(|u − (u)Qr (X0)|

)
Qr (X0)

� Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dku|2)
1
2
Qκr (X0)

, (26)

where N = N (d, n,m, δ) > 0.

Proof. Let us prove the inequality (26) when X0 = (0, 0). This, with a translation
of the coordinates, proves the inequality for general X0 ∈ R

d+1.
Since the standard mollification of u with respect to x satisfies (23) in a little

bit smaller cylinder than Qκr , we assume that Dαu ∈ L2(Qκr ) for all multi-index
α. Furthermore, (23) implies that Dγ ut ∈ L2(Qκr ) if Dαu ∈ L2(Qκr ) for all α.
Therefore, without loss of generality we assume that u ∈ W

1,∞
2 (Qκr ).

Due to a scaling argument (for instance, see the proof of Lemma 11), it is
sufficient to deal with the case r = 4/κ . Observe that, for example,

(|Dαu − (Dαu)Qr |
)

Qr
� Nr sup

Q1

|Dα+1u(t, x)| + Nr sup
Q1

|Dαut (t, x)|.

By Lemma 3, the right-hand side of the above inequality is bounded by that of (26)
(recall r = 4κ−1). The lemma is proved. ��

4.2. Mean oscillation estimates for systems in the whole space

In the next theorem, we prove a mean oscillation estimate for divergence form
systems with simple coefficients in the whole space.

Theorem 11. Let r ∈ (0,∞), κ ∈ [8,∞), λ > 0, X0 = (t0, x0) ∈ R
d+1, and

fα ∈ L2,loc(R
d+1), |α| � m. Assume that u ∈ Hm

2,loc(R
d+1) satisfies

ut + (−1)mL0u + λu =
∑

|α|�m

Dα fα
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in Qκr (X0). Then for any α, |α| = m, we have

(|Dαu − (Dαu)Qr (X0)|
)

Qr (X0)
+ λ

1
2
(|u − (u)Qr (X0)|

)
Qr (X0)

� Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dku|2)
1
2
Qκr (X0)

+Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 (| fα|2)
1
2
Qκr (X0)

,

(27)

where N = N (d, n,m, δ) > 0.

Proof. We take, for the sake of simplicity, X0 = (0, 0). As mentioned earlier, a
translation gives the result for general X0.

Take an infinitely differentiable function ζ defined on R
d+1 such that

ζ = 1 on Qκr/2, ζ = 0 outside (−(κr)2m, (κr)2m)× Bκr .

By Theorem 9, for λ > 0, there exists a unique solution w ∈ Hm
2 (O∞) to the

equation

wt + (−1)mL0w + λw =
∑

|α|�m

Dα(ζ fα) (28)

in O∞ = R
d+1. Let v := u − w. Then the function v ∈ Hm

2,loc(R
d+1) satisfies

vt + (−1)mL0v + λv = 0 in Qκr/2.

By Lemma 4 (note that κ/2 � 4) applied to v, we have

(|Dαv−(Dαv)Qr |
)

Qr
+λ 1

2
(|v − (v)Qr |

)
Qr

� Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dkv|2)
1
2
Qκr/2

.

(29)

Next we estimatew, which is the unique solution to the equation (28) considered
on O0. By Theorem 9, we have

∑

|α|�m

λ1− |α|
2m ‖Dαw‖L2(O0) � N

∑

|α|�m

λ
|α|
2m ‖ζ fα‖L2(O0).

In particular,

(
|Dmw|2

) 1
2

Qr
+ λ

1
2

(
|w|2

) 1
2

Qr
� Nκm+ d

2
∑

|α|�m

λ
|α|
2m − 1

2

(
| fα|2

) 1
2

Qκr
, (30)

m∑

k=0

λ
1
2 − k

2m

(
|Dkw|2

) 1
2

Qκr
� N

∑

|α|�m

λ
|α|
2m − 1

2

(
| fα|2

) 1
2

Qκr
. (31)

Now we are ready to prove (27). Since
(|Dαu − (Dαu)Qr |

)
Qr

� 2
(|Dαu − c|)Qr
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for any constant c, by taking c = (Dαv)Qr and repeating the same argument for
the second term, we bound the left-hand side of (27) by a constant times

(|Dαu − (Dαv)Qr |)Qr + λ
1
2 (u − (v)Qr )Qr ,

which is, due to the fact that u = w + v, controlled by

(|Dαv − (Dαv)Qr |
)

Qr
+ λ

1
2
(|v − (v)Qr |

)
Qr

+
(
|Dmw|2

) 1
2

Qr
+ λ

1
2

(
|w|2

) 1
2

Qr
.

Using (29) and (30), we see that the above is less than

Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dkv|2)
1
2
Qκr/2

+ Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 (| fα|2)
1
2
Qκr
.

Finally, we use the fact that v = u − w and (31) to prove that the terms above are
not greater than the right-hand side of (27). ��

Next we consider the corresponding mean oscillation estimate for
non-divergence type systems in the whole space.

Corollary 2. Let r ∈(0,∞), κ ∈[8,∞), λ > 0, X0 ∈ R
d+1, and f ∈ L2,loc(R

d+1),
|α| � m. Assume that u ∈ W 1,2m

2,loc (R
d+1) satisfies

ut + (−1)mL0u + λu = f

in Qκr (X0). Then for any α, |α| = 2m, we have
(|Dαu − (Dαu)Qr (X0)|

)
Qr (X0)

+ λ
(|u − (u)Qr (X0)|

)
Qr (X0)

� Nκ−1
2m∑

k=0

λ1− k
2m (|Dku|2)

1
2
Qκr (X0)

+ Nκm+ d
2 (| f |2)

1
2
Qκr (X0)

,

where N = N (d, n,m, δ) > 0.

Proof. Again let X0 = (0, 0) for simplicity. By Theorem 11, it follows that (after

multiplying both sides by λ
1
2 )

λ(|u − (u)Qr |)Qr � Nκ−1
m∑

k=0

λ1− k
2m (|Dku|2)

1
2
Qκr

+ Nκm+ d
2 (| f |2)

1
2
Qκr
.

(32)

Differentiate m times both sides of the system with respect to x to get

Dmut + (−1)mL0 Dmu + λDmu = Dm f.

By Theorem 11 applied to Dmu in place of u,

(|Dγ Dmu − (Dγ Dmu)Qr |)Qr � Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dk Dmu|2)
1
2
Qκr

+Nκm+ d
2 (| f |2)

1
2
Qκr
,

where |γ | = m. This combined with (32) gives the inequality in the corollary. ��
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5. L p-Estimates for systems in the whole space

In this section, we use the mean oscillation estimates obtained in the previous
section to prove Theorems 1 and 2.

Let Q = {
Qr (t, x) : (t, x) ∈ R

d+1, r ∈ (0,∞)
}
. For a function g defined on

R
d+1, we denote its (parabolic) maximal and sharp function, respectively, by

Mg(t, x) = sup
Q∈Q:(t,x)∈Q

–
∫

Q
|g(s, y)| dy ds,

g#(t, x) = sup
Q∈Q:(t,x)∈Q

–
∫

Q
|g(s, y)− (g)Q | dy ds.

Then

‖g‖L p � N‖g#‖L p , ‖Mg‖L p � N‖g‖L p ,

if g ∈ L p, where 1 < p < ∞ and N = N (d, p). As is well known, the first of the
above inequalities is due to the Fefferman–Stein theorem on sharp functions and
the second one to the Hardy–Littlewood maximal function theorem.

We use the idea of freezing the coefficients to obtain

Lemma 5. Let L be the operator in Theorem 1. Suppose the lower-order coeffi-
cients of L are all zero. Let μ, ν ∈ (1,∞), 1/μ + 1/ν = 1, and λ, R ∈ (0,∞).
Assume u ∈ C∞

0 (R
d+1) vanishing outside Q R and

ut + (−1)mLu + λu =
∑

|α|�m

Dα fα,

where fα ∈ L2,loc(R
d+1). Then there exists a constant N = N (d,m, n, δ, μ) such

that for any α, |α| = m, r ∈ (0,∞), κ � 8, and X0 ∈ R
d+1, we have

(|Dαu − (Dαu)Qr (X0)|
)

Qr (X0)
+ λ

1
2
(|u − (u)Qr (X0)|

)
Qr (X0)

� Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dku|2)
1
2
Qκr (X0)

+Nκm+ d
2

⎛

⎝
∑

|α|�m

λ
|α|
2m − 1

2 (| fα|2)
1
2
Qκr (X0)

+ (A#
R)

1
2ν (|Dmu|2μ)

1
2μ
Qκr (X0)

⎞

⎠ .

Proof. Let κ � 8 and r ∈ (0,∞). Fix a y ∈ R
d and set

Lyu = Aαβ(t, y)DαDβu(t, x).

Then we have

ut + (−1)mLyu + λu =
∑

|α|�m

Dα f̃α,
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where

f̃α = fα + (−1)m
∑

|β|=m

(
Aαβ(t, y)− Aαβ(t, x)

)
Dβu.

It follows from Theorem 11 that

(|Dαu − (Dαu)Qr (X0)|
)

Qr (X0)
+ λ

1
2
(|u − (u)Qr (X0)|

)
Qr (X0)

� Nκ−1
m∑

k=0

λ
1
2 − k

2m (|Dku|2)
1
2
Qκr (X0)

+Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 (| f̃α|2)
1
2
Qκr (X0)

.

(33)

Note that

∫

Qκr (X0)

| f̃α|2 dx dt � N
∫

Qκr (X0)

| fα|2 dx dt + N Iy, (34)

where for |α| = m,

Iy =
∫

Qκr (X0)

∣∣(Aαβ(t, y)− Aαβ(t, x))Dβu
∣∣2

dx dt.

Denote B to be Bκr (x0) if κr < R, or to be BR otherwise; denote Q to be
Qκr (t0, x0) if κr < R, or to be Q R otherwise. Now we take the average of Iy

with respect to y in B. Since u = 0 outside Q R , by the Hölder inequality we get

–
∫

B
Iy dy = –

∫

B

∫

Qκr (X0)∩Q R

|(Aαβ(t, y)− Aαβ(t, x))Dβu|2 dx dt dy

� –
∫

B

(∫

Q
|Aαβ(t, y)− Aαβ(t, x)|2ν

) 1
ν

dy

(∫

Qκr (X0)∩Q R

|Dmu|2μ
) 1
μ

,

where, by the boundedness of Aαβ as well as the definitions of oscx and A#
R , the

integral over B in the last term above is bounded by a constant times

–
∫

B

(∫

Q
|Aαβ(t, y)− Aαβ(t, x)|

) 1
ν

dy

�
(

–
∫

B

∫

Q
|Aαβ(t, y)− Aαβ(t, x)| dx dt dy

) 1
ν

� N
(|Q|oscx (A

αβ, Q)
) 1
ν � N

(
R2m+d A#

R

) 1
ν
.

This, together with (33) and (34), completes the proof of the lemma. ��
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Proof of Theorem 1. Due to the method of continuity, it suffices to obtain an a
priori estimate. By moving all the lower-order terms to the right-hand side and
taking a sufficiently large λ, we may assume that all the lower-order coefficients
are zero.

Case 1: p ∈ (2,∞). First we suppose T = ∞ and u ∈ C∞
0 (Q R0). Choose

a μ > 1 such that 2μ < p. Under these assumptions, from Lemma 5 we easily
deduce

(Dαu)#(X0)+ λ
1
2 u#(X0)

� Nκ−1
m∑

k=0

λ
1
2 − k

2m (M(Dku)2(X0))
1
2

+Nκm+ d
2

⎛

⎝
∑

|α|�m

λ
|α|
2m − 1

2 (M f 2
α (X0))

1
2 + ρ

1
2ν (M(Dmu)2μ(X0))

1
2μ

⎞

⎠

for any α, |α| = m, r ∈ (0,∞), κ � 8, and X0 ∈ R
d+1. This, together with the

interpolation inequality, the Fefferman-Stein theorem and the Hardy-Littlewood
maximal function theorem, yields

m∑

k=0

λ
1
2 − k

2m ‖Dku‖L p � N‖Dαu‖L p + Nλ
1
2 ‖u‖L p

� N (κ− 1
2 + κm+ d

2 ρ
1

2ν )

m∑

k=0

λ
1
2 − k

2m ‖Dku‖L p

+Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 ‖ fα‖. (35)

Now we can choose κ sufficiently large and ρ sufficiently small in (35) to get the
desired estimate. A standard partition of the unity enables us to remove the restric-
tion that u ∈ C∞

0 (Q R0). The extension to the case T ∈ (−∞,+∞] is by now
standard; see, for instance, [25]. We omit the details.

Case 2: p ∈ (1, 2). Since the system is in divergence form, this case follows
immediately from the previous case by using the duality argument.

Finally, the case p = 2 is obtained by an interpolation argument. ��

In a similar way, from Corollary 2 we get the following counterpart of Lemma 5
for non-divergence systems.

Lemma 6. Let L be the operator in Theorem 2. Suppose the lower-order coeffi-
cients of L are all zero. Let μ, ν ∈ (1,∞), 1/μ + 1/ν = 1, and λ, R ∈ (0,∞).
Assume u ∈ C∞

0 (R
d+1) vanishing outside Q R and

ut + (−1)m Lu + λu = f,
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where f ∈ L2,loc(R
d+1). Then there exists a constant N = N (d,m, n, δ, μ) such

that for any α, |α| = 2m, r ∈ (0,∞), κ � 8, and X0 ∈ R
d+1, we have

(|Dαu − (Dαu)Qr (X0)|
)

Qr (X0)
+ λ

(|u − (u)Qr (X0)|
)

Qr (X0)

� Nκ−1
2m∑

k=0

λ1− k
2m (|Dku|2)

1
2
Qκr (X0)

+Nκm+ d
2

(
(| f |2)

1
2
Qκr (X0)

+ (A#
R)

1
2ν (|D2mu|2μ)

1
2μ
Qκr (X0)

)
.

Proof of Theorem 2. As in the proof of Theorem 1, it suffices to prove the a priori
estimate for T = ∞.

Case 1: p ∈ (2,∞). We only need to consider the case when u ∈ C∞
0 (Q R0),

since the general case follows from a partition of the unity. The proof of this case
is almost the same as that of Theorem 1, by using Lemma 6 instead of Lemma 5.
So we omit it.

Case 2: p ∈ (1, 2]. Note that here we cannot use the duality argument directly.
From Case 1 and Remark 2, we already have the W 1,2m

q solvability of

ut + (−1)mL0u + λu = f

in the whole space for any q ∈ (2,∞) and λ > 0. For this system, since Aαβ are
measurable functions of time only, we can make use of the duality argument, which
yields the solvability of the same equation for any q ∈ (1, 2). Fix a q = (1 + p)/2.
Now we can repeat the arguments in the previous section with q in place of 2, and
get the estimate in Lemma 6 with q in place of 2. Finally, following the proof of
Case 1 completes the proof of this case. ��

Part II. Systems on a half space or a bounded domain

This is the most novel part of the paper. The objective of this part is to establish
the L p-solvability of parabolic systems on a half space or on a bounded domain.

In the next section, we prove the L2-estimates for systems with coefficients
measurable in t on a half space. Relying on these L2-estimates, in Section 7 we are
able to derive mean oscillation estimates of some partial derivatives of solutions to
systems on a half space. These estimates alone are not sufficient for our purpose, so
in Section 8 we consider a certain system with special coefficients. Combining the
results in Sections 7 and 8 enables us to prove the L p-solvability on a half space
(Theorems 3, 4). Section 10 is devoted to the proofs of the bounded domain cases
(Theorems 5, 6). Finally, we give several remarks about other ellipticity conditions.

6. L2-Estimates for systems with simple coefficients on a half space

In this section, we prove the L2-estimate for systems on a half space. We again
consider

L0u =
∑

|α|=|β|=m

Dα(AαβDβu) =
∑

|α|=|β|=m

AαβDαDβu,
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where Aαβ = Aαβ(t). Recall that O+
T = (−∞, T ) × R

d+. In the divergence case
(Theorem 12), the proof is rather standard. However, in the case of non-divergence
systems (Theorem 13), the proof is much more involved. To the best of our knowl-
edge, Theorem 13 is new for higher order parabolic equations and systems with
measurable coefficients depending only on t .

6.1. Divergence case

Throughout the paper, we use the notation Dm
x ′u to indicate one of Dαu, where

α = (α1, . . . , αd), α1 = 0, and |α| = m. Sometimes, depending on the context,
Dm

x ′u means the whole collection of Dαu, |α| = m, α1 = 0. Similar to C∞
0 (OT ),

we denote by C∞
0 (O+

T ) the collection of infinitely differentiable functions defined

on O+
T vanishing for large |(t, x)| ∈ O+

T .

Theorem 12. Let T ∈ (−∞,∞] and fα ∈ L2(O+
T ). There exists a constant N =

N (d, n,m, δ) such that

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L2(O+

T )
� N

∑

|α|�m

λ
|α|
2m ‖ fα‖L2(O+

T )
(36)

for any λ � 0 and u ∈ Hm
2 (O+

T ) satisfying

u(t, 0, x ′) = · · · = Dm−1
1 u(t, 0, x ′) = 0 (37)

on (−∞, T )× R
d−1 and

ut + (−1)mL0u + λu =
∑

|α|�m

Dα fα (38)

in O+
T . Furthermore, for λ > 0 and fα ∈ L2(O+

T ), |α| � m, there exists a unique
u ∈ Hm

2 (O+
T ) satisfying (38) in O+

T and (37) on (−∞, T )× R
d−1.

Proof. As in the proof of Theorem 9, we consider only the case λ > 0. We fol-
low the lines of the proof of Theorem 9. One noteworthy fact is that, because
u ∈ Hm

2 (O+
T ) satisfies (37), we have

〈Dαu, AαβDβu〉O+
T

= 〈Dαu, AαβDβu〉OT ,

where the function u on the right-hand side is viewed as an extension of u to OT

so that it is zero on OT \ O+
T . Similarly,

‖Dmu‖2
L2(O+

T )
� N

∫

OT

|ξ |2m |ũ|2 dξ dt,

where ũ is the Fourier transform of the extension. ��
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Remark 4. Theorem 12 can be extended to systems in a cylindrical domain ΩT ,
whereΩ is a bounded Lipschitz domain. For small λ � 0, we have a better estimate
than (36). Indeed, from the proof above, we get

‖Dmu‖2
L2(ΩT )

� N
∑

|α|�m

‖ fα‖L2(ΩT )‖Dαu‖L2(ΩT ).

By using the Poincaré inequality,

‖u‖L2(ΩT ) � N‖Du‖L2(ΩT ) � N‖D2u‖L2(ΩT ) � · · · � N‖Dmu‖L2(ΩT ).

Thus, we conclude

m∑

k=0

‖Dku‖L2(ΩT ) � N
∑

|α|�m

‖ fα‖L2(ΩT ).

Note that in this case, the solvability also holds for λ = 0.

6.2. Non-divergence case

Let us introduce some additional notation. Let τ ∈ N and {c1, . . . , c2τ } be the
solution to the following system:

2τ∑

k=1

(
−1

k

) j

ck = 1, j = 0, . . . , 2τ − 1. (39)

For a function w defined on R
d+, set

Eτw =

⎧
⎪⎨

⎪⎩

w(x1, x ′) if x1 > 0
2τ∑

k=1

ckw

(
−1

k
x1, x ′

)
otherwise.

Note that Eτw ∈ C2τ−1(Rd) if w ∈ C∞(Rd+). Indeed, by (39)

D j
1

(
2τ∑

k=1

ckw

(
−1

k
x1, x ′

)) ∣∣∣∣
x1=0

=
2τ∑

k=1

(
−1

k

) j

ck D j
1w(0, x ′) = D j

1w(0, x ′)

for j = 0, . . . , 2τ − 1.
We remark that similar extension operators were used in [19] and [16] in the

study of elliptic systems. We will use the following interpolation estimate.

Proposition 1. Let 1 < p < ∞ and u ∈ W m
p (R

d+). For any ε > 0, there exists
N = N (d, n,m, p, ε) such that

‖Dk
1 Dm−k

x ′ u‖L p(R
d+) � ε‖Dm

1 u‖L p(R
d+) + N

d∑

j=2

‖Dm
j u‖L p(R

d+),

where k = 0, 1, . . . ,m − 1.
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Proof. Without loss of generality we assume that u ∈ C∞
0 (R

d+). Let û = Eτu. For
a sufficiently large τ , the extension û is in W m

p (R
d) and satisfies

∑d
j=1 D2m

j ŵ =
∑d

j=1 Dm
j f̂ j , where

f̂ j =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d∑

j=1

Dm
j u in R

d+;

d∑

j=1

2τ∑

k=1

ĉk Dm
j w

(
−1

k
x1, x ′

)
in R

d−.

Here ĉk are appropriate constants. Observe that

‖Dk
1 Dm−k

x ′ u‖L p(R
d+) � ‖Dmû‖L p(Rd ) � N‖ f̂ ‖L p(Rd ) � N

d∑

j=1

‖Dm
j u‖L p(R

d+),

where the second inequality is due to the L p-estimate of elliptic systems in the
whole space (see Remarks 1 and 2) and N = N (d, n,m, p). By replacing u(x1, x ′)
by u(ε1x1, x ′) in the above inequality we have

εk
1‖Dk

1 D2m−k
x ′ u‖L p(R

d+) � ε2m
1 N‖D2m

1 u‖L p(R
d+) + N

d∑

j=2

‖D2m
j u‖L p(R

d+).

The proposition is proved. ��
Lemma 7. Let T ∈ (−∞,∞]. There exists N = N (d, n,m, δ) such that

∑

|α|=m

‖DαDm
x ′u‖L2(O+

T )
+ λ‖u‖L2(O+

T )
� N‖ut + (−1)mL0u + λu‖L2(O+

T )

for all λ � 0 and u ∈ W 1,2m
2 (O+

T ) satisfying

u(t, 0, x ′) = · · · = Dm−1
1 u(t, 0, x ′) = 0 (40)

on (−∞, T )× R
d−1.

Proof. Define

f = ut + (−1)m Dα(AαβDβu)+ λu (41)

in O+
T . Then by Theorem 12

λ‖u‖L2(O+
T )

� N‖ f ‖L2(O+
T )
.

Now differentiate with respect to x ′ ∈ R
d−1 both sides of (41) m times to get

(Dm
x ′u)t + (−1)m Dα(AαβDβDm

x ′u)+ λDm
x ′u = Dm

x ′ f

in O+
T . Note that Dm

x ′u satisfies (40). Thus by Theorem 12 again we have
∑

|α|=m

‖DαDm
x ′u‖L2(O+

T )
� N‖ f ‖L2(O+

T )
.

The lemma is proved. ��
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Lemma 8. Let T ∈ (−∞,∞] and λ � 0. There exists N = N (d, n,m, δ) such
that, for u ∈ W 1,2m

2 (O+
T ) satisfying (40),

‖D2m
1 u‖L2(O+

T )
� N

2m∑

j=1

‖D2m− j
1 D j

x ′u‖L2(O+
T )

+ N‖ f ‖L2(O+
T )

(42)

provided that

ut + (−1)mL0u + λu = f (43)

in O+
T .

Proof. By multiplying both sides of the equation (43) from the left by D2m
1 u we

get

〈D2m
1 u, ut 〉O+

T
+ (−1)m〈D2m

1 u, AαβDαDβu〉O+
T

+ λ〈D2m
1 u, u〉O+

T

= 〈D2m
1 u, f 〉O+

T
. (44)

Note that

�(−1)m〈D2m
1 u, ut 〉O+

T
= 1

2

∫

R
d+

|Dm
1 u|2(T, x) dx � 0. (45)

Indeed, this holds true because
∫

R
d+

|Dm
1 u|2(T, x) dx =

∫

O+
T

∂

∂t
|Dm

1 u|2 dx dt

= 〈Dm
1 u, Dm

1 ut 〉O+
T

+ 〈Dm
1 u, Dm

1 ut 〉O+
T

and

〈D2m
1 u, ut 〉O+

T
= (−1)m〈Dm

1 u, Dm
1 ut 〉O+

T
,

the latter of which follows from the boundary condition (40) and integration by
parts. Hence, by taking the real parts of (44) and using (45) we have

�〈D2m
1 u, Aα̂α̂D2m

1 u〉O+
T

� −�
∑

(α,β) =(α̂,α̂)
〈D2m

1 u, AαβDαDβu〉O+
T

−(−1)mλ�〈D2m
1 u, u〉O+

T
+ (−1)m�〈D2m

1 u, f 〉O+
T
,

where α̂ = (m, 0, . . . , 0). Thanks to the ellipticity condition and Young’s inequal-
ity,

δ‖D2m
1 u‖2

L2(O+
T )

� �〈D2m
1 u, Aα̂α̂D2m

1 u〉O+
T

� ε‖D2m
1 u‖2

L2(O+
T )

+N (ε, δ)
2m∑

j=1

‖D2m− j
1 D j

x ′u‖2
L2(O+

T )

+N (ε)λ2‖u‖2
L2(O+

T )
+ N (ε)‖ f ‖2

L2(O+
T )
.

Choosing a sufficiently small ε and using Lemma 7, we prove (42). ��
Now we are ready to state and prove the main theorem of the section.
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Theorem 13. Let T ∈ (−∞,∞]. There exists N = N (d, n,m, δ) such that

‖ut‖L2(O+
T )

+
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L2(O+

T )
� N‖ut + (−1)mL0u + λu‖L2(O+

T )

for all λ � 0 and u ∈ W 1,2m
2 (O+

T ) satisfying

u(t, 0, x ′) = · · · = Dm−1
1 u(t, 0, x ′) = 0

on (−∞, T )× R
d−1.

Proof. Thanks to Lemma 7 and interpolation inequalities, it suffices to prove that

‖ut‖L2(O+
T )

+ ‖D2mu‖L2(O+
T )

� N‖ f ‖L2(O+
T )
, (46)

where f = ut + (−1)mL0u + λu. Lemma 8 and Proposition 1 (with 2m in place
of m) imply that

‖D2mu‖L2(O+
T )

� N‖ f ‖L2(O+
T )

+ ε‖D2m
1 u‖L2(O+

T )
+ N‖D2m

x ′ u‖L2(O+
T )
.

This, along with Lemma 7 and a sufficiently small ε, proves the inequality (46)
without the ut term on the left-hand side. To complete the proof we simply note
that

ut = −(−1)mL0u − λu + f.

��

7. Mean oscillation estimates of some partial derivatives
of solutions to systems on a half space

The aim of this section is to derive several mean oscillation estimates of highest
order derivatives of solutions to systems on a half space. Contrary to the whole
space case, here we are able to estimate only parts of the highest order derivatives.
More precisely, for divergence form systems, we give an estimate of Dm

x ′u, while
for non-divergence form systems we present the estimate of D2m

x ′ u. We emphasize
that these estimates alone are not sufficient for proving Theorems 3 and 4.

We still denote

L0u =
∑

|α|=|β|=m

DαAαβ(t)Dβu =
∑

|α|=|β|=m

Aαβ(t)DαDβu.

Recall that

Q+
r (t, x) = Qr (t, x) ∩ O+∞, Q+

r = Qr ∩ O+∞,
Q′

r = (−r2m, 0)× B ′
r , B ′

r = {x ′ ∈ R
d−1 : |x ′| < r}.
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7.1. Some auxiliary results for systems on a half space

We first prove some auxiliary estimates in this subsection. The first two are
counterparts of Lemma 1 and Corollary 1.

Lemma 9. Let 0 < r < R < ∞. Assume that u ∈ W 1,2m
p (Q+

R ) satisfies

u(t, 0, x ′) = · · · = Dm−1
1 u(t, 0, x ′) = 0 (47)

on Q′
R and

ut + (−1)mL0u = f

in Q+
R , where f ∈ L2(Q

+
R ). Then there exists a constant N = N (d, n,m, δ) such

that

‖ut‖L2(Q
+
r )

+ ‖D2mu‖L2(Q
+
r )

� N‖ f ‖L2(Q
+
R )

+ N (R − r)−2m‖u‖L2(Q
+
R )
.

Furthermore,

‖u‖W 1,2m
2 (Q+

r )
� N‖ f ‖L2(Q

+
R )

+ N‖u‖L2(Q
+
R )
,

where N = N (d, n,m, δ, r, R).

Proof. By Theorem 13 the L2-estimate of systems on a half spaces is available.
Then the proof is the same as that of Lemma 1 with some minor changes. ��
Corollary 3. Let 0 < r < R < ∞. Assume that u ∈ C∞

loc(O+∞) satisfies (47) on
Q′

R and

ut + (−1)mL0u = 0 (48)

in Q+
R . Then for any multi-indices γ and ϑ such that

γ = (γ1, γ2, . . . , γd), γ1 � 2m, ϑ = (0, ϑ2, . . . , ϑd),

we have

‖Dγ u‖L2(Q
+
r )

+ ‖Dϑut‖L2(Q
+
r )

� N‖u‖L2(Q
+
R )
,

where N = N (d, n,m, δ, r, R, γ, ϑ).

Proof. From (48) it follows that

Dθut = −(−1)m AαβDαDβDθu

in Q+
R . Each of the terms on the right-hand side is a constant times a term of the

form Dγ u, where |γ | = 2m + |β| and γ1 � 2m. Hence we only need to prove

‖Dγ u‖L2(Q
+
r )

� N‖u‖L2(Q
+
R )
,

where γ = (γ1, . . . , γd) satisfies γ1 � 2m. The proof of this inequality is identical
to that of (21) in Corollary 1 with the only difference that, in |γ | > 2m, we write

Dγ u = D2m Dϑu, ϑ = (0, ϑ2, . . . , ϑd),

where Dϑu satisfies (48) in Q+
R as well as (47) on Q′

R , so that we can apply
Lemma 9 to Dϑu. ��
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Next we derive a few Hölder estimates of solutions. Throughout the paper, for
a function g defined on a subset D in R

d+1, we set

[g]Cν (D) = sup
(t,x),(s,y)∈D
(t,x) =(s,y)

|g(t, x)− g(s, y)|
|t − s| ν2 + |x − y|ν ,

where 0 < ν � 1.

Lemma 10. If u ∈ C∞
loc(O+∞) satisfies (47) on Q′

4 and (48) in Q+
4 , then

[u]C1/2(Q+
1 )

� N‖u‖L2(Q
+
4 )
.

Proof. Let

Θ+
r = {(t, x1) ∈ (−r2m, 0)× (0, r)}, B ′

r = {x ′ ∈ R
d−1 : |x ′| < r}.

The triangle inequality gives

sup
(t,x),(s,y)∈Q+

1
(t,x) =(s,y)

|u(t, x)− u(s, y)|
|t − s|1/4 + |x − y|1/2

� sup
(t,x1),(s,y1)∈Θ+

1
x ′∈B′

1

|u(t, x1, x ′)−u(s, y1, x ′)|
|t−s|1/4+|x1 − y1|1/2

+ sup
(s,y1)∈Θ+

1
x ′,y′∈B′

1,x
′ =y′

|u(s, y1, x ′)− u(s, y1, y′)|
|x ′ − y′|1/2 := I1 + I2.

To estimate I1, we view u(t, x1, x ′) as a function of (t, x1) for a fixed x ′ ∈ B ′
1.

Then by the Sobolev embedding theorem

sup
(t,x1),(s,y1)∈Θ+

1

|u(t, x1, x ′)− u(s, y1, x ′)|
|t − s|1/4 + |x1 − y1|1/2 � N‖u(·, x ′)‖W 1,2

2 (Θ+
1 )

(49)

for each x ′ ∈ B ′
1. On the other hand, there exists a positive integer k such that, for

each (t, x1) ∈ Θ+
1 ,

2∑

j=0

sup
x ′∈B′

1

|D j
1 u(t, x1, x ′)| + sup

x ′∈B′
1

|ut (t, x1, x ′)|

� N
2∑

j=0

‖D j
1 u(t, x1, ·)‖W k

2 (B
′
1)

+ N‖ut (t, x1, ·)‖W k
2 (B

′
1)
, (50)
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where D j
1 u(t, x1, x ′) and ut (t, x1, x ′) are viewed as functions of x ′ ∈ B ′

1. Com-
bining (49) and (50) proves

I1 � N
∑

|γ |�k+2
γ1�2

‖Dγ u‖L2(Q
+
2 )

+ N
∑

|ϑ |�k
ϑ1=0

‖Dϑut‖L2(Q
+
2 )

� N‖u‖L2(Q
+
4 )
,

(51)

where the last inequality is due to Corollary 3.
For the estimate of I2, we look at u(s, y1, x ′) as a function of x ′ ∈ B ′

1 for each
(s, y1) ∈ Θ+

1 . Again, by the Sobolev embedding theorem, there exists a sufficiently
large integer k such that

sup
x ′,y′∈B′

1
x ′ =y′

|u(s, y1, x ′)− u(s, y1, y′)|
|x ′ − y′|1/2 � N‖u(s, y1, ·)‖W k

2 (B
′
1)
.

Moreover, as a function of (s, y1) ∈ Θ+
1 , D j

x ′u(s, y1, x ′), j = 0, . . . , k, satisfy

k∑

j=0

sup
(s,y1)∈Θ+

1

|D j
x ′u(s, y1, x ′)| � N

k∑

j=0

‖D j
x ′u(·, x ′)‖W 1,2

p (Θ+
1 )

for each x ′ ∈ B ′
1. From the above two inequalities, we obtain (51) with I2 in place

of I1. The lemma is proved. ��
In the sequel, for a function g defined on O+

T , T ∈ (−∞,∞], we denote by
E(g) (= Eg) the even extension of g defined on OT .

Corollary 4. Let λ � 0, X0 = (t0, 0, x ′
0), where t0 ∈ R and x ′

0 ∈ R
d−1. Assume

that u ∈ C∞
loc(O+∞) satisfies (47) on Q′

4(X0) = (t0 − 42m, t0)× B ′
4(x

′
0) and

ut + (−1)mL0u + λu = 0 (52)

in Q+
4 (X0). Then there exists N = N (d, n,m, δ) such that

[E(Dm
x ′u)]C1/2(Q1(X0))

+λ1/2[Eu]C1/2(Q1(X0))
� N

m∑

k=0

λ
1
2 − k

2m ‖E(Dku)‖L2(Q4(X0)).

Proof. By using a translation in t and x ′, we assume that X0 = (0, 0). Let λ = 0.
In this case, the inequality in the corollary follows from

[Dm
x ′u]C1/2(Q+

1 )
� N‖Dmu‖L2(Q

+
4 )
.

To prove this, we apply Lemma 10 to Dm
x ′u. This is indeed possible because Dm

x ′u
satisfies (47) on Q′

4 and (48) in Q+
4 . To prove the case λ > 0, we follow the steps

in the proof of Lemma 3. ��
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Lemma 11. Let r ∈ (0,∞), κ ∈ [64,∞), λ � 0, and X0 = (t0, x0) ∈ O+∞.

Assume that u ∈ C∞
loc(O+∞) satisfies (47) on R × R

d−1 and (52) in Q+
κr (X0). Then

(|E(Dm
x ′u)− (E(Dm

x ′u))Qr (X0)|)Qr (X0) + λ
1
2 (|Eu − (Eu)Qr (X0)|)Qr (X0)

� Nκ− 1
2

m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Qκr (X0)

, (53)

where N = N (d, n,m, δ).

Proof. We first prove, using a scaling argument, that it suffices to prove the inequal-
ity (53) only for r = 16/κ . Indeed, assume that the inequality (53) holds true for
r = 16/κ . For a given r ∈ (0,∞), let r0 = 16/κ , R = r/r0, and w(t, x) =
u(R2mt, Rx). It is easy to check that w satisfies (47) on R × R

d−1 and

wt + (−1)m Aαβ(R2mt)DαDβw + λR2mw = 0 (54)

in Q+
κr0
(Y0), where Y0 = (s0, y0) = (R−2mt0, R−1x0) ∈ O+∞. Then by the inequal-

ity (53) with r = r0 applied to the system (54), we have

(
|E(Dm

x ′w)− (E(Dm
x ′w))Qr0 (Y0)|

)

Qr0 (Y0)
+ λ

1
2 Rm

(
|Ew − (Ew)Qr0 (Y0)|

)

Qr0 (Y0)

� Nκ− 1
2

m∑

k=0

λ
1
2 − k

2m Rm−k(|E(Dkw)|2)
1
2
Qκr0 (Y0)

. (55)

Note that, for example,

(E(Dkw))Qr0 (Y0) = Rk(E(Dku))Qr (X0).

Thus the inequality (55) leads to the inequality (53) for arbitrary r ∈ (0,∞).
Now we assume r = 16/κ . We consider two cases.

Case 1: the first coordinate of x0 � 1. In this case, we see that Q+
κr/16(X0) =

Qκr/16(X0) and u satisfies the assumptions in Lemma 4, especially, u satisfies (52)
in Qκr/16(X0) and u can be extended to a function in Hm

2,loc(R
d+1)without chang-

ing the values of u on Qκr/16(X0). Hence, by the inequality (26) with Qκr/16(X0)

in place of Qκr (X0) (note that κ/16 � 4), the left-hand side of (53) is controlled
by

Nκ−1
n∑

k=0

λ
1
2 − k

2m (|Dku|2)
1
2
Qκr/16(X0)

,

which is less than the right-hand side of (53).
Case 2: the first coordinate of x0 is in [0, 1]. By denoting Y0 = (t0, 0, x ′

0), we have

Qr (X0) ⊂ Q2(Y0) ⊂ Q8(Y0) ⊂ Qκr (X0).
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By Corollary 4 applied to u with 2 and 8 in place of 1 and 4, respectively (this case
can be seen using a scaling argument as above), we have

(|E(Dm
x ′u)− (E(Dm

x ′u))Qr (X0)|)Qr (X0)

� Nr
1
2 [E(Dm

x ′u)]C1/2(Q2(Y0))

� Nκ− 1
2

m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Q8(Y0)

� Nκ− 1
2

m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Qκr (X0)

.

The second term on the left-hand side of (53) can be estimated similarly. ��

7.2. Mean oscillation estimates of Dm
x ′u for divergence type systems

on a half space

Now we state and prove the main result of this section.

Proposition 2. Let r ∈ (0,∞), κ ∈ [128,∞), λ � 0, and X0 = (t0, x0) ∈ O+∞.
Assume that u ∈ Hm

2,loc(O+∞) satisfies (47) on R × R
d−1 and

ut + (−1)mL0u + λu =
∑

|α|�m

Dα fα (56)

in Q+
κr (X0), where fα ∈ L2,loc(O+∞), |α| � m. Then we have

(|E(Dm
x ′u)− (E(Dm

x ′u))Qr (X0)|)Qr (X0) + λ
1
2 (|Eu − (Eu)Qr (X0)|)Qr (X0)

� Nκ− 1
2

m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Qκr (X0)

+Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 (|E fα|2)
1
2
Qκr (X0)

, (57)

where N = N (d, n,m, δ).

Proof. Multiplying u by an infinitely smooth function as ζ below, we see that
(56) can be extended to a system defined on O+∞ without changing the values of
u and fα on, for example, Qκr/2. Thus, without loss of generality we assume that
u ∈ Hm

2 (O+∞), fα ∈ L2(O+∞), and (56) is satisfied in O+∞. We consider only λ > 0.
Take a ζ ∈ C∞

0 (Qκr (X0)) such that

ζ = 1 on Qκr/2(X0), ζ = 0 outside (t0 − (κr)2m, t0 + (κr)2m)× Bκr (x0).

Let L(ε)0 = Aαβ(ε)D
αDβ , where Aαβ(ε) are the standard mollifications with respect to

t of Aαβ(t). Also let f (ε)α be infinitely differentiable functions approaching fα in
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L2(O+∞) as ε ↘ 0. By Theorem 12, there exists a unique solution v(ε) ∈ Hm
2 (O+∞),

satisfying (47) on R × R
d−1, to the equation

v
(ε)
t + (−1)mL(ε)0 v(ε) + λv(ε) =

∑

|α|�m

Dα((1 − ζ ) f (ε)α )

in O+∞. Since f (ε)α and Aαβ(ε) are infinitely differentiable, by the classical theory for

higher order parabolic systems, v(ε) is infinitely differentiable. Moreover, for any
ε,

v
(ε)
t + (−1)mL(ε)0 v(ε) + λv(ε) = 0 in Q+

κr/2(X0).

Thus by Lemma 11 (note that κ/2 � 64)

(|E(Dm
x ′v(ε))− (E(Dm

x ′v(ε)))Qr (X0)|)Qr (X0) + λ
1
2 (|Ev(ε) − (Ev(ε))Qr (X0)|)Qr (X0)

� Nκ− 1
2

m∑

k=0

λ
1
2 − k

2m (|E(Dkv(ε))|2)
1
2
Qκr (X0)

.

Set w(ε) = u − v(ε). Then w(ε) ∈ Hm
2 (O+∞) and it satisfies (47) on R × R

d−1

and

w
(ε)
t + (−1)mL(ε)0 w(ε) + λw(ε) = Dα(ζ f (ε)α + fα − f (ε)α )+ (−1)m(L(ε)0 − L0)u

in O+∞. Denote the right-hand side of the above equality by Dαg(ε)α . We apply
Theorem 12 to the above equation as one defined on O+

t0 so that we have

∑

|α|�m

λ1− |α|
2m ‖Dαw(ε)‖L2(O+

t0
) � N

∑

|α|�m

λ
|α|
2m ‖g(ε)α ‖L2(O+

t0
).

In particular,

‖Dmw(ε)‖L2(Q
+
r (X0))

+ λ
1
2 ‖w(ε)‖L2(Q

+
r (X0))

� N
∑

|α|�m

λ
|α|
2m − 1

2 ‖ f (ε)α ‖L2(Q
+
κr (X0))

+ I (ε), (58)

m∑

k=0

λ
1
2 − k

2m ‖Dkw(ε)‖L2(Q
+
κr (X0))

� N
∑

|α|�m

λ
|α|
2m − 1

2 ‖ f (ε)α ‖L2(Q
+
κr (X0))

+ I (ε) (59)

for all sufficiently small ε, where

I (ε) = N
∑

|α|�m

λ
|α|
2m − 1

2 ‖ fα − f (ε)α ‖L2(O+
t0
)

+N
∑

|α|=|β|=m

‖(Aαβ(ε) − Aαβ)Dβu‖L2(O+
t0
).
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Note that, for the even extension Eg of a function g defined on O+∞, we have

‖Eg‖L2(Qr (X0)) � 2‖g‖L2(Q
+
r (X0))

� 2‖Eg‖L2(Qr (X0))

whenever X0 ∈ O+∞. This combined with (58) and (59) gives

(
|E(Dmw(ε))|2

) 1
2

Qr (X0)
+ λ

1
2

(
|Ew(ε)|2

) 1
2

Qr (X0)

� Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 (|E f (ε)α |2)
1
2
Qκr (X0)

+ r−m− d
2 I (ε),

m∑

k=0

λ
1
2 − k

2m

(
|E(Dkw(ε))|2

) 1
2

Qκr (X0)

� N
∑

|α|�m

λ
|α|
2m − 1

2 (|E f (ε)α |2)
1
2
Qκr (X0)

+ (κr)−m− d
2 I (ε).

Now by following the corresponding steps in the proof of Theorem 11 we see that
the left-hand side of the inequality (57) is less than the right-hand side of the same
inequality with f (ε)α in place of fα plus the error term

(
r−m− d

2 + (κr)−m− d
2

)
I (ε).

To finish the proof we let ε ↘ 0. ��
Remark 5. Later we need to have the mean oscillation estimate (57) for all X0 ∈
O∞, instead of X0 ∈ O+∞, for functions E(Dku), Eu, and E fα defined on O∞ if

the equation (56) is satisfied in O+∞. In order to do this, in case X0 ∈ O∞ \ O+∞,
we let Y0 be the reflection point of X0 with respect to the hyper-plane {(t, 0, x ′) :
t ∈ R, x ′ ∈ R

d−1}. By Proposition 2 we get the estimate (57) with Y0 in place
of X0. Then it is not difficult to see that the estimate (57) holds true as well for
X0 using the evenness of functions involved. The same claim can be repeated for
Corollary 5, Propositions 3 and 4.

7.3. Mean oscillation estimates of D2m
x ′ u for non-divergence type systems on a

half space

As a consequence of Proposition 2, we easily get

Corollary 5. Let r ∈ (0,∞), κ ∈ [64,∞), λ � 0, and X0 = (t0, x0) ∈ O+∞.
Assume that u ∈ W 1,2m

2,loc (O+∞) satisfies (47) on R × R
d−1 and

ut + (−1)mL0u + λu = f

in Q+
κr (X0), where f ∈ L2,loc(O+∞). Then we have
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(|E(D2m
x ′ u)− (E(D2m

x ′ u))Qr (X0)|)Qr (X0) + λ(|Eu − (Eu)Qr (X0)|)Qr (X0)

� Nκ− 1
2

2m∑

k=0

λ1− k
2m (|E(Dku)|2)

1
2
Qκr (X0)

+ Nκm+ d
2 (|E f |2)

1
2
Qκr (X0)

,

where N = N (d, n,m, δ).

Proof. Since Dm
x ′ satisfies (47) on R × R

d−1, we can proceed as in the proof of
Corollary 2. ��

8. Estimates for systems with special coefficients on a half space

The estimates in the previous section imply the L p-estimate of Dm
x ′u in the diver-

gence case and that of D2m
x ′ u in the non-divergence case. In order to estimate the

remaining highest order derivatives, by the interpolation inequality (Proposition 1),
it suffices to estimate Dm

1 u in the divergence case and D2m
1 u in the non-divergence

case. To this end, in this section we consider

L0u = A(t)D2m
1 u +

d∑

j=2

D2m
j u,

where A(t) = Aα̂α̂(t), α̂ = (m, 0, . . . , 0).
For this special operator, we have the following improved L2-estimate.

Lemma 12. Assume that u ∈ C∞
loc(O+∞) satisfies

u(t, 0, x ′) = · · · = Dm−1
1 u(t, 0, x ′) = 0 (60)

on Q′
R and

ut + (−1)mL0u = 0 (61)

in Q+
R . Then, for any multi-index γ , we have

‖Dγ u‖L2(Q
+
r )

+ ‖Dγ ut‖L2(Q
+
r )

� N‖u‖L2(Q
+
R )
, (62)

where N = N (d, n,m, δ, r, R, γ ).

Proof. As noted in the proof of Corollary 1, it suffices to estimate the first term on
the left-hand side of (62). Also, we only need to treat the case when the multi-index
γ satisfies γ ′ = 0, where γ = (γ1, γ

′). In fact, if the inequality (62) is shown to be
true with γ ′ = 0 and a smaller R, since Dγ ′

u satisfies (60) on Q′
R and (61) in Q+

R ,
we can replace u by Dγ ′

u in (62). Then the right-hand side, N‖Dγ ′
u‖L2(Q

+
R )

, is
bounded by that of (62) by Corollary 3. Furthermore, by the interpolation inequality
with respect to x1, it suffices to show

‖D2lm
1 u‖L2(Q

+
r )

� N‖u‖L2(Q
+
R )

(63)
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for l = 0, 1, 2, . . .. To prove the above inequality, we first observe that, thanks to
(61), we have

D2m
1 u = A−1(t)(−1)m+1ut − A−1(t)

d∑

j=2

D2m
j u

in Q+
R . This together with (60) implies that (first with l = 0, then inductively)

Dk
1 D2ml

1 u(t, 0, x ′) = 0, k = 0, . . . ,m − 1,

on Q′
R . Moreover, D2ml

1 u satisfies (61) in Q+
R . Therefore, by Corollary 3 applied

to D2ml
1 u we have

‖D2(l+1)m
1 u‖L2(Q

+
r )

� N‖D2lm
1 u‖L2(Q

+
r0 )
,

where r < r0 < R. This implies (63) by an induction on l. ��
As a consequence of the previous lemma, we get

Lemma 13. Let u ∈ C∞
loc(O+∞) satisfy (60) on Q′

4 and (61) in Q+
4 . Then, for any

multi-index γ ,

sup
Q+

1

|Dγ u| + sup
Q+

1

|Dγ ut | � N‖u‖L2(Q
+
4 )
,

where N = N (d, n,m, δ, γ ).

Proof. This is deduced from Lemma 12 in the same way as Lemma 2 is deduced
from Corollary 1. ��

Note that in the following Hölder estimates the first inequality is for all Dγ u,
|γ | = m, whereas the second inequality is for D2m

1 u only. Similarly, we see Dmu
and D2m

1 u in the following lemma and propositions as well.

Corollary 6. Let λ � 0, X0 = (t0, 0, x ′
0), where t0 ∈ R and x ′

0 ∈ R
d−1. Assume

that u ∈ C∞
loc(O+∞) satisfies (60) on Q′

4(X0) and

ut + (−1)mL0u + λu = 0 (64)

in Q+
4 (X0). Then there exists N = N (d, n,m, δ) such that

[E(Dmu)]C1(Q1(X0))
� N

m∑

k=0

λ
1
2 − k

2m ‖E(Dku)‖L2(Q4(X0)), (65)

[E(D2m
1 u)]C1(Q1(X0))

� N
2m∑

k=0

λ1− k
2m ‖E(Dku)‖L2(Q4(X0)). (66)
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Proof. Similar to the proof of Corollary 4, we prove only the case λ = 0 and
X0 = (0, 0). As noted in the proof of Lemma 12, D2m

1 u satisfies (60) on Q′
4 and

(61) in Q+
4 . In this case, (66) follows immediately from Lemma 13 applied to

D2m
1 u.

Lemma 13 also shows that

[Dmu]C1(Q+
1 )

� N‖u‖L2(Q
+
4 )

� N‖Dmu‖L2(Q
+
4 )
,

where the second inequality is due to the fact that u satisfies (60) and the boundary
version of the Poincaré inequality. This gives the inequality (65). ��

Lemma 14. Let r ∈ (0,∞), κ ∈ [64,∞), λ � 0, and X0 = (t0, x0) ∈ O+∞.

Assume that u ∈ C∞
loc(O+∞) satisfies (60) on R×R

d−1 and (64) on Q+
κr (X0). Then

(|E(Dmu)− (E(Dmu))Qr (X0)|)Qr (X0) � Nκ−1
m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Qκr (X0)

,

(|E(D2m
1 u)− (E(D2m

1 u))Qr (X0)|)Qr (X0) � Nκ−1
2m∑

k=0

λ1− k
2m (|E(Dku)|2)

1
2
Qκr (X0)

,

where N = N (d, n,m, δ).

Proof. Thanks to the Hölder estimates in Corollary 6, we process as in the proof
of Lemma 11. ��

From the above lemma, by following the steps in the proof of Proposition 2 we
prove the following two propositions.

Proposition 3. Let r ∈ (0,∞), κ ∈ [128,∞), λ � 0, and X0 = (t0, x0) ∈ O+∞.

Assume that u ∈ C∞
loc(O+∞) satisfies (60) on R × R

d−1 and

ut + (−1)mL0u + λu =
∑

|α|�m

Dα fα

in Q+
κr (X0), where fα ∈ L2,loc(O+∞), |α| � m. Then we have

(|E(Dmu)− (E(Dmu))Qr (X0)|)Qr (X0) � Nκ−1
m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Qκr (X0)

+Nκm+ d
2

∑

|α|�m

λ
|α|
2m − 1

2 (|E fα|2)
1
2
Qκr (X0)

,

where N = N (d, n,m, δ).
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Proposition 4. Let r ∈ (0,∞), κ ∈ [128,∞), λ � 0, and X0 = (t0, x0) ∈ O+∞.

Assume that u ∈ C∞
loc(O+∞) satisfies (60) on R × R

d−1 and

ut + (−1)mL0u + λu = f

in Q+
κr (X0), where f ∈ L2,loc(O+∞). Then we have

(|E(D2m
1 u)− (E(D2m

1 u))Qr (X0)|)Qr (X0) � Nκ−1
2m∑

k=0

λ1− k
2m (|E(Dku)|2)

1
2
Qκr (X0)

+Nκm+ d
2 (|E f |2)

1
2
Qκr (X0)

,

where N = N (d, n,m, δ).

9. L p-Estimates for systems on a half space

With the preparation in the previous two sections, we complete the proofs of
Theorems 3 and 4 in this section.

Proof of Theorem 3. Recall that the leading coefficients satisfy Assumption 1 (ρ).
As before, we may assume that T = ∞, p > 2, the lower-order coefficients of L
are all zero, and u ∈ C∞(O+∞) vanishing on O+∞ \ Q R0(X1) for some X1 ∈ O+∞.
In this case, it follows from Proposition 2 (also see Remark 5) and the proofs of
Lemma 5 as well as Theorem 1 that

‖Dm
x ′u‖L p(O+∞) + λ

1
2 ‖u‖L p(O+∞)

� ‖E (
Dm

x ′u
) ‖L p(O∞) + λ

1
2 ‖Eu‖L p(O∞)

� Nκ
m+ d

2
1

∑

|α|�m

λ
|α|
2m − 1

2 ‖E fα‖L p(O∞)

+N

(
κ

− 1
2

1 + κ
m+ d

2
1 ρ

1
2ν

) m∑

k=0

λ
1
2 − k

2m ‖E(Dku)‖L p(O∞)

� Nκ
m+ d

2
1

∑

|α|�m

λ
|α|
2m − 1

2 ‖ fα‖L p(O+∞)

+N

(
κ

− 1
2

1 + κ
m+ d

2
1 ρ

1
2ν

) m∑

k=0

λ
1
2 − k

2m ‖Dku‖L p(O+∞) (67)

for any κ1 � 128.
Now we move all the spatial derivatives except Dm

1 (A
α̂α̂Dm

1 u) to the right-hand
side of (5), and add (−1)m

∑d
j=2 D2m

j u to both sides. Here α̂ = (m, 0, . . . , 0). Then
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for any Qκ2r (X0), κ2 ∈ [128,∞), r ∈ (0,∞), X0 ∈ O+∞ and y ∈ R
d+, we have

ut + (−1)m

⎛

⎝Dm
1 (A

α̂α̂(t, y)Dm
1 u)+

d∑

j=2

D2m
j u

⎞

⎠

=
∑

|α|�m

Dα f̃α + (−1)m
d∑

j=2

Dm
j Dm

j u,

where f̃α = fα for |α| < m,

f̃α̂ = fα̂ −
∑

|β|=m
β =α̂

(−1)m(Aα̂β(t, x)+ Aβα̂(t, y))Dβu

+(−1)m(Aα̂α̂(t, y)− Aα̂α̂(t, x))Dα̂u,

and

f̃α = fα −
∑

|β|=m
β =α̂

(−1)m AαβDβu + (−1)m(Aαα̂(t, y)− Aαα̂(t, x))Dα̂u

for |α| = m, α = α̂. In the last two expressions, we used the fact that

Dα
x Aαβ(t, y)Dβ

x u(t, x) = Dβ
x Aαβ(t, y)Dα

x u(t, x).

As a consequence of Proposition 3 and the proof of Lemma 5, for any κ2 � 128,

(|E(Dmu)− (E(Dmu))Qr (X0)|)Qr (X0) � Nκ−1
2

m∑

k=0

λ
1
2 − k

2m (|E(Dku)|2)
1
2
Qκ2r (X0)

+Nκ
m+ d

2
2

∑

|α|�m

λ
|α|
2m − 1

2 (|E fα|2)
1
2
Qκ2r (X0)

+Nκ
m+ d

2
2 ρ

1
2ν (|E(Dm

1 u)|2μ)
1

2μ
Qκ2r (X0)

+Nκ
m+ d

2
2

∑

|α|=m,α=α̂
(|E(Dαu)|2)

1
2
Qκ2r (X0)

.

Choose aμ ∈ (1, p/2). This estimate, combined with the Fefferman–Stein theorem
and the Hardy–Littlewood maximal function theorem, gives

‖Dmu‖L p(O+∞) � Nκ−1
2

m∑

k=0

λ
1
2 − k

2m ‖Dku‖L p(O+∞)

+Nκ
m+ d

2
2 ρ

1
2ν ‖Dm

1 u‖L p(O+∞)

+Nκ
m+ d

2
2

∑

|α|�m

λ
|α|
2m − 1

2 ‖ fα‖L p(O+∞)

+Nκ
m+ d

2
2

∑

|α|=m,α =α̂
‖Dαu‖L p(O+∞). (68)
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From (68) and Proposition 1, we get

‖Dmu‖L p(O+∞) � Nκ−1
2

m∑

k=0

λ
1
2 − k

2m ‖Dku‖L p(O+∞)

+Nκ
m+ d

2
2 (ρ

1
2ν + ε)‖Dm

1 u‖L p(O+∞)

+Nκ
m+ d

2
2

∑

|α|�m

λ
|α|
2m − 1

2 ‖ fα‖L p(O+∞)

+N (ε)κ
m+ d

2
2 ‖Dm

x ′u‖L p(O+∞). (69)

Combining (67) and (69), we obtain the desired estimate by first taking κ2 suffi-
ciently large, then ε sufficiently small, κ1 sufficiently large, and finallyρ sufficiently
small. ��

Proof of Theorem 4. It suffices to establish the a priori estimate when T = ∞,

the lower-order coefficients of L are all zero, and u ∈ C∞(O+∞) vanishes on
O+∞ \ Q R0(X1) for some X1 ∈ O+∞. We use the strategy in the proof of Theorem 3
and consider two cases.

Case 1: p ∈ (2,∞). It follows from Corollary 5 that

‖D2m
x ′ u‖L p(O+∞) + λ‖u‖L p(O+∞)

� Nκ
m+ d

2
1 ‖ f ‖L p(O+∞) + N

(
κ

− 1
2

1 + κ
m+ d

2
1 ρ

1
2ν

) m∑

k=0

λ1− k
2m ‖Dku‖L p(O+∞)

(70)

for any κ1 � 64. We move all the spatial derivatives except Aα̂α̂D2m
1 u to the right-

hand side of (7), and add (−1)m
∑d

j=2 D2m
j u to both sides. As a consequence of

Proposition 4 and the proof of Lemma 5, for any κ2 � 128,

(|E(D2m
1 u)− (E(D2m

1 u))Qr (X0)|)Qr (X0)

� Nκ−1
2

2m∑

k=0

λ1− k
2m (|E(Dku)|2)

1
2
Qκ2r (X0)

+Nκ
m+ d

2
2 (|E f |2)

1
2
Qκ2r (X0)

+ Nκ
m+ d

2
2 ρ

1
2ν (|E(D2m

1 u)|2μ)
1

2μ
Qκ2r (X0)

+Nκ
m+ d

2
2

∑

|α|=2m,α =2α̂

(|E(Dαu)|2)
1
2
Qκ2r (X0)

.
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This estimate, combined with the Fefferman–Stein theorem and the Hardy–Little-
wood maximal function theorem, gives

‖D2m
1 u‖L p(O+∞) � Nκ−1

2

2m∑

k=0

λ1− k
2m ‖Dku‖L p(O+∞) + Nκ

m+ d
2

2 ρ
1

2ν ‖D2m
1 u‖L p(O+∞)

+Nκ
m+ d

2
2 ‖ f ‖L p(O+∞)+Nκ

m+ d
2

2

∑

|α|=2m,α =2α̂

‖Dαu‖L p(O+∞).

(71)

From (71) and Proposition 1, we get

‖D2mu‖L p(O+∞) � Nκ−1
2

2m∑

k=0

λ1− k
2m ‖Dku‖L p(O+∞)

+Nκ
m+ d

2
2 (ρ

1
2ν + ε)‖D2m

1 u‖L p(O+∞)

+Nκ
m+ d

2
2 ‖ f ‖L p(O+∞) + N (ε)κ

m+ d
2

2 ‖D2m
x ′ u‖L p(O+∞). (72)

Combining (70) and (72) we obtain the desired estimate by first taking κ2 suffi-
ciently large, then ε sufficiently small, κ1 sufficiently large, and finallyρ sufficiently
small.
Case 2: p ∈ (1, 2]. Thanks to Case 1 and Remark 2, we already have the W 1,2m

q
solvability of

ut + (−1)mL0u + λu = f

on the half space for any q ∈ (2,∞) and λ > 0. The same duality argument in the
proof of Theorem 2 yields the solvability of the same equation for any q ∈ (1, 2).
We can repeat the argument in Section 8 to deduce a version of Proposition 4 with
2 norms replaced by q norms. Inspecting the proof of Case 1, to finish the proof it
remains to have a proper version of Corollary 5 with 2 norms replaced by q norms.

We claim that Lemma 10 is still true with L2 replaced by Lq , q ∈ (1,∞), that

is, if u ∈ C∞
loc(O+∞) satisfies (47) on Q′

4 and (48) in Q+
4 , then

[u]C1/2(Q+
1 )

� N‖u‖Lq (Q
+
4 )
.

This easily yields the desired version of Corollary 5 by following the lines in Sec-
tion 7. However, the claim does not follow directly from the proof of Lemma 10
because (50) doesn’t hold if the W 1,2

2 norm on the right-hand side is replace by the

W 1,2
q norm when q is close to 1. To get around this, we use a bootstrap argument.

We first note that under the assumption of Lemma 10, for any 1 < r < R � 4, it
holds that

‖u‖W 1,2m
q (Q+

r )
� N‖u‖Lq (Q

+
R )
. (73)



Higher Order Parabolic and Elliptic Systems with BMO Coefficients 933

This can be shown in the same way as Lemma 9 and 1 based on the global W 1,2m
q

estimate on the half space. By the Sobolev imbedding theorem and (73), we have

‖u‖Lq1 (Q
+
r )

� N‖u‖Lq (Q
+
R )

for any q1 > q satisfying

1

q1
>

1

q
− 1

d + 1
.

We iterate this bootstrap process for a finite number of steps on a sequence of
shrinking half cylinders, and get

‖u‖W 1,2m
ql (Q+

1 )
� N‖u‖Lq (Q

+
4 )
,

where ql > 2(d + 1). Now, again by the Sobolev imbedding theorem, we deduce

‖u‖C1/2(Q+
1 )

� N‖u‖Lq (Q
+
4 )
,

which is exactly our claim. The theorem is proved. ��
Remark 6. From the bootstrap argument above, we actually can get a finer bound-

ary estimate as follows. If u ∈ W 1,2m
q,loc (O+∞), q ∈ (1,∞) satisfies (47) on Q′

4 and

(48) in Q+
4 , then for any and ε ∈ (0, 1),

[u]C1−ε,2m−ε(Q+
1 )

� N‖u‖Lq (Q
+
4 )
,

where N = N (d,m, n, q, ε).

10. Systems on a bounded domain

We present the proofs of Theorems 5 and 6 in this section. We first treat the
non-divergence systems. In this case, the proof is quite standard by using the tech-
nique of flattening the boundary and a partition of the unity. We give a sketched
proof for the sake of completeness.

Proof of Theorem 6. First, in a same way as Lemma 1 by using Theorem 2 instead
of Theorem 10, we obtain the following interior estimate for any 0 < r < R < ∞,
Qr ⊂ Q R ⊂ ΩT and λ � λ0

‖ut‖L p(Qr ) +
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(Qr ) � N‖ f ‖L p(Q R) + N‖u‖L p(Q R).

(74)

Similarly, Theorem 4 yields a boundary estimate: let 0 < r < R < ∞, f ∈
L p(Q

+
R ), and ρ be the constant taken from Theorem 4. Then under Assumption 1

(ρ), for any λ � λ0 and u ∈ W 1,2m
p (Q+

R ), we have

‖ut‖L p(Q
+
r )

+
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(Q

+
r )

� N‖ f ‖L p(Q
+
R )

+ N‖u‖L p(Q
+
R )
,

(75)
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provided that u = D1u = · · · = Dm−1
1 u = 0 on Q′

R and

ut + (−1)m Lu + λu = f in Q+
R .

It is well-known that the ellipticity condition (2) is preserved under a change of
variables. Take t0 ∈ (−∞, T ), a point x0 ∈ ∂Ω and a number r0 = r0(Ω), so that

Ω ∩ Br0(x0) = {x ∈ Br0(x0) : x1 > φ(x ′)}
in some coordinate system. We now locally flatten the boundary of ∂Ω by defining

y1 = x1 − φ(x ′) := Φ1(x), y j = x j := Φ j (x), j � 2.

Under the assumptions of the theorem,Φ is a C2m−1,1 diffeomorphism in a neigh-
borhood of x0. It is easily seen that the leading coefficients of the new operator in
the y-coordinates also satisfy Assumption 1 with a possibly different ρ. Thus, we
can choose a sufficiently small ρ such that from (75), for X0 = (t0, x0) and some
r1 = r1(Ω) < r0,

‖ut‖L p(ΩT ∩Qr1 (X0)) +
∑

|α|�2m

λ1− |α|
2m ‖Dαu‖L p(ΩT ∩Qr1 (X0))

� N‖ f ‖L p(ΩT ∩Qr0 (X0)) + N
m−1∑

j=0

‖D j u‖L p(ΩT ∩Qr0 (X0)). (76)

Finally, a partition of the unity together with (74) and (76) completes the proof for
a sufficiently large λ0. ��

Now we turn to the divergence case. We need to introduce a special mollifica-
tion, which was used, for instance, in [21,33].

Proof of Theorem 5. Again we give only an outline of the proof. The interior esti-
mate is similar to that of the non-divergence case. Theorem 1 implies that, for any
0 < r < R < ∞, Qr ⊂ Q R ⊂ ΩT and λ � λ0,

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(Qr ) � N

∑

|α|�m

λ
|α|
2m ‖ fα‖L p(Q R) + N‖u‖L p(Q R).

We also have the boundary estimate by Theorem 3: Let 0 < r < R < ∞, f ∈
L p(Q

+
R ), and ρ be the constant taken from Theorem 3. Then under Assumption 1

(ρ), for any λ � λ0 and u ∈ H2m
p (Q+

R ), we have

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(Q

+
r )

� N
∑

|α|�m

λ
|α|
2m ‖ fα‖L p(Q

+
R )

+ N‖u‖L p(Q
+
R )
,

(77)

provided that u = D1u = · · · = Dm−1
1 u = 0 on Q′

R and

ut + (−1)mLu + λu = f in Q+
R .
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Take t0 ∈ (−∞, T ), a point x0 ∈ ∂Ω and a number r0 ∈ (0, R1]. By Assump-
tion 2, locally in some coordinate system, we have

Ω ∩ Br0(x0) = {x ∈ Br0(x0) : x1 > φ(x ′)},
and the local Lipschitz norm of φ is less than ρ1. The goal is to locally flatten the
boundary of ∂Ω . However, φ is not smooth in this case since it is only assumed
to be Lipschitz continuous. To construct a smooth diffeomorphism, we define a
function φ̃ on R

d+ by

φ̃(x) =
∫

Rd−1
η(y′)φ(x ′ − x1 y′) dy′.

Here η ∈ C∞
0 (B

′
1) has unit integral. It is easy to check that φ̃(0, x ′) = φ(x ′) and

|Dk φ̃(x)| � N (x1)
1−kρ1. We now define

y1 = x1 − φ̃(x) := Φ̃1(x), y j = x j := Φ̃ j (x), j � 2.

As before, the leading coefficients of the new operator in the y-coordinates also
satisfy Assumption 1 with a possibly different ρ. After some straightforward cal-
culations using (75) and Hardy’s inequality, we conclude, for X0 = (t0, x0) and
some r1 = r1(Ω) ∈ (0, r0),

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(ΩT ∩Qr1 (X0))

� N
∑

|α|�m

λ
|α|
2m ‖ fα‖L p(ΩT ∩Qr0 (X0))

+Nρ1

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L p(ΩT ∩Qr0 (X0)). (78)

Using a partition of the unity together with (77) and (78), we complete the proof
of the theorem upon choosing a sufficiently large λ0 and small ρ1. ��

11. Remarks on the ellipticity conditions

In this section we discuss some other ellipticity conditions appearing in the
literature, and show how our results can be extended to systems under those con-
ditions.

The following strong ellipticity condition has been widely used before; see, for
example, [7,30].

Assumption 3. For all (t, x) ∈ R
d+1 and complex vectors ξ = {ξα,i }, |α| = m, i =

1, . . . , n,

�
⎛

⎝
∑

|α|=|β|=m

ξα,iξβ, j Aαβi j (t, x)

⎞

⎠ � δ|ξ |2, (79)

where δ > 0.
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The next condition is called uniform parabolicity in the sense of Petrovskii,
which has been used, for example, in [17,29,34,36]. We define a matrix-valued
function on R

d+1 × (Rd \ {0}):
A(t, x, ξ) = |ξ |−2m

∑

|α|=|β|=m

ξαξβ Aαβ(t, x).

Assumption 4. Let λ j (t, x, ξ), j = 1, . . . , n, be the eigenvalues of A(t, x, ξ).
Then,

� (
λ j (t, x, ξ)

)
� δ, j = 1, 2, . . . , n (80)

for all (t, x) ∈ R
d+1 and ξ ∈ R

d \ {0}, where δ > 0.

We still assume that all the coefficients are bounded and measurable. Clearly,
the Legendre–Hadamard ellipticity condition (2) is weaker than the strong elliptic-
ity condition. However, it is stronger than the uniform parabolicity in the sense of
Petrovskii.

11.1. The strong ellipticity condition

Since it is stronger than our assumption, all the results in this paper hold true
under this condition. Moreover, we can take λ0 = 0 in Theorem 5 for divergence
form parabolic systems without lower-order terms. In this case the solution u sat-
isfies

∑

|α|�m

‖Dαu‖L p(ΩT ) � N
∑

|α|�m

‖ fα‖L p(ΩT ). (81)

Indeed, by the method of continuity it suffices to prove the estimate (81). Due to
(79) and the Poincaré inequality, we easily get the unique solvability for p = 2 as
well as

∑

|α|�m

‖Dαu‖L2(ΩT ) � N
∑

|α|�m

‖ fα‖L2(ΩT ). (82)

In the case when p > 2, we add (λ0 + 1)u to both sides of the first equation of (8).
By Theorem 5, it holds that

∑

|α|�m

‖Dαu‖L p(ΩT ) � N1

∑

|α|�m

‖ fα‖L p(ΩT ) + N1‖u‖L p(ΩT ). (83)

Take p1 ∈ (p,∞) such that 1 − d/p > −d/p1. By Hölder’s inequality, Young’s
inequality and the Poincaré–Sobolev inequality, we get for any ε > 0,

‖u‖L p(ΩT ) � N (ε)‖u‖L2(ΩT ) + ε‖u‖L p1 (ΩT ) � N (ε)‖u‖L2(ΩT )

+N2ε‖Du‖L p(ΩT ).

Choosing ε = 1/(2N1 N2) and using (82) and (83), we obtain (81) for p > 2. The
remaining case p ∈ (1, 2) follows from the standard duality argument.
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11.2. The uniform parabolicity condition in the sense of Petrovskii

As we noted, this assumption is weaker than the Legendre–Hadamard condi-
tion. Under this assumption, for the solvability of parabolic systems, we need to
impose a stronger regularity assumption on the leading coefficient, that is, they are
VMO in both t and x . More precisely, set

osct,x
(

Aαβ, Qr (t, x)
) = –

∫

Qr (t,x)

∣∣∣∣Aαβ(s, y)− –
∫

Qr (t,x)
Aαβ

∣∣∣∣ dy ds,

and

Ã#
R = sup

(t,x)∈Rd+1
sup
r�R

sup
|α|=|β|=m

oscx
(

Aαβ, Qr (t, x)
)
.

Assumption 5 (ρ). There is a constant R0 ∈ (0, 1] such that Ã#
R0

� ρ.

Next we show that the results in Section 2 about parabolic systems in the whole
space (Theorems 1, 2) still hold true under the assumptions above. As a conse-
quence, we obtain interior estimates for both divergence and non-divergence type
parabolic systems. We note that, for non-divergence type parabolic systems, the
corresponding interior estimate was established in a recent interesting paper [34]
(see Theorem 2.4 there) by using a completely different approach.

By inspecting the proofs of the main theorems, it is apparent that if the L2-esti-
mate Theorem 9 is proved for parabolic systems with constant coefficients under
the uniform parabolicity condition, then the remaining arguments can be carried
out as before with obvious modifications. Indeed, we have

Theorem 14. Let T ∈ (−∞,∞] and

L0u =
∑

|α|=|β|=m

Dα(AαβDβu),

where Aαβ are constants satisfying the uniform parabolicity condition (80). Then
there exists N = N (d, n,m, δ) such that, for any λ � 0,

∑

|α|�m

λ1− |α|
2m ‖Dαu‖L2(OT ) � N

∑

|α|�m

λ
|α|
2m ‖ fα‖L2(OT ), (84)

if u ∈ Hm
2 (OT ), fα ∈ L2(OT ), |α| � m, and

ut + (−1)mL0u + λu =
∑

|α|�m

Dα fα (85)

in OT . Furthermore, for λ > 0 and fα ∈ L2(OT ), |α| � m, there exists a unique
u ∈ Hm

2 (OT ) satisfying (85).

Theorem 11.4 is probably known to the reader from before. For example, it can
be derived from the results in [36]; see also Theorem 10.4 in Chapter VII of [29].
Instead of appealing to those general results, here we present a direct proof of it.
We need an elementary lemma, which is verified by a direction computation.
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Lemma 15. Let δ > 0 and U be an n×n upper triangular complex matrix satisfying

|U | � δ−1, �λ j � δ, j = 1, 2, . . . , n,

where λ j , j = 1, . . . , n, are the eigenvalues of U. Then there exist real constants
ε, δ1 > 0, depending only on n and δ, such that for any x ∈ C

n

�(x H BU x) � δ1|x |2,

where B = diag{εn−1, εn−2, . . . , ε, 1} and x H is the conjugate transpose of x.

Proof of Theorem 14. It suffices to prove (84) when u ∈ C∞
0 (OT ) and λ > 0.

We take the Fourier transform of (85) in x and get

ũt + A(ξ)|ξ |2mũ + λũ =
∑

|α|�m

(i ξ)α f̃α. (86)

Let A(ξ) = Q H U Q be the Schur decomposition of A, where Q = Q(ξ) is an n×n
unitary matrix and U = U (ξ) is an upper triangular matrix. Let B be the diagonal
matrix in Lemma 15. Multiplying both sides of (86) by Q H B Qũ and integrating
on OT give us

〈B Qũ, Qũt 〉OT + 〈B Qũ,U Q|ξ |2mũ〉OT + λ〈B Qũ, Qũ〉OT

=
∑

|α|�m

〈Q H B Qũ, (i ξ)α f̃α〉OT . (87)

As in the proof of Theorem 9,

�〈B Qũ, Qũt 〉OT � 0.

By the Plancherel equality,

λ�〈B Qũ, Qũ〉OT � N (ε)λ‖u‖2
L2(OT )

.

To estimate the second term of the left-hand side of (87), we use Lemma 15 and
the Plancherel equality to get

�〈B Qũ,U Q|ξ |2mũ〉OT � δ1〈ũ, |ξ |2mũ〉OT � N (n,m, δ)‖Dmu‖2
L2(OT )

.

The real part of the right-hand side of (87) is bounded from above by

N
∑

|α|�m

‖Dαu‖L2(OT )‖ fα‖L2(OT )

�
∑

|α|�m

ελ
m−|α|

m ‖Dαu‖2
L2(OT )

+ N
∑

|α|�m

ε−1λ− m−|α|
m ‖ fα‖2

L2(OT )
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for all ε > 0. To complete the proof of (84) it suffices to use the interpolation
inequalities and to choose an appropriate ε. ��
Remark 7. In contrast, under Petrovskii’s parabolicity condition, the Dirichlet
boundary value problem of parabolic systems is, in general, not well-posed when
d � 2, as pointed out in §10 Chapter VII of [29]. However, in the case d = 1,
relying on a linear transformation, one can extend Theorem 14 to systems on the
half space with the homogeneous Dirichlet boundary condition; see, for instance,
§10 Chapter VII of [29]. Thus, all the results in Section 2 about systems on a half
space or a bounded domain remain true in this case.

Acknowledgments. The authors are very grateful to Nicolai V. Krylov and the referees for
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grant number DMS-0800129.
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