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Abstract

We prove the solvability in Sobolev spaces for both divergence and non-
divergence form higher order parabolic and elliptic systems in the whole space,
on a half space, and on a bounded domain. The leading coefficients are assumed to
be merely measurable only in the time variable and have small mean oscillations
with respect to the spatial variables in small balls or cylinders. For the proof, we
develop a set of new techniques to produce mean oscillation estimates for systems
on a half space.
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1. Introduction

This paper is devoted to the study of the L ,-theory of higher order parabolic and
elliptic systems. More precisely, we expand the L ,-theory of higher order elliptic
and parabolic systems to include a class of not necessarily continuous coefficients
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via a unified approach for both divergence type and non-divergence type systems

in the whole space, on a half space, and on a bounded domain. The coefficients

we consider are complex valued and, in particular, the leading coefficients of para-

bolic systems are merely measurable in the time variable and belong to the class of

BMO (bounded mean oscillations) as functions of the spatial variables. The mean

oscillations of the coefficients need only be sufficiently small over small cylinders.
To present the exact forms of such systems, we let

Lu = Z A*DDPu,  Lu = Z D*(A*f DPu),
lo| Sm, |BISm loc| Sm, |B|Sm

where m is a positive integer,

D*=D{'...Dy, a=(ai,...,aq),

and, for each «, S, A% — [A?}B (t, )c)]i.1 =1 is an n X n complex matrix-valued
function. The involved functions are complex vector-valued functions, that is,

w= @' o uM =Y fa= fae DN
The parabolic systems we study are

W+ (=D"Lu=f, w+(D"Lu= > D*f,
|| Sm

where the first expression is in non-divergence form and the second one is in
divergence form. The elliptic systems, non-divergence form and divergence form,
respectively, are

Lu=f, Lu= Z D* fy.

|| <m

Whenever elliptic systems are considered, all the involved functions are independent
of r. When the domain is other than the whole space, we impose the homogeneous
Dirichlet boundary condition.

In the case of non-divergence type elliptic systems, we prove that, for a given
f € L,(82), there is a unique solution u € W[%’" (£2) to the system Lu = f in

£2, where 2 is either the whole space R4, the half space R = {(x1,...,xq) €
R4, x; > 0}, or a bounded domain. We also prove the corresponding results for the
other types of elliptic and parabolic systems; see Sect. 2.

As is well known, the key ingredient in establishing L ,-theory is a priori
L p-estimates of solutions to given systems. Generally, this is done in two steps.
First, one establishes L ,-estimates for systems with ‘simple’ coefficients, for exam-
ple, constant coefficients. Second, if the given system is in some sense close to
systems with simple coefficients, one obtains the desired L ,-estimates by using a
perturbation argument.

The L ,-estimates for systems with constant coefficients, in many references,
for example [2,3], rely on the exact representation of solutions and the Calderén—
Zygmund theorem. Another approach for such L ,-estimates is that of Camp-
anato—Stampacchia using Stampacchia’s interpolation theorem (see [20]). As to
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perturbation arguments, if the coefficients of given systems are uniformly continu-
ous, the estimates are carried out by using the local closeness of the coefficients to
constant coefficients in Ly, norm. When the class of VMO (vanishing mean oscil-
lations) coefficients was first introduced, another perturbation argument was used
in [5,8,9], where the continuity of coefficients is measured in the average sense,
not in the pointwise sense, through a representation formula of solutions and the
Coifman—Rochberg—Weiss commutator theorem.

In this paper, in establishing the key L ,-estimates, we replace the first step,
L ,-estimates of solutions to systems with simple coefficients, by mean oscillation
estimates of solutions to the systems. Then for the second step we use a different
perturbation argument, which is well suited to the mean oscillation estimates. For
instance, if the system under consideration is elliptic in the form of Lu = f with
constant coefficients in the whole space, then by the mean oscillation estimate of
D™y we mean a pointwise estimate of the form

][ D"y — ][ D*™udy|dx
By (xo0) By (xo0)

1/2 ., 1/2
< Nk~ (][ |D2mu|2dx) + Nk2 (][ |f|2dx) 1)
By (x0) By (x0)

for all xg € RY, r € (0, 00), and k € [kq, 00), where B,(xg) is a ball with center
xo and radius 7. Indeed, this implies the L ,-estimate of D"y by the well known
Fefferman—Stein theorem on sharp functions and the Hardy-Littlewood maximal
function theorem. But more importantly, this type of estimate embraces well the
perturbation between the original systems and systems with simple coefficients
when the coefficients have small mean oscillations over small balls or small para-
bolic cylinders. This approach was first introduced by KryLov [25,26] to deal with
second order elliptic and parabolic equations with VMO coefficients in the whole
space, and is well explained in his book [27].

Due to the well-adaptedness of estimates like (1) to the perturbation argument,
our main effort in this paper focuses on obtaining mean oscillation estimates of
systems with simple coefficients. Since in the parabolic case we allow coefficients
to be merely measurable in the time direction, the systems with simple coefficients
in our case are naturally those with measurable coefficients depending only on t.

For systems in the whole space, which requires only interior estimates, the mean
oscillation estimates follow rather easily by adapting the techniques in [25,27] to
higher order systems. However, unlike the arguments in [25], we derive the non-
divergence case as a corollary from the divergence case. Another noteworthy dif-
ference is that we prove the mean oscillation estimates not only for the highest order
terms but also for the lowest order terms, so we are able to avoid the argument in
[25] deriving the L ,-estimates of solutions from those of the highest order terms,
which is technically difficult in the case of higher order equations.

For systems on a half space or on a bounded domain, which also require
boundary estimates, it is not possible to use the approach in [25,27] since the
estimates developed there are only for equations in the whole space (interior esti-
mates). Thus, we develop here a set of new techniques to produce mean oscillation
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estimates for systems on a half space. This is a new approach for boundary
L ,-estimates which is applicable to a wide class of equations or systems. To get
these boundary mean oscillation estimates, as in the whole space case, we start with
L,-estimates of systems on a half space. Although the L,-estimate for divergence
type systems is well known under appropriate ellipticity or parabolicity conditions
on the leading coefficients, our Theorem 13 regarding the L;-estimate for non-
divergence type systems on a half space with coefficients measurable in time is, to
the best of our knowledge, a new result. In the proof we only use the L;-estimate of
divergence type systems and an interpolation argument. It is worth noting that L,-
estimates for higher order elliptic equations and systems were obtained in [16,19]
by using bootstrap arguments. For parabolic equations, however, in [19] the coeffi-
cients are assumed to be Holder continuous in the time variable since a semigroup
method was used.

From the L;-estimates, we derive the boundary mean oscillation estimates of
some of the highest order derivatives of solutions, precisely, DJu in the case of
divergence systems and Df,mu in the case of non-divergence systems, where x’
denotes the last d — 1 coordinates of x = (x1, x’) in R?. These estimates alone, how-
ever, are not sufficient for us to prove the main theorems. Because of this, we then
consider a parabolic system with special coefficients, such that in a periodic pattern
certain order normal derivatives of solutions to the system vanish on the bound-
ary. This gives us the boundary mean oscillation estimates of D{"u or Df’”u; see
Lemma 14. Once we have all the required mean oscillation estimates, we proceed
as in [25] to the desired L ,-estimates using the perturbation argument, the details of
which are illustrated for divergence type systems in the whole space; see Section 5.

In the literature, for uniformly continuous coefficients, a rather complete
L p-theory can be found for general linear elliptic systems in [1-3] and for par-
abolic systems in [18,17,36,29]. If coefficients are in the class of VMO, non-
divergence type higher order systems in the whole space have been investigated in
several papers, for example [10,22,34,35], where leading coefficients of systems
are either VMO with respect to all the variables or independent of the time vari-
able. For divergence type higher order elliptic systems with VMO coefficients, we
refer the reader to a recent interesting preprint [31] in which the inhomogeneous
Dirichlet problem on Lipschitz domains is studied. In all these papers, the method
of singular integrals is used, so measurable coefficients are not allowed.

Restricted to second order systems or equations, there are a relatively larger
number of papers which can be compared to this paper. Non-divergence elliptic and
parabolic equations on smooth domains with VMO coefficients were first studied
in [5,8,9] by using the technique of singular integrals. For further related results,
we refer the reader to the book [32] and references therein. The corresponding
results for divergence elliptic equations were obtained in [4,11] by a similar tech-
nique. These results were later improved upon by the authors of [6] in several
papers for divergence type equations/systems without lower order terms on non-
smooth domains by using a perturbation argument based on the maximal function
theorem and a covering lemma (see [7] for an extension to fourth order systems).
An interesting question would be whether the methods in [6,7] can be applied
to equations with lower order terms or non-divergence form equations/systems.
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The methodology used by Krylov in [25,26] was later developed and extended in
[14] for divergence and non-divergence systems in the whole space with the same
class of coefficients, and in [23,24,28] for non-divergence parabolic and elliptic
equations in the whole space with partially BMO coefficients for p > 2, and in [12]
for any p € (1, 00). In [12,13,15], this method was further adapted to divergence
parabolic and elliptic equations/systems in the whole space with partially BMO
coefficients. It is worth noting that in [12—15] and [23-28] only interior mean
oscillation estimates were derived. When dealing with equations and systems on a
half space or on a bounded domain in [13,15,23,24], the authors took full advantage
of the fact that the coefficients are allowed to be merely measurable in one spatial
direction and the fact that the given systems are second order. Thus without using
any boundary mean oscillation estimates developed here, the boundary L ,-esti-
mates were derived from interior estimates as corollary type results by using odd
and even extension techniques. However, the extension techniques do not work for
higher order equations or systems. This is the first paper in which the ideas in [25,26]
are adapted to boundary estimates, in both divergence and non-divergence cases.

As noted above, the first critical step of the proof is the L,-estimates of systems
with relatively simple coefficients under the ellipticity or parabolicity conditions on
the leading coefficients. In this paper, we use the Legendre-Hadamard ellipticity
condition, which is more general than the strong ellipticity condition considered,
for example, in [7,15,30]. Nevertheless, it is still stronger than the uniform pa-
rabolicity condition in the sense of Petrovskii, which was used in [17,34,36] with
more regularity assumptions on the leading coefficients. We shall discuss these
conditions in detail in Section 11.

The organization of the paper is as follows. We introduce some notation and
state the main results in the next section. The remainder of the paper is divided into
two parts. In the first part, we treat systems in the whole space. Sections 3 and 4 are
devoted to the L,-estimates and mean oscillation estimates for both divergence and
non-divergence parabolic systems with simple coefficients. In Section 5 we com-
plete the proofs of the L ,-solvability of systems in the whole space. The second
part is the main part of the paper, in which we treat systems on a half space or on
a bounded domain. In Section 6 we establish the L;-solvability of divergence and
non-divergence parabolic systems with simple coefficients on a half space. Then in
Section 7, we obtain the boundary mean oscillation estimates of Dj’c’iu and Dii"u
for divergence and non-divergence systems, respectively. Section 8 is devoted to
the estimates for a special type of systems. With these preparations, in Sections 9
and 10 we establish the L ,-solvability of both divergence and non-divergence par-
abolic systems on a half space and on a bounded domain. Finally, we discuss in
Section 11 some other ellipticity conditions used in the literature, and show how
our results can be extended to systems under those conditions.

2. Main results

We first introduce some notation used throughout the paper. A point in R? is
denoted by x = (xi, ..., xg). Whenever needed, we denote x by (x, x") where
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x’ € RY~1. A point in
R =R xR ={(t,x):t € R, x € RY}
is denoted by X = (¢, x). For T € (—o0, 0], set
Or = (=00, T) xR, Of = (—00, T) x RL,

where Ri ={x = (x1,...,xg) € R:x; > 0}. Especially, if T = oo, we have,
for example, O;‘o =R x Ri. We also have

B(x)={yeR':|[x—yl<r}, Bx)={"eR"" x| <r},
Qi’(tv-x) - (t - rzmv t) X Br(x)» Q;(t, )C/) = (t - rzm, t) X B'/,(_X/),
0 (1, x) = Q,(t, x) N OL.

We denote
= tr_: j j‘
(f.8)e /Qf g ]Ezl/ﬂf g

For a function f on D C R4*!, we set

1

()= D

/f(t,X)dxdt:][ f(t, x)dxdr,
D D

where |D| is the d + 1-dimensional Lebesgue measure of D.

In order to state and prove our results on systems in Sobolev spaces, in addition
to the well known spaces L, and W’;, we introduce the following function spaces.
As a solution space for non-divergence type parabolic equations, we use

WhPM((S,T) % 2) = {u s up, D*u € Ly((S, T) x £2),0 < |ar| < 2m}

equipped with its natural norm. Unless otherwise specified, in this paper D%u(z, x)
means the spatial derivative of u. For divergence type parabolic equations with
2 = R4, we introduce

HI(S. T) x RY) = (1 — A)TWE2"((S, T) x RY)
equipped with the norm
“u”H'P"((S,T)X]R”') = ”(1 - A)_iu“W,],’z’"((S,T)de)'
Note that if we set
H," (8, T) x RY) = (1 = )T L,((S. T) x R,
”f”]HI;’”((S,T)x]Rd) = [[(1— A)_7f||L,,((S,T)><Rd)’
then

el 5.y sty = Nttt g (s, ety + D ID%ull L5,y
|| Sm
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For a general £2, we set

H," (S, T)x 2)=1f:f= Z D%fo, fa€Lp((S,T)x82)¢,

loc| Sm

1 s s.myeey = Inf D Wall,qsmxey s f= D) Dfats

loe| Sm lo|Sm
and
'H;”((S, T)x 2)={u:u € H;m((S, T) x £2), D%u € L,((S,T)
x$§2),0 < || = m},

lallre (s.19x2) = ltellgzm s ryway + D 1D Ul 5.1

loe| Sm

Let §, K > 0 be two constants. Throughout the paper, we assume that all the
coefficients are measurable, complex valued and bounded,

871 la| = |B] = m,

af| <
A = [K, otherwise.

In addition, we impose the Legendre—Hadamard ellipticity condition on the leading
coefficients (see, for instance, [18,20]). Here we call A%? the leading coefficients
if || = |B| = m. All the other coefficients are called lower-order coefficients. By
the Legendre—-Hadamard ellipticity we mean

R D, 0P A, 0d | z 81101 @)

lee|=|Bl=m

for all (t,x) € R4t & € RY, and § € C". Here we use R(f) to denote the real
part of f.
Now we state our regularity assumption on the leading coefficients. Let

t
OSCX (Aaﬂ9 Qr(t’x)) = / f
t—r2m J B (x)

Then we set

A% (s, y) — ][ A (s, 2) dz
By (x)

dyds.

A% = sup sup sup osc, (A“ﬁ, 0, (1, x)) .
(t,x)eRIH! <R |a|=|Bl=m

We impose on the leading coefficients a small mean oscillation condition with
a parameter p > 0, which will be specified later.

Assumption 1 (p). There is a constant Ry € (0, 1] such that A*I’;O <.
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Contrary to non-divergence type systems where equations are defined almost
everywhere, solutions to divergence type equations are understood in the weak

sense. More precisely, for example, we say that u € H;’;JOC((S , T) x §2), where

l<p<oo,2cR and—oc0 <8< T < oo, satisfies
ur+ (=)™ Lu + ru = Z D%fy in(S,T) x £2,
loc| Sm

provided that
t
// (—fpt'u+(—1)m+|a‘Datp~A“’3D’3u) dx ds
s Je
t
:(4)'“‘/ / D“(p-fadxds+/ u(S, x)p(S, x) dx
S J 2
—/ u(t, x)e(t, x)dx
2

foreveryt € (S, T]and ¢ = (¢!, ..., ¢") € C®((S, T) x £2) such that ¢(t, ) €
Coo(R2) forallt € [S,T].If S = —ocor T = oo, we take ¢ € C((S, T) x £2)
such that ¢ (—o0, ) = 0 or (o0, -) = 0, respectively.

We are now ready to present our main results.

Theorem 1 (Divergence parabolic systems in the whole space). Let p € (1, 00),
T € (—oo,00] and fy € L,(O7) for |af < m. Then there exists a constant
o = p(d,m,n, p,§) such that, under Assumption 1 (p), the following hold true.

(i) Foranyu e HZ’ (Or) satisfying

w4 (=1)"Lu+ru= > D*f, inOr, 3)

| =m
we have

_ el lal
> A mID Ul 0 EN D A fallL,©o)

lot| Sm loc| Sm

provided that . = Lo, where N and Ao = 0 depend only ond, m, n, p, §, K
and Ry.
(ii) Forany ) > X, there exists a unique u € ’H’[Z' (Or) satisfying (3).

Theorem 2 (Non-divergence parabolic systems in the whole space). Let p € (1, 00),
T € (=00, c0land f € L,(Or). Then there exists a constant p = p(d, m, n, p, §)
such that, under Assumption 1 (p), the following hold true.

(i) Foranyu e Wll,’zm (Or) satisfying

ur + (=1)"Lu+ru=f inOr, “)
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we have

_ ol
Iz, 0n + D, X2 1D%IL,©00 £ NIFlL,©n:
loe| <2m

provided that ) 2 Ao, where N and Ao = 0 depend only ond, m, n, p, §, K
and Ry.
(ii) For any A > Mo, there exists a unique u € W;’zm (O7) satisfying (4).

Remark 1. We can also solve Cauchy problems for systems defined on (0, T') x R?
in divergence or non-divergence form. If the initial condition is zero, this is done
by extending the original system to a system defined on (—oo, T') x R? with the
right-hand side being zero for t € (—o0,0). In the same manner, we deal with
Cauchy problems for the systems below defined on a half space or on a bounded
domain. Note that in the case T < oo, by considering e ~*0+Dy instead of u we
can take A = 0 in the theorems above and below with the expense that N also
depends on T'.

The next two theorems are about the boundary value problem of systems in
divergence and non-divergence form on a half space O; = (—00,T) x Ri.

Theorem 3 (Divergence parabolic systems on a half space). Let p € (1, 00),
T € (—oo,00] and fy € LP(O;) for |a| £ m. Then there exists a constant
o = p(d,m,n, p,§) such that, under Assumption 1 (p), the following hold true.

(i) Foranyu € Hﬁ (O'T") satisfying

w+ (=D)"Lu+ru= D Dfy inOF;
|| Sm )
u:D]u=~~~=DT71u=O ona,,o;,

where 8[,(9}' = (—00,T) x ORY | we have

_lal o
Z )\'1 2m “Da””LP(O}') § N z )\’Zm ”fa”Lp(O;)’ (6)

loe| Sm | Sm

provided that .. 2> Ao, where N and Lo 2 0 depend only ond, m, n, p, §, K
and Ry.
(i) Forany A > Ao, there exists a unique u € H’; (O;r) satisfying (5).

Theorem 4 (Non-divergence parabolic systems on a half space). Let p € (1, 00),
T € (—oo,00]and f € Lp((’)}'). Then there exists a constant p = p(d, m, n, p, )
such that, under Assumption 1 (p), the following hold true.

(i) Foranyu € ng’zm (OF) satisfying

ur + (=D"Lu+ru=f in OF;
u=Du=---= D;”_lu =0 onapO}',

)
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we have

1— Jed
luelyon) + D A7#IDulL o) S NIfllL, o0
loe| S2m

provided that .. 2> Ao, where N and Lo 2 0 depend only ond, m, n, p, §, K
and Ry.
(i) Forany A > A, there exists a unique u € W,%’zm (@JTr) satisfying (7).

Remark 2. By using a scaling argument, it is easy to see that we can choose Ag to
be zero in the theorems above, provided that £ or L has no lower-order terms and
the leading coefficients depend only on 7.

Remark 3. In what has gone above we have presented results only for parabolic
systems. From those results we easily obtain the corresponding results for higher
order elliptic systems in divergence form and non-divergence form. The key idea is
viewing solutions to elliptic systems as steady state solutions to the corresponding
parabolic systems. We refer the reader to [25] and [14] for details. To show the exact
form of results for elliptic systems, we state below the cases for elliptic systems on
a bounded domain, Theorems 7 and 8.

Next we consider the solvability of systems in domains with the homogeneous
Dirichlet boundary condition. For divergence systems, we assume the boundary 92
of the domain §2 is locally the graph of a Lipschitz continuous function with a small
Lipschitz constant. More precisely, we make the following assumption containing
a parameter p; € (0, 1], which will be specified later.

Assumption 2 (p;). There is a constant Ry € (0, 1] such that, for any xo € 052
and r € (0, Ry, there exists a Lipschitz function ¢: R9~" — R such that

£ N By (xg) = {x € By (xp) : x' > ¢>(x’)]

and

90) =9Il

sup 7 7
xyeBlap Ay 1Y =X

in some coordinate system.

Note that all C!' domains satisfy this assumption for any p; > 0. Below we denote
Q7 = (—00,T) x 2, where 2 C R4,

Theorem S (Divergence parabolic systems on a bounded domain). Let p € (1, 00),
T € (—o00, 00]. Then there exist constants p = p(d, m,n, p,§), p1 = p1(d, m,n,
P, 8, K, Ry) and Ly = Ao(d,m,n, p, 8, K, Ry, R1) > 0, such that under Assump-
tion 1 (p) and Assumption 2 (p1) the following is true. For any fy, € L,(827),
la| < m, and ) 2 Ao, there is a unique solution u € HY ($27) to

ur + (=D"Lu + ru = Z D% fy in Q27;
loc| Sm

u=|Dul=---=|D"lu=0  on(—oco,T)x 382,
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and we have

_ o lal
DA EID Ul EN D AT fullL, @)

lo|Sm lo|<m
where N depends only ond, m, n, p, §, K, Rg and R;.

Theorem 6 (Non-divergence parabolic systems on a bounded domain). Let
p € (1,00), T € (—o0,x] and §2 be a c?m=L1 domain with the C*"—11
norm bounded by K. Then there exist constants p = p(d,m,n, p,8) and hy =
r(d,m,n, p,§, K, Ry) > 0, such that under Assumption 1 (p) the following
is true. For any f € L,(827) and A = Lo, there is a unique solution u €
Wy (2r) to

[u, +(=D"Lu+iu=f in 2r;

u=|Du|l=---=|D"lul=0 on(—o0,T) x 382, ®)

and we have
_ el
Ml om + 2. M7= ID%ulL,2p < NIFlL, 2
lo| S2m
where N depends only on d, m, n, p, §, K and Ry.

Asdiscussed in Remark 3, the theorems above have elliptic analogies. For future
reference, we state the results below for elliptic systems on a bounded domain.

Theorem 7 (Divergence elliptic systems on a bounded domain). Let p € (1, 00).
Then there exist constants p = p(d,m,n, p,§), p1 = p1(d,m,n, p,s, K, Ry)
and Ay = Ao(d,m,n, p,8, K, Ry, R1) > 0, such that under Assumption 1 (p) and
Assumption 2 (p1) the following is true. For any fo € L,(£2), |a| < mand k 2 Ao,
there is a unique solution u € W[',”(.Q) to

Lu~+ (—1)"au = Z D% fy  in$2;
loc| Sm
u=|Du|l=---=|D"lul=0 onas,

and we have

_ b
Z }‘.1 2m ||Dau||Lp(_(2) § N Z AZm ”fOl”Lp(-Q)’

loe| =m | =m
where N depends only ond, m, n, p, §, K, Ry and R;.

Theorem 8 (Non-divergence elliptic systems on a bounded domain). Let p €
(1, 00) and 2 be a C*"~ V1 domain with the C*"~1 norm bounded by K. Then
there exist constants p = p(d, m, n, p, 8) and g = ro(d, m,n, p, 8, K, Rg) > 0,
such that under Assumption 1 (p) the following is true. For any f € L,(82) and
A = Lo, there is a unique solution u € WI%’” (£2) to

Lu+ (—1)"u=f in §2;
u=|Dul=---=|D"ul=0 ondg,
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and we have
1— lel
> A ID Ul @) S NI fllL,@)-
loe| <2m

where N depends only on d, m, n, p, 5, K and Ry.

Part I. Systems in the whole space

This part of the paper is devoted to the proofs of the L ,-solvability of sys-
tems in the whole space, that is, Theorems 1 and 2. In Section 3 we obtain several
Lo-estimates for systems with coefficients depending only on 7. By using these
estimates, in Section 4 we prove the mean oscillation estimates for systems with
the same class of coefficients. We complete the proofs of Theorems 1 and 2 in
Section 5.

3. L,-Estimates for systems with simple coefficients in the whole space

In this section we obtain L,-estimates of parabolic systems in divergence and
non-divergence form when the coefficient matrices are measurable functions of
only the time variable satisfying the Legendre—Hadamard ellipticity condition (2).
Even though our proofs are basic, we present them here for the sake of complete-
ness. In particular, we derive the Ly-estimate of systems in non-divergence form
by using only that of divergence type systems. Throughout the section we set

Lou = Z D*(A*? DPy),
lae|=|Bl=m
where A%? = A%P(r). Since A*P are independent of x € R?, we can write
Lou = Z A D*DPy.
la|=|Bl=m

Let Cg° (O7) be the collection of infinitely differentiable functions defined on Or
vanishing for large |(z, x)]|.

Theorem 9. Let T € (—00, o). There exists N = N(d, n, m, §) such that, for any
A0,
_ el lel
> AT wD Ul 00 EN D AT fall L) ©)
lo] Sm lo|Sm
ifu € H(Or1), fo € L2(Or), lat| = m, and
w4 (=" Lou+du= D D*f, (10)
le| Sm

in Or. Furthermore, for A > 0 and fy € Ly(Or), || < m, there exists a unique
u € HY (Or) satisfying (10).
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Proof. We assume A > 0. If A = 0, the inequality (9) holds trivially or we obtain

DD ully0n EN D M allyor) if fa =0 forlal <m

let|=m |a|=m

using the inequality (9) for A > 0 and letting A \ O.
Let us assume that the inequality (9) is proved. Then due to the fact that

w=—=D" D D*A¥DPu)y—iu+ D Dfa.

ler|=1Bl=m | <m

we obtain ||u||H'"(OT) = N||73Au||H "> where Pou = u; + (—1)" Lou + Au
and N = N(d, n,m, §, A). Then using the estimate, the method of continuity, and
the unique solvability of systems with coefficients AP = 8aplnxn we prove the
second assertion of the theorem. Therefore, we only need to prove the inequality
(9). Moreover, since Py, is a bounded linear operator from H5' (Or) to H, "(O7),
it suffices to concentrate on u € Cgo (Op).

Multiply both sides of (10) by u and integrate them on O7. Then by integration
by parts we have

(. )0, +(D%u, A’ DPuyo, + 1w, o, = D (=DUDu, fa)o,. (1)
loe| Sm
Note that
(D%u, A% DPuyo, = ((8)°7, A% (£)P )0 / £9E0 A AT d dr.

Here u is the Fourier transform of u in x. By the ellipticity condition we get
3/ 1€12" a|* dgdr < / R (s“gﬁa‘wﬂﬁ) dg dr.
OT OT
Also note that
2 )
lul“(T, x) dx = —lul*(t, x)dt dx = (u, ur)o, + (ur, u)or,
R4 Or at

1
Ru, ur) oy = E/Rd lu>(T, x)dx = 0.

Thus, if we denote the right-hand side of (11) by /, we obtain

5 [ 1ePmIaR dsdt + Aoy SN S D (D, Fubo |
Or

| Sm

Since

10"l 0, _N/ 6272 déde
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and
m—le| . _m=lel
(Du, f)oy) S e ID%ull, o,y + Ne™ 27 Il fulll, o0

for all ¢ > 0, the inequality (9) follows by using the interpolation inequalities and
choosing an appropriate ¢. O

Theorem 10. Let T € (—o0, o). There exists N = N(d, n, m, §) such that

_ ol
Iy on + D A T2ID Ul Ly  Nllug + (=)™ Lot + Al Ly0p)
loe| <2m

forall» 2 0and u € W21,2m (Or). Moreover, for A > 0 and f € Ly(Or), there
exists a unique u € W21 ,2m (Or) satisfying

uy + (=D"Lou +ru = f
in Or.

Proof. As in the proof of Theorem 9, we only prove the estimate assuming that
u € C°(Or). Let f = u; + (=1)" Lou + Au and write

ur + (=" DY (A’ DPu) + au = f. (12)
Then by Theorem 9
MlullL, o0 = NI fllLaor)- 13)
Now by differentiating both sides of (12) m times with respect to x we get
(D"™u); + (=1)"D*(A** DPD"™u) + AD"u = D" f.
This with Theorem 9 shows that

S 1D D™l y0p) < NI flson- (14)

loe|=m

Using (13), (14), and the interpolation inequalities, we obtain

1— lel
> AT mIDYul 00 £ NI llLyon-
lor| <2m

Finally, observe that
luellL,o0r) = I1f = (=D"Lou — AullL, S NI fll,0p)-

The theorem is proved. O
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4. Mean oscillation estimates for systems in the whole space

In this section we continue working on the operator

Lou = Z A*® DY DPy,

loe|=|Bl=m
where A% = A% (t). The main objective of this section is to obtain mean oscil-
lation estimates for divergence type systems (Theorem 11) and for non-divergence
type systems (Corollary 2) defined in the whole space.
4.1. Some auxiliary results for systems in the whole space
First we prove the following localized version of Theorem 10.
Lemmal. Let0 < r < R < 00. Assume u € Wzl’zm(QR) and
ur + (=D"Lou = f

in Qg, where f € Lo(O7). Then there exists a constant N = N(d, n, m, §) such
that

el a0 + 1D ull 3000y < NI Flzacor) + N(R — 1) "™ lull Lo 0p)-
(15)

Furthermore,
el 1.2 g, S NIfllzacor) + Nllullzyog) (16)
where N = N(d,n,m, §,r, R).
Proof. Let
J
Ry=r. Ri=r+@R-r> 27 j=12...
=1

Foreach j =0,1,..., wetake {; € Cgo(Rd+l) satisfying

{jz[l on Qg;

0 on RN\ (=R RIY)) X Brj,,
and
IDF¢;| < N2M (R — )%, 1(g))] £ N22™ (R — )2,

where k =0, 1, ..., 2m. Indeed, we can take ¢; as follows. Let g(z) € C*°(R) be
a function such that

0=g=1 glr=1if 220, gx)=0if z =1/2.
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Then set ¢; (¢, x) = ¥ (t)n;(x), where

Ui =g (2R =717 = R)).

ni0) =g (2/(R =17 (xI = R)).
Now we apply Theorem 10 with A = 0to ¢;u € W21 ,2m (Oop), so that

1)l @) + 1D (&)l Ly00) S NINEjw) + (=1 Lol L)

S NI fllLacog) + NIEC)Hiulln,00)
2m

+N D" ID* g D Full L, 04)-
k=1
(17)

Using the properties of ¢; and interpolation inequalities (see, for instance, [27]),
for each 1 < k < 2m, we have

ID*¢; D> ull 1,00 = 1D D" (i)l Lo 00)
< N2Y(R = 1) ID*" R () | 1,00
< e D™ (g1l 1,00
+N22MI(R — 1) "2 ™|ull Ly (0p)- (18)
Furthermore, we have
1@ ettll Ly + 1D 811 1,00 < N22™ (R — 1) 2" ullLy(0g)-
(19)

Therefore, if we set

I = 1wl L0 + ||D2m(§ju)||L2(@0),
from (17), (18), and (19) we obtain
I; S elip1 + NI fllzacor + N2 (R — 1) 2™ lull Lo (0p)-

Multiply both sides by &/ and make summations with respect to j to get

o]

oo oo o0
D ELGEY AN N fllaon+NR=1T" D /2 ul 1y 0,)-
j=0 j=1 j=0 j=0

Upon choosing, for example, ¢ = 272" ~!, the summations are finite, so from the
above inequality we have

ID* (50u) | 2, (@g) + 10wt 1Ly @0) = NI fllLaor) + N(R — 1) 2™ lull L5 (05)-

This proves the inequality (15) because the left-hand side of the above inequality
is greater than that of (15). Finally, the inequality (16) follows from (15) and the
interpolation inequalities. O
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In the sequel we denote u € W},’OO(Qr(to, x0)), 1 < p < 00, (f9, xo) € R4HL,
if D%u, D%u; € L,(Q/(t, x0)) for all multi-index « including a = (0, ..., 0).
Corollary 1. Let0O <r < R <ocoandu € W;’OO(QR) satisfy
u+ (D" Lou =0 (20)
in Q. Then for any multi-index y, we have
DY ullLyc0,) + DY urllLyc0,) = NllullLyop)s
where N = N(d,n,m, 8,1, R, y).
Proof. Note that
DYu; = —(=1)"LoD" u
in Qr. Hence it is enough to prove
IDYullLy0,) = NllullLyop)- 21

Since u € Wzl’z'"(Q R), this inequality follows from (16) if || < 2m, so assume
that |y| > 2m and

DYu = D™ D%u.

Note that DV u is in Wzl’zm(Q g) and satisfies (20). Thus applying (15) to the equa-
tion (20) with D?u in place of u we get

IDY ullzy(0,) < NID ullLy0g,)-
where r < Ry < R. We repeat this process as many times as needed to get
ID” ull,0,) = NID™ull 1,0k,

where |yg| < 2m and r < R; < R. Then the inequality (21) for |y| > 2m follows
from the same inequality for |y| < 2m (with Ry in place of r). O

Lemma 2. Ifu € Wé’oo(Qz;) satisfies (20) in Qa, then

sup |Du(t, x)| + sup u, (¢, x)| < NllullL,(04)
01 01

where N = N(d, n, m, $).
Proof. Thanks to the fact that u; = —(—1)" Lou in Qy4, it suffices to prove

sup [DVu(t,x)| < Nlullr,04) (22)
(t,x)€Q

for a multi-index y. By the Sobolev embedding theorem

0 0
sup |DVu(t,x)> < N/ |DVu(s,x)|2ds+N/ [DY u, (s, x)|* ds
re(—1,0) -1 -1
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for each x € Bj, where DY u(t, x) is considered as a function of r € (—1, 0) for
each fixed x € Bj. On the other hand, again by the Sobolev embedding theorem,
there exists a positive number k such that

sup D7 (s, ) < NIDYu(s, )y sy,

xeB;

for each s € (—1,0), where DY u(s, x) is considered as a function of x € B for
each fixed s € (—1, 0). We have the same inequality as above with D” u, in place
of DY u. Therefore, we obtain

sup [DYut, )P SN DD D ullLyg)+N D, ID" D uslLy0))-
(e 91k 191k

This together with Corollary 1 gives the inequality (22). 0O
Lemma3. Let . 2 0and u € W%’OO(Q4) satisfy

uy +(D"Lou +ru =0 (23)
in Q4. Then we have

sup | D" ut, x)| + sup | D™uy (1, )| + 2.7 sup [ Du(t, )| + 2.2 sup |uy (1, )|

[ 0 [ 0]

m
1_ k.
SN D A2 w | Drull Ly, (24)
k=0

where N = N(d, n, m, §).

Proof. The case 1 = 0 follows by Lemma 2 applied to D" u since D" u satisfies
(20). For the case A > 0, we follow an idea by S. Agmon. Consider

¢(y) = cos ()\ﬁy) + sin (Aﬁy) .

Note that
(~1"D2"¢(y) = 2 (). £O) =1, [D"£(0)] =A%,
Denote by (7, z) = (¢, x, y) a point in R¥*2, where z = (x, y) € R*!, and set
i(t,2) = u(t, 05 (), Or = (=r?",0) x {]z] <r.z e R},

Since u satisfies (23), i satisfy

i + (=1)"Loit + (—=1)" D" = 0
in Q4. Upon applying the inequality (24) with A = 0 just proved above, we get

sup [D V(. )| + sup | D2, (¢, 2)| + sup | DY Dyii(r, 2)| + sup | DI (¢, 2)|
0, o) 0, 0,

< N| D" 25)

||L2(Q4)‘
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Since, for example,

sup A3|Dxu(t,x)| S sup DI Dyt ),
(t.x)€Qy (t,2)€01

the left-hand side of (25) is greater than that of (24). On the other hand, D™ is a
linear combination of terms such as

k k
A%_W cos (Aﬁy) D];u(t, x), A%_W sin(kﬁy)Dl;u(t, x), k=0,...,m.

Thus we see that the right-hand side of (25) is bounded by that of (24). The lemma
is proved. O

Recall that we denote by X a point in R¥t! = R x R4,

Lemma 4. Letr € (0, 0), k € [4,00), & = 0, and Xo = (19, x0) € RI*TL. Assume
u e HE”IOC(Rd'H) satisfies (23) in Qyr(Xo). Then for any «, |a| = m, we have

1
(|D05u - (Dau)Qr(XO)DQ,(XO) + A2 (|u - (M)QT(XO)I)Qr(Xo)

m
- 1_k 3
S N AT DM g, - (26)
k=0

where N = N(d,n,m,§) > 0.

Proof. Let us prove the inequality (26) when Xo = (0, 0). This, with a translation
of the coordinates, proves the inequality for general Xo € RI*!.

Since the standard mollification of u with respect to x satisfies (23) in a little
bit smaller cylinder than O, we assume that D%u € L( Q) for all multi-index
«. Furthermore, (23) implies that DYu; € Ly(Qy,) if D%u € L2(Qy,) for all «.
Therefore, without loss of generality we assume that u € W;‘OO(QK,).

Due to a scaling argument (for instance, see the proof of Lemma 11), it is
sufficient to deal with the case r = 4/k. Observe that, for example,

(1D%u = (D*wo,1),, < Nrsup D u(t, x)| + Nrsup | Duy(z, x)|.
01 01

By Lemma 3, the right-hand side of the above inequality is bounded by that of (26)
(recall r = 4x~1). The lemma is proved. O

4.2. Mean oscillation estimates for systems in the whole space

In the next theorem, we prove a mean oscillation estimate for divergence form
systems with simple coefficients in the whole space.

Theorem 11. Let r € (0,00), k € [8,00), A > 0, Xo = (to, x0) € RI*!, and
fu € Lo.joe(R4TY), |ae| < m. Assume that u € H?IOC(R‘H'I) satisfies

w4+ (—)"Lou+ru= Y Df,

loc| Sm
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in Qr(Xo). Then for any o, |a| = m, we have

o o 3
(1D"u = (D*u) g, (x0)l) g, (xo) + 2 (It = W0, x0)) 9, (xo)
m
_ 1ok 3 4 W3 3
VD N T S SPE S UTAC
k=0 loe| Sm
(27

where N = N(d,n,m,§) > 0.

Proof. We take, for the sake of simplicity, Xo = (0, 0). As mentioned earlier, a
translation gives the result for general Xo.
Take an infinitely differentiable function ¢ defined on R4*! such that

¢=1 on Qup, ¢ =0 outside (—(kr)*, (kr)*™) x By,

By Theorem 9, for A > 0, there exists a unique solution w € H5'(Ox) to the
equation

wi + (=" Low +Aw = D" DY((fa) (28)
loc| Sm
in Qs = Rt Let v := u — w. Then the function v € HY 1oc R satisfies

v+ (=D"Lov+Av=0 in QKr/z.

By Lemma 4 (note that /2 = 4) applied to v, we have

m
1 -1 1k k 2 )
(ID*v=(D"v)g, 1) 5, +27 (Iv = (W)g,1) 5, <Nk kz(‘;kz 2 (D[, ,-
(29)

Next we estimate w, which is the unique solution to the equation (28) considered
on Op. By Theorem 9, we have

_ o
S B w0 SN Y A5 L fall -

lor| <m loe| <m
In particular,

(|me|2)ir+x% (|w|2)ir < Ne S B (1l ) G0

lo| Sm
" 1 k 3] 1 1
AZ 2w ( DFw 2) <N An 2 ( 2)2 . 31
> IDfwP) = Z o), 31)

Now we are ready to prove (27). Since

(ID%u — (D“u)Qr|)Qr <2(ID% — c|)Q'
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for any constant ¢, by taking ¢ = (D%v) o, and repeating the same argument for
the second term, we bound the left-hand side of (27) by a constant times

(ID%u — (D*v) g, o, + %t — (1),) 0,

which is, due to the fact that u = w + v, controlled by
1

1
1 2 1 2\ 2
D% — (D%)g,|), +22 (v —(v)g, +(D”’w2) +A2(w ) )
(I o.l)o, (I o), + (I | 0 |w 0

Using (29) and (30), we see that the above is less than

m
_ 1_ &k 1 d Jol 1 1
Nk 1sz 2m(|Dkv|2)2Qm_/2+N/<m+2 2 A 2(|fa|2)é”.
k=0 la|<m

Finally, we use the fact that v = u — w and (31) to prove that the terms above are
not greater than the right-hand side of (27). O

Next we consider the corresponding mean oscillation estimate for
non-divergence type systems in the whole space.

Corollary 2. Let r € (0, 00), k €[8, 00), A > 0, Xg€ R, and f € Ly j,(RITY),
|| < m. Assume that u € Wzl”li'zl (R satisfies
ur+ (=D"Lou +ru = f

in Qr(Xo). Then for any o, || = 2m, we have

(1D = (D*u)0,x0)1) g, (xq) 4 (11 = (0,00 1) g, 0

2m
- i 1 d 3
= Nkt D AT AD g oy + NETEAF D) g, x
k=0

where N = N(d,n,m,§) > 0.
Proof. Again let Xog = (0, 0) for simplicity. By Theorem 11, it follows that (after
multiplying both sides by )»%)

m
_ _k L d 1
Mu— g, Do, £ N ' DA m (D )+ NI f1D), -
k=0
(32)

Differentiate m times both sides of the system with respect to x to get
D"u; + (—1D)"LoD"u + AD"u = D™ f.

By Theorem 11 applied to D™ u in place of u,

m
_ 1k 1
(ID”D™u — (DY D" u)g, Do, < Nk~ ' > a2 w (DD},
k=0
m+4 2 %
+NE"TE( D)

where |y | = m. This combined with (32) gives the inequality in the corollary. O
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5. L ,-Estimates for systems in the whole space

In this section, we use the mean oscillation estimates obtained in the previous
section to prove Theorems 1 and 2.

Let Q = {Q,(t, x): (t,x) € R r € (0, oo)}. For a function g defined on
R4+1 we denote its (parabolic) maximal and sharp function, respectively, by

Mg(t, x) = sup ][Ig(s,y)ldyds,
0e€Q:(t,x)eQ J O

g't,x) = sup ][Ig(s,y)—(g)gldde-
QeQ:(t,.x)eQ Y O

Then

lgllz, < Nlig*llz,, Mg, < Nlgllz,,

ifge Ly, wherel < p <ooand N = N(d, p). As is well known, the first of the
above inequalities is due to the Fefferman—Stein theorem on sharp functions and
the second one to the Hardy—Littlewood maximal function theorem.

We use the idea of freezing the coefficients to obtain

Lemma 5. Let L be the operator in Theorem 1. Suppose the lower-order coeffi-
cients of L are all zero. Let 1, v € (1,00), 1/u+ 1/v =1, and ., R € (0, 00).
Assume u € Cg° (R¥*1YY vanishing outside Q g and

w+ (=D)"Lu+ru= > D*f,

loc| Sm

where fy € quloc(Rd"‘l). Then there exists a constant N = N(d, m, n, 8, ju) such
that for any a, |a| = m, r € (0, 00), k 2 8, and X € RI+1 we have

(1ID%u = (D)0, (x0)1) o () + 42 (I = W) 0, (x0)])
2-(X0)l) 9, (Xo) 0-(X0)l) 9, (x)
m
_ 1k 1
S NeT! AT E (DM g,
k=0
d ol _1 ! 1 w
NS AT P, ) + AR TAD"UPG )
o] Sm
Proof. Letk > 8 and r € (0, 00). Fix a y € R? and set
Lyu = A% (¢, y)D* DPu(z, x).

Then we have

w+ (=D)"Lyu+ru= D D*fo,

loc| Sm
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where

fo=fut 1" D (A1, y) — A% (1, x)) DPu
|Bl=m

It follows from Theorem 11 that
1
(ID%u — (D“u)Q,(XO)DQ (xo) TA2 (lu — (u)Qr(XO)DQ (Xo0)
IZ“ (| D*uf? )QK i FNETEE S AT fl? )QK (X0)"
k=0 || Sm

(33)

Note that
/ | ful?dxdr <N | ful? dx dt + N1, (34)
ri(x()) Q/(r(x())
where for |a| = m,
I, =/ (A (1, y) — A% (¢, x)) DPul dx dr.
QKr(XO)

Denote B to be B, (xg) if kxr < R, or to be Br otherwise; denote Q to be
Our(to, x0) if k¥ < R, or to be Qg otherwise. Now we take the average of Iy
with respect to y in B. Since u = 0 outside Q g, by the Holder inequality we get

][ Iydy = ][/ (A% (2, y) = A% (1, ) DPul? dx dr dy
B B J Qr(X0)NQr

1 1
§][ (/ |A“ﬁ(t,y)—A“ﬁ(t,x)|2”) dy (/ |Dmu|2ﬂ)',
B (0] Oir (X0)NOR

where, by the boundedness of A*? as well as the definitions of osc, and A*I’;, the
integral over B in the last term above is bounded by a constant times

1
|A°‘ﬂ<t, y) — A%, x>|) dy

( /|A“ﬁ(z y) — A%, x)|dxdtdy)u
N

< N (10lose, (A%, ) < N (R AR)*

A

This, together with (33) and (34), completes the proof of the lemma. 0O
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Proof of Theorem 1. Due to the method of continuity, it suffices to obtain an a
priori estimate. By moving all the lower-order terms to the right-hand side and
taking a sufficiently large A, we may assume that all the lower-order coefficients
are zero.

Case 1: p € (2,00). First we suppose T = oo and u € C{°(Qg,). Choose
a 0 > 1 such that 2u < p. Under these assumptions, from Lemma 5 we easily
deduce

(D*u)* (Xo) + A2ut (Xo)

< N DA (MDA (Xo))
k=0

N (S BT MZ(X0))E + pB (MDD w)H (X))

loc| Sm

for any «, |a| = m, r € (0,00), kx = 8, and Xg € RI*!. This, together with the
interpolation inequality, the Fefferman-Stein theorem and the Hardy-Littlewood
maximal function theorem, yields

m

1_ k. 1
> x| DrulL, £ NIID%ullL, + NA2 ulL,
k=0

m
1 d 1 1 k
SN2+ 2p2) > 227 | Drull,
k=0

|e| 1

d
FNE"TE T AW T £, (35)

lo| Sm

Now we can choose « sufficiently large and p sufficiently small in (35) to get the
desired estimate. A standard partition of the unity enables us to remove the restric-
tion that u € C(‘)’O(QRO). The extension to the case T € (—o00, +00] is by now
standard; see, for instance, [25]. We omit the details.

Case 2: p € (1,2). Since the system is in divergence form, this case follows
immediately from the previous case by using the duality argument.

Finally, the case p = 2 is obtained by an interpolation argument. O

In a similar way, from Corollary 2 we get the following counterpart of Lemma 5
for non-divergence systems.

Lemma 6. Let L be the operator in Theorem 2. Suppose the lower-order coeffi-

cients of L are all zero. Let p,v € (1,00), I/u+ 1/v =1, and A, R € (0, 00).
Assume u € Cf)’o (R4+1 vanishing outside Q g and

ur + (=1)"Lu + Au = f,
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where f € Lz,lac(RdH). Then there exists a constant N = N(d,m, n, §, i) such
that for any a, |a| = 2m, r € (0, 00), k = 8, and X € RI+L we have

(1D%u = (D)0, x0)l) g, (xp) 4 (14 = . x0)) g, (x,)

2m
_ _k 1
SN Y AT AD ) g k)
k=0

d 1 1 7
(0119, 0 + B ).

Proof of Theorem 2. As in the proof of Theorem 1, it suffices to prove the a priori
estimate for 7 = oo.

Case 1: p € (2, 00). We only need to consider the case when u € C3°(QRg,),
since the general case follows from a partition of the unity. The proof of this case
is almost the same as that of Theorem 1, by using Lemma 6 instead of Lemma 5.
So we omit it.

Case 2: p € (1, 2]. Note that here we cannot use the duality argument directly.
From Case 1 and Remark 2, we already have the qu"z'" solvability of

ur + (=D"Lou +ru = f

in the whole space for any ¢ € (2, o) and A > 0. For this system, since A%? are
measurable functions of time only, we can make use of the duality argument, which
yields the solvability of the same equation for any ¢ € (1, 2). Fixag = (14 p)/2.
Now we can repeat the arguments in the previous section with ¢ in place of 2, and
get the estimate in Lemma 6 with ¢ in place of 2. Finally, following the proof of
Case 1 completes the proof of this case. O

Part II. Systems on a half space or a bounded domain

This is the most novel part of the paper. The objective of this part is to establish
the L ,-solvability of parabolic systems on a half space or on a bounded domain.

In the next section, we prove the Lj-estimates for systems with coefficients
measurable in 7 on a half space. Relying on these Ly-estimates, in Section 7 we are
able to derive mean oscillation estimates of some partial derivatives of solutions to
systems on a half space. These estimates alone are not sufficient for our purpose, so
in Section 8 we consider a certain system with special coefficients. Combining the
results in Sections 7 and 8 enables us to prove the L ,-solvability on a half space
(Theorems 3, 4). Section 10 is devoted to the proofs of the bounded domain cases
(Theorems 5, 6). Finally, we give several remarks about other ellipticity conditions.

6. L,-Estimates for systems with simple coefficients on a half space

In this section, we prove the L,-estimate for systems on a half space. We again
consider

Lou = Z D*(A*Y DPu) = Z A’ DY DPy,

la|=[Bl=m la|=|Bl=m
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where A% = A% (r). Recall that OF = (—o0, T) x Ri. In the divergence case
(Theorem 12), the proof is rather standard. However, in the case of non-divergence
systems (Theorem 13), the proof is much more involved. To the best of our knowl-
edge, Theorem 13 is new for higher order parabolic equations and systems with
measurable coefficients depending only on ¢.

6.1. Divergence case
Throughout the paper, we use the notation Du to indicate one of D*u, where

o = (a1,...,04), 21 = 0, and |e| = m. Sometimes, depending on the context,
D'u means the whole collection of D%u, |a| = m, oy = 0. Similar to C3°(Or),

we denote by Cé’o ((’)_}r) the collection of infinitely differentiable functions defined
on (9}' vanishing for large |(¢, x)| € (9}'.

Theorem 12. Let T € (—o0, 0o] and f, € LZ(OJTF). There exists a constant N =
N(d, n, m, ) such that

_ ol lol
D> ATEID Ul o8 SN D A3 full o0 (36)

loe| S loe| <m
forany . = 0 and u € HY (OF) satisfying
w(t,0,x'y == D" u(,0,x) =0 (37)
on (=00, T) x R and

w4 (—)"Lou+ru= Y D*f, (38)

loc| Sm

in (’)"T". Furthermore, for .. > 0 and f, € Lg((’)}'), la| < m, there exists a unique
u e Hz’"((’);) satisfying (38) in O}r and (37) on (=00, T) x R4-1L,

Proof. As in the proof of Theorem 9, we consider only the case A > 0. We fol-
low the lines of the proof of Theorem 9. One noteworthy fact is that, because
ue Hz’”((’);) satisfies (37), we have

(D%u, A"‘ﬁDﬁu)O; = (D%u, A’ DPu)o,,

where the function u on the right-hand side is viewed as an extension of u to Or
so that it is zero on O7 \ O;. Similarly,

D"u|? SN/ 2m 12 dg dt,
[ ||L2(O;)f OTlél |it|” d&

where 1 is the Fourier transform of the extension. 0O
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Remark 4. Theorem 12 can be extended to systems in a cylindrical domain $27,
where £2 is a bounded Lipschitz domain. For small A = 0, we have a better estimate
than (36). Indeed, from the proof above, we get

1Dl 0p) SN Dl fullLa@n I D*ullLy@r)-

loc| Sm
By using the Poincaré inequality,
lully2r) < NIDulliyer) < NID*ully@p < -+ < NID™ullLy2r)-
Thus, we conclude
m
DD ull iy SN D N fallLygn-
k=0 \algm

Note that in this case, the solvability also holds for 1 = 0.

6.2. Non-divergence case

Let us introduce some additional notation. Let ¢ € N and {c1, ..., c2¢} be the
solution to the following system:

27 1

J
Z(—;) =1, j=0,...20—1. (39)

k=1
For a function w defined on Ri, set

w(xg, x) ifx; >0
2t
Ew = 1 , )
cwl——xp,x otherwise.

Note that & w € C2~1(RY) if w € C®°(RY). Indeed, by (39)

2 1 2t 1\/ . .
D (chw (—%xl,x’)) = Z (—%) axD{w(0, x") = D{w(0, x")
k=1 =0 4=

forj=0,...,2t — 1.
We remark that similar extension operators were used in [19] and [16] in the
study of elliptic systems. We will use the following interpolation estimate.

Proposition 1. Let 1 < p < coandu € W[’,” (Ri). For any ¢ > 0, there exists
N = N(d,n,m, p, &) such that

d

—k
IDYDY ™ ull, may < el DYully gy + N D IDTull, @),
=2
]7

wherek =0,1,...,m — 1.
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Proof. Without loss of generality we assume that u € CSO(REIF). Letu = E;u. For
a sufficiently large 7, the extension # is in wy (R?) and satisfies Zj{: 1 Djz.m D =
d N
ijl DTfj, where
d
Z D’j"u in Ri;
A' _ ]:]
f/ - d 2t 1
S &t (_%xl,x/) in R4
j=1k=1
Here ¢;, are appropriate constants. Observe that

d

k ym—k - 7
IDYDY  ully ey < ID™ il , ey = NIz, @y < NZ 1D ull &)
j=1
where the second inequality is due to the L ,-estimate of elliptic systems in the
whole space (see Remarks 1 and2) and N = N(d, n, m, p). By replacing u(xy, x")
by u(e1x1, x’) in the above inequality we have
d
ki ok y2m—k 2 2 2
et DYDY ully, ey < 7" NID{"ull, @) + N> 1Dl -
j=2

The proposition is proved. O

Lemma 7. Let T € (—00, 0o]. There exists N = N(d, n, m, §) such that

D I Dull o + Ml o) S Nllug + (=1 Lou + hall 1, o)

|=m

forall A 2 0andu € W21,2m (OF) satisfying

u(t,0,x"y == D" 'u@r,0,x) =0 (40)
on (—oo, T) x RI—1,
Proof. Define

f=u+ (=1)"D*(A*’ DPu) + ru 1)
in (’)}r . Then by Theorem 12
Ml o) S N0
Now differentiate with respect to x” € R4=1 both sides of (41) m times to get
(D"u); + (=1)"D*(A“* DP D"\u) + AD"u = D" f

in (9;. Note that D'ju satisfies (40). Thus by Theorem 12 again we have

> 1Dl 08 < NIl lly00)-

|a|=m

The lemma is proved. O
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Lemma 8. Let T € (—o0,00] and A = 0. There exists N = N(d,n,m, ) such
that, for u € W, >" (OF) satisfying (40),

2m

2
1D ul o) S N DD Dlull o8 + Nifly08 — @2)
j=1
provided that
ur + (=D"Lou +ru = f (43)
o OF
in OT'

Proof. By multiplying both sides of the equation (43) from the left by Dlzmu we
get

2 2 2
(D{"u. ur)or + (=)™ (Di"u, A“ﬁD“Dﬁu)O;r +2(D{"u, u) o
_ 2m
= (D{"u, f)os- (44)
Note that

1
R(—=D"™(DI"u, us) o+ = = | DM u|*(T, x)dx = 0. (45)
T 2 R,er

Indeed, this holds true because
0
/ | D"u|*(T, x) dx =/ — | Du|? dx dr
R4 of 9t

= (D{'u, DT”t)O; + (D'u, Di”u,)o;r
and
(Dl u,ur)o : = (—-1)"(D'u, Dmu,)0+,

the latter of which follows from the boundary condition (40) and integration by
parts. Hence, by taking the real parts of (44) and using (45) we have

R(D{"u, A Di"u)or < =% D (D{"u, AP D*DPu)ey
(. B)#(@.&)
—(=D)™AR(D"u, ot + (=1)"R(D D¥"u, f) O
where @ = (m, 0, ..., 0). Thanks to the ellipticity condition and Young’s inequal-
ity,

S|IDF"™u|? <KD" u, A% DMy ot < e D" u|?

Ly(OF) = Ly(OF)

+N (e, a)ZnDZm 'Du?
j=1

2 2 2

Ly(OF)

Choosing a sufficiently small ¢ and using Lemma 7, we prove (42). O

Now we are ready to state and prove the main theorem of the section.
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Theorem 13. Let T € (—o0, o). There exists N = N(d, n, m, §) such that

_ el
luel 0 + 2 AT ID Ul 08 S Nllug + (=1 Lou + a1, 0
loe| S2m

forall x> 0andu e WZI’Zm(O}r) satisfying
w(t,0,x'y == D" u(,0,x) =0
on (—oo, T) x RI—1,
Proof. Thanks to Lemma 7 and interpolation inequalities, it suffices to prove that
el o) + 1Dl 0 S NIF 00, (46)

where f = u; + (—1)" Lou + Au. Lemma 8 and Proposition 1 (with 2m in place
of m) imply that

2 2 2
D m””Lz(o;) < N”f”Lz(O'T") + 3||D1m”||L2((9;) + N||Dxf"u||L2(O;—).

This, along with Lemma 7 and a sufficiently small ¢, proves the inequality (46)
without the u, term on the left-hand side. To complete the proof we simply note
that

ur = —(—D"Lou — Au + f.

7. Mean oscillation estimates of some partial derivatives
of solutions to systems on a half space

The aim of this section is to derive several mean oscillation estimates of highest
order derivatives of solutions to systems on a half space. Contrary to the whole
space case, here we are able to estimate only parts of the highest order derivatives.
More precisely, for divergence form systems, we give an estimate of Du, while
for non-divergence form systems we present the estimate of Df,’”u. We emphasize
that these estimates alone are not sufficient for proving Theorems 3 and 4.

We still denote

Lou= > DAP@)DPu= > A"@)D*Dlu.
lee|=|Bl=m la|=|B|=m
Recall that

0f(t,x) = 0,6, )N OL, 0F =0,NOL,
Q. = (—r" 0)x B, B ={xecR":|x|<r}.
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7.1. Some auxiliary results for systems on a half space

We first prove some auxiliary estimates in this subsection. The first two are
counterparts of Lemma 1 and Corollary 1.

Lemma9. Letr 0 < r < R < 00. Assume that u € W;’zm(Q;) satisfies
u(t,0,x'y == D" u(,0,x) =0 47
on Q' and
ur+ (=D"Lou = f

in Q;, where f € LZ(Q;). Then there exists a constant N = N(d,n,m, §) such
that

el ) + 1Dl 0y S NI llyigny + NR =07 ull ot
Furthermore,
||M||W21~2m(Q:r) < N”f”Lz(Q;) + N”““Q(Q};)’
where N = N(d,n,m, 8, r, R).

Proof. By Theorem 13 the L,-estimate of systems on a half spaces is available.
Then the proof is the same as that of Lemma 1 with some minor changes. O

Corollary 3. Let 0 < r < R < 00. Assume that u € Cl?c(@) satisfies (47) on
Q' and

ur + (—=1)"Lou =0 (48)
in Q}f. Then for any multi-indices y and ¥ such that
y=WLry v, vi=2m, 9 =(0,%,...,%),
we have
1DY ull 0y + 107 uell 0y S Nlull ot
where N = N(d,n,m,8,r, R, y, D).
Proof. From (48) it follows that
Du; = —(=1)"A“* D*DP Dy

in Q}F. Each of the terms on the right-hand side is a constant times a term of the
form DY u, where |y| = 2m + |B] and y; < 2m. Hence we only need to prove

ID7ull o) < Nl o)

where y = (y1, ..., yq) satisfies y; < 2m. The proof of this inequality is identical
to that of (21) in Corollary 1 with the only difference that, in |y | > 2m, we write

D’u=D*"D%u, 9 =(0,0,...,0),

where DVy satisfies (48) in Q; as well as (47) on Q%, so that we can apply
Lemma 9 to D%u. O
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Next we derive a few Holder estimates of solutions. Throughout the paper, for
a function g defined on a subset D in R?*!, we set
lg(z, x) — g(s, y)|
sup

[glevp) = v ;
(t,0),s,y)€D [t — 8|2 + [x — y|¥
(t,0)#(s,y)

where 0 < v < 1.

Lemma 10. Ifu € C};. (@) satisfies (47) on Q) and (48) in QI, then

[M]C'/z(QT) é N”u”Lz(QI)‘

Proof. Let

OF ={(t,x)) € (=r,0) x (0,r)}, B. ={x'eR: x| <r)

The triangle inequality gives

lu(t, x) —u(s, y)|

sup T —
(t.x),(s.y)€Q} [t — 5|14+ |x — y| /
(t,x)#(s5,)
< sup lu(t, x1, x")—u(s, y1, x|
T asynear s =y ]l/?
x'€B]
|M(S, l,.x/)—u(S, 1 /)|
+ sup Y : /1/zy I _ Ltk
(s,yDe0] [x" —y'|
Xy eBx#y

To estimate /7, we view u(, x1, x') as a function of (z, x1) for a fixed x" € B
Then by the Sobolev embedding theorem

|u(t, X1, .x/) — M(S, y17 x/)l
or 1/4 7 = NluC Dlyrzgr 49
(t,x1),(s,y)€0] [t — s+ |x1 — y1] ] /

for each x’ e Bi. On the other hand, there exists a positive integer k such that, for
each (t,x) € @fr,

2
sup | Dju(t, x1, x")| + sup |u;(t, x1, x)|
j=0x’eBi x'eBj]

2
SN ID{ulxt gy + Nlur@oxn s s (50)
j=0
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where D{u(t, x1, x") and u,(r, x1, x") are viewed as functions of x" € Bj. Com-
bining (49) and (50) proves

LEN D 1D ullyp) +N D 1D w0t < Nl o).
ly|Sk+2 1915k
n<2 01=0

(1)
where the last inequality is due to Corollary 3.
For the estimate of />, we look at u(s, y1, x’) as a function of x” € B for each

(s,y1) € @f . Again, by the Sobolev embedding theorem, there exists a sufficiently
large integer k such that

|M(S, )’st/) —M(S, yi, y/)|

< Nlluls, yi, llyk gy
x'.y'eB] |x’ —)”|1/2 W2 (B
x'#y
Moreover, as a function of (s, y;) € o, D){,u(s, yi,x'), j=0,...,k, satisfy
k ‘ k ‘
sup [DYus, y1.x) S N D IDLuCx)ly12 o)
j=0 (s.y1)€O j=0

for each x” € Bj. From the above two inequalities, we obtain (51) with /> in place
of 1. The lemma is proved. O

In the sequel, for a function g defined on OFf, T e (—o00, 00], we denote by
E(g) (= Eg) the even extension of g defined on Or.

Corollary 4. Let 1. 2 0, Xo = (19, 0, x{)), where ty € R and x{, € RI-1. Assume
that u € C°(O%) satisfies (47) on Q}(Xo) = (to — 4™, to) x Bj(x() and

ur + (=D"Lou +ru =0 (52)

in QI (Xo). Then there exists N = N(d, n, m, §) such that
" 1 k
[E(Der12 (0, xon + P 1EUle12 0, (xon SN D227 2 €D )| Ly(0uxo))-
k=0

Proof. By using a translation in 7 and x’, we assume that Xo = (0, 0). Let A = 0.
In this case, the inequality in the corollary follows from

(Dalernig  NID™ull, g1

To prove this, we apply Lemma 10 to D'u. This is indeed possible because D’u

satisfies (47) on Qﬁt and (48) in Qj{. To prove the case 1 > 0, we follow the steps
in the proof of Lemma 3. O
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Lemma 11. Let r € (0,00), k € [64,00), » = 0, and Xo = (19, x0) € Ok,
Assume that u € CZ;'OC((’)(;FO) satisfies (47) on R x R~ and (52) in Q,J[r (X0). Then

1
(IEDFu) — (EDFu)) 0, xe) D 0, (X0) + 22 (1Eu — (Eu) 0, (xp) D 0, (X0)

m
1 1k 3
< Niw2 Y 22w (IED ), (xo): (53)
k=0

where N = N(d, n, m, $).

Proof. We first prove, using a scaling argument, that it suffices to prove the inequal-
ity (53) only for r = 16/k. Indeed, assume that the inequality (53) holds true for
r = 16/k. For a given r € (0,00), let ro = 16/k, R = r/rp, and w(zt,x) =
u(R¥ ¢, Rx).Itis easy to check that w satisfies (47) on R x R4-1 and

w, + (= D™ AP (R 1)D* DPw + AR w = 0 (54)

in O (Yp), where Yy = (s, yo) = (R™?"19, R"'x¢) € @ Then by the inequal-

Kro

ity (53) with r = rp applied to the system (54), we have

(12w = EDRw) g,y ) AR (16w = Ewg, )

01y (Yo 01y (Y0)

m
1 1k 1
< Nk~ 2 2 m*mRm*"(|5(Dkw)|2)éW0(YO). (55)
k=0

Note that, for example,

(ED* w)) g, (vy) = REED ) g, (x0)-

Thus the inequality (55) leads to the inequality (53) for arbitrary r € (0, 00).
Now we assume r = 16/x. We consider two cases.

Case 1: the first coordinate of xy = 1. In this case, we see that Q,jr/lé(Xo) =
Ovr/16(X0) and u satisfies the assumptions in Lemma 4, especially, u satisfies (52)
in Qyr/16(X0) and u can be extended to a function in H%OC (R4+1) without chang-
ing the values of u on Q,,/16(X0). Hence, by the inequality (26) with Q,,/16(X0)
in place of Q,,(Xp) (note that k /16 = 4), the left-hand side of (53) is controlled
by

n
-1 T 2,3
NK Z)\‘Z 21(|D M| )ri/IG(XO)’
k=0

which is less than the right-hand side of (53).
Case 2: the first coordinate of xq is in [0, 1]. By denoting Yy = (f, O, x(’)), we have

0, (Xo) C 02(Yp) C Os(Yp) C Qrr(Xo).
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By Corollary 4 applied to # with 2 and 8 in place of 1 and 4, respectively (this case
can be seen using a scaling argument as above), we have

(IEDTu) — (EDFu)) g, xp)D 0, (x0)
1
= Nr2[E(DPw]le12(, )

m
_1 1k i
< Ne™2 D 2w (ED P, )
k=0

m
_1 1k 3
< NeT2 D 2w (ED DY xy)-
k=0

The second term on the left-hand side of (53) can be estimated similarly. O

7.2. Mean oscillation estimates of D\u for divergence type systems
on a half space

Now we state and prove the main result of this section.

Proposition 2. Let r € (0, 00), & € [128,00), A = 0, and Xo = (9, x0) € Ok,
Assume that u € M3, (OL) satisfies (47) on R x R and

w4 (=" Lou+ru= D D*f, (56)

loe| <m

in Qi (Xo), where fy € L2.1oc(OL), |a| < m. Then we have
1
(IE(DYu) = (EDPu) o, xp) Do, (xo) + 22 (1€u = (Ew) 0, (x0) D 0, (x0)

m
_1 1k 3
< N2 DRI (ED NG, ik,
k=0

d M-t :
NS Z A2m 2(|<9fw|2)éw<Xo>’ °

loe| Sm
where N = N(d, n, m, $).

Proof. Multiplying u by an infinitely smooth function as { below, we see that

(56) can be extended to a system defined on O, without changing the values of

u and fy on, for example, Q2. Thus, without loss of generality we assume that

u € HY(OL), fu € L2(OF), and (56) is satisfied in OF,. We consider only A > 0.
Take a ¢ € C°(Qyr(X0)) such that

¢ =1on Qup(Xo), ¢ =0 outside (1 — (cr)™, 1o + (cr)*™) X By (x0)-

Let £ = A‘g’; D*D#, where A‘Zf) are the standard mollifications with respect to
t of A%A(1). Also let fé” be infinitely differentiable functions approaching f, in
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L>(0%) ase \, 0. By Theorem 12, there exists a unique solution v® € H5 (OL),
satisfying (47) on R x RI-1 to the equation

o 4 (1L @ = > DU - ) £
| =m

in 0. Since ff) and A?g are infinitely differentiable, by the classical theory for

higher order parabolic systems, v'¢ is infinitely differentiable. Moreover, for any
&,

o+ (=D)L + 0 =0 in QF, ,(Xo).
Thus by Lemma 11 (note that /2 = 64)
1
(€MD) = EDEVD)) 0, x) D 0, (x0) + 12 (1EVE = (EV) g, x0) D0, (x0)

m
_1 1_ & L
< Nt 3R GED PG, i,
k=0

Set w® =y — v® . Then w® € H5'(OL) and it satisfies (47) on R x RI~!
and

wi + (D" LW 2w = DU + fu =[5 + (~D"(Ly = Lo

in OF. Denote the right-hand side of the above equality by D% géf). We apply
Theorem 12 to the above equation as one defined on O;g so that we have

_lal ot
2+ TP w00 SN D g o)
e lal<m

In particular,

1
D" W, ot cxo + 2210, 03 xon)

1
SN AT ot oy H1 (58)
loc| Sm

m

1_ k. lof 1
22w ID W b oy SN D0 A 21 08 ko T (59)
k=0 le| Sm

for all sufficiently small &, where
19 =N3> i) fy - 05
loe| =m

+N > A - A“ﬁ)DﬁuHLZ(O%).
let|=1l=m
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Note that, for the even extension £g of a function g defined on (’);ro, we have
I€811Lac0,(xon = 211811, 0t (xo)) = 2I€8ILa(0, (X0
whenever X € @ This combined with (58) and (59) gives

(|5(me<8>)|2)% Y. (|5w<£>| )

0r(Xo) 0r(Xo)
< m+2 Z )»777(|5f(5)| )Q o T —m— 21(6)
loe| Sm

M=

1
AT (|€(Dkw(8))|2)2
ri(x())

I
IA S

NS AERAESOPY Y, o+ e AT
|| <m

Now by following the corresponding steps in the proof of Theorem 11 we see that
the left-hand side of the inequality (57) is less than the right-hand side of the same

inequality with fogg) in place of f, plus the error term
(r "= 2+(Kr) m= 2)1(8)
To finish the proof we lete \( 0. O

Remark 5. Later we need to have the mean oscillation estimate (57) for all Xy €
Ono, instead of Xo € OL, for functions £(D*u), Eu, and € f,, defined on Oy if
the equation (56) is satisfied in OZ. In order to do this, in case X € O \ oL

we let ¥ be the reflection point of X with respect to the hyper-plane {(z, 0, x”) :
t € R, x’ € R}, By Proposition 2 we get the estimate (57) with Yy in place
of Xg. Then it is not difficult to see that the estimate (57) holds true as well for
Xo using the evenness of functions involved. The same claim can be repeated for
Corollary 5, Propositions 3 and 4.

7.3. Mean oscillation estimates of Di,mu for non-divergence type systems on a
half space

As a consequence of Proposition 2, we easily get

Corollary 5. Let r € (0,00), k € [64,00), % = 0, and Xo = (19, x0) € Ok

Assume that u € W21 li'zl (OL) satisfies (47) on R x R4 and

ur + (=" Lou+ru = f

in Q +(Xo), where [ € L, 106((’)+) Then we have
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(€MD" u) = (EDF"W) 0, (xp)) 0, (x0) + A(IEU = (E) g, (x0)D 0, (X0
2m
_1 _k 3 ¢ 3
S NeT2 3 AT ED )G, i+ NE"THIEF D) g, xp)
k=0

where N = N(d, n, m, $).

Proof. Since D7) satisfies (47) on R x R4~1, we can proceed as in the proof of
Corollary 2. O

8. Estimates for systems with special coefficients on a half space

The estimates in the previous section imply the L ,-estimate of D u in the diver-

gence case and that of Di/’"u in the non-divergence case. In order to estimate the
remaining highest order derivatives, by the interpolation inequality (Proposition 1),
it suffices to estimate D" in the divergence case and D%mu in the non-divergence
case. To this end, in this section we consider

d
Lou = A®)DY"u + D Di"u,
j=2

where A(1) = A% (t), & = (m, 0, ...,0).
For this special operator, we have the following improved L;-estimate.

Lemma 12. Assume that u € Cﬁi(@) satisfies
u(t,0,x'y == D" u(,0,x) =0 (60)
on Q' and
ur + (—=1)"Lou =0 61)
in Q;. Then, for any multi-index y, we have
”DVMHLZ(Q:r) + ”Dyut”Lz(Q:r) =< N”u”Lz(QJIE)’ (62)
where N = N(d,n,m,8,r, R, y).

Proof. As noted in the proof of Corollary 1, it suffices to estimate the first term on
the left-hand side of (62). Also, we only need to treat the case when the multi-index
y satisfies y’ = 0, where y = (y1, ¥'). In fact, if the inequality (62) is shown to be
true with »” = 0 and a smaller R, since D" u satisfies (60) on Q'; and (61) in Q;,
we can replace u by DY u in (62). Then the right-hand side, N||D3’/u||L2(Q;), is
bounded by that of (62) by Corollary 3. Furthermore, by the interpolation inequality
with respect to xp, it suffices to show

||D%lmu||L2(Q:r) < N“””LZ(Q;) (63)
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for/ =0, 1,2,.... To prove the above inequality, we first observe that, thanks to
(61), we have

d
DY"u = A )=, — AN D DI
j=2

in Q;. This together with (60) implies that (first with / = 0, then inductively)
DEDIM™My(r,0,x") =0, k=0,...,m—1,

on Q. Moreover, D%’”l u satisfies (61) in Q;. Therefore, by Corollary 3 applied
to Dlz'"lu we have

2(1+1 21
10T ull gy S NIDF ™l 0

where r < rg < R. This implies (63) by an inductionon /. O

As a consequence of the previous lemma, we get

Lemma 13. Let u € C°(O%) satisfy (60) on Q) and (61) in QX Then, for any
multi-index y,

sup |DYu| + sup |[DY u;| < N”u”LZ(QI)’
of of
where N = N(d,n,m,$, y).

Proof. This is deduced from Lemma 12 in the same way as Lemma 2 is deduced
from Corollary 1. 0O

Note that in the following Holder estimates the first inequality is for all DY u,
|y| = m, whereas the second inequality is for Dlz’”u only. Similarly, we see D"'u
and Dlz’”u in the following lemma and propositions as well.

Corollary 6. Let A 2 0, Xo = (to, 0, x(), where tg € R and x;, € R-1. Assume
that u € C®(O) satisfies (60) on QQ(X()) and

loc

ur +(=D"Lou +ru=0 (64)

in QI (Xo). Then there exists N = N(d, n, m, §) such that

m
1_ k.
[ED"0ler 0, xon = N 242 IED W Lz(@s0x00, (65)
k=0
2m .
[S(D%mu)]cl(Ql(xo)) = NZkl_m||5(Dk”)||L2(Q4(X0))' (66)

k=0
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Proof. Similar to the proof of Corollary 4, we prove only the case A = 0 and
Xo = (0, 0). As noted in the proof of Lemma 12, Df’”u satisfies (60) on Q) and
(61) in QI. In this case, (66) follows immediately from Lemma 13 applied to
Dlzmu.

Lemma 13 also shows that

[D"ulcr gty = Nllull o) = NID ull, o)

where the second inequality is due to the fact that u satisfies (60) and the boundary
version of the Poincaré inequality. This gives the inequality (65). O

Lemma 14. Let r € (0,00), k € [64,00), A = 0, and Xo = (10, x0) € OX%.
Assume that u € ClOC(O ) satisfies (60) on R x Rd Uand (64) on 0. (X0). Then

(IED™u) — (ED™u)) g, xo)) 0, (x0) < Nk~ lzrwswkun >Q oy
& 1
(IE(DF"u) — (E(DI™u)) g, xp) 1) 0, x0) < N ™! Zx“ﬁ(|5(D"u)|2>§2“(xo),
k=0

where N = N(d, n, m, §).

Proof. Thanks to the Holder estimates in Corollary 6, we process as in the proof
of Lemma 11. O

From the above lemma, by following the steps in the proof of Proposition 2 we
prove the following two propositions.

Proposition 3. Let r € (0,00), k € [128,00), + 2 0, and Xo = (19, x0) € O%.
Assume that u € Cp,. (OL) satisfies (60) on R x R~ and

ur + (=" Lou + ru = Z D f,

|| Sm

in Qi (Xo), where fy € L2.1oc(OL), |a| < m. Then we have

(ED"u) — ED"w) g, x)Do,x < N D" 1273w (€D w)? >Q Xo)
k=0

NemE S MR (E ful? >QK Xo):

loc| Sm

where N = N(d, n, m, $).
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Proposition 4. Let r € (0, 00), k € [128, 00), & = 0, and Xo = (19, x0) € O%.

Assume that u € Cg‘;(@) satisfies (60) on R x R~! and

ur + (D" Lou + Au= f

in Q. (Xo), where f € L2 15c(O%). Then we have

2m
_ _k 1
(EDT"u) — (EDT"w)) g, (xp)D o, (xp) E N7 D AT ((ED PGy
k=0

d 1
NI LG, x0

where N = N(d, n, m, $).

9. L ,-Estimates for systems on a half space

With the preparation in the previous two sections, we complete the proofs of
Theorems 3 and 4 in this section.

Proof of Theorem 3. Recall that the leading coefficients satisfy Assumption 1 (p).
As before, we may assume that 7 = oo, p > 2, the lower-order coefficients of £

are all zero, and u € Cm(@) vanishing on OF \ Qg,(X1) for some X; € @
In this case, it follows from Proposition 2 (also see Remark 5) and the proofs of
Lemma 5 as well as Theorem 1 that

1
I1DGull,, o) 22 ul, o)
1
SNE (DPu) I, 0 + A2 I1€1 L 0

mad lal _1
< Nk, 7 A2 2 IE fallL,©0u)

loe| Sm

-1 44 1\~ 1k
+N (Kl Ptk zpzv)zxz €D W)l 0.0
k=0
m+%

< lo 1
SNkt D A 2 full, o)

loe| <m

-1 +4 1\~ 1ok
+N (K12+Kf’ szu)ZAz 2m ||Dku||Lp(O;O) (67)
k=0

for any x; = 128. B
Now we move all the spatial derivatives except D' (A“* D{'u) to the right-hand

side of (5),and add (—1)™ Z‘;ﬁ D?mu toboth sides. Herea = (m, 0, ..., 0). Then
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for any Qy,r(Xo), k2 € [128, 00), r € (0, 00), Xp € @and y € Ri, we have

d
ur + (=)™ [ DAY (1, y) D) + Z Di"u
j=2

d
SRR
el Sm j=2
where fa = fy for || < m,

fo=fa— > (=" (A% (1, x) + AP (2, y) DPu

|Bl=m
p#a
H(=1)" (A% (1, y) — A% (1, x)) D%u,
and
fa=fa— D (=D)"APDPu 4 (—1)" (A" (1, y) — A% (¢, x)) D7u
|Bl=m
B#a

for || = m, o # &. In the last two expressions, we used the fact that
DA% (1, y)DPu(r, x) = DP AP (1, y) D%u(t, x).

As a consequence of Proposition 3 and the proof of Lemma 5, for any «, = 128,

N1k L
(1ED™u) — (ED™ 1)) g, x0)) 0, (xo) = Nicz ' D 2372 (|5(Dku)|2>2QK2,,(XO)
k=0

m+4 lo| 1 2 L
Ny Y AT R(E L) g, (xo)

loe| S

m+% Zi (D" 21 2%
+Niy, “p2(|E(DT ) )kar(xo)

1
2 (€D WG, (xy-
| =m

Choose a i € (1, p/2). This estimate, combined with the Fefferman—Stein theorem
and the Hardy-Littlewood maximal function theorem, gives

d
m+3
+Nk, *

m
m < —1 1—% k
1D ull,, o) < Nicz §M | Drull, o)

m+d 1
+Nk, “p2 ||D’1"u||Lp(O;ro)

m+4 lel 1
+NK2 : Z A2m 2||fot||Lp((’);'0)
lo| Sm

Ld
+Ni, 2 > ID%ully, o) (68)

la|=m,a#a
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From (68) and Proposition 1, we get

m

m < —1 l—im k
D™l ox) S NK; %Az | DMull o)

+¢ 1
+Ni 2 (p2 + o) IDYull,, o)

m+ Jof 1
LAl o)

o] Sm

+N(E)) 2||D wll, o) (69)

Combining (67) and (69), we obtain the desired estimate by first taking x» suffi-
ciently large, then ¢ sufficiently small, x| sufficiently large, and finally p sufficiently
small. O

Proof of Theorem 4. It suffices to establish the a priori estimate_when T = oo,
the lower-order coefficients of L are all zero, and u € C®(OZL) vanishes on

O\ Og,(Xy) for some X; € @ We use the strategy in the proof of Theorem 3
and consider two cases.

Case 1: p € (2, 00). It follows from Corollary 5 that

1D ull, o) + Ml o)

m
m+4 m+d 1 _
< Ni| ZIIfIILp(o;C)JrN(Kl T z)le 5 Dully, o
k=0
(70)

for any k1 = 64. We move all the spatial derivatives except A% D%mu to the right-
hand side of (7), and add (—1)™ z(j‘=z D?’”u to both sides. As a consequence of
Proposition 4 and the proof of Lemma 5, for any «, = 128,

(ED"u) = EDF" 1) 0, x0) D, (xo
2m . 1
Niy ' D K73 (ED W), ()
k=0

m+4 1 m+4 1 0
Ny TUEFPV g ok TN 2 pEAEDT PG (x)

1
+Niy s 2. (ED WP xy)
|a|=2m,a#2a
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This estimate, combined with the Fefferman—Stein theorem and the Hardy—Little-
wood maximal function theorem, gives

2m
d
2m -1 1—£ 1~k m+3 Lo
IDT"ully ox) S Niy ' D A "m0 D Ul ony + Niy 2 p@ D" ull, o)
k=0

44 +d
NG 2 fll o0 +NeG 2 D Il o)
|o|=2m,a#2&
(71)

From (71) and Proposition 1, we get

2m
2m —1 1-4£ k
ID*"ull,, 05 < Nis' D27 1D ul, o,
k=0

m+d 1
+Ni; 2 (p% + ) D{"ull,, o)
m+4 m+4
Ny Il om) F N©Ky T IDE ull, 05y (72)

Combining (70) and (72) we obtain the desired estimate by first taking x> suffi-
ciently large, then ¢ sufficiently small, «1 sufficiently large, and finally p sufficiently
small.

Case 2: p € (1,2]. Thanks to Case 1 and Remark 2, we already have the qum
solvability of

uy + (=D"Lou +ru = f

on the half space for any g € (2, 0o0) and A > 0. The same duality argument in the
proof of Theorem 2 yields the solvability of the same equation for any g € (1, 2).
We can repeat the argument in Section 8 to deduce a version of Proposition 4 with
2 norms replaced by g norms. Inspecting the proof of Case 1, to finish the proof it
remains to have a proper version of Corollary 5 with 2 norms replaced by ¢ norms.

We claim that Lemma 10 is still true with L; replaced by L, g € (1, 00), that

is, ifu € CQ’%(@) satisfies (47) on Q) and (48) in QI, then
<
[u]Cl/Z(QT) = N”u”Lq(QI)'

This easily yields the desired version of Corollary 5 by following the lines in Sec-
tion 7. However, the claim does not follow directly from the proof of Lemma 10
because (50) doesn’t hold if the W21 2 norm on the right-hand side is replace by the
qu,z norm when g is close to 1. To get around this, we use a bootstrap argument.
We first note that under the assumption of Lemma 10, forany 1 < r < R < 4, it
holds that

<
||’/‘||Wq]~2m(Q:r) = N||u||Lq(Q;). (73)
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This can be shown in the same way as Lemma 9 and 1 based on the global qu’z'"
estimate on the half space. By the Sobolev imbedding theorem and (73), we have

||”||qu(Qj') < N”“”Q(Q};)
for any g > g satisfying
1 1 1
—_> - - —.
g1 g d+1
We iterate this bootstrap process for a finite number of steps on a sequence of
shrinking half cylinders, and get
where q; > 2(d + 1). Now, again by the Sobolev imbedding theorem, we deduce
lulleizory Nl gp),
which is exactly our claim. The theorem is proved. O
Remark 6. From the bootstrap argument above, we actually can get a finer bound-
ary estimate as follows. If u € qulzo"g (OL), q € (1, 0o) satisfies (47) on Qﬁ‘ and
(48) in QF, then for any and ¢ € (0, 1),
[u]clfe,Zrn—S(Q‘l*') § N”“”Q(Qj")a

where N = N(d,m,n, q, ¢).

10. Systems on a bounded domain

We present the proofs of Theorems 5 and 6 in this section. We first treat the
non-divergence systems. In this case, the proof is quite standard by using the tech-
nique of flattening the boundary and a partition of the unity. We give a sketched
proof for the sake of completeness.

Proof of Theorem 6. First, in a same way as Lemma 1 by using Theorem 2 instead
of Theorem 10, we obtain the following interior estimate forany 0 < r < R < o0,
Q, COrCQRrand A = Ao

_
Nl o+ D, A2 DL, 00 £ NIFllL,op + N, -
loe| <2m

(74)

Similarly, Theorem 4 yields a boundary estimate: let 0 < r < R < oo, f €

L p(Q;F), and p be the constant taken from Theorem 4. Then under Assumption 1
(p), forany A 2 Ag and u € Wlilm(Q;), we have

1—% o <
lucllz, o+ 2, A7 ID%ullL, o) S NIl o) + Nlully, o).
lee| <2m

(75)
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provided thatu = Dju = --- = Diﬂflu =0on Q/ and
up+ (=" Lu+xiu=f in Q.

It is well-known that the ellipticity condition (2) is preserved under a change of
variables. Take 7y € (—o0, T'), a point xo € 92 and a number ro = ro(£2), so that

£2 0 Byy(x0) = {x € Byy(x0) : x1 > $(x)}
in some coordinate system. We now locally flatten the boundary of 92 by defining
yi=x—¢0)i=0'(x), yj=x =), jz2.

Under the assumptions of the theorem, ® is a C>"~!! diffeomorphism in a neigh-
borhood of xy. It is easily seen that the leading coefficients of the new operator in
the y-coordinates also satisfy Assumption 1 with a possibly different p. Thus, we
can choose a sufficiently small p such that from (75), for Xo = (#y, xo) and some
ri =ri(£2) <ro,

el
luellz,@rnon xon + D, A 72D UllL, (200, (o)

|a|§2m
m—1
S NSl @2rngy, xon + N > 1D ullL, (20, (Xo)- (76)
Jj=0

Finally, a partition of the unity together with (74) and (76) completes the proof for
a sufficiently large Ag. O

Now we turn to the divergence case. We need to introduce a special mollifica-
tion, which was used, for instance, in [21,33].

Proof of Theorem S. Again we give only an outline of the proof. The interior esti-
mate is similar to that of the non-divergence case. Theorem 1 implies that, for any
0<r<R<o00,Q,CQrCRrandX 2 A,

_ el lal
> A m DUl EN D AT full,p + NllullL, o)
|a\§m |a|§m

We also have the boundary estimate by Theorem 3: Let 0 < r < R < oo, f €
L p(Q;), and p be the constant taken from Theorem 3. Then under Assumption 1
(p), forany A = Apand u € H%’"(Q;), we have

_ el lal
2 M TEID Ul o SN D A fallyof) + Nkl op)

ler| Sm Jor| Sm

77
provided thatu = Dju = --- = D;"_lu =0on Q' and

ur+ (=D"Lu+Aiu=f in Q;ﬁ.
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Take #ty € (—o0, T), a point xg € 352 and a number ro € (0, R1]. By Assump-
tion 2, locally in some coordinate system, we have

2 0 By (x0) = {x € Byy(x0) : x' > p(x)},

and the local Lipschitz norm of ¢ is less than p;. The goal is to locally flatten the
boundary of d£2. However, ¢ is not smooth in this case since it is only assumed
to be Lipschitz continuous. To construct a smooth diffeomorphism, we define a
function ¢ on Ri by

b= [ 10066 ny)ay.
Rd—1
Here n € C§°(B}) has unit integral. It is easy to check that #(0,x") = ¢(x') and
|D¥¢(x)] < N(x1)!*pi. We now define
i=x1—¢@) =), yi=x;:=d ), j=z2

As before, the leading coefficients of the new operator in the y-coordinates also
satisfy Assumption 1 with a possibly different p. After some straightforward cal-
culations using (75) and Hardy’s inequality, we conclude, for Xo = (#y, x9) and
some | = r1(£2) € (0, rp),

_lal
> AT ID Ul 200, (Xo)

|| Sm
le|
<N Z A2 | fallL,(2rn @y (Xo))
lo| Sm
_lal
+Np1 D AT D L2000, (X0 - (78)
la| Sm

Using a partition of the unity together with (77) and (78), we complete the proof
of the theorem upon choosing a sufficiently large Ao and small p;. O

11. Remarks on the ellipticity conditions

In this section we discuss some other ellipticity conditions appearing in the
literature, and show how our results can be extended to systems under those con-
ditions.

The following strong ellipticity condition has been widely used before; see, for
example, [7,30].

Assumption 3. Forall (t, x) € R4 and complexvectors & = il lal=m,i =
1,...,n,

Rl D Ewibp AT x) | 2 8lE (79)

la|=|B|=m

where § > 0.
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The next condition is called uniform parabolicity in the sense of Petrovskii,
which has been used, for example, in [17,29,34,36]. We define a matrix-valued
function on R4*! x (R? \ {0}):

A, x,E) =57 > £ EPA% (@, x).
la|=|Bl=m

Assumption 4. Let X;(t,x,&),j = 1,...,n, be the eigenvalues of A(t, x,§).
Then,

R, x, ) =68, j=12,....n (80)
forall (t, x) € R4 and £ € RY \ {0}, where § > 0.

We still assume that all the coefficients are bounded and measurable. Clearly,
the Legendre—Hadamard ellipticity condition (2) is weaker than the strong elliptic-
ity condition. However, it is stronger than the uniform parabolicity in the sense of
Petrovskii.

11.1. The strong ellipticity condition

Since it is stronger than our assumption, all the results in this paper hold true
under this condition. Moreover, we can take Ay = 0 in Theorem 5 for divergence
form parabolic systems without lower-order terms. In this case the solution u sat-
isfies

DDl EN D M fallLy@n- @D
| Sm loe|Sm

Indeed, by the method of continuity it suffices to prove the estimate (81). Due to
(79) and the Poincaré inequality, we easily get the unique solvability for p = 2 as
well as

>y EN D N fallLan)- (82)

| Sm | <m

In the case when p > 2, we add (Ao + 1)u to both sides of the first equation of (8).
By Theorem 5, it holds that

DD ullL, @ EN1 D W falleyn + Nillull,ep-  (83)
|a|§m |a|§m
Take p; € (p, oo0) such that 1 —d/p > —d/p;. By Holder’s inequality, Young’s
inequality and the Poincaré—Sobolev inequality, we get for any ¢ > 0,
lullL, 2 = N@lully2n + elulle,, @n = Nl
+Nog||DullL,(2r)-

Choosing ¢ = 1/(2N1N>) and using (82) and (83), we obtain (81) for p > 2. The
remaining case p € (1, 2) follows from the standard duality argument.
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11.2. The uniform parabolicity condition in the sense of Petrovskii

As we noted, this assumption is weaker than the Legendre-Hadamard condi-
tion. Under this assumption, for the solvability of parabolic systems, we need to
impose a stronger regularity assumption on the leading coefficient, that is, they are
VMO in both ¢ and x. More precisely, set

oscrx (A%, Qr(t, x)) = ][ AP (s, y) — ][ AP
O (t.x) 0, (t,x)

dyds,

and

A’};: sup sup sup  OSCy (A“ﬁ,Q,(t,x)).
(t,x)eRI+! <R la|=|Bl=m

Assumption 5 (p). There is a constant Ry € (0, 1] such that A’};O < p.

Next we show that the results in Section 2 about parabolic systems in the whole
space (Theorems 1, 2) still hold true under the assumptions above. As a conse-
quence, we obtain interior estimates for both divergence and non-divergence type
parabolic systems. We note that, for non-divergence type parabolic systems, the
corresponding interior estimate was established in a recent interesting paper [34]
(see Theorem 2.4 there) by using a completely different approach.

By inspecting the proofs of the main theorems, it is apparent that if the L-esti-
mate Theorem 9 is proved for parabolic systems with constant coefficients under
the uniform parabolicity condition, then the remaining arguments can be carried
out as before with obvious modifications. Indeed, we have

Theorem 14. Let T € (—o0, oo] and
Lou = Z D*(A*f DPy),
la|=|B|=m
where AP are constants satisfying the uniform parabolicity condition (80). Then
there exists N = N(d, n, m, §) such that, for any A 2 0,
_ ol jcil
D AT ID Ul L0 EN D A | fall o) (84)
lor| <m loe| <m
ifu e H3(Or), fo € L2(Or), |a| = m, and
w4+ (—)"Lou+ru= Y Df, (85)
| Sm

in Or. Furthermore, for A > 0 and fy € Ly(Or), |a| < m, there exists a unique
u € HY (Or) satisfying (85).

Theorem 11.4 is probably known to the reader from before. For example, it can
be derived from the results in [36]; see also Theorem 10.4 in Chapter VII of [29].
Instead of appealing to those general results, here we present a direct proof of it.
We need an elementary lemma, which is verified by a direction computation.
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Lemma 15. Let 6 > 0and U be ann xn upper triangular complex matrix satisfying
Ul <87, 928, j=1,2,...,n,

where Aj, j = 1,...,n, are the eigenvalues of U. Then there exist real constants
g, 81 > 0, depending only on n and 8, such that for any x € C"

RHBUx) = 811x ),

n—2

where B = diag{e"~", "2, ..., &, 1} and x™ is the conjugate transpose of x.

Proof of Theorem 14. It suffices to prove (84) when u € C§° (O7) and A > 0.
We take the Fourier transform of (85) in x and get

i+ A@EP" T+ 2= D () fa- (86)

lo| Sm

Let A(£) = Q¥ U Q be the Schur decomposition of A, where Q = Q (&) isann xn
unitary matrix and U = U (&) is an upper triangular matrix. Let B be the diagonal
matrix in Lemma 15. Multiplying both sides of (86) by Q¥ BQii and integrating
on O7 give us

(BQii, Qii;) o, + (BQii, UQIE ™" W) o, + MBQiL, Qil)o,
= > (0"BQ. (8" fu)o, (87)

| Sm
As in the proof of Theorem 9,
N(BQii, Qiis)o, = 0.
By the Plancherel equality,
MUBQI, Qi)o, = N©)Muly, o0,

To estimate the second term of the left-hand side of (87), we use Lemma 15 and
the Plancherel equality to get

W(BQi, UQIE[*"i)o, = 81 (@, [E*" @) o, 2 N(n,m, 8)|D"ull}, o,

The real part of the right-hand side of (87) is bounded from above by

N DD ullLyonll fallLyon

loe| Sm

m—la| . _m=le|
< D er Il + N D0 e AT i fulliop

lot| Sm loc| Sm
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for all ¢ > 0. To complete the proof of (84) it suffices to use the interpolation
inequalities and to choose an appropriate ¢. O

Remark 7. In contrast, under Petrovskii’s parabolicity condition, the Dirichlet
boundary value problem of parabolic systems is, in general, not well-posed when
d = 2, as pointed out in §10 Chapter VII of [29]. However, in the case d = 1,
relying on a linear transformation, one can extend Theorem 14 to systems on the
half space with the homogeneous Dirichlet boundary condition; see, for instance,
§10 Chapter VII of [29]. Thus, all the results in Section 2 about systems on a half
space or a bounded domain remain true in this case.
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