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Abstract

We investigate the well-posedness of (1) the heat flow of harmonic maps from
R" to a compact Riemannian manifold N without boundary for initial datain BMO;
and (2) the hydrodynamic flow (u, d) of nematic liquid crystals on R” for initial
data in BMO~! x BMO.

1. Introduction

For k = 1, let N be a k-dimensional compact Riemannian manifold without
boundary, isometrically embedded in some Euclidean space R/. For n > 1, the
equation of heat flow of harmonic maps from R” to N is given by:

u; — Au = A(u)(Vu, Vu) in R" x (0, +00) (1.1)
ul—p = ug in R" (1.2)

where A(y) : TyN x TyN — (TyN )1 is the second fundamental form of N C R/
aty € N,and up : R" — N is a given map.

Equations (1.1)-(1.2) provide a very important approach to seek the existence
of harmonic maps in various topological classes. In their pioneering work [6] in the
1960s, EELLs and SAMPSON established that (1) for ug € C°°(R", N) there exists
0 < T = T(¢) £ +oo such that (1.1)—(1.2) admits a unique smooth solution
ue C®MR" x [0,T), N); and (2) if, in addition, the sectional curvature K of N
is nonpositive, then u € C*°(R" x R4, N) and

||U||C2(]RHXR+) < C(n, ||¢||CZ(Rn))~ (1.3)

Without the curvature assumption, HILDEBRANDT et al. [9] established, in the late
1970s, the existence of a unique, global smooth solution to (1.1)—(1.2) under the
assumption that the image of u( is contained in a geodesic ball Bg in N with radius
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R < ——Z—— In general, on the one hand, it is well-known via the works
2 maxpp |Ky|

by CoroN and GHIDAGLIA [3], CHEN and DING [1], and CHANG et al. [2] that the
short time smooth solution to (1.1)-(1.2) may develop finite time singularity; on
the other hand, CHEN and STRUWE [5] (see also CHEN and LIN [4]) established
the existence of partially smooth, global weak solutions to (1.1)—(1.2) for smooth
initial data ug.

Although there have been many works important to (1.1)—(1.2) (see for exam-
ple LiNn and WANG [16] and references therein), the global (or local, resp.) well-
posedness of (1.1)—(1.2) for small (or large, resp.) rough initial data remains an
interesting question. If the initial data u( is in some Sobolev spaces, STRUWE
[18] established, in dimension n = 2, the local well-posedness of (1.1)—(1.2) in
the space LIZHX2 for ug € WH2(R2, N), and the global well-posedness provided
IVuoll L2(R?) is sufficiently small. For n = 3, the well-posedness similar to that of
[18] for ug € W (R", N) was not previously available in the literature; readers
can refer to WANG [19] for some related earlier results.

Notice that (1.1) is invariant with respect to parabolic scaling, that is, u) (x, 1) =
u(ix, A21) solves (1.1) for any A > 0 provided u solves (1.1). Hence we need a
scale and translation invariant version of L2-boundedness:

sup R_”/ |Vul>(y, 1) dy dr < 400.
xeR? R>0 Br(x)x[0,R?]

This implies that the caloric extension of initial data u( needs to enjoy the above
property.

In a very interesting paper [10], KocH and LaMM proved that (1.1)—(1.2) is (1)
locally uniquely solvable in C*°(R", N) provided ug is L°°-close to a uniformly
continuous map; and (2) globally uniquely solvable in C*°(R", N) provided ug is
L*-close to a point. The techniques employed by KocH and Lamm in [10] origi-
nated from the earlier work by KocH and TATARU [11] on the global well-posedness
of the incompressible Navier—Stokes equation for u : R” x Ry — R":

ur+u-Vu—Au+VP =0 inR" x (0, +00) (1.4)
V.u=0 inR" (1.5)
u|—o = ug in R" (1.6)

for ug € BMO™!(R") with V - ug = 0 and small ||uo|lgpo-1 -
Partially motivated by [10] and [11], we address well-posedness for both the
heat flow of harmonic maps and the hydrodynamic flow of nematic liquid crystals.
In order to state the results, we first recall the definitions of both local and global
BMO spaces.

Definition 1.1. For 0 < R < 400, a function f € LI]OC(R") is in BMOg(R") if
the semi-norm

LfIBMog R = sup [r‘”/B " [f(y) — fx,rldy]

xeR",0<r<R
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is finite, where fx , = m fB,(x) f(y)dy is the average of f over B,(x). We
say f € VMOR") if

li ny = 0.
rlﬁ)l[f]BMO,(R )
When R = +o0, we simply write (BMO(R"), [-]gmocwr)) for (BMOuo(IR"),
[-IBMO& (R))-
Now recall the space BMO™!, introduced by KocH and TaTARU [11], as follows.

Definition 1.2. For 0 < R < 400, a function f € LIIOC(R") is in BMOEI(R”) if
there exists (f1, ..., fy) € BMOg(R") such that f = >", %. Moreover, the
norm of f is defined by

n
I/ o ! ey = inf [Z[ﬁ]BMoR(R"> Lr=20 8_xl,] ’
i=1 i=1
We say f € (VMO(R"))~ ! if
lriﬁ)l[f]BMO,_l(]R") =0.
When R = 400, we simply write (BMO~! (R"), [ayo- (Rn)) for (BMOgol &),
[-Iemoz! ®n)-

We also introduce the functional space X7 for 0 < T < +o00 as follows.

XT = {f R % [0, T] — Rl | |||M|||XT

= sup [[fDllzewn + I1fllx, <+oo¢,
0<t<T

where

Iflxy = sup VIV F@lLe®n

0<t<T
1

2
+ sup (R”/ |Vf|2dxdt) ,
xeR" 0<RSVT PR(x,R?)

and Pg(x, R2) = Bpr(x) x [0, R?] denotes the parabolic cylinder with center
(x, R?) and radius R. It is easy to see that (X7, ||| - ||| x,) is a Banach space. When
T = +o0, we simply write X for Xoo, || - lx for || - [Ix.., and [|[ - [[|x for [[| - [/ x.,
respectively.
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For the heat flow of harmonic maps, we prove

Theorem 1.3. (local well-posedness) There exists ey > 0 such that for any R > 0
if lluollBMog ®m) < €0, then (1.1)~(1.2) has a unique solution u € X g2 with small
|lu ”XRZ' In particular, ifug € VMO(R"), then there exists Ty > 0 such that (1.1)—
(1.2) admits a unique solution u € X, with small ||u ||XT0.

As a corollary, we have

Theorem 1.4. (global well-posedness) There exist g > 0 and Cy > 0 such that if
[uolBMO®RM) < &0, then there exists a unique global solution u € X to (1.1)—(1.2)
such that ||ullx < Coep.

Since W1 (R") ¢ VMO(R"), it follows from Theorem 1.3 that for any initial
data ug € WH(R"), (1.1)~(1.2) admits a short time unique solution u € X 1, for
some T > 0. Theorem 1.4 implies that such a unique solution u is a unique global
solution in X provided [|Vug|| »rny is sufficiently small.

Now we turn to the discussion on well-posedness for the hydrodynamic flow
of nematic liquid crystals in the entire space.

The following equation modeling the hydrodynamic flow of nematic liquid
crystal materials was proposed and investigated by LiN and Liu [13,14] in the
1990s:

U +u-Vu—Au+VP =-V.(Vd®Vd) inR"x (0,+00) (1.7)
Vou=0 inR" x (0, +00) (1.8)
di+u-Vd = Ad + |Vd)2d inR" x (0, +00), (1.9)

whereu(-, r) : R" — R” represents the velocity field of the flow, d (-, 1) : R" — S2,
the unit sphere in R3, is a unit-vector field that represents the macroscopic molecular
orientation of the nematic liquid crystal material, and P(-, t) : R" — R represents
the pressure function. V- denotes the divergence operator, and Vd ® Vd denotes
the n x n matrix whose (i, j)-the entry is given by V;d - V;d for 1 < i, j < n.

The above system is a simplified version of the Ericksen—Leslie model, which
reduces to the Ossen—Frank model in the static case, for the hydrodynamics of
nematic liquid crystal materials developed during the period of 1958 through 1968
(see [7,8,12]). It is a macroscopic continuum description of the time evolution of
the materials under the influence of both the flow field u(x, t), and the macro-
scopic description of the microscopic orientation configurations d(x, ¢) of rod-like
liquid crystals. Roughly speaking, the system (1.7)—(1.9) is a coupling between the
incompressible Navier—Stokes equation and the transported heat flow of harmonic
maps into S2.

When considering the initial and boundary value problem of (1.7)—(1.9) on
bounded domains Q C R?:

W, d)| g0y = W0 do). (. )]y, 0 4oy = (0. o). (1.10)

where ug : © — R? is a given divergence free vector field and dp : @ — S isa
given unit-vector field. In a very recent paper, LIN et al. [15] proved, among other
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results, that for any (ug, do) € L*(2,R?) x H'(Q, §%) with V - ug = 0, there
is a global Leray—Hopf type weak solution (u, d) to (1.7)—(1.9) and (1.10) that is
smooth away from at most finitely many singular times.

In this paper, we want to address both local and global well-posedness issues
on the Cauchy problem of (1.7)-(1.9) on R" with rough initial data. Notice that
(1.7)-(1.9) is invariant with respect to parabolic scaling, namely, if (u, P, d) solves
(1.7)—(1.9), then for any A > 0,

(3, Pr,dy)(x, 1) = u(rx, A21), A2 P (hx, A%1), d(0x, 2%1))

is also a solution of (1.7)—(1.9). Thus, we n~eed to look for a space of initial data
(ug, do) such that its caloric extension (i, dp) has bounded normalized energies:

sup R—”/ (|ﬁ0|2+ |V&0|2) dy di < +oo.
xeR" R>0 Bg(x)x[0,R?]

For this, we need to introduce another functional space in order to handle the
velocity field u. For 0 < T < 400, let Z7 be the space consisting of functions
f :R" x [0, T] such that

1
2
1Nz == sup Vil f )|z + sup (r"/ |f|2) < +oo.
Pr(x,r?)

0<t<T xeR”,0<r§ﬁ

When T = +o00, we simply write Z for Zog, and | - ||z for || - || z.. -

It turns out that, by combining the techniques of KocH and TaTaru [11] and
Theorem 1.3 on the heat flow of harmonic maps, we are able to prove the following
theorems.

Theorem 1.5. There exists ¢y > 0suchthatforany R > Qifug € BMOE1 (R™*, R™),
with V - ug = 0, and dy € BMOg(R", §?) satisfies

lollgmoy! gy + [dolBMOR R = €0, (1.11)

then there exists a unique solution (u,d) € Zgp> x Xp2 with small (||u||ZR2 +
||d||xR2) to (1.7)—(1.9) and

(u,d)|,_y = (uo,do) onR". (1.12)

In particular, if (ug, dg) € (VMOR™))~! x (VMO(R")), then there exists Ty > 0
such that (1.7)~(1.9) and (1.12) admits a unique solution (u, d) € Xr, with small
(lulizg, + lldllxy,)-

As a corollary, we have

Theorem 1.6. There exist g > 0 and Coy > 0 such that if uy € BMO™! (R", R"),
with V - ug = 0, and dy € BMO(R", §?) satisfies

o llgmo-1 &y + [dolBMO®RM) = €0, (1.13)

then there exists a unique global solution (u,d) € Z x X to (1.7)—(1.9) and (1.12)
with (llullz + lld]lx) = Coeo.
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We also remark that Theorem 1.5 implies that (1.7)—(1.9) and (1.12) is locally
well-posed in X7 for any initial data (g, dp) € L™ (R", R") x Wl (R", §2), and is
globally well-posed in X provided that (||uol| z» gy + IVdoll 7 rmy) is sufficiently
small.

The remainder of this paper is organized as follows. In Section 2, we establish
some basic estimates on the caloric extension of BMO functions. In Section 3, we
prove Theorems 1.3 and 1.4. In Section 4, we prove Theorems 1.5 and 1.6.

2. Preliminary results

In this section, we first review Carleson’s well-known theorem on the charac-
terization of a BMO function in terms of its caloric extension, see STEIN [17, p 159,
Theorem 3]. Then we show a crucial estimate of the distance between the caloric
extension of ug and the manifold N.

Let G(x, t) be the fundamental solution of the heat equation in R” x R :

1
G(x,t) = —e 4, xeR" t>0. (2.1)
(4mt)2

Q

Letig: R" x Ry — R’ be the caloric extension of u:

uo(x, 1) = /Rn G(x =y, Duo(y)dy. 2.2)

Carleson’s characterization of the BMO space asserts that u9 € BMO(R") iff
|Viip|? dx dr is a Carleson measure on R” x R, that is

sup r_"/ |Viio|? dx df < +o00,
P,(x,rz)

xR, r>0

and one has the equivalence of the norms:

1

2
[MO]BMO(]R“) ~  sup (r_”/ |Vﬁ0|2dxdl) . 2.3)
Pr(x,r2)

xeR™ r>0

If ug € BMOR(R") for some 0 < R < 400, then the same characterization as
above gives

1

2

[MO]BMOR(R") ~ sup (r"/ |Vﬁ0|2 dx dl) . (24)
xeR",0<r <R Pr(x,r?)

Since ug solves the heat equation on R” x R, the standard gradient estimate
implies that for any # > 0,

1

2
/ |Viig|? dydr | . (2.5)
Pﬁ(x,l)

[T

Vi Viig(t) | ooy S sup (r‘

xeR”?



Well-posedness for the heat flow of harmonic maps 7

In particular, we have that (i) if ug € BMO(R"), then

sup V1| Viig | Loormy < [Uolpmo®n)s (2.6)
t>0

and (ii) if ug € BMOg(R") for some R > 0, then

sup /1| Viigll Loy S [olBMO g (RY)- 2.7
0<t<R?

Now we need to estimate the distance of g to the manifold N in terms of the
BMO norm of ug, which plays an important role in the proof of our Theorems.
More precisely, we have

Lemma 2.1. Forany § > 0, there exists K = K(8, N) > 0 such that ifug : R" —
N belongs to BMORg (R") for some 0 < R < +00, then

R2
diSt([‘O(x, t)v N) g K" [MO]BMOR(]R”) + 85 Vx € Rn» 0 g t g F (28)

In particular, if ug € BMO(R") then
dist(zig(x, 1), N) é Kn[u()]BMO(Rn) +68, V(x,t)e R" x R+. (2.9)

Proof. Since (2.9) follows directly from (2.8) with R = +o0, it suffices to prove
(2.8). Forany x € R", ¢t > 0, and L > 0, denote

1
L
= — uo(x—«/;z)dz.
SETBLO) S B, 0

Since

- 1 b2
up(x,t) = ¢ 4

/ 1 _ 2
n e 4
R (47)%

Ui L) e
+ )le 4
BL(0) m\B(0)) (4m)2

/ uo(x —\/ZY) _C)lc‘,t
B (0)
2

12 ol e / ey
R™\ B (0)

up(x — +/ty)dy,

we have

L
X,t

A

ug(x, 1) —c

dy

uo(x — /1y) —cf,

[IA

uo(x — ~/ty) —ck,| dy

A

dy

2

00
< Ln[MO]BMOLﬁ(R") +CN/ e~ T gy
L

<5+ Ln[uO]BMOLﬁ(]R”) (2.10)



8 CHANGYOU WANG
provided we choose a sufficiently large L = L(§, N) > 0 so that
oo r2
CN/ e~ T dr <6,
L
On the other hand, since uo(R") C N, we have

dist (cf’,, N) < . Vye BL(0)

ek —uo(x — /1y)

and hence

dist(cf,,N)g :
’ [BLO) /B0

Cf,z —up(x — «/fy)‘ dy = [uolBmO, 7 (RY)-

2.11)
Putting (2.9) and (2.11) together yields

dist(ito(x, 1), N) =6 + (L" + Dluolmo, ;&

Hence (2.8) holds for ¢ < Ilg—z, provided that we choose L =~ K. This completes
the proof. 0O

3. Proof of Theorems 1.3 and 1.4

This section is devoted to the proof of Theorems 1.3 and 1.4. The idea is to
choose a suitable ball in X such that the operator 7" determined by the Duhamel
formula has a fixed point in the ball.

For 0 < T < 400, besides the space X7 introduced in Section 1, we also
need to introduce Y7 as follows. Y7 is the space consisting of all functions f :
R" x [0, T] — R such that

I fllyy = sup Il f@IlLoon) + sup R‘”/ | fldx dt < +o0.
Pr(x,R?)

0<t<T xeR",0<RSVT
It is also easy to see (Y7, || - ||y,) is a Banach space. When T = 4-00, we simply
write Y for Yoo, and || - ||y for || - [ly..-

For f € Y7, define

t
Sf(x,t):// Gx—y,t—s5)f(y,s)dyds, (x,1) e R" x R.. (3.1)
0 ]Rn

It is well-known that u : R” x Ry — N solves (1.1)-(1.2) iff
u(x,t) = io(x, t) + S(Aw)(Vu, Vu))(x, 1). (3.2)

The following Lemma plays the critical role in the proof.
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Lemma 3.1. For 0 < T < 400, if f € Y7, thenSf € X1. Moreover,

HISflllxr = Cllifllyy (3.3)
for some C = C(n) > 0.

Proof. By suitable scalings, we may assume 7 = 1. Since the norms are invariant
under both scaling and translation, it suffices to show
1

Igf(0,1)|+|V(Sf)(0,1)I+(/ 1)IV(Sf)Iz)zécllflhn- (3.4)

P10

Set W = Sf. Then

1
W(O,l):// G(y,1—=s)f(y,s)dyds
0 JR»

1 1 1
{// +// +// ]G(y,l—s)f(y,s)dyds
% n 0 B> 0 "\ By

=hL+DL+1.

It is easy to see

1
< sup 1@ e (// G(y,l—s>dyds)<cnf||y],
$Ss<1 3 /R
B < (sup GG 1 = 8) ]l zoogan) / f (v )l dy ds
< BQX[O,%]
< c/ (v, ) dyds < ClLfly,.
Bzx[

o,ﬂ

and

=

|13|§// G(y. 1 —5)|f(y. ) dyds
0 JR™\B;

2 P
C e 2| f(y,s)|dyds
0 "\ By

OO 2
c Zk"‘le‘@)- sup/ £ (y. )] dy ds
=2 yeR? J Pi(y,1)

S Clfly-

Putting these three inequalities together implies |[W (0, 1)| < C|| f ||y, . The estimate
of [VW (0, 1)| can be done similarly. In fact, denote

[IA

[IA

H(x.1) = V,G(x.1) = —%G(x, ).
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Then
3
//|H(x,t)|§C, sup  |H(x,1)| £ C.
0 " xeRr 1<r<]
Since
1
VIO, 1) = / / H(=y, 1 - 5)f(y,5)dyds,
0 JR»
we have

1
VWO, D] = /0 /Rn |H[(=y, 1 =$)[f(y.s)|dyds

1 1 1
- U / +/2/ +/2/ ]'H(_le—s)ﬂf(y,s)ldyds
2 " 0 B> 0 "\ B,

=14+ 15+ I.

It is readily seen that

1
2
4| = C / / [H, O )| sup [1fC )o@ | = Clflly,s
0 JR" 1S55I

[Is| = C sup  |H(x,1)] (/ If(y,S)Idde) < Cliflivys
By x[0,1]

xeRr 1<r<]

and

1
2 _b2
[l6| = C/ / [yle™ 2 [ f(y,5)]
0 "\ B

0 2
<cC Zk”eJ7 . sup/ [f(y,s)|dyds
= yeR? J Pi(y,1)

S Cllflin-

Putting these estimates together yields [VW (0, 1)| < C|| fly, .
The estimate of [|VW || 12 (p, (0.1)) follows from the energy inequality as follows.
Since W satisfies

Wi — AW =f inR"x[0,1]; W|_,=0.

Letn € Cé (B>) be a cut-off function of B;. Multiplying the equation of W by n>W
and integrating over R"” x [0, 1], since

/ W (x,0)dx =0,
Rn
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we obtain
/ |VW|2§C/ (AW + WIIfD)
P(0,1) By x[0,1]
2
< € (IW 1 gamio.y + W laxi0 01 11 (80,10
< ClfI3,.

where, in the last step, we have used the inequality which was proved in the previous
step,

W Lo By x10.1) = ClI fly, -
This completes the proof. O

In order to construct the solution to (1.1) in the space X 2, we need to extend
the second fundamental form A(-)(-, -) from N to R, still denoted as A. For this,
recall that there exists §y > 0 such that the nearest point projection map IT : Ns, =
{y € R : dist(y, N) < 8y} — N is smooth. Let [T € C®(R!, R') be a smooth
extension of I, that is, M=TIlin Ns,, . Define

AV, W) = =D’ IV, W), VyeR, V,weTR.
Now we define the mapping operator T on X 2 by letting

Tu(x, 1) = iig + S(Aw) (Vu, Vu))(x, 1), xe€R", 0<t<R?> uc Xp2.
3.5)

If ug € BMOg(R"), then (2.4), (2.7) and the maximum principle of the heat equa-
tion imply that zig € X z2 and

liollx,, < [uolBMOR®n).- (3.6)
For ¢ > 0, let
B (o) = {u € X :| lllu—iolllx,, < e}
be the ball in X ;2 with center io and radius €. By the triangle inequality, we have

lullx,, = llidollx,, + llu —dollx,, =&+ lliollx,, =&+ Cluolpmor®n),

Yu € B, (up). (3.7)
In particular, we have
Lemma 3.2. For 0 < R < 409, ifug : R" — N satisfies [uglpmog®r) < €, then
lull oo wnxjo,r2) = Co Nullx,, = Ce, Vu € Be(ito) (3.8)

for some C = C(n) > 0.
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Now we are ready to prove Theorem 1.3. First we need the following two
Lemmas.

Lemma 3.3. There exists 1 > 0 such that if for R > 0, [uglgmo, ®") < g then
T maps B, (itp) to B, (i1p).

Proof. It follows from the formula (3.5) that T(u«) — ii9 = S(A(u)(Vu, Vu)) for
u € B, (t1p). Hence Lemma 3.1 and Lemma 2.1 imply

T @) —iolllx,, = CIIA@(Vu, Vi)lly,,

R2 =

=C| sup 1[[A@)(Vu, Vu)(@)| Lo ®r)
0<t<R?

+ sup r_”/ |A(u)(Vu, Vu)|
P-(x,r?)

xR, 0<r<R

5( sup V1|Vl ey

0<t<R?

2

1
+  sup (r_"/ |Vul|?)2
xeR" 0<r<R Pr(x,r2)

2 2
,S ||14||XR2 § C31 § €1,

provided 1 > 0 is chosen to be sufficiently small. This completes the proof. O

Lemma 3.4. There exist 0 < &y < &1 and 0y € (0, 1) such that if for R >
Oluolemog®r) < €2 then T : By, (ilg) — B, (ito) is a Oy-contraction map, that is

T — TW)llx,, < olllu —vlllx,,. Yu,v € Bg,io).

R2 =

Proof. Foru, v € By, (1), we have

|[Tu — Tv| = [S(A(u)(Vu, Vu) — A(v)(Vv, Vv))|
S IS(A@)(Vu, Vu) — A(u)(Vv, Vv))|
+IS(A(u)(Vv, Vv) — A(v)(Vv, Vv))|
< S(Vul + VoDV @ = v)]) + SVl lu — v]).

Hence, by Lemma 3.1, we obtain

NI Tu—=Tulllx, SIAVul+IVODIV =)y, + 11V 1 = vllly,, =I+11
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I and I can be estimated as follows.

I'= sup t][(IVul + VDIV — )OIl Lo rr)
0<t<R?

+  sup V_n/ (IVul + VDIV (e —v)]
xeR" 0<r <R Pr(x,r2)

< sup Vi(IVu®llpeo@ny + V@) | oeny)  sup VIV — ) (@) oo r)
0<t<R? 0<t<R?
1

-n 2 2?2
+ sup r [Vul|* + | V|
xeR" 0<r <R Pr(x,r?)

1

2
X sup (r_"/ |V(u — v)|2)
xeR",0<r§R Pr(x,r?)

< Coy| sup VIV = 0Ol e
0<t<R?

1

—n 2 2)?
+ sup r [Vul| 4+ | V|
xeR" 0<r<R Pr(x,r2)

Ceplllu —vlllx ;-

A

1= sup 1f|[Vu?[u—v|(0)lll oogny +  sup r*”/ Vo2 |u — v]
0<t<R2 xeR" 0<r<R Pr(x.r?)

2

A

1
sup VIIVOOl o+ sup (" / Vo)
0<t<SR? xeR",0<r<R Pr(x,r?)

X sup |[(u—v)() ”LOO(R”)
0<t<R?

A

2 2
S Clivlly , sup [ =)Dl poorey = Cagzlllu = vlllx,,
R 0<t<r?

where we have used Lemma 3.2 in the last step. Putting these two estimates together
yields

Tu — Tolllx,, = C( +eealllu —vlllx,, = Oolllu—vlllx,,
for some 8y = 6p(e2) € (0, 1), provided ¢ > 0 is sufficiently small. O

Proof of Theorem 1.3. It follows from Lemma 3.3, 3.4 and the fixed point theo-
rem that there exists &9 = g9(n, N) > 0 such that if [uglgmo, &™) < gp for some
R > 0, then there exists a unique u € X g2 such that

u = iip + S(A(w)(Vu, Vu)) on R" x [0, R?],
or equivalently

uy — Au= A@)(Vu, Vu) onR" x (0, R*); u|,_, = uo. (3.9)
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Now we need to show u(R" x [0, R?%]) C N. First, observe that Lemma 2.1

. . 2
implies that for 0 < 7 < %,

dist(u, N) < dist(ig, N) + ||lu — IZOHLOO(R"X[O L;])
'K

< 8+ K"[uolpmog ®?) + €0
S8+ 4+ K"eo = 8w,

provided § < ‘STN and g9 < % This yields u(R" x [0, 1%2]) C Ns,,. This and
the definition of A(-)(:, -) imply

2
Aw)(Vu, Vi) = —V2T1(u)(Vu, Vu) on R" x [0, %}

Set Q(y) = y—TII(y) fory € Ns,,and p(u) = %| Q(u)|*. Then direct calculations
imply that for any y € Ns,,

VO (v) = (Id — VII(y))(v), YveR,
and
V20(y) (v, w) = =V II(y) (v, w), Yv,w € R.

Since u € X pa, it follows from the definition of X g2 that Vu € L% (R" x (2, Rz])
for any & > 0, the higher order regularity theory of (3.9) implies u € C?(R" x
[¢2, R?]) for any ¢ > 0. Hence we have

@ — A)p) = (Qw), VO)@u — Au) — V2 Qu)(Vu, Vu)) — |V(Q))|?
= (Q), =V Q) (V*TI(u)(Vu, Vu))
—V2Qu)(Vu, Vu)) — [V(Q))|*
= (Q(u), VII(u)(V*I1(u)(Vu, Vu))) — [V(Qw))[*
= —|V(Qw))|* £ 0, (3.10)

where we have used the fact that Q(u) L TN and VII(u)(VEI1(Vu, Vu)) €
TN in the last step.

Since p(u)|;=9 = 0, the maximum principle for (3.10) implies p(u) = 0 on
R"™ x [0, 11%])' One can repeat the same argument to show that u (R” x []15—2, R C
N. Thus the proof of Theorem 1.3 is complete. O

Proof of Theorem 1.4. The proof of Theorem 1.4 follows directly from Theo-
rem 1.3 with R replaced by +oc0. O
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4. Proof of Theorems 1.5 and 1.6

This section is devoted to the proof of Theorems 1.5 and 1.6 on local and global
well-posedness of hydrodynamic flow of liquid crystals.

For (ug, dp) : R" — R" x 82, let (iig, do) : R" x Ry - R" x R? denote the
caloric extension of (uq, do).

First, we recall Carleson’s characterization of ug € BMO}] (R™) for R > 0,
due to KocH and TaTARrU [11], which asserts that the following is equivalent

1

2

[MO]BMo*I Rn ~ sup (rn/ |’20|2) . (41)
kD xeR" 0<r<R Pr(x,r2)

Notice that since i solves the heat equation on R", the Harnack estimate of
heat equations implies that

1

2
~ — ~ 2 N
sup tlliollLe S sup (r ”/ Iuol) ~ [uolgmo-1@ny- (4:2)
0<t<R2 xeR",0<r <R Pr(x,r?)

In particular, ug € BMOEl(R") implies that itg € Zg2 and
”’/NtOHZRz S ”MOHBMOEI(R")' (43)

LetP: L2(R") — PL?(R") denote the Leray projection operator. Then (1.7)—
(1.8) and u|;=¢ = ug is equivalent to

u(t) =Tlu,d]() :=up(t) — V[u @ u+ Vd @ Vd](1), (4.4)

where the operator V is defined by
'
VF (1) :/ e UTIAPY . F(s)ds, Vf:R" xR, — R 4.5)
0

The following estimate on the operator V has been proved by Koch-Tataru
([KT] Lemma 3.2).

Lemmad4.1. For0 < T < 400, if f = (f1,..., fu) € Y7, then
IVFllzy = Cllfllyy (4.6)
for some constant C = C(n) > 0.
Observe that (1.9) and d|;—o = dp is equivalent to
d(t) = Talu, d](t) := do(r) + S[—Vzl'lsz @)(vd,vd) —u - Vdl@), “4.7)
where S is the operator defined by (3.1), and TTg> € C*(R3, R?) has the property

d 1
Hsz(d)z—:Siz[yeR3:§

<yl < S )
\d| 2
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Let (ug, dy) € BMOF(R”) x BMORg(R™) for some R > 0. Then (iig, do) €
Zpe X Xp2. For ¢ > 0, we define the ball B, ([i, (Zo]) in Zp2 X X p2 with center
(tig, dp) and radius € by

B (Lo, do)) = {1 d) € Zgo x Xgo : llu = fioll 2o + 111 = dolllx,, < e

Define the mapping operator T on Zg2 x X g2 by
Tlu, d] = (T[u, d], T2[u, d]).
Analogous to Lemma 3.2 and 3.3, we have the following two Lemmas.
Lemma 4.2. There exists €1 > 0 such that if
”MO”BMOEI(Rn) + [dolemog R = €1
then T maps B, ([il, do]) to Be, ([io, do]).
Proof. For (u,d) € By, ([iig, do]), we have that [|d | oo n 0.2y < C and
T(u, d] — (iio. do)
= (—V[u Qu+Vd @ Vd], S[—V*M(d)(Vd,Vd) —u - Vd]) .

Therefore, applying Lemma 3.1 and Lemma 4.1, we have

I T, d] = diollz,r + 1| T2lu, d] = dolllx
Slu®u+Vd®Vdly,, + |V Tx(d)(Vd, Vd) —u - Vd|y,,

2
< (llz,e + i, )
2
XRZ)

provided e; > 0is chosen to be sufficiently small, where we have used the estimate

S (uu —iiollz,a + | — |

<Cef <o

+ llu + HJ()‘
¢, Hliolz,,

liiolz + 1doll x2S 40Nyt any + [dolBMOR ()
in the last step. O
Lemma 4.3. There exist 0 < ¢y < ¢ and 0y € (0, 1) such that if
o llgpot ey + [dolBMOR ) = €2
then T : B,, ([io, do)) — B., ([io, do)) is Op-contractive, that is

IT1lur, di] = Tiluz, d2lllz, + [ T2lur, di] — Toluz, dall|x,,
< Oo(lur —uzllz,, +1lldr — dalllx,,)

for any (uy, dy) (uz, da) € B, ([ilo, do)).
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Proof. For any (uy,d))(u2, d2) € Be, ([ito, dp]), we have
IT1[ur, di] — Tiluz, da]|
=|V[u1 ®ui +Vd @ Vd) —u @ uz — Vdr ® Vds |
S Vil + luaDlur — uz| + (1Vdi| + [Vda2|) |V (dr — da))),
and
|Tolur, di] — Taluz, dal|
=|S[-V*Tg(d1)(Vdy, Vdy) —uy - Vdi + VT2 (d2) (Vda, Vo) +us - V]|
SSWVdi| + [Vdy| + [ui )|V (dr — do)| + |Vda|*|dy — da| + |ur — u2||Vda)).
Thus Lemma 3.1 and Lemma 4.1 imply
IT1lwr, di] = Tiluz, d2lllz,, + [[T2lur, di] = Taluz, dallllx
S uil + luzDlur — ua| + (IVdi | + [V DIV (dr — do) ]y,
+HI(Vdi| + [Vda| + 1 DIV (dy — do)| + |Vdo|*|dy — db]
Hur —ua[|Varllly,,
< Cea[llur = wallzp + 11l = dalllx, |

< 60 [Iur = w2l s + llldy = alllx, |

for some 9y € (0, 1), provided e > 0 is chosen to be sufficiently small, where we
have used

luillz,, + dillx,, < Cez, i=12

R2 =
in the last steps. This completes the proof. O

Proof of Theorem 1.5. It follows directly from Lemma 4.2, Lemma 4.3 and the
fixed point theory that there exists €9 > 0 such that if

luollgymoy! ey + [dolBMOR ) = €0,
then there exists (1, d) € Zp2 x X g2 suchthat (1.7), (1.8), (1.12), and (1.9) replaced
by
d+u-Vd - Ad = —VZHSz(d)(Vd, Vd) (4.8)
hold. To complete the proof, we need to show d(R" x [0, R?]) C S2. This step is

R2

similar to the proof of Theorem 1.3. First, Lemma 2.1 implies that for ¢ < K

1
dist(d, §%) < e +6 + K[dolpmoger) < (1+ K"eo +8 < 2,
provided § < % and g9 < 4(“1—1{,,). Thus d(R" x [0, Ilg—i]) C S%. Now consider
2
the function p(d) = %|d — Tl (d) |2. Then the same calculation as in the proof of
Theorem 1.3 gives

(p(d)): +u - Vp(d) — A(p(d) = —|V(d — T (d))* £ 0.
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Since p(d)| —o = 0, the maximum principle implies p(d) = 0 on R" x [Ollg—i] and
d(R"x[O0, I’g—i]) C S?.Repeating the same argument can imply d (R” x [Ilg—i, R?) C
S2. The proof is complete. 0O

Proof of Theorem 1.6. The proof of Theorem 1.6 follows directly from Theo-
rem 1.5 with R replaced by R = +oc0. O
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