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Abstract

In a bounded domain R? with smooth boundary we consider the problem

. u 1
Au=0 1in £, — = —f(u) ono,
v ¢
where v is the unit normal exterior vector, & > 0 is a small parameter and f is a
bistable nonlinearity such as f(u#) = sin(zwu) or f(u) = (1 — u?)u. We construct
solutions that develop multiple transitions from —1 to 1 and vice-versa along a
connected component of the boundary d<2. We also construct an explicit solution
when €2 is a disk and f (1) = sin(mwu).

1. Introduction

In this paper we construct solutions of the following boundary value problem

Au =0 in
=1fw ondQ (1-1)

where € is a bounded domain in R? with smooth boundary 82, v is the unit normal
exterior vector, ¢ > (1is a small parameter and f is a bistable, balanced nonlinearity,
namely f = —W' where

W(s) > W(=1)=W() =0 foralls € (-1, 1). (1.2)

and

Wi(1)=wa)=0, W'(-1)>0, W’'(1)>0. (1.3)
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We also assume that f is of class C3. Notable examples are the Allen—Cahn and
the Peierls—Nabarro nonlinearities, respectively given by f(x) = (1 — u*)u and
f(u) = sin(wu), for

_l 2\2 _% 2 (T
W = (1)’ and W) = = cos (214)

Problem (1.1) is the Euler-Lagrange equation for the energy functional

1 1
Es(u) = §/Q|VM|2+;/M2 W (u). (1.4)

Functionals of this type arise in models for various phenomena. For instance, KOHN
and SLASTIKOV [11] proposed a model for thin soft ferromagnetic films. They estab-
lished that under suitable rescalings, the micromagnetic energy I"-converges to

1 1
I (u) = E/Q |Vul* + % /aQ cos*(u — g) (L.5)

where g : 02 — R is a given function. In this work we will focus on the case
g =constant.

ALBERTI ET AL. [1,2] studied a model for a two-phase fluid with surface and
line tensions, which involved functionals with a double-well potential integrated in
2 and on the boundary. In [1,2] the authors calculated the I"-limit of the functional
mE&\ for nonlinearities that include f(u) = u — u> and showed that the tran-
sitions of limits of local minimizers occur at finitely many points in dimension 2,
and on a geodesic of the boundary in dimension 3.

CaBRE and CONsUL [6] found a renormalized energy in the two-dimensional
case: they showed that if 2k is the number of transitions in a simply connected
domain then E;(u;) — ‘:T—kl log ¢| approaches a multiplicative constant times the
expression (1.9) below, which gives information on the location of the transition
points.

KuUrzkE [12,13] studied the convergence of minimizers of (1.5) by showing
that they develop transitions at finitely many points as ¢ — 0 and estimating their
location.

The shape of the transitions of local minimizers of (1.4)is related, after a suitable
rescaling near a transition point, to solutions in a half plane {(x, y) : x € R, y > 0}
with ¢ = 1, for which some properties are known. Equation (1.1) in a half plane
with f(u) = sin(u) and ¢ = 1 is known as the Peierls—Nabarro problem, which
appears as a model of dislocations in crystals. TOLAND [14] proved that all noncon-
stant solutions to the Peierls—Nabarro problem are, except for translations in the
x-direction, of the form

X
+2 arctan

I +27n (1.6)

where n € N. He achieved this by finding a relation of the Peierls—Nabarro problem
with the Benjamin—Ono equation, which is an equation of the form (1.1) in a half
plane with boundary condition f () = u”> — u which appears in theoretical hydro-
dynamics. Uniqueness for the Benjamin—Ono equation, except for translations, was
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proved by Amick and TOLAND [3,4]. CABRE and SOLA-MORALES [7] analyzed (1.1)
in a half plane or a half space of RN with & = 1 for general nonlinearities satisfying
conditions (1.2) and (1.3) below. They built and established uniqueness properties
of solutions that are monotonically increasing in one of the tangential variables.

As we will see in Section 2, when € is the unit disk in R and f (1) = sin(ru),
we can find, rather surprisingly, an explicit solution with 2k transitions, for any given
k = 1. More precisely, we find a solution u, to Problem 1.1 such that u, — u*
where u* is harmonic inside the disk, and its boundary values alternate between
+1 and —1 at the 2k vertices of a regular polygon. Our construction corresponds
precisely to the harmonic conjugate of one found by BRYAN and VOGELIUS [5] for
a boundary reaction arising in corrosion modeling.

Our main goal is to prove that in any two-dimensional domain €2 there are
solutions with the same qualitative behavior of the explicit solution in a disk: given
k = 1 we will find a family of solutions u, which develops 2k transitions as ¢ — 0
between values close to +1 and —1 on d€2. To be more precise, let g denote the
outer component of 32 and I'y, . . ., ', denote the inner components (m = 0, with
m = 0 meaning there are no inner components).

In what follows, we fix a component I';, with index iy € {0,...,m} and an
integer k = 1. For points &, ..., &y in ', arranged increasingly with respect to
some fixed orientation, let us define the function u* = u™(&y, ..., &) to be the
solution of the equation

=0 inQ
with the boundary conditions on I';,:

u* =1 on the segment from &; to &1 if j is odd

u* = —1 on the segment from &; to &;41 if j is even

and
u* =1 onT; withi # ij.
The following is our main result.

Theorem 1.1. For all sufficiently small ¢ > 0, there exist at least two solutions
ui, [ =1,2of (1.1) such that, up to subsequences, there are two distinct arrays of
2k points of T;&! = (&1, ..., 85,),1 = 1,2 such that

u —u (Sl,...,éék) ase — 0

uniformly on compact subsets of S_Z\{S{, ceey éék}. Furthermore, the points &',
| = 1,2 are critical points of the function Vi defined in (1.9).

The location of the transition points &1, . . . , & turns out to be accurately char-
acterized as a critical point of a function ¥ defined explicitly in terms of G (x, y),
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the Green function for the following Neumann problem. For any y € 92, let

— AG(x,y)=0 in

G 2
E(x, y) =2mdy(x) — on I’

| io|

/ Glx.y) =0 1.7
I

io

G ..
— @, y)=0 onTly, i#io.
OVy

We denote by H (x, y) its regular part:

H(x,y) :G(x,y)—log—z. (1.8)
lx — ¥l
We define
2k
V&) =Y. 80 = D HE &)+ D (-D'VGE &), (1.9)
I=1 j#l

which is the renormalized energy found by CABRE and CONSUL [6], also similar to
that found by KurzkE [12,13].

The asymptotic location of the transition points of the two solutions found cor-
respond, in the simply connected case, to a global maximum and a saddle point of
Yk, respectively. The solutions in Theorem 1.1 do not correspond to local minimiz-
ers of the energy E., and I'-convergence methods do not appear to be suitable to
predict their presence.

We remark that in the non-simply connected case we can also construct solu-
tions like those in Theorem 1.1 exhibiting transitions simultaneously on any given
set of components I'; of 2. The changes needed in the proof are minor, and would
amount to introducing further notation. For the sake of simplicity we shall deal
only with the case of a single component.

In Section 3 we outline the proof of this result, with detailed proofs carried out
in Sections 4—11.

2. Explicit solutions in the disk

Let k = 1 be an integer and consider §;€dD,j=0,...,2k— 1 correspond-
ing to vertices of a regular polygon, ordered counterclockwise. Given o > 1 we
define

Otfj—Z

J

Gj(z)z—arg( ) j=0,...,2k—1 2.1

where the argument is such that arg(em) =0,0 € (—m,m). Then 6;(z) is well
defined and harmonic in R? except the line segment {s& j 18 2 a}. In particular 6;



Bistable Boundary Reactions in Two Dimensions 93

is harmonic in D and for z € D, 6(z) € (—m /2, w/2). Define

2 Zki]( 1)/6; wh 4 o -1 2.2)
= — — i where ¢ = ————. .
T 4 / km a?k +1
j=0
Then u, is harmonic in D and satisfies

ol g

88— =sin(wug) onadD. 2.3)
v

If e - Othena — 1 and u, — wu*, which is a harmonic function in D with
boundary values &1. More precisely u* = 1 between &; and £; if j is odd and
u* = —1 in this range if j is even. Moreover, rescaling appropriately around a
transition point we find, up to a factor, the solutions (1.6) of the Peierls—Nabarro
problem.

Next we check the validity of the boundary relation (2.3). We slightly modify
the notation above: we let§; € 3D, j =0, ..., 2k — 1 be the vertices of a regular

polygon, ordered counterclockwise, and set

2k—1 20l2k—1
= —1)/0; where & =-——
" j;o( o ko +1

and 6; is defined in (2.1).

Proposition 2.1. Then u, is harmonic in D and satisfies
Oug .
88— = sin(2u,) on dD. 2.4)
v

For the proof we follow the calculations of BRYAN and VOGELIUS [5], who find
an explicit solution to the problem

0
Av=0 ingQ, a—” — 2esinhv on 9Q (2.5)
V
when Q = D is the unit disk and ¢ > 0. This solution has the form
Ve (x) = Z( /" Mog ————

x—(xké;'ﬂz

where oy = [(k + 2¢)/(k — 25)]3. The function u, is up to a factor the harmonic
conjugate of vy.

Proof of Proposition 2.1. We write u = u,. We may assume that &§; = e'#i where
Bi =L j=0,....2k—1.Letz = ¢ € 9B). Then |z — ;> = 1 + o —
20 cos(0 — Bj). We also have the following formulas

(0 — B

sinf; = (1+a _SHZI((X COSZ)_ ﬁ'))l/2 (2.6)
j

cos; = o~ cos0 — py) 2.7)

(1+a? —2acos(d — ,Bj))l/2
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Let us compute sin(2u) = Im(e**). We write

2k—2 i0j
i =0 0w ®

- 2k—1 ig; "
Hj:],jodd e19]
Using (2.6), (2.7) we have
%A-2 2%k—2 np
M =[] (1 +o® — 2acos(d — ﬁ,-))
=0, j even =0, ] even
2k—2
X H (a — e_i(g_ﬂf))
=0, j even
It is proved in [5] that
2k—2
I1 (1 +a? — 2acos(d — ﬂ,-)) =a® — 20 cosk0) +1  (2.8)
=0, ] even
2k—1
I1 (1 +a? —2acos(d — ﬁj)) — o 4 2dkcosk0) +1 (2.9)
j=1,j odd
Hence
2k—2

—12
I1 (1 +a? —2acos(@ — ﬂj)) — (@ — 20k cos(k0) + 1) 1/2.
=0, j even
‘We also have

2k—2
H (a _ e—l(@—ﬂj)) — ak _ e—lke.
F=0, j even

Indeed, setting A = e’ we have

2k—2

k=1 _
H (@ — e~ 1By = (—ik0 H ()\ _ e%e)
=0

j:O,j even

and the product is a polynomial in %, of degree k, with leading coefficient equal to
1 and roots ezkﬂe, £=0,...,k—1.Thus the product equals A" — 1 and the formula

follows. Then
2k=2 k _ ,—iko

H elej — a—e
j=0.j eve (a?k — 2ak cos(kB) + 1)1/2°
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Similarly

2k—1

H 0, ok 1 omiko
el = )
P (?k + 20k cos(k6) + 1)1/2

It follows that

4ok (@ — 1) sin(k0)
(a%k — 20k cos(kB) + 1) (a?k + 2ak cos(kB) + 1)

sin(2u) = (2.10)

To compute the normal derivative of # we begin by observing that

Im(z — aj)
lz —a&jl?

3 | Relz—ag)

oy 9= T —ag P

89]-()_
sz -

[%

Taking z = e'? we arrive at

ou A sin(0 — B)

— = —1/ )
v O’JZ_;«)( )1+a2—2acos(9—ﬂj)

Taking the logarithmic derivative of (2.8) with respect to 6 yields

2k—2

> asin® — B;) B ko sin(k6)
1+a2—2acos(@ — B;) a2k —2akcos(kd) + 1

j=0, j even
and similarly from (2.9)

2] asin(® — ;) kak sin(k6)

j—]Zj: R a? —2acos(f — B;) T % + 20k cos(k) + 1

‘We deduce then

ou 2kok (a?k 4 1) sin(k0)
v (ak —2ak cos(kB) 4+ 1) (a2 4 2ak cos(kf) + 1)

@2.11)

From (2.10) and (2.11) we deduce formula (2.4). 0O
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3. Scheme of the proof of Theorem 1.1

Let us consider the problem in the half space R2 = {(x1,x2) € R2: x5 > 0}

Aw =0 in R2
; 3.1
H%—’fj:f(w) on dR? S
where ad_u = —%.

CaBRE and SOLA-MORALES [7] call w a layer solution of (3.1) if it satisfies

{ w(x1, 0) is increasing
(3.2)

lim w(x;,0) =—-1, lim w(x,0) =1.
X]—>—00 X]—>00

They proved existence of layer solutions and uniqueness except for translations.
Moreover, layer solutions satisfy

2 C
‘w(XI»XZ) - arctan (xzxj_ 1)‘ < 172 forall x = (x1, x2) € Ri,
see [7] formula (6.22),
Vw(z)| £ Vz € R?,
IVw(z)| = T+
see [7] Theorem 1.6, and
A
c# S welxg, x2) S CZXL for all (x1, x2) € Ri
xi+ (x2 + a)? Xy + (x2 + A)?
(3.3)
where ¢, C,a, A > 0 see [7] formulas (6.16) and (6.18). As a result
lw(xy, 0) — 1] = Vx; =0 (34
14+ x;
w(x;,0)+1] < Vx; < 0. 3.5
lw(x1,0) |*1+|x1| (IS (3.5)

We will call w the solution to (3.1), (3.2) such that w(0, 0) = 0 and w™ the
solution to (3.1) such that

{ w~ (x1, 0) is decreasing,
(3.6)

Iim w™ (x1,0) = +1, Iim w (x1,0) =—1
X]—>—00 xX1— 400

and w~ (0, 0) = 0. Let us define
wE(z) = w*(z/e) Vze Ri.

We write 0Q2 = Iy U(U;”:1 I';), where 'y denotes the outer component of d<2 and
I'; the inner component. Let L denote the length of the outer component Iy of the
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boundary 32 and let y : R — R? be an L-periodic positively oriented arclength
parametrization of I'g. Then there exists § > 0 such that

(s,0) = y(s) — 1v(y(s)) (3.7

is a smooth diffeomorphism from [0, L] x (0, §) (identifying O and L) with Qs =
{z € Q :dist(z, I'g) < &}. Therefore (s, t) can be regarded as coordinate functions
defined in Q5.

For simplicity we assume that &1, .. ., &y are given points in ['g ordered coun-
terclockwise let s1 < s < ... < s2¢ be their corresponding arclength parameters.
We assume henceforth that

|sit1 —si| =258 foralli =0,...,2k—1 (3.8)
where by convention sg = sy; and § is a small, fixed, positive number. Let
Wy (s, 1) = ni()m(s)w; (s, 1) 4+ ni(s) — na(s)
where n1, 7 € C®R),0 < n;,n < land

n@s)=1 fors =2 -8, ni(s)=0 fors < —26
nm(s)=1 fors <68, m(s)=0 fors =28

We define w, similarly as
W (s, 1) = mi(s)ms)wg (s,1) +n2(s) — ni(s)

Let ng € C*°(R), 0 < no < 1 be such that

no(t) =1 fort <§/2 and no(t) =0 forr = 6. (3.9)
Define
wh(s —sj, 1) ifs; —28 <s<s;+28, jodd
_ 1 ifs; +26 s <s;41 —28, jodd
e, 1) = mo(0) | - _ L= = ’
wy (s —sj,1) ifs; =28 <5 =s;+26, J even
-1 ifs; +25 <s=<s;41—28, jeven

where j = 1,..., 2k.

This formula defines U, as a smooth function in Q5. Extending it by zero to
Q — Qs we obtain a smooth function in 2.

As initial approximation of a solution to (1.1) we take

Us = Uy + (1 — no)u* + H, (3.10)
where u™* = u*[&q, ..., &y] is the harmonic function on 2 defined in the introduc-

tion and H, is the solution to

(3.11)

AH, = =AU, + (1 — no)u™) in R
H, =0 onoQ.
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We look for a solution u of (1.1) of the formu = U, + ¢, which yields the following
equation for the new unknown ¢

Ap =0 inQ
o
S = ['(Ue)p = N[¢] + R on o2
where
Nip]l = f(Us + ) — f(Ue) — f'(Ue)op
oU (3.12)
R = f(U) —e—=.
av
For arbitrary points &1, ..., &y satisfying the separation condition (3.8) we will
show in Section 9 that we can find ¢, c1, ..., cor of order ¢ that solve:
Ap =0 inQ
3¢ 2k
S f'(Ue)¢ = N[p] + R + chZj on 92
j=1

/ ¢Z; =0 forall j=1,...,2k.
0

where Z; are appropriate functions defined in (7.4).

A key element to prove this result is to establish the non-degeneracy of the
layer solutions w*, which we do in Section 5, by means of the estimates contained
in Section 4. The non-degeneracy lets us establish an invertibility property for the
associated projected linear problem, first in the half-space (Section 6), then in the
bounded domain €2 (Section 7). Section 8 is devoted to estimating the L°°-norm of
the error R (3.12).

At this point, a standard argument shows U, + ¢ is a real solution to (1.1),
provided that the points (&1, ..., &) are critical points of E. (U, + ¢), which is
close to E.(U,) in an appropriate sense, see Section 10. Section 11 is devoted to
expanding the energy functional E, at U, and to giving the proof of Theorem 1.1.

Finally, some technical Lemmas we need throughout the paper are contained
in Appendices A and B.

4. Estimates for the Laplacian with Robin Boundary condition

In this section we study existence and decay estimates for the boundary value
problem
Ap=0 in R2
af B @.1)
5, tap=h ondRy,

where a > 0. For a function # : R — R and o € R we define

7l = sup(1 +[yD*lA()].
yeR
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Let
F(x—y)=—loglx —yl, x,yeR?

We recall (see [10]) that if y € Ri and a > 0, the Green function for the Robin
problem

—A,G(x,y) =2md, in Ri
0G
—5, +aG=0 on JR%
is given by

0
Gx,)W=Tx—-y)—T(x-—y"— 2/ e‘”ail" (x -y - ezs) ds, (4.2)

—0 X2
where y* is the reflection of y = (y’, y2) across dRZ , that is y* = (y/, —y»).
If 4 is bounded on R, then a solution to (4.1) is given by

1 o
b0 =5 [ 6.0 00 dy e B

From (4.2)

e (x2+1)
(v —x1)?+ (x2 4+ 1)2

G((7.0). (x1,12)) = /0
and hence

¢ (x1,x2) = /oo ka(x1 =y, x)h(y)dy forall (xi,x2) € R},  (4.3)

—00

where

ko(x1,x2) = — > dr forall (x1,%2) € R%. (4.4)

1 /°° e M (xy+1)
X2+ (o + 1)

In the sequel, when the value of a > 0 is clear from the context, we will write
k =k,

Next we state some mapping properties of the operator defined by (4.3) in
weighted L°° spaces. Most of the proofs are in Appendix A. Let & : R — R with
k|l < oo where o > —1. Then (4.3) is well defined.

Lemmad.l. Let o« > —1 and h : R — R satisfy ||h|le < oo. Then ¢ defined by
(4.3) satisfies:
ifa <1

1 14+x2 . >
T an® T G e if lx1l = x2

| (x1, x2)] = Cllhlla .
T)® iflx1] = x2
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ifa=1,

1 (14x7) max(1,log |x1]) .
+ 7 if |x1] 2 x2
¢ (x1, x2)| = Cllh|la [ ”1"‘1‘ (I+]x1])

T iflx1] < x2

andifa > 1

1 (14x2) . >
lp(x1, x2)| < Cllh|le aFane T A+l 2 iflx1] 2 x2
9 f— 1 ) <
iflx1] = x2

1+x7

Corollary 4.1. Let « > —1. Let h : R — R be such that ||h|q < oco. Then ¢
defined by (4.3) satisfies:
ifa <2
¢ ¢, 0)lla = Clihlle-
ifa > 2
¢ (. 02 = Clihllg-

Lemma 4.2. Let « > 1 and assume that h : R — R satisfies ||hllq < +o00.

Suppose
o
I
—00

and let ¢ be defined by (4.3).

Then ifoa <2
1 14x2 .
v+ iflx1] 2 x2
1+ 1 a+1 =
16 (x1, x2)| < Cllhllg | ¢ 1'*1|> I+l |
TFx)® iflxil = x2
ifa = 2)
1 (14x7) max(1,log |x;|) . >
< (+lxiD)? RN iflxi] 2 x2
| (x1, x2)| = Cllhlla
max(1,log |x2]) lf|x | <y
(14x2)? 1=x2

andifoa > 2

1 (1+x2) ; >
T T army Sl 2 x
if |x1] = x2

lp(x1, x2)| = Cllhllo
(1+x2)?

Corollary 4.2. Let o > 2 and assume that h : R — R satisfies ||h|q < +o0.

Suppose
o
/ h=0
—00
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and let ¢ be defined by (4.3). Then if 2 <a <3
[¢C, Olle = Clihlla
and if o > 3 then
l¢C. 03 = Cllhlla-

Lemmad4.3. Let « > —1 and assume h : R — R satisfies ||hlle < o0 and
h(y) =0 forall y < 0. Then ¢ defined by (4.3) satisfies:

ifa < 1:
OIS Clhllg—=————— VX1 £0,
¢ (x1,0)] = C ”a(1+|x1|)a+1 X1 =
ifa=1:
max (log |x1], 1)
x1,0)| S Clhllg——————— Vx1 20,
¢ (x1,0)] = Cllhlla AT 1S
ifoa > 1:
1
x1,0)| S Cllhllg——= Vx1 £0.
¢ (x1,0)| = CIl II(az(ler')2 1S

Lemma 4.4. Let « > —1 and assume h : R — R satisfies ||h|l, < 00, h(y) =0

forall y <0 and
o0
/ h=0.
0

Then ¢ defined by (4.3) satisfies:

ifa <2:
x, 0| SEC|h|lg——————— Vx1 £20,
91, 01 < Cllla oy Yo <
ifa=2:
max(log |x ], 1)
XL, SEC|h|lg———————— Vx1 £0,
¢ (x1,0) = Cllhlla T+ )? =
ifa > 2:
1
x1,0)| £ Clhllg—————= Vx1 £0.
[¢(x1,0)] = C II(M(HWD3 1=

Lemmad4.5. Let h € LOO(BRi) and ¢ be a bounded solution to

3
Ap =0 inR2, 8—¢+a¢=h on dR%
V

where a > 0. Then ¢ is given by (4.3).
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Proof. Let ¢; be defined by (4.3). Then & = ¢ — ¢, is a bounded solution to

- Ry -
Ap=0 inR2, a—¢ +ap =0 ondR2.
v

By standard elliptic estimates, ¢ is a smooth function and V¢ is uniformly bounded.
Letv = a¢ — %. Then v is a bounded function, Av = 0 in ]R?|r and v vanishes on
E)R%r. Thus v can be extended by odd symmetry to R2. By Liouville’s theorem v is
constant and hence v = 0. It follows that H(x,y) = c(x)e® . Since ¢ is bounded
¢=0. O

5. Nondegeneracy of layer solutions

The main result in this section is the nondegeneracy of the layer solution w that
satisfies (3.1), (3.2). Consider the linear problem

A¢p =0 inR% (5.1)
¢ / 2
5o = f'w)é =0 on IR (5.2)

Proposition 5.1. Suppose that ¢ € LOO(R?,_) satisfies (5.1), (5.2). Then ¢ = c%
for some constant ¢ € R.

We also establish here the following asymptotic formulas for the layer solutions.

Proposition 5.2. Suppose w is the layer solution that satisfies (3.1), (3.2). Then

2 1 log(x)
w(x,0)—1= D < + 0 ( 2 ) as x — 00, 5.3)
and
21 log(lx|) -
wx,0)+1= —n'f’(—l) r + 0 (—x2 ) as x — —oQ. 5.4)

We start with a result that gives decay estimates for solutions with Robin bound-
ary conditions, with a potential a(x) that is asymptotic to positive constants.

Lemma 5.1. Suppose ¢ € LOO(Ri) solves
)
Ap =0 inR

d
8_¢ +ax)p=h on 8R3_
v

where a(x) € L*(R) satisfies
1 1
a(x):a++0(—) as x — o9, a(x)=a+0(ﬁ) as x — —oo
X X

withat,a™ > 0and ||h|l» < oo (i.e. h(x) = O(1/x?) as x — +o0. Then

¢(x,0)=0 (iz) as x — +oo.
X
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Proof. Let

hi = ((a(x) —a") + h)x=0, h2 = ((a(x) —a")e + h) xx <o)

and let ¢1, ¢, be defined by formula (4.3) with k = k,+,h = hy and h = h>,
respectively. Then they solve

A¢i =0 inR%

s,

av
By Lemma 4.5 ¢ = ¢1 + ¢.

Since ¢ is bounded we deduce |k (x1)| < C(1 + |x1|)~! for all x; € R and
Lemma 4.1 with « = 1 then implies that

+at¢gi =h; on BRi

L0)] =
l$1(x1,0)] = T+ x|

for all x; € R. (5.5)

Since a(x) and ¢ are bounded, we have that /5 is bounded. Using Lemma 4.3 with
o = 0, we can then deduce that ¢ (x1, 0) = O(1/x1) as x; — oo. Combining this
with (5.5) we deduce that ¢ (x1, 0) = O(1/x1) as x; — oo. By a similar argument,
defining ¢1, ¢ with a~ instead of a™, we deduce that |¢ (x1, 0)] £ C(1 + i)t
for all x; < 0, and therefore

lp(x1, 0] < CA+|x;])~" forall x; € R. (5.6)

Since a(x) is bounded we have |h1(x1)| £ C(1+ |x; |)’2 forall x; € R, and hence
Lemma 4.1 with o = 2 yields |¢1(x1,0)] < C(1 + |x1|)_2 for all x; € R. We
also have, thanks to (5.6), that |2 (x1)| < C(1 + |x; |)_l for all x; < 0. Hence by
Lemma 4.3 with « = 1 we obtain |¢(x, 0)] £ C max(log|xi|, 1)(1 + |x1|)_2
for all x; > 0. Hence | (x1, 0)] < C max(log |x1], 1)(1 + |x{])~2 for all x; > 0.
Again, through a similar argument we reach

max (log |x1], 1)
(1 + [x1])?

Repeating the process once more, where we apply Lemma 4.3 with some o € (1, 2),
we find

lp(x1,0)| = C for all x; € R.

lp(x1,0)] < C(1+ |x1)7% Vay € R

O
Lemma 5.2. Let ¢ be a bounded solution to (5.1), (5.2). Then ¢ satisfies
1 + x2 2
x1, %) £ C———— V(x;,x) R 5.7
[ (x1, x2)| = (40 (x1,x2) € Ry (5.7)
and
Vo (x)| < Vx e R3. (5.8)

1+ |x|2
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Proof. Let a™ = — f/(+1) so that a* > 0. By (3.4) and (3.5) we have that

for all x; = 0.

C
| (w(x1,0) —at| £ Clw(xy,0) — 1] £ ;
and

| (w(x1,0) +a~| £ Clw(xy, 0) + 1] <

< for all x; £ 0.
1+ |x1]

By Lemma 5.1 we deduce that ¢ (x1,0) = 0(1/x12) as x; — £o00. We can now
write the boundary condition as

99
o, Ao =@+ fw)g.
Applying Lemma 4.1 with @ = 2 we deduce (5.7).

To prove (5.8), let us first remark that

C
Vo (x)] < TR Vx € 9R%. (5.9)

Indeed, (5.7) implies that |¢ (x)| < ﬁ for x = (x1,x2) with 0 < x, < 1. But
f/(w) is a smooth bounded function, with bounded derivative. By standard elliptic
estimates we deduce (5.9). Now let xg € Ri with |xg| 2 1 and R = |xg|/2. Define
¥ (z) = Rp(xo + Rz) forz € D = By N{(z1,22) : z2 > —x0.2/R} where we
have written xo = (x9,1, x0.2)- By (5.7) |[¥(2)| £ C for z € D and (5.9) implies
that [V (z)| < C forz € T where I' = {(z1,22) € By : z2 = —xp,2/R}. Using
Lemma B.1 we deduce that |V (0)| < C and this yields |V (xp)| < ﬁ O

Proof of Proposition 5.1. Let Z = %—Z‘C’ and Y = % Then

V- (Z*Vy) =0 inRZ, 38—1”:0 on 9R?.
v

Multiplying the equation by ¢ and integrating in Bg N Rﬁ we find

9
0:/ 2y 22y
9BRNR2. v BrR2

Since (3.3) holds, (5.7) shows that ¥ is uniformly bounded. Since

VZ| =

2
TP Vx € Ry

and using (5.8) we get

Z2WIIVY] S IWIZIVEl + 18] [VZ]) < Vx € RY.

C
14+ |x3
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This implies that

[
9BRNRZ v

Taking R — oo we find that

/Rz Z|\Vy* =0

+

and this shows that i is constant. O
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For the proof of Proposition 5.2 we need the behavior of some particular solu-

tions with explicit right-hand sides. The proofs are in Appendix A.

Lemma 5.3. Let a > 0 and u be the bounded solution of

. 2
Au=0 inR{
ou
™ +au = x>0 on BRi
Then
1 1 1
ux,00=-—-—5-+0 — ) asx—> o0
a Tmwa’x X
1 1
u(x,0) = +0(\—=) asx —> —oc.
ma?|x| x|
Lemma 5.4. Let a > 0 and u be the bounded solution of
-
Au=0 inRy
au 1
5 +au = X[x>1]; on aRi
Then
1 1
u(ix,0)=—+0 ( Oggx)) as x — oo
ax X
1
u(x,0) =0 ( 0g(|2x|)) X —> —00
X
Proof of Proposition 5.2. Leta™ = —f'(1) > 0,a~ = —f'(=1) > 0.Forx > 0
Jw , 2
%zf(w)zf(l)(w—l)—i—O((w—l) ) asx — o0
=—atw+at + O(I/xz) as x — o0
Similarly

ow

P —a"w—a" 4+ 0(1/x*) asx - —o0
v
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Let

a(x) =a forx >0, a(x)=a~ forx <0

a(x) =a forx >0, a(x)=—a~ forx <O0.

Then

ow - 2
rm +a(x)w=a(x)+ O(/x") asx — *oo.

(5.10)

Next we construct a function that, up to a small error, also satisfies (5.10). Define

u1 to be the bounded solution of

Auy =0 inR?
duy at —a- 5
— 4+atu;=a" + — on R
Eo 1 X[x>0] Jp— Xlx>1] +

Then by Lemmas 5.3 and 5.4

2 1 1
ui(x,0)=1- + +0(0g(x)) asx — oo
X

Tatx  mwa~ x2
and
1 log(|x
ui(x,0) = + 0 g(lx) as x — —o0
mat|x| x2
Similarly define
2
Auy =0 inRy
du +a” - a”—a* IR
—4a uy=—a - _11 on
a0 2 X[x<0] na+|x| Xlx<—1] ¥

By Lemmas 5.3 and 5.4 we have

2 1 log(]x])
uy(x,0) =—1+ - +0|————=) asx —> —o©
wa~|x| wat|x| x2

and

1 1
ur(x,0) = ——— +0(og§x)) asx — o0
Ta~x X

Then for x > 1

o(u1 +uz)
av

log(x)
xz

+a+(u1+u2)=a++0( ) as x — 0o

and for x < —1

d(uy + uz)
av

x2

1
+a (uy+u)=a + 0 ( og(|x|)) as x — —oo.

(5.11)

(5.12)

(5.13)

(5.14)
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Therefore
a(uy +uz)
av
Then ¢ = w — (u1 + uy) satisfies

99 +ax)p =0 (log)f|x|)) as x — +oo

+ax)(u; +uz) =alx) + 0(10g(|x|)/x2) as x — +oo.

v 2
By Lemma 5.1 (really a slight variant of it):
1
b(x.0) = 0 ( Og(';")) x = oo,
X
This implies

_ (IOg(IxI))
wx,0) =u1(x,0) +ur(x,0)+ 0O ) as x — +o0.

But by (5.11) and (5.14)

x2

2 I
up(x,0) +uz(x,0)=1- — O(Og(x)) as x — 00
T

a’tx

and by (5.12) and (5.13)

2 1
u1(x,0) +ux(x,0) = -1+ + 0 og(Ix]) asx — —oo.
ma~|x| x2

6. Solvability of the linearized equation in a half plane

In this section we study the solvability and decay estimates for solutions to the
problem
w2
Ap =0 in R%. ;
9 (6.1
8—¢ = f'(w)p + h+cwyn on IR,
v

where w is the solution to (3.1), (3.2) and n € CSO(R) is such thatn = 0, n # 0.
We will prove

Proposition 6.1. Let 2 < o < 3 and assume that ||h||, < +0o. Then there exist
unique ¢ € R and ¢ € LOO(R%F) with || (-, 0)]la < 400 which solves (6.1).
Moreover,

$lle = Clihlla

for some constant C and c is given by
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Proof. Let us prove the uniqueness. Suppose # = 0 and multiply (6.1) by wy.
Integrating in a half ball B = Bg(0) N R%r. We deduce

B] B R
9BrnR2 \ 9V v —R

By Lemma 5.1 the decay estimates (5.7) and (5.8) are valid for w, and ¢. Hence

/ (a_¢ aw") — 0(1/R?)
3BRNR2 P —9 v ) /R

Letting R — oo we find ¢ = 0. Then ¢ = cw, by Proposition 5.1 for some ¢ € R.
But since we assume that ||¢||o < 00 and @ > 2, we must have ¢ = 0.

Let us show existence of a solution when 2 < o < 3. Fix 2 < y < « and let
at = —f/(£1) so thata®™ > 0. Givena > 0 and g : R — R with lgll, < oo we
define ¢ = K,(g) as

$(x1) = / ka(x1 — v, 0)(g(») + en(wx (M)dy forall x; € R,

—00
where
c= ——ffooo i .
ffooo nwy

In this way, the harmonic extension of ¢ to R%_ satisfies

d
8_¢ +a¢p =g+ cnwy, on HR%F.
v

Define the space
E={(¢1,¢2) :¢i :R— Ri=1,2suchthat |[(¢1,2)l|g < o0}
where
(@1, dD I E = 11 llay + ll21ly.0

and

$1lla,y = sup(1 + [x)¥|¢1(x)] + sup(l + x)" |1 (x)]

x<0 x20
I#21ly.« = sup(1 + [xD" [$2(x)| + sup(1 + x)*|p2(x)].
x20 x20

LetT : E — E be given by T(¢1, ¢2) = (T1(¢1. ¢2), T2(¢1, ¢2)) where

Ti(@1, 82) = Kae [ @ + [/ )1 + @ + f/@)é2) 11,201
Ta(¢1. $2) = K- [(@™ + f(w)a + (@™ + f'(w))d1) xpx<01]
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The operator T is well defined from E to E. Indeed, if (¢, ¢2) € E, then since
|lw(xy,0) — 1] £ C/(1 + x1) forall x; = 0, see (3.4), we have

@ + 1@ + @ + f @z S ClGL .
We deduce from Lemma 4.2 that

IT1(1, 2)lla = Cli(@1, P2)IE- (6.2)
Similarly

1T2(d1, d2)lle = Cll(@1, P2 E (6.3)
and hence T (¢1, ¢2) € E. Suppose (¢1, ¢2) € E satisfies

l ¢1 = Ti($1,$2) + Kar (X >0)
¢ = Ta(¢1, ¢2) + Ky (hxpe<op-

Then ¢ = ¢ + ¢ is a solution of (6.1) for some ¢ € R. We claim that T is a
compact operator. Thus the Fredholm alternative implies that (6.4) has a solution
in E, because we know that when 2 = 0 the only solution in E of (6.4) is the trivial
one. Moreover, ¢ = ¢ + ¢, satisfies ||@|le < C||h|« because of (6.2), (6.3) and
(@1, p2)IE = Cllhlla-

Let us verify that T is compact. Let (¢1.,, ¢2.,) € E be a bounded sequence
and let (Y1, Y2.n) = T (1.0, $2.0). Define

(6.4)

7% (@ + @)L+ @ + f )2 120)

f,oooo NnWx
ffooo ((ai + f/(w))¢2,n + (aJr + f/(w))¢l,)1)X[x<0])

ffooo nwy .

Cl,n = —

Cn = —

Since ¢, ¢2,, are bounded we may assume that ¢y , — ¢, ¢2,, — c2. The func-
tions Y1, Y2, are also uniformly bounded in R%r. Hence, from standard elliptic

estimates, Y1, — ¥ and ¥ , — ¥ uniformly on compact sets of Ri. Therefore,
forany R > 0

sup (14 |x|*) |[Yin(x) —¥i(x)] > 0 asn —> o0, i=1,2. (6.5)

—R<x<R
By Lemma 4.4
Slip(l + XD’ T1(¢1, )| < Cll(d1, P2 2, (6.6)
xS0
and similarly
sup(1 + [x])°|Ta(¢1. $2)] < Cli(¢1. $2) |- (6.7)

x>
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Using (6.6)
sup (14 [xD¥¥1 0 (x) — Y1 4 ()]
x<—-R
<1+ R sup (L4 XD (W10 () — Y1 (x))]
xS—R
<C(1+ R,

Similarly, by (6.2)

sup (1 + )Y Y1 n(x) = Y1, ()] = (1 + R sup (1 + )%y, (x) — Y1 k(x|
XZR x2R

S A+ R Iin — Viklla
S CA+R) g0 — relle=CA+R) .

These estimates show that
V10 — ¥i1lla,y > 0 asn — oo.

In a similar way we prove that ||, — ¥2]ly,¢ — Oasn — oo.
Finally, in the case @ = 3, we fix 2 < y < &’ < 3 and construct a solution

¢ = ¢1 + ¢2 € E with the norm [[(¢1, ¢2)l[E = |91l + $21ly.o7- Thanks to
(6.7) and |w(x1,0) — 1] £ C/(1 + xy) for all x; = 0 we see that

@ + F@ngr+ @ + @z, < Cl@r el
By Lemma 4.2 we deduce

IT1(¢1, $2) 13 = Cli(g1. ¢ e = Cllhll3

and

IT2(¢1, $2)1I3 = Cli(¢1. ¢l = Clihll3.

]
7. The linearized equation in a bounded domain
We study the linear problem
Ap =0 inQ (7.1)
s%—f/(U8)¢=h+§chj on 92 (7.2)
av

j=1

with the constraints

/ ¢Z; =0 forall j =1,...,2k, (7.3)
9
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where the functions Z; are defined as follows. Let 51 < s2 < --- < st be the

arclength parameters of &, - - - , &y in 9€2. Recall that (s, ¢) € [0, L] x (0, §) are

coordinates in a neighborhood of 9€2, with s being arclength and ¢ distance to the

boundary. We fix a function n; € C3°(R) such that n; > 0in (-4, §) and define
s — s,~

3 +
Zi(s.1) = “’8( : ’)m(s—s,-)nom, (7.4)

dx e ¢

where 7 is defined in (3.9).
Proposition 7.1. There exists ¢y > 0 such thatforall0 < & < ggandh € L*°(0R)
there exists unique c; € R and ¢ € L>(3R) solving (7.1),(7.2), (1.3). Moreover

2k
Iple@n + D leil £ Clhle@s) (7.5)
i=1
First we establish the following a-priori bound:
Lemma 7.1. There exists ey > 0 such that for all 0 < ¢ < gy we have the following
property: if ¢ € L°°(RQ) is a solution to (7.1), (7.2), (7.3) for some h € L*°(RQ)
and c; € R, then (7.5) holds.

Proof. Multiplying (7.1) by Z; and integrating we find

C,'/ Zi2:_/ (f/(Ua)Zi—%)¢—/ hZ,‘—/ PAZ;.
a0 90 v 90 Q

We have
2 X 22 / 9Zi
Z; =¢ wny, f(Ug)Z,-—a—zO on 02
aQ —00 %
o
[ nz| <intisame [ won
Q2 —00
and
/ |AZ;| £ Ce. (7.6)
Q
Indeed, fixi =1, ..., 2k and for simplicity assume that i is odd and s; = 0. Then
in the region |z| < §, using (8.9) we have
2k — k*t)t k k't
ANZij=————(Z)y — —(Z; ——(Z);.
1 (1—kl)2 ( l)AS l—kl( l)t+(l—kl‘)3( 1)5

Let us consider the first term:

2k — k2t)t 2k —k*t)t (dwE (s t
———(Zi)ss = ( (— ) n(s — s,-)no(t))

(1 — kt)2 (2 (1—kn2 \as \e e

2k — k2 1
= ﬁ [8—2 (wsiss (Z, é) n1(s)no(t)
1
2t (s (2 5) omon

+ w? (g 2) n’{(s)nom] — (@ + () + ()
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Changing variables s = &5, t = &f we can estimate, using (8.4)

/(a) < Ce/ fwE dids < Ce.
Q Bs/e (ONRZ

Similarly by (8.3)

/ (b) < Cé&? / fwE dids < Ce
Q Bs/e (0)NRZ.

and by (8.2)

/ () £ Cé? / fwEdids < Ce.
Q Bs/e (O)NRZ

A similar calculation works for the other terms and we deduce the validity of (7.6).
This shows that

lcil = Cll@llL=@e) + IhllL=@e) foralli=1,...,2k. (1.7)

In order to prove (7.5) it is then sufficient to show that there exists &9 > 0 such that
forall0 < & < gy if ¢ € C(R) solves (7.1),(7.2), (7.3) then

lpllzepa) < ClhllL~oe)- (7.8)

We argue by contradiction, assuming that (7.8) fails. Then there are sequences
0<ep—0,¢, € C(Q), h, € L*(0R), and ¢; , € R such that (7.1), (7.2), (7.3)
hold,

IPnllc =1 and  [hnllLepe) — 0.

By (7.7) we may assume that ¢;, — ¢; asn — oo. Let us fix R > 0 suffi-
ciently large. Then for x € 3\ u?’; | Bre(£)) we have that f/(Us(x)) > 0. By the
maximum principle and the Hopf lemma it follows that

_omax gy = max  [¢].
Q\U3L Bre (€)) QNUL 18 BR. (5))
Extracting a subsequence we can find some fixed jo = 1, ..., 2k such that
_ max ¢, = 1. (7.9)
QNIBRs(§j;)
After translation we can assume that §;; = 0. Let Q,, = /¢, and define the

functions

G (y) = du(yen), Z;j(v) =Z;(ven), y € Q,
ha(y) = h(yen), v € %,
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so that
Ag, =0 inQ,,
I

2k
T f' O n =hn+ D c;Zj ondQ,.

j=1

After extracting a new subsequence we assume that €2, approaches the upper half
plane Ri = {(x,y) € R? : y > 0}, and that ¢, converges uniformly on compact

sets of an to a function ¢. Since /1, — 0 uniformly, we deduce that $ satisfies
~ N
Ap =0 inRy
¢

o f'(w)p = cjwxn on aRi.

As in the proof of Proposition 6.1 we deduce that c¢;, = 0. Hence by Proposi-
tion 5.1 we must have q~5 = cwxi for some constant ¢ € R. But ¢, satisfies (7.3)
which implies

/ $uZ;=0 Vj=1,...,2k
Qé‘n

w ~
/ dwn =0
—00

This shows that ¢ = 0 and then ¢ = 0. This means that ¢, — 0 uniformly on
compact sets of Q,, which contradicts (7.9). O

Letting n — oo we find

Proof of Proposition 7.1. Define the Hilbert space

H:[(/)eHl(Q):/ $Z; =0 Vj:l,...,Zk]
Q2

with the inner product

(¢,<0>=/ V¢V<p+/ .
Q Q2

Given h € L%(9Q), the problem (7.1), (7.2), (7.3) is equivalent to finding
¢ € H such that

8(¢7§0)=/ (f'(U)¢p+ep+h)gp forally € H.
Fle)

By the Riesz representation theorem, this es equivalent to finding ¢ € H such that
6=T¢+h (7.10)

where T : H — H is alinear compact operator and /1 € H. Since in the case i1 = 0
the unique solution to (7.1), (7.2), (7.3) is ¢ = 0 by Lemma 7.1, by the Fredholm
alternative we conclude that (7.10) has a unique solution. O
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8. Estimate of the error

This section is devoted to proving the following
Proposition 8.1. Let R be given by (3.12). Then
[RIlL=@0) = Ce. (8.1)
For this we will need the estimates contained in the next two propositions.

Proposition 8.2. Let w denote the increasing layer solution to (3.1), (3.2) or the
decreasing one, that is, one that satisfies (3.1), (3.6). Then

IVw@)l = 77 o Yee R% (8.2)
c

|ID?w(z)| < TP vz e RZ (8.3)
c

ID3w(z)| < T vz e R2. (8.4)

Proof. The bound (8.2) was obtained in Theorem 1.6 of [7]. Estimate (8.3) is
proved in Lemma 5.2, see (5.8). It remains only to establish (8.4).

The layer solution w is smooth in Ri and, under the assumption that f € C3, w
is C3* forany 0 < o < 1 up to the boundary. Let v = wy. Then v is harmonic in
Ri and satisfies

av 5 5
= flwyv+ f"(wywy onIR7.

By standard elliptic estimates, and since by (8.3) w,,(x,0) = O(|x|™2) for all
x € Rand wy(x,0) = O(]x|~2) for all x € R we deduce

C
Vox,0)| < —— VxeR. 8.5
Vol 01 £ s (8.5)
Multiplying Av = 0 in Rﬁ_ by w, and integrating we see that
o
/ £ (w(x, 0)wy(x, 0)> dx = 0.
—00
Indeed, by (8.5) and wy (x, 0) = O(]x|~2)

Wy x _3
w, = O(R™3)
/z;BRmRi v

and thanks to (8.3), we have

8wx -3
Wer X — 0(R73).
9BRNRZ v
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By Proposition 6.1 there exists a function ¢ which is harmonic in RZ, ¢ (x, 0) =
O(|x|™3) for all x € R and satisfies

d¢

5 ='W+ [wuw.

Then by Proposition 5.1, v = ¢ + cwy for some constant c¢. But by (8.3) v(x) =
O(|x|™2) for x € R% and from Lemma 4.2 ¢ (x) = O(|x|~2log|x|) for x € RZ.
Since w, (0, y) decays at arate 1/y as y — oo by (3.3) we conclude that ¢ = 0.
This means that v = ¢ and hence

C
Wir(x,0)] < ——— Vx eR.
| xx( )|_ (1+|X|)3
A standard application of elliptic estimates leads to

C
\% OIS —— VxeR.
[Vwyx(x,0)] = (1+|x|)3 X

Now we may use the same argument as in the proof of (5.8) to deduce that

IVwe e (x)] £ (a Vx € R%_.

+ |x])’

Proposition 8.3. Let H, be defined by (3.11). Then
IVHe L= = C
with C independent of .

Proof. The function U, = U, + (1 — no)u* 4+ H, is harmonic and its boundary
values are in the interval [—1, 1]. Thus U, is bounded and hence H; is uniformly
bounded. Away from the points &; we have that A H, is smooth. Thus we need only
to estimate V H, near §;. We fix j = 1, ..., 2k and for simplicity assume that j is
odd and s; = 0. Then in the region |z < § we have

AH, = —Aw].
By (8.2), (8.3), (8.4)

Vwl(z)| £ 8.6
| *’"()|_8+|z| (8.6)
)D2w+(z)‘ <_C (8.7)

T 824172 .

3.+ 2
‘D w; (z)‘ < oo eeRL (8.8)
The Laplacian expressed in the coordinates defined in (3.7) is given by
2k — k1)t k k't

Au = ugs +uy + ( ) ' (8.9

A—k)? " 1Tk T k™
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where k = k(s) is the curvature of the boundary. Since w} is harmonic with respect
to (s, ) we deduce thatin |z] < §

_[ek—knr, koo k't +
Afle =~ [W () = 7= () + (1 — kt)? (w2 )S} '

Using (8.6), (8.7) and (8.8)
AH, = =2k(0)t (w]) +k(0) (w;), + O(1) (8.10)

where O(1) denotes a function which is bounded independently of ¢ in the region
z€R2, |z £ 8. Let Ho(s, 1) = “Qr?(w]),. Using (8.9) we find

. k(0) 2k — k*0)t

e () ¢ e (P

Since w}" is harmonic and by (8.6), (8.7) and (8.8)

A =kO) ((wF), =2 (w]),,+ O() forallz € R, [z 5. (8.11)

Formulas (8.10), (8.11) 1mply that A(H, — H ) is uniformly bounded in z €
R%r, lz| < 8. Since H, — H, vanishes for z € dR2, |z| < & and is uniformly

bounded, by elliptic estimates |V (H, — H,)|is uniformly boundedinz € R2 | |z| <

8/2. Now, again using (8.6), (8.7) and (8.8) we see that Vflg is uniformly bounded
inz € R2, |z| < §/2, which implies that V H, is uniformly bounded in this region.
O

Proof of Proposition 8.1. On 02 we have by Proposition 8.3

where O(¢) is in uniform norm. Let s; < sp < --- < s be the correspond-
ing arclength parameters of &1, ..., &y in €2, and let s € [0, L] be the arclength
parameter of an arbitrary point x € 9€2.

If |s —s;| = 28 forall j = 1,..., 2k then f(U:) = 0 and 3
bounded, hence R = O(¢) is this region. )

If 8§ < |s —sj| <268 forsome j = 1,...,2k then % is uniformly bounded
and f(U,) = O(e), and therefore R = O (e) is this region.

If |s — 5] < § for some j = 1,...,2k then f(UE) = f(wi) while dU‘ =

] )=g%and1e=0(s). O
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9. A nonlinear problem

We look for a solution u of (1.1) of the form u = U, + ¢. For arbitrary points

&1, ..., &y uniformly separated along I'g (3.8), we can find ¢, c1, ..., cor that
solve:
Ap =0 inQ
/
ea—f(Us)¢:N[¢]+R+JZ_;cjzj on 092 ©.1)

/ ¢Z; =0 forall j =1,...,2k.
Fle}
In fact, we have the following result.

Proposition 9.1. Let § > 0. There are p > 0 and g9 > 0 such that for 0 < ¢ < g
and for points &1, . .., &y uniformly separated |&; — &;| > 58 for alli # j, see
(3.8), along Ty there is a unique solution ¢ € C(Q),c1,...,co to (9.1) with
¢llL@q) < p. This solution satisfies

pllL=() = Ce. 9.2)
Moreover, the function &1, . .., &y +— @ is differentiable and
9g; @Ml L) = C. 9.3)

Proof. We define a map F : L*°(0Q) — L*°(02) as ¢ = F(¥), where ¢ is the
unique solution to

A¢p =0 inQ
a¢ 2k
88_\) — f'(Us)¢ = N[¥1+R +.ZleZj on 0L2.
j:
Let Bp = {¢p € L°°(85_2) S @l s < p}. We claim that if p > 0 is suffi-
ciently small then FF : B, — B, is a contraction on this set. Indeed, since f is
CZN[_W] < C|y|2. Hence, using (7.5) and the estimate for R given in (8.1), for
Y € B, we have

IF @) IL=@e) £ CllYIiepg + ClIRIL=@a) < Co® + Ce. 9.4)

We can achieve || F ()| L~@q) < p by fixing p > 0 suitably small, and then let
& > 0 be small depending on p. That F is a contraction on B, for small p follows
from

| F(yr1) — F(Y) e o) SCINIY1] — Ny2lliepo) SCollvn — valli=oe)-

By the Banach fixed point theorem we deduce the existence of a unique ¢ € Bp
which is a fixed point of F', and hence a solution to (9.1). From (9.4) we also deduce
that the fixed point ¢ satisfies (9.2).
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Let us now discuss the differentiability of ¢. Using the fixed point character-
ization of ¢, and since R depends continuously (in the L°°(d2)-norm) on & =
(&1, ..., &%), we get that the map & — ¢ is also continuous.

Formally differentiating problem (9.1) with respect to, say, &, we get that
@1 1= g, ¢ satisfies

A1 =0 in Q,
a1 U, 2
e — f'(WUp1 = [ (U~ + 05, N[$] + 0, R + 106, Z1 + D d; Z;
av 98 j=1
where dj = ¢ ¢, and
/ ¢1Zj=0, forallj;:él, / ¢1Z1=—/ ¢8§121.
aQ aQ aQ
Define
- 0g, Z1
¢ =1+ Jig#%.21 0z 9.5)
faQ Z
We have [ ¢ Z; = 0 for all j. Furthermore
- 0g, 2
A = _f352¢ 512 1AZ]
fasz Zi
and, taking into account that 8% — f'(U)Z; = 00n g2,
91 U, 2
e—— — fU$1 = f'(Us)=—¢ + 9, N[§] + 9, R + c105, 21 + D . d, Z;.
v 3E, P
We write ¢ = ¥ + 2, where
Ay =0 in €, / Y1Z; =0 forall j
aQ
and
v U, 2
£
ey /Wt = W) 5259 + 0 NIgL+ 05 R 1 21+ 3 di 2.

j=1

Using the same computations as at the beginning of the proof of Lemma 7.1, we
get that [;, Z? = 0(e), and

/ ¢85121
aQ

§||¢||Loo<ag>/ |3EIZI|§C8/ e,
Q2 R
and

fasz 0 21

< Ce
fasz Z%

L()

AZq
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for some fixed constant C, which yields [|¥2]/z0(@) < C. Concerning v, given
the validity of Lemma 7.1, we are left to estimate

U,
9, @ + 0g N[@p] + 05, R + ¢10¢, Z4

[

Lo®(32)

We have
I, N(pl = [f'(Ue + ¢) — f'(Ue)] [0, Ue + 3z, 0] .

Since [|9g, Uell Lo (92) = Ce~! for some fixed constant C, we get

10 NI@N Lo S ClIg = (67! +110 Bl o ) S C+e 1066l (o).

Furthermore, one has

aU,
/" U‘€ it
|rwas

<C and,since |c1|=Ce, also |1 Z1llzepo) SC.
Lo°(3)

where we use that [|3g, Z1 || r~pq) < C e~ !. Finally, a direct computation shows
that [0, Rl L= 50) < C, so we can conclude that

] e

Summing up the above information, we have (9.3).
The above computation can be made rigorous by using the implicit function
theorem and the fixed point representation, which guarantees C'! regularity in .
O

10. Variational reduction

In view of Proposition 9.1, given & = (§1,...,&x%) € Q2 satisfying |& —
&l > 58 Vi # j, we define ¢ (&) and ¢j(&) to be the unique solution to (9.1)
satisfying the bounds (9.2) and (9.3).

Given & = (&1, ..., &y) € 992, define

Fe(§) = Ec(Ue(§) + ¢(8)) (10.1)
where the energy functional E, is defined in (1.4) and U, (§) is given by (3.10).

Lemma 10.1. If £ = (&1, ...,&,) € ()™ satisfying |& — &;| = 58 Vi # j is
a critical point of F, then u = Ug(§) + ¢(§) is a critical point of E, that is, a
solution to (1.1).
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Proof. We have
0F;
&

Since U, (§) + ¢ (&) solves (9.1)

IF < AU:(E) | 39()

= i Z; .

%8 Zc/asz [ o8 aa]

i=1

AU (§) n 99 (§)

98 081

=DE€(U5(§)+¢(§))|: :| foralll =1,...,2k.

Assume that DF(§) = 0. Thus

2k
Zc,»/ zi[aU‘?@)jLad’(S)}:o vi=1,...,2k.
= i 981 &1

From Proposition 9.1 and % = %Zl(l + 0(1)) where o(1) is in the L*®
norm as a direct consequence of (7.4), it follows that

2k

Zci/ Zi(Z +o(1) =0 Vi=1,...,2k,

i=1 0%
which is a strictly diagonal dominant system. This implies that ¢; = 0Vi =
l,...,2k. O

In order to solve for critical points of the function F¢, a key characteristic is its
expected closeness to the function E.(U.(£)), which we will analyze in the next
section.

Lemma 10.2. The following expansion holds
Fe(§) = Ec(Ug) + 6:(5) ,
where
6] — 0,
uniformly on points satisfying the constraints |& — &;| 2 58 Vi # j.

Proof. Taking into account that DE. (U, + ¢)[¢] = 0, a Taylor expansion and an
integration by parts give

1
Ee(Us + ¢) — Ee(Up) = /0 Do (Us + 1$)[$12(1 — 1) dt

o] 1 . 1 .
- / (f / [N[¢]+ Rl + — / [f (Ug) — f'(Ug +t¢)]¢) (1—1)dr, (10.2)
JO € Jaq &€ Joq
so we get
E.(Us + ¢) — Ex(Uy) = O(&?).

Hence |6:(§)| = o(1) uniformly on points satisfying |§; — &;| = 58 Vi # j.
The continuity in £ of all these expressions is inherited from that of ¢ and its
derivatives in & in the L* norm. 0O
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11. Energy computations and proof of Theorem 1.1

In this section we compute the expansion of the energy functional £, evaluated
at U, and we give the proof of Theorem 1.1.
We have

Lemma 11.1. Let k > 0,8 > 0. Then there exists o such that for all 0 < ¢ < gy
the following expansion holds true
4k 1
Es(Us)=;|10g8|+;[W(§)~I—®o($)]+s®(€) (11.1)
uniformly on points € = (&1, ..., &) € (0Q2)%K such that |& — &jl > 56 for all
i # j. In the previous formula, V(&) is the function introduced in (1.9), namely

2k
V@) =i, 80 = D HE. &) + D (DG, &),
I=1 j#l
®o(&) is an explicit function of the points &1, . . ., &k, which is smooth and uni-

formly bounded, as ¢ — 0, in the considered region. Finally, ® (§) denotes a smooth
and uniformly bounded, as ¢ — 0, function of &.

It is interesting to observe that for the boundary reaction d,,u = ¢ sinh(u) one
finds “spike solutions” whose energy is similar to (11.1) in the simply connected
case, but with the renormalized energy term reversed in sign, see [9].

Proof. We start with the expansion of é fm W (U,). We claim that

1 -
—/ W(Ug)zk/ W(w+(z,0))+k/ W(w (z,0) +e0(). (11.2)
€ Jaq R R

Proof of (11.2). Since the function W is defined up to a constant, we assume that
W (1) = 0. We recall that 92 = T | J U;."zl I"j, where I'g is the external connected
component of 92 and I'; represents the internal connected components. For simple
convenience, we are also assuming that the points &1, . . ., &y are distributed along
.

By construction, U, = 1 on T foralli = 0 and = £1 on ['g\ U3k:1 B(&;,20).

Thus we have
| 2k
_/ W(U,) = Z/ W (Us).
€ Jaq =1 FoNB(§;,26)

Fix some j € {1, ..., 2k}, say j = 1. Using the change of variable in (3.7) and the

very definition of U, we have

1 _ 1 s1+268
— W (Ug) = — w Tt e 51,0 1+ )
€ /F(mB(gl,za) (©:) 8/s (CACEN0) m

1—26

1 28
- -/ W (0 0) 1+ + 5102
& J-2s
1 -3 ) 28
_[/ +/ +/ :|W(1Z);r(t,0)),/1+y’(t+51)2
& [LJ-2s -8 5

=a-+b+c.
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Since W'(1) = W/(—=1) = 0 and W’ (1), W”(—1) > 0, a consequence of (3.4)
and (3.5) is that

1
Wwt(z,0)) ~ —(1 P as 7z — +oo.

Thus we have, expanding variables, z = é

s
b= /5 W(w'(z, O))\/l + &2y’ (ez + 1) dz

_ /R W(w*(z,0) + O ),

where O (&) will denote throughout the whole proof a smooth and bounded function
of the points & satisfying |& — &;| = 58 Vi # j.
On the other hand, we have

22
c:ﬁ W (n2(e2) (™t (z,0) — D) + 1) (1 + O(e)) .

A Taylor expansion, together with (3.4) and (3.5), W(1) = W(—1) =0, W/(1) =
( 1) =0and W’(1), W/ (=1) > 0 we get |[W(1 + na(s2)(wT(z,0) — 1)) <

C%, from which we get

52’
¢ £ Ce and, in a very similar way, a < Ce
for some positive constant C. This concludes the proof of (11.2). O

- 1 2
Next we estimate 5 [, VU]

of £. We write

1/ , 1
Y vu =—/ VU + / VU, 2
2 Ja 2 Ja\Wt, B0 Z B(¢j.p)

2k
= 1+le (11.3)

.Let p > 0 be a fixed small number, independent

We claim that

4k 1
I=-— log p + ®p(§) + ;I/fk(é) + pE(E) + plog pO(§) +e0() (11.4)

where
2k
Y€)= D HE L ED+ D (=D GE L&),
j=1 i#]
Oy is an explicit function of £, smooth and bounded in the region we consider, by

® (&) we denote a smooth and bounded function of £ in the considered region and
by E (&) a smooth function of & so that |E(§)| < Cly(&)].
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We also claim that, forall j =1, ..., 2k,
2
I; = ;logg + A+ Bplogp+Cplogs + p2O(&) + 0(),  (11.5)

where A, B, C are constants and ® (&) is a smooth and bounded function in the
considered region.

Observe that (11.1) follows from (11.2), (11.4) and (11.5). The rest of the proof
is thus devoted to proving the validity of (11.4) and (11.5). O

Proof of (11.4). In Q\ u?’; , B(§;, p) we write Uy = u* + R, where AR, = 0 in
Qand R, = U, — u* on Ty and R, = 0 on [';. Thus

_ 1 *12 1 2 *
I== |Vu*|*+ = IVR:|*+ VR.Vu
2 Jo\uk, B0 2 Ja\G B0 QU BE.p)

= A1+ Ay + Az.
We claim that
Ay + A3z = pO(E) + B (E). (11.6)

and

4k
Ay = —;bgp + ®p(&)

2k
1 .
+— | 2 HEE) + 2 (—DTGELE) | (1+0(p)
Jj=1 i#]
+plog pO(§) (11.7)

In (11.6) and (11.7) again ® (£) denotes a smooth and bounded function of £ in the
region |&§ — &;| 2 58 Vi # j.In (11.7) O is an explicit function of &, smooth and
bounded in the region we consider, while by O (1) we denote a bounded function
of£. O

Proof of (11.6). We start with A;. Since R, = 0on [, foralli =1,...,m, we
have

1 IR
Ay=|= / —Z / gRg.
2 Jro\W, B0 QNIB(E;.p)

On I'p\ u?’; | B;, p), using (3.4)-(3.5) we get
R0 £ Clw* (,0) £ 1] £ Ce
&

and by (8.2)

<c

oR;
ov
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thus

< Ce.

/ R
R
FoO\U¥, B(&;.p) IV

Using (8.2) again, we also have

0R,
/ R = pO).
Q

NaB(E;,p) OV

Thus
Ay = pO(§) +e0(8).

Now, concerning A3z, we have, using again that R, = 0on [; foralli =1,...,m,

2%k
ou* ou*
A3z :/F " ™ R, + E / 50 R..
0\UiZ B(j.p) j=1 QNIB(E;j,p)

As before, we get

/ du*
R
PO\, B&j.p) OV

We thus have the validity of (11.6). O

< Ce, = pO(&).

/ ou*
R
QnaB(E;.p) IV

Proof of (11.7). Associated to any I';, fori = 1, ..., m, define the smooth and
bounded function ¢; solution to

A(p,' =0 inQ
a .
% =1 onl};
88"_ (11.8)
8—%:0 onT; forall j#1,j#0
)
| i =0 on .
Furthermore, let o; = «; (&1, ..., &%) be defined as
L[ (11.9)
o= —— . .
l ITi| Jr;, ov
Observe that «; is a smooth function of &1, ..., &y in the region considered.

Thus the function ¢ := > | o;¢; satisfies

0
/a—(u*—i—(p):O foralli =1,...,m,
Qv

i

and, by harmonicity,

8 k
— " +¢)=0.
Iy av
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It follows that u™ 4+ ¢ admits an harmonic conjugate ¥, which is defined, up to
an additive constant, to be harmonic in €2 and to satisfy the Neumann boundary
condition

d a

W _ 9t on 99

av at

From the very definition of u*, we have that

ou* 2
_ j+1
= _22(—1)1 8, on Iy
j=1
and
ou* .
=0 on I'; foralli=1,...,m.
at
Thus we can write
| 2
l/f(x)=;Z(—l)]+lG(x,Sj)+g(x) in Q, (11.10)
j=1

where G (x, y) is the Green function defined in (1.7) and

Ag=0 inQ

g b4 r

v g MO (11.11)
0 0

_g:_<p onl'; foralli=1,...,m.

av aT

The function g is a smooth function on €2, and it depends smoothly also on
&1, ..., &y It is uniformly bounded in the region [§; — &;| =58 Vi £ j.Itis
defined up to an additive constant. We thus choose g to further satisfy

/ g=0. (11.12)
T

At this point we write

A= V(u* 2_ ] Vol
=5 L V@ tel-3 [ |Vl
Q\szlB(Sj’P) Q\szlB(Ej,/))

_/ Vu*vo. (11.13)
QUL B(Ej.0)

We claim that

1

A= —/ VY2 + 0), (11.14)
2 Ja\G B0



126 JuaN DAVILA, MANUEL DEL PINO & MoNIcA Musso

for some explicit function ®(£) which is smooth and bounded in the region of
points £ = (&1, ..., &x) satisfying |&§ — &;| = 58 Vi # j. Indeed estimate (11.14)
follows from the following computations, based on integration by parts,

1 1 a ad
5 vl [ vuve =3 [ Zoo [ Hu
2 Q Q 2 IQ av IQ ov

l — “ ou* dg
zzalaj /]"i (p] ; r 8\) /1;0 81)”

i#]j

where this last expression is a smooth and explicit function of &1, ..., &y, which
is bounded together with its derivatives in the region considered. To conclude with
(11.14), we are left to observe that

2k 1
SIaf o wers [ veww
2 JanBe;.p) QNB(E;.p)

j=1

2k
1 9 9
=2 ‘/ IV¢|2+/ _¢M*+/ A
= L2 /ensen QnaB(Ej.p) IV 4QNB(Ej.p) IV
= pO().

Given (11.14) and (11.13), we are left with the expansion of% fQ\Uz-’ilB(sj ) V|2,
By (11.10), we write !

2
1 1

2k
1 .
! o= [ V|- DG g
2/9\U§i.3<s.,~,p> 2avsen | | TS j

1

5 / N Vel®
Q\szlB(fj,P)

2k
1 .
+/ V=S 16w ¢) | ve
QUL B(E.0) ”Z‘
=An+ A+ Ags. (11.15)

The principal part of the above expansion is contained in A;. We start with it. We
write

2k
1
Al = — / IVG(x, £))I?
272 ; QU BEj.p) !

+ Z/ VG(x,§)VG(x, &) |- (11.16)

i#j Q\Uikle(éij)

We start with the first term in (11.16). Fix [ € {1, ..., 2k}. Since 22%8) — 0 on T;
foralli = 1,...,m, 29080 — & on To\ U3, B(, p) and [, G(x, &) =0,
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we have, after an integration by parts,

IVG(x, &) = / G(x, &)
/Q\U?‘IB(S_,-,;;) |39| Z B(&}.p)NTo

G (x, &)
+ S G v, 6
onuk 98¢ .0 IV

G
= / (ax ) G, &)
QNIB&,p) v

G
+Z/ P Gx, 80 + 906,

2/ ense 0 OV

To compute meB@/ ) BG(%);’&’) G(x, &), we observe thaton 2N d B (&, p) we have

G(x, &) = log + H(x, &), see (1.8), and 29050 — 2 4 VH(x,&) - v. With
this in mind, a Taylor expansion gives

G
/ ff ) 6, &)
QNIBE,p) v

1
=/ [log—2+H($1,Ez)+H(x,$1)—H(Sl,éz)}
QNIB(&,p) P

X [% +VH(x,§&)- v]
= —4mlogp + 2w H (&, &) + plog p®() + pO&), (11.17)

where ® (&) is a smooth and bounded function of £ in the considered region. In
the above computations we have also used the fact that p is small to say that
QN 3B, p)l =7p + O(p?).

On the other hand, for j # [,

4G (x,
/ ;;E’)G(x,a) — pEE),
QnoBE;.p OV

where now, and for the rest of this proof, E(£) will denote a smooth function of &
so that |E(&)] < Clyk(§)|. This, together with (11.17), gives

/ VG(x. &) = —4m log p + 2w H (&, &)
Q\U%, B .p)

+plog pO (&) + pE(&), (11.18)

where © (£) is a smooth and bounded function of & and E (&) is a smooth function

of & with [E(§)| = Clyx(§)].
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Now let j # i. An integration by parts and the fact that aG(x 968 — () on I'; for
alli =1,...,m give

/ VG (x. E)VG(x. £) =/ Gx. &)
QU B(&.p) To\UE, B(&1,p)

1 G (x, &;

+/ |:10g—2+H(x,§,-)j| 9G(x. &)

dB(&,p)NS P v

+/ G(X,si)[z-l——aH(x’Ej)}
B(E}.p)NQ 2 v

+ Z/ G(x,gi)&v’é").

125 9BE. PN 9

G (x, &)
v

Since fro G(x,&)=0and W is constant on '\ Ulzil B(&, p), we have

G (x,§)) -
/ G(x, &) ——— = pE(©).
To\U, B(&.p) dv
Since p is arbitrarily small, we have
1 G (x, &)) =
10g 5+ H(x, &) a—'=plogp®($)+pa(é)-
9B (&, p)NS2 v

Using again that p is small and a Taylor expansion, we have
2 9H(.§) -
Gx, &) | —+————|=2nG(§,§)) + pE().
IB(E;,m)NQ 0 v

‘We conclude observing that

0G(x, &;
z/ G(x,s,-)% = pB(E).
1, ] 9B (&1,p)N2 v

Thus
/ VG(x,§)VG(x,§;) =21G(§,§;) + plog p®(E). (11.19)
Q\U;Z, B(&,p)

Collecting (11.16), (11.17) and (11.19) we get

4k 1| & .
A =—"logp+ — | D HE.&)+ D (~DVGE.£) | (1+0(0)
= i
+plog pO (&), (11.20)

where © is a smooth function of £, bounded in the considered region. We go back
to (11.15) and we compute Aj>. An integration by parts gives

1
Ap = < / - = E / — - E /
2 Jro\U, B;.p) 3v B(E;. 0N Bv
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From (11.12) we get fFo\Uﬁ’;lB(Sj,p) g—ﬁg = p® (&), from smoothness and bound-

edness of g we get faB(sj 2HNQ g—fg = p®(&). Thus we conclude that

— [ 0
An =Z/r. Bt 0. (11.21)
i=1 ¢

Concerning A3, an integration by parts gives

2k
1 . 2 G (x,&;)
Az = - E (—1p7/H! [—m g+ E / —v]gi|

=1 To\U3L, B(Ej.p) 0B (E.p)NQ

G
= pOE) + — Z( 1)1“2/ LI

dB(5i.p)NS

0G(x, &) 2
— 0 8= + VH(x,&) v
aBE N OV 9B, p)NQ

= —2mg(&)) + pO(S)

G (x, &) -
/ — e =pEE).
9BGE.pne OV

Thus we conclude that

Now,
while, for i # j,

2k
Az =2 (1)) + p(OE) + E(©)). (11.22)

j=1

Thus expansion (11.7) follows from (11.14), (11.15), (11.20), (11.21) and (11.22).
Formula (11.7) together with (11.6) gives the expansion (11.4). O

Proof of (11.5). We want to compute, forany j =1, ..., 2k,

_ 1 2
Ij = -/ VU, 2.
2 JanB;.p)

Letusfix j,say j = 1.Take p < %.Henceineach B(&;, p) wehave Uy, = U.+H,.
Thus

_ 1 _
I = _/ V.| + —/ |VH8|2+/ VU,V H,
2 /B .pne 2 JBE.pne B(E1.p)NQ
=a+b+c (11.23)

A direct consequence of Proposition 8.3 is that

b= p*O(&).
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Formula (11.5) follows then from the following statements
c=Cplog s + p20(&) + 0(e?), (11.24)
p

where C is a constant and ® (£) denotes a smooth and bounded function of & in the
considered region, and

2
a=—-210g? 4+ 4+ 00), (11.25)
T &

where A is a constant. [
Proof of (11.24). Since H, = 0 on 02 we have

- U,
c=— AU, H, + H,.
QNB(E1,p) QMIB(E,p) OV

Again using Proposition 8.3, namely that ||V H, |1 ~q) < C, and formula (8.6),

we get
U, 1
/ “H,| < Cp/ —— = Cp.
QnaB(E.p) OV QnaB(.p) € T 12— &1l

Now using formula (8.7), we have

P
_ C € s
AU H, gcp/ —dz§Cp/ ——ds
/ssz(sl,p) o QnBELp) 2+ 12— &1 o 142

02
< C,olog(l + 5_2)

These facts prove (11.24). O

Proof of (11.25). We write

1 - aU: - 1 U, -
a=—— U.AU, + ~ Rl § A U..
2 JanB.p) 2 Janos,p) OV 2 JronB.p) 3“(11 )

Since p < %, arguing as in (8.10) we have that in B(&1, p)

AU, = Aol =2k0)t (w))  —k(©0) (w), + 0).

Thus

[ s gc[p/ Dz + [ |Dwg|+p2]
QNB(1,0) B(0,p) B(0,p)

Using estimate (8.7), we get

,0/ )Dzwj‘ §Cp10g£+0(82),
B(0,p) 1Y
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while using (8.6), we get
€
/ |Dwf| < Cp+elog = + O(e).
B(0,p) P
Thus we have
1 - _
= U AU,
2 Jans.p)

In a very similar way, one gets

1 U, -
'—/ SUS‘ <cL_<c.
2 QNIB(EL.p) v g+ p

In order to complete the expansion of (11.26), we need to compute

P
< C(p—l—e)log; + Cp.

A

% fFoﬁB(El,p) %l_]g. Since p is small and w™ is a solution to (3.1), we write

1 U, - 1 owr _
_/ sng_/ gw:(x—“;‘1=ez)
2 JronBE,p) OV 2 JronBeE,p) OV

1 ow™
= —/ w w+
2 LOQB(O,g) av

€

—1(/1 f(w+)w+dx)(1 + 0(g)). (11.27)

2

€

L
For simplicity of notation we write wt = w. We first compute [, f(w)w dx.
Since f(1) =0, f'(1) # 0 and (5.3) we have

/E S(w)wdx = 2 log (3) +C+ 0@, (11.28)
0 T &

where C is a constant. In an analogous way one can prove that

0
/ Faywdy = 2 log (3) +C 40, (11.29)
,g T &

for some constant C, using again that f(—1) = 0, f/(—1) # 0 and (5.4). From
(11.27), (11.28) and (11.29) we obtain the validity of (11.25), and this concludes
the proof of the Lemma. O

We now have all the ingredients needed to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Define,foré = (&1, ..., &x) € (Io)** with |&—£;| = 56,
the function

ux) =U:E)x) +oE)(x) x €
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where U, () is given by (3.10) and ¢ (&) is the unique solution to problem (9.1),
whose existence and properties are established in Proposition 9.1. Then, accord-
ing to Lemma 10.1, u is solution to (1.1) provided that & is a critical point of the
function F¢ (&) defined in (10.1), or equivalently, & is a critical point of

5 2k
Fe(§)=nm (; loge — Fg(é)) :

Let f‘o be the set of points & = (§1,...,&x%) € (F0)2k ordered clockwise and such
that |§ — &;| = 58 for all i # j, for some § > O sufficiently small so that all the
previous results hold true. Then, if we denote by p : [0, 2r] — ' a continuous
parametrization of I'g, then we can write

To={&=(p®1),..., pOx) € M) : [p®) —pO) =8 if i+#j}.

It is not restrictive to assume that 0 € I'g. Lemmas 10.2 and 11.1 guarantee that for
§ €T,

Fo(§) = Y (&) + Oo(§) + £O, (£) (11.30)

where ®, is uniformly bounded in the considered region as ¢ — 0, while O is
smooth and uniformly bounded, as ¢ — 0, in the considered region. We will show
that F, has at least two distinct critical points in this region, a fact that will prove
our result. The function v is C ! bounded from above in Iy and if two consecutive
points get closer it becomes unbounded from below, which implies that

Yrr, ..., 5%) = —ooas|§ —&j| — Oforsomei # j.

Hence, since § is arbitrarily small, ¥ has an absolute maximum in fo, and so does
Y + O, since O is uniformly bounded in the region, as ¢ — 0. Let us call M the
maximum value of ¥; + ®q. Thus also I:"g has an absolute maximum whenever ¢ is
sufficiently small. Let us call this value M,, so that M, = Mo+ o(1) ase — 0.0On
the other hand, Ljusternik—Schnirelmann theory is applicable in our setting, so we
can estimate the number of critical points of Y in o by cat(Fo) the Ljusternik—
Schnirelmann category of r o relative to Fo We claim that cat (Fo) > 1. Indeed, by
contradiction, assume that cat(l"o) = 1. This means that Fo is contractible in itself,
namely there exist a point & 0¢e f‘o and a continuous function Y : [0, 1] x f‘o — f‘o
such that, for all £ € f‘o,

T(0,8) =& 7,8 =¢"

Let f : S' — Ty be the continuous function defined by

—((9) (9 zi) (9 22k_1)) —¢? 9el0,2
fx)y=p@),p +n2k sees D + 27 " , x=e"~,0€][0,2r].

Let 5 : [0, 1] x ST — S! be the well defined continuous map given by

m o Y (&, f(x))
lr o Y (2, fC))I

n(, x) =
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where 1 denotes the projection on the first component. The function 7 is a con-
traction of S! to a point and this gives a contradiction. Thus we conclude that
co = sup inf (Yx + ) (&), (11.31)
CegéeC

where
E={C CTy: Cclosed and cat (C) = 2},

is a finite number, and a critical level for ¥ + ®g. Call ¢, the number (11.31) with
Vi + O replaced by F,, so that ¢, = co+o(1). If ¢; # M,, we conclude that there
are at least two distinct critical points for F, (distinct up to cyclic permutations)
in f‘o. If ¢ = M., we get that there must be a set C, with cat (C) = 2, where the
function I:} reaches its absolute maximum. In this case we conclude that there are
infinitely many critical points for F, in Tg. Since cyclic permutations are only in
finite number, the result is thus proven. 0O

Acknowledgments. This work has been supported by Fondecyt Grants 1070389, 1080099,
1090167 Fondo Basal CMM and CAPDE-Anillo ACT-125. The authors would like to thank
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Appendix A. Convolution estimates

First we need the following estimate for k defined in (4.4).
Lemma A.1. The kernel k satisfies

C(1 +log m) ifl(x1,x2) =1

k(x1, x2) = [ 1417 : =
C oy i |(x1, 2)| 2 1

(A.1)

Proof. We write

1 9]
nk(xl,x2)=/ ...dt+/ ...odre.
0 1
Then
o0 —at t 1 o0
J QSR R TN
1 xp 4 (2 +1)? xi+ 2+ D2
Xy +1

X7+ (2 + 1)?

We assume x; > 0. The integral on the other region is estimated by

1 —at 1 x2+1
t t t
/ wdé/ /‘Ld,:/ o
0 X+ (x2+1)? 0 xi+ (2 +1)? n X412

(x2+1)/x1 1 2 1
= / Lz dr = - log{ 1 + )262—+z
x2/x1 lL+r 2 xXi{ +x3

which is bounded by the right-hand side of (A.1). O



134 JuaN DAVILA, MANUEL DEL PINO & MoNIcA Musso

Proof of Lemma 4.1. Using (A.1) we can estimate

gl = C(1 + @) llhlle

where

e x)_/oo 14+ xp 1
)= | TR Ax e

and
x4 T log(x —y)*+13)| o
b2(x1,x2) = [fxl—l mnpe 9 ifn sl
0

ifxy > 1

Directly we have
C
$2(x1,x2) S ————.
(I =+ xhe

X1
1+xp°

To obtain estimates for ¢p; we change variables y = (1 + x»)r and define s =

Then
91031, %2) = /_oo G2+ 1+ +mlrhe

We can assume x; = 0 so that s = 0.
Case 1. Assume x1 < 1 + xp, thatis 0 < 5 < 1. Write

.dr+/ ...dr
Ir| =

=1+x

/oo 1 ! dr:/
oo (5 =12 F 1A+ +x2)lre IriS v,

=1+xp

‘We have

1 1 1
| 2 Ny S —
rg (s =)+ 1+ (1 +x)|r)” A<l (s —r)*+1
| |—1+A2 ‘ |—]+)€2

1 1
<cC dr<C .
= /rl 241 T 14 x
Also
1 1
/ 5 dr
2ty (6 =2+ 1A+ @+ x)lrDe
1 1
sl LE—
(1 4 x2) 12 s ((s =r)>+ DIr|*
But
| C ifa <1
dr £ 1C(1 +log(l +x2)) ifar=1
/|r|> ((s =2+ Dlr|* s ’

_1+

C +xy)* ! ifa>1
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Then
C .
= ifa <1
/ : ! dr < } CUtlog(4x) 46 g
MEms =2+ 1A+ A +x)lrh = T+
% ifao>1

Case 2. Assume x| = 1 + x, thatis s = 1. We make a further change of variables
r = st and obtain

$1(x1. 12) 1/00 ! [
X1,X2) = —
PR =0 ) e = D2+ 1/s2 (1 + x1|t)®

We split the integral in the regions
@:t]=22, G:[f|<2andt—1]21/2 (¢): |t —1] = 1/2.

In the region (a):

1 1 1 C 1

" 3 3 dr = — e
s Jpp>2 (0= D=+ 1/s7 (14 x|t sxy Sy > 5T
C o ttn
sxf T (14 xp)tte

A

In the region (b):

1 1 1 C 1
N 2 2 gdrs — T e &
s <2, ji—n=1y2 (= D=+ 1/s7 (1 4 xqt]) s Ji<o (L4 xiple))

Cxll_“ ifa <1

c [? 1 c [ 1 1
<= —dt:—/ ———dr=—1Clog(x;) ifa=1
s Jo (I 4+x11)” sx1 Jo (I +r)e SX| .
C ifoa>1
Thus
C ot i;’;%w ifo <1
1 1 1 (I4x) log(x1) -
_/ f—1D2+1/s2(1 tadté CW ifo=1
s S, i—n21y2 (0= D=+ 1/s= (1 4+ x1]t])
(11:;2)2 ifoao>1

In the region (c):

1 1 1 C 1

‘/ R s PRy
s Ji—n<t2 @ = D=+1/52 (1 + xq[t])¥ sx{ Jy—y<te @ = D=+ 1/s

e,
“sxy o 2+ 1/s?

c M1 d C
= — —_— Ay = —
x{ Jo 14712 xy
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For the proof of Lemma 4.2 we need the following estimate.
Lemma A.2. If |(x1, x2)| = 1 and |(x; — y, x3)| = 1 then

|y[12x1 —yl(x2 + 1)

A2
((x1 = 2 + (2 + D2) (32 + (x2 + 1)?) (A2

lk(x1—y, x2)—k(x1, MI=C

Proof.

1 o
k(x1 —y, x2) —k(x1,y) = —/ e (xa+1)
2 0

1 1
— d
X[(Xl—y)z-i-(m-i-t)z x12+(x2+t)2:| '
L[> _, (2x1 —y)y
- d
2w o € (X2+t)((x1—y)2+(X2+t)2)(xf+(xz+t)2) t

1
=—( I
2n(]+ 2)

where 1] = floo ...dtand I, = fol ...dt. We estimate

T (2x1 —y)y
I = at + q
1] ‘/1 e "(xa+1) ((x1 — ¥)2 + (2 + 02) (2 + (x2 +1)2) t‘
12x1 — yl Iy| /00 i
= d
S A D) ey i O

[2x1 =yl [yl(1 + x2)
((x1 = )%+ (2 + 1)?) (x12 + (x2 + 1)?)

A

O

Using the above result, the proof Lemma 4.2 is similar to that of Lemma 4.1 (we
omit the details).

Proof of Lemma 4.3. We need to estimate

00 1 1 [x1] 00
dy:/ ...dy+/ ... dy
/0 (x1 =2 +1(0+y" 0 Ix1]

The first term can be bounded

x1] 1 1 1 lx1] 1
/ 5 dy = - / — dy.
o =y +10d+y xi+1Jo QI+

C ifa>1
< { Cmax(log|x1], 1) ifa=1
Clx '« ifao < 1.

The second integral can be estimated as follows:

o 1 1 o s
2 ady§ 2+adY§C|x1| .
k) 1=y +10+y) x| Y
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Proof of Lemma 5.3. The solution is given by

u(x,0) =/ k(x —y,0)dy
0

But

1 [ e 9
kx.0) = — dr
0

x2 412

and a calculation shows that
R 1
/ k(y,0)dy = —.
oo a

Expanding in powers of 1/x,

k(x, 0) = — /oo ey Y
X, = — = — as x — oQ.
ax2 Jo 1+1t%/x2 ma?x? x*

Therefore as x — 00

o 1 1
/ k(y,0)dy = 7o T (0] =
. Ta‘x X
and then

o o 1 1 1
u(x,0)= k(y,0)dy — k(y,0)dy = —— -+ 0 = as x — 0Q.
o X a mwa‘x X

Similarly, for x — —oo
* 1 1
u(x,O):/ k(y,O)dy:T—i—O — -
oo wa“|x| [x|°

Proof of Lemma 5.4. We write

o0 1 x—1 1
u(x,0>=/ k(x—y)—dyz/ K(y.0)—— dy
1 y X =Yy

—00
so that

x—1 X x—1 y
xu(x, 0) =/ k(y,0)——dy :/ k(y,0) (1 + —) dy
—o0 X =y —0 X =y

We know already that

x—1 1 1
/ k(y,O)dy=—+0(—) asx — 00
a

0 X
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For x 2 10 we write
ol y - y vE y
/ k(y, 00— dy :/ k(y,0>—dy+/ Ky, 00— dy
—00 X =Yy —00 xX=Yy —x X =Yy

x—1 y
+/ k(y,0)——dy
X X =y
We estimate the first integral as follows:
—X —X C
‘/ k(y,0>idy‘<c/ k(. 0)dy £ <
S xX—y oo X

The second integral can be bounded by

VE C Vx C log(x
'/ k(y,0)——dy| < —/ k(y, 0)]y] dy < S8
x xX—y X X

—X

Finally

o i C -1 _cl
[ oot aysef S toays Soptof s S
Py N R R R T Ve

This proves

_ 1 log(x)
u(x,O)—E—l—O ) as x — 00.

The estimate

u(x,0) =0 (10g(|x|)) as x — —o0

x2

follows from Lemma 4.3. O

Appendix B. An estimate for the gradient of a harmonic function

Let B be the unit ball in RY. We write x € RN asx = (x/, 1) withx’ e RV "1 1 e
R. Define

B ={(x',t)e By :t >0}
I ={(,t) € B : t =0}.

Lemma B.1. There exists C = C(N) such thatifu € CZ(ET) is harmonic in B;L,
then

sup |Vu| < C | sup |Vu| + sup |u|
B, r B
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Proof. Letn € C%(RN ) with support contained in By, n = 0 such that > 0 in
2

the ball of radius 3/4 and such that % is bounded. For example, n(r) = (% —r)3

forr € (%, %) will work. Let M > 0 be such that

|Vn|?

2M + An—2 > 0 in the region where n > 0. B.1)

Let v = |Vu|?>n 4+ Mu?. We claim that either

max v < max v (B.2)
=+
B,
or
max v < M max u’. (B.3)
B/ B

If either of these estimates hold we obtain the conclusion of the lemma.

Suppose that (B.2) fails. Then maxg+ v is attained at a point xg € dB1 N Ri ora
1

point xg € B If xo € 3By NIR% then 5(xo) = 0 and so (B.3) holds.
Assume now xg € Bl+ . In this situation (xg) > 0. Let us use the notation u; = %
and the convention of summation over repeated indices. Then we may compute

v = ZMiMijn +ui27)j +2Muuj
Av = vjj = 2”%/77 +dujuijn; +Ml~21’]jj +2Muf
n>
2 2 2 2 2
2uijn — 2ul-j17 — 2u; 7 +uinj; + 2Muj

1\

Since at xo we have Av(xg) < 0 we deduce

Vo)

0>V 2(
Z [Vu(xp)| G0)

+ An(xo) + ZM) .

By (B.1) Vu(xp) = 0 and this shows that

max v = v(x0) = Mu(xg)®> < M max u’.

B B
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