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Abstract

We consider the so-called G-equation, a level set Hamilton—Jacobi equation
used as a sharp interface model for flame propagation, perturbed by an oscillatory
advection in a spatio-temporal periodic environment. Assuming that the advection
has suitably small spatial divergence, we prove that, as the size of the oscillations
diminishes, the solutions homogenize (average out) and converge to the solution of
an effective anisotropic first-order (spatio-temporal homogeneous) level set equa-
tion. Moreover, we obtain a rate of convergence and show that, under certain con-
ditions, the averaging enhances the velocity of the underlying front. We also prove
that, at scale one, the level sets of the solutions of the oscillatory problem converge,
at long times, to the Wulff shape associated with the effective Hamiltonian. Finally,
we also consider advection depending on position at the integral scale.

1. Introduction

We study the limit, as ¢ — 0, of the solution to the level-set equation

(i) uf=|Duf|+(V(£,%),Duf) in RN x(0,T) 0
(i) u¢=uo on RN x{0}. '

Equation (1.1)(i) is referred to as the G-equation, and is used as a model for

flame propagation in turbulent fluids [23,24]. In that setting, the level sets of the

function u€ represent the evolving flame surface and —V is the fluid velocity field.
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At points where u€ is differentiable and | Du€| # 0, the level sets of u€ move with

normal velocity
X t n
v:1_<v(_’_)’n> ’
e €

where n = —Du®/|Du®| is the exterior normal vector of the front. When V = 0,
level sets move with constant speed s; = 1, which is called the laminar speed of
flame propagation.

We assume that the vector field V e C»I(RN*T!L; RY)  is ZN*+!_periodic in
both x and ¢, that is, for all (x, t) € RN*! k € ZN and s € Z,

Vix+k,t+5)=V(x,1). (1.2)

Our first result says that there exists a positively homogeneous of degree one,
convex and continuous Hamiltonian H, such that, as € — 0, the u®’s converge
locally uniformly in RY x [0, 0o) to the solution i of the initial value problem
i, = HDii) inRN x [0, 00), (L3)

i =uy on RV x {0}. '

Although V is bounded, we do not assume that |V| < 1, and, hence, the
Hamiltonian

H(x,t,p) =|pl+(V(x,1), p)

is not coercive in | p| at every point (x, ¢). This lack of coercivity is the main math-
ematical challenge in the analysis. If either |V | < 1 or the nonlinearity | Du| were
replaced with |Du|2, then H would be coercive in |p| and the problem would be
within the scope of the theory developed in Ref. [14,19]. There are, however, rel-
atively few homogenization results about noncoercive Hamiltonians [1,3,4,7,11,
17], and none of them deals with the particular structure considered here.

The following simple example shows that, in the absence of coercivity, some
additional assumptions about the divergence of V are necessary in order for the #€’s
to have a local uniform limit. To this end, let V = V (x) be a smooth Z" -periodic
vector field such that, in the cube Q| = —%, %)N, V(x) = —10x, if |x| < 1/6,
and V (x) = 0if |x| = 1/3.Itis known that the u¢’s have the control representation

us (x, 1) = sup(uo (X (1)), (1.4)

where the supremum is over all functions X, € W1’°°([0, t]; RN) such that
X:(0) = x and X/.(s) = «(s)+ V(X (s)) with the controls « (-) satisfying x| < 1.
If ug(x) = (p, x) with |p| > 0, we see easily that lim,_,o|u€(0, t)| = 0 for all
t > 0. However, liminf._, o u€(x¢, t) > 0ifr > 0 and {x¢}, is any point satisfying
|xe| = €/2. Roughly speaking, the problem with such a vector field V is that it traps
the trajectories which start at the lattice points. If the divergence of V is sufficiently
small, however, it is reasonable to expect that the controls are strong enough to
overcome such traps.
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We assume that V has “small divergence”, in the sense that, for all # € R,
1 1

a(t) = — — [divi V-, Dl o)) >0 and o =/ a(s)ds >0, (1.5)
Ccr 0

where c; is the isoperimetric constant in the cube Q; (see, for instance, [15]), that
is, the smallest constant such that, for all measurable subsets E of Q1,

(EIAQINEN NN < ¢rPer(E, Qu),
and also the optimal constant for the Poincaré inequality

If =)l o,) < el DFllio,)s

for f € Wh1(Q1), 1* = N/(N — 1) and (f) = Jo, F@)dx.

To state the main results, we introduce some additional notation. Throughout
the paper we use er and BUC(U) to denote, respectively, the space-time cube
0 = Q1 x [0,11 ¢ R¥*! and the space of bounded uniformly continuous
functions on U, and we write

(V):/ V(x,t)dxdr and (xdivV):/ xdivV (x, 1) dx dt.
of of

‘We have:

Theorem 1.1. Assume that V e CO%'(RN*!; RN) satisfies (1.2) and (1.5) and
that ug € CO(RVN) is bounded. There exists a positively homogeneous of degree
one, Lipschitz continuous, convex Hamiltonian H : RY — R such that, if u® e
CORN x [0, +00)) and i € CORN x [0, +00)) are the solutions to the initial
value problems (1.1) and (1.3), respectively, with initial datum u, then, as ¢ — 0,
the u®’s converge locally uniformly in RN x [0, T to ii. Moreover, for all P € RV,

1
H(P) ;|P|/ (1= crlIdivV (- Dlipn(g,y) df + (V) + (xdivV), P). (1.6)
0

Finally, the convex map P — H(P) — ( (V) + (xdivV), P ) is coercive.

For Lipschitz continuous initial datum u(, we can actually estimate the conver-
gence rate as € — (. We have:

Theorem 1.2. Assume that ug € C*'(RN) and let u€, i € BUC@RN x [0, T]),
forall T > 0, be, respectively, the solutions to (1.1) and (1.3). Then, forall T > 0,
there exists a positive constant C that depends only on T, N, V and the Lipschitz
constant of ug, such that, for all (x,t) € RN x [0, T],

lu(x, 1) —uc(x, 1) < Ce'l3.
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In the case that, for all x € RY andr € R,
div,V(x,t) =0, (1.7)

we derive some additional properties of the function H. To simplify the statement
we also assume, without any loss of generality (see Lemma 3.1 below), that

/ Vix,t)dx =0 VreR. (1.8)
[

Then, according to Theorem 1.1, the averaged Hamiltonian H:RV - R
satisfies, for all P € RY,

H(P) 2 |P|.

We establish here a necessary and sufficient condition to have the strict inequal-
ity
H(P) > |P],

in which case we have enhancement of the speed due to averaging.

Recall that, since H is homogeneous of degree one, the level sets of i move
with speed H (7) in the direction of the normal vector i = —Dii /| Dii|. Therefore,
we refer to the situation H(P) > |P| as “enhancement”, because it implies that
such velocity fields lead to faster propagation of interfaces compared to the case
V=0

First, we state the result in the case where V depends only on x. We have:

Theorem 1.3. Assume that V € C%Y(RN) is ZN -periodic, divV = 0and (V) = 0,
and let P € RN\{0}. Then H(P) = |P| ifand only if, forall x € RN, (V(x), P) =
0. In particular, if N = 2, then H(P) = |P| if and only if the stream function E
associated to 'V is of the form E = E((P, -)) for some E:R — R thatis, Visa
shear drift in the direction orthogonal to P.

When V is also time dependent, the characterization of equality H(P) = |P|
is provided by

Theorem 1.4. Assume that, forallt € R, div,V(-,t) = 0 and le Vx,t)dx =0,
and fix P e RN\{0}. Then H(P)=|P| if and only if there exists z € BVoc(R) such
that 77 2 —|P| in the sense of distribution and the function z(x, t) = Z( <T13)IC) +1)

is ZN*t periodic and satisfies, for all t € R, in the sense of distributions

div ((z(-, 1) + (P, )V (-, 1)) =0 in RV, (1.9)

We continue with some observations about these results. Theorem 1.3 yields
that, if N = 2, H(P) = |P| and V is not constant, then P = (P, P») must be
a rational direction, that is, either P, = 0 or P/ P, € Q, since V is Zz-periodic.
For Theorem 1.4, observe that, if z is not constant, then P /| P| must be a rational
vector.
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Also, (1.9) is equivalent to saying (see Lemma 3.2 below) that, for any fixed
t > 0, the map x — z(x, 1) + (P, x) is constant along the flow of the differential
equation X'(s) = V(X (s), 7).

We remark that it is possible to construct nontrivial examples of time-dependent
flows for which H(P) = |P|. Indeed when N = 2 for any smooth, Zl-periodic
(E1, E) such that E1(0) = 0, let E(xy,x2,1) = Ej(x] +1)Ea(x2), V = VLE
and P = (1,0). Then H(P) = | P| because the map Z(s) = [s] — s, where [s]
stands for the integer part of s, satisfies the condition of Theorem 1.4. For more
analysis and numerical computation of H for specific flow structures, we refer to
[12,13,20-22].

The next result of the paper is about the long time behavior of the solution to
(1.1) with ¢ = 1 and, in particular, the convergence, as t — 00, of its zero level
set to the Wulff-shape associated with the effective H, which is given by

W={yeRN:(P,y)+H(P)=0 forall PeR"} (1.10)

We consider the initial value problem

[ut=|Du|+(V(x,t),Du> in R x (0, 00), (1.11)

u=uy on RV x {0},
and set, forall r 2> 0,
K(t)={x e RN 1 u(x,1) = 0}.

Recall that, in the language of front propagation (see, for example, [6]), the
family of closed sets (K (t),>q is a solution of the front propagation problem

v=1—(V(x,1),n)

starting from K (0) = Kj.
We have:

Theorem 1.5. Let K( be a non-empty compact subset of RN. There exist C > 0
and T > O such that, forallt 2 T,

K@) c ¢+C)yw. (1.12)

Moreover, there exists a constant Co > 0, independent of Ko, such that, if Ko
contains a cube of side length Cy, then there exist C > 0 and T > 0 such that, for
allt 2 T,

(t = C*HW c K@). (1.13)

We note that we do not know whether the size condition on K is actually
necessary.
The final result of the paper is about homogenization when V' also depends on
x at the integral scale, that is, we are interested in the behavior as ¢ — 0 of the
solutions to the initial value problem
[uf = |Duf|+ (V(x, %, L), Duf) in RN x (0,7)

ve e

u® =ug on RN x {0}, (1.14)
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where V : RN x RN x R — R¥ is smooth, bounded, and Z" -periodic with respect
to the last two variables. That is, for all (x, y, s) € RN x RV x R,

Vx,y+k,s+h)=V(x,y,s), (1.15)
is divergence free in the fast variable, that is, for all (x, y, s) € RY x RN x R,
divyV(x,y,s5) =0, (1.16)

and satisfies, for all x € RY, the “smallness” condition

1
// Vix,y,s)dyds| < 1. (1.17)
0 JOi

The homogenized initial value problem is

[ﬁ, = H(x,Dii) in RN x(0,7), (118)

i=uy on RV,
We have:

Theorem 1.6. Assume (1.15), (1.16) and (1.18). There exists H € CO(RN x RN),
which is positively homogeneous of degree one and convex with respect to the sec-
ond variable, such that, for any initial condition ug € BUC (RN)), the solution u®
to (1.14) converges, as ¢ — 0, locally uniformly in RY x [0, T to the solution it
of (1.18). Moreover H satisfies, for all (x, P) € RYN x RV,

1
H(x,P)§|P|+(/ / V(x,y,s)dyds, P). (1.19)
0 J0i

The paper is organized as follows. Theorem 1.1 and Theorem 1.2 are proved in
Section 2. In Section 3 we prove Theorem 1.3 and Theorem 1.4, while Theorem1.5
is proved in Section 4. In Section 5, we prove an extension of Theorem 1.1 to
the case where V = V (x, x /e, t/¢) has large-scale spatial variation. The Appen-
dix contains a proof of Lemma 2.3, which plays an important role in the proof of
Theorem 1.1.

About the time this paper was completed, we learned about a similar but less
general homogenization result obtained by different methods in Ref. [25]. In partic-
ular, it is proved in Ref. [25] that homogenization takes place for time-independent
advection satisfying V = V| + V, with divV; =0 and |V>] < 1.

Finally, we remark that throughout the paper we will need some basic results
from the theory of viscosity solutions, such as comparison principles, representation
formulae, etc. All such results can be found, for instance, in Ref. [5].
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2. Homogenization

We begin with some preliminary discussion and results to set the necessary
background for the proofs of Theorem 1.1 and Theorem 1.2. First, we recall that
for any A > 0 and any P € R", the “penalized” cell problem

it +Av, = [Dvy + P| 4+ (V, Dv + P) in RV (2.1)

has a unique Z" *!-periodic solution v; € BUC (RN*!), which is actually Holder
continuous and satisfies, for all (x, r) € R¥*!, the bound

—2TPIA+ 11V o) S vi EATPIA 4 1V [loo)- (2.2)

We also recall that, in the periodic setting, homogenization is equivalent to
proving that the (Av;)’s converge uniformly in R¥*! as A — 0, to some constant
¢(P) and that ¢ € C°(RY). In this case, H(P) = &(P).

In view of (2.2), to prove the convergence of the Av,’s, we need to control their
oscillations. We have:

Lemma 2.1. Forall P € RN and ) € (0, 1],
osc(Avy) < C|P|A, (2.3)
where
C =401+ Vo) @/Ne* "' N +3),

Before we present the proof of Lemma 2.1, which is one of the most important
parts of the paper, we point out its main consequence:

Corollary 2.2. Let C be the constant given by Lemma 2.1. There exists some
H(P) € R such that

I2vs = H(P)lloo < CIP|.

Proof. The maps A — Aminv, and A — A max v, are, respectively, nonincreas-
ing and nondecreasing. For the sake of completeness we present a formal proof,
which can be easily made rigorous using viscosity solutions arguments. Since the
two claims are proved similarly, we present details only for the former.

To this end, for 0 < A < p, let (x, t) be a maximum of v, — vy. Then, at least
formally, at (x, ), we have Dy ;v,, = Dy ;v;, and

Ve + vy S |Dvy + P+ (V, Dy, + P)
and
Vpt + Avy = |Dvy + P+ (V, Duy + P).
It follows that

v (x, 1) = Avp(x, ).
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Let (v, s) be a minimum point of Av,. Then

uvu(y, ) < p(uux, 1) —vp(x, 1) + v(y, 5))
S au(x, 1) — py(x, 1) 4+ pop(y, )
S A (x, ) + Ay, s) —vx, 1) = Ava(y, ),

and, hence,
min v, < min Avy.

The above remark combined with Lemma 2.1 implies that the Av;’s converge
uniformly to some constant H (P) and that

Aminvy < H(P) < Amaxv,.

We continue with the following lemma:

Proof of Lemma 2.1. Without any loss of generality, we may assume that V' is
smooth. Indeed, if the result holds for any smooth V/, then it also holds by approx-
imation for any V e C%!.

Recalling (2.2), w) = Av; satisfies, in the viscosity sense,

wis — |Dw; (x, )] — (V(x,1), Dw; (x,1)) = —Cor  inR¥N*1 (2.4)
where
Co=2(1+ [V])IPI.

It follows that (x,?) — w; (x, 1) + CoAt is a viscosity super-solution of the
level-set initial value problem

(i) z,=|Dz|+(V,Dz) in RN x (0, 00),
(2.5)
(i) z=w, on RN x{0}.

The standard comparison of viscosity solutions then implies that, for all (x, t) €
RN +1 ,

wy (x, 1) + Cort = z(x, 1). (2.6)
The next step is to understand the evolution of the perimeter of the level-sets of
z. For this we need the following result, which is proved in the Appendix.

We have:

Lemma 2.3. Assume that V.€ CVV (RN and let z € BUC (RN be a solution
of (2.5)(i). Then, for any level 6 € (inf z(-, 0), sup z(-, 0) ) such that
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{z(-,0) =0} = 9{z(-,0) > 0} = 9{z(-,0) < O} and |{z(-,0) =6} =0,
and for all t > 0, we have
{z(-.1) =0} = 0{z(-, 1) > 0} = 9{z(-, 1) < O}

as long as {z(-,t) < 0} # . Moreover the sets {z(-,t) > 0} and {z(-,t) < 0}
are locally of finite perimeter, and |{z(-,t) = 0} = 0. Finally, for any com-
pactly supported ¢ € CORN), the maps t — I(t) = f{z(.’tbg}(p(x) dx and

t— J@) = f{z(. 1<) ¢ (x) dx are absolutely continuous and satisfy, for almost
allt > 0,

d

—I() =/ ()1 — (V(x, 1), v(x, DNdHN "1 (x),
dr {2()=0}

and

d

—J(t) = —/ PO+ (V(x, 1), v(x, D)NdHN 1 (x),
dr (2(.0)=6)

where v(x, t) denotes in the former identity the measure theoretic outward unit
normal to {z(-,t) > 0} at x € 9{z(-,t) > 0}, while in the latter is the measure
theoretic outward unit normal to {z(-,t) < 0} at x € a{z(-,1) < 6}.

Continuing with the ongoing proof, suppose that there exists & € R with
inf w) (-, 0) < 6 < supw, (-, 0),
such that
{wa(-,0) =0} =03{wr(-,0) > O} =0{wy.(-,0) <6} and [{w,.(,0) =0}=0,
and such that
H{x € Q1 :wy(x,0) <0} < 1/2.
For all t = 0, set
pt) ={x € Q1 :z(x,1) < 0}].

Let [0, T) be the maximal interval on which p(t) < 1/2 for any t € [0, T).
Note that T > 0 because p(0) < 1/2. We claim that, forall0 < ¢ty <1 < T,

15

p(12) — p(t)) < — / ")) NN gy, 2.7

f

Indeed, fix a positive integer R and let Qg = (— g, g) N The space periodicity
of z gives

p(t) =RV |{x € Qr:z(x,1) <6)|.
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For h > 0 small, let x;, € C%1(RV; [0, 1]) be such that
xn=1in Qg and x4 =0in R¥\Qgip.

and, for any ¢ € [0, T, set

prn(®) = RN / () dx.
{z(-,1) <0}

and note that,
=0 ,OR,h( ) 10( )

It follows from Lemma 2.3 that, for almost all r € (0, T'),

d
5 PR = —RN / xn () (14 (V (x, 1), v(x, ONAHY 1 (x).
t {z(-.1)=0}

Moreover
/ xRN ) = HY T (26,0 = 0) N Q).
{z(.H)=0}
and, in view of the spatial periodicity of z,

HY (2,00 =0) N Qr) = RYHV 1 ({z(, 1) = 6} N Q).

The isoperimetric inequality in the box Q7 and the fact that |{z(-, ) <6}N
Q1] < 1/2 give

1
HY ({2l =0} 0 Q1) 2 = a1 < 030 0y VDY
Using once more the space periodicity of z we get

Hz(, 1) <6} N Ql}(N_l)/N =(R+ 1)—(N—1) Hz(, 1) <6} N QR+1|(N_1)/N
> (RR+1D™HY ! (pru(e) V.

Combining all the above we obtain

1 —
RV [ a0 2 SRR ()
{z(-,t)=0} cr

Next we estimate the integral

/ Xn OV (x, 1), v(x, 0)dHN ().
{z(-,t)=0}
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For some constant k depending only on N we have:
- / XV (1), w0, 0)dHN ()
{z(-.H=0}

= —/ div(x, V) (x, 1) dx
{z(-.1)<0}

A

—/ xn(X)divV (x, 1) dx + D xnlloo IV oo |Qr+n\ Okl
[2(,1)<6)

1/N (N=1)/N
(/ |[divV (x, t)IN dx) (/ Xh(x)N/(N_l) dx)
OR+1 {z(-,1)<0}

+kRV Voo
< R+ DRV vV, Dl v g, (or1 (D)

A

(N_l)/N + kRN_IHVHOO

Hence, for almost all r € (0, T'), we get

d 1 ( R \"" R+1
. (N=1)/N
EﬁR,h(f) = _(Z (R_-i—l) —THdWV(', Dizveo,y JorA(@)) /

+k||V||
R" "

Integrating first over [#1, t>] and then letting 2 — 0 and R — +o0 gives (2.7).
Since a(r) = 0, p(¢) is non-increasing on [0, T'). Hence T = +o0. Integrating
(2.7) over (0, t) we obtain, for every ¢t = 0, that

N

1 13
p(t) < [p”Nm) -5/ a(s)ds} ,
N Jo N
where [s]+ = max{s, 0}.
From the assumption p(0) < 1/2, it follows that

N ! N
* > . >
t _1+21/Na* :mflt./o oc(s)dszZl/N],

and, hence, p = 0 in [#*, 00). The continuity and the spatial periodicity of z then
yield that

2260 inRY x [r*, 00).

Let k be an integer in the interval [¢t*, t* + 1]. The space-time periodicity of w;,
and (2.6) give

inf inf w;(x,1) inf inf wy(x,1)
€[0,1] xeRN relk,k+1] xeRN

inf inf z(x,1) — CoA(t* + 2)
relk.k+1] xRN

0 — Cor(t* +2). (2.8)

1\

1\
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It follows that, if & € R is such that

Hx e Q1 :w,(x,0) <0} <1/2, 2.9
then
zei[l(l).fl]xierﬁng wy(x,1) 260 —Ca (2.10)
where

C=Cot"+2).
Now we derive an upper bound. To this end, suppose that & € R with

inf wy (-, 0) < 0 < supw, (-, 0),
such that
{wr(, 0)=0} = {wxr(-,0) > O} =0{w,.(-,0) <O} and [{wi(-,0)=0}] =0,
and such that

{x € O1:wy(x,0) >0} < 1/2. 2.11)
The claim is that

meitxwk(x,t)§9+Ck, (2.12)
X,

where C = 2|P|(1 + ||V |loo) 2 + N27V/N (@*)~1). Indeed, arguing by contradic-
tion, we assume that

max wy(x,t) >0+ CA.
x,

Then, by continuity and periodicity of w;, there is some t € [0, 1] such that
H{x € Q1 :w)(x,7t) >0+ CAr} > 0.

Let z satisfy (2.5-(i)) with initial condition z = w; on RY x {r}. As before, we
have, for all (x, ) € RN x [z, +00),

wy(x, 1) = z(x,t) — Cor(t — 1).
Set
o) =|{xe€eQ1:2(x,t) >0 +CA}| t=1, (2.13)

and observe that p is continuous with p(t) > 0. Then, arguing as before, we find
that, forall T < 1 < 1,

5]

p(t) — p(t) = / a(s) minf{p(s), 1 — p()HV" DN a5, (2.14)

5l
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Since a(t) = 0 for all + = 0, it follows that p is nondecreasing on [t, +00). We
claim that there is some 7 < t* = 7 + 1 + N/(2/Na*) such that p > 1/2 for
t 2 T. Indeed, otherwise, p < 1/2 on [z, t*] and integrating (2.14) over [z, 1*]

gives
" N
t* = l/t a(s)ds > 1
p = N . 2’

which contradicts our assumption. Let now k be an integer in [T, T + 1]. The
time-periodicity of w; yields

1/2 < p(k) =|{x € Q1 : z(x, k) > 0 + CA}|
S H{x € Q1 :wylx, k) + Corlk — 1) > 60+ CA}|
=|{x € 01:wy(x,0)+ Cortk — T) > 6 + CA}|.

It follows from k < (¢* + 1) that
Cotk—1) =C and|{x € Q1 :wi(x,0) >0} = 1/2,

which contradicts the definition of 8, and, hence, (2.12) holds.
Finally, set

6 = sup [0 eR:|{xe Q1 : wy(x,0) <0} < %] (2.15)

In view of the above, using (2.10) and (2.12), we get

min min wy (x,1) =6 — Cx (2.16)
t€[0,1] xeRN
and
max max wy(x,7) <0+ Cx, (2.17)
1€[0,1] xeRN

where C = 2|P|(1 + ||V ]loo)(3 + N27VN ja*). It follows that osc(wy) < 2CA,
and, therefore, (2.3). O

We proceed with the following proof.

Proof of Theorem 1.1. Let H(P) be defined by Corollary 2.2. The fact that the
map P — H(P) is positively homogeneous, convex and Lipschitz continuous fol-
lows easily from the properties of (2.1) and the comparison principle of viscosity
solutions.

To prove (1.6), first we perturb (2.1) by a vanishing viscosity, that is, forn > 0
we consider

v] , +Av] —nAv] = [Dv] + P[+ (V. Dv] +P) inRV(218)

which has a unique Z"*!-periodic solution v; € BUC(RN*!) which is at least in
C'(RN*1) and converges uniformly, as  — 0, to v;..
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Integrating (2.18) over er and using the periodicity, we find

/Q+ ,\v;?dxdtz/g+ |DvQ+P|dxdr+/+<v, Dv}) dx di + ((V), P).
1 1

0]
Set

E(x) = (P, x), (vi(1) =/ vl(x,)dx and (&) = §(x) dx.
01 01
Since both V and v;_ are ZN +1-periodic, for each ¢t € [0, 1], we have

/ (V(x, 1), Dv}(x, 1)) dx
01

=— [ (x,1)— (V] () divV (x, 1) dx

01
= - 0 (v (x, 1) — (V1)) + E(x) — (E)divV (x, 1) dx
1
+ [ (E(x) — (£)divV (x, 1) dx.
(0]

Applying, for each ¢ € [0, 1], Holder’s and Poincaré’s inequalities yields

/Q (v (2, 1) = (V) + E(0) — (ENdivV (x, 1) dx
1

+ (N=-1)/N
01 X

1/N
X (/ [divV (x, )|V dx)
01

< ¢ (/ |Dv;7(x, t)+ P| dx) |divV (-, t)”LN(QI),
01

and, since

/Q+(§'(x) — (E)divV (x,t)dx df = ( (xdivV), P),
1

1
/+Av;7(x,t)dxdt§/ (l—C[”diVV(',t)”LN(QI))/ |Dv:\7(x,t)+P|dxdt
0] 0 01

+{{(V) + (xdivV), P). (2.19)
Finally, in view of (1.5), we have, for all 1 = 0,
L —cr||ldivV (-, Dy, 2 0,

while the periodicity of v, implies, again for all 7 = 0, that

|p|:‘ (Dv}(x,1) + P)dx g/ |Dv] (x, 1) + P|dx.
01 01

Letting n — 0 and then A — 0 in (2.19) we obtain (1.6). O
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Error estimates for the periodic homogenization of coercive Hamilton—Jacobi
equations were obtained earlier in Ref. [10]. Although the proof of Theorem 1.2 is
almost the same as the one of the analogous result in Ref. [10], we present it here
for the sake of completeness. To simplify the presentation below we denote by C
constants that may change from line to line but depend only on u, || Dug|l« and V.

We have:

Proof of Theorem 1.2. Forall (x,¢, P) € RV x R x RV, set
H(x,t,P)=|P|+(V(x,1), P).

To avoid any technical difficulties due to the unboundedness of the domain, we
first assume that u is (M€)Z" -periodic for some positive integer M, which implies
that u€ and i are also (Me)ZN -periodic, and we obtain the estimate with constant
independent of M. Then we use the finite speed of the propagation property of the
averaged initial value problem, to remove the restriction on u.

Let vy = vy(-,; P) € BUC@RN*!) be the ZN*!-periodic solution to (2.1)
and recall that the map

P — Avy (-, 5 P)is (1 4+ || V| x)-Lipschitz continuous. (2.20)

To simplify statements henceforward, we say the f is L-Lipschitz continuous if it
is Lipschitz continuous with constant at most L.
Fix T > 0 and consider ® : RV x [0, T] x RY x [0, T] — R given by

D(x,t,y,s)=u’(x,1) —u(y,s) — evy, (—,—, 3
&

(t —s)?
2¢

—Js,

where 8 € (0, 1), 2 € (0, 1) and § > O are to be chosen later.

Since @ is periodic in the space variables, it has a maximum at some point
(%, %, 9,5). The main part of the proof consists in showing that either f = 0 or
§ = 0 for a suitable choice of A and 3.

We argue by contradiction and assume that# > 0and§ > 0. Since i is Lipschitz
continuous and (2.20) holds, by standard arguments from the theory of viscosity
solutions, we have

_ 1-B A
Clubi e (1 4 & ) amd TS <c 2.21)
eb A

We claim that

(2.22)

~>
o ||
©>
[IN
T
~—
=>
2 |
=
<>
N—
+
a
~—
m.—
‘:L
+
>
N—
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Indeed for o, B > 0 small, let (xy, ty, Yo, 7> Zo) b€ @ maximum point of Wy
given by

=%\ k=3P @t—-5?
Wy (x,t,y,r2) =u(x, 1) — , 7, — —
1,8, y,1,2) = uf(x, 1) EUA(}’V Eﬂ) o >

1
-5 <|8y —xPP 41z — x|+ ler — t|2)
2a

—§<|x—£|2+<t—f>2>.

Since (%, £ ) is the unique maximum point of Wy (x, ¢, x /¢, t /¢, x), we have that
(Xg» tas Yas Ta» Zo) CONVeErges to (%, 1, X /e, t/e, X) as @ — 0, with

1
lim  — (Joy = %al? + 20 = X + lora —1al’) =0, (223)
a—0t 20

while (2.20) implies that

_ -8
2 — Yol < o€ —. (2.24)

From the equation satisfied by u® we have

ty —S  ty — €T, o
- +“a°‘+ﬁ(ta—t)

&

Xg ly Xqg—3Y Xy —€& Xog — 2 .
< H(_‘)‘,ﬁ, o 5 Y 4@ Yot e e +,8(xa—x)), (2.25)
e & e o o

while from the equation satisfied by v, we also have

ty — EF, Za— Y Xqg — & Za— Y
L R L Ty [ 7Y P oL it
o &b o &b

Using the bound on the oscillation of the Av,’s in Lemma 2.1, we get

(= +C}\|za—y|§H Yoty e T8 | Za = VY la =
&b b o b o

Combining the above inequality with (2.25) and using the regularity of H gives

|ZOZ_)A)| > lOl
ef =

H(Z“;ywcx
£

-5 R
+/3(toz_t)
&

Za — X la — X A
_C(|aﬂa|+|a a|+ﬂ|xa_x|)
I o

Xo

+

_C(S

— — Va
Using (2.23) and (2.24) we now let ¢ — 0 to get

L SN L S ’\_A ]7/3
A5 ral St i et

&b e T ¢ A
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Recalling (2.21) we obtain

_ A a lﬂ l"\—A
A=) v rse Pt )28
gﬂ A &

and, since A € (0, 1), we finally get (2.22).
We now show that

A_A A_A 1_,3
t -
S—8§H(x y)—cs . (2.26)
e &b A

To this end, for «, 8 > 0, we consider

A - 2 - 2
X —Z X — r—s
) X — yl +( )

+ 8s

Wy (y,s,z) =u(y,s) +evx( o %

lz—yl*> B

512 a2
+ o +2(|y Y7+ s —s19),

which has a minimum at some point (yg, Sq, Z¢)- Using (2.20) and the fact that (y, §)
is the unique minimum of the map (y, s) — Wa(y, s, y), we find that (yy, S¢, Za)
converges to (7, §, ) as « — 0, with

gl=p |Za _yoz|2

12 = Yal < and  lim 229 g

o A a—0 o

Since u solves (1.3) we have

P (i -
s“-azH(’“ - Z"‘—ﬂua—&)),
& & o

and, in view of the Lipschitz continuity of H, letting & — 07 gives (2.26).
Combining (2.22) and (2.26) we obtain

gl=p
(i) <o

which for & = ¢(1=#)/2 and § = 3C!1=P)/2 gives a contradiction. So either 7 = 0
ors =0.
Next we estimate max, y s ©(x, 0, y, s) and max, ; , ®(x, ¢, y, 0). We have:

max dD(x,O,y,s)
Xoys

l—ﬂ |x_y|2 52
< aXIuo(x)—uo(y)+Cs+C Ix—yl—————Ss]
X,,8 2eb 2¢
< ax|C|y—x|+C _Ix—y|2
= 2eP
B

X,y
S C(ef +e) <C6ﬂ,
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and, similarly,

max ®(x,t,y,0) < C &P,
X,V,8

Therefore, for any (x, 1) € RY x [0, T, we have
ut(x, 1) —ii(x, 1) <8t + CeP < CcTeP/2 4 CeP.
Choosing = 1/3 finally gives
ub(x, 1) —u(x,t) < Cce'/3.

This reverse inequality can be obtained in the same way. O

3. Enhancement of speed

To prove Theorem 1.3 and Theorem 1.4 we need three results; we formulate
these as Lemmas, here, but present their proofs at the end of the section.
We begin with:

Lemma 3.1. Let V and H be as in Theorem 1.1. Then, for any Z-periodic ¢ €
CL(R; RN), the averaged Hamiltonian associatedto V — c is H— (fol c(s)ds, -).

The second preliminary result is:

Lemma 3.2. The divergence zero condition (1.9) is equivalent to the fact that, for
any fixed time t, the map x — z(x,t) + (P, x) is constant along the flow of the
ODE X'(s) = V(X (s), 1).

To state the final result, we recall the notion of an g-mollifier. To this end,
let ¢ € C(RNTL;[0,1]) be such that ¢(0) = 1 and [py+1 ¢ = 1 and define
the e-mollifier ¢; by ¢ = e~V V¢ (x /e, 1/e). Then [pvi1 ¢ = 1 and, for any
felLl (RNt f. = f % ¢, is a smooth approximation of f.

loc
For the rest of the section we assume that, for each t € R,

div,V(,t) =0 and / Vix,t)dx =0; 3.1
01

recall that the average zero condition is actually not a restriction, since we can
always replace V by V — f 0 V(x,t)dx, a fact, which, in view of Lemma 3.1,
simply adds a translation to the effective Hamiltonian.

The final preliminary result is:

Lemma 3.3. Assume (3.1) and fix P € RV . There exists a bounded, ZN ' -periodic
z € BVIOC(]RN x R) such that, for all ¢ > 0 the smooth functions 7. = z * ¢.’s
satisfy in RN T1

Zeq + H(P) 2 |Dze + P
+/ @, ) + (P, y)(D@e(- — y,-—5), V(y,s))dyds.
RN+
(3.2)
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We proceed with Theorem 1.3, which is a straightforward consequence of The-
orem 1.4. We have:

Proof of Theorem 1.3. If H(P) = | P|, then let

(P, x)
|P|

1
z(x,t):i( +t) and zl(x)=/ z(x, s)ds,
0

where Z is given by Theorem 1.4.

Since V is independent of x, z; also satisfies (1.9) in the sense of distribu-
tions and, since z is periodic, z; is actually a constant. In this case (1.9) reduces to
(V(x), P) =0forallx € RV,

When N = 2and (V) = 0, there existsaZz-periodic stream function E : R? —
R such that V = (—%, %). In this case, if P = (P, P;) and g = (— Py, P»),

(V, P) = 0 in R? becomes
0= (DE(x),q).

If ¢ is an irrational direction, then the map ¢ — x +¢ is dense in R?/Z?. Since
E is constant along this trajectory, E is constant and therefore V' is identically equal
to 0. Otherwise, t — x + tq is periodic and E has to be constant along this trajec-
tory. This means that E = E((-, P)) for some smooth periodic map E:R > R,
and, hence, V is a shear advection.

Conversely, if (V, P) = 0 in R¥, then vy = |P|/A is the unique solution to
(2.1), and Av, = | P| clearly converges uniformly to H(P) = |P|. O

We turn now to the proof.

Proof of Theorem 1.4. Assume that, for some P € RV\{0}, H(P) = P and let
z be given by Lemma 3.3. We first prove that z is a function of only (P, x) and 7.
More precisely, we claim that there exists Z € BV, (RZ) such that

z=7Z((P,x),t)and Z;(s, t) = —1 in the sense of distributions. (3.3)

To this end, let ¢, and z; = z * ¢, be as in Lemma 3.3; note that z; is ZN+L
periodic. Then, for all (x, ¢) € RN x R,

/ / @(y,s) + (P, y){Dge(x — y, 1 —5), V(y,s))dydsdx = 0.
01 RN+
(3.4)

Indeed the periodicity of z and V gives,
| G0+ (P D6 = 3.t =51, V(3,90 dy dsda
01 RN+1

= G0N =0t = OV 09, v dyds a0
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=/ / (2 — yot — )4+ (Pox — Y)be(y )
RN+L J§ 301
x(V(x =y, t —s), v )dHN 1 (x)dyds
/ / Ve IV (x — v, 1 — 5, ve)dHV 1 (x0) dy ds.
RNH Q1

while (3.1) yields
Lo [ Pex =000V = ot = 90w 0y dy s
RN+ 901
= / / divy (P, x — ¥)¢e(y, )V (x —y,t —s)) dxdyds
]RN-H Q]
=/ / (P,V(x —y,t —8))¢p:(y,s)dxdyds =0,
RN+1 Q]

and, hence, (3.4) holds.
Next we integrate (3.2) over Q1 x (0, 1). Using (3.4) and the periodicity of
z¢(+, 1) we get

1
/ (Dzs(y, 1) + P)dy| di
01

1
|P|=H(P)z// |Dze(y, t) + P|dydr =
0 JOi
=|P|.

It follows that, for all (x,7) € RNT!, there exists 6(x,7) = —1 such that
Dz.(x) = 6(x,t)P. Thus z, is of the form z.(x,1) = Z.({x, P), t), with Z, :
R? — R satisfying Z, (s, ) = —1.

Passing to the limit ¢ — 0, we also find that z = Z({x, P), t) for some map
7 € BVj,e(R?, R) satisfying Zs(s, 1) = —1 in the sense of distributions, whence
(3.3) holds.

Next we claim that 7 satisfies, in the sense of distributions,

Zi(s, 1) = Zg(s, 1)|P|  inR?, (3.5)

and that (1.9) holds. Note that this proves the “if” part, since (3.5) implies the
existence of amap zZ € BV}, (R, R) such that

(s, ) =2(IP|ts +1).

Moreover we have Z'(s) = —|P| in the sense of distributions because Z (s, ) =
—1 in the same sense. Finally, z(x, ) = 2 ( B+ t) is periodic in space and time.

We continue with the proofs of (3.5) and (1.9). If z is constant, then (3.5) is
obvious and (1.9) just follows from (3.2) when ¢ — 0.

Next, we assume that z is not constant. In this case z = Z({-, P), t) is ZN+t1-
periodic and not constant. Therefore P has to be a rational direction. So, up to
a rational change of coordinates, we may assume without loss of generality that
P = 0e; for some 6 > 0, while V is still ZN+1—periodic.
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Using the notation x = (x1, x") for each vector of RV with x; € R and x’ €
RN for a fixed (x1,1) € R? we integrate (3.2) over the cube {x} x Q’1 x {t},
where Q) = (—1/2,1/2)N~!, and obtain

Zea((Pox), 1) +|P| 2 Zes((P,x), 1) + 1| P|
+/ / (ZOx1 —y1), t —5) +0(x1 — y1)){(De(y, 5),
Q/l RN+
V(x —y, t —s))dydsdx’. (3.6)

It turns out that the last integral in the right-hand side of the above inequality
vanishes. Indeed

/ / (Dpe(y,5), V(x —y,t —s))dy dx’
I JRN-I

0
:/ ﬁ(y,s)/ V](x—y,t—s)dx’dy/
RN-1 0X] 0,

J v,
+Z/ / 93 5) 5L (x =y, 1 — )y’ d.
=2 01 RN Yj
The periodicity of V yields, forany j =2,..., N,
AV 7y
Ge(y, ) —L(x—y,t—s)dx'dy’ =0,
RN-1 Q/1 Bx/~

while the divergence free condition and, again, the periodicity give

d aV,
— Vl(x—y,t—s)dx’z/ —l(x—y,t—s)dx’
0x1 0, 0, 0x1
N
A%
=—Z/ —l(x—y,t—s)dx'z().
= /] 3)6.,'
On the other hand,

12
/ / Vl(x—y,t—s)dx’dxlz/ Vi(x,t —s)dx =0,
-1/2J ¢ 01

and, hence, for all x; € R,
/ Vilx —y,t —s)dx =0.
0}
Therefore
/ / (Dge(y,s), V(x —y, t —s))dy dx’ =0,
0] RN-1

which, going back to (3.6), proves that

Zes((P,x), 1) 2 Ze s((P,x), 0| P|  inRVTL,
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Since Z; is periodic, integrating the above inequality over (—1/2, 1/2) x (0, 1)
shows that in fact it must be an equality. Letting ¢ — 0 then gives (3.5).

To prove (1.9), we first combine (3.2), (3.3) and (3.5) to get, for all (x,¢) €
RN'H,

02 [ G0uD + PoDDBG = 30t =), V(s dy s

Averaging over the cube Q1 we see that, as a matter of fact, equality must hold
for all (x, ) € RV*1,

Integrating the resulting equality against any compactly supported smooth func-
tion ¥ : RY — R we get

/]RN /]RN+1 Y(x)(z(y,s) + (P, y))(Dps(x —y,t —s),V(y,s))dydsdx =0,

and after integrating again by parts and letting ¢ — 0, we obtain, for all # € R,

/RN<D1/f(X), (z(x,t) + (P, x))V(x,t))dx =0,

which is exactly (1.9).

To prove the “only if” part let Z be as claimed. Since Z € B V), (R, R), we may

assume without loss of generality that z, and, hence, z(x, ) = 2 ((f I;)\C> + t) are

lower semi-continuous.
We show next that z satisfies, in the viscosity sense,

z+|P| = |Dz+ P|+(V,Dz+P) inRV*! 3.7)

To this end, let ¢ be a smooth test function such that z = ¢ with equality at
(&, 7). It follows from equality z(x, 1) = 3 (<f,;f> + t) that D¢ (%, 7) = OP/|P|
where 0 = ¢,(x, ).

Since ' 2 —|P| in the sense of distributions, it follows that 8 > —|P|. More-
over recalling (1.9) and Lemma 3.2, we have, for a fixed ¢, that the function x —
V(x,t) + (P, x) is constant under the flow of the ODE X'(s) = V(X (s), t).

Let now X be a solution with X (0) = X and ¢ = 7. Then, for any s € R,

G, D)+ (P, %) = 2(X, 1) + (P, X) = 2(X(5), 1) + (P, X (s))
Z ¢(X(s), 1) + (P, X(5)),

and, therefore,

d N e -
0= 35, [6X@.D+(X). P)] = (DP. 1) + P. V(X D).
s=0

Combining the above relations gives
¢1 (%, 1) + |P| = |D@(x, 1) + P| + (V(%, 1), Dp(X, 1) + P),

that is, z is a super-solution of (3.7).
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Then it is easy to check that Z(x, ) = z(x, 1) + % 4 |1zllco 1S a super-solution
of (2.1). It then follows from the comparison principle that

v S 24+ AP+ zlloo.

Recalling that Av; converges uniformly, as A — 0, to H(P), we obtain H(P) <
| P|. Since the reverse inequality always holds, the proof of the implication is
complete. O

We continue with the proofs of the lemmas.

Proof of Lemma 3.1. Fix A > O and P € RV, let v; be the solution of (2.1) and
let us recall that Av, converges uniformly, as A — 0, to H(P).
Seté = [, c(s)ds and consider w; € BUC (RN*!) given by

t t =
- c
wi(x, 1) = v(x —/ c(s)ds, 1) — (/ (c(s) =) ds + - P) + 2l|cllool PI.
0 0
It follows that w;, is a super-solution of
2t + Az, = |Dzp + Pl +(V —c, Dz; + P)  inRVTL (3.8)

We present only a formal proof, which can be easily justified using viscosity
solution arguments. To this end, observe that it is immediate from the definition of
w; that

Wy, + Awy = —(Dvy, c(t)) + vy — (¢ — ¢, P) + dvy — (C, P),
while
[Dwy + Pl +(V —c, Dwy + P) = |Dv; + P|+ (V — ¢, Dvy + P).

The comparison principle now gives w; = z, where z;, is the solution of (3.8).

Since the 1z,’s and the Aw;,’s converge uniformly, as A — 0, to the aver-
aged Hamiltonian H_.(P) associated to V — ¢ and to H(P) — (¢, P) respectively,
we get H.(P) < H(P) — (¢, P). The opposite inequality is proved similarly by
considering —c instead of c. O

Proof of Lemma 3.2. Let X, (-) be the solution of X'(s) = V(X (s), t) with initial
condition x at time s = 0. Then, forany 2 € R and ¢ : CSO(RN ) the divergence
zero property of V yields

/RN V() (z(Xx(h), ) +(P, Xx(h)))dX=/RN V(X (=h)(z(x, )+ (P, x)) dx.

Therefore, in view of (1.9),
d
— / Y (x)(z (X (h), 1) + (P, Xy (h))) dx
dh - JrN

= /RN(Dw(x), Vix,0))(z(x, 1) + (P, x))dx =0,
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Applying this last equality to the test function ¥ o X, (—s) we get
d
dh -

d
=— / Y (Xx(=8)(z(Xx(h), 1) + (P, Xx(h)))dx = 0.
dh - JrN

/N V() (X (s + 1), 1) + (P, Xc(s + 1)) dx
R

Hence dszN Y (x)(z(X¥(s), 1) + (P, X*(s))) dx is constant in time, which
means that z(-, 7) is constant along the flow. O

Proof of Lemma 3.3. For 1 > 0, let v, be the solution of of (2.1) and set
2 (x, 1) = vax, 1) — v (0, 0).

It follows from Lemma 2.1 and Corollary 2.2 that, for some C > 0 independent
of A,

lz:lloe = CIPI.

Next we show that the z;,’s are also bounded in BV, (RV11). Indeed, fora > 0,
consider the ZV+! -periodic solution v; o to

Un,a,t AU, o =0 AV o + |DVy o + P|4+(V, Dvy o + P) in RNH, 3.9)

which is at least in C'! and, moreover, converges uniformly, as &« — 0, to vj.
Integrating (3.9) over a cylinder of the form Qr x (—R, R) for some positive
integer R, we obtain, using the periodicity, that

/ M 2 / v + Pl
OrX(—R,R) OrX(—R,R)
+/ (V(x,t), Dvy o(x,t) + P)dxdt.
OrX(—R,R)
Since, in view of (3.1),
/ (V(x, 1), Dvy o(x,t) + P)dx =0,
Or
it follows that

/ 1DV + Pl < 2RV A0 o lco- (3.10)
Orx(—R,R)

Let ® € C°(Qr X (—R, R); RN*1Y be such that |® (x, 7)| < 1 forall (x, 1) €
RN+ From (3.9) and (3.10) we get

/ Uy odivy P dxdr = —/ [Vi,a,: P + (D) o, P)]dxdt
Orx(—R,R) Orx(—R,R)

= _/ [()\vk,a —aAvy o — |ka,a + P|
Orx(—R,R)
—(V, Dvy o + P))® + (Dvy o, D) dx dr

< Cr(P)[Avsalloo+a / vy W AD dx dr,
Qrx(—R,R)

where Cr(P) depends only on N, R, ||V ||o and P.
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Letting « — 0 yields
/ vdivy ;@ dx dt SCr(P)[[Av;lloo S CR(P)(H(P)+CR), (3.11)
OrXx(—R,R)

which in turn implies, in view of the assumptions on ®, that the z,’s are bounded
in L and in BV}, uniformly with respect to 1. Hence the z;’s converge, up to a
subsequence and in L}oc, to some ZN T1-periodic z € BVj,.(RN*1).

Let ¢ > 0, ¢, and z. as in statement of the lemma, set z) o = ¢, * z), and
Zhwe = Qe * 25 and fix (x, 1) € RV

It follows from (3.9) that

Zh,a,et T )\Zk,a,s + )\U)L,a 0,0) i aAZk,a,s + |DZA,a,8 + P|
+/ Ge(x —y,t =)V (y,5), Dz, o(y,s) + P)dyds.
RN+1

Integrating by parts and using (3.1) we find
Zh,a,et T )"Zk,a,s + )\Uk,a(oa 0) 2 aAZA,a,s + |DZA,a,£ + P|

+/IRN+1(ZA’a(y’S) + (P, y)(Dgs(x — y,t —5), V(y,5))dyds.

Letting first « — 0 and then A — 0 gives (3.2). O

4. Convergence to the Wulff shape

We begin by recalling some important facts from the theory of front propagation.
The first is (see, for instance [6]), that the family of sets (K ()),>( is independent
of the choice of ug as long as Ko = {x € R" : up(x) = 0}. The second (again see
[6] and the references therein), which we will use repetitively in the sequel, is the
following superposition principle of the geometric flow. If (Kg )oceo is an arbitrary
family of non-empty closed subsets of R, with corresponding solution (K (1)) 1>05

then the solution starting from | J,.q K g is given by (Jyece K 9(1)),>- This can be
seen either by using the control representation of the geometric flow or the stability
and comparison properties of viscosity solutions. A consequence is the well known
inclusion principle. If Ky C K, are two non-empty closed subsets of RV, then
the corresponding solutions (K (¢)),>, and (K'(r)),> satisfy K (t) C K'(¢) for all
t 2 0.

We also remark that the convergence, as t — 00, of the level sets of geometric
equations without spatio-temporal inhomogeneities was considered in Ref. [18].
The results of Ref. [18] do not, however, apply to the problem at hand.

The proof of Theorem 1.5 is long. We formulate two important steps as separate
lemmas which we prove at the end of the section.

The first step regards some “controllability” estimates. We have:

Lemma 4.1. Assume (3.1). There exist a positive integer no and T > 0 such that,
for all x € RN, the solution (K (1)), >0 of the front propagation problem starting

from the set x + {k € ZVN : |k| < no} contains Q1(x) at time T.
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The second step regards some growth properties for fronts.

Lemma 4.2. There exist a positive integer R and positive constants r and Ty such
that, if the initial compact set Ko C RN contains a set of the form Q i (k) for some
k € ZN, then the solution (K (1)) >0 Of the front propagation problem starting from
Ky satisfies, for all t Z 0,

OrkyCKt+T) Vt=0.
We can now continue with the proof.

Proof of Theorem 1.5. We first show (1.12). It is well known (see [6]) that the
characteristic function 1k ;) of K (¢) is a solution to the geometric equation

du = |Dul+ (V,Du) in RN x (0, +00). @.1)
Next, fix a direction v € RY with |[v] = 1. For A > 0, let v, be the solution of
Vs 4+ Avx = [Dvy + v+ (V, Dvy +v)  in RN,
and recall that there is some constant C independent of v and A such that
osc(v;) £C  and  |Avy — HOW)|loo < CA.
It is immediate that
2(x, 1) = va(x, 1) = 0:.(0) + (v, x) + (H(v) + CAMt + C,

with

C=C—min(v,x)+1,
y€Ko

is a super-solution of (4.1). Since (4.1) geometric, it is immediate that max(z, 0) is
also a super-solution. Moreover, we clearly have max(z(-, 0), 0) = 1g,.
The standard comparison gives, for all (x, r) € RN x [0, +00),

max(z(x, 1), 0) = 1g () (x),
which, in turn, implies that, for all r = 0,
K(t) Cf{x eRY :z(x,1) 2 1).
Recalling that I-_I(v) = |v| = 1, we find, for all (x, 1) € RN x [1, 00),
2, S (v, x) + (H©) + CAO1+C+C = (v, x)+Hw)((1 + CM1+C+0),
and, therefore, for all # = 0,
KO cfxeRY :(v,x) +HW(A+CAt+C+C—1)20) Vr2>1.
Letting . — 0, we get, for all # = 0 and a new positive constant C,

KO CcixeRY: (v, x)+ Hw)t+C) =0} Vi=>1.
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Taking the intersection of the right-hand side over all v we obtain, by the
definition of W, that, for all ¢+ = 0,
K@) c@t+Ow.

The proof of (1.13) is more intricate. To this end, let R, r and T be defined
by Lemma 4.2 and let (K (¢)),>, be the solution of the front propagation problem

starting at Ko C R, a compact set which contains Q (k) for some k = Z" . Then,
forallt = 0,

B, CK(t+T). 4.2)
Recall that u®(x, t) = 1x (/¢ (x/¢) is the solution to

u; = |Du’| 4+ (V(x/e, t/e), Du®) in RY x (0, 00),

ug(x,O) = IKO(_x/g). (43)

and, in view of (4.2), for all (x, r) € RN+,

ué‘(x’ t) Z IB,(,/E,TI)(-X/S) = 1Br({78T1)(x)‘

Next, fix § € (0, 1) such that 71 + §/(re) is an integer and, for ws(x) =
(8 — |x]) v 0, let w§ be the solution of (4.3) with initial datum ws. Then we know
from Theorem 1.2 that there exists a constant C > 0 such that, for all 7 € (0, 1),

- o
lw§ — slloc < Ce'/?
where ws is the solution of the homogenized problem

ws; = H(Dws) in RN x (0, 1),
ws(-,0) = ws onRY.

Note that the constant C is independent of § because the w;’s have Lipschitz
constants which are bounded uniformly in §.
From the Lax-Oleinik formula, ws is given, for (x, ) € RN x [0, 00) by

ws(x, 1) = sup ws(x —ty).
yeW

Since ws < 1p, < u®(-, €Ty + 8/r), it follows, from the time-periodicity of V
and the choice of 8, that, for all (x,7) € RY x [0, 1]),

wi(x, 1) Suf(x,t + €Ty +38/r).
Hence, for all ¢ € [0, 1],
{wi(. 1) 2 8/2) C{u" (.t +eTi +8/r) 2 §/2},
while

(W, 1)28/2) D {ws(-, 1) =8/2+Ce'/*} D {sup ws(- — 1y) =8/2+Ce'/3).
yew
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If we choose §/2 — Cel/3 > 0, then

{sup ws(- — 1y) =8/2+Ce'3} o {x : sup S—|x—ty]) =8/2+Ce'/3} > 1t W.
yeW yew

Therefore, for all ¢ € [0, 1],
eK((t+eTi1+38/r)/e) ={u®(,t +eT1 +8/r) = 8/2} D tW,
that is, for all ¢ € [0, 1/¢],
K@t+T1+6/(re)) Dt 4.4

Finally, for ¢ sufficiently large, choose e = 1/ (t—4Ct*3/ryands = (n—T)re
where 1 is the integer part of 4Ct?/3/r 4+ 1. Then n = T} + §/(re) is an integer,
§/2 — Ce!/3 is positive and, applying inclusion (4.4) to t — n which belongs to
[0, 1 /], we get

K() D (t — C**Hw
for some new constant C. 0O

We conclude the section with the proofs of the two lemmas used in the proof.

Proof of Lemma 4.1. Fix x € RY and let (K (1)) >0 be the solution of the front

propagation V, ; = 1 — V(x, t) starting from K¢ = {x} +7ZN thatis, K (¢) = {y e
RN : u(y,t) = 0} where u is the solution to

du = |Du| + (V, Du) inRY x (0, c0)
u = —dg, on RV,

where dk, is the distance function to the set Ky.

Then, for each ¢ > 0, the set K(¢) is Z"-periodic and a non-empty inte-
rior (because it has an interior ball property, as explained in the Appendix). So
p(t) = |K(t)N Q1(x)]| is positive for positive time and, following the computation
in the proof of Theorem 1.1, it satisfies for all z, > #; = 0,

15

1 2
o) — p(t) = p / (min{p(1), 1 — p(O)H VDN dr,

1

Hence there exists atime 7 depending only on N such that |K(T)NQ1(x)| = 1.
This means that Q(x) C K(T).

It follows from the finite speed of propagation that there exists a positive integer
ng such that the solution K (¢) starting from {x +k € ZV : |k| < ng} coincides
with K(¢) on Q1(x) x [0, T]. Then Q1(x) C K(T). O
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Proof of Lemma 4.2. Consider the solution u to
i, = H(Di) inRY x (0, 00),
i(x,0) = (—|x]) v(=1) onRN x {0}.

Since, H(p) = |p|, given 0 < 0; < 6y < 1 and § > 0 small, there exists
t € (0, 1) such that

{(-,0) = =6} + B(0,8) C {u(-, 1) = —61}.
The fact that the solution u€ of

du€ = |Duc| + (V(£, L), Duc) inRY x (0, 00),

€€

ut(x,0) = (=|x|) v (=1) onRY x {0},
converges, as ¢ — 0, locally uniformly to u, yields an € € (0, §/4) such that
8 _
{u(-,0) =2 —6o} + B(O, 7)< {u(, 1) = —6o}. (4.5)

Next, fix ng and T as in Lemma 4.1. Choose € such that Ty = f

and

is an integer

8
Onp+1(0) C B (0, %) ; (4.6)

and set
Ko = {x : u€(ex, 0) = —6p}.

_ The solution of the front propagation problem starting from Ky is given by
K(t) = {x : u(ex, et) = —6p}. From (4.5) we have

- b -
Ko+ B (0, —) C K(Tp),
2¢

while from (4.6), for any k € Z" with |k| < ng, we have Ko + k C K (Tp).

The periodicity of V also implies that the solution of the front propagation
problem starting from Ko + k is just K (f) 4+ k while the solution starting from
K(Tp) is K (t + Tp).

From the inclusion principle we get, for all k € Z" with |k| < ng and allt > 0,

K(t)+k C K@+ Tp). 4.7
Then Lemma 4.1 implies that, for all 7 = 0,
K@)+ Q1 CcKGt+Ty+T).
In particular, by induction, we get, for all positive integers n and all ¢ = 0,

K@)+ 0 C Kt +n(Ty +T)).
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Choose a positive integer M such that, for all r € [0, Ty + T, K() C Oum.
Then, for all positive integers n such thatn = M and all ¢ € [0, Ty + T,

Qn-m C K@)+ Qu C K(t +n(Ty + T)),
and, hence, there exist r > 0 and 7} > 0 such that, forall r = 0,
0, CK@+T).

Finally, choose a positive integer R such that Ky C Q #- Then, for any compact
initial set K¢ such that Q z(k) C K for some k € ZN, we have Igo + k C K.
Therefore the solution of the front propagation problem K (¢) starting from Ky
satisfies, for all ¢+ = 0,

Oy CK(t+T)+kCK(@+T).

5. Homogenization for x-dependent velocities at scale one

Before we begin the proof, we remark that, since we are able to prove only
that H is continuous with respect to the x-variable, uniqueness of the solution to
Eq. (1.18) could be an issue. This is not, however, the case because, in view of
(1.17) and (1.19), H is coercive. Note that this is the reason we do not consider
V, which also depends on a slow time variable, because then the coercivity of the
averaged Hamiltonian would no longer ensure a comparison principle for the limit
problem.

Proof of Theorem 1.6. For any fixed (x, P) € RN x RV let vf’x = vf’x(y, 1)
be the solution to

vy vt = Dv Y+ P+ (V(x, y, 0, Dv; " + P)  inRY xR

From Lemma 2.1 and Corollary 2.2 we know that there exist H (x, P) and, for
any M > 0, a constant Cp; > 0 independent of A and P, such that, for all x € RN
such that |x| £ M,

IH (x, P) — v ¥|loo £ CIPIA. (5.1)

Arguing as in the proof of Theorem 1.1, one easily checks that H is positively
homogeneous of degree one and convex in P, and that (1.19) holds.

To complete the proof, it only remains to show that A is continuous in (x, P). To
this end, observe that the standard comparison arguments imply His (14 |V [loo)-
Lipschitz continuous in P.

Next, fix M > 0, x1, xo € RV with |x{|, |x2] £ M. Once again the standard
comparison of viscosity solutions (see [5]) gives

lx; — xa|*/E

ol — o2 < Cul Pl———— (5.2)

where L = sup|, < | Dy,s V(x, -, oo and C)s depends only on M.
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Combining (5.1) with (5.2), we obtain, forall x1, x; € R¥ such that |x1], |x2| <
M and |x; — x| £ 1,
|H(x1, P) = H(x2, P)] £ Cu|Plox(|x1 = x2])
with (the modulus) w given, for r € (0, 0], by

o) = inf UM+,
2€(0,1]

The proof of the continuity of H is now complete. O

6. Appendix

We present here the proof of Lemma 2.3.

Proof of Lemma 2.3. Fix 6 € (inf z(-, 0), sup z(-, 0)) and let Ko (¢) ={z(-, 1) = 6}.
Since z is a solution to (2.5)-(i), Kg(¢) is given by
Ko (1)

xeRN . 3¢ :[0,1] — RN absolutely continuous such that £(¢) = x,
" 2(£(0),0) = 6, |€'(s) + V(£(s), s)| < 1 almosteverywhere s € (0,1) |’

that is, Ky (¢) is the reachable set for the controlled system

E'(s) = f&@s), s, a(s),  la(s)] =1,

where f(x,s, ) =a 4+ V(x,s) and o € RV are such that |a| < 1.

Since V is of class C!-!, it follows from Ref. [9] that, for any 0 < t < T, there
exists a constant r = r(t, T) > 0 such that, for all ¢ € [z, T], the set Ky(t) has the
interior ball property of radius r, that is,

forall x € 0Ky (t) there exists y € RY  such that x € B(y,r) C Kq(t),

where E(y, r) stands for the closed ball of radius r centered at y, and, hence, for
all r > 0, Ky(¢) is a set of finite perimeter (see, for instance [2]).

Note that [9] deals with time independent dynamics, but the proofs can be easily
adapted to the time-dependent framework considered here.

Next set d(x, t) = dg,)(x). It follows that d is Lipschitz continuous in (x, t)
and, moreover,

d=—14+(V(x —dDd,t),Dd(x,t)) aein{d > 0}. 6.1)

It is, of course, clear that x — d(x, t) is 1 —Lipschitz continuous. The ||V || oo +
1-Lipschitz continuity of the map t — d(x, t) comes from the above representation
formula of Ky ;.

To check (6.1), recall that, since the map P — |P| + (V, P) is convex, z is
a sub-solution of (2.5)(i) with an equality (see [8] and [16]), that is, for any test
function ¢ and any local maximum point (x, ¢) of z — ¢, we have

¢r = |Do| + (V, Dg).
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The invariance property of the geometric equation (2.5)-(i) (see [6]) then implies
that the map (x, 1) — 1k, (;)(x) is also a sub-solution of (2.5)(i) with equality.

Assume now that d is differentiable at some point (X, 7) and let y be the unique
projection of X onto Ky (f) and note that w(y, ) := 1g,(y) +d(y + X — y,1)
has a local maximum at (¥, 7). Indeed, if y ¢ Ky(¢), then, for all (y, r) sufficiently
close to (3, 1),

wy, ) =dy+x—y,0) = 1+d(x, 1) =w@, 1),
and, if y € Ky ;, then
wy,HD=1+dy+xi-3,D=1+y+xi—-y—yl=1+x=F=w@, 0.

Since (x,t) — 1g,)(x) is a sub-solution of (2.5)(i) with equality and
|Dd(x,t)| = 1 we obtain

—di (X, 1) =14+ (V(y.1), —Dd(x, 1)),

and (6.1) holds because y = x — d(x,1)Dd (%, 1).

Next we assume that @ is such that 3{z(-,0) = 0} = {z(-, 0) = 8}, which is
true for almost all 8 € (inf z(-, 0), sup z(-, 0)). It then follows from Ref. [6] that,
forall t 20, d{z(-,¢) = 0} = {z(-, 1) =0} forany t = 0.

We now prove that, for all ¢ € C2° (RN)andallr € (0, T),

/ w(X)dx—/ @ (x) dx
Ko (1) Ks(0)

t
=// o)1 — (V(x,5), v(x, HNdHY 1 (x) ds. (6.2)
0 JoKg(s)

To this end, for &4 > 0 small, let ¢, : R — [0, 1] be such that ¢, (p) = 1 if
0 =0,80(p) =1—p/hif pel0,h]and & (p) = 0if p = h.

Multiplying (6.1) by (p{[l (d) (which makes sense because the sets {d(-, s) =
0} = 0Ky (¢) and {d(-, s) = h} have a zero measure since Ky (¢) and {d(-, s) < h}
have the interior ball property) and integrating over RY x (0, t) gives

/ oG (d(x, 1) dx — / o) T (d(x, 0)) dx
RN RN

r_
=/ —1/ ) (=1 +(V(x —d(x,s)Dd(x,s),s),
0 h Jo<dt.s)<h)
Dd(x,s)))dxds. (6.3)

Note that



Homogenization and Enhancement for the G—Equation 559

m | [ ewaacma = [ owaaeoa]

li
h—0

= / @(x)dx —/ ¢(x)dx.
Ko (1) Kq(0)

We now concentrate on the right hand side of (6.3). Since |Dd| = 1 almost
everywhere in {d > 0}, the co-area formula implies

r_
/ —1/ X)) (=1 4+ (V(x —d(x,s)Dd(x,s),s), Dd(x,s)))dx ds
0o h J<dc.s)<n

t 1 h
:/ 71// p()(1 = (V(x —0v7(x,5),5), 7 (x,5)))
0 0 J{d(,s)=0}
x dHN 1 (x) do, ds

where v (x, s) is the measure theoretic outward unit normal to the set {d (-, s) < o},
which has a finite perimeter since it satisfies the interior ball property with radius
r+o. o0

In order to complete the proof of (6.2) we just need to use the following lemma:

Lemma 6.1. Let E be a closed subset of RN with the interior ball property of
radius r > 0. Then, for all compactly supported in x ® € C(RN x SN—1),

lim cp(x,v“(x))dHN*‘(x):/ @ (x, v(x)dHN " (x),
=0 J{dp ()=o) IE

where dg (x) stands for the distance of x to E and v° (x) (resp. v(x)) is the measure
theoretic outward unit normal to {dg(-) < o} (resp. to E) at x € JE.

Proof. Set E, = {dg(-) £ o} and denote by II, the projection of JE, onto
dE. It is known that IT, is uniquely defined for "V ~!—almost everywhere point
x €0Ey. Let g = HN "V 0E, and iy = Motipe, o = jio = HV 1| 9E.

The first claim is that ji, is absolutely continuous with respect to ji¢. For this,
let us first recall that, since E has the interior ball property of radius r, the map
1'[;1 is well-defined on F, := {x € dE ; dy € 0E, with |[x — y| = o} and that
1'[;1 is Lipschitz continuous, with constant at most (r + o) /r, on F, (see [2]). So,
if Z is a Borel subset of 0 E, then

r+o

fio(Z) = 1NN (2)) £ Lip(; YV (2) = -

mo(Z).

. _ . . . _ . dpu
In particular, /i, is absolutely continuous with respect to fig and, if f, = %,
o

then f; is bounded by ’J“T" HN ! _almost everywhere in  E.
Next we note that, for any ® € C(RY x SN—1),

/3 i @ (x, v ()dHY ()= /3 i D (y+ov(y), vy fo MAHY T (). (6.4)
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Indeed, the definitions of i, and f,, give
| o6 +ave o0 o o)
= /aE Oy +ov(y), v(y)d(Tsdue)(y)

2/35 O Iy (x) + ov(Is (x)), v(Ig (X))d po (x),

which implies (6.4) because v(I1,(x)) = v°(x) and I, (x) + ov(I15(x)) = x.

In view of (6.4), to complete the proof, it only remains to show that the (f5)’s

converge, aso — 0,to 1in L'(0E, HN ™).

the
Jo

Applying (6.4) with & = 1 gives
Per(E,) = /3 i foMAHN " (y).

Since f, < H'T“ HN -1 —almost everywhere in 0 E, the lower-continuity of
perimeter implies that lim,_,o Per(E,) = Per(E). Using again the inequality
< r~!r + o which holds HY~!—almost everywhere in d E, we obtain, in the

limit o — 0,

/ 11— fIdHY 1 (y) < ‘1 = ”—“‘Per(am
oE r

+/ (” to fa(y)) dHV1(y) = 0.
oE r
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