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Abstract

The Vlasov—Poisson—Boltzmann System governs the time evolution of the dis-
tribution function for dilute charged particles in the presence of a self-consistent
electric potential force through the Poisson equation. In this paper, we are concerned
with the rate of convergence of solutions to equilibrium for this system over R3.
It is shown that the electric field, which is indeed responsible for the lowest-order
part in the energy space, reduces the speed of convergence, hence the dispersion
of this system over the full space is slower than that of the Boltzmann equation
without forces; the exact L2-rate for the formeris (1+17)~ 14 while itis (1 4¢)~3/4
for the latter. For the proof, in the linearized case with a given non-homogeneous
source, Fourier analysis is employed to obtain time-decay properties of the solution
operator. In the nonlinear case, the combination of the linearized results and the
nonlinear energy estimates with the help of the proper Lyapunov-type inequalities
leads to the optimal time-decay rate of perturbed solutions under some conditions
on initial data.
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1. Introduction

The Vlasov—Poisson—Boltzmann system (called VPB in the sequel for simplic-
ity) is a physical model describing the time evolution of dilute charged particles
(for example, electrons) under a given external magnetic field [1,22]. The VPB
system for one species of particles in the whole space R3 reads

0 f +E-Vof + Vb Vef = O(f. f), )
Ay = / Fde — p(a), @)
R3
with initial data
FO.2.6) = foa. £). 3)

Here, the unknown f = f(¢, z,&) is a non-negative function standing for the
number density of gas particles which have position = = (z1, 2, 23) € R3 and
velocity & = (&, &, &) € R? attime r > 0. Q is the bilinear collision operator
for the hard-sphere model defined by

0(f.g) = / (F'dl = FaolE — &) - wldods,.
R3x $2

f=fa8), f=ftx8) g=90r8E), g =98,
§'=6—1¢~8) oo, §=E6+16-5) oo, wes
The potential function ® = ®(t, x) generating the self-consistent electric field in

(1) is coupled with f (¢, x, &) through the Poisson equation (2). p(z) denotes the
stationary background density satisfying

p(T) = poo as |x| — 00,

for a positive constant state poo > 0.

The existence of stationary solutions to the system (1) and (2) and the nonlinear
stability of solutions to the Cauchy problem (1)—(3) near the stationary state were
obtained in [8], and the corresponding results have been recalled in the appendix.
In this paper, we are concerned with the rate of convergence of solutions towards
the stationary states. Since the background density does not produce any essential
difficulty, for simplicity it is supposed throughout this paper that

p(2) = poo =1, xR “4)
In this case, the VPB system (1) and (2) has a stationary solution ( fg, @) with
fSt = Ms q)St = Ov

where

1
M= e (—I61/2)

is anormalized global Maxwellian in three dimensions which has zero bulk velocity
and unit density and temperature. One of the main results of this paper is stated as
follows. Notations and norms will be explained at the end of this section.
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Theorem 1. Let N 2 4 and w(&) = (1 + |£|%)'/2. Assume that fo = 0 and

fo—M
VM

is sufficiently small. Let f = 0 be the solution obtained in Proposition 3 to the
Cauchy problem (1), (2) and (3) under the assumption (4). Then, f enjoys an
estimate with an algebraic rate of convergence:

H f@®-M fo—M

vM vM
Furthermore, under the following additional conditions on fy, f also enjoys some
estimates with extra rates of convergence:

®)

HNNLZNZ,

(1+0)°1. (6)
HNNZ;

<C
HN

Case 1. If
/R3(fo(x, §) —M)d§ =0 (7N
holds for any x € R3, then one has
H—M -M
H JOMI <] b (1+075. @®)
«/M HN \/1\_/[ HNNZ,
Case 2. Fix any 0 < ¢ < 3/4 and suppose that
fo—M
©)
\/M H,LVle

is sufficiently small. Then one has

FO) = X5 glej. f@D)e;M
vM

+ llteo, (1) — M)l
HY

fo—M

(1+n~i+, (10
vM

4
+ D 1Valej, F@) I gn-1 < C’

j=1

H,Q]ﬂzl
where {ej}§:0 is the orthonormal set in L*>(R3; Md£) defined by

1> =3
V6

Remark 1. The rates of convergence in (6) and (8) are optimal under the corre-
sponding assumptions in the sense that they coincide with those rates given in
Theorem 2 at the level of linearization. Similarly, the rate of convergence in (10)
is almost optimal. To our knowledge, these results are the first in the study of the
rate of convergence for nonlinear VPB system in R, Of course, it is an interesting
problem to improve the almost optimal rate in (10) to the optimal rate.

eo=1 ¢e;=§1=j=3), ea= . (11)
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Remark 2. In [33] on the same issue, some slower algebraic rates of convergence
of solutions in the space Lgo(Lg) were obtained on the basis of the pure energy
estimates and time-decay of some ordinary differential equations. Here, under the
assumptions of (9), from the Sobolev inequality, (10) shows that

fo—M
VM

where L°° (Hglzz) = LOO(R;; HN=2(R3; wdg)). The above inequality implies an
almost optimal rate of convergence of solutions. The main reason one can obtain
the optimal or almost optimal rates here is that we make full use of the time-decay
properties of solutions to the linearized system with nonhomogeneous sources.
This will be carried out in Section 3, where we shall also state another main result

Theorem 2.

3
(14074,
Hu}:]ﬂZ1

<cC
LEHN?)

Hf(t)—M
vM

Remark 3. As shown in [30], for the Boltzmann equation without external forces,
the power index in (6) takes the value 3 /4. Hence, the dispersion of the VPB system
inR3 is slower than that of the Boltzmann equation. This is essentially caused by the
self-induced potential force. Furthermore, if one decomposes f as the summation
of three parts

4 4
f=(eo, [leoM+ D (e, fle,M+ 1 f =D (ej, fle;M¢,
=0

Jj=1 J

then by comparing (6) and (10), one can find out that the effect of the self-induced
potential force on rates of convergence happens only in the second part of the above,
which corresponds to the projections of f along the momentum components e
(1 £ j £ 3) and the temperature component e4. This phenomenon is consistent
with that recently obtained by [18] for the Navier—Stokes—Poisson system in R3.

The time rate of convergence to equilibrium is an important topic in the math-
ematical theory of the physical world. As pointed out in [31], there exist general
structures in which the interaction between a conservative part and a degenerate
dissipative part lead to convergence to equilibrium, where this property was called
hypocoercivity. Theorem 1, indeed, provides a concrete example of the hypoco-
ercivity property for the nonlinear VPB system in the framework of perturbations.
The key to the method provided by this paper for studying hypocoercivity is to
carefully capture the time-decay rates for the perturbed macroscopic system of
equations with the hyperbolic-parabolic structure, which is in the same spirit of
KAwAsHIMA’s work [16].

There have been extensive investigations into the rate of convergence for the
nonlinear Boltzmann equation or related spatially non-homogeneous kinetic equa-
tions with relaxations—Iet us mention some of them. In the context of perturbed
solutions, the first result was given by UkaI1 [29], where spectral analysis was
used to obtain the exponential rates for the Boltzmann equation with hard poten-
tials on the torus. The results in [29] were improved by UKAI AND YANG [30] in
order to consider existence of time-periodic states in the presence of time-periodic
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sources; this was later extended by DUAN ET AL. [10] to the case with time-periodic
external forcing by using the energy-spectrum method. We also mention GLASSEY
AND STRAUSS [12] for the study of the essential spectra of the solution operator of
the VPB system. Recently, STRAIN AND Guo [28] developed a weighted energy
method to get the exponential rate of convergence for the Boltzmann equation and
Landau equation with soft potentials on the torus. Earlier but along the same line of
research, STRAIN AND Guo [27] developed a general theory of polynomial decay
rates to any order in a unified framework and applied it to four kinetic equations,
the Vlasov—Maxwell-Boltzmann System, the relativistic Landau-Maxwell Sys-
tem, the Boltzmann equation with cutoff soft-potentials and the Landau equation
all on the torus.

Another powerful tool is the entropy method, which has general applications in
existence theory for nonlinear equations. By using this method, as well as an elabo-
rate analysis of functional inequalities, time-derivative estimates and interpolation,
DESVILLETTES AND VILLANI [2] first obtained the almost exponential rate of con-
vergence of solutions to the Boltzmann equation on the torus with soft potentials for
large initial data, under the additional regularity conditions that all the moments of
f are uniformly bounded in time and f is bounded in all Sobolev spaces uniformly
in time. See VILLANI [31] for extension and simplification of the results in [2], still
conditional to smoothness bounds by further designing a new auxiliary functional.
Notice that [27] provided a simple proof of [2] for the unconditional perturbative
regime. Recently, by finding some proper Lyapunov functionals defined over the
Hilbert space, MOUHOT AND NEUMANN [24] obtained exponential rates of con-
vergence for some kinetic models with general structures in the case of the torus;
see also [31] for the similar study. An extension of [24] to models with additional
confining potential forces was given by DOLBEAULT ET AL. [5].

Besides those methods mentioned above for the study of rates of conver-
gence, the method of Green’s functions was also found by Liu aAND YU [21] to
expose pointwise large-time behavior of solutions to the Boltzmann equation in full
space R>.

Here, we mention that if there is no collision in (1) and (2), that is, to consider the
Vlasov—Poisson system, then the so-called Landau damping comes out. This was
recently studied by MOUHOT AND VILLANI [25] on the torus, where it was shown
that even in the absence of kinetic relaxation, in the analytic regime the solution
still converges weakly in some sense to certain large-time states determined by the
initial data and the nonlinear system itself.

Finally, we also mention some results on the existence theory of the VPB sys-
tem and related kinetic equations: global existence of renormalized solutions with
large initial data [3,4,23], global existence of classical solutions near Maxwellians
[6,8,13,14,19,20,26,32], and global existence of solutions near vacuum [9,15].

The rest of this paper is organized as follows. In Section 2 we make some
preparations to reformulate the Cauchy problem of the VPB system, make the
macro—micro decomposition for both the solution and equations, obtain a system
of equations describing the evolution of some macroscopic velocity moment func-
tions for later analysis in both the linear and nonlinear cases, and reduce Theorem 1
in an equivalent form to Proposition 1. In Section 3 and Section 4, we obtain the
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time-decay rates of perturbed solutions, under some conditions on the initial data,
in the linear and nonlinear cases, respectively. Here, Theorem 2 which is another
main result of this paper, is applied together with some energy estimates to prove
Proposition 1. Some free energy functionals and Lyapunov-type inequalities play
a key role in the proof of Theorem 2 and Proposition 1. Finally, we conclude this
paper with an appendix in Section 5 by listing some results obtained in [8] regard-
ing the existence of the stationary solution and its nonlinear stability for the VPB
system (1) and (2).

Notations. Throughout this paper, C denotes some positive (generally large) con-
stant and A denotes some positive (generally small) constant, where both C and A
may take different values in different places. In addition, A ~ B means A{A <
B < A A for two generic constants A; > 0 and A > 0. For an integrable function
g : R" — R, its Fourier transform g = Fg is defined by

Gk) = Fq(k) =/ e 2k (e, x-k = Zm,-kj,

Rn

j=1

for k € R", where i = +/—1 € C is the imaginary unit. For two complex vectors
a,b € C", (a | b) = a - b denotes the dot product over the complex field, where
b is the complex conjugate of b. For any integer m = 0, we use H™, H", Hgm to
denote the usual Hilbert spaces H" (R}, x Rg), H™ R, H™ (Rg), respectively,

where L2, L%, L? are used for the case when m = 0. For a Banach space X, || - || x
denotes the corresponding norm, while || - || always denotes the norm || - ||;2 or
| - II2 for simplicity. We also use || - ||g» for the norm of the weighted Hilbert

space H™ (R x Rg; w(&)dxdE) and | - ||sz for L2(R’; X R’g; w(&)dxdE). We use
(-, -) to denote the inner product over the Hilbert space L2, that is

(g, h) = /R g©hEE g.he L

For g = 1, we also define

Zg = L{(LD) = LRy LY(R})),

24 172
||g||zq=(/Rn (/R |g(x,$)|qu) ds) :

For the multiple indices « = (ay,...,®,) and 8 = (B, ..., By), as usual we
denote
B N )
a(f;‘ag = a;‘ll ...agnagll ...agn .
The length of o is |o| = o1 + - - - + a,. For simplicity, we also use 9; to denote

dy; foreach j =1, ..., n. Generally, except in Section 3, we consider the case of
n = 3 dimensions.
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2. Macro-micro decomposition

In this section, we shall make some preparations for the later analyses in both
the linear and nonlinear cases, and, moreover, reduce Theorem 1 to Proposition 1
in an equivalent form. First, one can reformulate the Cauchy problem (1), (2) and
(3) as follows. Set the perturbation u = u(t, x, &) by

f =M+ +vMu. (12)

Then u and & satisfy the perturbed system:

1
8,u+$-Vmu+Vx<D-Vgu—ES-VmCDM—VmCD-E\/M

=Lu+T'(u,u), (13)
Ay = / JMude, (14)
R3
with given initial data
w(0. 2. £) = up(z. §) = © OJMM, (15)
where Lu and I" (4, u) are denoted by
1
Lu=—o [Q(M, VMu) + Q(+'Mu, M)] , (16)
'u,u) = ﬁQ(Nw,Nw) (17

It is well-known that for the linearized collision operator L, one has
(Lu)(§) = —v(&)u(§) + (Ku)(§),
v(E) = / € — &) - M, dood,.
R3x 52

(Ku)(E) = / (_mu* + VM, + Mu;) (€ — &) - 0|/ M, dodE,

R3xS2
_ / K (& E)u(E)dE,.
R3

where v(§) is called the collision frequency and K is a self-adjoint compact oper-
ator on L2(Rg) with a real symmetric integral kernel K (£, &,). The null space of
the operator L is the five dimensional space spanned by the collision invariants

N = KerL = span {\/M VM, i=1,2,3; ISIZ\/M}.

From the Boltzmann’s H-theorem, the linearized collision operator L is non-positive
and, moreover, —L is locally coercive in the sense that there is a constant A > 0
such that

—/ uLu d& zx/ v(E) ({1 —PYu)2de, Yue D(L),
R3 R3
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where, for fixed (¢, x), P denotes the projection operator from Lg to N and D(L)
is the domain of L given by

D(L) = {u €L} ’ N Lg}.
In addition, for the hard sphere model, v satisfies

V(E) ~ (1+ [E[)2 = w(E).

This property will be used throughout this paper.
Given any u(t, z, £), we define the projection operator, Pu, as

3
Pu=a"(t,2)+ > Ut 2)E + " (1. 2)[E? § VM. (18)

j=1

Since P is a projector, it holds that
/1@3(1’ £, 1E1HVM{I - Pludt = 0,

thatis, {I—P}u is orthogonal to A/, which, together with the form (18) of P, implies

u __ 1 2
ot = E/Rs (5~ 16P) M. (19)
b = / £v/Mude, (20)
R}
u __ 1 2
c —E/RS (1> ~ 3) VM. @1

where b = (b}, by, b3). Thus, u(t, x, &) can be uniquely decomposed into

u(t, z, &) = Pu @ {1 — Phu,
Pu = {a“(t,x) + b"(t, ) - £ + (1, 0)|E*} VM e N, (22)
(I —Plue N*,

where Pu is called the macroscopic component of u(z, x, £) with coefficients
(a*, b, c"), and {I — P}u the microscopic component of u(t, x, &). For later use,
one can further decompose Pu as

Pu = Pou & Piu,

Pou = (a* +3c¢")vVM, a" + 3c* =/ \/Mudé, (23)
R3

Piu={b" &+ c"(E]* — 3HIVM,

where Py and P; are projectors corresponding to the hyperbolic and parabolic parts
of the macroscopic (fluid) component, respectively.

In what follows, we shall apply the macro—micro decomposition (22) to the sys-
tem (13) and (14) to deduce the macroscopic balance laws satisfied by (a*, b*, c*).
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First, by multiplying (1) by the collision invariants 1, &, |£|?, one can get the local
conservation laws

a,/ fds+vz-/ £fde =0,
R3 R3
al/Rsédevm-/R}msJ‘ds—vzcb/wfds=o,

, 2£d - 2EfdE — V, D - dé = 0.
8/R3I$|f$+V /RSIEIffs VCI>/R3§f€ 0

Plugging f = M + vMPu + vM{I — P}u into the above equations, as well as
into the Poisson equation (2), gives

& (@ +3c") + V, - b* =0, (24)
b + Vy(@ +5¢*) + Vy - (E @ VM, {1 — Plu) — V, @
= (@" +3c")V,®, (25)
9 (3a" +15¢") + 5V, - b" + V, - (|E26vM, (I — Pu)
= b .V, (26)
and
Ay ® =a" +3c". (27)

Here and hereafter we use the moment values of the normalized global Maxwellian
M:
(ILM) =1,
(1§17 M) =1, (7. M) =3
(181716 > M) = 1, j # m,
(I6;1*. M) =3, (I§1°1§;1>. M) =5, ([]* M) = 15,
(€411, M) = 35, (|£[° M) = 105.

Notice that (24) and (26) implies

1 |
"+ SV b+ =V <|s|2sm, - P}u> —0.

which is more convenient to use in place of the time derivative of ¢* in the proof.
As in [7], we also have to consider the evolution of higher-order moments of
{I—Plu:

(¢ @ VML 1= Ppu). (I&P6VM, (1 Plu),

which have appeared in (25) and (26), respectively. Equation (13) can be rewritten
as

WPu—+&-V,Pu—V,d - E¥M=—3,{1-Plu+R+G, (28)



300 RENJUN DUAN & ROBERT M. STRAIN

where the linear term R and the nonlinear term G are denoted by
R=-¢ -V, {I—Plu+L{I—Plu, 29)
1
G =F(u,u)—de>-Vgu+(EE-V;ECD) u. 30)
One can use (22) to further write (28) as

da" M + > (b + 90" — 9; @YV M + > {dhc + 8;04}E;1PVM
J J

+ {075l + 0ubt)EiE M+ D 35t |28 VM
j=m j

=—-0{I-Plu+R+G. 31

Define the high-order moment functions A = (A ;)3x3 and B = (By, Bz, B3) by
1

Ajm() = (Ej&n — DVM, ), Bj) = 7o {(EP = 9EvVM,u).  (32)

Applying A, (-) and Bj () to both sides of (31) and using the conservation law of
mass (24), one has

81 A ({1 — Phu) +2¢"] +29;b% = Aj;(R + G, (33)
0 A (11— PYu) + ;0% + 0ub" = Ajn(R + G).  j # m, (34)
8B ({1 — PYu) + d;¢" = Bj(R + G), (35)

where (34) also holds for j > m since it is symmetric for (j, m) due to the sym-
metry of A ;. The main observation which initially came from [13] and later [7]
is that for fixed m, from (33) and (34), one can deduce

1
=0y | 22074 jm (1=Ph) + S0 Ay (1= Phu) | = Db — Db
J

=%ZamAjj(R+G)—ZajAjm(R+G). (36)
j#m J

Remark 4. It should be pointed out that the proof of (128) in Lemma 8 for the
macroscopic dissipation is based only on similar moment equations in the pres-
ence of external forcing corresponding to (24)—(26), (27), (33)—(35) and (36). The
derivation of these moment equations was inspired by [13], and first given in the
case of the Boltzmann equation by [6] and [7]. They play a key role in the choice
of a solution space without time derivatives. Actually, the method of excluding
time derivatives in [6—8] is very useful, since it will also be applied in Section 3 of
this paper to the study of the linearized system in order to obtain the time-decay
property of solutions.

Next, as mentioned at the beginning of this section, we claim that Theorem 1
is, indeed, implied by the following proposition in terms of perturbation u. Hence,
the rest of this paper is devoted to the proof of this proposition.



Time Decay of VPB System 301

Proposition 1. Ler N > 4 and w(&) = (1 + |£]*)V/%. Assume that fo = M +
VMug 2 0 and \luoll gnpp2nz, is sufficiently small. Let f =M+ vMu = 0 be
the solution obtained in Proposition 3 to the Cauchy problem (13), (14) and (15)
under the assumption (4). Then, u enjoys an estimate with algebraic decay rate in
time:
_1

lu@®llgy = Clluollyvaz, (1+1)74. (37)

Furthermore, under the following additional conditions on ug, u also enjoys some

estimates with extra decay rates in time:
Case 1. If

Poug =0 (38)

holds for any x € R>, then one has

3
lu@llgn = Clluoll gynz, 1 +1)75. (39)

Case 2. Further, suppose that ||ug|| HNNz, 1S sufficiently small. Then, for any 0 <
& < 3/4, there is n > 0 depending only on & such that whenever

||M0||1-11\’mz1 =
one has
_3
HE=Piu@lly + IVaPre@ll 2 y-1) < € luollgynz, (1+1) e,
(40)

Proof of Theorem 1. By definition (12) for perturbation u, (6) and (8) are equiv-
alent with (37) and (39), respectively, conditions (5) and (9) coincide with those in
Proposition 1, and condition (7) is equivalent with (38), since by (23),

Pou():/R3 \/Muods\/ﬁ=/R3(fo—M)ds\/ﬁ

holds for any (z, &) € R? x R3. Finally, (10) is implied by (40). This can be seen
from

I =Prlu@ll gy ~ = Plu@ll gy + 1Pou@ll 2 z)

and further from

4
Pou = (e, f — M)eom, Piu= Z(ejv f)e./m’

j=1
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and
4
{I—Plu=u— ) (ej, VMu)e;vM
j=0
_f-M <
iy Jgoe] f- Me]«/ﬁ

=l oM
- A .

Here, the orthonormal set {e j}jl':o is defined by (11). Therefore, Theorem 1 is
proved.

Remark 5. Let us explain that conditions of Proposition 1 make sure those of
Proposition 3 are satisfied. Actually, this follows from the fact that

Euo) = Clluollyynpy,»
where & (ug) is defined in (120). It suffices to verify
IV2A, "Pouoll> < Clluol7 o, - 41

In fact, it follows from the definition of Py and an interpolation inequality that

IV AL Pouo|l> ~ [|Va®ol* = Cllpoll; 2||po||L1,

where @ and pg are defined by

1
Py = — * 00, /00—/ v Muodé.
4JT| |

Furthermore, one has
lpollz2 = lluoll,  lleollzr = lluoliz, -

Then, (41) follows.

3. The linearized system

In this section, let us consider the Cauchy problem of the linearized system with
a nonhomogeneous source:

du+& - Vou — V@ - /M = Lu + h,

Aﬂ):/ VMudg, t>0,2eR"EeR", 42)
Rn

uli—o = ug, x€R",

where h = h(t, z, &) and ug = ug(x, £) are given, the spatial dimension n = 2
is supposed to be arbitrary in order to see how it enters into the time-decay rate at
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the level of linearization. For simplicity we still use M to denote the normalized
n-dimensional Maxwellian

1
M =
(27T)n/2

e lE%/2.
Formally, the solution to the Cauchy problem (42) can be written as the mild form
t
u(t) = e®ug + / e""Pn(s)ds, 43)
0

where ¢'B denotes the solution operator to the Cauchy problem of the linearized
equation without source, corresponding to (42) for 4 = 0. The goal of this section
is to show that ¢’ has the proposed algebraic decay properties as time tends to
infinity. The idea of the proofs is to make energy estimates for pointwise time ¢ and
frequency variable k, which corresponds to the spatial variable z. To that end, for
1 < ¢ = 2 and integer m, set the index o, of the time-decay rate by

n (1 1 +m
o E i i —.
T a\g 2 2

As mentioned at the end of Remark 2, another main result of this paper is stated in
the following

Theorem 2. Let 1 < g < 2andn = 2. Let P and Py be defined in (47).

(i) Foranya, o' witha' < a, andfor any u satisfying 3%uo € L? and Bgluo €Zy,
one has

19% e Bug | +1192 Vo AL PoeBug | £ C(1+1) 701 (9% | z, + 9% w0l
(44)
and
18% BT — PoJuoll + 1109V, AL "Poe™®{T — Poluy||
< C(1+ 0% (3 {1 - Poluollz, + 19{I — Poluoll),  (45)

Sfort Z 0withm = |a — &'|, where C is a positive constant depending only on
n,m,q.

(ii) Similarly, for any a,o with o' < «, and for any h which satisfies
v(€)~120%h(t) € L and v(£)~'20Y h(t) € Z, fort = 0, one has

t 2 t 2
ag/ eTIB_Plh(s)ds|| + agva,;lPo/ eTIOBI — PYh(s)ds
0 0
t
sc / (141 —5) 727 (o298 (1= PYh(s)]13,
0
v 29I — PYA(s) | H)ds, (46)

Sfort Z 0withm = |a — &'|, where C is a positive constant depending only on
n,m,q.
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Remark 6. In the case of the Boltzmann equation [29] or the Navier—Stokes—Pois-
son system [18], some similar algebraic time-decay estimates in Theorem 2 were
obtained on the basis of spectral analysis of the solution semigroup. However, so
far there have been no known results applying direct spectral analysis, as in [29],
to the study of the VPB system. Here, the proof of Theorem 2 that we shall use can
provide a robust method to get time-decay estimates in L> space for not only the
VPB system but also some other kinetic models such as the Boltzmann equation
and Landau equation, relativistic or non-relativistic, which is a future research goal
in the general framework, see [31].

Remark 7. In the case in which the spatial domain is a torus T", GLASSEY AND
STRAUSS [11] and MOUHOT AND NEUMANN [24] obtained the exponential time-
decay rate

< Ce M uollx,
X
where X = L2(']I‘” x RMin[11]and X = HY(T" x R") in [24]. See also [5,7,31]
for other kinetic models on the torus. Actually, the proof of Theorem 2 can be modi-
fied in a simple way so that the above inequality with exponential rates is recovered.
‘We shall further explain this point at the end of this section; see Theorem 3.

B — Plug

To prove Theorem 2, let u(¢), formally defined by (43), be the solution to the
linearized non-homogeneous Cauchy problem (42), where ug(x, &) and h(z, x, &)
with Ph = 0 are given. We decompose u as

ut,z,&) =Pu @ {I - Plu,

Pu = Pou @ Pju = {a" + b - £ + €] }VM,
Pou = (a* + nc")v'M,

Piu=[b" &+ (] — m)]VM,

(47)

where a*, b*, ¢* are the macro moment functions of u# given by

at = %/ [(n +2)— |g|2] VMude,
R3

/S«/Mudé,

R3

=L / (&> — n)v/Mudg,
2n R3

bu

which are the n dimensional generalizations of (19), (20), (21) when n = 3. Notice
that although a“, b* and c* also depend on the spatial dimension, we used the
same notation as in Section 2 for simplicity. Then, from the same procedure as in

Section 2, one has the macroscopic balance laws satisfied by a*, b, c*:

o (a* +nc*)+V,-b" =0, (43)
Q) + 0j(a" +nc') +20;¢" + > A jm (L= Phu) = ;@ =0, (49)
m
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1 1
et =V b +5ZBJ-B]-({I—P}M) =0, (50)
J

Ap® = a" +nc”, (51)

and
[ A ({1 —Phu) +2c"] +29;b% = Aj; (R + h), (52)
I A jm (T =Phu) + 8byy, + dmb = Ajm (R +h), j #m, (53)
B;({I—Plu) + d;jc* = Bj(R + h), (54)

for 1 £ j, m < n. Here, the velocity moment functions A jm(+) and B;(-) are given
by

Ajm(u) = ((EjEm — DVM, u), Bj(u) = T +2)<[|s| — (n+2)1EVM, u),

where these moment functions correspond to (32) for n = 3, and we again used
the same notations as in Section 2 for simplicity. R has the same form with (29),
given by

R = —& -V {I—P}u+L{I—-Plu (55)

Notice that the source term & does not appear in the first n 4+ 3 equations (48)-(51)
due to Ph = 0. Furthermore, similar to deriving (36) from (33) and (34), it follows
from (52) and (53) that

1
Z 8jAjm({I —Plu) + EamAmm({I —Plu) | - Azb;tn - amambfn
J
=—Za Ajj(R+h) — Za Ajm(R +h). (56)
J#Em

Lemma 1. There is a free energy functional E .. (u(t, k)) which is local in time
and frequency and takes the form of

it
E free(iilt, k»—mz ZHW Ajm({1—P)D)

ik,

1 R _
ETUCIZ mm ({I = P}u) | _b;l:1

+x12(3 (1 P}a) | 1+|k|2 A)

+Z( 1+|k|2(a + nc )) 57
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for some constant k1 > 0, such that one has
2
|k|

1+ |k|2
<c (n{l = Pl + v A - P}Enig) (58)

0;Re Efree (ﬁ(t, k)) + A

(ubﬂ2 i |cﬁ|2) 4 Ala® 4+ nc?

foranyt 2 0and k € R".

Proof. We shall make estimates on bﬁ, ¢ and a® + nct individually and then take

the proper linear combination to deduce the desired free energy inequality (58).
First, notice that

Fa'=a"", Fp' =p"", Ft =T

and likewise for the high-order moment functions A j, (-) and B (-).
Estimate on b". We claim that for any 0 < §; < 1, it holds that

. 1 a
ORe > | D ik Ajm (L= PYD) + ik Ay ({1 =PI | 1,
m J
+(1 = 81) kb7
< 811+ kPP)la” + nc"| + 81 k|||
C . _ —~
+5 1+ k1) (n{l - P}un’ig + v - P}hnig) : (59)

In fact, the Fourier transform of (56) gives

1 ~ ~
00 | D ikj A (0= PYi) - ik A (11 = PY) | + K[}, + k3, b,

J

1 _ - . PO
5 2 kA jj (Rt 1) = 3 ik Ajn(R + ).
Jj#FEm J

Further, taking the complex inner product with bz gives

a ZikA- ({I—P}'u\)+lik A ({I—P}'u\)l—bﬁ
1 . jAjm 2 mAmm m

J
(kI + k2) (b5

1 ~ o~ - o~ =
= | 5 2 thm Ay R+ 1) = 3 ikj A (R + ) | 1),
J#m i

+ (D ikA; ({I—P}’ﬁ)—i—lik Apm (I = PYTD) | —0,6",
‘ Jrgm 2 mimm tYm

J
— I+ b (60)
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I is bounded by
< 272, € 2 2
< ikl + 5 > (14m®F +14jmBP) .
L

For I, one can use the Fourier transforms of (49) and (51):

bt +ik; [a" + (1 +2)c"] + D ik A ({1 - PY) — ik;® =0, (61)

m
—1k)?® = a" + nc" (62)

to estimate it as

~ -~ -~ C
b < 811+ kIP)a" + nc? + 81k |c" > + s+ K15 D A jm (T =Py .

jm
On the other hand, notice from (55) that
R=—¢ - KI-Plu+L{I-Plu
which implies

|Ajm(R)* < CO+ [kP)|I{T— PJallz;

Similarly, it holds that

|Ajm(m)* < Cllv™ 21 - P}ﬁnig, |Ajm({(T—PYD> < CI{T - P}ﬁnig.

Thus, (59) follows from taking the real part of (60) and plugging the estimates of
11, I into it. R
Estimate on c*. We claim that for any 0 < 8, < 1, it holds that

Re > (B;j({1—PYi) | ik;c™) + (1 — 8)[k|*|c"|?

j
~ C N Cc —~
< Sk PP+ — (1 + K)IT = PYal7, + — v~ /AT = P}, (63)
52 3 82 &
In fact, similar to before, from the Fourier transform of (54)
3 B; ({1 — PY) + ik;c" = B;(R + h),

one can get

o, (B;({L—PYa) | ik;c™) + Ik;j|*Ic" >
= (Bj(R+h) | ik;c") + (B;(1 = PYa) | ik;d,c") = Iy + Ls.  (64)
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I3 is bounded by
~ C - -
2, @2 2 2
1 £ alkiPI + 37 (18, RP +18;0)F)
J
and from the Fourier transform of (50)

1 1
Btc”+r—lik-b”+EZiijj({I—P}ﬁ)zo,

14 is bounded by

S ~ C .
Io £ —[kPIp" P + ngz |B; ({1 —PYa) .
J

Notice that similarly to A j,,, it holds that

|B;(R)[* < C(1+ kIH)|I{T - Pl

1B; ([ = CIVHI=PIAIG, 1B, (1= PDI* < CIHI = Pl

Then, (63) follows from (64) by taking the summation over 1 < i < n, taking the
real part and then applying the estimates of /3 and s.
Estimate on a* + nc". We claim that for any 0 < 63 < 1, it holds that

dRe > (bl | iky(@” +nc™)) + (1 = 83)(1 + [kP)|a" + nc"|?
m
PN C -~ C N
< kPB4 = kP + = kP I — PYal3 . (65)
03 83 &

In fact, by taking the complex inner product with ik; (aﬁ + nc) and then taking
the summation over 1 < j < n, it follows from (61) that

% > (b7 | ikj@ +nc")) + kP la” +nc"|* + D" (—ik;® | ik;j(a" + nc"))
j j
= (=2ikjc" | ikj(@" +nc™) + D" (—ik;Ajm ({1 — PYd) | ik;(a" + nc™))
jm
+ > 0" | ik;dy (@ + nc™)). (66)
j
Using (62), one has

Sk ik 4nch) = 2 (B ) =

The first two terms on the right-hand side of (66) are bounded by

- -~ C - C N
S3lk[Pla” + nc" [P + Z[kI*[c" > + = [kI*|{T — Py},
43 33 £
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while for the third term, it holds that

> (b;? | ik;d, (" + ncﬁ)) = (b;? ik (—ik ;ﬁ)) = k- bR < kPRI

J J

where we used the Fourier transform of (48):
3 (@” +nc™y + ik - b" = 0. (67)

Then, putting the above estimates into (66) and taking the real part yields (65).

Therefore, (58) follows from the proper linear combination of (59), (63) and
(65) by taking 0 < 81, 82, 63 < 1 small enough and also x1 > 0 large enough. This
completes the proof of Lemma 1.

Lemma 2. It holds that

&OWM?+E%%§ﬁ)+MWWH—Pmﬁ§éCw‘ﬂﬂ—ﬂﬂ@
(68)

foranyt 2 0 and k € R".

Proof. The Fourier transform of (42); and (42), gives

k IS —~
U +ié -ku+i—s a”—i—ncu)-SvM:Lﬁ—i—h.

k|2

Further, taking the complex inner product with  and taking the real part yield

1. o e M

58,||u||L§+Re/ ( |k|2(a +nc")-§ Iu)d%‘

:Re/ (L’zilﬁ)d€+Re/ (h | w)dE. (69)
Rn Rn

For the second term on the left-hand side of (69), from (67), one has

Re/ (iiz(aﬁ+ncﬁ)~5\/l\_/l|ﬁ)d$
R \ |k|

= Re / (|k|2 @ + nc) | —ik - b“) dg
= Re / (|k|2 (a +nc”) | 8t(a + nc )) d&
! 0 |a” + nct |2
T2k

For the two terms on the right-hand side of (69), one has

m/%un3@< 2 - e,
3
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and
Re/ 7| @ = Re/ ({1 — P} | {1 - P)d)de
]Rn Rn
A . _ ~
< SIviPI- P}unig +Clv™ A1 - P}hnig,

where Ph = 0 was used. Plugging the above estimates into (69) gives (68). This
completes the proof of Lemma 2.

Proof of Theorem 2. Letx; > 0be a small constant to be determined later. Define

E(@(t, k) = |[a(t, k)||22 + |k|2'“ + 1" ? + kaRe E pre (Ut k)

fort 2 0and k € R", where E .. (u(t, k)) is given by (57). Notice from (57) that
| free(ite, )| = € (612 + 16712 + a” + nc™2)

+> (145 =P + 1B (1 - PD)
ij

<cC (nPﬁnig + {1 - P}ﬁnig)

< Clu, k)nig
Therefore, one can choose k> > 0 small enough such that

E(a(t, k) ~ |, k)nzz - |k|2|a +nc"P? (70)
holds. By further letting k2 > 0 be small enough, the linear combination of (68)
and (58) implies

kP2

1+ |k|?

dE@(t., k) + A>T — PYa|2, + 2 (|1ﬁ|2 + |cﬁ|2) 4 Aa® + nc?
13

< cuv—m{l—l’}ﬁnig

Notice that

Ik|?
1+ |k|?

o'/ = Pyl + (1712 + 1612) + la™ + nc™?

|k |? S D e L e b
> I-P “+ nc"|> + |b" P
2wy (L= PTG 10" e 4 671+ 1" 4+ =

|k |? I > la® 4 nc?
> A I-P _
2w (I Jallg, + P, + e

k> (o, la" +nc? LI,
= A = A E (u(t, k)).
2 3 17 + = ) 2 A E@CR)
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Then, it follows that

k|
1+ |k|?
which by the Gronwall inequality, implies

dE((t, k) + E@(, k) < Clhv™ 21— P}h|? (71)

L27

A|k\2

E@@(t, k) < E@0,k)e e

o ak? .
+c/ e T T T 2L PG, B 2,ds (T2)
0 3

forany r = 0 and k € R".

Now, to prove (44) and (45), let h = 0 so that u(¢) = e'Buy is the solution to
the Cauchy problem (42) and hence satisfies the estimate (72) with 4 = 0. Write
k% = k{'k5? - - - ky". By noticing

B 2 -1 B 2
18%¢Buol + 1182V, AL " PoeBuq|

T A
= [k [ la TPk
R? L R |kl

k

<c / 2] |E @G, k)] dk, (73)
R’l

k

then, from (72) with 2 = 0 and (70), one has
0% e Puoll* + 102 Vo A, "PoePugl|®

Mk\z Ik 2a| A2
=C K2 e k2 @y (k)12 dk + C | e kP [ Poug (k) |2 zdk
R? Le Ik|?
k Ry

(74)
Asin [16,17], one can further estimate the first term on the right-hand side of (74)
by
Mklz
/ e TR ) 2 dk

PR ,
< / e ek 12 1y (k) )12, dk
k<1 £
)" o~
+ / B @ )k
k| =1

n—2la—a’|
Sc+natT T ”aaMO”z + Ce™ 2 [0uo |, (75)

where the Holder and Hausdorff—Young inequalities were used over |k| < 1, and
similarly for the second term on the right-hand side of (74), it holds that

/ o B (012 dk < / R s ok

e 2 e 2

Ry kI L Ry kI L
n=2(la—a’|—1

_n ( ) ’ A
SCU+n" T 7T 0 uoly, + Ce 195 uoll. (76)



312 RENJUN DUAN & ROBERT M. STRAIN

Thus, (44) follows from (74) together with (75) and (76). Moreover, to prove (45),
notice Po{I — Po}up = 0 and hence (45) similarly follows only from (74) and (75)
since the second term on the right-hand side of (74) vanishes.

Finally, to prove (46), let ug = 0 so that

t
ut) = / eUIB — Plh(s)ds
0

is the solution to the Cauchy problem (42) and hence satisfies estimate (72) with
ug = 0. Then, similar to (73), one has

2
+

t 2
3% / eTTIOB — Plh(s)ds

t
agva_;lPo/ eTIB — Pla(s)ds
0

“Jo
! 2 — R () 1/2 7 2
gc/0 / k2| e 1+ ||v*/{I—P}h(s,k)nLédkds.
k

Therefore, (46) follows in the same way as in (75). This completes the proof of
Theorem 2.

We conclude this section by extending Theorem 2 to the exponential time-decay
rate in the case of T” as mentioned in Remark 7.

Theorem 3. Suppose
/ Pugdz = 0 (7

for any &€ € R™. Let ¢'Bug be the solution to the Cauchy problem

du+ & - Vyu — Vod - /M = Lu,

A, ® = vVMudé, ®ddzr =0, r>0,z€T" & eR", (78)
’H‘n 'I[‘n
ul—g = ug, v eT".

Then, there are constants C > 0, . > 0 such that
B —A
e uoll L2 xRre < Ce t”u()”LZ(']I‘nXRrL), (79)
foranyt = 0.

Proof. Infact, on the one hand, (58) and (68) with 2z = 0 in Lemma 1 and Lemma 2
still hold for any t = 0 and k € Z" for the solution u(t) = ¢'Bug to the Cauchy
problem (78) in the torus case. On the other hand, from (48)—(50), one has the total
conservation laws

= [ (a",b", "0)dx,

(a*, b", "dx
T t>0 T

which, together with assumption (77), imply

(a"*, b, c")dx
’]I‘n

= 0.
120




Time Decay of VPB System 313

Thus, it follows that

TR NTIRATE
(a ’b , C )|t30,k:0 Oa

which yields

20k|?
1+ |k|?

(|zﬁ|2 + 17?4 1a" + ncﬂz) > 1672 + 1) + |a” + nc P,
for any ¢t 2 0 and k € Z". Therefore, similar to get (71), it holds that
O E@u(t, k) + AEu(t, k)) <0,
where E (1(z, k)) is still given by (70). Then,
E@(t, k) < e ™E@(, k)). (80)

holds for any ¢ = 0 and k € Z". Notice that in the torus case, one has

1 -~ -
/ E(’L?(t,k))dk~/ ||7Z(t,k)||izdk+/ —la" + nc"|dk
n n & n |k|

~/Z ||ii(t,k)||i§dk+/z la” + nc®|2dk
~ /Z R0k = DI

Therefore, the integration of (80) over k € Z" gives (79). This completes the proof
of Theorem 3.

4. The nonlinear system

4.1. Energy estimates

From now on, we devote ourselves to the proof of Proposition 1. To that end,
assume that all conditions of Proposition 1 hold, particularly

luollgvnr2 nz,

is supposed to be sufficiently small throughout this section. Let u# be the solution to
the Cauchy problem on the nonlinear VPB system (13), (14) and (15) obtained by
Proposition 3. Here, notice from Remark 5 that the solution «, indeed, exists under
the assumptions of Proposition 1. Therefore, from (122),

t
Eu() + A / Du(s))ds < E(ug) @81)
0

holds for any ¢ = 0, where £(u(¢)) and D(u(r)) are defined by (120) and (121),
respectively. Thus, one can suppose that the energy functional £ (u(¢)) is small
enough uniformly in time. We also remark that those uniform a priori estimates
given in Lemma 8 will be used later on in the proof.
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In this subsection, for some preparations, we are concerned with energy esti-
mates on the microscopic part {I — P}u to obtain some Lyapunov-type inequalities.
Recall from [8] that {I — P}u satisfies

H{I—Plu+& -V, (I-Plu+V,® VI - Plu
=L{I-Plu+T(u,u)+ %é -V, oI — Plu
—{I-P}¢ -V,Pu+V,® - V:Pu — %S -V, ®Pu)
—PE -V I -Plu+V,® - Ve{I - Plu — %5 -V, oI — Plu), (82)
and also the following lemma was proved in [10,30].
Lemma 3. It holds that
=T vl < € (V' 7 ull 2 vl 2 + el 210!~ w1l 2)
for0 <y <1, and
[Kullgn = Cllullg,
1T 0l = € (all gy 0]+ el g [0l ) -
First, corresponding to (123), it is straightforward to prove

Lemma 4. It holds that
d
e Plull> + Alw' {1 — Plu|* £ C|IV,Pull* + CEw(t)D(u(r)), (83)

foranyt = 0.

Proof. The direct zero-order energy estimate on (82) gives
L= Pyl 20 21 - P
2dt
1
§/ (I, w), {1 —P}u>dx+/ (z& -V, @, (I - Plu)*)dz
R3 R 2

—/ ({I = P}(¢ - V,Pu + V,® - VePu — %s -V, ®Pu), {I — Plu)dz,
R}

which further implies

1d
5 1= Plull> + A0/ — Phu|?

< CVEM®)D ) V"I — Phull + C/E () v/ *I — Phu?
+CIVPull v/ - Phul,

where Lemma 3 and the Sobolev inequality were used. Then, (83) follows from the
Cauchy’s inequality, smallness of £(u(¢)) and the equivalence w(&) ~ v(&). This
completes the proof of Lemma 4.
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Next, we consider the weighted energy estimates on {I — P}u, whose aim is to
obtain the weighted high-order Lyapunov inequalities later.

Lemma 5. It holds that

%uw”z{l — Plul® + Alw{l — Phu|? £ C[1 4+ E@@)IDu(r). (84)

Furthermore
d
- DT w'PaulP 4 D wddul?
1Sje|SN 1<|0| SN
S CDw®) + CEW@) >, wddf - Phul?, (85)
|+ BISN
and

d
2 I Patal =Pl a3 fwdlaf (1Pl

18121 18121
le|+IBISN lo|+1BISN
< aqBy _ 2
S CD(u(1)) + CE(u(1)) Z lwdy 9z {I — Phull”, (86)
la|+[BISN
foranyt 2 0.

Proof. The proof of (84) is similar to that of (83) and hence is omitted. To prove
(85),let 1 < |a| £ N. Then it follows from (13) that

(05 u) +& - Vyp(d2u) + Vo & - Ve(d2u) +vsu
=KoJu—+ 03V, ® - EVM+ 97T (u, u) — [0, VoD - Velu, 87
where the last term on the right-hand side denotes the commutator. Then, (85) fol-
lows from multiplying the above equation by wo< u, taking integration over R3xR3
and then using integration by parts, Cauchy’s inequality, Lemma 3 and the Sobolev
inequality.
Finally, we prove (86). Fix «, 8 with ||+ |8| £ N and |8| = 1. For simplicity,
write z = 9% 85 {I — P}u. Then, after applying 9% 35 to (82), z satisfies

02+E&-Vpz+V, @ - Vez+vz =1, (88)
where [ is denoted by

I=hL+hL+1
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with
I = BﬁKB“{I —Plu+ 30‘8’3F(u u) + la“aﬁ(é -V, I — Plu)
1= 0 R0 z Y ’ 5 % % @ )
1
L = —3;,‘/‘85{1 —P}¢ -V, Pu+V,® - VePu — 55 -V, ®Pu)

—agafp(g VoI =Plu+ V@ - Ve{l — Phu — %s -V, ®{I — Pu),
Iy = —[9f. & - V101 — Phu — [8f, v(£)10% {1 — Plu
—[8%, Vo ® - Ve]af {1 - Plu.

Here, notice that /> contains the macroscopic projection P which can absorb both
the weight and derivative of the velocity variable, and /3 contains all the commu-
tators in which the total order of differentiation of {I — P}u is no more than N.
Then, similarly for (87), the direct energy estimate of (88) yields (86). This also
completes the proof of Lemma 5.

4.2. Time decay of energy

In this subsection, we shall prove (37) and (39) in Proposition 1. For this, define
two temporal functions by

EM )y = sup (1452 Eu(s)), m=0,1, (89)
0S5t

where £ (u(t)) is defined by (120). For simplicity, also define two constants depend-
ing only on initial data by

1/2

2 2 2 2 2
0 = lluollyn + lluollz,, €0 = lluolyn + lluolz, + v/ “uoll”.  (90)

Proof of (37) and (39) in Proposition 1. We begin with the proof of (37). First
recall that from (122), one has the energy inequality

%ﬁu(t)) +AD(u(1)) = 0, oD
where D(u(t)) is defined by (121). By comparing (120) with (121), it holds that
D) + [Prul® + | Vo A, Poul® = AE ).
Then, it follows from (91) that
ic‘f(u(t)) +AE@@) £ ClPu®)|* + CI Ve, Pou(®)|. 92)
dt = e

Also, recall that the solution u to the Cauchy problem (13)—(15) of the nonlinear
VPB system can be written as the mild form

t
ut) = ePuy + / BUIG(s)ds, (93)
0
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where the source term G given by (30) is rewritten as
G=G+G
with
Gi=T,u), Gr=-V,® Veu+ %&' -V, Du. (94)
By checking PG = 0 and PyG> = 0, one can decompose G as
G={I-P}G +{I-P}Gr+P1G>. 95)

By applying Theorem 2 with spatial dimension n = 3 to (93) and using the decom-
position (95), one has

IP1u()* + VL AL "Pou(n)|?
1
< +077 (Juolly, + luol?)

2 t s
+ZC/ Ati=97 (IPH- PG 013,
=1 70

12— P}Gj(s)||2) ds
t 3 2
+C |:/0 (I+1—5)"4(IP1G2(s)lIz, + ||P1G2(S)||)ds:| , (96)

where the first term on the right-hand side follows from (44), the second term from
(46) and the third term from (45). One can further compute those terms of G, G»
in (96) by

v~ VHI = P}G111Z, + v~ 2I = PYGy|?
= v 20, w3, + v 2T, w)?

< Clv 2ul*ul? + Cllv'/ul|* sup ||u||§g
x
< Clv' Pupl*Ew)
from Lemma 3, and

=T = P}Ga |1, + v A1 - P}Ga|?
< ClIVa @72 (Ve ]® + 01 2ull?)
< C(E(uo) + v uol)E ),

and

IP1G2llz, + IP1G2ll < ClIVa @l 2o llull = CE).
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Here and hereafter, one can use the uniform bounds of £(u(r)) and ||v'/2u(t)||
due to

sup Eu(1)) = E(up) < Ceyp,
20

sup I 2u@))> £ Clv' uoll® + E(uo) < Cep,y,
t=20

where the time integration of (91) and (84) were used. Plugging the above inequal-
ities into (96), it follows that

IP1u()|* + VoA, Pou(n)|?

t 3
< C(l+t)7%80+C8(),,,/ A4+t —5)"2Ew(s))ds
13 3 0 2
+c/ [(1+z—s)—‘15(u(s))ds] .
0

By the definition of 5@2) (1) in (89), it further follows that

1P + V-85 Pou )2 < C(1+072 {eo + 00, E8 1) + [EL WP
©7)

where we used
! 3 1 |
/ A+t—s5)"20+s)"2ds S C(1+1)"2,
0
! 3 1 1
/ A+t—s5)"40+s)"2ds S C(+1)7 4.
0

Due to the Gronwall inequality, (92) together with (97) yield

E(n) < Ewoye™ +C /0 L () + IV A, Pou(s)||*}ds
<cl+12 {80 + 20,9 () + [552)@)]2} ,
which implies
Q) = {eo+ 20,800 + D 0P

for any ¢ = 0. Therefore, as long as both & and &y, are small enough, one has

sup Sc()g) () £ Csy, (98)
120

which proves (37) by the definition of Eég) (1) in (89).
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Next, one can modify the above proof of (37) to obtain (39) under the assump-
tion (38). In fact, under the additional condition (38), (96) can be refined as

IPLu@I® + Ve AL Pou()]?

3
< C+ 072 (luollZ, + lluoll®)
2 t
3
+Zc/0 (41— 21 = PYG ()13,
j=1
+Hv I = PYG(9)]1P)ds

t 2
+C [/O (1+1 ) 3([P1G2(s)llz, + ||P1Gz(S)|I)dS} . (99

where instead of using (44) to estimate the first term on the right-hand side of
(96), we used (45) since up does not contain the hyperbolic component, that is,

uo = {I — P}ug. Corresponding to obtain (97), from the definition of Séé) (1) in
(89), (99) implies
_ _3
P2 + 1V, A7 Pou ()] < €+ 073 {e0 + 20,600 + [EQ OP]
(100)

Then, from entirely the same proof as for (98), one can obtain

sup £ (1) < Ceo,
20

under the smallness condition of &g and & ,,. This proves (39) by the definition of
Q@) in (89).
4.3. Time decay of high-order energy

At this time, in order to complete the proof of Proposition 1, it suffices to prove
(40) in Proposition 1, which gives time-decay rates for the high-order energy. First
of all, let us obtain some Lyapunov-type inequalities of the high-order energy on
the basis of Lemma 4, Lemma 5 and Lemma 8 in the following two lemmas.

Lemma 6. There is a high-order energy functional E" (u(t)) defined by

() ~ L= Py + 19RO 1 (101)
such that
%sh(um) +2D@®) < CIV,Pu®)|? (102)

holds for any t 2 0, where D(u(t)) is defined in (121).
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Proof. Define
Ewe) = =Pl P+ > (I82u@)® + 192V, 00)]2)
1<|| SN
Hi3E06 (WD) + K4 pree (D)), (103)

where £, ¢ (u(t)) and & rree(u(t)) are given by (126) and (127), respectively, and
constants k3 and k4, to be determined later, satisfy

0 < k3 K kg < 1. (104)
Notice from the definition (127) of & ¢ (1 (1)) that

Epree )] £ €3 (1921 = Phul® + 0 Poul> + 02 V.5 1)
la|SN—1

<cla-PumiP+c > (I + 1027, 01%),
1<|e| SN
which together with (103) and (126) imply
EMNut)) ~ {I = Phu®)|?
+ D USuI” + 109 Va® )P + 3Er g (u(®))
1<|e| SN

~ = Pyl + Pou I ety + 1Pz v,

~ = Piu) iy + IVP1 Ol 1),
by taking k4 > 0 small enough and also letting k3 > 0. Thus, (101) holds true.
Moreover, under condition (104), the linear combination of (83), (124), (125) and
(128) in the special case when 85 = 0 from the assumption (4) yield

d
th(u(l)) +AD(1) < CIVPu@)|* + CEW®)) + vEWn))D(u(®)),

where D(u(t)) is given by (121). Therefore, (102) follows from the above inequal-
ity and the smallness of £(u()), as mentioned at the beginning of Subsection 4.1.
This completes the proof of Lemma 6.

Lemma 7. There is a weighted high-order energy functional Efj (u(t)) and a cor-
responding dissipation rate D, (u(t)), which are defined by

€ @) ~ L= P1Ju() G + 1VaP1u® ] 1. (105)
Du (1)) ~ T =Py, + VPO ey, (106)

such that
%sm» +ADw (u(®) < C|IV.Pu(n)|? (107)

holds for any t = 0.
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Proof. Define
Enu®) = w' AT =Plu®*+ D llw'ou@m)|?

15|l SN
+ >0 w28l (1 — Phu|® + ksE" u(n)),
18121
|| +IBISN

where £ (u(1)) is given by (101) and k5 > 0 is a constant to be determined later.
By using (101), it is straightforward to check

El () ~ I - P}u(z)HHN + IV Pu()|? + 158 (u(1))

L2(HN l)

~ W= PYO I, + 19U s, + POy

~ M= POy + VPO e
which implies (105). Now we must verlfy (107). Actually, by taking k5 > 0 large
enough, the linear combination of (84), (85), (86) and (102) yields

—Eh () + 2Dy (@) £ C|VoPu@)|> + CE@){1 = Plu(®)|;

HN )
(108)
where D, (u(t)) takes the form
Dy ®) = [wI =Pl >+ D llwdiu®)]|?
1<a|EN
+ > ||wa“aﬂ{1 —Plu®)|> + D). (109)
18121
| +IBISN

From the definition (121) of D(u(t)), (109) implies that (106) holds true. Since for
the second term on the right-hand side of (108) it holds that

Eu){I - P}u(t)IIHN S CE(t)) Dy (u(1)),
then (107) follows from (108) and the smallness of £(u(?)), again due to (81) and
the smallness of £(ug). This completes the proof of Lemma 7.

Now, we are in a position to prove (40). For this, as before, define a temporal
function by

b= sup (142G 9 u(s)), (110)
0Ss<s

where 0 < & < 3/4 is an arbitrary constant, and 55’) (u) is given by (105). For
simplicity, also denote a constant €1, depending only on initial data, by

= lluolgy + luollZ,. (111)

Notice 51',3 (ug) < Ceq, which will be used later.
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Proof of (40) in Proposition 1. We begin with the Lyapunov-type inequality (107)
for the weighted high-order energy functional SZ}J (u(t)). Since

Elu(1)) < CDy(u(1))

holds by definitions (105) and (106) of 53 (u(t)) and Dy, (u(t)), (107) implies

%%(w(r» + A8 () £ CIVPu®)|?.

From the Gronwall inequality, it follows that
t
EMu@) £ M wpye™ + € / e =9V, Pu(s)|ds. (112)
0

Notice that (112), together with (37), implies that 553 (u(t)) has at least the same
time-decay rate with the total energy £ (u(t)), that is,

sup(1 + 02" (u(t)) < Ce, (113)
120

if conditions of (37) hold and || ug || HY is bounded. In what follows, we shall improve
(113) up to the almost optimal rate, in the sense that for any 0 < ¢ < 3/4, there is
n > 0 depending only on ¢ such that whenever gy < 172, with &¢ defined in (90),
one has

sup(1 +N2G=9ER (1)) < Cey, (114)
120

which implies (40). In fact, one can obtain a formal time-decay estimate on the
first-order energy ||V,Pu(z) ||2 in terms of Ei‘)’ oo (t) in the same way as in (97) or

(100). First, similar to get (96), by applying Theorem 2 to (93) with the help of the
decomposition (95) for the source term G, it follows that

IVPu@)|? < C(1+ 073 (luoll, + I Vauoll?)
+iC/O[(1+t—s)%(Hvl/ngC{I—P}Gj(s)HZZl
j=I1
Hv VI = PYG ()| ds
+C [/Ota +1 =) H(IVP1G2) 2, + IIVxPle(S)II)dST, (115)

where G| and G, are defined in (94). Next, it is straightforward to check

=2V 1= PIG,;(DIZ, + v 2V {I-P}G,; ()|
< CEL)IEN () + E(r)]



Time Decay of VPB System 323

for j =1,2,and
1
IVaP1G2(0) 2, + IVeP1Go(0) | £ CLER u(t)E ()]
Plugging the above inequalities into (115) gives

_3
IV.PuI? £ €1+ 073 (llugl, + 1 Vw0l

t
+c/ A+1— s)—%gg(u(s))[gg (u(s)) + Eu(s))lds
0

t 2
+C [/ (1+t—S)_i[Eﬁ(u(S))é’(u(S))]idS] . (116)
0

Notice that from the time integrations of (91) and (102), as well as the definition
(111) of g1, it holds that

suplE" (u(1)) + )] £ Cey.
120

Also recall from (98), (89) and (90) that
1
E(t)) = Cep(14+1)"2,

where &g is defined in (90). Then, it follows from (116) that
_3
IV.PuI? < €1+ 073 (lluol, + 1V,uo])

t
+C81/ (A +1 =) 20 u(s))ds
0

t 3 2
+Ceg [/ (I+t—s)"2(1+ s)}*[f)l]z(u(s))]%ds] ,
0

which, further, from the definition (110) of 55’)’00(0, implies
Vo Pu®)|? < C(1L+ 072 (Juoll%. + [[Vauol)?
IVePu@) I = CA+ 1) 2(lluollz, + I Vauoll®)

t
+C8153),oo(t)/ (I+1— s)_%(l + S)—Z(%—s)ds
0

(117)

Notice that for 0 < ¢ < 3/4,
4 3 23 203
/ A41-5"2(145)2E9ds S A +1)72E79,
0

t
/ (1 =971+ G0 S0 +076,
0
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where C > 0 in the first inequality can be taken uniformly in 0 < ¢ < 3/4, while
C. > 0 in the second inequality has to tend to infinity as &€ goes to zero. Then, it
follows from (117) that

IV:Pu()|? £ (1 +07G72 [Coo + (Cer + Coen)Eh oo 0]
Combined with the above estimate, (112) gives
Ew) £ (1407072 [Cey + (Cor + Coen)Eh 1) ]

for any t = 0, where max{é’fL (ug), €0} < Ceq was used. Thus, it follows that
El o) = Cey + (Cey + Ceeg)EL (1),
that is,
El oo(t) < Cep + Ceeo€l o (1),

since ¢; is small enough. Therefore, given any 0 < ¢ < 3/4, one can choose
n = 1/4/2C; so that whenever gy < 772, it holds that

Eh o) < Cey,

for any ¢+ = 0, which proves (114), and hence (40), by the definition (110) of
51}}]’ oo (t). This also completes the proof of Proposition 1.
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5. Appendix

In this appendix, we shall state the existence of the stationary solution and its
nonlinear stability for the VPB system (1) and (2). To that end, let us define the
weighted norm | - ||W5n,oo by

lgllymee = sup (1 4 |z)” D 135 g(@)],

3
ek =

for suitable ¢ = ¢g(z) and for an integer m = 0 and 6 = 0. [8] proved

Proposition 2 (Existence of stationary solutions). Let the integerm = 0 and 6 = 0.
Suppose that ||p — 1| o is small enough. Then the following elliptic equation
with exponential nonlinearity:

A = e — p(a),
admits a unique solution ¢ = ¢ (x) satisfying
@llwmee = Cllp — Llyymee,

for some constant C.
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From Proposition 2 above, it is straightforward to check that the VPB system (1)
and (2) has a stationary solution ( fy, @) given by fy = M, by = ¢. To state
the stability of the stationary state ( fg, @), set the perturbation u = u(¢, x, &) by

f = e’M + vVMu.

Then u satisfies the perturbed system:

1
Ou~+§& - Vou + Vo (P + ) - Veu — ES V(P + Pu
—£& ~V$<De¢«/M=e¢Lu+F(u,u), (118)

o =— x | VMudg, (t,2,8) € (0,00) x R} x R,
drlz] Jgs

with given initial data
fo—e’M
vM

Here Lu and I" (4, u) are defined in the same forms as in (16) and (17), respectively.
[8] also proved

u(0, z, &) = up(z, &) = , (2,8 e R xR, (119)

Proposition 3. (Stability of stationary solutions) Let N = 4. Suppose that
o = Ulyn+1.00 is small enough. Then, there are the equivalent energy functional
2

E(+) and the corresponding energy dissipation rate D(-) defined by
E@®) ~ lully + VoA, Poull?, (120)

D) ~ I = PrJullyy + 1 VaPrullp pnea). (121)

such that the following holds. If fo = ¢®M 4+ v/Mug = 0 and & (u) is sufficiently
small, then the Cauchy problem (118) and (119) of the VPB system admits a unique
global solution u(t, x, &) satisfying f(t, x, &) = M + ~VMu(t,z, &) 2 0, and

%S(M([)) + ADu(t)) £ 0. (122)

The following lemma was obtained by [8] in the proof of uniform a priori
estimates for the global-in-time stability of the stationary solution.

Lemma 8 (A priori estimates). Let all conditions of Proposition 3 hold, let u be

the corresponding solution, and let (a", b", c*) be defined in (19) and (21). Denote

8¢ = ll@llyn+1.00. Then, the following uniform a priori estimates hold for any
2

t=>0:

(i) zero-order:

d
— (nun2 + IV, @)% — 2/ e~ |b" et da:)
dt R3

(123)
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(ii) spatial derivatives:
d
= > (g +iagv.ol?)

1<0|EN

> // v(§)|8°‘I—P}u| du d&

1| EN
S C(8p +VEW@)D(u(1)); (124)

(iii) mixed spatial-velocity derivatives:

Ceewmntr Y // v(@)130] (1~ Phuldrd

18121
la|+IBISN
< Cp +VE@WONDU®) +C D [199Vala", b, )|
le| SN—1
+C D v 21— Phu?, (125)
lo| SN
where
N
Ere®) =D Cnix . 1090 {1—Phul?, (126)
k=1 |Bl=k
la|+IBISN

for some proper positive constants Cy i;
(iv) macroscopic dissipation: There is a temporal free energy functional € e (u(t))
in the form of

Efree®) =Ko D D (Ayj @I —Plu), 3 (3;bY + ;b))

l«|EN—1 @]
D D (A @I — P, 8% 0,;b")
lo|SN—1 Jj
D DBi@T{—Phu), 8 dc")
lo|SN-1 i
— D (%@ +3¢"), 09V, - bY) (127)
le| SN -1

for some constant ko > 0, such that one has

d
ngree(u(t)) + ADpac(u(t))

=C Z 18T — Phul|* + Ew(®)D(u(t)), (128)
la| <N
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where Dyyac (u(t)) is the macroscopic dissipation rate given by

Duac@(®) = D 1105 Va(a" 43¢, b, ¢)* + lla" + 3c*|)*.
| SN -1
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