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Abstract

We determine the extremal mappings with smallest mean distortion for map-
pings of annuli. As a corollary, we find that the Nitsche harmonic maps are Dirichlet
energy minimizers among all homeomorphisms & : A(r, R) — A(r’, R’). How-
ever, outside the Nitsche range of the modulus of the annuli, within the class of
homeomorphisms, no such energy minimizers exist. In this case we identify the
BV-limits of minimizers.

1. Introduction

A homeomorphism f = f(z) between planar domains §2 and 2’ has finite
distortion if

— f lies in the Sobolev space Wllo’cl (£2, £2') of functions whose first derivatives
are locally integrable, and

— f satisfies the distortion inequality | fz| < k(z2)|f:], 0 < k(z) < 1 almost
everywhere in £2.

Such mappings are generalizations of quasiconformal homeomorphisms where one
works with the stronger assumption ||k(z) |co < k < 1.Mappings of finite distortion
have found considerable interest in geometric function theory and the mathematical
theory of elasticity. In [4], we initiated the study of extremal problems for these
mappings and furthered these studies in [2] to extremal mappings between Rie-
mann surfaces and their degenerations. A comprehensive overview of the theory of
mappings of finite distortion in two-dimensions can be found in [3,14].

The Jacobian determinant of a mapping f of finite distortion is non-negative
almost everywhere, since
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However, a key property of mappings of finite distortion is that J(z, f) may vanish
only in the trivial situation where f, = fz = 0. The distortion function of particular
interest to us in this article is defined by the rule

[ + 122 _ IDSI?
[fP =122 TG )

and we conveniently set K(z, f) = lif f, = fz = 0. Notice that then K(z, f) = 1
and we have the equality K(z, f) = 1 if and only if f is conformal, by the
Looman—Menchoff theorem.

The classical formulations of the extremal Grétsch and Teichmiiller problems
are concerned with finding mappings £2 — 2’ in some class (for instance, with
free or prescribed boundary values) which have smallest L°°-norm of the distortion
function, thus “extremal quasiconformal mappings”. In this article we shall inves-
tigate mappings in some class which minimize integral means of the distortion
function K(z, f).

The case of bounded simply connected domains, without boundary data, is
trivial; the extremals are the conformal mappings of £2 onto §2’ asserted to exist
by the Riemann mapping theorem (the simply connected case where the boundary
data is prescribed is solved in [4]). For the free boundary problem, we consider the
first nontrivial case where there are conformal invariants; namely doubly connected
domains and, in particular, annuli.

Given two annuli

Kz, f) = if J(z, f)>0

A={z:r <|zl] <R} and A/z{g’:r/<|§|<R’}

we shall consider homeomorphisms of finite distortion f : A — A’. Here note that
| f| extends continuously to A, with values ' and R’ on the boundary of A. We
shall normalize our mappings in the obvious way so that

|f()=r" forlzl=r and [f(z)|=R" forlz|=R

Let F = F(A, A’) denote the family of all normalised homeomorphisms f : A —
A’ of finite distortion. Since A and A’ are certainly diffeomorphic F # @.

There are two integral means of the distortion function K(z, f) which concern
us in this work. First, for f € F, the average

1
]Cf = m /AK(Z, f) dZ

and secondly the weighted average

1
K= —— Kz, f)d
Y M(A)//A (z, f) du(z)

where we have used the notation du(z) = dz/|z|* and dz = dx dy.
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The minimization problems we address here are to evaluate the following
infima:

inf {Ks: f € F(A, A} (1)

inf {IC’} : f e F(A, A’)} 2)

Further, we should decide if the infimum is attained and, in that case, prove unique-
ness (up to the obvious rotational symmetry of the annuli).

The concept of the conformal modulus will prove useful in formulating our
results. For the annulus A we have the equivalent definitions

R d
Mod(4) = 27 log —- = / /A é — w(A) 3)

Every topological annulus is conformally equivalent to a round annulus A, and we
can set Mod(£2) = Mod(A).
For the weighted averages we have then

Theorem 1. Among all mappings f € F(A, A') the infimum of

/ K, f) du(z)
A

is attained at the power function

Mod(A")

= r'r%z|% 2, where a = m

Furthermore, we have
K d . Mod(A) Mod(A) . 1 1
M(A) / @ %) du@) = (Mod(A) + Mod(A’)) =3 (“ + &)

This extremal map is unique up to rotations of the annuli.

“)

The minimization of the average K s for mappings f : A — A’ of finite distor-
tion is more subtle. The infimum is attained only when the image annulus A’ is not
too fat when compared with A. This special restriction on the moduli of the annuli
is explicitly described by the Nitsche bound - we describe in the next section how
these bounds arise. In terms of the radii, these bounds read as

\\l >;
A

R R2 . R 1 (R 1
—+,/— — 1, orequivalently — = ~(— + — ®)
r r2 r 2 R’

In terms of the moduli, y = Mod(A) and 0 = Mod(A'), the inequality has the
form

e’/?™ > cosh(o/27)
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Assuming that the Nitsche bound (5) holds, we can find (uniquely) a real parameter
® = —r? such that

R/_R—i-sz—i—a) ©)
o r+Vr o

Because of scale invariance in the target, there is no loss of generality in assuming,
for the purpose of identifying a minimizer, that

r'=r++vVr’4+®w and RR=R+VR?’+w @)

We now recall the complex harmonic Nitsche map [20] defined by
1 1)
A" — A, W) =<(¢-=).
~h 0= (c-2)
and its inverse
w \1/2
fOTA— A, f‘”(z)=z+z(1+||2) ®)

Theorem 2. Under the Nitsche condition at (5), for each homeomorphism
f € F(A, A) we have

1 © R\/R2+a)—r\/r2+w
wﬂ(um>wﬂwfm— etk
©

The extremal map f = f® is unique up to rotations of the annuli.

There is a surprising conformally invariant formulation of the lower bound, namely

tanh(y/n) tanh(o /)
|A| // K@ Hd tanh(o/Zn) + sinh(y /2m) (10)

where y = Mod(A) and 0 = Mod(A); for a proof see the calculation following
(49) below. This bound is surprising in as much as the right-hand side depends only
on the modulus of A and does not depend on the fact that A is assumed to be a
“round” annulus. The left-hand side would appear to depend on this since it is not
invariant under precomposition with the conformal map, as a Jacobian derivative
term would appear after the change of variables.

We are also interested in the extremal problem outside the Nitsche bound (5). It
is important to look more closely at the critical inverse Nitsche map, corresponding
to w = —r?, which we denote by

12
ﬁ@:mqo—éﬁ  r< <R (11)

This maps A onto the critical annulus

={§:r<|§|<R+\/R2—r2} (12)
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From (9) with @ = —r? we find the mean distortion of f* to be
R
ICf# - —R2 — r2

where, by Theorem 2,
Kpe =inf {Kf: f e F(A A"}
The inverse to £ is the critical Nitsche harmonic map

Bt _1 2

Its Jacobian determinant vanishes identically on the inner boundary of A*,

#2 g2 _ 1 rt
|7 _|h?| =7 1_|C|4 =0 forl¢g|=r
Further,
D #, # #) |f#| 2 A
| f |—|fz|+|f2|_ |Z|2—V2 eLweak( )

but |[Df#*| ¢ L*(ID). Thus we see various degenerations of our extremals at the
critical case, suggesting that there are no extremal homeomorphisms beyond this
range of the moduli.

Suppose next that the target annulus is fatter than the critical one. In other
words, let

A ={c:r <|¢l <R} DA (13)

where 0 <7’ <r < R < R =R+ ~/R? — r2. Thus

— >4 =1 (14)

Theorem 3. Under the fatness condition (14), the infimum at (1) is not attained by
any homeomorphism f € F(A, A).

The sequences { f,,} C F(A, A’) minimizing the mean distortion will be boun-
ded in W1(A, A') but the derivatives will lack equi-integrability. Consequently,
{ f} will contain no subsequence converging weakly in W1 1(A, A"). However, the
derivatives of f,, will converge in the sense of measures to a limit. The precise
description of the limit measure will be given in Section 9.

The minimization of the integral means of the distortion functions of homeo-
morphisms f : A — A’ turns out to be equivalent to the Dirichlet type problems for
the inverse mappings 4 = f~! : A’ — A. If a homeomorphism f € Wllo’] (A, A)

C
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has integrable distortion, then € w2 (A, A) and we can consider the two energy
functionals

E[h] = // ||Dh<;>||2d;=/ K, f)dz < 00

= 2 [ 5P

In general, the converse is not true, simply because the inverse of a homeomor-
phism & € W1L2(A’, A) need not even belong to the Sobolev class Wl o (A/ A).
It has bounded variation but fails to be absolutely continuous on lines, see [10,11]
for related questions and results.

In this paper we overcome such subtleties by proving a so called correction
lemma. Accordingly, for every homeomorphism h € W12(A/, A) we can con-
struct a homeomorphism h e WL2(A, A), with E[h] < E[h] and F[h] £ F[h],
whose inverse lies in (A, A’). For details see Lemma 7 below. As a consequence,
the minimization problems for s and ICT';- are equivalent to the corresponding

minimization problems for E[h] and F[h] with h = f -1,

Corollary 1. The absolute minimum of the homogeneous energy F[h] is attained
(uniquely up to a rotation of the annuli) by a power stretching.

Corollary 2. Within the Nitsche range (5) for the annuli A and A’ the minimum of
the harmonic energy E[h] is obtained (uniquely up to rotation) by a Nitsche map

h(;):k(;—%), weR, A>0

Corollary 3. Outside the Nitsche range (5) for the annuli A and A’ the infimum of
E[h)] is not attained by any homeomorphism h € WH2 (A, A).

In studying E[h] outside the Nitsche range we shall be led to look at a min-
imizing sequence {1"} C W12(A’, A). Its limit will exist in the Sobolev space
w2 (A, A). Moreover, although the limit fails to be a homeomorphism, no cavity
or crack will occur within the solid body of the ring A under such deformation of
A, For this reason we shall accept such a limit as a legitimate minimizer of the
Dirichlet integral.

Both energy integrals E[h] and F[h] are invariant under a conformal change of
the independent variable. Thus, given any topological annulus §2 C C of the same
modulus as A’, we may consider homeomorphisms g : 2 — A in the Sobolev class
W1-2(£2, A). To each such g there corresponds a mapping i = g o x : A’ — A,
where x : A — £ is a conformal transformation. The corresponding energy
integrals for g € W12(£2, A) reduce to

E[g]z// ||Dg||2=/ | D = Elh]
2 A/

I Dgl? // | DR|I>
F = = Flh
lel /9 e e =

and




Deformations of Annuli with Smallest Mean Distortion 905

Of particular interest in elasticity theory is to know how to deform, with minimal
energy, a given topological annulus onto a given round annulus. Corollaries 1, 2
and 3 provide us with the solution to this problem. For example, as a result of our
computation we find the minimum energy required to deform a given annulus onto
a punctured disk.

Corollary 4. Let h € W'2(£2,D\{0}) be homeomorphism from a topological
annulus $2 onto the punctured unit disk D\{0}. Then

o/m 1
E[h] = // ||Dh||2 > n: = 1 coth(o/2m)
A e(f/n —1
with 0 = Mod(82). The infimum is attained by the harmonic map
X -1
h(i)=C—01r—
x(&)

where x : 2 — A = {w : 1 < |w| < e®/**} is a conformal map of 2 onto a
round annulus and the constant

C = (e"/” +e o/ —2)7]/2

The conformally invariant nature of the minimization problems described above
strongly suggests natural generalizations also within the theory of Teichmiiller
spaces of Riemann surfaces. The study of minimal deformations of annuli described
here does indeed prove an important tool, and we refer to [2] for such further
developments. Other papers studying the problem of minimizing mean and related
distortional functionals are [19], where the classical Teichmiiller problem is dis-
cussed, and [15], where the Grotsch type problems with certain densities and some
applications in materials science are considered.

2. The Nitsche problem

We have talked about the Nitsche bounds above and observed a connection with
harmonic mappings. It is worthwhile to flesh this connection out a little—the survey
[18] has more detail. In his studies of minimal surfaces N1TSCHE [20] was led, in
1962, to the following problem concerning harmonic homeomorphisms between
annuli. For each p we can define the function

N(p) = {sup R : there is a harmonic homeomorphism % : A(p, 1) — A(R, 1)}
Nitsche showed [20] the strict inequality N (p) < 1 forevery p < 1 and conjectured -
for various reasons - that

NGy £ 2P
P =

The Nitsche examples above give harmonic homeomorphisms whenever R <
2p/(p* +1).
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Various estimates for N (p) were given by Lyzzaik [17] and WEITSMAN [22]
after the problem was raised again by SCHOBER [21]. As far as we are aware the
current best general estimate is

1
1+ p2log?(p)/2

obtained by KALAJ [16]—there are other estimates for p close to 1.

Our results show, as noted in Corollary 3, that outside the Nitsche range there
is no homeomorphic energy minimizer (such a map would be harmonic). Nitsche’s
question asks somewhat more. One should prove that outside the Nitsche range
there are not even any homeomorphic stationary points i : A(p, 1) — A(R, 1) for
the energy functional.

Further information on planar harmonic mappings can be found in Duren’s
recent book [6].

N(p) =

3. Polar coordinates

Given the symmetry of the problem we are considering, we frequently view
functions f = f(z) of one complex variable z = pe'? as functions of the polar
coordinates 0 < p < 00,0 < 6 < 27. Then the Cauchy—Riemann derivatives of
f are

=g (=t a). f=ge (st a)
z—2 14 0 A B z—2 14 0 [%

Hence
1
P+ 1P = 5 (102 4+ 07215 l).
1 _

Tz =1L =1 = 5 S(fo fo) (15)

which together yield
plfol>+p N fol?
K(z, f) = — (16)
o/ 23(foTy)

We naturally expect extremal mappings between annuli to be radial stretchings of
the form

f(pe?) = F(p)e

with F : [r, R] — [r/, R'] increasing, 0 < r < Rand 0 < ' < R’. A remarkable
feature of radial mappings is that

j F
ﬁ:l_eiR’ QZ—GR
of p of  pF
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At points where F is differentiable we calculate the distortion function for such
mappings as

1 ,oF F
K(z, f) = 3 T+_F )

For the inverse Nitsche map (8) we see that F(p) = p + +/p? 4+ o and hence
F(p) = F(p)/Vp? + w, so that

o 1 o 0+ o
e )

//K(z )—n/ \/m—lr\/m—n(R\/Rz—kw—r\/r +w)

Which establishes the second half of (9).

4. Invariant integrals

For certain nonlinear differential expressions, defined for diffeomorphisms
f A — A, their integral mean does not depend on the specific choice of the
diffeomorphism f and we call them invariant integrals. They play a fundamental
role in our computations in a way similar to that played by the integral means of
null Lagrangians in the polyconvex calculus of variations [5]. As a typical example
consider the expression J(z, f)|f|~2, with integral mean

J(z, fdz // — Mod(A
//A TiE o = Med(®)

depending only on A’
This identity generalizes, as an inequality, to all homeomorphisms f : A — A’
in the Sobolev class Wllo’c1 (A, A), namely

7@ Ndz //——MdA/ 18
//A TiB e = Mod®) (1%

Precisely, there is a set E C A of measure zero such that

W52 = e
A If1P FAEB) ¢

The reader is referred to [7, 3.1.4, 3.1.8, 3.2.5], for a proof. For more explicit
statements see, for example [8,9 and 11].



908 K. AsTALA, T. IWANIEC & G. MARTIN

We shall introduce the following nonlinear dlfferentlal expressions defined for
homeomorphisms f : A — A’ in the Sobolev class Wlac (A, A),

Iz f) F
= — = — f . F — 19
Tr =" [Jf 5 forf@= “”N|} (19)

1f,o(Z) |: F j|

=N Ar=— f F — 20
e | o /@ = <unl| (20)

fo@) 1
Br = Br=— f F — 21
r= Idf@)[ 1= /@ = (mﬂl} @D

With the next lemma we show that these give rise to invariant integrals.

Lemma 1. The following integrals are independent of the mapping f € F(A, A'),
// Apdz = Mod(A) (22)

A
/ Brdz = Mod(A) (23)

A

More generally, for every continuous function u : [r, R] — R

R
// Bf(z)u(lzl)dzz// M(|Z2|)dz=2n/ u(0)dp 24)
A Azl r o

In addition, for every f € F(A, A") we have the estimate

I f)dz // = Mod(A’ 25
ﬂ;lﬂ2 g = Mod®) @)

where equality holds whenever f belongs to the class WIID’C2 (A, A).

Proof. Note first that
fof+Ffo 9 ( Jo )
1= 5= (1£P), =1 = =
Therefore

171

A =
1&=

By Fubini’s theorem

A _ 2 R |f|,0 B 2T , . B )
r(2)dz = —Ldp)do = (log R" —logr") d6 = Mod(A")
A 0 ro 1Sl 0

For (23) and (24), from the increment of the argument we have

2T fp(pe'?)

—.gdé =2mi, foralmostevery p € (r, R) (26)
o f(pe?)
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Hence by Fubini’s theorem

Fup) [ folpe) | " ulo)
// By (z)u(lz])dz —«?/ / F(pei®) dodp =2”/, po

Finally we remark that a homeomorphism f € WIOC (A, A') satisfies the Lusin
condition N and therefore (25) holds as an equality in this case. O

5. Invariant lower bounds

The invariant integrals provide powerful tools for extremal problems on map-
pings of finite distortion. As a particular example in this section we will show how
to obtain optimal integral mean estimates for the distortion functions.

For this purpose, let f : A — A’ be a given mapping of finite distortion, where

={z:r <|z] < Rtand A" = {z : ¥’ < |z| < R’}. We begin with pointwise
lower bounds for the distortion function K(z, f).

Lemma 2. For every parameter A > —r* we have

;1@ . Vizl2 + 4

= 21z2 Uz f) |z

Kz, f) 2 (27)

or, equivalently,

M fo(2)1? L
T 20PNz ) Iz A

almost everywhere on the set AT = {z € A : J(z, ) > 0}. For z € AT, equality
holds if and only if

K. f) 2 (28)

fo@) = iVIZP + 2 £, (29)
Proof. These estimates are equivalent to the obvious inequality
VI +4 fp +ifel> 20, p* 2 =2 (30)
once we take into account the identities (15) and (16). O
For later purposes we note that for every mapping of finite distortion
fo=fo =0 outside AT (€29

This observation is useful in integrating the pointwise bounds.
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Lemma 3. For every f € F(A, A) we have

|f,o(Z)|2 /
Mod (A 32
//A+ 2|2 J (z, f) - (&) (52)

The equality occurs if and only if almost everywhere on A* we have

N (ﬁ) = & (33)
f f
and
~ fe)
S\ )=k 34
g( 7 (34)
for some constant k > 0.
Proof. We start with formula (22) and obtain
Mod(A') — // GRS // /(@) 5)
A 12l f(@) A+ 121 f (@)

Combining the estimate with Holder’s inequality gives

1/2
woae < [ it = (L) (L75) o0

A glance at (18) shows that we have proved the claim (32).
To achieve equality it is necessary that almost everywhere on A™

0 (&) _ |
f f
and, since we have used Holder’s inequality, that almost everywhere on A™
I@ ) _, 1fp@P
If@? 212 (z, f)
for some constant k > 0. The latter condition takes the form
kI fol =12l ) =3 (fofp)

which together with (33) reduces to (34). Conversely, under the conditions (33) and
(34) we have equality at (32). O

Lemma 4. For every f € F(A, A') and for every parameter . > —r? we have

// |fo@)I* > A 2R \/RZ 4
A+ 122 (22 +2) J(z, f) = Mod(A") r+/r?
Equality occurs if and only if almost everywhere on AT we have
R (ﬁ) = ﬁ (38)
f f
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and

5 (&) _ o« (39)
VIzI2+ A

for some constant o > Q.

Proof. Let us apply (24) with the auxiliary function u(p) = p (p® + A)_l/ 2 That
gives

o [ ] (5) s
roVpr A A \NSJ@/ |z1VzI2 + 2

Clearly this quantity is less than or equal to

oo () ()"
A+ 1z 1z + AL f] A+ 2Pz + Iz, f) A lf@I1?

According to (25) the last integral is bounded by Mod(A). On the other hand,

R dp R+ R+ A
v | —— =27log——— "~
roJpE+A r4+Nr24a

Hence we have the inequality (37). Finally, for the equality to hold there, in com-
plete analogy with the proof of Lemma 3, we see that it occurs if and only if both
(38) and (39) are true. 0O

6. Proof of Theorem 1

The idea in proving Theorem 1 is to find combinations of invariant integrals
involving |z| 72K, and then to apply the integral estimates of the previous section.
In fact, using (15) and (16) we may write

K@ ) 1fol | fol?
P 2P ) 20 G f)

(40)

onthe set AT = {z € A : J(z, f) > 0}. As we observed before, outside AT we
have f, = f» = 0. Hence

K@ f) o // R // | fol?
2 41
//A 22 wr 227G ) M 117G D 40

For the first integral on the right-hand side we use Lemma 3 while for the second
we apply Lemma 4, with the parameter A = 0. Consequently,

K@ f) o ,y . Mod(A)?
2//A P :Mod(A)+Mod(A,) (42)
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This is precisely the desired estimate (4). Furthermore, it is a quick calculation to

verify that the equality occurs for the power function

r Mod(A')
o _ a—1 —
=gl o= g

As for the uniqueness of the extremal mappings, if for f € F (A, A’) the equal-
ity holds in the lower bound (42), then by the above proof f satisfies (33) and (34)
and (38) and (39), with A = 0. The combination of these identities reads simply

Jfo=ikf and pfy=0af (43)

where « and k are positive constants.
If we integrate fp/f over the circle |z| = p in A we find that k = 1, see (26).
Thus the general solution to the system of PDE’s (43) is

f(2) = Czlz|*7,

which is unique up to the rotations of the annuli as claimed. The proof of Theorem 1
is complete. O

7. Proof of Theorem 2

The proof of Theorem 2 is similar to that of Theorem 1, but now we make use of
Lemma 2 and integrate the pointwise bounds it provides for the distortion function.
We first consider the case —r> < A < 0. Since K(z, f) = 1 we can write

ez //N Koo+ [l

e

Here we may appeal to Lemma 3 for the first integral and compute the second
explicitly. This argument gives the first part of

Lemma 5. Suppose f € F(A, A') and —r> < 1 < 0. Then

/ / K(z. f) = %Mod(A’) +7 [Rm - VM]
A

R+ VR + A
A2+ A

Furthermore, the equality occurs in this estimate if and only if
b4
7@ = (el + ViR +2)

where C is any non-zero complex number.

+mAlog
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Proof. It remains to prove the uniqueness part of the claim. For the equality in the
above integral estimate we must have A = A" and fy(2) = i/|z|> + A f,(2). In
addition, since we used Lemma 3, it is necessary to add the conditions (33) and
(34). Together these requirements reduce to the simple necessary and sufficient
condition

Jo

— =ik and & k
b

I (44)

o Jpr+a

for some constant k > 0. Integrating over a circle gives k = 1. Thus the general
solution to the system of PDE’s (44) is

@ = (Il + VieP +2)

where C is any non-zero complex number. 0O

Next consider the case 1 > 0 and proceed by using the lower bound (28) at
Lemma 2, obtaining

Y | fo (2)]? // 2l
e — L 45
Jlxen 23 [, e roment T

In analogy to Lemma 5 one obtains

Lemma 6. For every f € F(A, A') and for every A > 0 we have

2x7? R++R24 1
J[ ez oo YT
A Mod(A7) r4+Nr2 4
R+ VRZ+ )
+n[R\/R2+A—r\/r2+)»]—nklog + +

r4+Ar2 4+

The equality holds if and only if
z
f@=Cr (121 + V12 +2) (46)

where C is any non-zero complex number.

Proof. We apply Lemma 4 to the first integral in (45) and compute the second inte-
gral explicitly. This proves the lower bound. For the equality, as before, we must
have A = A" and f3(2) = i/|z|2 + A fo(2). Further, this time we must add the
conditions (38) and (39). These requirements reduce to the same set of equations
as at (44). Thus the equality occurs if and only if f takes the form (46). O

We are now ready for the proof of Theorem 2. Assuming that the target annulus
A" = {z: 7' < |z| < R’} satisfies the relative Nitsche bounds (5), we found at (6)
a unique parameter w > —r2 such that

r=r+vrP+ow<R =R+VR>+w



914 K. AsTALA, T. IWANIEC & G. MARTIN

We will then use the above integral estimates with the special choice A = w:
If —r? < w < 0 then the lower bound at Lemma 5 reads as

// Kz, f) zn(RJR2+w—rJr2+w) A7)
A

For the case w > 0 we use the lower bound at Lemma 6. However, a manipulation
shows that the lower bound also now attains precisely the same form (47). In other
words, we have shown that under the Nitsche bound (5)

//AK(Z, £ g//AK(z, ) = n(R\/R2+w—r\/r2+w)

where

2@ == (12l +VizP + o)

|z]

is the Nitsche map. Moreover, according to Lemmas 5 and 6 the mappings f are
the only minimizers, up to rotation of the rings. Hence we have completed the proof
of Theorem 2. O

In (10) we indicated a conformally invariant formulation of Theorem 2, that

tanh(y /) tanh(o /)

I
_ >
N /AK(Z’ Pz 2 b /am) T sinh(y/2m) “48)

To see this form of the lower bound in Theorem 2, we may solve for w in terms
of R,r and a = R’/r’ from (6),

R+VR’+w 4a(R — ra)(Ra —r)
a=——"— Sow=
r++rr+ow (a> = 1)?

(49)

Then

R\/R2+a)—r\/r2+a)
RZ_rZ

2 4a(R—ra)(Ra—r) 2 4a(R—ra)(Ra—r)
R\/R + @ r\/r + @

R2 _r2
RVR2@2 — D2 +4a(R — ra)(Ra — r) — r/r2(@2 — D2 +4a(R — ra)(Ra — r)
(a® = (R? = r?)
R2|1 —2ra/R +d?| — r2|1 — 2Ra/r + a?|
(a® = )(R? = r?)
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Now 1 —2ra/R +a?* 2 0, and the Nitsche bound at (5) gives 1 —2Ra/r +a*> <0
SO

RVR2+w—rvr2+w Rz(l—2ra/R+a2)+r2(1—2Ra/r—|—a2)
RZ =12 - @ — 1)(RZ =2
(a — D2>R*+r?) +2a(R —r)?
- (@> = D(R? = r?)

_(@—DR>+7r?) 2(R—r)
T @+ D(R2=7r2)  (a—1/a)(R+7)
(a—D@B*+1) 2b—1)

@+ D@2 -1 @—1/a)b+1)
with b = R/r. Then the result follows from the definition of the moduli at (3).

8. Beyond the Nitsche bound

We are now given two round annuli A and A’ with inner and outer radii r, R
and r’, R’, respectively. Moreover, we assume that the relative fatness condition
(14) is satisfied.

Here it will be convenient to use the normalization

r=1, "<1<R =R++VR?>-1 (50)

Suppose f : A — A’ is a homeomorphism of finite distortion. Then we may use
Lemma 5, this time with the choice A = —1. As a result we get

2// K(z, f) = Mod(A') +27RVR2 — 1 — 27 log (R+\/R2— 1)
A

(G

// K(z, f) 2 // K(z, f#)+nlogl, (52)
A A r

@ == (el +VieP =)

is the critical inverse Nitsche map from (11).

In the next section we show that the lower bound (51) and (52) is optimal: we
will construct a minimizing sequence which attains the bound in the limit. However,
no single homeomorphism f : A — A’ of finite distortion can achieve the bound.
Otherwise, if f € F(A, A") would satisfy (51) with an equality, then Lemma 5
would show that such an f has to be of the form

F@=Cr (1 +ViE =1) = ¢r*@)

or equivalently,

where
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for some rotation C. But then A’ = f#(A), which is in contradiction with the
fatness condition (14). Hence Theorem 3 follows once we have constructed the
minimizing sequence.

We will complete this section with a remark which suggests how to construct a
minimizing sequence: The target annulus A’ splits into a union of two annuli,

Ay={c:r' <lcl <1} and Ay ={¢:1<|¢| <R}

where A, is the critical Nitsche annulus, with f #(A) = AJ,. The additional term in
(52) is no other than the infimum of the integrals

/ K(z, ¢)dz
A

over all annuli A = {z : 1 < |z| < o} and over all ¢ € F(A, Aj) with the fixed
target A) = {¢ : ¥’ < |¢| < 1}. Indeed, by Theorem 1 we see that

// Kz, ¢)  ( Mod(Af) N Mod(A)
2|2 _(ZMod(A) 2 Mod (A()

Mod (A
) Mod(A) > Odz( 0 =7 log l,
,

This suggests that in order to reach the right hand side of (52) we must shrink A to
the unit circle and, by Theorem 1, for ¢ we may take the power functions.

9. The minimizing sequence and its BV-limit

The Sobolev space W1 (A, A’) appears to be the natural domain of definition
for homeomorphisms f : A — A’ of finite distortion. However, when studying
the extremal problem beyond the Nitsche bound we found that the lack of weak
compactness in W1 (A, A") prevents the minimizing sequences from converging
to a mapping with a minimal integral mean distortion. Therefore we should expect
that the weak star closure of this Sobolev space plays a role here.

Let us briefly recall the space BV (£2, C) of functions f : 2 — C of bounded
variation; the interested reader may wish to look at [1] for a complete BV -theory.
The Banach space BV (§2, C) consists of those integrable functions defined in a
domain §2 C C whose distributional derivatives f; and fz are complex Radon
measures, bounded linear functionals on Co(£§2). The BV-norm is given by

Ifllsvie) = fllp e + e + e

where the latter two symbols denote the total variation of the measures f, and fz,
respectively.

Every bounded sequence { f"}°° | in BV (£2, C) contains a subsequence { f"/}
convergingtoan f € BV (S2, C) in the weak star topology. This means that f"/ —
f in L'(£2) and for every test function ¢ € Co(£2) we have

(f2.¢) = (fid) (£ ¢) = (f=0)

The angular brackets here stand for the duality action of measures on Cq(£2).
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Let us now return to the problem of minimizing the integral mean distortion

inf[ |A|/ K(z, f)dz : feF(A, A’)] (53)

in the case of a fat target (14). Suppose { /*} C F(A, A’) is a minimizing sequence.
By Holder’s inequality

//Amfn' : /A VKRG MIG o = [/AK(Z, f")T [//A e f")F

(54)

which shows that { "} is a bounded sequence in W1 (A, A’). Thus { "} contains
a subsequence, again denoted by { "}, converging in the weak star topology to a
mapping f of bounded variation in A.

We shall discuss this phenomenon in more detail for the mappings f* : C — C
defined by the rule

& (12l + VIP=T1) for |z 2 r,
n
[r@ =7 rzfzp! for 1 < |z| < ry (55)
r'z for |z] £ 1

Here 0 < r’ < 1 is fixed and the radii r, > 1 are uniquely determined from the

equation
rn+\/r3_]=r/(rn)nv (56)

Elementary analysis shows that

1 1
lim (r,)" = — and  lim n(r, —1) =log— (57)
n—00 n— 00 r

r/

The pointwise limit of { /" (z)} exhibits a discontinuity along the unit circle,

vz = l) for |z] > 1 (58)

n _ 11 (|Z| +
F@) = & [ for|z| £ 1

Outside the unit disk f is the critical inverse Nitsche map.
] + ¥ |z|?—
VizP-1 <l

r'1z|"~ " for 1 < |z| < r, and fI'=r'"for|z| < 1and

Computing the derivatives of f" one has f' = 1+ %(

for |z| > ru, fzn _ n+1 ’

2
also 1’=z—f0rz>r,1’—”1/1”32for1<z<r,and
I3 2|z\\/l\2_1 |z| ns Sz |z] |z| n

Z = 0 for |z] < 1. These formulas show that the sequence { f”} is bounded in

Wl1(£2, C) for every bounded domain §2 C C. Thus f is its weak star limit.
Next we examine the singular part of the measures f, and fz using (57).
a1 =y dv, £ = (1= ) 2dy (59)
Z

where dv is unit mass uniformly distributed on the unit circle.
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Next, we fix a radius R > 1 and define R’ = R ++/R% — 1. Each " maps the
annulus A = {z : 1 < |z| < R} homeomorphically onto the annulus

A={t:r <t <R}

From the above formulae on the derivatives we may easily determine the distortion
function of f”. This turns out as

/1512 —
%( el 4 ~E l) for |z| > ry,

ViP=1 I
ny __
Kz, f") = %(n+ 1/n) forl < |z| <r, 60)
1 for |z] < 1

The limit of the integral means of the distortion functions is now easy to determine,

hm // K(z, f")dz-// K(z, f)dz+ hm // K(z, f) dz
1<|zl<r,

/ K(z, f) dz+nlog—

where the last equality follows from formula (57). The right hand side coincides
with that in inequality (52), as f(z) = f*(z) for all z € A. In other words, the
sequence { f"} is a minimizing sequence for the problem (53).

10. Correction lemma

In order to apply the above results to energy minimization problems for the
inverse mappings and to Corollaries 1-3 we need to establish the following

Lemma 7. Let h : 2" — $2 be a homeomorphism of finite Dirichlet energy,

=// | DA(2)|dg =// (el + hg2) d < o0
2 2

Then there exists a homeomorphism h: 2 — §2 such that

— E[h] £ E[h]
— The inverse f =h! belongs to WH1(2, ') and has finite distortion
— We have the identity

/ K(z, f)dz = E[h]
2
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Proof. We express 2 as a locally finite countable union of closed convex domains
2; C £2,j=1,2,... with pairwise disjoint interiors. Through the homeomor-
phism /& we have a decomposition

o0
/_ Y
2 =] %]

j=1

into a countable union of closed Jordan domains .Q_; =p! (.Q_j). In each .Q; we

solve the Dirichlet problem for 4; € C (.Q_;.),

[ Ah; =0 in SZ;
hj(¢) =h() onds’
Since h lies in the Royden algebra C(.Q_}) N Wl’z([l}) and Q; is a Jordan domain,

we are reduced via the Riemann mapping to the unit disk and the Poisson integral.
This results in the well known energy estimates

// ||Dh,,~||2§// | DhJ*
.(2]’ .Q}

Next we observe that i1j : 952, — 9£2; is a homeomorphism and the domain
£2; is convex. Thus by the theorem of Rado—Kneser-Choquet, see [6], each £ is

a homeomorphism of .Q_; onto £2;. Hence we may consider f; = h;': 2; — .Q_;
and define f : 2 — Q' and h : 2/ — £2 by the rules

f(2) = fi(x) forze2; (61)
h(&) =hj(¢) forze 2} (62)
It follows that f and & are well defined homeomorphisms inverse to each other.

We then prove that f € W' 1(£2, £2/). For this note that we may argue as in
(54) to locally estimate the L'-norms of the derivative,

//g, TYE [//Q K, fp}l/z [//Q I, fp}

Summing up and using the Schwarz inequality yields

J[ipi< g/QjK(z,f) : é//gj](z,f)

On the other hand, since f; and & ; are smooth we may change variables as in [4]

to obtain
// K(z,f,-)dzz// ||Dh,-||2§// | DR
Q; 2] 2]

1/2

1/2
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Thus
172 172

/QIIijllé Z//Q IDR| >ejl| £ VERVIL

Since f is continuous on £2 the above proves f e Wwh(2, 2'). This map has
integrable distortion since

//QK(z,f)=g//QjK(z, ) g//g | DA

Finally we appeal to the recent result of HENCL-KOSKELA—ONNINEN [12] which
tells us that a homeomorphism f : £2 — §2' of integrable distortion in the Sobolev
class Wh1(2, £2') has its inverse 7 € W1-2(£2’, £2) and satisfies the identity

// K(z, f)dz—// IDR|?

This completes the proof of the Lemma.

References

1. AMmBRosIO, L., Fusco, N., PALLARA, D.: Functions of Bounded Variation and Free
Discontinuity Problems. Oxford University Press, New York, 2000
. AstaLa, K., IWANIEC, T., MARTIN, G.J.: In preparation
. AstaLA, K., IwaNIEC, T., MARTIN, G.J.: Elliptic Partial Differential Equations and
Quasiconformal Mappings in the Plane. Princeton University Press, Princeton, 2009
4. ASTALA, K., IWANIEC, T., MARTIN, G., ONNINEN, J.: Extremal mappings of finite dis-
tortion. Proc. London Math. Soc. 91(3), 655-702 (2005)
5. BALL, J.M.: Convexity conditions and existence theorems in nonlinear elasticity. Arch.
Ration. Mech. Anal. 63(4), 337-403 (1976/77)
6. DUREN, P.: Harmonic Mappings. Cambridge University Press, Cambridge, 2004
7. FEDERER, H.: Geometric Measure Theory, Die Grundlehren der mathematischen
Wissenschaften, Band, Vol. 153. Springer-Verlag New York Inc., New York, 2nd edn,
1996
8. GIAQUINTA, M., MobIcA, G., SOUCEK, J.: Area and the area formula. Rend. Sem. Mat.
Fis. Milano 62, 53-87 (1992)
9. HaiLasz, P.: Change of variables formula under minimal assumptions. Collog. Math.
64(1), 93-101 (1993)
10. HENCL, S., KOSKELA, P.: Regularity of the inverse of a planar Sobolev homeomorphism.
Arch. Ration. Mech. Anal. 180, 75-95 (2006)
11. HeNcL, S., KOSKELA, P, MALY, J.: Regularity of the inverse of a Sobolev homeomor-
phism in space. Proc. R. Soc. Edinburgh Sect. A, 136, 1267-1285 (2006)
12. HENCL, S., KOSKELA, P., ONNINEN, J.: A note on extremal mappings of finite distortion.
Math. Res. Lett. 12, 231-237 (2005)
13. IwWANIEC, T., MARTIN, G.J.: Geometric Function Theory and Nonlinear Analysis. Oxford
University Press, New York, 2001
14. IwaNIEC, T., MARTIN, G.J.: The Beltrami equation. Memoirs Amer. Math. Soc. 191,
1-92 (2008)
15. JORDENS, M., MARTIN, G.J.: Deformations with Smallest Weighted Mean Distortion
(to appear)

[SVI )



16.

17.

20.

21.

22.

Deformations of Annuli with Smallest Mean Distortion 921

Karas, D.: On the Nitsche conjecture for harmonic mappings in R? and R3. Israel
J. Math. 150, 241-251 (2005)

LyzzAIx, A.: The modulus of the image annuli under univalent harmonic mappings and
a conjecture of J.C.C. Nitsche. J. London Math. Soc. 64, 369-384 (2001)

. Lyzzaix, A.: Univalent harmonic mappings of annuli. Publ. Inst. Math. (Beograd)

(N.S.) 75(89), 173-183 (2004)

. MARTIN, G.J.: The Teichmiiller problem for mean distortion. Ann. Acad. Sci. Fenn. 34,

233-247 (2009)

NITSCHE, J.C.C.: On the modulus of doubly connected regions under harmonic map-
pings. Am. Math. Monthly 69, 781-782 (1962)

SCHOBER, G.: Planar Harmonic Mappings. Computational Methods and Function The-
ory, (Valparaso, 1989), pp. 171-176, Lecture Notes in Math., vol. 1435. Springer, Berlin,
1990

WEITSMAN, A.: Univalent harmonic mappings of annuli and a conjecture of J.C.C.
Nitsche. Israel J. Math. 124, 327-331 (2001)

Department of Mathematics,
University of Helsinki,
Helsinki, Finland.
e-mail: astala@mappi.helsinki.fi

and

Department of Mathematics,
Syracuse University,
Syracuse, USA.
e-mail: tiwaniec@syr.edu

and

Institute for Advanced Study,
Massey University,
Palmerston North, New Zealand.
e-mail: G.J.Martin@massey.ac.nz

(Received September 3, 2008 / Accepted February 10, 2009)
Published online April 10, 2009 — © Springer-Verlag (2009)



	Deformations of Annuli with SmallestMean Distortion
	Abstract
	Introduction
	The Nitsche problem
	Polar coordinates
	Invariant integrals
	Invariant lower bounds
	Proof of Theorem 1
	Proof of Theorem 2
	Beyond the Nitsche bound
	The minimizing sequence and its BV-limit
	Correction lemma
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


