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Abstract

A model equation derived by KADOMTSEV & PETVIASHVILI (Sov Phys Dokl
15:539-541, 1970) suggests that the hydrodynamic problem for three-dimensional
water waves with strong surface-tension effects admits a fully localised solitary
wave which decays to the undisturbed state of the water in every horizontal spatial
direction. This prediction is rigorously confirmed for the full water-wave problem in
the present paper. The theory is variational in nature. A simple but mathematically
unfavourable variational principle for fully localised solitary waves is reduced to
a locally equivalent variational principle with significantly better mathematical
properties. The reduced functional is related to the functional associated with the
Kadomtsev—Petviashvili equation, and a nontrivial critical point is detected using
the direct methods of the calculus of variations.

1. Introduction

1.1. The main result

The classical three-dimensional gravity—capillary water-wave problem concerns
the irrotational flow of a perfect fluid of unit density subject to the forces of gra-
vity and surface tension. The fluid motion is described by the Euler equations in a
domain bounded below by a rigid horizontal bottom {y = 0} and above by a free
surface {y = h+ p(x, z, t)}, where h denotes the depth of the water in its undistur-
bed state and the function p depends upon the two horizontal spatial directions x, z
and time ¢. Steady waves are water waves which are uniformly translating in a dis-
tinguished horizontal direction without change of shape; without loss of generality
we assume that the waves propagate in the x-direction with speed ¢ and continue
to write x as an abbreviation for x — cz. In terms of an Eulerian velocity potential
¢(x,y, z, t) the mathematical problem for steady waves is to solve the equations
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(see STOKER [38]), in which we have introduced dimensionless variables. The
equations involve two physical parameters,  := gh/c? and B := o/hc?, where
g and o are the acceleration due to gravity and the coefficient of surface tension,
respectively.

The steady water-wave problem (1)—(4) is a free boundary-value problem with
nonlinear boundary conditions, and in this respect its solution poses considerable
mathematical difficulties. At a formal level these difficulties may be overcome by
replacing the above equations by a simpler model equation based upon certain
approximations. One of the more widely used model equations is the Kadomtsev—
Petviashvili (KP)-I equation
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in which u# depends upon two unbounded spatial directions x and z. This equation
was derived formally by KADOMTSEV & PETVIASHVILI [23] as a long-wave approxi-
mation for solutions of the steady gravity—capillary water-wave problem (1)—(4) in
which

B>1/3, a=14+¢ O0<ekKl; 6)

the variable u is supposed to approximate the free surface of the water via the
formula

el/2

p(x,Z) =fu (W,gZ

) + O(?).

The KP-I equation (5) admits the the explicit solution

3—x24+72
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ulx,z) = -8
which defines a fully localised solitary wave, that is, a wave which decays to zero at
large distances in both spatial directions [1]; this wave is sketched in Fig. 1. In the
present paper we confirm the prediction made by the KP-I equation by proving that
the steady water-wave problem (1)—(4) has a fully localised solitary-wave solution
in the parameter regime (6). Our result contrasts with a recent theorem by CRAIG
[13], who showed that in the absence of surface tension there are no fully localised
solitary waves with p = 0.
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Fig. 1. A fully localised solitary wave; the arrow shows the direction of wave propagation

The present paper is the latest in a series of results justifying the use of the
KP-I equation (5) as a model equation for solitary gravity—capillary water waves.
This equation actually has several explicit solitary-wave solutions, namely the line
solitary wave

ux) = — sech? (%) ,

which decays exponentially to zero as x — oo and does not depend upon the
transverse spatial direction z, the family

4(1 — 8%) 1 — 8 cosh(a’x) cos(@’z)
4 — 82 (cosh(a®x) — 8 cos(w?z))2’

s 182 5 V/3(1—582)
a’ =, ——=, o= —
4— 52 4— 52

where § € (0, 1), of periodically modulated solitary waves, which decay exponen-
tially to zero as x — =£oo and are periodic with frequency ® in z (see [39]), and
of course the fully localised solitary wave (7), which decays algebraically to zero
as |(x, z)| = oo. (In fact the line and fully localised solitary waves correspond to
the limiting cases u( and u in the above formula.) It was shown, respectively, by
KIRCHGASSNER [25] (see also AMICK & KIRCHGASSNER [3] and SACHS [36]) and
GROVEs et al. [20] that the steady water-wave problem has a line solitary-wave
solution and a family of periodically modulated solitary-wave solutions in the KP-I
parameter regime (6).

ul(x,z) =

1.2. Variational methods

The key to our existence theory for fully localised solitary waves is the obser-
vation that the hydrodynamic problem (1)—(4) in the parameter regime (6) follows
from the formal variational principle
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where the variation is taken in (p, ¢) (see LUKE [30]). A more satisfactory version
of this variational principle is obtained using the transformation

y=y(1+px,2), ¢x,y,2)=dx,y,2),

which maps the fluid domain D, = {(x, y,z) : (x,2) € R2, 5 € (0,1 + p(x, 2))}
bijectively into the fixed strip ¥ = {(x, y,2) : (x,2) € R2, y € (0, 1)}, and it is
also appropriate to introduce the scaled variables associated with the KP scaling
limit, namely

- ~ — _1 ~ o~ 1
(A(F.2), P(E,,2) = ("' p(x,2), £ 2®(x,y,2), (F,2) =(e2x,62). (9)
The hydrodynamic problem (1)—(4) is transformed into the equation
1 1
(1+8),0_,3<9,0xx—,352,0zz =/ YDyy dy+/ D, dy+8_1N1(,0, D), (10)
0 0
where we have used the identity
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and the boundary-value problem

—e@yy — 2P — By = TN (0. D), 0 <y <1, (11)
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in which the nonlinearities N, N>, N3 are given by the formulae
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while the functional in the variational principle (8) is transformed into

1
V(p, ®) = /2 [58(1 +e)p* + Be 1+ &3p2 +e4p2 — 1]
R
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(The tildes have been dropped in the above formulae for notational simplicity.) At
a formal level it is readily confirmed that critical points of V correspond to weak
solutions of (10)—(13). Our strategy is therefore to apply the direct methods of the
calculus of variations to find critical points of V' (defined upon a suitable function
space) and develop a regularity theory which shows that the corresponding weak
solutions of (10)—(13) are in fact strong solutions of these equations.

The calculus of variations offers a variety of results for studying functionals of
the type

]-'(u):/ F(u)dx"
S

which are defined on spatially extended domains S (that is, subsets of R” which
are unbounded in one or more spatial directions). A problem of this kind is typi-
cally treated in two stages. Firstly one establishes the existence of a Palais—Smale
sequence {u,,} with the property that F(u,,) — a, F'(uy) — 0asm — oo
for some nonzero constant a, so that {u,,} is a sequence of successively better
approximations to a putative critical point u # 0 with F(u) = a, F'(u) = 0. The
second step is to study the convergence properties of {u,,} (note that weaker results
than the strong convergence of {u,,} are sufficient to guarantee the existence of a
nonzero critical point). The concentration-compactness principle of L1oNs [28, 29]
is frequently helpful in this respect; it has been applied with great success to the
following class of problems collectively known as the ‘coercive, semilinear, locally
compact case’. Suppose that F is a smooth functional on X'(S), where X' (U) is a
Sobolev space of functions defined upon the spatial domain U C R”". Let us write

Fu) = Fo(u) + Fn(u),



6 M. D. GrROVES & S.-M. SUN

where 7 : X(S) — R is the quadratic part of F, and suppose that Fnr. extends
to a smooth functional Fyi., : V(S) — R, where

(1) (‘coerciveness’) JF; is equivalent to the X'(S)-norm;
(i) (‘semilinearity’) Y(S) is continuously embedded in X'(S);
(iii)  (‘local compactness’) Y(U) is compactly embedded in X' (U) for every
compact subset U of R".

The use of concentration-compactness methods to find solitary-wave solutions
of model equations for two-dimensional water waves was pioneered by WEINSTEIN
[42], who considered a variety of third-order equations. The method has been
extended to many other equations arising in water-wave theory, including fifth-
order models [16, 24, 26], systems of model equations [4] and model equations for
three-dimensional water waves [15, 34]; all of these problems satisfy the coerci-
veness, semilinearity, and local compactness conditions. Let us now examine the
variational functional V associated with the full water-wave problem. A straight-
forward calculation shows that

1 2
£ & 1
Vato.®) = [ {/O (—cbi + 2024 202 4 e(pyd, - p@bx)) dy

2 2 27
1
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and it is readily confirmed that there are no function spaces X' (R? x X), Y(R? x X)
that meet the criteria set out above. (In particular, it is not possible to choose a
function space for Vi which requires less regularity of its elements than that for
V,; the problem is quasilinear rather than semilinear in this respect.) We therefore
proceed by studying V in one of the widest possible Sobolev spaces upon which
it defines a smooth functional, namely [W!2(R?) x U%2(2)] N [W!H0-P(R?) x
Us-» ()] for s € (0, 1) and p € (3/8, 00), where

dx dz,

USP () :={D: | Pllysr(s) = 1Pxllwsrz) + 1Py lwsr(s) + 1P lwsr(x) < 00}

and using a reduction technique to show that the problem of finding critical points
of V on this function space is locally equivalent to one of finding critical points of
a reduced functional J which falls into the coercive, semilinear, locally compact
category. Its Euler—Lagrange equation is a sixth-order pseudodifferential equation
for a single function @ of the horizontal coordinates (x, z).
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The reduction technique is presented in overview in Section 2, and complete
proofs of the reduction theorems are given in Section 3. Section 4 deals with the
remaining part of the existence theory, namely the proof that the reduced variational
functional J has anonzero critical point. We show that J is a functional of mountain-
pass type, that is, it has a strict local minimum at the origin and is negative for
some nonzero function. The mountain-pass lemma (see, for example, BREZIS &
NIRENBERG [5, p. 943]) yields the existence of a Palais—Smale sequence {®1,,} with
J(®1,) — ag, J(®1,,) — 0asm — oo, where a, is a nonzero constant (which
may be interpreted geometrically as the minimum height attained by any path
connecting the origin to another point at ‘sea level’). The convergence properties
of this Palais—Smale sequence are examined with the concentration-compactness
principle according to the method given by GROVES [16] in a study of solitary-wave
solutions to a fifth-order model equation for water waves.

The reduction of complex variational problems to simpler variational problems
is well known in the framework of the Lyapunov—Schmidt reduction procedure (see
MIELKE [32, pp. 62-63]). The method is often used to reduce a variational system
of partial differential equations to a locally equivalent variational system of ordi-
nary differential equations. In this context it has been applied to several problems
involving wave phenomena, in particular by MosgR [33] in his investigation of the
resonant case of the Lyapunov centre theorem for periodic solutions of Hamilto-
nian systems, and by CRAIG & NICHOLLS [14] in their existence theory for doubly
periodic three-dimensional water waves. In the present paper we use the method in
amore general fashion to reduce our quasilinear system of partial differential equa-
tions to a locally equivalent semilinear partial differential equation which meets the
criteria set out above for an application of the concentration-compactness method.

A number of other existence theories for three-dimensional gravity—capillary
water waves have recently been published, all of which are based upon variatio-
nal principles equivalent to (8). A wide variety of three-dimensional water waves
has been found using spatial dynamics by GROVES & MIELKE [19], GROVES [17]
and GROVES & HARAGUSs [18]. In these references solutions are found by formu-
lating the hydrodynamic problem as an infinite-dimensional Hamiltonian system
in which an unbounded spatial coordinate plays the role of the time-like variable.
The Hamiltonian system is derived by performing a Legendre transform on the
variational functional V (in unscaled variables), and its solutions are found using
a reduction technique which shows that it is locally equivalent to a Hamiltonian
system with finitely many degrees of freedom, whose solution set can be analysed.
A different technique was used by CRAIG & NICHOLLS [14] in an existence theory
for doubly periodic water waves. The starting point of their analysis is again the
variational principle (8), but they overcome the difficulty posed by the variable
domain D, by introducing a new variable & = ¢|,—1, and expressing the varia-
tional functional in terms of p and &. CRAIG & NICHOLLS apply a version of the
variational Lyapunov—Schmidt reduction discussed above to show that their varia-
tional principle is locally equivalent to a finite-dimensional variational principle
and find critical points of their reduced functional using topological arguments.

The method of CraiG & NICHOLLS, like the result in the present paper, re-
lies upon a reduction method which converts a global variational principle into a
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more tractable local variational principle. An alternative method is to extend a
variational principle to a more general problem to which the direct methods of the
calculus of variations can be applied. BUFFONI et al. [12] have recently used this
approach in a study of two-dimensional periodic steady waves on deep water in the
absence of surface tension. Their quasilinear functional is made semilinear by the
addition of a regularising term (with higher derivatives), and a priori estimates are
used to confirm that the detected critical points of the regularised functional are
actually critical points of the original. The method has been extended to gravity—
capillary solitary water waves (in finite and infinite depth) by BUFFonI [6, 7].

There are several further variational results in the literature concerning two-
dimensional steady water waves. Hamiltonian spatial dynamics methods have been
successfully applied to the problem for gravity—capillary waves by BUFFONI et al.
[9] and BuFron1 & GRrOVES [8], who found a plethora of solitary-wave solutions to
this problem. Burroni et al. [10, 11] and PLoTNIKOV [35] constructed variational
global bifurcation theories for respectively Stokes waves (periodic travelling gravity
waves) and solitary gravity waves using variational methods, while TURNER [40]
found Stokes and solitary gravity waves by applying the direct methods of the
calculus of variations. TURNER used semi-Lagrangian coordinates to map the fluid
domain into a strip; the resulting quasilinear variational functional is handled by
extending it to a tractable semilinear problem and using a priori estimates to return
to the original setting.

1.3. The functional-analytic framework

In this section we introduce scaled function spaces in which the subsequent
theory is developed. At this stage we merely define the spaces and state their main
properties; a detailed commentary on their choice and usefulness is given in the
course of the mathematical development at the beginning of Section 3. Here, and
in the remainder of this paper, we use the symbol ¢ to denote a general positive
constant (which in particular does not depend upon ¢).

In the following analysis we use four basic spaces for functions of two real
variables, namely

(i) the Hilbert space X = {u : |||u|| < oo}/ ~, where u ~ v if and only if
u—veR,

2 3 4
{u, v = /IR@ {CO(Euxxxvxxx + 38 Uy Vixz + 387Uy 7z Vizr + E U7 Vz77)

+ (B — 1) (axVax + 28uxVaz + 1z, Vz;)
Fupv, + (1 +8)uzvz}dx dz (15)
and co = 2a/15 — B/3;
(i) the Banach space Wf’p(R2) ={u: |lulls,p,e < oo}, where
lulls.p.e = IF LA+ 1 + k)2 Full .

where F and F~! denote, respectively, the Fourier and inverse Fourier
transforms, (i, k) is the independent variable associated with the Fourier
transform in (x, z) and || - ||, is the L?(R?)-norm;
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(iii) the Banach space Vg‘s’p(Rz) = {u : |uls p,e < 0o}, where
_ 1 1.8
luls,p.e = IF L1 +e2(u® + ek®) 2 D) Fulll ;

(iv) the Banach space Uf’p(]Rz) ={u: ||M||U5,p < 00}/ ~, where

1
”u”U;SP = [lux ”8,[7,5 + &2 ”uZHS,p,s-

The spaces Wg P (R%) and Vgs’p (R?) are scaled versions of the standard Sobolev
spaces WP (R?) and W!*%P(R?) defined using the Bessel potential (see ADAMS
& FOURNIER [2, Section 7.63]); similarly X and Uf "P(R?) are scaled versions of
familiar spaces in which only the derivatives of functions play a role. Both the
scaling and the choice of coefficients ¢y and 8 — 1/3 used in the definition of X
are dictated by the hydrodynamic problem (see Section 2); on the other hand the
scalings used in the other spaces are chosen in view of their compatibility with
X and usefulness in fixed-point arguments for solving nonlinear equations (see
Section 3).

The following proposition states some of the basic properties of the above
function spaces. Parts (i)—(iv) are proved by applying straightforward scaling argu-
ments to well-known properties of the standard function spaces from which they
are constructed, parts (v) and (vi) follow by scaling the results given by Mazya
[31, Section 7.1.2], and part (vii) is obtained using the method described by WANG
etal. [41, Lemma 1].

Proposition 1.

(i) The function spaces Wf 2P (R?) and sz’p (R?) are continuously embedded
in, respectively, Wf 1P (Rz) and Vssl’p (Rz) whenever 81 < 85, in particular
we have the embedding inequalities

”””(Sl,p,s g ””Héz,p,a» |M|51,p,8 é |u|52,p,83 81 § 8.

(i1) The space Wf "P(R2) is a Banach algebra and continuously embedded in
Cp(R?) whenever § > 2/ p; in particular we have the inequalities

_ L _ L
luvlls,pe = ce 2 llulls, pellvlls, pes lNulloo = ce 2 lulls,pe, & >2/p.
(iii) The inequality
_3
lulls, p,e = ce™2uls pe
p p

holds for each § = 0.

(iv) The space X is continuously embedded in Ug P (R?) for é € [0, 1] and we
have the embedding inequality

1_4

1
lull o0 = ce2 3 2ulll, & €0, 11. (16)

v) The WS P (R?) norm may be replaced by the equivalent norm

_ s
luells p.e = llullp + 1F " [(u* + ek*)2 Full .
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(vi) The ngS P (R2) norm may be replaced by the equivalent norm
uls.pe = lullp + 2 1F 7 [ + ek T3 Full .
(vii) The sharper embedding inequality
lullyr.e < clllull 17
holds whenever p € (2, 6).

It is also necessary to consider functions u = u(x, z) defined upon an open
subset S of R? (with smooth boundary); for this purpose we use the space X5 =
{u : |llullls < oo}/ ~, where ||| - |||s is defined by formula (15) with the range of
integration replaced by S, the space Wf *P(S), which is defined by interpolation (see
below), and the space U2 (S), which is obtained from W27 (S) in the same way
that U7 (R?) is obtained from W.'” (R2). The function space W2 (S) defined by
an interpolation procedure according to the formulae

N

s.p . ki ak
WP (S) = {u: llulls.p.e <00k, lulls.pe= D e2ldioful,
i+k=0

fors =0,1,2,...and
WoP(S) = [WELP (), WP (8)]5- 18

for arbitrary § 2 0, in which || - || , is the L?(S)-norm, the symbols |- | and [-] refer
to the ‘floor’ and ‘ceiling’ of a positive real number and the interpolation is carried
out in the sense of LIONS & MAGENES [27] (see also ADAMS & FOURNIER [2, Sec-
tion 7.57]). Of course this procedure can also be used to define the space Wf P (R?)
itself, and in fact leads to a space which coincides with that constructed using the
Fourier transform (see also ADAMS & FOURNIER [2, Sections 7.50-7.66]). The fol-
lowing proposition states the key properties of Xy, Wg P (S) and U f "7 (S); note
that it is the compactness of certain embeddings rather than the size of embedding
constants which is of most interest here.

Proposition 2. Suppose that S is an open subset of R* with smooth boundary.

(i) The space Wg(s "P(8) is a Banach algebra and continuously embedded in Cy(S)
whenever § > 2/ p.

(i) The space X is continuously embedded in Uf P (S) for 8 € [0, 1] and the
embedding constant does not depend upon S. The embedding is compact
whenever S is bounded.

We also consider functions of three variables (x, y, z) € X, where X is the strip
{(x,y,2): (x,2) € R%, y € (0, 1)}, using the function space Wf”’(z) defined by
an interpolation procedure according to the formulae

N
8,p . Kaiaiak
WEP(Z) = {u: ulls.pe <00}, Nulspe= > e2[0i0)0%ul,
i+j+k=0
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fors =0,1,2,...and
WoP(2) = [WBLP(2), wIlP(2)]5_ 5

for arbitrary § = 0, where || - ||, is the L”(X)-norm. The space Uf’p(E) =
{u: ||u||Ua,p < 00}/ ~ is derived from W% 7 (%) in the usual fashion, so that

1
lull yo.p = lluxlls, p.e + luylls, p.e + &2 lluclls, p,e-

The following properties of Wf 'P(%) are readily deduced from the fact that it is a
scaled version of the standard interpolation space W7 (X).

Proposition 3.

(i) The space Wf“’ (X) is continuously embedded in Wf P () whenever
81 £ 8y, in particular we have the embedding inequality

lulls,p.e < lullsy,pes 1 = 2.

(1) The space Wg "P(X) is a Banach algebra and continuously embedded in
Cyv(X) whenever § > 3/ p; in particular we have the inequalities

_L _L
luvlls,pe < ce” 2 llulls,pellvlls,pe. Nulloo = ce 27 llulls,pe. 8> 3/p.

Finally, we state some elementary properties of operators which arise naturally
when passing between functions defined on R? and functions defined on X.

Proposition 4.

(i) The mapping

1
U+ / u(-, y)dy
0

defines a bounded linear operator WS’P(E) — Wg’p(Rz).

(ii) The natural extension of u : R2 — R tou : ¥ — R defines a bounded
linear operator WS”’(RZ) — Wf’p(E).

(iii) The trace mapping u +— u|s defines bounded linear operators

WD) > WYRA(R?)
and
WiP(s) - wiTVPrr(R?), p> 2.

The norms of the linear operators listed above are all independent of ¢.
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2. Reduction to a single pseudodifferential equation

In this section we present an overview of the reduction procedure which converts
equations (10)—(13) into a locally equivalent semilinear pseudodifferential equation
for a single function of the horizontal coordinates (x, z). The method is variational
in nature, that is the variational principle (8) associated with (10)—(13) is simulta-
neously converted into a variational principle for the reduced equation. Full details
of the theorems used in the reduction procedure are given in Section 3, and the
existence proof is completed in Section 4, which is concerned with finding critical
points of the reduced variational functional.

The goal of this paper is to find solutions (p, ®) of equations (10)—(13) which
belong to [(WL2(R?) x UO2(2)IN[W2EP(R?) x UL-P(%)] for all sufficiently large
values of p > 2;the trace ® |y~ and nonlinearities N1, N2, N3 are well defined and
smooth (in a neighbourhood of the origin) in these function spaces. We refer to such
solutions as strong solutions of (10)—(13). Our strategy is to seek weak solutions
of these equations which lie in the larger function space [(W2@R?) x U2(2)]1N
[WiH.r(R?) x U%P(%)] for sufficiently small values of § € (0, 1) and establish a
regularity result that weak solutions are in fact strong solutions. We always choose §
and p with é > 3/p so that the weak forms of the nonlinearities are well defined and
smooth. It is later necessary to work in scaled versions of these function spaces in
order to solve certain fixed-point equations (we return to this issue in detail below);
we therefore use scaled spaces from the outset, although only their topological
properties are relevant for the present discussion of weak and strong solutions.
The scaled spaces in question are [V)2(R?) x U%2(2)]N [VIP(R2) x UNP ()]
for strong solutions and [V2(R?) x U%2(2)] N [V2P(R2) x U (2)] for weak
solutions (see Section 1.3 for their definitions).

Definition 1. A weak solution of (10)—(13) is a pair (p, ®) of functions which lie
in [VO2(R2) x U2(2)] N [VEP(R?) x ULP ()] and satisfy

/R i {(1 +&)pw + Be’ prwy + ﬂe4pzwz] dx dz

1
:—/ / (deya)x—CDXa))dydxdz—i-/ 871N1(,0,<I>)a)dxdz, (18)
Rz Jo R2

1
/2 {/ (ByWy + D, W, + 2D, W) dy + px\my:l] dx dz
R 0

1 1
=/ / £~ Na(p, ®)W dy dx dz +/ / £ INs(p, @)W, dy dx dz
R2J0 R2J0
(19)
for all (w, ¥) € VSO'Z(RZ) X W;’Z(E) (or any dense subset thereof). Here

5 7 5 7
Na(p, @) = e2(pDy)x +2(0D;); —€2(yPypx)x — €2(yPy07);,

3
5 eypx Py 7 eyp; Dy e2pd,

Ns(p, ®) =2 | D, — - g2 |p, — =2 _

s(. @) ( * 1+s,o)yPX+ ( T xe ) T T e
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and the ‘outer’ derivatives with respect to x and z in N4 and N are transferred to,
respectively, ¥ and w by an integration by parts.

The following proposition explains the significance of weak solutions of equations
(10)—(13) in our variational existence theory.

Proposition 5. The weak solutions of equations (10)—(13) are precisely the cri-
tical points of the smooth functional V : [V80’2(R2) X UB’Z(E)] N [Vf’p(Rz) X
U’ ()] - R

Our first step is to formulate the hydrodynamic problem in terms of integral
equations which are later solved using fixed-point arguments. We begin by fixing

@ and examining the equation for p. Taking the Fourier transform of the strong
form (10) of the equation for p, one finds that

1

P T e 1882

1 1
(iu/o y®ydy+/0 <I>xdy+81N1(p,d>)), (20)

where g2 = eu® + £2k?. It is helpful to write this equation in the form

=g ([ 0) e () 40)
p_1+s+ﬁq2 Oyyy 1+e+Bg% \ o x &Y

b (R0 @) e (7 80 @)
1+ ¢+ B> e 1+ ¢+ B> e

ie!/2k 3 eg
1+ Bq? (2. »). @n

where

1 2 2
eyp, @ eyp, D,
Nll(,o, ) = —/ &2 (CDX _ DTy y) Sy (CDZ _ 2Ty y)
0 14 ¢p 14 ¢p
2
N ey —i—s% ®. — eypxdy\ vy
2(1 + &p)? 14+eo ) 1+¢p

o O
v (o, = 2P0} X2y g,
1+epo ) 14+¢p

Be*p ! eyp,®
Ni(p, @) = . —Bepy —e* | @y — —) v, dy,
0

J1+e3p2+e4p? I +ep

,333,0 ! eyp, P
Ni(p, @) = < —Bep.—& | |D.— T ) Yordy,
14 &3p2 +e4p? 0 Tep

This equation consists of a series of Fourier-multiplier operators acting upon
nonlinear functions of p and first derivatives of ®; in keeping with this structure
the x derivative in the second term on the right-hand side of (20) is not absor-
bed into the corresponding multiplier. Inspecting (21), we find that each of the
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quantities in brackets defines a mapping from a neighbourhood of the origin in
[VO2(R2) x USA(E)] N [V (RY) x ULP ()] into WO2(R2) N WP (R?) (see
Propositions 1-4), and in fact each of the Fourier multipliers appearing in (21)
defines a mapping from WO2(R2) N W.¥(R2) into VO2(R2) N VP (R2) (see
Lemma 2 below). Equation (20) is therefore well defined for (p, ®) in the larger
function class [VEO’Z(]R2) X UEO’Z(E)] N [Vga’p(Rz) X Uf’p(Z)], and in this setting
we refer to it as the integral form of the equation for p.

We can also obtain a weak form of the equation for p by multiplying the strong
form by a test function and integrating by parts; the weak and integral forms of the
equation for p are in fact equivalent.

Proposition 6. Suppose that ® € UB’Z(E) N Uf’p(E). A function p* € Vso,z(Rz) N
Vf’p (R?) solves the integral form of the equation for p if and only if it is a weak
solution of the equation for p.

Proof. With slightly more generality we consider the problem posed by the above
equations in which Nj is an arbitrary function of the form
Ny = N} +ipN? +ie2kN3, NL N2 NP e L2RY).
Suppose that p* solves the integral form of the equation for p, so that p* is
related to ®, N 11, N 12 and N 13 according to equation (21). Clearly

/R2 {(1 +e&)p*w + ﬁszp;wx + /384,0;%} dxdz

- /]R2 {(1 + & + Bq?)p* o dky dky

A

1 - —_
=/2/ Gy dyo + @) dy dk; dk,
0

te! /2(1\711 FiuN? +ie Tk N3)é dky dks
R

1
= —/ / OPywy — Prw)dydxdz
R2Jo

+8_1/ (Nlla)—lea)x—N?wZ)dxdz
RZ

forall w € VSO’Z(]Rz), so that p* is a weak solution of the equation for p.

Conversely, suppose that p* is a weak solution of the equation for p. A familiar
argument asserts the existence of afunction F € C(U>%(2)x (L*(X))?, VO2(R?))
with the property that p* = F(®, N 11, N 12, N 13 ). In the special case in which
(@, N}, N7, N;’) belongs to the dense subset U2 (X) x (W(}’z(Rz))3 of U2(T) x
(L%(%))? the elliptic regularity theory implies that p* belongs to V€1'2(R2) and is
a strong solution of the equation for p; taking the Fourier transform, one finds that
p* satisfies (21). The right-hand side of (21) defines a function G € C(US’Z(Z) X
(L2(%))?, VO2(IR?)), and it follows from the above argument that

F(®, N{,Ni, N}) = G(®, N}, N}, N}))



Fully Localised Solitary Waves 15

for every (@, Nll, N12, N13) € U;*Z(Z) X (Wé’z(Rz)ﬂ Using a standard den-
sity argument, we conclude that this equation holds for every (&, N ]1, N 12, N 13)
€ USO’Z(Z) x (L*(%))? and hence that p* solves the integral form of the equation
for p. O

The boundary-value problem for @ yields integral and weak formulations in an
analogous fashion. Taking the Fourier transform of the strong form (11)—(13) of the
equations for ® and using (20) to eliminate p from the linear part of the equations,
we obtain the boundary-value problem

—CiDyy + q2<i> = s_%l%(,o, ), 0<y<l,

CiDy _ suzci) _ —ip
I+e+pg> 1+e+pg?
d,=0 ony=0.

Ni(p. ®) + e IN3(p, ®) ony=1,

This boundary-value problem can be recast as the single equation

1 .
N 1A —1u ~ 1A
P=— [ Ge 2N2(p, P)dE — Gle=i (————=Ni(p, ®) + ¢ 2N3(p, D)),
/o € 2Na(p, P)dé le 1(1+8+ﬁq2 1(0, @)+ ZN3(p ))
in which the Green’s function G(y, §) is given by

[ coshgy (1+ &+ Bg?) coshq(1 — &) 4 (epu?/q) sinh g (& — 1)

coshg g% — (1 + & + Bg?)q tanh g — &2k ’
O0<y<é& <1,
Gy, §) =
coshgé (1 +e + Bg>) coshq(l — y) + (ep?/q) sinh g (y — 1)
cosh g g% — (1 + &+ Bg?)q tanh g — £2k?> ’
0<é<y<l,

and an integration by parts yields the alternative representation

Ni(p, @).

(22)
Examining equation (22) in the same way as equation (20) (see the discussion
below (20)), we find that it is well defined for (p, ®) € [VO?(R?) x U>2(2)] N
[VOP(R2) x UZP(E)], and in this setting we refer to it as the integral form of
the equation for ®. The appropriate weak form of the equation for ® is found by
multiplying the above boundary problem by a test function and integrating by parts;
the next proposition, which is proved in the same way as Proposition 6, shows that
it is sufficient to consider the integral form of the equation for ® when seeking
weak solutions.

Proposition 7. Suppose that p € VO2(R2)NV. P (R2). A function ®* € U%2()N
Ug "P(X) solves the integral form of the problem for ® if and only if it is a weak
solution of the problem for ®.

&= /108—%1\7( @) de /lG e Ris(p. &) dg 41O le=!
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Our study of fully localised solitary waves is motivated by their existence as
explicit solutions of the KP-I model equation, which is formally derived in the long-
wave limit |(u, k)| — 0. This fact suggests that any bifurcation of fully localised
solitary wave solutions to the full water-wave problem should be controlled by
terms associated with the long-wave limit. We therefore proceed by expanding the
dispersion relation, which appears in the denominator of the Green’s function, in
powers of  and k; the result is

q*> — (1 + ¢+ BgHqtanh g — £2k>
== [k + o)+ u? + (B - $(1 +0) e
(0 +e) = 18) e + 0"
=0 —3¢¢* + 0(¢") (23)
as [(u, k)| — 0, where
Q=kK+e)+pu”+ (B— %) e72q* + coe2¢%, o= %(1 +e)— % .

Supposing that the coefficients of ¢* and ¢ are positive, one finds that the quantity
€2 defines both a differential operator (whose first and second terms coincide
with the linear operator in the KP-I equation) and the norm of a Hilbert space X
(cf. equation (15)). By including the third term in Q we ensure that X is conti-
nuously embedded in the Banach spaces Ug’z(Rz) and Uf P(R?) for § > p/2
(see Proposition 1(iv)), and this feature guarantees the semilinearity of the reduced
pseudodifferential equation derived below. Moving the term — %sq4 to the remain-
der in the above expansion ensures that the coefficient of ¢g* is positive whenever
B > 1/3, while the coefficient cq of ¢° is clearly positive for f < %( 1+e¢).ltis
actually possible to apply the method for all values of 8 > 1/3 by including higher-
order terms in the expansion: one finds that Q defines a norm for 8 > é—g’(l + €)
when the eighth-order terms are included, and an expansion up to tenth order
fills the gap %(1 +e) B %(1 + ¢). Although we concentrate in this paper
upon the case when cg > 0, it is a straightforward matter to extend our calculations
to the remaining cases.

Let us now decompose the Green’s function into a singular and a smooth part
using the formula

1+¢

e2Q
and define functions ®(x, z) and ®»(x, y, z) by replacing G with, respectively,
its first and second component in the integral form of the equation for ®, so that

<i>—1+8(/1 Ao, dyde — — P R <1>)) (24)
1=ag Y, ¢ e R T e @) )

1
R Gi -
by = —/0 S R(p, @) d

G=-— +&7%G,

inGile=1

ml\ll(ﬂ, D). (25)

1
Gig ~
— [ i fsto. @) de +
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It is a straightforward matter to confirm that equations (24), (25) are equivalent to
equation (22).

Proposition 8.

(i) Any solution of the integral form (22) of the equation for ® can be expressed
as the sum ® = & + &y, where O, O, solve (24), (25).

(i1) Suppose conversely that @1, O, satisfy equations (24), (25) with ® = & +
®,. The function ® satisfies equation (22).

In keeping with this proposition, we henceforth abandon the integral form of
the equation for @ and work instead with (24), (25) with ® = &; + &, on their
right-hand sides; these equations are the integral forms of the equations for ®
and ®,. Equation (24) is valid for p € VO2(R2) N VP (R?), & € X, d; €
ng’z(E) N W;H’IJ(E), while equation (25) is valid for p € V80'2(R2) N Vf’p(Rz),
@ € UO2RHNULP (R?), dy € WH2(Z)N W, TP (S). Notice the difference in
the regularity requirements for ®; between the two equations; upon writing down
the weak and strong versions of the integral equations this difference manifests
itself in the fact that the equation for ®; is semilinear, while the equation for
@, remains quasilinear (see below). It is actually convenient to place a further
requirement upon @1 in relation to the integral form of the problem for ®;, namely
that it should also lie in U 2*4(R2) (into which X is also continuously embedded).
This restriction allows one to obtain better estimates for the ®, equation in the
subsequent existence theory; we therefore also apply it in the requirements for a
weak solution of the equation for ®;.

The strong form of the equation for @ is clearly

2

s [—coe(d2 + £32)* + (B — D07 + £82)* — (1 + )82 — 371,

1
:/ 8—5N4(p,q>)d§—f—1[ Nl(p,cb)]
0

i
1+e+Bq?
and is well defined for p € VEO*Z(RZ)HVSI"U(RQ), ;€ UDP(R?), d, € wh2(z)n
Wg2 "7 (%). The equation is semilinear since its right-hand side is well defined for &

in the larger space U, 92(]12{2) N Ue1 "7 (R?), into which X is continuously embedded.
The strong form of the equation for ®; is calculated by substituting

&=+ 71| LS /18—51\7( oyt — — " Fip, )

into the strong form of the equation for ®; one finds that

~ ~ 1A
—®oyy + ¢’y = e 2 N2(p, D)

2 1 :
qg-(1+e¢) (/ 1A in N )
- £ 2N ,q) d - N ,qD 3
e20 0 4P D)y = g N @)
O<y<l, (26)
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2’\ .
o e P, _1 A i N
by — —————— =6 2N3(p,®) — ——— = Ni(p, D
YT T et ¢ 3(p, @) T4e+ B 1(p, @)
L Uoer (/1 “2N4(p, ®)d L <I>))
8 9 - 5 . A b
e2Q(1+ ¢+ Bqg?) \Jo 4P Y 1+¢e+ Bg? 1P
ony=1, (27)
dyy =0 ony=0, (28)

and this quasilinear boundary-value problem is well defined for p € V£0’2(R2)
NVEP(R2), @ € UM2(R?) N ULSP(R2) and @, € WI2(X) N WP (X). The
semi- and quasilinearity of the respective equations is also evident in their weak
formulations.

Definition 2.

(i) Suppose that p € VO2(R2) N VP (R2) and @, € WEA(Z) N W, TP (%) A
weak solution of the equation for @1 is a function ®} € X which satisfies

(@1, w1)) =

Ite /1 Ny, D) de—F | — Ko, )| ) §ydxa
— & , - _ , x
e Jr2\Jo “p 14+ Bg? 1P v

for all W € X (or any dense subset thereof); here & = ®] + &, and the
‘outer’ derivatives with respect to x and z in N4 and N are transferred to Wy
by an integration by parts. Observe that the right-hand side of the equation is
well defined for @ in the larger space U%2(R?) N USP (R?), into which X
is continuously embedded.

(ii) Suppose that p € VO2(R2) N V2P (R?) and @, € U%2(R2) N U%4(R2) N
Uf”’ (R?). A weak solution of the problem for @, is a function OIS Wsl 2(2)N
W, P (2) which satisfies

Lo = S el d%| _1‘if| =1
Q5 W, + g3y dy — — 2= =
Az [/0 ( 2y y q 2 ) y 1 & ﬂqZ

1
—|—(/0 57%](/4(;),(13)(1)7— 1\71(:0,(13))

i
1+e+ Bq?
1 A 1 2&/
« %/ pdy - Ureeb Ly g
20 0 e2Q(1 + ¢+ Bg?)

1 1 A ~ 1 A ~
:/IRZ [/0 (672 Na(p, P)V2 + e 2 Ns(p, P)W2y) dy

i \ =
————Ni(p, ®P)Vr|y—=; t dudk
et B 1(p, P)V2ly 1] i
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for all ¥, € ng’z(Z) (or any dense subset thereof); here & = ®; + @3 and
the ‘outer’ derivatives with respect to x and z in N4 and N are transferred to
W, by an integration by parts.

Proposition 9.

(i) Suppose that p € VOXRY) N VP (R2) and &, € WI2(Z)n W TP (%), A
function ® € X solves the integral form of the equation for ®1 if and only
if it is a weak solution of the equation for ®.

(ii) Suppose that p € VO2(R2) N V2P (R2) and &, € US2(R?) N U4 (R2) N
US’P(RZ). A function ®3 € W;’Z(E) N W;M’P(E) solves the integral form
of the problem for ®, if and only if it is a weak solution of the problem for ®,.

We now proceed in a fashion reminiscent of the classical Lyapunov—Schmidt
reduction. In this method a problem is treated by writing it as a pair of coupled
equations for two unknowns X and Y; one of the equations is solved to yield
the functional relationship ¥ = Y (X), and inserting this function into the other
equation one obtains a reduced equation for X. We use this two-step approach
for our water-wave problem in the following manner. Firstly we apply fixed-point
principles to solve the integral forms of the equations for p and @, for p, ¥, as
functions of ® and secondly we substitute the solutions p = p(®1), &2 = P(D1)
into the integral form of the equation for @ to obtain a reduced equation for ®;.
It is essential to use the scaled function spaces to solve our integral equations, and
we explain this point in detail in Section 3 below, where the following theorem is
established.

Theorem 1. Suppose that
i@l = M,
so that &) belongs to U*2(R2)NUL4(R2)NUL P (R2) with || | gir S cem AR
(see Proposition 1(iv)). For sufficiently small values of § and sufficiently large
values of p (with § > 3/p) the integral forms of the equations for p and ®;
admit unique solutions p = p(®1) in Vgo'z(Rz) N Vga’p(R2) and ®y € Or(Py) in
W) N WP (D) that satisfy
< e D i
lpls.p.e = ce” (1 P1xlls.p.e + P2(e* D1l 0.0)),

—A 1
[P2ll145.p.e = ce™ " Paed[|P1ll5.),

A

1_A 1
[®2ylls,pe = ce2 = Pa(ed[[Pillo.0),

1

1 1_ 1
cUIPrllz + &2 [ @112 00 + 272D 1 o2 Pi(e? [@1] y5.)),

A

[0lo,2,e

P2111,2,6

3 2 1-a 1
2 2 7
ce2 |l jos + &2 Tl Pil o2 Pr(e® | Pullys.0)),

A

A

2 1-A 1 .
[P2yll2 = cle]| Py ||U0,4 +¢ @11l 02 Pr(e* (| Pyl 6.0));
° & 5

the functions p and ®, depend smoothly upon ®1 in the topology defined by these
function spaces. The symbols A and P, denote, respectively, a quantity which is
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0 (8+1/ p) and a polynomial which has unit positive coefficients and no monomials
of degree less than n.

Substituting p = p(P;) and ®; = Po(P) into the integral form of the
equation for @1, we obtain the (integral form of the) reduced equation

o 1+e¢
b = 3
Y

1
(/0 6 Ra(p(@1), D1 + D(D1)) dé

T g ie@n. +d>2(<1>1))) 29)
for the single variable ®; € X; the weak and strong versions of this equation are
obtained in the usual fashion, and are clearly semilinear. Our analysis proves that a
solution @7 of any formulation (integral, weak or strong) of the reduced equation
for ®; generates a weak solution (p, ®) of the original hydrodynamic problem,
where p = p(®}) and ® = O] + 5 (P7). We now show that this equation inherits
the variational structure of the original hydrodynamic problem, that is the reduction
procedure also reduces the functional V to a variational functional J for the reduced
equation for @ . In particular, critical points of J are weak solutions of the reduced
equation for @1, and of course the semilinear nature of this equation means that
J falls into the ‘coercive, semilinear, locally compact case’ to which the direct
methods of the calculus of variations may be applied.

Letus return to the original hydrodynamic problem (10)—(13) with its associated
variational functional V. The Euler—Lagrange equations for V, namely

diV[p, ®] =0, (30)
d2V[p, ] =0, (€29

correspond to the weak form of the system (10)—(13) and are given explicitly by
equations (18) and (19). Proposition 6 asserts that (30) is equivalent to the integral
form of the equation for p, and the first step in the reduction procedure is to solve
this equation for p as a function of ® and insert p = p(®) into the equation for &,
whose weak form is therefore

dV[p(d), d] = 0. (32)

The following proposition shows that this step in the reduction procedure preserves
the variational structure in a natural way.

Proposition 10. Define a smooth functional VV U£’2(E) N Uf’p(Z) — R by the
formula W(®) = V(p(®), ®). The critical points of VV are precisely the solutions
of equation (32).

Proof. Observe that

dW[®] = diV[p(®), PI(dp[P@]) + d2V[p(P), D]

b V[p(P), @]

since the defining property of p(®) is that it solves equation (30). O
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We now proceed formally. Because

1 1~ R 1 R R
/e*pr,cb)dy— N1<p,<1>>=/ fdy+h,
0 0

in
1+ ¢+ Bg?
where
H=¢3N(p(®), D),

h =& IN3(p(®), D) — Nl(p(d’),@)]

i
1+¢+Bq?

one can write the strong form (26)—(28) of the problem for ®; as

. " 1 L -
_¢2yy+q2q>2: 6] ( +8) (/ de+h)’ O<y<1, (33)
0

20
. 2% . 1 LR .
¢2y_8“—22:h+ . (1+e)ep 5 (/ de+h) ony =1, (34)
14+¢+Bg e~ +e+Bg7) \Jo
®yy =0 ony=0. (35)

Integrating (33) with respect to y over (0, 1) and substituting for <i>2y l[y=0, &)2y l[y=1
according to (34), (35), we find that

1
) " 30 <1>2|y 1 (/ )

drdy — = Hd +h 36
Q/O 24y 1+ ¢ ,36] y (36)

7*(1+e) n (1+e)ep?
€20 e20(1 + e+ Bg?)’

It follows that each solution ®,(®) of (33)—(35) satisfies (36) and hence also
solves

2 1 2 &
N X qg°(1+¢) 2/ A eu doly=1 A
D2yy P Y Prdy - ———— | =H,
R e20s (q e 1+e+Bq>

O<y<l, 37

where

S=1-

A s,uzdsz
gy — ————
14+¢e+ Bg

1 2 L ep?ds|y— A
4 . ( +8)‘9/~‘(* - qZ/ q)zdy_'u—2|y712 =h 0ny=1, (38)
e2QS(1 + e+ Bg?) 0 1+¢+ Bq

dADQy =0 ony=0, (39)

This argument is reversible: a similar calculation shows that the identity (36) holds
for each solution ®,(®;) of (37)—(39), which therefore solves (33)—(35), and we
conclude that the formulations (33)—(35) and (37)—(39) are equivalent.
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The left-hand sides of equations (37)—(39) constitute a formally self-adjoint
operator associated with the quadratic form

0x0 =3 [ /1<l<i> Pt sy dy - —
2 2—2R2 A 2y q~|P2[7)dy T Tet B2 2ly=1
l+e|, (1. e’ D)y ’
drdy — ————— dp dk.
+82qu/0 2dy T+ g M

(Notice that the quantity S vanishes for certain values of u and k; we return to this
issue below.) Similarly, the left-hand side of the strong form of the equation for &1,
namely

&2 2 243 1y a2 2,2 2 a2
[—coe(dy +€d;)” + (B — 3)(0; +€9,)" — (1 +&)d; — 971D

1+¢
1

:/ Hdy + h,
0

constitutes a formally self-adjoint operator associated with the quadratic form s> Q1
where

01(®1) 1 1.

20 +e)

Let us now write W/(®) = Wh(P) + WnL(P), where W, denotes the quadratic
part of ¥V, and note that

1 _ _ _
AWNL[®](W) = —/Rz [/0 (Ho\I’y+H1\Il)dy+h1\IJ|y:1] dudk,  (40)

where
1 _1
Hy =& 2N5(p(®), @), Hi=e 2Na(p(®), D),
—ip .
h =F| ————Ni(p(®), D) |.
i [1 ey g e® )}
An inspection of the weak form of the equation for ®| and the weak form of the

reformulated problem for ®; shows that they formally correspond to, respectively,

£2dQ1[®11(¥1) + dWNLI®; + D2](W)) =0,

dQs[P2](¥2) + dWNL[P1 + $2](W2) =0,
so that the weak form of the reduced equation for ®; formally corresponds to
2dQ1[®1](¥1) + AWNLIP1 + P2 (PD) (W) = 0. (41)

Repeating the arguments used in Proposition 10, one finds that the solutions of (41)
are precisely the critical points of the functional

1(®1) = e201(P1) + Q2(D2(P1)) + WNL(P| + D2(D))),
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since

dI[®]1(¥)) = £2dQ1[P1](¥]) + AWNLID + Do (P1)](¥))
+ (dQ2[P2(P1)] + AWNLIP1 + P2])(dDP2[D1]1(W1))
= £2dQ[®1](¥]) + AWNL[DP| + D2(D1)](W)),

where the second line follows from the defining property of ®,(®;) as a solution
of the integral and hence of the weak form of the equation for ®,.

It remains to treat the difficulty posed by the vanishing denominator in the
formula for Q5. To this end we use the identity

1 24 1
) A e Drly=1 (/ A A )
Ordy— ————=3S§ Hidy+h), 42
q /o e | Hidy+h (42)
for ®,(d), which is obtained from (36) by noting that

1 1
/ de—l—h:/ Hydy + hy.
0 0
Using (42) to eliminate S we obtain the alternative formula

02(P7) =

l/ |/1<|<i>2 Pt D dy - — ol
2 e Lo 77 I+e+Bg2> 77

N O A £ 2],
Hd h Ordy — ———— dp dk
+82Q (/o 1dy + 1)(q/0 2dy I +¢+ B4 23

for Q2 (D2(Dy)).

The above argument, which is formal in nature, delivers a candidate for the
variational functional corresponding to the reduced equation for ®;. Rather than
making the argument rigorous, we proceed by confirming directly that critical points
of I (which, with the new definition of Q,(®,(®)), is a smooth functional on X)
correspond to weak solutions of the reduced equation for ®. This result is stated
in Lemma 1 below; the following proposition, which asserts that a suitable version
of (42) holds for solutions of the integral form of the problem for ®,, is required
for the proof of the lemma.

Proposition 11. The solution ©,(P1) of the integral form of the problem for ®»
satisfies the identity

1 5 [ s ep>®sly—g S /1 . .
— Dy dy — = Hidy+hi). 43
Ql/z(q/o 2dy T +e+ g AV y+h (43)
Proof. With slightly more generality, we establish the result for the boundary-value

problem for ®, obtained by replacing Ns by an arbitrary function in L>(Z), N4 by
an arbitrary function of the form

Ny =iuN} +ie2kN2, NI N? e LA(®)
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and Nj by an arbitrary function of the form
A A A~ 1 A
Ni = N} +iuN? +ie2kN;, N}, N}, N} e L2(R?).
It is a straightforward exercise to show that

F(N}, N}, N}, N}, N7, Ns)
1 5 [ e’ Doy
- Py dy — Hidy +h
QI/Z(q/o v ) v ([ e

where ®; is the solution of the integral form of the problem, is a continuous function
(L2(R?))3 x (L3(%))? — L*(T) (the Fourier-multiplier operators appearing in
this equation are handled using Parseval’s formula). Now suppose that N, le,
N13 belong to the dense subset Wé’z(Rz) of LZ(RZ) and that Ni, Nf, N5 belong
to the dense subset Wol’Z(Z) of L?(¥). Using Lemma 4 below in a ‘bootstrap’
fashion, we find that ®; belongs to WZ2(X); because it is a weak solution of the
problem for &, with the required additional regularity it solves the strong form
of the problem in L2(X) and hence the identlty (42) in L%(%). It follows that F
vanishes for (N}, N2, N?, N}, N2, N5) € (Wy*(R2))* x (W,"*())?; a standard
density argument asserts that it also vanishes for each (N 1N 12, N 13, Ni, Nf, Ns) €
(L2(R?))’ x (L*(D))* — L*(®). O

Lemma 1. The weak solutions of the reduced equation for ® are precisely the
critical points of I : X — R.

Proof. Observe that

2

&€
dI[P1](¥y) = m((@l, Wil + dWNLI® + Po(P DIV + W)
Lo 24a % SMZ A X
+ Dy Vo) + g DPrWr)dy — ————— Pr Wy |, — du dk
/Rz./o(bzyqzzy 1+8+,3q222|y1 w

1 I+e¢ 1 2/1 = 8u2<§>2|y:1
+ = FIOH;W]dy + Floh, ¥ dydy — —— 2=
s en2 ¥y
+ Hydy +h 2/\1:(1—7" dp dk,
20 (/ i ‘)( o 2V T exp [ M

(44)

where Wy = d®,[P](¥) and W = W 4 W;. Elimination of S between equation
(43) and its derivative with respect to @ yields
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L[ O
— Hd+1)/2\y2d_—y—
QW(/O Y o 1Y T THe 1 pg?

_ ! (/]f[aan]d + Floh xy]) /1 2,4 sy
_Ql/z o 1 y 1 Oq 2dy 1—|—€+/3q2’

(45)

SO

and it follows from (40) that

AWNL[P) + ©2(P1)](W1)
= —/Rz[(/ollfll dy +/;1) &11 +/01(1‘A10\ff2y + ﬁl‘iz)dy + fll‘i’zl;:l] du dk.
(46)

Combining equations (44)—(46) and using the fact that ®,(®) is a weak solution
of the problem for ®,, one finds that

2

1 _
18 (((‘191,‘111)))—/ (/ Hldy+h1) U, dp dk.
+8 RZ 0

dI[®](¥)) =

O

It is convenient to replace I by the equivalent functional
J(@1) =72 1(@1) = Q1(P1) + &2 Q2(P2(PD) + & P WL(P1 + P2 (1)),

which is defined upon a neighbourhood of the origin in its function space X (see
Theorem 1). We denote the radius of this neighbourhood by the distinguished
symbol M and write J : By(0) ¢ X — R; note that, although M may be
taken arbitrarily large, the greatest permissible magnitude of ¢ decreases as M 1is
increased. We conclude this section by computing a formula for J which is helpful
in our subsequent analysis. We write

1 . L, LR
:f—l[—(q> +i/ ) d+/d>)}+ , @1, @7),
Jo T4et pa 1 +ip ; y®2, dy A 2x oNL(p, P, ©2)

and use the fact that ®,(®) solves the weak formulation of the problem for &,
whereupon Definition 2(ii) with W, = @, implies that

1 1
0s(®) = 5 /R [/ Ho®sy + Hi®2) dy + h1<b2|y:1] dpudk.
0
Using these formulae to achieve some simplification, one finds that
J(@1) = o(P1) + J3(P1) + Ja(P1),
where

S (@1) = Q1(P1), (47)
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]7 qA)lx 2 & 1 (blx 2
B@py=[ {171 —X 12 42 — I o2 ldxdg,
3(1)14J2f [1+s+ﬂﬁ} it ” Tte+pg?| [T

(48)

11 p®3
sson = [ 4 [ (3005 + 5005 - 502 < younn,
r | Jo \ 2 T2 © 2e(1 +¢p)

— &y Pz p; Poy — p P P2z — 8IO(DZ<D2Z) dy

1 _ C,I\)2x|y:l 2 3 —1 &)2x|y:1 2
Spt| SEbel gr ) P P2t g
T3 |:1+8+ﬁq2 ER I+e+pqg?|

-1

1
oNL D7, — TPNLch2|y=1

&

1 2
+ 5 oNL DT, + >

2
—3¢.3,2 4 242
+
e E R+t d) ede

2
2 (,/1 +&3p2 +etp? + 1)

g! ) 1 2
+ T”PNL”Q +3 loNLIIT 2.6 (49)

are respectively its quadratic, cubic and higher-order parts (recall that &, and pnL,
are quadratic functions of ®1). This formula shows that J3 and J4 define smooth
functionals on UE'Z(RZ) N US'4(R2) N Uf’p(Rz), and since X is continuously
embedded in US’Z(RZ) N U§’4(R2) N Uf’p(Rz) one concludes that J : X — R
indeed falls into the ‘coercive, semilinear, locally compact case’. This structure is
exploited in Section 4, where it is confirmed that J has a nonzero critical point.

3. Reduction theorems

In this section we describe in detail the techniques used to solve the integral
forms of the equations for p and @, for p, ®, as functions of ®; and present a
regularity theory which shows that a weak solution of the reduced equation for @
generates a strong solution of the original hydrodynamic problem. The equations
are solved using the following fixed-point theorem, which is a straightforward
extension of a standard argument in nonlinear analysis.

Theorem 2. Let X, Y, ..., Y, be Banach spaces, X, Y1, ..., Y,, be closed subsets of,
respectively, X, V1, ..., Y, which contain the originand F : X xY1 x---xY, —> X
be a smooth function. Suppose there exists a functionr : Y1 X --- x Y, — [0, 00)
such that

IFO. I =r/2, diFLlx, ylll = 1/2

for each x € B.(0) C X andeachy € Y1 X --- X Yy,
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Under these hypotheses there exists foreachy € Y1 X - - - X Y, a unique solution
x = x(y) of the fixed-point equation

x=F(x,y)

satisfying x(y) € B,(0). Moreover x(y) is a smooth function of y € Y1 X --- X ¥y,
and in particular we have the estimates

Idix[yr, ... yalll S 20dip 1 Flx (), yio-cowalll, i=1,....n

for its first derivatives.

The main step in solving the integral equations lies in showing that their right-
hand sides define contractions whose Lipschitz constant is bounded by a positive
power of ¢, and for this purpose it is essential to work in the scaled function spaces
introduced in Section 1.3. The issue here is that the KP scaling (9) acts differently

upon x and z (a difference of €7 in their respective scaling) and this difference

manifests itself in all subsequent formulae. The spaces Wf P (%) and Uss P(R?)
take the difference into account in the simplest possible way: they are obtained
by changlng from z to the scaled variable 7 = &2z (or equivalently from k to
k=c¢ 2k) in the definitions of the usual spaces WP(T) and U P (R?). These
spaces are ideal for treating the integral equation for ®,, in particular for the proof
of Lemma 4, where denominators involving the combination x> 4+ ek? appear in
the formulae defining G.

A more sophisticated scaling is used to derive Vg’s’p (R?) from the standard space
W1+3.P (R?). This space is designed to handle the integral equation for p, in which
the combination > + e2k? (rather than 11> 4 ek?) appears. At first sight it would
appear that the appropriate scaled function space for p is obtained by changing from
(x,2)to(x,2) = (a%x, ez) in the definition of W!+%-7 (R). However the variable p
appears in the equation for @, which is solved in ng +o.p (X¥), and an unfavourable

_1 4. . . . 1+6,p ;2
factor of €7 272 is acquired when estimating a W, (R

) norm in terms of the
corresponding norm defined using the new scaling. The scaling used for ng’p (R?)
is actually a compromise between the two scaling rules described above; notice that
Vgo’p (R2) coincides with the space obtained from wlpr(R2) by the latter rule, while
the additional scaling performed for § > 0 is carried out according to the former
rule. On the one hand it is still possible to solve the equation for p in Vga’p (R?),
and on the other hand a less problematic factor of g2 appears when estimating the
ng +op (X) norm in terms of the Vg‘s’[7 (R?%) norm (see Proposition 1(iii)).

The rationale for our choices of function spaces may be summarised as follows.
Firstly, the unscaled spaces W12(R?) "W !*%:2(R?) and U*?() x U P (%) (with
6 > 3/p) for p and ® constitute a wide class of functions upon which the variational
functional ¥ and weak solutions of (10)—(13) are well defined. Secondly, the choice
of the space X, complete with its scaling, is dictated by the expansion (23) of the
dispersion relation used to define the splitting ® = ®; 4 P;; the expansion is
carried out to sixth order in (i, k) to ensure that X is continuously embedded in
the function space U 0.2(R2) x U%P(R?), which is the obvious candidate function
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space for the reduced variable ®1. Finally, scaled versions of the function spaces
identified here are introduced for the purposes of solving the integral equations for
p and &,.

3.1. Elimination of the variable p

Anticipating the later stages of our analysis, we suppose that ® admits a
decomposition of the type

Q(x,y,2) = Pi(x, 2) + Pa(x, y,2)
and consider the integral form of the equation for p in the form

1

P T e+ 842

1 1
(q)u-i-iM/ y‘de+/ $oydy + & 'Ni(p, @y +<I>2))-
0 0

The new variable W is identified with ®,, later; we introduce it here since it plays
a significant role in the solution of the equation for ®; in Section 3.2 below.
Let us therefore write the integral form of the equation for p as

p=Fi(p, ¥, D1, Py) (50)

and solve this fixed-point problem for p as a function of @, &, and V. For this
purpose we need precise estimates on the norms of the Fourier-multiplier opera-
tors appearing in (50); the requisite information is given in the following lemma.
Although its proof is straightforward for p = 2 (an application of Parseval’s theo-
rem), a more detailed study is necessary to establish the result for p # 2. We defer
this aspect of the analysis to Section 5, where theory for handling Fourier-multiplier
operators in L”-based spaces (p # 2) is developed and the lemmata in Sections
2-3.3 involving norms of Fourier-multiplier operators are proved.

Lemma 2. The following statements hold for each § € [0, 1] and p € (1, 00).

(i) Foreachu € WS "P(R?) the function

_ 1
Giw) =F [1+8+13q2}"[u]}

belongs to Vf’p (R?) and satisfies the estimate
1G1@)s,p.e = cllulls,pe-

(i) Foreachu € Wf "P(R?) the functions

1
sl _p| etk
Goru) =F |:1+s+,3q2]:[u]]’ Ga(u) =F |:1+8+’3q2]:[u]i|

belong to Vg’s’p (R?) and satisfy the estimates

1 .
1Gj@)ls.p,e = ce”2ulls,pe, =23
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We now solve the fixed-point problem (50) by applying our basic fixed-point
theorem (Theorem 2); the technique developed for this purpose in the following
resultinvolves showing that 7 is a contraction whose Lipschitz constant is bounded
by a positive power of ¢. We henceforth adopt the notation introduced in Theorem
1 that A is a quantity which is bounded by c¢(é + 1/ p); it is always supposed to be
as small as required for the result in question by taking § sufficiently small and p
sufficiently large while maintaining the relationship 6 > 3/p.

Theorem 3. Suppose that
1 1
N —1-A —A
IWlls.p.e = ce2™ %, N ®ullyor S ce™ 7%, [ Palligspe Sce™™. ()

(1) Equation (50) has a unique solution p = p(V, @1, y) which satisfies the
estimate

101s.p.c < ¢ UDslls pe +E2NWs e+ NP s + Dyl p ).

(52)

Moreover p is a smooth function of (¥, ®1, ®2) with respect to the V85’p(R2)

and Wf’p(Z) X Ug’p(Rz) X W;H’p(Z) topologies and in particular its first
derivatives with respect to V and ®» satisfy the estimates

~ 1~ ~ CAL
PwWls pe < ce 2W]ls, pes 100, P2ls,pe = ce™ 2 D245, pe-

(ii) The solution p = p(¥, @1, ®y) to (50) identified in part (i) satisfies the
estimate

_1
Iplo.2e = ¢ (1Pxll2 + & 2| W]l
AL 1
+e (e @102 + 1Py ll2) (2Pl yo.r + [Py lls.p.e))-
(53)

Moreover p is a smooth function of (W, ®1, ®2) with respect to the VEO’Z(R2)
and L*(Z) x US’Z(RZ) X ng(E) topologies and in particular its derivatives
with respect to V and ®; satisfy the estimates

~ _l ~ ~ —A ~
lpwWo2,e S ce 2[[Wl2, oo, P2lo2,e S ce™ 2 Pall12.

Proof. (i) This result is established by applying Theorem 2 with X = Vf’p (R?),
Vi = WoP(2), Vs = UNP(R2), Y5 = W TP () and X, Y1, Ya, Y3 closed origin-
centred balls of radius O(s’%’A), (’)(s%’A), (’)(s’%’A), O(e™?). According to
this theorem, we have to verify that

[F1(0, ¥, @1, )5, p.e
_1 — 1
< cUI®ulls,pe + € 2NV ls,pe 622 NPl o0 + 1Dy llsp,e)®) (59
and that

1

|d1~7:1 [ps \I/, (I)l, d>2]|v8‘3v17(]R2 g E

)= VP (R2) (53)

whenever (51) and (52) hold.
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To verify (54) note that

1 82 83
— 2 2 2
N] (0, @) = —A ’Eq)x + ?CDZ + e (@xyq)y)x

3 &
+&3(D,yDy), + 2D, yD, + 2D,y Dy + 5<1>§] dy,
whence

1 .
’}'1 [—1 e e N, (0, @)}

3,p.e
1

<|lFY

_‘ [1+s+ﬂq2

1 & 2 82 2 % l 2
F A §<Dx+7®z+8 CIDXyCI>y+£<I>zy<Dy+§<Dy dy

: 1
. in
+|F 1[—?[/ D yd dy:|i|
‘ 1+8+:3q2 0 ! Y 8,p.€

o

1 ie7k /1 3
_— D.yd,.d

g |:1+£+,3q2]:|:0 FrRyR Ay

2 2012 L
Sc (8||q)x||5,p,e +é ||q>z||8,p,s +e2 ||q>xyq>x||8,p,s

8,p.e

+

8,p.e

) 1
+8||q)zyq)z”8,p,8 + ”(Dy”&p,s + &2 ”q)xyq)x||8,p,s + SHq)zyq)z”&p,a)
1-A 2 2—A 2 —A 2
§ C(S ”q)X”B,p‘g +é ”q)Z”S,p,g +é ”q)y”&p,g
A @ 50 @
+é 1DPxlls,p.elPylls, pe + € 1P l5,p.el1Pylls, p.e)

AL 2
Sce 2N Plyop + 1Py lls,pe)”s

in which Lemma 2 and the properties of our function spaces have been used. We
similarly find that

1 ~ L L,
Fll—— (3 +1i / wd +/ [} d):|
‘ |:1+8+,3q2( 1x n 0 y y o 2x dy

—1/2
< c(||q)1x||5,p,6 + ”q)2x||8,p,e +é / “\IJ”S,p,s),

8,p.€

and the estimate (54) follows directly from the above calculations.
The next step is to estimate

e~ 191 N1(p, cp)p‘}

- [t
1+ ¢+ Bg? 5.pe
under the assumptions (51) and

1
1A
|p|8,p,€ Scemam?,
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which follows from (51) and (52), together with the rules

_3 _1 _
lolls, p.e Sce 2|pls, p.es Nloxlls, p.e Sce 2|pls,p.es Nozlls, p.e Sce 1|p|8,p,a
(56)
(an explicit formula for 91 N1 (p, ®)p is readily computed from (14)). We find, for
example, that
i i - /1 £2y2 @] fx Y P o
1 +e¢+ Bq? o l+ep 1+ep

_3
ce 2

A

8,p.€ 8,p,e

A

3
_3 2.2~
ce 2 ”y (I)ylox ”3,]7,5

3
ce 278

A

2 -
IPyII5, el oxlls, p.e

3
,_A ~
ce? ”px“S,p,s

1-A) ~
ce |p|8,p,e,

IVANIVAN

where we have used the rule
eup
u—
14+¢p

-A 2012
< llulls,pe +ce” " (ellplls, p.e + e lpll5 pe + )
< cllulls,p,e;

u
14+¢p

8,p.e 3,p.e

estimating each term in this fashion we conclude that

1
L A~
< ce? |p|8‘p,£,

19Ny (p, <I>)/51|
8,p.€

FY—¢

‘ [1 + &+ Bg?

from which (55) follows immediately.
Our fixed-point theorem states that

: 1 .
- i 2
low Vs, pe <2 ‘f_l [—M / o dy}
0

1 ~
Sce 2|5
s < ce Dl

3,p.e

and

oo, P2ls, p.e

1 LN ~ .
f‘l[—(i / drdy + e 1N ,@@)]
Ttetpg2 UK, Y02 dy 2N1(p, @) P2

in which an explicit formula for 82](7 1(p, <I>)Ci>2 is computed from (14); arguing as
above, we find that

<2

’

3,p.e

y Al s
|0@, P2ls, p.e = ce™ 2| Pall14s,pe-

(ii) Observe that

X = VO2RY2N{p e VIPRY) : |pls.pe < ce 372,
Y1 = LX) N {W € WP(D) : [ Wls pe < ce? ™),
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1
Y, = WS,Z(RZ) N{d; e US*P(RZ) S|Py ”Uf‘p < CS_I_A},
Y3 = WH(E) 0 (02 € WD) 1 [ @all1gs pe € ce™?)

are closed subsets of, respectively, X = VO2(R?), V) = L3(%), V» = U2 (R?)
and )3 = Wel*z( ). We may therefore apply our fixed-point to equation (50) with
these definitions of X, V1, )», V3 and X, Y1, Ya, Y3; the fixed point thus located
clearly coincides with that identified in part (i). Estimation techniques similar to
those used in the proof of part (i) show that

[F1(0, W, @1, P2)]o,2,¢
1 Al 1
Sc([Pxlate 2| W2 + & A(82||<I>||Ug,2+||q>y||2)(82||<I>||Ug,p+||¢ylla,p,s)),

and

1

~ 1_ ~ ~
|di Filp, W, @1, ©21(A)l02.e S ce2 2|plone < 318l0.2.6

together with

- - 1~
lowWlo2e S 2|daFilp, ¥, @1, P2]1(W)o2,e S ce™ 2] W],

1@, P2l0.2.c < 2|dsFilp, W, @1, @21(W)[02e S ce™ 2 Pall12e

whenever

_L_A 1_A

lpls,p.e Sce ‘: s W s, p.e Scerm o,
SN -A
@1l o S ce™37%, [ P2llis.p.e = ce™ ™.

Finally, we record some further estimates for p which are used later; they are
proved using the methods developed in Theorem 3.

Lemma 3. Define

oNL(p, @1, @2) = F~ e 'Ni(p, @1, <1>2)],

1 —_—
[1 +e+ Bq?
so that

1 A LA 1,
=F | — (@ +i/ wd +/c1>)]+ , @1, ).
P [1+€+’3q2( et fywdy o oNL(p, @1, P2)

The function pNL satisfies the estimates
< e~ Ap (el
loNLls,p.e = ce " Pa(e2 (| @l ys.ps 1Wlls, pes [ Pylls, p.e)
2 —A L
loNLl0.2.e < cEllPill 04 + €72 (€2l o2 + Wll2 + [Py l2)
&

3 1
xPr(ed || @il o, e2 P2l yops W, pes 1Pylls, pe))-

3.2. Elimination of the variable ®;

Substituting p = p (¥, @1, P) into the integral form of the equation for &,
and identifying ¥ with ®;,, one finds that
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~

1
G -~
Oy =— [ —5Na(p(Day, @1, P3), D1 + D) dé
o &2

1
Gig ~
_/ 85/iN5('0(q>2y’ by, D7), Dy + Do) dé
0

inGle=1

— T Ni(p(Day, D, Dr), Dy + D2). 57
20 1+ ) 1(p(P2y, @1, 2), @1 + Do) (57)

In this section we show that the above equation can be solved for ®; as a function
of ®. We proceed by replacing it with a pair of equivalent integral equations which
have more favourable mapping properties (see below), namely

1
R Gy -
Oy =— [ =<5 Ne(p(¥, 1, D2), Dy, P2, V) dE
o, &2

1
Gie
— [ ZER(pw, @, @), 1, Dy, ¥) dE
) &5/2
inGile=

= R (p(W, &y, dy), Dy, Py, W), 58
20t~ ) g(p( 1, ®2), @y, P2, W) (58)

o
Il

1

Giy ~

_/ 5/;N6(p(‘y’q’1’q>2),q>1,<1>2,lIJ)d§
0o ¢

U'Glye »
— [ ZEE N (p(W, @y, By), Dy, Dy, W) dE
o &2
inGryle=1  »
_ TPEEL K (p(W, @y, D), Dy, By, ). 59
20 1 ¢+ Bgd) g(p( 1, P2), @1, P2, W) (59)

The first equation is obtained by replacing the nonlinearities N4, N5 and N| with new
nonlinear functions Ng, N7 and Ng, while the second is obtained by differentiating
the first with respect to y and replacing ®, with W on the left-hand side; the
functions Ng, N7 and Ny are given by the formulae defining N4, N5 and N; with
all occurrences of ®;, replaced by W.

Proposition 12. Any solution ®% of (57) defines a solution (93, CDEy) of (58), (59).
Conversely, any solution (®%, V*) of (58), (59) satisfies V* = <I>§y and hence
defines a solution of (57).

The following lemma gives estimates on the norms of the Fourier-multiplier
operators that appear in the above equations; its proof is given in Section 5.

Lemma 4. The following statements hold for each § € [0, 1] and p € (1, 00).

(i) Foreachu € Wg P () the functions
1 1 .
Ga(u) = F~! [/ mGlﬂu]ds} , Gs(u)=F"" [/ iezkclf[u]ds]
0 0

belong to ng to.p (X) and satisfy the estimate

”gj(u)||l+8,p,s é C8||u||5,p’5, j=4,5.
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(i1) For each u € Wf’p(Z) the function
1
Go(u) = F~! [ / GieFlul dé}
0

belongs to ng +o.p (X) and satisfies the estimate
1G6@)l145.p.e = cellulls,p.e-

(iii) Foreachu € Wf’p(Z) the function
1
Gru) = F! [ /0 Glygf[u]ds}

belongs to Wg P(2) and satisfies the estimate
2
1G7)ll5.p.e = cellulls,p.e.

(iv) Foreachu € Wf P (R2) the functions

|
R inGile=1 R i£2kG1le=1
Gsu) = F [—1+8+ﬁq2f[u]] Golu) = F [—1+8+ﬂq2f[u]]

+8,p (R2

belong to Wsl ) and satisfy the estimate

1G;@ll14s,p.e < cellulls,pe. j=8.9.

(v) Foreachu e Wf P (R?) the Sfunctions

2 1
1 [—12Gile= 1| —e2ukGle=1
Giow)=F |:—1 . +’3q27‘_[u]}, guw=F [—1 PRy f[u]:|

belong to ng to.p (R?) and satisfy the estimate

I .
1G; @) ll14s,p.e < ce?lulls,pe, Jj=10,11.

Our strategy in dealing with the coupled integral equations (58), (59) is to solve
(59) for ¥ as a function of @, ®,, substitute ¥ = W (P, ®,) into (58) and
solve this equation for ®; as a function of ®; the two equations are solved by
the method used for the equation for p in Section 3.1 above. (Attempting to solve
equation (57) directly using this method, one finds that the estimates for certain
terms have insufficient powers of ¢. This difficulty is overcome by the use of the
equivalent equations (58), (59). Part (iii) of Lemma 4 ensures that an additional
power of ¢ appears in the estimate of the problematic term in equation (59), and
this additional power is inherited by equation (58) in the form of a good estimate
for W.) We carry out the first step in Theorem 4 below by writing equation (59) as

V= F (Y, D1, ) (60)
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and applying our fixed-point theorem. Notice that the estimates in Theorem 4(i)
for |We,||s,p,e are better than those for || W5 , . by a factor of e!/4; one expects
this behaviour because &, always appears polynomially and in the combination
@ + Py, so that a differentiation with respect to @, eliminates one power of the

0(5_%_A) quantity ®.
Theorem 4. Suppose that

1
[ ®all145, pe < ce™ 2, [Pillyor < ce™* A, (61)

(1) Equation (60) has a unique solution ¥V = W(d |, y) which satisfies the
estimate
II‘IJII(SMSCE2 A1"2(84||q>|| 505 [ Pylls, pe)- (62)

Moreover WV is a smooth function of (®1, ®2) with respect to the Wg’p(E)
and Ug’p(Rz) X WSH_S’p(E) topologies and in particular its first derivative
with respect to ®, satisfies the estimate

~ é_ ~
W, Palls,pe < i Dalligs pe-
(ii) The solution ¥ = W (P, O») to (60) identified in part (i) satisfies the estimate
1
1l < cle! =211 o4 + 22 (I P2ll.2.c + £2 [ P1l]o2)
X Py(e% D15, [®21l145,p,6))- (63)
Ug P

Moreover W is a smooth function of (91, O») with respect to the LZ(Z) and
[Ug’z(Rz) N Ug’4(R2)] X W;’z(Z) topologies and in particular its derivative
with respect to ®, satisfies the estimate

~ 3 ~
ENN
Vo, P2ll2 < ced™ 2| Pall1,2,e-

Proof. (i) We obtain this result by applying Theorem 2 with X = 8 (),
V= US p(R2) Y, = W, TP() and X, Y1, Y» closed origin-centred balls of
radius (9(82 Ay, O(s_%_A), O(e~); one has to verify that

1 1
5200, @1, ®2)lls, pe < ceZ 2 Py(e? @1 yo.ps 1Pylls,p.e)
and that

|di Fo[W, @1, @]l <

1
WP ()W (s = 5

whenever (61) and (62) hold.
The first estimate is a consequence of the calculation
—1 ! G 1)’5
FH = [ =55 Ne(p0. @), @,00ds — | 55 Nr(p(0. @), @,0) di
0 &/ /2

inGiyle=1
e2(1 4+ ¢+ Bq?)

1 1
~—A ES
S ce2 2 Pa(et @l yor, [Py lls.pe)s

Ns(p(0, @), @, 0)}

8,p.e
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whose ingredients are explicit formulae for N;(p, ®,0), j = 6,7, 8, Lemma 4,
the properties of our function spaces and the inequality

_ 1
100, Dl pe < cIPxlls,pe + 2Dy ll5,p,e + 2Pl y00)7) (64)

Similarly, the second estimate follows from the calculation
) 1 G
Hf— [—/O 501 Ns(p. @, W) df - / 5/283N6(p ©, ¥ d§

G
1y§
_/o 372 91N7(p,
iuGiyle=1
e2(1+ e+ Bq?)
inGiyle=1
2(1 + ¢+ Bq?)

®, U)W de

5/2

91 Ng(p. ®, W)p

9N (p, @, ‘P)‘i}

8,p.€
3 1 ~
T—A = T—A

S @i plspe + T W5 pe)

1A
< ce? ”\Ijnépe,

where 5 = py W; this result is obtained using explicit formulae for the derivatives
of Nj(p, ®, W), j = 6,7, 8 together with the estimates (61) and

1 1 ~ 1
_1_A L_A ~1
Ipls.pe Sce™ 270, Wlspe S ce2™ % |pwWlspe S ce™ 2|Vl pe

(which follow from (61), (62), (64) and Theorem 3).
Our fixed-point theorem states that

Wo, P25, p.e

<2H]—'_ [ / 5/281N6(,0,d> W)pdé — / 5/282N6(p,q> U)d, de

Gy
_/O T 018 (p, @, W) dE - / 0t oo, 0, W) e

inGiyle=1
e2(1+ ¢+ Bq?)

inGiyle=1
e2(1+¢+ Bg?)

31 Ng(p, @, ¥)p

’

1+68,p.e

NN (p, @, méz]

where p = p9, 5)2; arguing as above, we find that

~ 3 3 ~ 3 ~
ENN. ENUN ENUN
[Wa, Palls, pe = c(e* 21pls, pe + €5 2N P2ll145,pe) = ced 2 D214, pe

where we have used the estimate | oo, Dy < ce 2Dyl 148, p,e (see Theorem 3).
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(i1) We apply our fixed-point theorem to (60), working in the closed subsets

X = LA(2) N{W € WOP(D) : [|W]ls e < cs?2),

_1_
Yi = (U2 R N UM RHIN{@1 € UPPR) : (| @1l o < ce™175),
Yo = WHAHE) N {®y € WITOP(D) : [@a]l145,pe S ce™?)

of, respectively, X = L2(Z), Y1 = US2(R?) N U*(R?), I, = W)2(D). We
therefore verify that

_ 1_ 1
1200, @1, @)1z < 6! 2@l yos + 272 (I D2ll1 2,6 + €2 P11l 02)

1
xPr(ed [Pl o, [ P2ll145,p,6)) (65)

and that

|di P2V, @1, P2l L2(s)— 125y = (66)

N =

whenever
1 1
1A —l_A —A
Wlis,pe < ce2™ ", @ llys.r Scem iR, [ Dolligs, pe S cE

_1_
and hence |pls,p,e < ce™4 A

To obtain (65) we first substitute

—1 élx —1 1 b
p0, ®)=F |:H8——i-ﬂ6]2] +F |:1—‘r8——‘rﬂq2/() q)zde]‘HONL(O, )

in the terms p, (0, ®)P1, and p; (0, )P, in the formulae for N;(p (0, ®), @, 0),
Jj = 6,7, 8; the required estimate is then derived using the methods in the proof of
part (i) together with the inequalities (64) and

AL 1
1p0, D)o,2,e = c(|Prllate A(EZ||<I>||Ug,z+||¢yllz)(82IICDIIUg.pHICDyIIa,p,g)),

— 1
KL (O, )5, p.e < ce™ 2 Pa(e2 | @Il yop, Dy llspee)-

The estimates (66) and

5 3_A = 3_ALE 3_ANE
W, P22 < c(e* 2 plo2.e + 3 2 P2ll12,e) = ce? [ Pall12e,

inwhich p = po, ®,, are obtained using the methods in the proof of part (i) together
with the estimates

~ N - 1~
1pd, P2lo2,e = ce” S Pallie, lowWlo2e S ce” 2| W2

(see Theorem 3). O
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We now substitute ¥ = W (P, O,) into (58), write the resulting equation as
Dy = F3(P1, P2) (67)
and solve this equation for ®; as a function of ®; using our fixed-point theorem.
Theorem 5. Suppose that
@150 < cemi75 (68)

(1) Equation (67) has a unique solution ®, = ®,(P) which satisfies the estimate
_ 1
[P2ll146.p.e = ce A1”2(8“I|<I>1||U§,p)- (69)

Moreover ®, depends smoothly upon ®1 with respect to the Wg,;1 to.p (X) and
Uf P (R?) topologies.
(i) The solution @, = P(P1) to (67) identified in part (i) satisfies the estimate

1 1 1
[P2ll12.6 < c(e2][ 1l 04 + €2 A||<I>1|IUF9.21"1(84I|‘1>1||Ug,p))- (70)

Moreover @, depends smoothly upon ®1 with respect to the W;*Z(E) and
UL (R?) x U (R?) topologies.

Proof. (i) This resultis established by applying Theorem 2 with X = ng +o.p (2),
1_

Y = U2 (R?) and X, Y closed origin-centred balls of radius O(e =), O(e~3~2);
we show that

1
IF3(®1, 0)[145,p.c < ca™ 2 Pa(ed @1l y.0) (71)

and that

lda F3[ Py, P2 <

1
e )i s, )

whenever (68) and (69) hold.
Inequality (71) follows from the calculation

1 G ~
”f_l [_/0 (95_/12]\76(,0(\11(@1),@1),@1, \Ij(q>l))d$

1 G R
_/0 85%;\;7(,)@@1),q»l),qn,\v(cbl))ds

inGilg=1
e2(1+ ¢+ Bg?)

— 1
S ce TPy [Pl )

Ng(p(W(®1), @1), ®1, ‘I’(Cbl))]

1+68,p.e

where we have used the estimates

L_A 1
(@D s.p.e S ce2™ 7 Pa(e [Pl y00), (72)
1
(W (@1), P15 p.e < ce 2 (| Pixlls,ps + Pale? @ 1ll0.0))- (73)
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Furthermore, writing p = pcpz&)z, p=py¥, W= Ve, ®, and using the estimates
(68) and

_L_A 1A —A
pls.pe S ce” 370, Wlspe Sce?™ %, [[D2llspe = ce

(which follow from (68), (69), (72), (73)), we find that

[dF5[D1, D21(DP2) 145, p.e

1 1
_ G, - L G, o =
< ‘F ‘[—/ 720N (o, @, w)(p+p)ds—/ 57202 Ns(p, @, W) P> d§
0
1
G
- [ s, @ 0B ds - / (o, @, W)(5 + ) de
0

1
Gig
_/0 5/232N7(P D, \I’)CDsz / 5/283N7(/O o, \I’)\I’ds

inGile=1
e2(1 4 ¢+ Bg?)

inGile=1
e2(1 4+ ¢+ Bq?)

inGile=1
e2(1+¢&+ Bg?)

81N8(,0, CID’ lI’)(l5 + l6)

R Ng(p, D, W)d,

3 Ng(p, @, w)\b]

1+8,p,¢
T A~ _ 1_Ay % 1Ay

S c(e? (|p|6,p,a+p|5,p,e)+84 ||(I)2||1+13,p,g'|'<9 4 ”\Ijué,p,s)
1A s -

S (e 2 P2ll145,p,e FE A5, pe)

< 612Dl 145 pe

1
< §||<I)2”1+5,p,89

in which the further inequalities

~ _AnE ~ L A=
100, Pals, pe = ce 2 Palli4s,pes |PwWls pe =ce 272 Wls pes

~ 3 A%
[Wa,P2lls, pe = ce®™ I D2lls pe

have been used (see Theorems 3 and 4).
(i) We again note that

X = Wsl,Z(E) N{d, € W81+6,P(E) . ||<1>2||1+5,p,s g CngL
1
Y = [UPAR) NUMABRDIN (@1 € UPPRY) [ @1l o S ce™47%)

are closed subsets of, respectively, X = W1?(%), Y = Ug'z(]Rz) N U€0’4(R2) and
apply our fixed-point equation to (60) with these definitions of X', ) and X, Y.

Estimation techniques similar to those used in the proof of Theorem 4(ii) show
that

IF3(@1, 02 = 0(82II¢1|IU04+8TA||<D1IIU02P1(84II<I>1II 5.0))s
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where the inequalities (72), (73) and

1 1
LONL (W1 (D), D15 pe < ce2 2 Py(ed ||yl 5.0)
Ue

— 1
IW(@Dll2 < cell @117 00 + &' 211l o2 Pret @1l ),

have also been used. Estimating
—l_A —A
[Pl ar = ce™ 7%, N P2llis.p.e = ce

and hence
_L_A 1_A
[ols,pe Sce™ 372, W5, pe = ce2™ 7,
we similarly find that

[ daF3[ @1, D21(P2) 1.2,
1 - _ 1 ~ _1_ ~
< et 2(Blo2e + 1plo2.e) + 32 Doll1 2 + 873 AP 2)
1_ ~ _1_ ~
S (e A Dallipe + e AP s, pe)

1_Ayx
S cet” 2| D22,

where p = po, Ci>2, p = p\y\fJ, U = Vo, Ci>2 and we have made use of the further
inequalities

¥ < ce— MG i < e 30T
[P0, P2l0,2, = ce 2 DPall12e, lowWlo2,e S ce™ 272V,

~ 3 ~
W, P22 < ced™ 2 Dol 2.6
(see Theorems 3 and 4). O

3.3. Regularity theory

We now return to the integral form (29) of the reduced equation for ;.
According to the material presented in Sections 3.1 and 3.2 above, the quantity
in brackets on the right-hand side of this equation is well defined provided that

1150 < ce™375, (74)

whence .
N —A
1ols,pe S ce 272, [ P2l14s,pe S ce™ 2. (75)

The corresponding weak formulation of the reduced equation for @ (see Definition
2(i)) requires that ®; € X; in view of the embedding (16) we therefore study the
integral and weak formulations of this equation in the closed origin-centred ball
{®1 € X : ([Pl = M} of X.

Any solution @ of (29) defines a weak solution (p(®1), 1 + P2(P1)) of the
scaled water-wave problem (10)—(13), and in Section 4 this aspect of the existence
theory is completed with the confirmation that (29) indeed has a nonzero solution.
In this section we complete the analysis of the reduction procedure by presenting
regularity theory which asserts that &1, ®; and p actually belong to the smaller
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function spaces Ug5 P (R?), Ws2 P (£) and Vgl’p (R?) and solve the strong forms of
their equations; it follows that (o (®y), &1 + (D)) is a strong solution of the
equations (10)—(13).

Our first regularity result (Proposition 13 below) shows that ®; belongs to
U, 52 "7 (R2). In order to establish this result we need the following lemma, which deals
with Fourier-multiplier operators appearing in the integral form of the equation for
®y; its proof is given in Section 5.

Lemma 5.

(i) Foreachu € LP(R?) the functions

1
i ie2k
Gou) =F~! [ﬁf[u]] . Gisw) = F 1| —Flul
0 0
belong to ng P (R2) and satisfy the estimate
G @)lly2.r = cllullp, j=12,13.
(ii) Foreachu € LP(R?) the function
in
(1+e+BgH0

belongs to ng P (R2) and satisfies the estimate

Gra(u) = F! [ f[u]]

1G1a@)ll 2. = cllullp.

(iii) For each u € LP(R?) the functions

2
— 1 M F

R —ﬁ,uk
Gie(u) = F |:—(1+8+,3q2)Q]:[u]j|

belong to ng P (R?) and satisfy the estimate
_1 .
1G; @l y2r < ce™2lullp, j =15, 16.

Proposition 13. A solution of the integral form of the equation for ®1 which satisfies
@1l £ M belongs to ng'p(R2) and satisfies the estimates

3 1
L N L P
Proof. Using Lemma 5(i)—(ii) and the estimates (75) we find that

1
o]

1
Scem27h

us?

’
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and a similar calculation using Lemma 5(iii)—(v) and (75) shows that

_ in 20 _1_A
F o —— ¢ 72Ni(p, @ <ceT275
H [Q(1+a+ﬂq2) v )] v =
An inspection of the reduced equation (29) shows that
1
D120 S ce™275, (76)

and the remaining estimate
_3_A
[Pilly1r < ce™3
follows by interpolation between (76) and

1
_1_A
”(DIHUE"’ S ||®1||U;s‘,, S ce 4

(see equation (74)). O

The next step is to reappraise the integral equations for p, W and ®; in the
light of the improved regularity of ®;. We proceed in the spirit of Theorems 3(ii),
4(ii) and 5(ii), which show how these integral equations, which were originally
solvedin V27 (R2), W*”(£) and W) TP (%), are also solvable in VO2(R?), L2 (2)
and WEO’Z(E); here we give three lemmata which show that they are solvable in

VP (R2), WP () and WP (X).

Lemma 6. Suppose that

_3_ 1 3_
D1l e S ce 8578, 1 D2llape S ce™F8 W pe SceSTE (D)
The solution p = p (¥, @1, ®y) to (50) identified in Theorem 3 satisfies the estimate

_1
oltpe < Dl pe +e W, pee
_ 1 1
+e A E 2D 1 + 1Dyl p ) ET @] s + [ @yl p o)) (78)

Moreover p depends smoothly upon (W1, ®1, ®y) with respect to the V;’p (R?)
and ng’p(E) X Ugl’p(]Rz) X Wgz’p(E) toplogies and in particular its derivatives
with respect to W and ® satisfy the estimates

~ 1~ ~ 1 ~
_1 oA
|p\11lp|1,p,8 Sce? ”“Il”l,p,s’ |pd>2q)2|1,p,£ Sce” s ||q)2||2,]7,8'

Proof. We apply our fixed-point theorem to (50), working in the closed subsets

_3_
X={pe V"R :|plipe < ce 574

_1_
Nip € VIPR?) : |pls pe < ce”a74),
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Yi = (W2 € WEP(D) 1 (Wl pe < ced™?)
MW € WHP(D) : [Wlls pe < ca? ™),

Yy = (@1 € UMPR) [Pl ynp < ceT8 A
N1 € UM (R : 150 < ce™7%),

Y3 = (@1 € W2P(S) : [®allape < ca 52
N{®; € WP () ¢ [[all14s.ps < ce™)

of, respectively, X = ViP(R2), Y = WoP(2). I = ULP(R?), Y3 = W2 (D).
Employing our usual estimation methods, we find that

[F10, ¥, @1, P2)|1,pe
1
S e @xlltpe +e 21 pe
A, L 1
A CE 12N r + 1Pyl p. ) €2 1PN o.p + 1Py lls.p.e))

and that
- 1 A, - 1
ldiFilp, ¥, @1, @21(D)|1.pe S ce2 2pl1pe < 5Pl (79)

whenever

-1 _1_
|/O|8,p,g §C{;‘ 3 A’ ||CI)1||U£,,, §C8 i A’

—A 1_A
[2lli4s,p.e S ce™ ™ [Wls,pe = ce? (80)

and (77), (78) hold, so that in particular |} .. < ce3 4.

According to our fixed-point theorem, the estimates for pq;‘i/ and po, 5)2 are
given by the formulae

- . 1.

~ - 10 2
low W1 pe < 2|F —/ ywdy}

p-e L1 +¢e+ Bg% Jo Lpe
1~
§C‘9_2”“IJ”1,[7,£,

- B 1 RPN ~ -

) <2]—“1—(i/ drdy+e 10N ,<1><1>)]
0o, P2l1,pe = et g2 2 oy 2dy hN1(p, ©)D2 e

D BN
S ce 38 Dall2 pe
where the final inequality is obtained in the same fashion as (79). O

Before proceeding to the equations for W and &, let us record some further
estimates which are useful in the analysis of these equations; they are proved using
the estimation techniques developed above.

Proposition 14. The function p = p(¥V, ®1P,) discussed in the previous lemma
satisfies the further inequalities
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_1
”'OHUS‘I’ < C(||q>x||l,p,s +e 2 ”\IJ”l,p,s

_ 1 1
+e B (e2 1@l yr + 1 Pyll1pe) (€21 Pl s + 1Py lls,p.e)) (81)
and
-~ _l_ -~ ~ _l ~
10wy ®2ll 00 < ce™ 5 A ®allape. pwBllyor < ce™ 2l Dol pe.

Lemma 7. Suppose that
3_ _1_
D110 S e85, |22, pe S ceT5 A (82)
The solution ¥ = W (D1, O») to (60) identified in Theorem 4 satisfies the estimate

11 pe < c(ed 2D 1ptei 2Dy ll1pe) PL(ed [l s, |Dyllspe). (83)
JDE = Ug»p ylill,p,e) 1 Ug,p, ylils,p,e)-

Moreover ¥ depends smoothly upon (®1, ®2) with respect to the Wel P(2) and
Uz,;1 P (Rz) X Wg2 () topologies and in particular its derivative with respect to ®;
satisfies the estimate

- S_ A=
||qj<l>2q>2”1,p,s < ced ||q>2||2,p,5~

Proof. We obtain this result by applying our fixed-point theorem to (60) with
X =WP(2), V1 = U R, Vs = WP (E) and
X ={We WM (D) : ||l pe < ceib)
MW € WHP(D) : [Wls e < ce?™2),
Yi = (®1 € USPRY) 2 [ il yrr < ceT8 A
N(®1 € UXPRY 5 @1l S 7572,

1
Yy = (P2 € WIP(E) 1 [P2ll2pe S ce™ 575
N{®2 € W HP(2) 1 [ @2ll14s,pe S ce™2)
Employing the methods developed in the proofs of Theorem 4 and Lemma 6
together with the estimates
_ 1
100, D5, pe < ce™ (I Pxlls pe + E21P yo.p + [ Pylls,p.e)),
100, D)1,p.e < ce™ (I Dxll1,p,e
1 1
+ 2@l e + 1 Pyll1pe) 2Pl s.p + [ Pylls,p.e))s
o0, D)l o = ce” (1Pl p.e

1 1
+ 2@l yrr + 1Pyt pe) 2Pl s.r + [ Pylls,p.e))s
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one finds that
1F2(0, @1, D)1, p,e
< @Ay + 8RR 1) PLE D] s, Dy 5 p.0).
Similarly, using inequalities (80), (82) and
olpe S e 878 lpllyop S a8 0, W e € i

(which follow from (78), (81) and (83)), we find that

- A~ 1
I o[ W, @, D21 (D)1 pe S ce¥ 21T pe < 5||\If||1ps
and
~ S_AuZ
[d3 F2[W, @1, P2]1( P21, pe = 37 (| DP2ll2,pe:

here p = py\W and j = P, @, are estimated by
_ L~ _ 1~ _ 1~
ls.pe Sce 2 1Wlls.per 1PlpeSce 2 IWilpe, 101 00 Sce™2 W1 pe,

. _AyE - s - s
16ls.p.e Sce™ 1 Palls pe, 1011pe Sce™ 8 P2llpes 181l 00 Sce™8[Pall1pe-
O

Lemma 8. Suppose that
3
D1l rr < ce™375 (84)

The solution @, = O (D) to (67) identified in Theorem 5 satisfies the estimate

1_ 1
192012, p.e < ce¥= 2 @1l 10 Pret D1l y00)- (85)

Moreover @, depends smoothly upon ®| with respect to the WE2 P (%) and U@1 P(R?)
topologies.

Proof. This result is established by applying our fixed-point theorem to (67) with
X =W2P(z),y =U;"(R? and

_1_
= {®y € WP (D) : | D2ll2, pe < ce™ 874}
N{Dr € WITP(D) 1 | @o 145 pe < ce™ ),
Y = (@1 € UM R : |1y ,1, € ce™875)

_1_
NP1 € UPP®R) : @1l yop S ce™4758).

The methods developed in the proofs of Theorem 5 and Corollary 6 together with
the estimates (72), (73) and

1 1
P s PDl1pee = cUIPixllt,pe iy P1 1lysr
lo(W (@), @)l S c(®@icli,pe + 83 2Pl PrE D1 0.0)),

oW (@), POl jo.r = cllIPrcllip.e +8TA|I<I>1II lpP1(84|I<I>1|| ysr))
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yield

1
[ F3(®1, 0)]l2,p.e = cei™ ||<I>1I|U81.pP1(84||<I>1I|Ug.p)-

Furthermore, writing p = po, s, 0 = py U, U= Ve, &32 and using the estimates
(80), (84) and

_3_A _3_A
lplipe S ce” 370, lpllyop S ce™875,

1A

- —A
”q)Z”l,p,a g ce 2

s
o W pe = ced
(which follow from (78), (81), (83) and (85)) we find that

- 1 A~ 1
5[ @1, D21 D)2, pe S a5 M DPall2pe S =IPall2pes

\]

in which the estimates for po, Ci>2, p\y\fJ and Vo, d~>2 stated in Theorems 3 and 4
and Lemmata 6 and 7 have also been used. 0O

Altogether, the above results show that
192012, p.e < ceF™ 211 ll 10 Pr(e s 11l o),
192y l2.p.c < cei™ D110 PLET D1 ys0)
and
P@DI1pe < cUPrell pe+ 7211l 10 Pr(e s |1l 30)),

1_ 1
1@ D)l yor < cU®rcllipe + 72 1Pll1p + Pr(ed D1l 5.)),

where p(®1) is an abbreviation for p(®2,(P1), 2(Py), 1) and ¥ has been
identified with ®;,. Observe that p(P1) is a weak solution of the equation for p
(with @ = P, (P1)) which meets the additional regularity requirements of a strong
solution; a familiar argument asserts that it is a strong solution. One similarly finds
that ®,(P1) is a strong solution of the equation for &, (with p = p(P1)), and
that (p(®1), &1+ P2(Py)) is a strong solution of the original equations (10)—(13).
Finally, it is possible to repeat the proof of Proposition 13 in a ‘bootstrap’ fashion to
conclude that @ belongs to Ug5 "P(R?) and is therefore a strong solution of equation
(29); this step is however only of academic interest since it does not play a role in
the regularity theory for (10)—(13).

4. Critical-point theory

In this section we complete our existence theory by showing that the functional
J : X — R?has at least one nontrivial critical point. We employ a well-established
strategy from the calculus of variations, namely an application of the mountain-
pass lemma (to find a Palais—Smale sequence) and the concentration-compactness
principle (to deduce the existence of a nonzero critical point). The present situation
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is however complicated by the presence of nonlocal terms in J and the fact that
it is defined only upon a neighbourhood Bj;(0) of the origin in its function space
X; recall that although M may be taken arbitrarily large, the greatest permissible
magnitude of ¢ decreases as M is increased.

We begin by collecting together several auxiliary results necessary for the sub-
sequent application of the calculus of variations. Let us first note two topological
facts concerning J. Examining the formulae (47), (48), we find that J> and J3
admit natural extensions from By, (0) to the whole of X, and we henceforth consi-
der them as functions X — R. Recall also that the cubic and higher-order parts
J3 and J4 of J define smooth functionals on (a neighbourhood of the origin in)

UO2(R%) N U%4(R?) N UP (R%). Turning to an algebraic property of J, we may
eliminate J3(®;) between

J(P1) = Lo (P1) + J3(P1) + Ja(Dy)
and

(' (@1, @1) = (J3(P1), P1) + (J3(P1), P1)) + (J4(P1), Pr1))
=212(®1) + 3J3(D1) + (J4(P1), P1), (86)

to obtain the identities
1 1 1
J(@) = §J2(<I>1) + Ja(Py) — 5(((%(‘131), D)+ 5(((1/@1), D),

L(@1) = 3J(P1) — 3J4(P1) + (J4(P1), @1)) — (J'(P1), P1)),

which are exploited repeatedly below.
Observe that

1
[2(®p)| = mm@lmz» (87)

|J3(@)| = CII<I>1||§]9,3 < cll @I (88)

the following proposition presents corresponding estimates for the higher-order
terms in J.

Proposition 15. The inequalities
1
[J4(@1)] < ced™ 2 Py(|[| P11, (89)
1_
14 (@1), M| < cet ™2 Pa(ll| D1l (90)
hold for each ®; € By (0) C X.

Proof. We proceed by estimating each term in the explicit formula (49) for J4
using the inequalities

—-A
[®2ll145,p.e = ce™ 2 Pa(llP11ID,

1
1A
[Daylls, p.e = ce2” 2 Pa(l| D1,
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1015 pe S c(e™ 421D [ + &2 Pa(ll D1 1)),
IoNLls. p.e < ce 2 Pa(ll 1),
1D211126 < ce2 2 PalI®1 ),

[®2yll2 < ce' =2 P ([l Py,

plo2.e < el + &2~ Pyl 1),
IoNL10.2. < ce! T2 Py(|l| D1 ]l),

which are obtained by combining the estimates presented in Theorem 1 and Pro-
position 3 with the embeddings (16), (17); the result is

1
(@) £ ce¥ ™2 Py ( D1 ).
The second estimate is obtained by noting that

(4D, P1) = (I(@1), 1) — 2/2(P1) — 3/3(Py)

1
—/Rzg*Z (/O Hldy—i-hl) @ dxdz — 3J3(P1), (91)

where we have used the fact that

1 3 1

(I (@), Wi = —— (@1, ¥1)) —/ £’ (/ Hydy + hl) Uy dxdz.
1 + & R2 0

An expression for ((J;(®1), 1)) is therefore obtained by substituting the explicit

formulae for J3, Hy and k1 into the right-hand side of (91). Estimating each term in

this expression using the rules explained above, we arrive at the requisite inequality

(5 (@), 1) < cet =2 Py(f|s ).

Let us now recall the mountain-pass lemma as stated by BREZ1S & NIRENBERG
[5, p. 943].

Lemma 9. Consider a Banach space X and a functional J € C'(X,R) with the
properties that J (0) = O, that 0 is a strict local minimum of J and that there is an
element x € X with J(x) < 0. There exists a Palais—Smale sequence {x,} C X
such that J (xp) — a, J' (xm) — 0as m — oo, where

a=inf max J(y(s)), I'={yeC(0,1],X):y(0) =0, T((1)) <0}
yel s€[0,1]

A functional that satisfies the hypotheses of Lemma 9 is said to have a mountain-
pass Structure.

It is not possible to apply Lemma 9 directly to J : By;(0) C X — R since it is
not defined upon the whole of X. Notice however that it does meet the geometric
requirements of a mountain-pass functional: it follows from (87) to (89) that 0 is
a strict local minimum of J, and choosing ®7 such that J3(®7) # 0, we find that
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there exists a real number A* which has the property that J (A*®7) < 0. We proceed

by extending J to a smooth functional J : X — R in such a way that J and J

coincide on a sufficiently large neighbourhood of the origin; the new functional

therefore inherits the geometric structure of J and can be treated using Lemma 9.
Define

M, = sup{J (@) : P11l = 2[IA* DT},

choose My = max(2[|A*®7l, (24(1 + s)Ml)%) and let ¥ : X — R be a smooth
‘cut-off” function with the properties that

v) =1, |Ixll = M,
Y(x) =0, (x|l =M+ 1.
The new functional J : X — R is defined by the formula
J(@1) = L(®@1) + J3(®1) + Ja (@),
where
L(@1) = (@), J(P1) = 5(@), Ja(®@1) = Y(P)J4(P).

Because J coincides with J on BMZ (0) C X, one concludes that O is a strict local
minimum of J and that J (A*®}) < 0. The functional J therefore has a mountain-
pass structure, and Lemma 9 implies the existence of a Palais—Smale sequence
{®1,,} C X such that J(®y,,) — ag, J (1) — 0as m — oo, where
as = inf max J(y(s)), T ={yeC(0,1],X):y(0)=0,J(y()) <0}
yel' sgl0,1]
(Here, and in the remainder of this section, we attach the subscript & to certain

quantities as a reminder of their e-dependence.)
The functional J clearly satisfies the same identities as J, namely

(J'(@1), 1), (92)

(J' (1), @1));  (93)

[OSHIE

~ 1- ~ -
J(®@) = §Jz(¢1) + Ja(®1) — 5(((J4{(<I>1), Q1)) +

T (1) = 3J (1) — 3Ja(Dy) + (J1(P1), D1) —

=

we now use these identities to establish some bounds for a and the Palais—Smale
sequence {®1,,} which are needed later.

Proposition 16.

(1) The constant a, satisfies 0 < a; < M.
(ii) There exists a positive constant Cg such that |||® 1, || = Ce for all m € N.
(iii)  The Palais—Smale sequence {®,,} satisfies || P 1 || £ My for all sufficiently
large values of m.

Pr0~0f. (1) The positivity of a, follows from the fact that 0 is a strict local minimum
of J, while the upper bound for a, follows from the calculation
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ags =

inf J
;I;l" Sggﬁ] (y(s)

max J(sA*®*
s€l0.1] ( v

sup{J (®1) : D[] < 2[|2* @7 I}
M.

[IA

IN

(ii) Suppose that there were no positive lower bound for |||®1,,||. It would be
possible to extract a subsequence (still denoted by {®1,,}) such that ||| D, || — O
and hence J(®y,,) — 0asm — oo, which would imply that a, = 0 and contradict
part (i).

(iii) The first step is to show that ||| Dy, ||| is bounded above (without loss of
generality one may assume that any upper bound is independent of &). Suppose
that there were no upper bound for ||®y,,|||. It would be possible to extract a
subsequence (still denoted by {®y,,}) such that ||®y,]| — oo as m — oo; in
particular ||| ®1,, ||| = M2+ 1 for all sufficiently large values of m, so that Ja( @) =
0 and

H(@1m) = 3T (@1m) — (T (@1m). Pim)
(see equation (93)). It would follow that
EHIBMQMV§3U@mN+Mf@mWW®MH
and hence that
L 3@l I (@)l
2(1+¢) = ([Pl Pl

this inequality is a contradiction since its right-hand side tends to zero as m — ©o.
The specific upper bound stated in the proposition is obtained using the fact
that |||®1,, ||| is bounded above. Observe that

| (D)l

I - ~ 1, - 1, -
= §|J2(<D1m)| — Ja(®P1m)] — §|(«Jzi(q)1m)» Pim | — gl(((J/(CI)lm), Cim M|

(see equation (92)) and
(T3 @), Pim) = ¥/ (@1w) (Ja( 1), Pim) + ¥ (1) (L1 P1m), D)
< W (@1m) + ¥ (@1a))ed ™ Py D1l
< ce i A Py( @1l
Substituting the second inequality into the first, we find that

1T (@1m)] = ;(1 - Ce%_AP4(|||®lm”|))|”<b1m|||2 - 1|||J~/(<D1m)”||”d>1m|”
=~ 6(1 +¢) 3

I -
@1 I* — g”l-]/(q)lm)”H”(Dlm”l

12(1 + &)
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(because [||®1,, ]| is bounded). The left-hand side of this expression approaches a,
as m — oo while the second term on its right-hand side vanishes as m — oo
(because J'(®y,,) — 0 and ||| @1, ||| is bounded); we conclude that

I®1nll* < 2401 + e)ae < 24(1 + )M = Mj
for sufficiently large values of m. 0O
Proposition 16(iii) implies that J (®1m) = J(Py,,) for sufficiently large values
of m; hence, by extracting a subsequence if necessary, one may assume that {®1,,}
is a Palais—Smale sequence for the original functional J, so that J (®{,,) — a, and
J (®1,) — 0asm — ~00. In the following discussion we therefore return to the
original functional J : By (0) C X — R.

Let us now turn to the second element of the variational theory, namely the
concentration-compactness principle [28, 29].

Theorem 6. Any sequence {u,,} C L' (R?) of non-negative functions with the pro-
perty that

lim Up(x,z)dxdz =4£>0
2

m— 00 R

contains a subsequence for which one of the following phenomena occurs.

Vanishing: For each R > 0 one has that

lim sup / Um(x,z)dxdz | =0.
MO\ (7,5)eR? / BR(3.2)

Concentration: There is a sequence {(x,, zm)} C R? with the property that for
each & > 0 there exists a positive real number R with

/ U (X +xm, 2+ zm)dxdz 2 £ — ¢
Br(0,0)
for eachm € N.

Dichotomy: There are sequences {(xp, zm)} C R2, {Rn}, {Su} C R and a real
number A € (0, £) with the properties that Ry,, S, — 00, Ry, /Sy — 0,

/ um(x +xm,Z+Zm)dde—>)\.,
Bg,, (0,0)

/ Um (X + Xm, 2+ 2m)dx dz — A,
B, (0,0)

as m — o0. Furthermore, for each € > 0 there is a positive, real number R such
that

/ Um (X + X, 2+ zm)dxdz =2 A — &
BR(0,0)

for eachm € N.
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It follows from Proposition 16(ii), (iii) that a subsequence of our Palais—Smale
sequence (still denoted by {®y,,}) satisfies || @1, [|> — £ as m — oo, where
£e # 0. This observation suggests exploring the convergence properties of {®1,,}
by applying Theorem 6 to the sequence {u,,} defined by
: +3¢3 @%m“z + et )

_ 2 2
Um = 0P,y py + 3¢ q)lmxxz 1mzzz

+(ﬁ - %)(¢%Wl)ﬁ'x + 28@%}71){2 + Ezcb%mZZ) + q)%mx + (1 + S)q)%mz'

The consequences of ‘vanishing’, ‘concentration’ and ‘dichotomy’ are investigated
in turn below, where {u,,} is replaced by the subsequence identified by the relevant
clause in Theorem 6 and we use the notation given there, writing £,, A, as areminder
of the e-dependence of these quantities. Lemma 10 states that ‘vanishing’ does not
occur, while Lemma 11 asserts that ‘concentration’ leads to the weak convergence
of {®1,,} to a nonzero critical point of J. The discussion of ‘dichotomy’ is more
involved and requires several steps, the conclusion of which is again the existence
of a nonzero critical point of J.

Lemma 10. The sequence {u,,} does not have the ‘vanishing’ property.

Proof. This result is proved by contradiction. Suppose that {u,,} has the vanishing
property. Proposition 2(ii) implies that

3 < 3
D1 ”Ug(Bl G3) = cellPim |||B1()?,Z)’

so that
1
) 2
(@1l + 2P} dxdz < cg( sup / Uy, dx dz) / Uy, dx dz
Bi(x.2) (%,2)eR?J B1(.,2) B (X.2)

for each (¥, %) € R2. Cover R? by unit balls in such a fashion that each point of R2
is contained in at most three balls. Summing over all the balls, we find that
1

2
ulias < eo s [ wpdrdz) o
¢ (%,7)eR2 J B1(x,2)

1
2
< ce| sup / Uy, dx dz
(#,2)eR? / Bi(X,2)
-0

and hence J3(®1,,) — 0asm — oo (see equation (88)).
On the other hand it follows from (86) that

2 1 1
|J3(@1m)| 2 312 (Pim)| = §|(«J/(q>lm)v Cim M| — gl(((Ji(CI)lm)» Cim M|

1 2 1A
8I||<1>1m||| (1 —ced 2Py (M2)) + o(1)

L @l + o(1)
12 1m o

1\

v

1 2
G2 o)

v
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as m — oo, and this inequality clearly contradicts our previous conclusion that
J3(D1,) > 0asm — oo, 0O

Lemma 11. Suppose that {u,,} has the ‘concentration’ property. The sequence
{ D1 (xm + -, zm + -)} converges weakly to a nonzero critical point of J.

Proof. With a slight abuse of notation, let us abbreviate {®1,,(x,, + -, Zm + )} tO
{®1,,). Clearly || ®1,]II*> — £ as m — 00, so that {®1,,} admits a subsequence
(still denoted by {®1,,}) which is weakly convergent in X; here we denote its weak
limit by ®; and confirm that ®; # 0, J'(P;) = 0.

The first step is to show that ® 1, — ®; in U2 (R2) N U%2(R2) N U%4(R2).
Choose ¢ > 0. The ‘concentration’ property asserts the existence of R > 0 such
that

NP1l 2 00> Ry < &

for each m € N. By replacing R with a larger number if necessary we also have
that

NP yx,2 2Ry < €
because @ is an element of X. It follows from the continuity of the embedding
3,
X{eoizr) C U P(I(x, 2)| 2 R}) that
”chm - q)IHval’({l(x’Z)lgR}) g CS|||q>lm - CI>1|||{|(X,Z)|§R}

< Ce |||q)lm|||{|(x,z)|;R} + ce || D1 ”l{\(x,z)@R}

Ce€

A

for each m € N. (Here, and in the remainder of this paper, the symbol ¢, is used to
denote a general positive constant which may depend upon ¢.) Furthermore, since

X Br(0,0) 1 compactly embedded in Uf’p(BR (0,0)) and @1, — P in X,(0,0),
one has that ®,, > ®; in Uf’p(BR (0, 0)); the inequality

_ <g

therefore holds for all sufficiently large values of m. The previous two inequalities
assert that

NP1 — cDl”é,p,e g Cce€

for all sufficiently large values of m, so that ®,, — @ in Uf P (]R2), and a similar
argument yields the strong convergence in U, S*Z(Rz) and U 8'4(1&2) (and in fact in
any Sobolev space which is locally compactly embedded in X).

It follows from the strong convergence of {®y,} in U2P(R?) N U%2(R?») N
U, 50’4(]1%2) and the fact that J3, J4 are continuous functionals on (a sufficiently large
neighbourhood of the origin in) this space that

J3(@1p) — J3(P1),  Ja(Pim) — Ja(Py),
J3(@im) = J3(P1), Ji(Pim) = J4(P1)
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as m — 0o, and noting that

(Prm, W1 — (@1, 1))

as m — oo for each fixed W; € X (by the definition of weak convergence), we
find that

1
(I (@), W1 = m(((qhm, Vi) + (5(P1m), Wi + (T4 (P1m), W)
1
- m(«qﬁ, W) + (J5(@1), Wil + (4 (1), i)

= (V' (@), ¥1)
as m — oo. On the other hand one has that
(I (1), 1)) — 0
as m — o0, and it follows from the uniqueness of limits that
(/' (@), ¥1) = 0.

We conclude that J'(®1) = 0 since this equation holds for every ¥ € X.
It remains to confirm that ®; # 0. Notice that

(@), D1 = —(I5(P1), 1)) + (I (@1), 1)) — (J4(P1), 1)),

from which it follows that

1 2
—||®
1+s|” il

—3J3(@1) — (J4(P1), P1)
< 3@+ (4 (P1), Di)

and hence that

1 Pi(||| D
gc(|||<1>1|||+cez't‘A 4 ([l 1|||))
1+¢

P12

(see equations (88), (90)); the right-hand side of this equation would vanish for
@ = 0 and contradict the positivity of its left-hand side. O

We now examine the remaining case (‘dichotomy’), again abbreviating {u, (x,,+
v zm + )} and { Py, (x + -, Zm + )} to, respectively, {u,,} and {P1,,}. We begin
by recalling an argument due to GROVES [16, Section 3.3] which shows that this
scenario also leads to the existence of a nonzero critical point of J; it relies upon
a convergence result (equation (94) below) whose proof in the current situation is
complicated by the presence of nonlocal terms in J.

Let {xn} C C5° (R2,R)bea sequence of ‘cut-off’ functions with the properties
that

Xm(xsz):13 |(-x7Z)| éRmv
0<xmx,2) <1, Ry <|[(x,2)| < S,
Xm(x,2) =0, 1, 2)| = S
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and | x,,(x, 2, |x;(x, z)| £ cforeachm € Nandeach (x, z) € R2. (The existence
of a sequence {y,,} with these properties is assured by the facts that R,,, S,
Sm — Ry — 00 as m — 00.) Define sequences {Cb(l)} {Cb(li:} and {u(l)} by the
formulae

cb(l) D1 Xim s @Eiz = Qyp (1 — xm)

Im —

and

uth = g (s(q,(l) 2 43e2@0 )2 433 )2 4 4D )2)

Imxxx Imxxz Imxzz Imzzz
1 1 1
(5 — D) (@))% +26(@) )2 + 2@ %)

H(®]) )" + (L4 8)(®],) )%

Imx Imz

The method described by GROVES [16, Proposition 12 and Lemma 14] shows that
1 2
ISP = Aer NPT — €6 — Ae

(2)

as m — 00, that there are positive constants C, él), such that

e = ch, oy = c®

for all m € N, that |||<D(l) Il and |||<D(2) |l are bounded above (by replacing M5 with

Im
a larger number if necessary we may assume that the upper bounds do not exceed

M>) and that {uf,p} has the ‘concentration’ property: for each &€ > 0 there exists a
positive number R such that

/ Um(x,z)dxdz 2 Ay — &
Br(0,0)

for each m € N. Suppose that
(@), vy -0 (94)

as m — oo for each W; € X; repeating the argument used in the proof of Lemma

11, we find that the weak limit <I>(1) of {Cb(l)} in X is a nonzero critical point of J.
It therefore remains to establlsh the limit (94). This task is accomplished by
showing that

(@) + o) W) — (@), w) -0 (95)

as m — oo for each ¥ € Cgo (Rz) (and hence, by a density argument, for each
Wy € X); the desired result follows from this limit together with the fact that

(@) + 02y W) = (J (@), W) — 0

]m
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+ o) W)

as m — oo. It is a straightforward matter to show that (((J2’(©(1) Im

1m
—(((JZ’(CD(U ), 1)) vanishes as m — co. Observe that

Im

(5@ 4+ @y wiy) — (@), )

_; (1 2 _; 6))

= T (@0 + P W) — (@), W)
1

=1 @ Wy,

2

and since the integrand in the formula for (@ -,

W) is calculated by pointwise

multiplication of derivatives of ®1,, by derivatives of W, we find that (((CDﬁ:, D)
vanishes whenever R,, exceeds the radius of support of Wy, so that in particu-
lar the above expression vanishes as m — ©0. The same argument shows that
(I3 + Ja) (DF,) + D), Wi — (((J3 + Ja) (D)), W) — 0 asm — o0 provi-
ded that the integrand defining ((J'(®;), ¥1)) contains only local operations with
respect to (x, z), that is differentiation, integration with respect to y, pointwise
addition and pointwise multiplication. The presence of the functional relationships
p = p(Pr), Py = Op(P;) however means that nonlocal effects also have to be
taken into account and the simple argument given above no longer suffices.

The functional relationships p = p(®1), $y = P»(P1) are constructed using
the basic Fourier-multiplier operators G; described in Lemmata 2 and 4. The next
result asserts that these operators, although nonlocal, enjoy a particular property
of local operators, namely that ||w]gi(¢§2)||1+5,p,g — 0 as m — oo for each
vy e Cf° (R?); its proof is deferred to Section 5. (The corresponding estimate

N, N,
1G5~ @)lls,p.e = cg " llulls,p.e

for g;v M) = xnG7((1 — xg,,)u) is an immediate consequence of Lemma 12

because g§" M= 0y gév - since the size of the operator norm in terms of ¢ is not
at issue it is however unnecessary to consider G’ = 3;Gs as a separate entity.)

Lemma 12. Choose N > 0, suppose that {R,,} is a sequence of positive, real num-
bers such that R,, — oo as m — 00 and let xy :R*> — R, AR ‘R? > R be
smooth ‘cut-off” functions whose support is contained in respectively By (0) and
B R, (0). The functions

GV ) = xnGi(( = xr)w), i=1,...,6,8,...,11
satisfy
IGN ™ @) 14, pe < N ulls,p.e

foreach § € [0, 1] and each sufficiently large value of p, in which the symbol cév'm
denotes a quantity that, for each fixed value of N and ¢, tends to zero as m — oo.

Our final result shows that the ‘local’ property of the basic Fourier-multiplier
operators described in Lemma 12 is sufficient to guarantee the asymptotic behaviour
(95) required of J.
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Theorem 7. One has that
(s + ) (@) + 02 W) — (5 4+ J2) (@), w1) — 0
asm — o< for each V| € C(‘)’O(]Rz).

Proof. Recall that p(®1) and ®(P;) are constructed by solving fixed-point pro-
blems using the contraction-mapping principle, in other words using an iteration
scheme. The key to proving this theorem is to approximate o (®P;) and (D)
by the result of a finite number of iterations in the scheme. Let us therefore begin
by reviewing the four main steps in the construction of p(®1) and ®,(P1). In the
entirety of the discussion p, ¥, @1 and & are supposed to lie in origin-centred balls
of respective radii O(=12) in V2P (R2), O(e2~2) in WP (R2), O(e~1~2) in
USP(R?) and O(e~2) in W27 (2); all estimates hold uniformly in and suprema
are taken over these sets.

(i) One solves a fixed-point problem of the form

p :Zgi/vi(cbl,dn,w, p)

in V P (R?), in Wthh g : P (R?) — Vg P (Rz) is a Fourier-multiplier
operator and N; : U p(Rz) 1+5p(E) X W P(2) x Vgap(Rz) —
W;S "7 (R?) is a ‘local’ nonlinear function (that is, a function of its arguments
that involves only differentiation, integration with respect to y, pointwise
addition and pointwise multiplication). This fixed-point problem is solved
using the iteration scheme

po =D GiNi(®1, @2, W,0),

pupi = D GiNi(®@1, @2, W, p,), n=1,2,...,

which converges uniformly in @, ®,, ¥ to the unique solution pso (P,
®,, W). There are estimates for pso and its derivatives in terms of &, &,
and W (see Theorem 3).

(i) One solves a fixed-point problem of the form

W=D GNi(®1, P2, W, poo(P1, P2, V)
-
in Wf "P(R?), in which Gi: Wg () —> Wg "7 (%) is a Fourier-multiplier
operator and A : USP(R?) x Wit P () x WP (D) x V2P (R?) —
Wf "P(2) is a ‘local’ nonlinear functlon. This fixed-point problem is solved
using the iteration scheme
Wo = D" GiNi (@1, 2,0, poo(P1, 2, 0)),
i

Wy = Z@N(cbl D2, Wy, poo(@1, @2, W), n=1,2,...,
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which converges uniformly in @, ®; to the unique solution Voo (O, O2).
There are estimates for W, and its derivatives in terms of ®; and ®; (see
Theorem 4).

(iii)  One solves a fixed-point problem of the form

b, = Zgi-/\fi(q)l, D), Voo (P, P2), oo (P, P2, Voo (P, P2)))

1

in W81+5’p(]R2), in which G; : Wf’p(Z) — W;M’p(E) is a Fourier-
multiplier operator and N : USP(R?) x WiTOP(2) x WoP () x V2P
(R?) — WEB "7 (%) is a ‘local’ nonlinear function. This fixed-point problem
is solved using the iteration scheme

P20 = ZQ{M’@L 0, Woo (@1, 0), poo(P1, 0, Woo (@1, 0)))

1

gt = D GiNi(P1. P2 . oo (@1, D2,n). poo(P1, P2 . Voo (@1, D2,0))),

1

n=12,...,

which converges uniformly in @ to the unique solution ®; o (P;). There
are estimates for @, ~, and its derivatives in terms of @ (see Theorem 5).

(iv) A supplementary argument shows that ¥,, = 9,®; , for each n € N and
Voo = 0y P2, co.

Choose ¢ > 0. It follows from the uniform convergence described in step (i)
that

|poc (1, 2, W) — o (@1, P2, W5 pe S & (96)

for all sufficiently large values of n, where p, satisfies the same estimates as peo.
Next consider the fixed-point problem

W=D GiNi(P1, D2, W, (D1, B2, W)

1

obtained by replacing poc With p, in step (ii). Applying the iteration scheme des-
cribed there to this modified fixed-point problem, we obtain a solution W, which
satisfies the same estimates as W, and the argument used above for p shows that

[Woo (@1, D2) — Wy, (D1, D)l pe < &

for all sufficiently large values of n, where W,, satisfies the same estimates as Wqo.
Moreover, we find that

[Woo (1, @2) — Voo (D1, P2)ll5, e

< D sup 1Gi 04N (@1, D2, W, p)lIs. e oo (@1, P2, W) = pa(P1, P2, W5 p e

L

[IA

CeE,
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and it follows from the previous two estimates that
[Woo (D1, @2) — W, (D1, P2)l5, pe = el 97

Similarly, examining the fixed-point problem

D =" GiNi(®1, D2, Wy (D1, D2), pu (D1, D, Wy (D1, D2)))

i
obtained by replacing p~o, Yoo With p,, ¥, in step (iii), we find that

[®2,00(@1) = P2 (P 145, p.e = CcE (98)

for sufficiently large values of n, where @, , satisfies the same estimates as ®2 ;
by construction we have that ¥, = 9,®3 ;.

Let K, (P, W) be the functional obtained by replacing each occurrence of
Poo and @3 o, in the integrand defining ((J{; (P1), W) with, respectively, oy,
and @ ,. (The Wf’p(E)—norm of the integrand defining K, (P, ¥;) is finite,
and, since W has compact support, the same is true of its Wf P (Bn(0))-norm,
where N denotes the radius of support of Wy; its integrability follows from the
embedding Wg P(By(0)) € LY(By(0)).) It follows from (96)—(98) that the diffe-
rence between the two integrands is bounded in the Wf "7 (R%)-norm and hence
in the Wf "7 (By(0))-norm by c.&, and using the continuity of the embedding
WP (By(0)) € L' (By(0)), we find that

1K (@1, W) — (I (@), Wi < e
In order to establish that
(s + J0) (@) + ) W) — (I3 4+ Ja) (@), W) — 0

as m — oo it therefore suffices to prove that

K@V + 0@ ) - k,@ D, w) >0

lm lm’ 1m>

as m — 00.
The integrand defining K, (<I>(1) + CD%Z, v — K, (CD]m, W) is a finite sum,
each term of which is constructed recursively as follows. A level 0 formula has the

form

GiNi (@), O,

1m>
while a level s formula, s = 1, 2, ... has the form
GiN; (<I>(1) o level O formulae, level 1 formulae, ..., level s — 1 formulae);

Im> *1m>
N WS,P(R2) 1+5 P(RZ)
g“[w%mlﬁ[ Wit (z)

here
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is a Fourier-multiplier operator and

) w2y We P (R2) WP (R2)
M'{Wﬁ‘“’(m T Wiy | T wiren

is a ‘local’ nonlinear function. Each term in our integrand is the product of W; and
a level s formula for some s = 0; the target space of its nonlinearity at level s is
Wg "P(R?), the Fourier-multiplier operator at level s may be replaced by the identity
and (1387)1 appears in at least one nonlinearity, that is at least one nonlinearity in the
recursion scheme satisfies AV (-, 0,...) = 0. We now show that each term in our
integrand tends to zero in Wg "P(R?) as m — oo for sufficiently large values of
p; by replacing Wg P(R?) by W;s "7 (By(0)) (see above) and using the continuity
of the embedding W2'” (By(0)) C L'(By(0)), one concludes that K, (d{) +
o2 W) — K@) W) > 0asm — oo
Consider the expression

level O formulae, level 1 formulae,

v, [QIA }NS(CD(” el

Im> = 1m>
..., level s — 1 formulae). 99)
Suppose first that db(ﬁr)’ appears in the nonlinearity at level s, which therefore satisfies
1 2 1 2
No(@§) D)) = XN (@), @0 ),
so that
1 2 1 2
UGN (@, D) = UGN "N (@), @) ).
It follows that
1 2 1 2
IWIGN (@10, @1 Illspe S IWIGY " NG(RL,), D) D15, pee
1 2
< MING(@G, B0 s e
< N

&

for sufficiently large values of p, in which Lemma 12 and the fact that all arguments
of NV, are bounded in W, 27 (R2) or W) (Z) have been used. (Recall that the
symbol cév M denotes a quantity that, for each fixed value of N and ¢, tends to zero
as m — 00.) The same result clearly holds when G; is replaced by the identity
since W\, (0D @@

1m> = 1m>
Next suppose that CDE
the form

...) is identically zero for sufficiently large values of m.
2)

., appears in a nonlinearity at level s — 1, so that (99) takes

v [9; ]M(cbﬁij,, Go N1 (@) 02 ), ),
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where N;_1(-, 0, ...) = 0. The above expression is clearly equal to

v, [gIS }/\[Y(@(l) (1— XNl)gs—le—l(q)(l) q’%: )i

1m> 1m>
G
wun |G | G N @) o,
(= xn)Gs N (@D @2 ) ), (100)
in which

Ne@WY v G N1 (@0 02 ) (1= xn)GemiNe1 (@) 0@y

Im> ~1m>
1 1 2
= Ni(@,), G N1 (@), @), )
“No(d (1= N1 (D @
s ( lm’( XNDGs—1Ns—1( 1m> ]m"")v"')

and N is any positive number greater than N; note that J\~/S(~, 0,...) = 0. The
previous argument shows that

1 2
I Gs—iNe— 1 (@) @B l14s e S N1

for sufficiently large values of p, and by continuity the second term in (100) tends

to zero in Wf "P(R?) as m — oo for each fixed value of Ny. The previous argument
also shows that

N,N;
S ¢
14+6,p,e

le [g, ]Ns@i};, (1= XNt )

uniformly in m for any bounded sequence {u,} in W. TP (R2) or WP (%),
and in particular for u,, = gs_1./\fs_1(d>§2, @52, ...). Taking the limit m — oo
followed by the limit N — oo in (100), one concludes that this expression tends
: 3.p 2
to zero in W, " (R*) as m — oo.
An appearance of @52 in alevel s —2 nonlinearity is similarly handled using two

new ‘cut-off” functions xn,, xn, with N2 > N| > N, and proceeding recursively in
this fashion we find that each term in the integrand defining K, (Cb(lir)l + o W) —

1m»
K,,(CDEIW)“ W) tends to zero in Wf P (R2) as m — oo for sufficiently large values

of p. O

5. Fourier-multiplier operators

It remains to establish the results stated in Sections 3 and 4 concerning Fourier-
multiplier operators, namely their mapping properties (in particular the estimates
on their norms given in Lemmata 2, 4 and 5) and the convergence properties given
in Lemma 12.
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5.1. Basic tools
Here we present our basic tools for studying Fourier-multiplier operators in
L?-based spaces, p # 2, beginning with well-known results known as ‘Marcinkie-

wicz’s theorem’ (Lemma 13) and ‘Mikhlin’s theorem’ (Lemma 14); detailed proofs
are given by STEIN [37, Chapter IV].

Lemma 13. Consider the operator T defined by
o0 o0
(Tu)(x, z) =/ / K(x —x1,z — zDu(xy, z1) dxy dz;.
—00 J —00
Suppose that the kernel K satisfies |I€ | < ce® and

sup/ 10, Kldu < ce,

JEZL
sup [ |0kK|dk < ce,
JEL I}
sup 19,0 K| dpe dk < ce®,

el J 1 JIj,

where 1; is the dyadic interval 27, 27*Y or (=27%1, —2J). The operator T maps
LP(R?) continuously into itself and

ITullp = ce®llullp.

Lemma 14. Consider the operator T defined by

(Tu)(x, 2) =/ / K(x —x1,z—z1)u(xy, z1) dxy dz;.

Suppose that the kernel K satisfies

K| < e,
N X ce“
10, K|+ kK| = w,

C(

2 ¢
R+ 108K + 107 RIS e
foreach (i, k) # (0, 0). The operator T maps LP(RZ) continuously into itself and

ITullp < cellullp-

The next result is a scaled version of Lemma 14 which is useful in dealing with
scaled function spaces such as Wg P (R?).
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Lemma 15. Consider the operator T defined by
o oo
(Tu)(x, z) =/ / K(x —x1,z — zDu(xy, z1) dxy dz;.
—00 J —00

Suppose that the kernel K satisfies

K| < ce,

N 1 A ce®

[0.K|+ e 2|k K| S —5——5773>
(M2+8k2)1/2

ce¥

2 -3 o 11927
|3PLK|+8 2|8M8kK| + ¢ |akK|§m

foreach (., k) # (0, 0). The operator T maps LP (R2) continuously into itself and
ITullp = ce®llullp.

We now turn to Fourier-multiplier operators in L? (X)-based function spaces.
Our first result in this direction is obtained by a straightforward application of
Holder’s inequality.

Theorem 8. Consider the operator T defined by

e’} [ee) 1
(Tu)(x,y,z>=/ / /OK(x—xl,z—m;y,sw(xl,s,z])dsdxldm.

Suppose the kernel K (x, z; y, &) satisfies the hypotheses of Lemma 13, Lemma 14
or Lemma 15 uniformly for y, & € [0, 1]. The operator T maps L (X) continuously
into itself and

ITully < ce®llullp.

A natural tactic in dealing with more general Fourier-multiplier operators on
LP(X) is to consider them as operators on L?(R?, L?(0, 1) — LP?(0, 1)). Unfor-
tunately the multiplier theorems of Marcinkiewicz and Mikhlin do not generalise
to this operator-valued setting in a straightforward manner. An operator-valued
generalisation of a theorem by STEIN [37, p. 29], in which the hypotheses upon
derivatives of K are replaced by hypotheses upon the derivatives of K itself, is
however available (see the discussion in Section II5.1 of this reference); the follo-
wing result is a scaled version of the appropriate theorem.

Theorem 9. Consider the operator T defined by

0 00 1
(Tu)(-x’ysz):/ / /O K(-x_-xlvz_Zl;yvs)u(-ng’Zl)dgdxlel-

Suppose the kernel K (x, z; y, &) satisfies

1
/ Kw dé
0

< ce¥llwllizro,) (101)

LP(0,1)
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csa—l/2

< - 00
”[ 1/28 ] KU)dE Lp(O’T) (X2+871Z2)3/2 ”w”Ll’(O,l)» ()C, Z) # (Oa 0)
(102)

for each w € LP(0, 1). The operator T maps LP (X) continuously into itself and

ITullp = ce*llullp.

5.2. Mapping properties

The next step is to use the results stated above to analyse the mapping properties
of the operators Gy, ..., Gig defined in Lemmata 2, 4 and 5. Our first result is the
proof of Lemma 2(i); part (ii) is proved in a similar fashion.

Lemma 16. Choose § € [0,1] and p € (1,00). For each u € Wf’p(Rz) the
function

_ 1
Gi(w) =F [1+8+ﬁq2f[u]]

belongs to Vga’p (R?) and satisfies the estimate

1G1 @5, p,e = cllulls,pe-
Proof. A straightforward calculation shows that the multipliers (1 + & + Bg2)~!

and 8%(,112 + akz)%(l +e+ BgH! satisfy the hypotheses of Lemma 15 (with
a = 0), which therefore implies that

B I
Hf [Hs%qzﬂﬂ}

L2 1 ek
”}__1 |:8 (u* + ek”) ]__[u]:|

cllullp,

p

cllullp-

1+ ¢+ Bg?

p

It follows that
|G (u)|3,p,s

1 1,9
FI [1 +e2 +8k2)2+2}'[u]:|

1+ ¢+ Bq?

p
o |:£;(,u2 +ek?)?

1+¢+Bq?

(12 + k) Flu }

B 1 ]
Hf [1+s+ﬁq2ﬂ“]

—1y,,,2 N
c(llullp + II1F 7 [(u” + ek™)2 Flullllp)

C”””S,p‘s-

I3 p

A IA
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The next result gives the proof of Lemma 5(i); parts (ii) and (iii) are deduced
from part (i) and Lemma 2. Observe that
10xG14 ) ll2,p,e = 11G1(0xG12()) 2, p,e
G LrR)—Lr @) 1G12(W) 12, pe
cllullp,
£2110:G14@) 12, p.e = 161 (£28:G12@) 2 p.c
191 o @) Lo €21G12@) 12, e

cllullp.

A IIA

A IIA

where the final inequalities in each line follow from Lemma 2(i) and Lemma 5(i);
the estimates for G5 and Gj¢ are obtained by the same method.

Lemma 17. Choose p € (1, o). For each u € L? (R2) the functions

. 1
Gro(u) = F! [%f[u]] . G =F"" [%f[u]]

belong to ng "P(R?) and satisfy the estimate

1G; @l y2r < cllullp, j=12,13.

Proof. A straightforward calculation shows that the multiplier 2/ Q satisfies the
hypotheses of Lemma 14 (with o = 0). It follows that

2
| [
p Q

= cllullp,
p

8, F! [iﬁf[u]}
0

and repeating this argument with the multiplier (u? + ek*)p?/ Q, one finds that
—1 2 2 _1 [ ip
[ [+ sz o [ G

22 + ek?)
_ ]__1[ w (™ +e
e

p

J—'[u]}

P
< cllullp.

The previous two inequalities imply that

10xGr2)ll2,p.e = cllullp,

and a similar argument yields the complementary estimate

1
e2[10:G12l2,p.e = cllullp.

The result for Gy3 is derived by the same method. O
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It is instructive to compare the proofs of Lemmata 16 and 17. The former
uses the scaled version of Mikhlin’s theorem (Lemma 15), while the latter relies
upon the standard version (Lemma 14). In general, the scaled version of Mikhlin’s
theorem is appropriate for multipliers which depend upon w and k only through
the combination ¢ and for multipliers whose support is bounded away from the
origin (see, for example, Lemmata 22 and 23 below); in all other circumstances
one requires the standard version of Mikhlin’s theorem.

We now turn to the more involved analysis necessary for Lemma 4. The first
step in the proof of part (i) of this lemma is to establish the basic estimate that for
each u € L?(X) the function

1
Gu)=F"" [/ Glf[u]dg]
0

belongs to Wg2 P (%) and satisfies
1G@)I2,p.e = cellullp;
to this end we show that
1G]l < cellullp, 1G@, < cellull,, (103)

where

1
Guy =F! [ / (12 + ekz)Glf[u]ds] ,
0

and
195G, < cellullp. (104)
The expansion
q2 —(14+e+ ﬂqz)q tanh g — e2k* = —*u? — (1 + e)e’k?
o
- (ﬁ - §) q* —coq® + O(q%)
as ¢ — 0 implies the existence of a constant gg such that
lq” = (1 + &+ pg*)q tanh g — £°k?| 2 ce*Q (105)

whenever ¢ < gg. Let x € C(‘)’O([O, 00), R) be a smooth ‘cut-off” function with the
properties that

x(@) =1, q=qo/2,
x(@) =0, g=qo

and consider the decompositions G = G, + G, G = Ga + Gp, where
1 1
Galu) = F! [/0 X(@)G1 Flu] ds} . Golw) = F! [/0 (1 - x(@)G1Flu] dé]

and G,, Gy are defined in the same way. We establish (103) by proving that it holds
for G,, Ga and Gy, Qb separately and use an auxiliary argument to deduce (104).
The first step in this programme is accomplished by Lemmata 18 and 19 below,
which present the required estimates for G, and Ga.
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Lemma 18. Choose p € (1, 00). For each u € LP(X) the function G,(u) belongs
to LP(X) and satisfies the estimate
1Ga)lp = cellullp.

Proof. We show that the hypotheses of Lemma 14, namely

[xG1l < ce,
1||o
(u? + k)2 H a‘}:](xGn < ce,
2
2 2 3% <
(W +k) |1 9  (xGD| = ce,
0,0k

are satisfied uniformly for y, & € [0, 1], so that the result follows by an application
of Theorem 8. To this end we write

G - - .
5 =G1+Gr+ G, (106)
where
~ (1+8G
Gr=—7— 1 2 ha — e2k2°
q*— (1 +&+ Bg*)gtanhg — ¢
G — 14+¢
2T 2" (I + e+ pgd)qtanh g — e2k2
n 1+¢
2% + (1 4+ £)e2k% + (B — 3(1 + £))g* + coq®
G 1+4+¢
3:
212 + (1 4 £)e2k% + (B — )g* + cog®
1+¢
e2u? + (1 +8)e2k2 + (B — 3(1 + &))g* + coq®
and
coshay (' Bq” coshg(l — &) + e sinhg(é — 1)
_ _R _
coshg \1+¢ a (1+¢e)g 1
h
COSNDY oshg(l— &) —1, O<y<&<l,
_ coshgq
G=
coshgt ( a® (1—y) + e o (y— 1)
— | — COS — —— S1n -
coshg \1+¢ 1 Y (1+e)q ay
h
o’ qj coshg(l —y) —1, O0<é<y<l.

Using (105) and the fact that G = O(¢g?) as ¢ — 0 uniformly for y, £ € [0, 1],
we find that
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A
o
‘Q
AN
o
™
O
R
A
9)
0’JI

1G1| <

for ¢ < go and hence that |y G| < ce. Direct calculations yield the estimates

1 < c
q? — (1 +e+ Bg?)gtanhg — e2k?| = &2Q’°
! < —S(eq +q%)lduql. (107)
~ & 5
"\ = (1 +e+ B qtanhg —e2k2 )| = ghg2 o4 T4 )04

1
3
¢ (q2 — (1+¢&+ Bg*)qtanhg — 82k2)‘

e?lk
( 4Q2(8q +q)logl + 4|Ql) (108)

and
10,G| < ce2q, |G| < ceq

for ¢ < go. Combining the above estimates, we find that

1 3 3 15
> > g elq®  elq 4
12+ K03 19,61| < c(u +k>2( Q+_84Q2+_84Q2)§08 ,

5

2.3 2.2
Lo A i eqa | &g eq> | &7q"|k| -
(M2+k2)2|3kG1|§C(M2+k2)2( 20 Tag tag T g ) S

for g < go. Observe that

10,x) = X' @] < 2, 13kx] = Ix' (@)ql < cs,
whence
(eu® + k)1 |G |
Gl +&7'1g° G|

-1 4
-1, ¢ 4
c (8 + —82Q )

cs_l,

(22 + %2 |G |
1G1| + 14°G1]

cs_l,

1 ~
(1 +k%)2|G1d, x|

A IA

A

1 ~
W+ k216 dex

A A TIATIA

in which ¢ < ¢go on the right-hand side, and altogether we have that

W2+ 1D [g’;](xél) = (2 D x’gﬂéﬁrél[g‘]j]x'éce‘.
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A similar analysis yields the estimates

(2 + k)3 [g’;}uéz) <ee !, (W43 i?;;]uc?s) <ce”!
and
32
© .
Wk |1 7 G| See™!, i=1,23
3,0

and the required estimates for G| are obtained from equation (106). O

Lemma 19. Choose p € (1, 00). For each u € L?(X) the function ,C';a(u) belongs
to L? (X) and satisfies the estimate

1Ga @)l < céllull .

Proof. Here we use the formula

1
Gaw) = e F~! [ /0 quGlj:[u]dS}

and show that the hypotheses of Lemma 13, namely that

lg>xG1| £ ce?, (109)
/|aﬂ(q2x61>|du§cez, (110)
I
/|ak<q2xcl)|dk§csz, (1)
1
[ [ aoaxGoidusk < e’ (112)
Ijl 11‘2

uniformly over all dyadic intervals I}, I}, I;,, hold uniformly for y, & € [0, 1], so
that the result follows by Theorem 8. To this end we again use the decomposition
(106), and recall the estimates

14°Gi| <e, i=1,2,3

forg < qo established in the proof of Lemma 18, from which (109) is an immediate
consequence.

Using the fact that |9, (¢2G)| < g’ for ¢ < g together with estimates (107),
(108), we find that

~ C ~ C
19,(g*G)| £ —, |%(@*G)| £ —
" |l Ikl
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for ¢ < go. It follows that

2Jj+1

2J+1
~ ~ 1 ~
/2_ |au<q2x01)|du§/2, (18,(q>G D) + &2 1x (Dllg*G1l) du
J J

2/+1 1 . qoe_%
s / —dp+ce? / du
27 M 0

(because x is identically zero for ¢ > go, and in particular for & > goe~'/?) and
similarly

2J+1

/, O (@2x Gl dk < ¢
2J

for j € No; the same estimates clearly hold for the dyadic intervals (27/~1, 277),
J € Ny and those in the negative half-line.
We similarly find that

~ C ~
10,(@*G I £ —, |(@*G)l <

j=273
[l

c
kI’
for g < go, whence
[ bu@Gpinse [ n@iGpise j=23
I 1j
for every dyadic interval /;. An analogous argument shows that

/ / 10,0k (@*xG)ldudk < ¢, i=1,2,3
1jy J1j,

for every pair (I}, I;,) of dyadic intervals, and the estimates (110)—(112) for G4
follow from equation (106). O

To obtain the estimates for Gy, and éb we write
1+e¢
0

and introduce the further decompositions G, = Gp.1 + Gb.2, g~b = Qb,1 + g},,z,
where

Gy = &°G +

(113)

1
Go1(u) = e*F ! [ /0 (1 — x(q)GFu] ds} :

1
Go(u) = F~! [ /0 %(1 (@) Flu] de;}
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and Q~b’1, Gb,Z are defined in the same way. We establish the required estimates for
each of these operators separately, treating Gy, 1, g~b, 1 by singular-integral techniques
together with Theorem 9 and Gy, 2, g},,z by the scaled version of Mikhlin’s theorem
together with Theorem 8. In order to apply Theorem 9 to Gy, 2 and g},z itis necessary
to verify hypothesis (101) on their Fourier transforms and hypothesis (102) on their
kernels. The first of these tasks is undertaken in the following proposition.

Proposition 17. The estimates
IFIGo. 1) Lr0.1) S cellwllLe@ny. IFIGoal)lizro.n < cellwlir,
hold for each w € L?(0, 1).
Proof. A straightforward argument using the differential calculus shows that
g> — (14 ¢+ Bg*)gtanhg — e2k> < —cqaq3 (114)

for ¢ = q., where ¢, is any positive real number and ¢, is a positive constant
which depends only upon g¢,. It follows from (114), the inequality

coshqy [ coshg(l — &)

) < cem1EY) <
coshg | sinhg(& —1) ] =¢ ys§

and the corresponding inequality for & < y obtained by interchanging y and & that
< £ 2ya—dqlE—yl < C4* —qlE—yl >
|G|:q—3(1—|—q)e :73 v 4 Z Gx
Using this estimate with ¢ = go, we find that

p

1
/sZG(l—X)wdg dy

0

1
IF G101, = |

1 182 p
c/ /—(1—x>e—‘1'y—5|w|ds‘ dy
0 0o 4q
82 P 1 1 )4
c(—) (l—x)”/ [/ eq'”'|w|ds} dy
q 0 0
2\P V4 1
c(g—) (1= x)" (1) w| dé
q q 0

2
ce?lwllp,

[IA

A

A

IN

and the estimate for ,C';b,l is obtained by the same method. O

Lemma 20. Choose p € (1, 00). Foreachu € L?(X) the function Gy 1 (u) belongs
to LP(X) and satisfies the estimate

2
G 1 @)l p = ce”llullp.
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Proof. Observe that

coshgy [coshg(1—¢)] | e 46 N e—qE+Y)
coshg [sinhg(E —1) | 7 72(14e20) " 2(1 +e29)
e—d2=E=y)  o—q(1-(-y)

:t 9
20 +e2) T 2(el +e0)

and using this formula and the corresponding formula obtained by interchanging y
and &, one finds that

- L+e+Bq° —en’/q e dlE!
2(1 +e2)(q> — (1 + & + Bg*)q tanh g — £2k?)

L+e+ 89> —en’/q g9+
0T — (¢ + Bgdquanhg — kD)

L+e+pq’ —eu’/q e 1G7EY
20T e ) (g2 — (I + & + gdqtanhg — e2k2)°

2
I+e+Bq” —en’/q e9(-E=D - (115)

et e 7)(q> — (1 + & 4+ Bg?)q tanh g — £2k?)

We now consider the first of these terms in detail; the others are handled in an
analogous fashion. O

Define

=2 [ (1+e+Bg” —en?/q)(1 — x(q)) eqsy]

2(1 +e724)(¢? — (1 + & 4 Bg?)q tanh g — £2k?)
e / (1+e+Bg* —en?/q)(1 — x(g))e 915!

_ & —ipnxo—ikz 4 qk.
2 Jr22(1 +e724)(g%2 — (1 + ¢ + Bg?)g tanh g — 82k2)e ¢ #

Introducing polar coordinates (g, 6) and (r, ¢) defined by

1

g2 =gqcosh, ek =¢qgsinfh, x= e%rcos¢>, z =¢rsing, (116)
we find that
1
= ﬁ/27 a+etpg’—q oS’ +1))1~x @) e da(E—ylircosy) 4o gy,
20(1 +e~2)

where =6 — ¢ and Q = g% cos? (¢ + ) — (1 + & + Bg?)g tanh ¢. Our strategy
is to show that

C
001 5. eFlad| £ 5

uniformly over {y, & € [0, 1] : y # &}; because

1 _1

_1 ez 1 _1 &2
Oy =& 2C08S¢p 0y — ——singdy, £20; =¢ 28in¢g 0o — —— Ccos¢ dyp
r r
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it suffices to show that

1
ce2
o 0pl] = T

“‘>| =

[0-1] §

e

(Here, and in the remainder of this proof, all estimates hold uniformly over {y, £ €

[0,1] : y # &}.) Let us write I = I} + I, + I3, where I, I3 are obtained from [

by replacing the range of integration for i by, respectively, (w/2 — &, /2 + &),

(Bm/2 —¢&,37/2+ &) and ¢ is a small positive constant, and consider each integral
separately.

Notice that

orI

et / / ig? cos Y (1+e+Bg° —q cos*@+Y) (1= X (@) _y(e—yisircosy
21 )y 20(1 +e2) dg dyr

. 8%/ —icos Y
27 J; (1€ — y| + ir cos ¥)3
X/ 83 (C] (1+€+'Bq 908 (¢+w))(1_X(Q)))CQ(Ey+ircos¢)
0 20(1 +e ) dg dyr

inwhich J = [0, 27]\ ([7/2—&, /2 4+ €]U[37 /2 — &, 3 /2 + £]) and the second
line is obtained by three integrations by parts with respect to g (the requirement
that y # & is used at this step). Because

1 o~ .
5=O(q—3>, 0,0=0(>", i=012...

as g — oo, the third derivative of the quantity in large parentheses in the above
expression is O(g~2) as ¢ — oo; it also vanishes near ¢ = 0 and is therefore
integrable. It follows from these observations that

2
|ar11|§c‘9 //

3

% (q2<1 + &+ Bq? — qeos* (¢ + ) (1 — x(q)))' dg d6
20(1 +e~29)

|I\)\

A

r

The integral /5 is dealt with using the substitution @ = cos v, so that
or

|+irw) dq da)

I

é/‘s/ ig?w(l+ &+ Bg>) (1 — x(q) o—d(E—y
_: 201 — w?(1 4+ e=24)

_é/g/ ig3w(wcos p—/1 — w? sin )2 (1—x(q)) o—d(E=yl+iro)
_: 201 — &?(1 4+ e~24)

dg dw,

(117)
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where & = sin £ and
0= qz(a)cos¢ —V1—osing)* — (1+¢+ ﬁqz)q tanh q.

Examining the first integral on the right-hand side of equation (117), note that

dg dw = 121 + 122,

/5 /°° P00 +e+Bg)1 = X@) 4 yisiro)
—&Jo 20V1 — 02(1 4+ e249)

where
121 _ /5 /00 q*w(l +8~+ Bg*) (1 — X(‘]))e_qqg_y\_q_irw) dg do,
-&Jo 20(1 +e29)
2= [ 0w /°° ¢*(1+2+B4*)(1 = X(@) __y(e—yitire dg do
- 0

201 = &2(1 +e~2)
Y A O
_s (| =yl +irw)?
y /°° 53 (qzu +e+ B4~ x@)
o T\ 20V1 =021 +e2)

) e—q(E—yl+irw) dg dw
=03073).

Using the formulae

. w 1 »
/we igro 4, = — e iqre 4 e lqro

igr q2r?
and
1 2
2 (5) =L g
where
g(w) = —2(wcos ¢ — V1 - w?sin ) (cos¢ + Wi a: = sin ¢)

=sin2¢ + O(w),

we can integrate by parts with respect to w to find that

1= /oo |:(_£ n 1 ) q*(1 + &+ Bg> (1 — X(Q))eq(|§y|+irw):|w_s dg
S igr =~ q*r? 20(1 +e24) o

_ /°°/ (_g L] )q4<1+§+ﬂq2>(1—x(q))g(w)e_q(,g_yl+i,w)
0J-z\ igr g¢°r? 202(1 +e29) do dg
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:/OO |:(—1£—|— 1 )q (1+8+/3q2)(1_X(Q)) 7q(|§ y|+1rw):| :Edq

igr  q*r? 20(1 +e72)
/00/ (1 +eée+ /3612)(1 — x(q)) 7q(|§ y|+irw) dwdg
_z ir® 202(1 +e29)
/00/ in20 4 2(14¢+ Bg>) (1 — x(q) e~a(EyHro) 4. 4o
a2 20%(1 +e24)

/Oo/s (’)(a)z)q (1+e+ BgH (1 — x(q) e—a(lE— }H'r‘")dwdq

g 202(1 +e~2)

_/ /5 (’)(a)) q (1 +8+,3q2)(1 — X(Q)) 7[1(\5 y|+irw) da)dq
0J-z r? 20%(1 +¢7%9)

Integrations by parts with respect to g show that the first, fourth and fifth terms
on the right-hand side of this expression are O(r—3); integrating the second and
third terms on its right-hand side by parts with respect to w and repeating the above
calculation shows that they are also o3,

Turning to the second integral on the right-hand side of equation (117), note

that

/é /oo CU(C()COS¢ - V11— wZ sin ¢)2(13(1 — X(q))e—q(|§—y|+irw) dq dw
_: 201 — 02 (1 + e=24)

/ / wg U = x49) (1 —x(@) e—9(§—yI+irw) dg dw
—&

2001 +e72)
_2/ / o sin2g LU= X@) (- x(@) e~4(E=yIHiro) g4 qe
_g 2001 +e0)
/ / y I~ x4) (- x(@) e 9UE=YIHIr®) g4 dgy.
: 26w e

The methods used above show that the first and third terms on the right-hand side
of this expression are O(r~3). To discuss the second term, we use the formula

. 2 2 2
2 Cigre o w
w’e do=——+ 5+ ——=
/ igr g% g3

and integrate by parts with respect to w; the result is

/ / 2 LU= 2@ e YD) Go e
s 2Q(1+e—2‘1)

B w?* 2w 2 a>(1 = x(q)) e—a(E—y|+iro) o
= —+ st 33 dg
0 Cigr g2 g 20(1+e- 2‘1) w=—%

£ 22 2 1—
_/ (_.w__i_ 20)2 + - . 3) 49 ( x(4)) e~ 4(E—yl+iro) dg dw,
igr 22 i) 2081 ey

—£
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and integrations by parts with respect to ¢ show that each term on the right-hand
side of this expression is o3, Altogether we have that

| S —

and the inequality
|ar I 3| g

is obtained by the same argument.
Similar methods yield the inequalities

‘We have therefore proved that

3
a _ c ce?
GO FTIEGA =) £ 5 =——, y#E
Szaz r (.x2+8_1Z2)7
from which it follows that

P 1
H{ Iy ]]—" [/ 82G(1—x)wd§i|
€20; 0

for each w € L?(0, 1). This result, together with Proposition 17, shows that the
hypotheses of Theorem 9 are met, and we conclude that

1
Hf—l [/ 2G(1 — x)u dg]
0

Lemma 21. Choose p € (1, 00). Foreachu € L?(X) the function Qﬂb,l (u) belongs
to L? (X) and satisfies the estimate

3
ce?
<

= s llwllLr,1)
o, (x2+e71z2)2

2
= ce”lullp.
P

G lp = cellullp.

Proof. A formula for ¢>G is obtained by multiplying formula (115) by ¢2; we

consider the first of the terms on the right-hand side of the resulting expression in
detail (the others are handled in an analogous fashion). Define

PRy (1+8)g*(1 — x(q) T
: [ 2(1+ e 20)(q% — (1 + & + PgP)q tanh g — 2k2) ’

12 — 82]_-71 i IBQ4(1 - X(Q)) e,q|§,y|-
| 2(1 +e729)(¢% — (1 + & + Bg?)q tanh g — £2k?) ’

13 — 82]_-71 i SMZQ(I - X(q)) e,q|§,y|-
[ 2(1 +e729)(¢*> — (1 + & 4+ Bg?)q tanh g — &2k?) '
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The method employed in Lemma 21 shows that

0
(R
€20,

from which it follows that

3
ce2

S —— . y#§&,

(2467123

3
2

1 a
sup/ [ Iy ]11 dys —5 (118)
gefo,11/o L e29; (x2 4+ e172)2

1 9 %
sup/ [ 9 }11 des — (119)
velo,11Jo |1 €29; (x2+e-172)2

and out strategy is to show that (118), (119) also hold for I; and /3.
Using the polar coordinates (116), observe that

L = (£0? + 20D I
, 1 1
0+ — 8 + 8¢ Iz,

where

[y [ Ba*(1 — x(q)) e_qlg_y}

2(1 +e724)(q%> — (1 + & + Bg*)g tanh g — £%k?)

_ 82,3 2”/ g U —x49) (I_X(CI)) e q(E— y|+1"0091ﬁ)dqd1//
20(14e- 2‘1)

andy =60 — ¢, 0= g% cos?(¢ + ¥) — (1 + & + Bg?)q tanh g. To show that the
estimates (118), (119) also hold for 1 it therefore suffices to examine the quantities

- 1.~ 1.,5- 1 ,- 1 ~
3 2 2 2
8,.[2, ﬁ8r127 ;arlzs r_38¢127 ’__28r8¢121
1 5. = 1 ~ I 5=
;3r3¢12, r—28,8¢12, r—33¢12.
In order to deal with the integral

3D

SZﬁ 27!/ —1q6(1 — X(q)) COS '(/f _q(lg y|+ir cos ¥) dq d'(//
20(1 +e24)
8?,3 e icos®
2z Jo (1§ =yl +ircosy)?
6 3
[ (LU KDY s gy
o ! 20(1 +e29)
where we have supposed that y # £ in the integration by parts, let us write
92 (q6<1 —x(@)
20(1 +e729)

) =L+ R(g),
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where
6
q°(1—x(q))
f = lim Bq —_—
900 20(1 +e7%9)

and R(q) = O(qg~2) as ¢ — 00, so that

$h=0D+13 y#¢,

in which

1 2 . 3

pof T s v /ooee—qus—ymrcosx//) dg dy.
2w Jo  (|& —y| +ircosy)-
1 2 . 3 00

~ 2 .

122 _ ﬂ 1COS. W . / R(q)e—‘I(\S—y|+erOS‘ﬁ) dq dlﬂ-
2 Jo (|5 —yl+ircos¥)’ Jo

It follows from the fact that R(q) is integrable that |f22| < cs%/ r3 and hence that
L. ce?
sp [ 114y < 5
£€[0,11/0 r

Furthermore, one has that

1
sup / A
£e[0,11J0

1) 2 3
= g%ﬂ sup / / i cos .‘ﬂ /OOE e—q(E—yl+ir cos ) dg dl//‘ dy
gci0.11Jo 1Jo (1§ =yl +ircosy)? Jo

| 1 2 .y COS3 ¢
=e&2f sup - 7dv
ge0,11J0 1Jo (1§ —y| —ircosy)

! Y (1§ — y| —ircos y)* ‘
€28 su —{cos’ dy| d
P se[opl/ /0 Ve 3P +r2coyt V|

ced sup / /2” sy & — y|* + r* cos* ¥ dy dy
£€[0,1] (1§ — yI? +r2cos? y)*

2 4 4 4
cs%/ / |cosw|3 wi +rcos v dy dw

|w|? + r2 cos? yr)*

2 4
r|cosv/\ " +1
= drd
/ / P32 414 4

csi A |
3 2 4 dr
r 0 (l + 1)
ce?

1"3‘

dy

A

[IA

A

A
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A similar argument shows that
sup / |0,1|dy £ —,  sup / 10, b1dy = —-.
£€[0,11J0 r £e[0,11J0 r

Direct calculations yield the formulae

321"' ﬂ 2 7h2 B q5h¢
v o

1= 0@ —g(ie—yl+ircosv)
o) V) dg dyp,
X2(1+e—2q)e ¢4y

3 82,3 e 6q9h3 6q7hh¢_q5h¢¢
¢'2 = 0 02

(1 — X)) —g(&—yI+ircos )
dgd
2 +e20)° 74V,

where h(¢, ) = sin2(¢ + ). Observe that

2

(= x(@)

e 4§ =yl+ir cos ) dg dy| dy
se[o 1] Q2(1 +e29) |h¢¢ ]
1—
<C/ / AU 0)))
Q2(1 +e729)

114’0~ x(@)
0%(1 +e724)

A

’

C/
0

C’

[IA

and since

0-x@) U0 -x@)
203(14+e720)" 2041 +e~2)

are integrable this result also holds for the remaining terms in the formulae for 8(’25 b,

843) i3, which therefore satisfy
1 ~ 1 1 ~ 1
sup / |8¢2)12| dy < ce2, sup / |8¢3512|dy < cel.
£€[0,1]170 £€[0,1]1J0

We find from the calculation

1
87’8 /27'[/ 1q coswh(l—x(q)) ,q(|s y|+1rcosw)dqdw
202(1 +e—24)

d0phh =
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is%,B m cosy h
2 Jo & —y|+ircosy

6
X/oo8 ( CI~(1 - x(q)) )e—Q(lf—YHirCOS‘/f) dg dy,
o \20%(1+e2)

which is valid for y # &, that

1
sup / 10,0412 dy < //
£€[0,11J0

( q°(1 = x(@)
20%(1 +e72)

)‘ e 1" dg dw

5 00 6

§£ 1‘3q(q~(1—x(q)) )‘e_qwdq
rJo 202%(1 +e~29)

< é

s

and similar arguments show that

(S

C8
sup / 13, a¢12|dy<—, sup / 18205 12 dy <
£€[0,1] £€[0,1]

We have therefore demonstrated that I, satisfies (118), and a similar technique
shows that the same is true of /3. Furthermore, we may clearly interchange the roles
of y and & in the above arguments and hence conclude that /> and /3 also satisfy
(119). Altogether we have that

1
sup/
£€[0,11J/0

1
sup/
yel0,11J0

from which it follows that

1
H[ ?" ]]—“1 [/ g2q2c;(1—x)wdg]
£20; 0

for each w € LP(0, 1) (see, for example, [22, Corollary 2.5.4]); using this result
and Proposition 17, we find from Theorem 9 that

D=

Oy - c
[ }f '£*¢°G(1 — x)]' dy £ .
£20, r

[ o }f—l[szqu(l—xn'dsg%,
£20, r

D=

3
CE2
<

lwllLro,1)
3
Lro,1) (x2+e71z2)2

2
< celullp.
p

1
Hf—l [/ e2¢’°G(1 — x)u dg]
0

The estimates for Gy » and g},,z are presented in the next two lemmata, the
second of which is proved in the same way as the first.
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Lemma 22. Choose p € (1, 00). Foreachu € L?(X) the function Gy, 2(u) belongs
to LP(X) and satisfies the estimate

2
G2l p < ce”llullp.

Proof. Direct calculations show that each of

()l @) el (3)
— k QE— . 8 —

"\o Q0 “\o
1 3 1

#(g)| el (3)

“\o "o

is bounded by ce? for ¢ > go, while the ‘cut-off’ function x has the property that

, 8_1 —1q2 ,

l‘ 1
_,82

Q

8_2q2

_1 _ _ _ _3
x| e 2qlouxl, e 'qlorxl, e g0l e 271kl e kx| S c

for g = qo; these estimates clearly also hold for (1 — x). The multiplier (1 — x)/Q
therefore satisfies the hypotheses of Lemma 14 uniformly for y, £ € [0, 1], and it
follows from Theorem 8 that

1
Hf—l [/0 1te 'Q”(l - x)f[u]dé]

Lemma 23. Choose p € (1, 00). Foreachu € L (%) the function ,C';byz(u) belongs
to L? (X) and satisfies the estimate

1Go2)lp < cellullp.
Lemmata 18, 19 and 20-23 show that
IGa)p < cellully, NG, < cellullp,

and we can deduce the remaining estimate for 839 from them.

2
< celullp.
p

O

Corollary 1. Choose p € (1,00). For each u € LP(X) the function ByZQ(u)
belongs to L? (X)) and satisfies the estimate
195G p < ce?[lullp.

Proof. Observe that

rorl 1
05Ga(u) = F~! /anzGlx}'[u]dE]—l—fl [/O ayzGl(l—x)}'[u]dE}

. 1
=F! / 828561)(.7:[%](15] +F! |:/ e207G(1 — X)]—'[u]dé}
0o 0

_ /1 2(1+e)xqg*(G +1)
N 0 g% — (14+¢&+ Bg?)qtanhq — e2k?

f[u]déi|

1
v [ /O 242G (1 — ) Flul ds} ,
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where we have used (106), (113) and the facts that
83@ =4¢*(G + 1), 3y2G =4%G.
The assertion therefore follows from the estimate

|}"—1 [/‘ e2(1+e)xq*(G+ 1)
0

< 2
g> — (1 + & + Bg?)q tanh g — &%k> = ce”llulp.

F[u]dé]

p

which is obtained by noting that 9} G*G+1)=0@G*,i=0,1,2asqg - 0
uniformly for y, & € [0, 1] and repeating the first part of the proof of Lemma 19,
and the estimate
1
F! [ / e2¢>G(1 — ) Flu] ds] < ce?lullp,
0 P

which is obtained in the proof of Lemma 21. O
The above theory establishes the basic estimate

1G@2,p.e < cellullp, (120)

and we now complete our analysis by showing how Lemma 4(i), (ii) follow from
this result.

Corollary 2. Choose § € [0,1] and p € (1,00). For each u € Wf’p(Z) the
functions

1 1
Galu) = F~! [/ walf[u]ds], Gs(u) = F~! [/ ieikGlf[u]ds]
0 0

belong to ng +o.p (X) and satisfy the estimate
1G;@lls,p.e < cellulls,pe. =45

Proof. Observe that

1G4, p,e = 10xG @I, p.e S NGWI2,pe = llullp,
and

1G4 12, p,e = 1G W) l2,p.e = celluxllp = cellully,p,e-
Interpolating between the previous two inequalities, we find that

1Ga@)l1+6.p.e = cellulls,p.e,

and we similarly find that

”g5(u)”1+8,p,s < Cg”””é,p,s-

Parts (ii)—(v) of Lemma 4 are established in an analogous fashion.
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5.3. Convergence properties

Our final piece of analysis is the proof of Lemma 12, which relates to the
operators

giN’m =xnGi(l—xg,), i=1,...,6,8,... 11
We begin by examining g{v"", gé\”’”, g;v'”’ CWOP(R?) — WP (R?).

Lemma 24. Choose N > 0, suppose that {R,,} is a sequence of positive, real
numbers such that R,, — o0 asm — oo and let xp : R? > R, XR, R2 — R be
smooth ‘cut-off” functions whose support is contained in respectively By (0) and
B R, (0). The functions

GV u) = anGi((1 = xry)u), i=1,2,3
satisfy
IGN " W ll145.pe < N lulls pe, i=1,2,3

foreach § € [0, 1] and each sufficiently large value of p, in which the symbol cév m

denotes a quantity that, for each fixed value of N and ¢, tends to zero as m — oo.

Proof. Suppose that f(u, k) is one of

1 iu ie2k
IL+e+pg? 14+e+Bg> 1+e+pg*
—u? —ek? —e%uk
I+e+pg> 14+e+pg> 1+e+pq?
and define
GV ) = xnF L (s B FLA = g, )ull,
so that

GV () (x, 2)
= xn(x,2) /RZ K —x1,z—z1)(1 = xR, (x1, 21)u(x1, z1) dxy dzy,

where K (x,z) = ]-"_l[f(,u, k)]. (Note that f & LY(R?), so that K is only well
defined as part of the above convolution.) The L? (R%)-norm of GV () is given by

1
p P
169 @l = ( [ | ] G =02 0w 20 x| dxaz)
N.lvr,z N;l X1

where
NS = {2 i + 22 SN) NG = (o zn) ) 427 2 R,
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and using the generalised version of Holder’s inequality [21, Theorem 188], one

finds that
g™ "™ @)l

Py

dx dZ)

2 2
x—x1|°+|z—z2
/ | 1|2 | 1|2K(x_xl,z—zl)u(x1,m)dxl dz)
v —xi 2 4 221
1 ! g
<1 dx; dz
S ullp /me /N;l,zl(|x_xl|2+|z—11|2) 1dz)

» 1

E P

X /n Wl((l)c—mIZJrIz—z1|2)|K(x—m,z—m)l)q2 dxpdz; ) dxdz] ,
Ny

where

1 1 1
—+—+—=1, 1<q1 <2, gp>2
P a1 q2
(choices of g1, g» in the indicated ranges are possible for sufficiently large values

of p).
A direct calculation shows that 85 f, 8,? f are bounded as ¢ — 0and O(g~?) as

g — oo; they therefore belong to L* (R?) for all s > 1. Using this fact, we find that
1

92
(/ (e x1* + 1z — 2K (x = x1, 2 — 2% dxg dZ1)
Ny

1
2
< / ((x —x11* + |z — 21K (x — x1, Z—zﬂl)’”dmdm)
1

/ ((x* + 12K (x, )D® dxdz)

( |x2K(x, 2)|? dx dz)q2 + (/ 122K (x, 2)|% dx dz)q2
RZ
Ce

[IA

A

1 1
[z ronior auar)® + ([ 15 e ot nar )

[IA

where ¢} is the conjugate index to g and we have used the Hausdorff-Young
inequality

||u||q2 § ”f[u]”qéﬂ ‘12 > 2

(see, for example, HARDY et al. [21, Sections 8.5, 8.17]). It follows that

1
P

- v ¥
1G5 w)llp=c / / (—) dxydzi) dxdz) llull,,
P U g N P lz=z2 2 §
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and this inequality and the calculation

1 q1 ﬁ
dxdzy dxdz
/Nir,z /N;Ivzl (|x—x1|2+|Z—Zl|2)

1
P

L »
1 q1 a1
< ——— ) dx;dz;; dxdz
//v;“Z (//\/3”’Zl (I)Cll2 + |Zl|2)
1

1 2 q1 o2

= (JTNz)” T ! (Rm — N) i
2q1 -2

-0 (121)

as m — 0o, where N3 = {(x1, z1) : x12 + Z% > R, — N}, imply that
IGN ™)l < N ull .
Clearly
G @1 pe SUGY" @y + 18:G " @l + 18.6 " @llp, i =1,2,3,

and because gl.N""(u) = xnF U filw, OFIA — xXroull, i = 1,2,3, where
fi(u, k) is the ith choice for f(u, k), we have that

N, N,
I1G:" @y = g ™ llullp-

Furthermore, the above argument shows that both terms on the right-hand side of
the inequalities

183G " @l < 10 xnF i (s DFLA = xr,)ullllp
o F i e OFIA = xr,)ullllp.
e210.67" )y < 2 100w F~ Lfi s HFIA = xryullll
o F e 2k fi (s OFLA = xgy )l

are bounded by cév “lull p, the first because dy xn, d; xn have the same support as

xn and the second because each of i f; (i, k) and ie > kfi (1, k) is one of the fourth,
fifth or sixth choices for f(u, k). Altogether we have that

N, N,
1G:" " @l pe = g " llullp, (122)
and a similar argument shows that
N, N, N, N,
”axxg,' m(”)”p § Ce m”u”l,p,e’ 8||3zzg,' m(”)”p g Ce m”””l,p,s:

so that
1GY " @) l2p.e < e ull pee (123)
Interpolating between (122) and (123), one finds that

N,m N,
16" @ ll14s.p.e = g " llulls,pe-
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The corresponding results for gj"””, Qév’m, Qév’m, and Qév’m, s gfi’m, are
obtained by combining elements of the proof of Lemma 24 with the methods used
to establish the mapping properties of Ga, Gs, Gg and Gg, ..., G in Section 5.2.
We give the details for thv ™ and gév - the remaining operators are treated in an
analogous fashion.

Lemma 25. Choose N > 0, suppose that {R,,} is a sequence of positive, real num-
bers such that R,, — oo as m — o0 and let yy : R? - R, XR, . R?2 = R be
smooth ‘cut-off’ functions whose support is contained in, respectively, By (0) and
r,, (0). The functions

Gy ") = xnGa((1 — xrDw), G2 () = xnGs((1 — xr,)u)
satisfy

1GY " @) l145.p. < ™ ulls,peer 1G5 @ll146,pe < ™ utlls,pue

m

foreach § € [0, 1] and each sufficiently large value of p, in which the symbol cév m
denotes a quantity that, for each fixed value of N and ¢, tends to zero as m — oo.

Proof. The first step is to show that

N, N,

G, " @l = e ™ llullp,
SN, N,

1G, " @l = e ™ llullp, (124)
AN, N,

1G,"" @l = g ™ llullp,

where G iv ™ and G ftv " are the operators obtained by replacing ij with, respectively,

—p?and —¢ > wk in the definition of in’m; using the argument given at the end of
Lemma 24 we immediately deduce that

N,m N, 1 N,m N,
10xG, " Wllp = cg " llullp, €2110:G,"" @y = g ™ llullp (125)
and
3 N,m < N,m 8 N,m < N,m 126
[0 x 4 (”)”p = C, ”M”l,p,é‘a &l|0,; 4 (”)”p = Cg ||“||1,p,8~ ( )
To this end we use the decompositions
Nm _ ~N.m N,m SN.m _ AN,m S5N,m 5N.m _ AN,m 5N,m
Gy 7 =G +9% s G =G, +9 s G4 =0y 09y
and

Gan 4b1+g4b2’ Gav 4b1+g4b2’ Gy 4b1+g4b2’

which are defined using respectively the ‘cut-off” function x (see the explanation
above Lemma 18) and the expression (113) (see the explanation above
Proposition 17).

Let us write

G| = 8261 + 8262 + 8263

(see equation (106)). Calculations similar to those presented in Lemma 18 show
that
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0,GuG), B nGy, i=1273
are bounded at the origin, so that 85 (xinG1) and 8,? (xinG1) belong to L* (R?) for

each s > 1. Noting that all estimates are uniform for y, £ € [0, 1], we may apply
the method explained in Lemma 24 to find that

1G3™ @)l p < e flul .
and the same argument shows that
AN, .
1G2" @ < ¥ ™lullp. 1G" @lp < ™ lullp.
To obtain the corresponding estimates for Qﬁ"{’ we use the expression (115)

derived in Lemma 20. We consider the first of the four terms in this expression in
detail; the others are handled in an analogous fashion. Define

in(l+ e+ Bg* —ep?/g)(1 = x(@)) e_qg_ﬂ]

¢ [2(1 +e724)(g% — (1 + ¢ + Bg?)q tanh g — &2k?)

In terms of the polar coordinates (116), one has that

I=01+05L+1,
where
2 roo (] 201 — .
I = 821 / ( +<E)q ( x(q)) COS(¢—i—gﬁ)e*q(‘éfylﬂrcosw) dg dy,
20(1 +e29)
et (% 31— x(g) :
I = S3( + )e*Q(léflererOS‘//)d dis,
A / e e @y g dy
4
1-— i e
L= ;;21/ > Bq*( x(q)) S(¢+1//)C_q(|é_”+lrcosw) dg dv,
7T 0 20(1+e2)

Y =60 —¢and Q = g?cos’(¢p + ¥) — (1 + & + Bg?)q tanh g, and the method
used in the proof of Lemma 20 shows that

c c
<%, b, n<s 5. Y #EE

r r

The above calculation indicates that
F UG (ki y. )1 = Ki(x,2: . 8),

where each summand (of which there are a finite number) satisfies the inequality

C,
|Ki(x,y; 9, 6)] £ r— n 22



88 M. D. GrROVES & S.-M. SUN

for y # £. Observe that

1 1
(/ /V L K zmasy outn. £ 2 de g
N EJo YNy o

P 5
dydx dz)
ya

1 1 P’
<l ([ ] 1K=z v o1 de an aa) ay v
NyEJo \UN; P Jo

P
P 7

< 1 ’
<colul / / dx; dz;
NP Jra \ s U — xg 2+ |z — 212

1 2

1

1

s L 2 » —ni+=4 /
Sce(mN )”(m) (R — N) P lullp
—0

as m — oo, where p’ is the conjugate index to p and we have used Holder’s
inequality and the calculation (121). It follows that

IGN ™ (u) |1
dydxdz

1 1 p
-/ V i a2y gz de dn day
NP0 YN, o

N,
< e "l

This technique also yields the estimates for g'f{,’]” and QA]}\{)’Y]”; here we have to
estimate

PRy H —u ] (+e+ g — ei/g)(1 — x(@)) eq,gyl}

—e%,uk 2(14+e=24) (g2 —(14+e+Bq?)q tanh g —e2k?)

(and three other terms with slightly different exponential factors), and hence

_eti 2”/“ (1+8)g*(1— x(q)
20(1+e %)

C082(¢ +¥) —q(|E—y|+ir cos )
< cos(¢ + ) sin(¢ + ¥) ] e Y dg dy,

821/2"/ q (1 —x(q)) Y1 - x(@@)
20(1 +e2)
cos*(¢ + ) —g(E—y|+ir cos¥)
[cos 3 + ¥) sin(g + ) ] e dq 4y,

B 821/2” > Bg°(1 = x(9)
0 20(1 +e2)

COSZ((b + 1/f) —q(|E—y|+ir cos ¥r)
[ cos(¢p + ) sin(g + ¥) ] ¢ dg d¢.
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We find that
IS5 bS5 IBIS5 yAE
and the argument given above therefore yields the inequalities
1Gas T @)1y < e ™ lullp. 15T @y < e flull,.

Calculations similar to those presented in Lemma 22 show that 83 (iun/Q),
3¢ (ipe/ Q) are O(g—3) as g — oo, so that 9% (1 — x)in/Q), F((1 — x)in/Q)
belong to L* (Rz) for all s > 1. Noting that all estimates are uniform for y,
& € [0, 1], we may apply the method used in Lemma 24 to find that

N,m N,
1G4 @Iy = e " llullp,

and the same method yields the corresponding estimates for Gj's and Go'7

4b,2
Finally, we obtain the estimates

‘ p
< Nl p, (127)

< eNa (1 = xr )Wl
< N ully pe (128)

18,G2 "™ @)l

1
o F! [ /0 i19,G1FI( — xg, )ul ds}

192G3"" @)l »

1
o [ /0 92G1(FI0:((1 — xry )] ds]

p

using the method given above for .C';iv ™ noting that 83 (indyGr), a,f(mayGl) and
Bﬁ (8§G 1, 8,3 (8§G 1) are bounded at the origin and the polar-coordinate representa-

tion of their kernels differ from those of Giv ™ only in the form of the trigonometric
factor.
It follows from (124)—(128) that

N,m N, N,m N,
16" @llpe = ce ™lullp, NGy " @ll2.pe = o " llullt pes

and interpolating between these inequalities, we find that

N,m N,
16" @) ll146.p.e = co " llulls. pe-

The same method yields the corresponding estimate for gév Moo
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