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Abstract

Higher order entropies are kinetic entropy estimators for fluid models. These
quantities are quadratic in the velocity and temperature derivatives and have temper-
ature dependent coefficients. We investigate governing equations for higher order
entropies and related a priori estimates in the natural situation where viscosity and
thermal conductivity depend on temperature. We establish positivity of higher order
derivative source terms in these governing equations provided that || log T || pyo +
v/ VT 1 is small enough. The temperature factors renormalizing temperature
and velocity derivatives then yield majorization of lower order convective terms
only when the temperature dependence of transport coefficients is taken into account
according to the kinetic theory. In this situation, we obtain entropic principles for
higher order entropies of arbitrary order. As an application, we investigate a priori
estimates and global existence of solutions when the initial values log(7p/7,,) and
vo/~/Ty are small enough in appropriate spaces.

1. Introduction

We investigate higher order entropies for fluid models and related a priori esti-
mates. Higher order entropies are kinetic entropy estimators for fluid models. These
quantities may also be interpreted as Fisher information estimators or associated
with generalized Bernstein equations. For simple fluid models, higher order entro-
pies are quadratic or polynomial with respect to velocity and temperature derivatives
and have temperature dependent coefficients. They are investigated in this paper in
the situation of incompressible flows spanning the whole space with temperature
dependent thermal conductivity and viscosity. The cases of compressible flows or
zero Mach number flows are beyond the scope of the present paper.

As apreliminary study, we consider second order entropies for fluid models with
constant transport coefficients. We derive a governing equation for second order
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kinetic entropy correctors and investigate when higher order derivative terms, which
appear as sources, have a sign. Unconditional positivity of these source terms only
holds for a restricted family of second order entropy correctors. The temperature
weights renormalizing solution derivatives, however, do not yield majorization of
the corresponding lower order terms arising from convection. As a consequence
of this preliminary analysis, we need to investigate conditional positivity of higher
order derivative source terms as well as to modify the renormalizing temperature
weights by taking into account the natural temperature dependence of transport
coefficients.

Temperature dependence of viscosity and thermal conductivity is a consequence
of the kinetic theory of gases. Away from small temperatures, these coefficients
essentially behave like a power of temperature with a common exponent s¢. In this
situation, we derive a balance equation for kinetic entropy correctors of arbitrary
order. These higher order kinetic entropy correctors are quadratic or polynomial in
the velocity and temperature derivatives with temperature dependent coefficients.
The corresponding balance equations have source terms in the form of sums of
products of solution derivatives.

We then obtain conditional positivity of higher order derivative source terms
when || log T ||pyo + llv/ VT ||~ is small enough. The lower order convective
source terms are then majorized thanks to the temperature dependence of transport
coefficients as given by the kinetic theory of gases, that is, only when sc = 1/2. In
order to establish these estimates, we use the Coifman—Meyer inequalities for mul-
tilinear operators and weighted interpolation inequalities for intermediate deriva-
tives with weights in Muckenhoupt classes. We next investigate higher order kinetic
entropy estimators obtained by summing up a zeroth order entropy estimator with
kinetic entropy correctors and we obtain entropic principles which are the main
result of the paper.

As an example of application of higher order entropic estimates, we establish a
global existence theorem provided that log(7p/7,,) and vo/~/Ty are small enough
in appropriate spaces, which may be interpreted heuristically as an existence theo-
rem for small Mach number flows.

In Section 2 we discuss the concept of higher order entropies. In Section 3, as a
preliminary study, we investigate how this notion can be used by studying second
order entropies for fluid models with constant transport coefficients. In Section 4,
we gather material from harmonic analysis and establish various weighted inequali-
ties. In Section 5 we establish balance equations for higher order entropy correctors
in the natural situation of variable transport coefficients. In Section 6—the core of
the paper—we establish that higher order entropies satisfy conditional entropic
inequalities. Finally, in Section 7, as an example of application, we concentrate on
global solutions.

2. Higher order entropies

The notion of entropy has been shown to be of fundamental importance in fluid
modeling from both a physical and a mathematical point of view [2,5,6,11-14,
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17,21,22,28,44]. We discuss heuristically in this section a concept of higher order
mathematical entropies for fluid models [18].

2.1. Entropic interpretation of the Bernstein equation

For parabolic (or elliptic) scalar equations, a priori estimates of the solution
derivatives can be obtained by using the Bernstein method [1,30]. More specifi-
cally, consider (as a simple example) the heat equation

du — Au=0. (2.1)
Defining ¢ = |d,u|*> = d,u-d u, we then have the Bernstein equation
9,C — AL +2]9%u> = 0. (2.2)

In the Bernstein method, the higher order source term 32u|®> = 8%u:9u =
> j(ai ju)2 is discarded so that one obtains inequalities like 3, — AZ < 0 and
the maximum principle can then be used [1,30]. On the other hand, one can also
directly integrate Bernstein equation (2.2) to get estimates of the integrals of |9, u 2
and |8§u |2. The classical techniques which consist of multiplying the heat equation
by either the laplacian Au or the time derivative d,u (and then integrating by parts)
are also equivalent to integrating the Bernstein equation (2.2).

Although the Bernstein method cannot be extended to systems of partial differ-
ential equations (in the absence of maximum principles), we may still try to derive
an equation similar to that of the Bernstein equation. In such a generalized equa-
tion, we do not expect a second order term in the simple form A¢ = 9,-(9,¢)
since, for such systems, dissipative fluxes and gradients are not anymore related by
scalar or even diagonal matrices. However, we may focus on the source term whose
principal part |8)%u|2 has a sign. The structure of the Bernstein equation (2.2) then
appears to be formally similar to that of an entropy balance, where ¢ plays the role
of a generalized entropy, even though there also exist zeroth order entropies like
u?. In the next section, we introduce a kinetic framework supporting this entropic
interpretation.

2.2. Enskog second order kinetic entropy corrector

We consider, for the sake of simplicity, a single monatomic dilute gas. The
state of the gas is described by a distribution function f (¢, x, ¢) governed by Boltz-
mann’s equation, where ¢ is time, x the n-dimensional spatial coordinate, and ¢ the
molecular velocity [2,5,6,11,14,17,22,44]. Approximate solutions of Boltzmann’s
equation are obtained from a first order Enskog (formal) expansion

f=fO@+ep +0(h), (2.3)

where f(© is the local Maxwellian distribution, ¢!’ the perturbation associated
with the Navier—Stokes regime and ¢ the usual formal expansion parameter. The
perturbation ¢! depends linearly on the temperature and velocity gradients and is
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the solution of a linearized Boltzmann equation [6,14,17]. The compressible Na-
vier—Stokes equations (or the zero Mach number equations) can then be obtained
by taking parts of Boltzmann’s equation [6,14,22].

A fundamental property is that the kinetic entropy defined by

skin = g /R ) f(log f —1)de, (2.4)

where k; is the Boltzmann constant, obeys the H theorem, tha; is, the second princi-
ple of thermodynamics [6,11,14,17,44]. The expansion of S kin jnduced by asecond
order Enskog expansion, however, can be written as

skin — g0 4 26 4 (3, 2.5)

where S is the usual zeroth order macroscopic entropy evaluated from Maxwel-
lian distributions and where S reads

@ _ _%/ FO )24, (2.6)
R»

so that —S® is quadratic in the temperature and velocity gradients and is a natural
candidate for deriving a balance equation like (2.2). For compressible monatomic
gases, after detailed calculations, one can establish that

1 _
S@ = —— (X, T1> + L51d%), (2.7)
P

where T denotes the absolute temperature, p the density, v the gas velocity, d the
strain rate tensor d = 9, v + 9,0’ — %(3)(' v) I and |d|* = Zij df/., and where the
scalar coefficients A and 77 only depend on temperature. In a first approximation,
using a single term in orthogonal polynomial expansions of perturbed distribu-
tion functions, one can establish that A = (1/2rcp)k2/ T3 and 7 = (1/2r)n?/ T2,
where c), is the constant pressure specific heat per unit mass, r the gas constant per
unit mass, A the thermal conductivity, n the shear viscosity, and the actual values
of the numerical factors in front of A and 7 are evaluated here for n = 3. In the
special case of Maxwellian gases, such a calculation has already been performed
by BoLTZMANN [2].

2.3. Zeroth order entropy dissipation rate

A second kinetic interpretation can be obtained from the zeroth order entropy
balance equation

3,50 + 9, (WS +9,-FO = O, (2.8)

where F(©) is the zeroth order dissipative entropy flux and v the zeroth order

entropy production given by

A n
p©@ — ﬁ|8xT|2+ %? \d|?. (2.9)
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This entropy production is quadratic in the macroscopic variable gradients with
temperature dependent coefficients. It also appears as a natural norm of the sys-
tem and a natural candidate for deriving a balance equation like (2.2). Denoting
the linearized Boltzmann equation by ¢ ¢ = ¢ (D the second order entropy
and the entropy production are essentially in the form (¢, ) and (61, (),
respectively, where (€, ¢) = [p. fP&de.

2.4. Enskog second order kinetic information corrector

The logarithmic Sobolev inequality majorizes the relative entropy of f with
respect to £ by the relative Fisher information of f with respect to £ [3,4,26,
40,44]. Here f ©) is the Maxwellian distribution with the same local macroscopic

properties as f
n 2
O _ P(_™ )2 _me—v)” 2.10
f m(anBT) exp( YT ) (2.10)

where m denotes the particle mass. After a rescaling ‘a la Boltzmann’, the loga-
rithmic Sobolev inequality can be written in the form

FOdqc 2.11)

2T [ [0.(f/f )
0= kB/Rn(f/f(O)) 1‘)t‘vy(f/f(o))f(m de = 2m Jgro  f/fO

and one can establish that
Sk = 5O = kg [ (£15) 10g(1/70) £ e
Rn

so that the relative entropy of f with respect to £ coincides with §© — §ki The
relative Fisher information thus appears as an estimator of kinetic entropy deviation.
One can also establish that the relative Fisher information is given by

EXCANk
re /O

where SN = kg [o.(10: f1?/f) dc and I © = kg [.(19 fO1?/f°) dc denote the
kinetic and zeroth order Fisher informations. Substituting a second order Enskog
expansion in the logarithmic Sobolev inequality (2.11), the leading order term of
the left-hand side is —S® and the leading order term 7 of the right-hand side
reads

jkin _ j(o) — kB f(O) dC,

T k2T
@ _ kT o _ m/R|36¢|2f<0)dC’

and is a natural candidate for deriving a balance equation like (2.2). For compress-
ible monatomic gases, after detailed calculations, one can establish that

1 = — (3o, T + i71d?), (2.12)

D=
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where again, A and 7 only depend on temperature. In a first approximation, using
a single term in orthogonal polynomial expansions of perturbed distribution func-

tions, one can establish that A = ((10r + 3C[,)/4}’C%7))»2/ T3 and7 = (1/r)n*/T?,
where the actual values of the numerical factors in front of A and 7 are evaluated
here for n = 3. The rescaled second order information corrector /® is thus sim-

ilar to the second order entropy corrector —S® and to the zeroth order entropy
production rate v©@.

Remark 1. Logarithmic Sobolev inequalities have been investigated in a probabi-
listic framework by CATTIAUX [4]. In this situation, the relative Fisher information
has been shown to represent a relative entropy in a path space, that is, in the space of
particle trajectories [4]. This further supports the idea that these quadratic quantities
represent an entropy.

2.5. Enskog higher order entropy correctors

Higher order Enskog expansions f/f© = 1 +epW .. 4e2kpCl 4 o2+
actually induce higher order expansions for Sk

shin g0 — 25@ 1 393 4. 4 g2l 4 g2t (2.13)
where S is a sum of terms in the form & fg. [1;<i</(¢@)" f© dc with non-
negative integers v; =2 0,1 < i <[, suchthat! = > <. < iv;.

On the other hand, in the absence of external forces acting on the particles, q)(l)
is a sum of products of solution derivatives with a total number of / derivations

o0 = () Zoow Mhigae (71" ()" ()" where vo. v vj €
N, € N*, and v = (vg, v(/x, vg)lgla‘gl, and the summation is over all v such
that 3y <4<l (Ve + v 4 vg) = [ and where the coefficients ¢, are tensors in
the reduced velocity 4 = (¢ — v)/+/2rT multiplied by smooth scalar functions
of |%|? and log T'. This result is established by examining the successive construc-
tion of ¢@ from ¢, ..., ¢~ applying /™ time the (generalized) inverse of the
linearized collision operator which scales as n/prT and has isotropicity properties
[5,14]. After integration with respect to €, S©%) is found in the form

() S T () G2 () e

where vo, vy, vy € Ny oo € N, and v = (Va, vy, Vg) 1 <j <o must be such that

2 1< q <ok |l (g + vy +vy) = 2k and where the coefficients ¢, are smooth scalar
functions of log T' of order unity. After integrations by parts with respect to the spa-
tial variables in the integrals fR,,S (k) dx, in order to eliminate spatial derivatives
of order strictly greater than k, and by using interpolation inequalities, one obtains
that the quantity | fR,,S(zk) dx| is essentially controlled by the integral of

A o (LR

| } ) (2.15)
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or equivalently of

2k
yﬂdzrp( 0 ) (195 1og T2 + |9* (/v/r TP + ¥ og ). (2.16)
pNrT

This suggests the quantities y¥1 or 71 as (2k)™ order kinetic entropy correctors
(or kinetic entropy deviation estimators). Furthermore, the quantity | fRnS Ck=D gy

is controlled by [p,y™™ dx and [p,y " dx.

One could first consider using the corrector X as an entropy deviation esti-
mator. However, except in the simpler case k = 1, it is not clear that SR has
a sign, or even its integral fR"S (k) dx. The calculations that can be found in the

literature for the perturbed distribution function ¢® associated with the Burnett
regime and S already show intricate analytical complexities. Therefore, all we
know about §) is its structure (2.14), so that for some constant ¢ depending on
the L*° norm of the solution we have | [5,S @ gx| < ¢ fR,,)/[k] dx. As a conse-

quence, we will investigate %] instead of > and we are therefore looking for
majorizing entropic correctors. The fact that entropic inequalities can be obtained
for such majorizing correctors can be seen to be a consequence of the structure of
the fluid equations.

A similar analysis can also be conducted for the Fisher information and sug-
gests the same quantities y ¥ or 71! as higher order kinetic information correctors.
Moreover, denoting by y % or 7101 zeroth order entropy estimators, and upon sum-
mation, we obtain the (2k)™ order kinetic entropy estimators y[% 4. .. 4 3% and
FO Lyl

A parallel can be made with the heat equation, for which the quantity ¥ =
|%u|? can be considered as a (2k)™ order entropy corrector. More generally, for
parabolic scalar equations with variable coefficients, Bernstein equations are asso-
ciated with sums of squares of derivatives [30].

2.6. Temperature scaling

Scaling properties of scalar partial differential equations are of fundamental
importance for investigating the behavior of solutions like asymptotic expansions,
singular limits, boundary layers, or even the existence of solutions with the concept
of renormalized solutions [12,32].

When considering systems of partial differential equations however, a possible
rescaling method could be to use functions of a single scalar quantity to rescale
all solution components and solution derivatives. For fluid models, a natural candi-
date of such a scalar quantity appears to be temperature. In particular, higher order
entropies provide a natural scaling of solution derivatives in terms of powers of
temperature.

Remark 2. There are also p factors at the denominator of the corresponding deriv-
atives akp in (2.15) (2.16). Similarly, for multicomponent flows, entropy production
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associated with diffusive processes is essentially in the form

D13 X;|?
> [
15i<n, Re !

where D is a typical diffusion coefficient, X; the mole fraction of the i species
and ng the number of species in the mixture [17].

2.7. Persistence of kinetic entropy and small Mach numbers

Various thermodynamic theories have already considered entropies differing
from that of zeroth order, that is, entropies depending on macroscopic variable
gradients. These generalized entropies have been associated notably with Burnett
type equations and extended thermodynamics. In both situations, new macroscopic
equations are correspondingly obtained, which are of a higher order than Navier—
Stokes type equations.

On the contrary, in this work, we want to investigate the properties of the solu-
tions of a given fluid model, that is, of a given second order system of partial
differential equations. In particular, we do not consider composite quantities like
SO 4 §@ a5 the system entropy, since we typically deal with fluid equations
for which the zeroth order entropy S© is already of fundamental importance as
imposed by the hyperbolic-parabolic structure of these equations [17,28]. We only
want to use quantities like @, §© 4+ §© and more generally like y 1% 4. . . 45 1],
or pl01 4 ... 4 510 < 1 < k, as a mean to obtain further information on the
solutions of the fluid model. These quantities should thus be considered as families
of mathematical entropy estimators (of kinetic origin) and we will establish that
they indeed satisfy conditional entropic principles for solutions of Navier—Stokes
type equations.

Enskog expansion is associated with small Knudsen numbers Kn = //L, where
[ is a typical mean free path and L a hydrodynamic length. On the other hand, we are
interested in fluid models which take into account dissipative effects like viscosity
and heat conduction and the corresponding characteristic length L is such that the
Reynolds number Re = pvL /7 is of order unity, that is, L = n/pv. As a conse-
quence, since pcl = n [14], where ¢ is a typical sound velocity, we obtain that the
Knudsen number Kn = KnRe = pvl/n = v/c is equal to a typical Mach number
Ma = v/c. Therefore, since Ma >~ Kn, assuming that the Mach number is small
is equivalent to the underlying kinetic assumption of a small Knudsen number, we
expect the Mach number to play a role in the analysis [22].

3. Preliminary study

We investigate in this section how the notion of second order entropy can be
used in the simplified situation of incompressible fluids with constant transport
coefficients.
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3.1. Incompressible model

We consider a fluid governed by the incompressible Navier—Stokes equations

3,v =0, (3.1)
9, (pv) + 9, (pv®V) + . p +9,- 11 =0, (3.2)
9,(pe) + 0,-(pev) +0,-0Q = —1I1:0,v, 3.3)

where p is the constant density, v the velocity, p the pressure, I the unit tensor, /7
the viscous tensor, e the internal energy per unit mass, and Q the heat flux vector.
The viscous tensor is given by IT = —nd, where d = 3,v + 9,0’ is the strain
rate tensor and 7 the shear viscosity, the heat flux by O = —10, T, where A is the
thermal conductivity, and the energy per unit mass e is taken for simplicity in the
form e = ¢, T, where c, is the specific heat per unit mass. All the coefficients ¢,
A, and n, are taken to be constant in this section.

Our aim is not to study various boundary conditions and we only consider the
case of functions defined on R”, with n = 2, that are ‘constant at infinity’. From
Galilean invariance and incompressibility, we can choose that v and p vanish at
infinity. We only consider smooth solutions of the Navier-Stokes equations, that is,
taken into account the eventual temperature dependence of the system coefficients
as in Section 5, we assume that

v, T —Ty eC([0,71, H)nC'([0,71, H'?) nL*([0,71, HT),  (3.4)

where [ is an integer such that [ = [n/2] + 2, thatis, [ > n/2 + 1, f is some
positive time, and 7, > 0 is some fixed positive temperature. We will establish
in Section 7 that these solutions are as smooth as expected from initial data. In the
simpler case of constant coefficients, smoothness properties hold as soon as it is
established that v € C([0, 7], L") [32]. Existence of such smooth solutions can be
established locally in time, or globally in time for small initial data. We will also
assume that T is positive and bounded away from zero T = Trin, Where T > 0
and this property is easily established as soon as it holds at initial time Ty 2= Tiin
thanks to the non-negativity of viscous heat dissipation [32]. We consider as usual
the momentum equation as projected on the space of divergence-free L functions.
More specifically, we introduce the Leray projector P defined on L?(R")" by

P =1+ R®R, (3.5)
where R = (Ry,..., R  and R; = (—=A)"Y29;, 1 < i < n, are the Riesz trans-
forms, so that (Pv); = v; + ZISan RiRjvj, 1 <i < n[31,32]. Itis well known

that IP is a continuous projector in any Sobolev space H*, s € R, and PP is also con-
tinuous in L® for 1 < s < 00 [31,32]. Since the viscosity 7 is constant, the momen-

tum conservation equation is easily rewritten as 9, (ov) —nAv = —]P’(Bx~ (pv®v)),
which is equivalent to defining the pressure from
p= 2. RiRj(puiv)). (3.6)
156,j<n

and we have p € C([0,71, H') nC!([0,71, H'=?) n L?([0, 7], H'T!).
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3.2. Second order entropy corrector y

As is traditional in mathematics, we change the sign of entropy, and thus of sec-
ond order entropies, and we define y as one of the equivalent expressions —S2),
0@ or 1@, Specializing formally expressions (2.7), (2.9), or (2.12) to the situation
of incompressible gases, we are led to consider y = XISXTI2 + %ﬁld |2, where
d = d,v + 3,v', and we will use the coefficients A = A; /T 7% and 7 = A,/ T¢,

so that
Ay

A
v = Tipa 6T + g gldl?, (3.7)

where Ay > 0, A > 0, and a > 0, are positive parameters at our disposal. Kinetic
theory suggests values a € (0, 2], for example, for small Mach number flows or
incompressible flows. On the other hand, it is necessary to assume that a € (0, 1]
in order to control log 7' from the second order entropy corrector y.

Remark 3. A natural scaling associated with the temperature weights of —S?,
0@, 1@ and y, is that v scales as JT.

Remark 4. The second order entropy corrector y corresponds to y %l in (2.15) with
k = 1if we replace d by 9, v. These modifications are unessential and a similar
analysis can be conducted for y!! as for y.

Remark 5. In the definition of higher order entropies, we have confined ourselves
to weights in the form of power functions of temperature but more general functions
of temperature could also be considered as well as functions of entropy.

3.3. Balance equation for y
We write the balance equation for y in the form
oy +0, - (vy)+o,op+m+2r+w=0, 3.8)

where ¢ represents a flux and 7w + ¥ 4 w a source term. We expect r to be non-neg-
ative and composed of higher order derivative terms, ¥ to be composed of higher
order derivative split terms, and @ to be composed of lower order derivative terms
arising from convection.

Proposition 1. Let (v, T') be a smooth solution of the incompressible Navier—Stokes
equations. Then we may take

200 [2T12 (1 +a)Q+a)ar [0, TI*  am|dd?  aayn |d*
T =

PCy T +a PCy T3+a 0 Ta 4pcy T +a
N ((1 +a)Ann N a(l +a)AnA) |d|? 13, T|?
2p¢y 20Cy T2ta

5 4(1 + a)a) A afT:axT ®0.T (ZA)Ln n aAyh n aA,]n) 9, did ® 0, T
B PCy T2ta PCy PCy P Tlta

’
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. .92 .
wZAkd.BXT(X)BxT A_nd.8Xp+2And.(8xv-8xv)’
T +a o Ta Ta
_aagh dI? 8, T  Aynd:d,d L d+amr 0, 71?9, T 2834 93T-9,T
2pc, Tlta o T4 0Cy T2+a pc, Tlta

In this proposition, for the sake of conciseness, we have introduced a conve-
niently compact notation. For a and b vectors, we denote by a ® b the matrix with
elements a;b;, 1 < i, j £ n. For a matrix and b vector we denote by a ® b the
third order tensor with elements a;; by, 1 < i, j,k < n.For a and b matrices we
denote by a:b the quantity >°;; a;;b;; and la|> = a:a. For a and b third order
tensors, like 9, d or d ® 0, T, we denote by a:b the quantity Zijk a;jkbijx and we
define |a|> = aia. Some expressions would be ambiguous for general tensors, but
these ambiguities are easily resolved thanks to symmetry properties of multiple
derivatives.

Of course, the decomposition (3.8) is not unique since various integrations
by parts may be performed and terms may be exchanged between ¢, 7, and ». In
particular, all expressions involving tensor full contractions—for instance
8§T:8§T can be replaced by similar expressions involving only partial tensor
contractions— for instance (AT)2. Some of these expressions are derived in Section
3.4 where we investigate the sign of the higher order derivative terms fR,g(n +3)dx.
In the decomposition of Proposition 1, we have tried to put in 7 all available
non-negative higher order derivative contributions and the remaining higher order
derivative terms have been put in ».

Proof. Inorder to derive a balanced equation for y, we evaluate its time differential
in terms of temperature and velocity gradients. To this aim, letting & = a; /T '+,
and 7 = A,/ T“, we write that

dy+ > wdy — (A0, T2 + Yormld?) [ 9,7+ D wdT
1<1<n 1S1Sn

2% D 4T (0,0,T+ > udo,T

15i<n 1<I<n
-7 Z dij | 9,d;j + Z v0,dij | =0.
15i,j<n 1<51<n

Upon using the governing equations we obtain

by + > udy — (9,210,717 + Soal)
1<I<n

()”ax'axT + %77|d|2)

PCy

_ 1
—u( > al.Tal.( . (Aax.axT+%n|d|2))— > 8, TouoT
1< <n pev 1<i1%n
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_ 1
— 27 2: %ﬂ%(;m%ﬂﬁn—@po—— 2: dijdvdyv; | =0.
15i,j<n 156, j,05n
(3.9)

The governing equation for y is then obtained after various integrations by parts.
More specifically, let us denote by .79, .7*, and .77, the three last terms appear-
ing in the left-hand side of Equation (3.9). The contributions in .7? in the form
|8xT|2|d | and |d|* are left unchanged whereas the contributions in the form
18, T1>9,-0.T and |d|>d -9, T are integrated by parts. This yields in particular
a term in the form |8xT|4. The two first terms of 7% and .77 are integrated by
parts, thereby eliminating third order derivatives, whereas the second term of .7*
is left unchanged. Finally, the third term of .7* and the second and third of .7
yield the lower order convective contributions of .

3.4. Unconditional positivity of higher order derivative source terms

Integrating the y balance equation (3.8), thanks to assumptions (3.4), all the
flux terms are eliminated, and we obtain the identity

8t/ydx+ (n—i—z)dx:—/a)dx. (3.10)
n ]Rn n

Our aim in this section is to study the sign of fR,l(n + ») dx, where 7 and x are as
in Proposition 1. More specifically, we investigate the inequality

1
—/ndx§ (n+):)dx§c/ndx, 3.11)
C n R~ n

where ¢ denotes a positive constant. This inequality implies in particular that

1
@/ym+—/nM§ lo| dx, (3.12)
R C JRn R

which is a natural first step towards entropic type inequalities. Majorization of the
convective contribution [p,|w| dx in terms of [p,7 dx and [p.y dx is discussed in

Section 3.5. We investigate inequality (3.11) forv, T — T € H2@R") N AR"Y),
and T 2 Tpin > 0, where A(R") C %(R") denotes the Wiener algebra [36,37]

AR =(fe6®");3f L', f=Ff)

We have denoted by .% ¢ the Fourier transform % g (§) = f]R,,e_ié “g(x)dx of
g € L'(R"), and the Wiener algebra (which naturally appears in multilinear deriv-
ative estimates [36,37]) is equipped with the norm || f la = |l fllz1. The Wiener
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algebra A(IR") is a (dense) subalgebra of %, (R"), the algebra of all continuous func-
tions on R"” which vanish at infinity. We remind the reader that, unless explicitly
stated, it is always assumed in the following that n = 2.

Proposition 2. Assume that the parameter a associated with y is such that

. 4n — 1 A ncy -1
0<a <1nf(m,2(ﬁ+7) ) (3.13)

Then there exist positive constants Aj, and Ay such that inequality (3.11) holds for
anyv, T =T, € H2(R") N AR"), and T = Tmin > 0. On the other hand, there
exists a* < 1 so that for any a > a*, there exists v, T — Ty, € P(R") such that
the integral fR,,(JT + ) dx is negative and a fortiori (3.11) does not hold.

Proof. By a density argument, and thanks to classical interpolation inequalities, it
is sufficient to consider the situation where v, T — T, € Z(R"), T = Tpin > 0. We
first consider the terms of fR,,(rc + ) dx which only involve temperature gradients.
Regrouping these terms, we have to investigate the sign of

4
|

2 2 2
- 1927 | 2T:0.T®3.T 19
A= [ a4 0 B0 ool

)dx.

(3.14)
We use the polar decomposition of the Hessian matrix BfT. Defining for short

o 03T m_ 0, T®8.T

= rara2 YT TrGra2 (3.15)

we have
AT / QPP -4 + M A+ 0+ )P dx. (3.16)
On the other hand, using integrations by parts, one easily establishes that

/(trz'2')2dx=/(lz'2'|2—3(1+a)z12':z“'+(1+a)(2+a)|z[”|2) dx, (3.17)
n Rn

/ trzPtel i = / (<22 2+ P dx,  (B8)

and we also have zI11: 71" = (trz!11)2. We have denoted by trA the trace of a matrix
A and we define

A=A—(rA/n), (3.19)
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where I is the unit matrix and tr(X) = 0. After some manipulation, using (3.17)
(3.18) and polar decompositions, we obtain

(1 _ l) 122112 dx =/ (|fz~[2]|2 3d ‘H’)z{z 12111
n Rn Rn +2

(I+aQ2+a) 4,
+—+2 F*I)

(1+2) [ [ 222y
n n —
(1— )/ 1212 dx—/ 2 dx.

These relations imply (after some algebra) that

1 2 2 2
(1-2) (14 2) 2= [ (20 2) B (14 2) 020
n n n n n

+(+a)2+ a)l’z{]]lz) dx, (3.20)
so that
1
_ 7] _ ’~[1]
(1_n)( ) / S PE A ax,
1<l /<n
where

2 2
P(X,Y) :2(1 + —) X2 — (1+a) (4+ —) XY + (1 —|—a)(2+a)Y2.
n n
From the binomial formula, there exists § > 0 such that

5(/ |2[2]|2dx+/ |E“]|2dx) < T (3.21)
Rn Rn

provided that

2\? 2
(14 a)? (4—1—;) —8(1+;)(1+a)(2+a) <0,

that is, provided a < (4n — 1)/ (2n% + 1). The inequality (3.21) then implies that
for some positive constant § we have

([ Jer e+ [ P a) < 27 (622
R Rn

Note that we have used polar decompositions in (3.20) instead of (3.14) since the
discriminant of the corresponding second order polynomial 2X2 — 4(1 +a)XY +
(1 4+ a)(2 + a)Y? is always positive.
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We now have to consider the remaining terms of fR,(n + %) dx involving veloc-
ity gradients

L M_(ZMJJAMJFCZAM)/ 0,did® 0, T

o Jre T pcy  pCy p T'i+a
+((1+a)Am+a(1+a)A,7/\) |d|? 19, T aA,m/ ld|*
2pcy 2pcy rn T2ta 4pcy Jp TIHE’

which can be written

odi; diikT anpn |d|*
[v] _ ij Gijo%~ n
< _/]Rn Z Q(Ta/z’ T1+a/2)dx+ 4pcy /RnT”a’

156,7.k<n
where
A ApA A
Ox, vy ="2lx2 (2“—” + 2% 2l xy
P PCy PCy P
n ((1 +a)axn n a(l +a)A77A)Y2.
2pcy 2p¢y

Using the binomial formula, the existence of § > 0 such that

3( |axal|2+ |d|2|ax'f|2+ |d|4)< [v]
re T4 R T2+a RnT1+a =27

is a consequence of

(zAm n aAyh n aAnn)Z B 4A,7_;7((1 + a)Aayn n a(l —i—a)AnX) -0
pCy  pCy P P 2pcy 2pcy

Defining ¢ = Ajcy/2A5 and § = A /ncy, this is equivalent to
a*P (1 + ) vatc (67 +200 - 0))+1 - ¢ <0, (3.23)

and it implies that { = A;c,/2A; > 1. In this situation { > 1, there are two roots
of the left-hand side of (3.23), one negative a(&, ¢) and one positive a(§, ¢) given
by

—(E7 4200 — )+ (48207 + c(4 — dg —4EH) 45 —3) '
206 +¢€7h

Keeping in mind that @ has to be positive, we must have 0 < a < a(&, ¢). Noting
that @(&, 1) = 0 and @(&, 00) = 2/(£ + £~'), we obtain for large ¢ the sufficient
condition 0 < a < 2/(£ + &~!) and the first part of Proposition 2 is proved.

We now assume that ¢ = 1 and establish that fR"(” + ¥) dx can be negative,

aé,s) =

keeping in mind that n = 2. To this purpose, it is sufficient to let v = 0 and to only
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(T

consider the terms z!”! involving temperature derivatives. Denoting t = log T, it

is easily checked that
AT / (2|a§r|2 —421:9,1® 8x1:)dx. (3.24)
Rr

Let ¢ € Z(R) be a C* function with ¥ (s) > 0 for |s| < 1 and ¥(s) = O for
Is| = 1, and consider { (x) = []; ¥ (x;). Since the contributions fR,la,fg ) dx,
1 <k < n,inthe sum [,02¢:9,¢ ® 8,¢ dx vanish and since dj,¢ 9;¢ ¢ is non-
negative and nonzero for j # k, it is easily checked that fR,,B)%; 10,0 ®0,¢dxis
strictly positive. Since the two terms scale differently in (3.24), letting T — 1o = AZ,
thatis, T = T, exp(A¢), there exists A > 0 large enough such that the quantity
71 is negative, and we also have v, T — T, € Z(R"). By a continuity argument
with respect to a, using the same fixed 7, z!”! remains negative for a close to unity.

We next assume that @ > 1 and establish that z!”! can be negative in any dimen-
sionn = 1. We first consider the one dimensional situation 7 = 1. The main idea is
to cancel the weight 7'~ by a change of variable and to rescale again the logarithm
of temperature. To this end we introduce T(£) = t(x) = log T (x), where &(x) is
a new variable to be determined, and we have

d, T
XT =d,T = deT dyE

ZT 2 2 2 2 2 2 2
xT=dxr+(dxr) = d;T (dx§)” + (dgT)"(d§)” + deT dy§.

It is then easily found that, after the change of variable from x to &, the new weight
in z!"1 is given by T'79(d,&)? since the factor (d,£)* naturally appears and since
one power of d, & is used for the change of variable in the integral. Therefore, we
impose that

s=/w@au, det = exp(—(1 - a)t/3),
0

so that :
x = / dex d§, dex = exp((l — a)?/3), (3.25)
0
and we further obtain that 5
d
5] > =-134 4,7
(dv§)

Finally, all calculations done, we obtain that
aﬂ:Am@a%¢m+mm—n%ﬂﬁ&, (3.26)

keeping in mind that terms like [p dg?(d{fﬁ d& vanish when T — 10, € Z(R").
Since the two terms scale differently in (3.26), we write T — T = AI?/\, where
fﬁ € Z2(R) is taken as an even function of & such that fﬁ\ > 0on(—1,1)and fﬁ\ =0
elsewhere, and there exists A > 0 large enough such that zI71 is negative. From
the relations (3.25) we can then evaluate x as a function of & and map T and 1} as
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functions of x denoted by 7(x) = T(£) and ¥ (x) = 1’/7(5). Letting {1 = Ay, we
finally have 11 > 0 on an interval in the form (—x1, X1), ¥1 = 0 on the comple-
mentary set, 71 = T, exp(y1), T1 — T, € Z(R) and ZIT1(Ty) < 0. Incidentally,
changing the back of the variable from & to x in relation (3.26) (or after a few
integrations by parts in (3.14)) it is easily checked that for n = 1, inequality (3.22)
holds for 0 < a < 1, and the bound 1 coincides with the bound (4n — 1)/ 2n2+1).
Furthermore, in the degenerate situationa = l andn = 1, ZTis non-negative with
2 = [.2(d?7)? dx but (3.22) does not hold since § [pdy7)* dx < [, dx for
§ small enough.

We now generalize this counter example to any dimension by induction. We
assume that we have ¥; € 2(R)) with ¥; > 0 on ITi<i</(—%i, %) and 3 = 0
on the complementary set, such that for 7; — 7o, = WFaITd T} = T, exp(y) we
have zI"1(T;) < 0. In order to build ¥, 1 € Z(R!*1), 1,11, and Tj 1, with similar
properties, we define

Vi1 (X1, X, X)) = (e, o XD @ (X)),

where ¢y is even ¢y11(xj+1) = @r41(=x141), $r+1(x41) = 1 over [0, X1 — 1]
and ¢[+1(X[+1) = @(xl_H — ()EH_] — l)) for X[+1 z )El-i-l — 1, where )EZ-H > listo
be determined and where @ € C*[0, o0) is such that @ (s) = 1 for0 < s < 1/2,
0 < ®(s) <lforl/2 <s < 1and ®@(s) = 0 fors = 1. We have in particular
¢1+1 = Lover (—=xi41+ 1, X141 — 1), d141 = 0on R\ (—X;+1, X;+1), and we define
T41 — Too = Vi1 and Tjy 1 = T, exp(Yy41). In order to evaluate z[T](T1+1), we
use symmetry and we divide the integration over the x;4 variable into the intervals
(0, X;41—1),and (x;41 — 1, x;4+1). Keeping in mind that ¢; 1 = 1 over [0, x;41 — 1)
we obtain that
N Tr1) = 2@ = DT + 2r40,

where ;4| denotes the integral over HlSiSI (—Xi, Xi) ¥ (xXj41—1, Xj41),sothatr;q
is independent of x;41 after the change?)fivariable from x;41 to x41 — (X141 — 1).
Since by induction we have z!71(7}) < 0 it is possible to take x;,| large enough
such that zIT1(7j,.1) < 0 and the proof is complete.

Remark 6. Many refinements of Proposition 2 are feasible but are beyond the scope
of this work. Note that we have investigated inequality (3.11) independently of the
fact that (v, T') is a solution of the governing equations and independently of any
constraint on (v, 7). This is in contrast with Section 6, where we will impose con-
straints on the norms of log 7 and v/~/T. The ratio (4n — 1)/(2n% + 1) can be
written 1 — 2(n — 1)>/(2n? + 1), which is always smaller than unity (keeping in
mind that n = 2—and is 11/19 for n = 3).

Remark 7. Inequalities like

a.T|* 92T %
/ | XS | dx < c/ udx, (3.27)
Rn T ta Rn T]+a

hold whenevera # -2, T —T_ € H2R" N AR and T = Tpin > 0. It can be
established by considering 9, - (|ax T|28x T/ T(2+“)) and using a density argument.
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The particular case a = —1 has been investigated by LioNs and ViLLANI [33].
Different inequalities will be established in Section 4 with powers of || log T || pyo
as multiplicative factors in the right-hand side of (3.27).

Proposition 2 shows that unconditional positiveness of higher order derivative
source terms fR,,(rr + ¥)dx only holds for a restricted family of second order
entropy correctors. In particular, unconditional positiveness does not hold for the
natural logarithmic scaling @ = 1. An inescapable consequence is that only condi-
tional positiveness of higher order derivative source terms will allow stronger and
more satisfactory results. Conditional positivity will be investigated in Section 6
for generalized entropies of arbitrary order with temperature dependent transport
coefficients.

3.5. Estimates of convective terms

In order to estimate convective terms, we need to express velocity gradients in
terms of the strain rate tensor.

Proposition 3. For any v € H' and any index pair (i, j) we have [42]
20jvi =dij— > RiRjdi+ > RiRidy. (3.28)
1<51<h 1<51<n
where R; = (—A)~Y/2; are the Riesz transforms, 1 < i < n, and we also have
200k v; = Oxd;j + 0jdix — 9;dji. (3.29)
In the following proposition, we obtain a typical estimate of fR,, |w| dx in terms
of [ dx and fR,1|a'|2 dx.

Proposition 4. Assume that v, T — T,, € H>(R") N A(R"), T 2 Tyin > 0, and
that a < 1/3. Then the following estimate holds

172 12
/|w|dx§c(/rrdx) (/ |d|2dx) sup T1-9/2, (3.30)
n n n R}‘l

Proof. We have o = 2d:0. T ® d.T + 2(0/p)d:32p + 2nd:d,v-d, v, where
A=A/ T+ and 7 = Ap/T% and we examine each term at a time. The first term
Ad:9, T ® 0, T can directly be estimated by using the Holder inequality

d:o,.T®o.T 1/2 1/2
wdx < c(/ ndx) ( |d|2dx) sup T\1=9)/2,
T +a " R

In order to estimate |27d: 9, v- 9, v|, we use the expression of d, v in terms of d, and
we obtain a sum of terms in the form

/ |d| |%<dT>L|% @) i,

Rn

where # and #’ are products of Riesz transforms. Upon introducing temperature
factors as
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d d a
/ |1+|u %’( s T‘X)II%/(d)ITH“)/“dx, (3.31)
ReT 4 T4

and applying the Holder inequality with exponents

1 1 1 1 1 ]

1 + 1 + = + 3 + <0
we obtain the desired estimate provided that a < 1/3. Upon using the expression
of Bf p in terms of velocity gradients and the expression of velocity gradients in
terms of the strain rate tensor, we can finally express 2(n/p)d :83 p as a sum of
terms in the form

’

/ d % (% (de% @)

where Z, %', and %" are products of Riesz transforms so that the pressure term
can be treated as the term [277d:9, v-9, v|.

3.6. Temperature weights

The main difficulties of the Navier—Stokes equations arise from the nonlinear
convective terms v-d, ¢, where ¢ stands for v or T'. These terms introduce nonlin-
earities through a multiplication by the velocity v of the gradient 9, ¢ appearing in
the ¢ equation. On the other hand, the natural scaling associated with the temper-
ature weights of y is that v scales as +/7'. Therefore, we expect extra temperature
factors in the form /7 to appear when estimating [ lwldx in terms of [ 7 dx and
f y dx, as inherited from original nonlinearities. Indeed, a direct consequence of
Proposition 4 is that

/|w|dx§c(/ ndx)l/z(/Rydx)lﬂsupTl/z, (3.32)
. . . o

and we are now presented with the problem of controlling these supp.T factors. A
first possibility could be to use (3.30) with a = 1 and the natural kinetic energy esti-
mates of fot fRnld |2 dxdt, assuming that we can eliminate the limitationa < 1/3in
Proposition 4. However, this seems hopeless since inequality (3.11) does not hold
unconditionally for a = 1. More generally, larger values of a promote majorization
of convective terms, but prevent inequality (3.11), and, conversely, smaller values
of a promote inequality (3.11), but prevent majorization of convective terms. An-
other possibility could be to estimate supp.7 in terms of fR,,rr dx and fR,,y dx, but
this is not possible since T, > 0 and only T' — T can be estimated in this manner,
as for instance forn = 3

1
sup |T — T | < c(/ erx/ ydx) 20-a) (3.33)
Rn Rn n

Therefore, it appears that, in the estimates of Proposition 4, the powers of the solu-
tion derivatives are straightforward thanks to the terms |8xT|4, |d|*, |8§T|2, and
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[0,d 2, but difficulties arise however, in the temperature exponents appearing at the
denominator of the convective term w, which are too small in comparison to those
appearing in the higher derivative terms 7 associated with transport fluxes.

A natural phenomenon which reduces the temperature exponents appearing
at the denominator of the higher order derivative terms of 7 is the temperature
dependence of transport coefficients. When A and n scale as T*, all temperature
exponents at the denominators of m are decreased by s whereas those of w are
unchanged. The corresponding system of partial differential equations is inves-
tigated in the following sections using somewhat different methods. The direct
techniques used in this section do not apply anymore because of a new pressure
term py = — 2 1<; ;<, RiRj(ndij) due to the derivatives of viscosity with respect
to temperature, which vanishes for constant 7. This pressure term introduces extra
contributions in ¥ which are not simply controlled by those of 7. Furthermore, the
simple direct method of this section cannot be used for the higher order entropy
correctors y!¥! or ¥l when k > 2.

Remark 8. The same discussion can be conducted in a periodic framework and
yields the same conclusions. In this situation, we also have estimates in the form

/Q lw|dx < c(/Q bid abc)g/éx(/:2 T3¢ dx)1/4, (3.34)

where the periodic domain £2 is a product of intervals, but the quantity |, o T3~ dx
cannot be estimated in terms of [, 7 dx and [, y dx. Only the difference T — 7,
where T denotes the average of T over the periodic domain §2, can be estimated
in terms of [, 7w dx and [, y dx.

Remark 9. Assuming that 8,7/T € L?> N L* when n = 3 implies that log 7 has a
finite limit at infinity [15] so that T, must be positive. In other words, it does not
make sense to try to rescale with 7, = 0.

Remark 10. The convective term w, after a few integrations by parts, can also be
written as a sum of terms proportional to the velocity v. This does not improve the
estimates of fR,,|a>| dx since the gains obtained with the v factor are compensated
by the loss of one derivative factor.

4. Weighted inequalities

We collect in this section various weighted inequalities that we will use in our
investigation of the situation of temperature dependent transport coefficients.

4.1. Differential identities

Leta;, 1 <i < n, be non-negative integers and @ = (a1, ..., &,) € N" be the
corresponding multiindex. We denote by 9% the differential operator 9;" - - - "
and by |«| its order |«| = o] + - - + o. The derivative of superpositions has
been investigated in particular by VOoL’PERT and HUDJAEV [43] and the following
proposition is established by induction on |«|.
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Lemma 1. Let f and g be smooth functions and o = («y, . . ., &) be a multiindex.
Then we have
" (fe)= D capd’ fo* Py, 4.1
0Sp=a
where cqp = a!/B!(a — B)! are non-negative integer coefficients, ! = pi!--- B,

and where we write 0 < B < awhen 0 < B; S o, 1 £ S n.
Furthermore, let f and g be smooth scalar functions, and let o be a multiindex

o = (ay,...,a,) with |a| 2 1. The partial derivatives of the superposition g o f
can be written in the form
3%(go f) =D cond’g [[(0° )", (4.2)
or 1SIBI= e

where ¢4, are non-negative integer coefficients, and the sum is over 1 < o < |/,
m= (1 1<ip|<je) With g € N, B € N, such that

Ddug=0. D Buy=a. (4.3)

ISIBIS el 1ZIBIS ]

so that we have in particular Zlﬁlﬂlﬁ\al 1Bl ng = lal.

A natural scaling induced by higher order entropies is that v scales as v/T. As
a consequence, we introduce the rescaled unknowns 7 and w defined by

T =1logT, w= L (4.4)

VT

which will naturally appear in higher order entropy estimates. In particular, we will
need the following differential identities, easily established by induction on |«|.

Lemma 2. Let T be smooth and positive and o be a multiindex. Then we have
4T

— =2 [[0°0)" =0 c+ > e [[0P0)7. @)

wo1ZIBIS el #1181 el —1

where = (11g)1<\g|<ja) With g € N, B € N", and ¢, are non-negative integer
coefficients. The sum is extended over the |1 such that

Zﬂ Hp =0,

1=|BIS ]

so that we have in particular 21S|/3|£\a| Bl wg = lo|, and the only term with

|B] = || corresponds to 9% t. Conversely, we have
dPT T T
o / R Vo B / 2T\
37—2% H(T) T +ZCM H(T) ’ (4.6)
R N[N Ho1giBISlel-1
where C;L are integer coefficients and the sum is extended over the same set of L.
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Lemma 3. Let T and v be smooth, T be positive, i with 1 < i < n, and o be a
multiindex. Then we have

5
v’ =S e [](0%0)" 8w, “.7)
i 1<1BI<lol

where . = (“ﬁ)lﬁlﬁlﬁla\’ ng € N, B € N*, & € N", ¢, are non-negative integer
coefficients, and the sum is extended over the . and &, such that

0fas<a, Z,Buﬂ—f—&:a.
15181 S|

More precisely, isolating the only term 0% w; corresponding to & = o and all the

terms corresponding to @ = (0, ..., 0), we have
0%v;
\/_l “w; —I—ZCW H 8/3 Re 9%y, +ZCM0 H 8’3 R w;,  (4.8)
n 1511wl H 1ZIBIS

where the & in the middle sum are such that 1 < |@| < |a|. Conversely, we have

“wi = 1_[(8/3T)M/S i/z’ (49)

ne 1<1B1< el

and more precisely

3% APT \ns 8%; PT\1ms v
= T3 TI(C) " T S T 2
ne 1<|ﬂ|<|a| " 1<\ﬂ\<|a|
(4.10)
where c;l g are integer coefficients and the sums are extended over the same sets.

4.2. Weighted operators

We investigate the norm of weighted Calderén—Zygmund operators in Lebesgue
spaces [8,16,36,37]. A natural condition associated with weights has been shown
to be the Muckenhoupt property A ,, where 1 < p < o0 [8,9,16,23-25,35].

Definition 1. Let 4 : 2(R") — 2'(R") be a continuous linear operator and
denote by K the restriction of the distribution kernel associated with ¢ to the open
setx # y of R” x R". We say that ¢ is a Calder6n—Zygmund operator when the
following properties are satisfied [35]:

(i) K is a locally integrable function and there exists cg such that for x #

YIK(x, y)| = colx — y|7".
(ii) There exists § € (0, 1] and ¢ such that for x # y and [x" — x| < %|x —y|
we have |K (x', y) = K (x, )| < crlx’ = xPx — y| 7.



Higher Order Entropies 243

(iii) Similarly if x # y and |y’ — y| < %|x — y| we have |K (x,y) — K(x, y)| £
cily = yPlx =y 7.

(iv) ¢ can be extended into a continuous linear operator over LZ(R") with a norm
lower or equal to c;.

Definition 2. Let g € L 110 . (R") be positive and locally integrable and 1 < p < oo.
We say that g satisfies the Muckenhoupt condition A, if

1 1 1 p—1
— _ d - —1d , 4.11
l&ls, SZP(|Q|/Qg x)(|Q|/Qg x) = 1D

where the supremum is taken over all cubes.

For detailed studies about the Muckenhoupt property we refer to the book of
GARCIA-CUERVA and RUBIO DE FRANCIA [16]. We have in particular A, N A, =
Amin(p.q) and the weights of A, have their logarithms in BMO [16,35]. A locally
summable function f belongs to the space BMO (R") if

1 _
1 Lsaro =Sup—/ £ ) = ol dx < oo,
P10l /o

where the supremum is taken over all cubes Q and fQ = 1/]0| f 0 f(x) dx denotes
the average of f over Q [27,34]. The function space BMO has been introduced
by JoHN and NIRENBERG [27] and naturally arises when estimating the norms of
the weighted operators T R;T~%, where R; = (—A)~1/28;,1 < i < n, are Riesz
transforms, or when using the CorrmAN and MEYER inequalities [36,37]. The space
BMO and its dual .7 have already been used in the context of the Navier—Stokes
equations [29,31,32].

Theorem 1. Let 4 be a Calderon—Zygmund operator, 1 < p < oo, and g be a
weight in Ap,. Then the operator ¢ is bounded in LP (gdx), or equivalently, the
operator gl/pgg’l/p is bounded in L?, with a norm lower than € (cg, c1, c2, n, p,
[gla,), where € only depends on co, c1, c2, n, p, and [g]a,,.

Proof. We refer to MEYER [34,35], GARCIA-CUERVA and RUBIO DE FrRANCIA [16],
and CorrmAN and FEFFERMAN [8]. A careful examination of the above mentioned
references reveals that the constant 4 only depends on ¢y, c1, ¢2, n, p, and [g]a 2

Theorem 2. There exist constants b(n) and B(n) such that for any 0 € R, any
u € BMO, and any 1 < p < 00, the condition

101 llull pmo < 3b(n) min(1, p — 1),
implies that exp(Qu) € A, and

[exp(@u)]Ap < (14 Bm)".
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Proof. From a result of JouN and NIRENBERG [27], there exist positive constants
b(n) and B(n), depending only on n, such that for any u € BMO, any cube Q and
any positive s the following inequality holds

sb(n) )

MQ(S) — Lmes{ X € Q |M(X) - ”Ql > S } s B(n) CXP( ||u||BMO

10|

where 1o denotes the average of u over Q. Using the identity

1 ) 00
@/Qf(W—MQDdx:/OMQ(S)df(S),

valid for increasing continuously differentiable functions f such that f(0) = 0,
with f(s) = exp(d’s) — 1 and 0 < b’ ||u| pyo < b(n)/2, we obtain that

1 / , i} B(n)b'|lu pmo
— | exp(b'|lu—ipl)dx <1+ <1+ B(n).
101 Jo ( ol) b(n) — b'|[ul o

Therefore, we deduce that

p—1
sup(|Q|/exp(@u)dx)(|Q|/exp(— )dx)
_ |6
< sup( — 0l —iigl)d _/
—SZP(|Q|/Q"XP(' = iohar) (g P

< (14 Bm)”,

p—1
lu —ugl) dx)

provided that || ||u|l gyro < 5b(n) min(1, p — 1).

As a direct application of Theorems 1 and 2, we investigate operators with
weights in the form exp(fu), where 0 € R and u € BMO.

Corollary 1. Let &4 be a Calderén—-Zygmund operator and 1 < p < oo. There
exist constants 8(n, p) and € (co, c1, 2, 1, p), depending respectively on (n, p)
and (co, c1, c2, 1, p), such that for any 6 € R and u € BMO, the condition
O|lull Bmo < 8(n, p) implies that the operator 4 is bounded in L”(exp(@u)dx),
or equivalently, that the operator exp(Ou/ p)¥ exp(—0u/ p) is bounded in L?, with
a norm lower than € (co, c1, ¢2, 1, p).

4.3. Multilinear estimates

We investigate weighted multilinear estimates, with weights in A, and we
denote by A(R") the Wiener algebra in R" [36,37,39].

Theorem 3. Let k, [ be positive integers, and o/, 1 < j < 1, be multiindices
such that /| 2 1,1 < j < I, and k = 21§j§l la/|. Let 1 < p < oo,
g € Ap, anduy, ..., uy, be such that there exist constants u j oo withuj — uj oo €
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1
H*¥R™) N AR™), and such that g» aku,- € L?, 1 £ j £ 1. There exists a constant
¢ =c(k,n, p,[gla,) only depending on k, n, p, and [g]a,,, such that

j -1
|g1/pH8aJ“j| S C( Z ||Mj||BM0) ( Z Hgl/pakujﬂu,), (4.12)

15/ 15/ 15/

where we define
”gl/pak\,” Z / g|8°‘v}p dx,
la|= k

using the multinomial coefficients [10,41]

Nk
of T al T apleeay!

Proof. We use the Coifman—Meyer theory of multilinear operators [36,37]. We
can first assume that u j o = 0, 1 < j <1, since these constants do not modify the
norms in (4.12). Since the Schwartz space . (R") is dense in H kKR™ N ARY),
we can assume that u; € & (R"), 1 < j < 1. In this situation, we can write that

[To%u;0) = Cre | [Texp(ix-67) &) ;&) as’,

1</< 1</

where £/ € R", 1 < j <[, and @I ;j denotes the Fourier transform of u ;. We
introduce @ € C°[0, oo) such that supp(®) C [0,1],0 S & < 1, ® = 1 over
[0, 1/2], and we set ¥ = 1 —®. We further define &; = ® (> << €7 1/1§1)
and ¥; =1 — @;, for 1 £i <[ — 1, and we have the partition of unity

=01+ P + V¥ P3 + - + H‘I’j D1 + H'I/j.
1SjSi-2 1SjSi-1

We multiply this partition of unity by the product [[,< <G Y )“j and each factor
is rewritten in the form o

[TeH 1w @ =151 H(|s |) 1% *.
ISjS1 15)Si-1 1S/l 1SjSi-1
with the convention that @; = 1. Denoting by .7 the multilinear operator associ-

ated with the kernel
(Y
i = H(lf |) H i Pi

15,50 15<i—-1

we have obtained that

i k
Ha"‘juj = Z jﬁ(ul, e Ui, (—A)fui,ui+1,...,ul).

15/ 1Sis
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We claim that the operator .74, where 1 < i < [ is fixed, satisfies the assumptions
of the Coifman and Meyer Theorem (Theorem 2, page 434, Section III.XIIL.4 of
[36,37]), so that it can be extended into a continuous operator over BMO'~! x
L? x BMO'" . Indeed, for 1 < i <[ — 1, the kernel ¢; of . is nonzero only when
[li<j<i—1 Wj®i is nonzero, that is, only when

DUIEP S g

i+15j<1

EF2 S 2> EPR 1SkSi—1
i—k+1<j <1

These conditions imply [£/7%12 < 4%|g72, 1 < k < i —1, and > |72 <
47|£7|2. On the other hand, for i = [, we have @; = 1, and the kernel ¢ of ./ is
nonzero only when ng i<i-1 ¥; is nonzero, that is, only when

EFPS 2D ER 1SkSI-1,
I—k+15j 81

and these conditions imply that |§/ %[> < 4k|&/12 1 <k < 1—1,and iz |£/12 <
411£%2. As a consequence, for any 1 < i < [, the kernel ¢ of /% is bounded
and smooth for (§1,...,&) # (0,...,0). Furthermore, for 8 = (8',..., B"),
B/ € N", we have

|3ﬁ§1| < C(|€:1| 4+ |;;_—l|)*\,3|’
where || = ||+ - -+|B!|. Finally, we have ¢; (£1, ..., &) = 0 whenever £; = 0

for any j # i. Therefore, from the Coifman and Meyer theorem we obtain that for
v e LER"Y)

| A, iV i) | o S e [T uslao VI
J#
and that for u, j # i fixed, the operator
V—> F W1, U1,V Uiy - U,

is a Calder6n—Zygmund operator. From the results of Coifman—Meyer (Theorem 2,
page 434, Section III.XII1.4 of [36,37]), we also obtain that the distribution kernel
K; associated with .77 is such that

Ki G, )1 < e [ ] llujllamolx =y,
J#
with similar inequalities for the derivatives. Therefore, the operator .7 rescaled by
I1 i llujll Bmo satisfies the properties (i)—(iv) of Definition 1 with § = 1 and with
constants cg, ¢ and ¢ depending only on k and n. As a consequence, as soon as
the weight g satisfies the Muckenhoupt condition A, we have

1 1
le" Pt . owia v un g S [ uglawo g/ PV L.
J#
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where c only depends on n, k, p and [g] 4 b Summing over i, we have obtained that

i k
|gl/pH3a]”jHLﬁ sc z H Il Bpto ”gl/p(_A)zul'”Lp‘

1Sjs! ISiSI 1S/
J#i
The proof is then complete upon noting that there exists a constant ¢ only depending
onn,k, pand [g]Ap such that

l67 (=) 3], < c|g70 u;

= -

This is obvious when k is even since then k = 2/ and (—A)K/2 = (— A)! whereas for
koddk = 21+ 1 we have (=4)*/? = (=2) (=)' > and from 3 <<, R} = —1

we obtain that —(—4)? = 3, <, (= A) (=A)'2R? = 3 <<, Ri(—1)5;
and ||g/P (=AY 29|, £ 3i<i< g7 (=) 859l
continuous in L”, 1 < j < n, thanks to g € A, as established in Theorem 1.

L since g!/PR;g=1/P is

Remark 11. The definition of ||8kv||ip using the multinomial coefficients yields
in particular that for p = 2

k 2
9*vi7, = > a,/na“ = D 119y 3V (4.13)

le|=k 1<l1 lkgn

so that it is compatible with the classical definition |32V|2 = Zi j (0;0 jv)2 already
used in Section 3.3. This natural definition also simplifies the analytic form of
higher order entropies governing equations.

Remark 12. The space of smooth functions with compact support Z(R") is dense
in H*(R") N BMO(R") (for the norm || - |z« + |l - |Bmo of course) if and only

if k > n/2. Indeed, for k < n/2, Z(R") is not even dense in H*(R™) N L (R")
and counterexamples are classically found in the form of a series of needles as for

instance
Ix = ylI*\*+1%
Y= Z(pxi,gi’ wy,,g(x) = {(1 _ 8—2) } ’
izl
whered > 0,x; = (i,0 , 0), and the sequence {¢;} issuchthat0 < ¢; < 1/2and

> > € 12 < 0. Ontheotherhand fork = n/2, wehave H*(R")NBMO (R") =

H* (]R"), whereas for k > n/2, H*(R") is included in the Wiener algebra A(R").
We have introduced the natural simplifying assumption u; — uj~ € H K®rR™ N
A(R") since it will be sufficient for our applications and since for k < n/2, 2(R")
is dense in H*(R") N A(R") and A(R") C L®(R") ¢ BMO(R"). Extending
inequalities (4.12) to H*(R™) N BMO(R") when k < n/2 by using the notion of
strict convergence [36,37] is not relevant to our study.
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4.4. Weighted interpolation inequalities

We generalize here some Nirenberg interpolation inequalities for intermediate
derivatives [38] with weights satisfying the Muckenhoupt properties.

Theorem 4. Let k, j be non-negative integers, let 1 < g < 0o, 1 < r < 09,
and assume that k 2 1 and 0 < j < k. Further assume that g is a weight of the
Muckenhoupt class Ay N Ay = Amin(g,r) and let p be such that

1 k—j1 i1

—= oyl (4.14)

P k qg kr
Thenfor anyV such thatv € L4(gdx) and 9*v € L" (gdx), the intermediate deriv-
ative 3’V is in LP (gdx) and there exists a constant ¢ only depending on n, k, q,
r, [g]Aq and [g]A, such that

) 1 (1,l)l l%
(/ g|afv|de)"§<g(/ g|V|qu) k"(/ g|8kv|rdx)k. (4.15)
Rn Rn Rn

Proof. By induction on £, the proof of (4.15) is easily reduced to the special case
Jj = land k = 2.In this situation, wehave 2/p = 1/g+1/r and defining p’ = p/2
we have 1/2 < p’ < oo and
—=—4 - 4.16)
q r
Inequality (4.15) can then be rewritten in terms of the square of the gradient

(/”g(|av|2)”’ a’x)i < c(/ng|v|q dx);(/Rng|82v|’dx):. 4.17)

In order to estimate the square of the gradient |3v|> we consider any pair of indices
i1 and iy, any functions uy, up, in the Schwartz space . (R"), and we write (as in
the proof of Theorem 3) that

diyt1 (x) Dz (x) = Cte / exp(ix - (€' +£9)&! €201 (6N (67) dE'dg?, (4.18)

where & r & 2 ¢ R", and & j is the Fourier transform of u, j = 1, 2. Introducing
again a partition of unity @; + ¥ = 1 as in Theorem 3, we can write that

i1 iz = H (u1, (—A)uz) + A ((—A)ui, uz), (4.19)

where 7] is the multilinear operator with symbol @ Eill Sl% /|€"? and % the mul-

tilinear operator with symbol ¥} Sill Sé /|€2|?. Using the results of GRAFAKOS and
TorREs [23-25] we deduce that the operators J#] et 7% are multilinear Calderén—
Zygmund operators (Proposition 6 of [23] or Section 2 of [25]). On the other hand,
the weight g also belongs to the class A, that is, there exists constants C > 0 and
g € (0, 1] such that for any cube Q and any measurable set E C Q we have

(E) E|\e
j@ < c(@) ,



Higher Order Entropies 249

where g(E) = f £ &(x) dx and | E| denotes the Lebesgue measure of E. More spe-
cifically, forany 1 < s < ooand g € A, we have g € A, where the constants C
and ¢ only depend on s and [g] 4, [8,16]. As a consequence, we can use the weighted
inequalities established by GRAFAKOS and TORRES (Corollary 3 of [24] or Corollary
5 of [25]) taking into account that 1 < r < 00,1 < ¢ < 00,1/2 < p’ < 00, (4.16)
and letting 1 = up = v, and the interpolation constant 6 depending finally only
onn,k,q,r, [g]Aq and [g]4, -

‘We now consider the case ¢ = 0o by combining the interpolation inequality of
Theorem 4 with the multilinear estimates of Theorem 3.

Theorem 5. Let k, j be non-negative integers, 1 < r < oo, assume that k > 1,
and 1 < j < k. Further assume that g is a weight in the Muckenhoupt class A,
and let p be such that

| .

—=2 (4.20)

p kr
Then for any V such that v — Ve € HF(R") N A(R"), w_here Voo IS a constant, and
such that 3%v € L (gdx), the intermediate derivative 37V is in LP (gdx) and there
exists a constant € only depending on n, k, r, and [g] A, such that

.ok ﬁ 1—4 X r17
(/ MERYE dx) <% Vlmb (/ ML v|’dx) . 421)
Rn Rn
Proof. Letting p =r, |aj | = 1, and k = [ in Theorem 3, we deduce that
L -1 pe
(/ glovi™ dx) ™ < e|v] (/ glo"vl” dx) ", (4.22)
R}l ]Rn

and this yields (4.21) for j = 1. For 1 < j < k we can then interpolate 8/v
between 9'v and 3Fv and combine inequality (4.15) of Theorem 4 with (4.22).

Remark 13. The elegant elementary proofs of NIRENBERG [38] are easily adapted
to weights in A; classes [16] but not to weights in Muckenhoupt classes A ,. The A;‘)
classes are defined as in Definition 2 with (4.11) but with n-dimensional products
of intervals instead of cubes. Nirenberg elementary proofs are indeed first given
in one dimension and then extended to higher dimensions, and only weights in
A; classes are such that the induced weights in smaller dimensions (obtained by
freezing some of the coordinates) satisfy A, conditions in the smaller dimensions,
uniformly with respect to the frozen variables [16].

4.5. Weighted products of derivatives

We first investigate products of derivatives of the rescaled unknowns t and w,
with powers of temperature as natural weights.
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Theorem 6. Let k > 1 be an integer, 0 > 0 be positive, | < p < 00, T be such that
T—T,€H KR N ARY) for some constant There exist positive constants
S(n, k 0, p) and c(n, k, p), only depending on (n k,0, p) and (n,k, p), respec-
tively, such that if ||t|lpymo < 6, then for any real 0 wzth 6] < 0, any integer
I 2 1, and any multiindices o/, 1 < j < I with |a/| 2 1,1 < j <1, and
ZlSjSl la/ | = k, whenever exp(0t/p)d*t € LP(R"), we have the estimates

er H (80‘]1)

1S/

0t
erdfe|,,. (4.23)

L=kt |

Further assuming that w € H*(R")NAR"), 7/Pa%w € LP(R"), and0 <1 <1,
we have

er [T 0“0 T (6*'w)

1S/l I+15jS

(P e

+||e%akw|

x (o7 o<,

Lp) ’

(4.24)
where we have naturally defined

le¥ o ulf, = 3 leFotuly, = 30 5 [ ot dx

1Si<n || =k
15i<n

and where, in the left-hand member of (4.24), with a slight abuse of notation, we
have denoted by w any of its components wy, ..., Wy.

Proof. This is an application of Theorems 2 and 3 since for 0|t || gm0 < b(n)/2
and 0|t || pyo < b(n)(p — 1)/2 we have [eGT]A (l + B(n))

We now estimate products of derivatives of temperature and velocity compo-
nents rescaled by the proper temperature factors.

Theorem 7. Letk > 1 be an integer, 0 > 0 be positive, | < p < oo, T be such that
T 2 Tmin >0andT —-T,, € H K@®R™) N AR™) for some positive T There exists
positive constants §(n, k, 9 p) and c(n, k, p), only depending on (n k,0, p) and
(n, k, p), respectively, such that if || 1og T || pyo < 8, then for any real 6 such that
16| < 0, any integer | = 1, and any multiindices o/, 1 < j < 1, with |a/| 2 1,
1< <1 and 21§j§1 la/| = k, whenever TP (3¥T)/T € LP(R"), we have
the estimates

0 9’ T o kT
I75 T1 (59)[, < clloe Tl 177 510 @29)
15/
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Further assumingv € H*(RMNAR), [10g Tl gpr0+10/VT | <8(n, k, 8, p),
whenever T?/P (8%v) //T € LP(R"), we have for0 <1 <1

I () ()

1</<T <<

v -1
o 20T o + = l.)

kT o 9ky
i + 175 ).
(4.26)

where, in the left hand member, with a slight abuse of notation, we have denoted
by v any of its components v, . .., Vp.

Proof. Assume that 8 < b(n)/20 and § < (p — 1)b(n)/20 so that all the weights
TY = exp(6 log T') satisfy the Muckenhoupt condition A passoonas || log T'|| ppo <
8, and are such that [T%],, < (1 + B(n))”. Let ! = 1 be an integer, and o/,
1 £ j £ 1, be multiindices with |o/| 2 1,1 < j <, and i< |/ | = k. From
Theorem 6 applied with T = log T we have

A j _ A
|77 [Tox] 1y = clllog Tl 778",
1Sjs!

where ¢ = c¢(n, k, p), and, thus, we only have to estimate integrals like

Jri  TICEE) - T

1S5 1550

L

Thanks to the differential identities established in Lemma 2, we can write that

H(aaTjT)=H3“jf + > T]ew H(aﬂr)“g, 4.27)

151 15/ plopn 15751 151B1S 0 |

where 1/ = (/Lé)]élﬂléla”, with /Lé € N, g € N, and where ¢, ; are non-negative

integer coefficients. The 4/ are also such that 3" <5<, 1B ué = |a/], so that

we have in particular
D Blup= > el =k

1S|BIS o/ | 151
151

When k = [, all derivatives must be of first order so that the sum in the right-hand
side of (4.27) is absent. On the other hand, when [ < k, in each term of this sum,
there are always at least [ + 1 derivative factors in the product, since the only term
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with exactly [ factors has been isolated, and at most k derivative factors. From the
multilinear estimates of Theorem 3 applied to each of these terms we obtain

e ( T1C%D - T107%)

1S/ 1S/

_ 8
< ¢ (rog T+ + 102 7|0 ) 770" -

P

Therefore, assuming § < 1, we have established for any 1 < [ < k that

0 80‘]T o < l 0
I77 [ TI) - TTo7t ||, S ¢ hoeT o 7704, @28)
15 155

We now consider the special case / = 1 and we sum the above estimates (4.28)
over all o with |«| = k. This yields

o (KT 0
75 (5 = ), = clia g 17505,

where ¢ = c(n, k, p) so that for c(n, k, p)||log T || pmo < 1/2 we have

okT
T HL

Vrvake|, < |75, < 3ok

- (4.29)

Then reinserting inequality (4.29) in inequality (4.28) completes the proof of (4.25).

The proof of inequality (4.26) is similar, and it is found in particular that when
1108 T'll gysp + 10/v/T ll oo < 8(n, k. 6, p), we have

75 (57 -#2)
— —oJw
VT

v 8 8
< c(Jlog 7 pyo + ||ﬁ||Loe)(||TP3"flle +|Tratw] ). @30

Lr

where the terms proportional to w in relations (4.8) have been taken into account
with the factors ||v/~/T || oo

Remark 14. As aspecial case of Theorem 7, we obtain thatfor 7' -7, € H 2RMHN
AR™), T 2 Tpnin > 0 and || log T|| gpo small enough, we have

ENAN 5 1027 |2
/n TXHa dx < clllog T30 Rﬂﬁ dx. (4.31)

This inequality differs from that of Remark 7 by the factors || log T'|| ppmo -
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Remark 15. The inequalities obtained in Theorems 6 and 7 will be used in Section
6 in order to establish positiveness of source terms in higher order entropy gov-
erning equations. As a typical example we use here inequality (4.31) in order to
investigate the solutions of the scalar parabolic equation

9,T —9.-(19,T) =0.

We assume that T — T, € C([0,7], H') nC'([0,7], H'=?) n L2([0, 7], H'T),
where [ is an integer such that [ = [n/2] + 2, f is some positive time, T, >0isa
fixed positive temperature, and we assume that .. = T*. After a few integrations
by parts, it is easily established that

10, T|> 1027 |2 2T:0.T®0.T
3, 5 T)‘Ha dx+2 5 A dx — (4(1 + a) — 2x) n$d’c

T1+a T2+a7%

19, T]*

T3+a P4 dx =0,

+(1+a)(2+a—2%)/

and we already know from Proposition 2 that, when s = 0, there exists T with
T — T, € Z(R") such that the sum of the three last terms is negative, either
assuming n = 1 and a > 1, or assuming n = 2 and @ > a*, where a* < 1. Even
more, the second counter example given in the proof of Proposition 2 can easily be
extended to the situation where > > 0 and yields T with T — T, € Z(R") such
that the sum of the three last terms is negative, forn = 1 and a > 1 — 2s¢. In par-
ticular, starting from such an initial temperature field, the corresponding solution
of the heat equation will be such that fR,l(|8xT|2 / T”") dx is increasing for some
time interval.
On the other hand, we obtain from the Cauchy inequality that

19, T |%TV wrﬁ
at R T1+a dx+ RnTH'a_ ) T3+a % X,

so that from inequality (4.31), applied with a and replaced by a — s we have

10, T2 1027

2
Bt - ij-i,-a dx =+ (1 —C” log T”BMO)/Rnﬁ dx § 0,

for some constant ¢, and this yields a priori estimates as long as | log T'|| pyo is
small enough.

5. Higher order entropies governing equations

We first discuss the temperature dependence of transport coefficients as obtained
from the kinetic theory of gases. We then derive a governing equation for kinetic
entropy correctors of arbitrary order in the situation of incompressible flows span-
ning the whole space. The case of compressible flows or zero Mach number flows
are beyond the scope of the present paper [19].
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5.1. Temperature dependent coefficients

Thermal conductivity and viscosity of a gas depend on temperature
r=MT), n=n), (3.1

as shown by the kinetic theory [6, 14, 17]. When one term Sonine polynomial expan-
sions are used to evaluate perturbed distribution functions, the coefficients A /¢, and
n are found in the form

a0, T1/2 anTl/z

Aey = o = ge

where a; and a, are constants and £2@®2* is a reduced collision integral, and the
ratio A/cyn is then a constant. For the rigid sphere model for instance, we have
exactly A/c, = @, T'/? and n = anTl/ 2. Similarly, for particles interacting as
point centers of repulsion with an interaction potential V = ¢/r", where r is the
distance between two particles, one establishes that £2(>-2* is proportional to 7 ~2/"
so that we have A/c, = a,T”, and n = a, 7% with ¢ = 1/2 +2/v, [6,14]. The
temperature exponent sz then varies from » = 1/2 for rigid spheres with v = oo
up to > = 1 for Maxwell molecules with v = 4. More generally, consider particles
interacting with a Lennard—Jones v-v’ potential
o\ oy
V_48((r) (r) )’

where V denotes the interaction potential, o the collision diameter, ¢ the poten-
tial well depth, and v, v’ are integers with v > v’ and typical values v = 12,
v = 6 [6,14]. Collision integrals like £2>?* then only depend on the reduced
temperature k3T /e, and, when kT /¢ is large, the repulsive part r~¥ is dominant,
whereas when kz7'/¢ is small the attractive part r—" is dominant [6]. As a con-
sequence, like for point centers of repulsion, collision integrals behave like T
with ' = 1/2 + 2/v’ for small T and like T° with s = 1/2 + 2/v for large
T [6]. In particular, the logarithm log £2(*?* has linear asymptotes as functions
of log T, and d*log 2% /d(log T)* is bounded for any k > 1. As a conse-
quence, log  and log A have parallel linear asymptotes as functions of log 7', and
d*log n/d(log T)* and d¥ log 1 /d(log T)* are bounded for any k > 1, or equiva-
lently, (1/7)T*d*n/dT* and (1/1)T*d*1/dT* are bounded for any k > 1.

Similar results are also obtained when more than one term is taken into account
in orthogonal polynomial expansions of perturbed distribution functions. Indeed,
all collision integrals QED* J 2 1, have a common temperature behavior, that
is, all ratios of collision integrals are bounded, as for instance for Lennard—Jones
or Stockmayer potentials [14,17]. These collision integrals are then used to define
the coefficients of the transport linear systems which thus share a common tem-
perature scaling. As a consequence, the transport coefficients, which are obtained
through solutions of transport linear systems, inherit a common temperature scal-
ing [17]. The same conclusion is also reached with polyatomic molecules when
Wang—Chang—Uhlenbeck—Sonine polynomial expansions are used [17]. As a con-
sequence, the relevant mathematical assumptions are that all transport coefficients
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have a common temperature scaling in such a way that A/c,n remains positive
and bounded, and d¥ log 1/d (log T)* and d* log 1 /d(log T)* are bounded for any
k= 1.

On the other hand, in our particular application, using the maximum principle
for temperature yields a uniform lower bound for 7', only depending on initial data.
Therefore, we may assume that T 2 Tpin, where Ty, is fixed and positive. In
this situation, the behavior of transport coefficients for small temperatures is not
relevant. In other words, only the repulsive part of the interaction potential between
particles plays a role and we may assume that such behavior is asymptotically that
of point centers of repulsion as we have discussed for Lennard—Jones potentials.
Therefore, from a mathematical point of view, since we are not interested in small
temperatures, we may simplify the assumptions about the temperature dependence
of transport coefficients and assume that A and n are C*°(0, 00), that there exist s,
a > 0,and a > 0 with

aT” < Afey £aT”, aT*

A
A

n<ar”, (5.2)

and that, for any integer ¢ = 1, there exists a, > 0 with
T |05A] Sag T, T |07y S a, T (5.3)

Kinetic theory suggests that 1/2 < 3¢ < 1 but the situations where 0 < > < 1/2
or s > 1 are still interesting to investigate from a mathematical point of view.

Remark 16. Assumptions on transport coefficients valid for all temperatures may
be written
C¢Shfey =€, cL=n=cg,
T?97Al =Co s, TOlIfnI =30, o 21,
where ¢, ¢, and ¢;, 0 2 1, are positive constants. The function ¢ is a smooth
function of T such that 79 [89¢| < ¢, ¢, o 2 1. For Lennard—Jones v-v” poten-

tials, we can take for instance ¢ = T* for large T and ¢ = 75 for small T, with
s =1/2+2/vands” = 1/2 + 2/v’ [6]. We have made in this paper the simpler
choice ¢ = T® = T since we can exclude small temperatures. It is interesting
to note that with an interaction potential which is infinite at small interparticle
distances, we always have v = 0o so that ¢ = T''/? for large temperatures.

5.2. Fluid governing equations

With variable transport coefficients, the fluid governing equations can be written

3,v=0, (5.4)
3,(pv) + 3, (pv®v + pI) — .- (n(T)d) =0, (5.5)
3,(pe) + - (pev) — .- (M(T) 8, T) = Ln(T)d:d, (5.6)

where p is the constant density, v the velocity, p the pressure, d = 9, v + 9, v’ the
strain rate tensor, 7(7") the viscosity, e the internal energy per unit mass, and A(7)
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the thermal conductivity. The energy per unit mass e is still taken for simplicity in
the form ¢ = ¢, T, where ¢, is a constant.

We again consider the case of functions defined on R” with n = 2, that are
‘constant at infinity’, and we only consider solutions such that

v, T —Ty eC([0,71, H)ncl (0,71, H'?)nL*([0,71, H™), (5.7

where [ is an integer such that [ = [n/2] + 2, thatis, [ > n/2 + 1, f is some
positive time, and T, > 0 is a fixed positive temperature. We also assume that T
is positive and bounded away from zero T = Tpin Where Ty is positive. It will be
shown in Section 7 that these solutions are smooth when the initial data is smooth,
whenever they exist. Since the viscosity 1 is no longer a constant, the momentum
conservation equation is rewritten in the form 9, (pv) = IP’(BX (—pv®u+ r)(T)d)),
which is equivalent to defining the pressure by

p= z R,-Rj(pvivj—r]dij). (5.8)
15i,j<n

We also have p € C([0,7], H')nC'([0,7], H'=2) N L*([0, 7], H'*!) from (5.5)
and from the identity dx p = Zléi,jin Ry R; (pvi 0jv; —20,m0;T0; vi).

Remark 17. In the special case where A = a, T”, n = a, 7%, and ¢, is constant, if
v(t, x) and T (¢, x) are a solution of the Navier—Stokes equations (5.4)— (5.6), then

é U(Sz(l—%)t, %-(1—2%))6)’ 52 T(Ez(l—%)t, %_(1—2%))6)’ (59)

are also a solution for any positive &. The special situation 2z = 0 corresponds to
the usual rescaled solutions [7,31]. Note that space and time are not stretched in
the same direction when 1/2 < » < 1.

Remark 18. All the results obtained in this section and the following are also valid

if the internal energy e per unit mass is taken to be e = eg + fOT cy(s)ds with a
heat capacity coefficient ¢, depending on temperature in such a way that

c S =0, TG|3%CU|§Em o221,
where ¢ > 0,¢ > 0,and ¢, > 0, 0 = 1, are positive constants. For the sake of
simplicity we will not explicate the corresponding results.
5.3. Higher order kinetic entropy estimators

Specializing formally expression (2.15) to the situation of an incompressible
gas, we define the (2k)™ order kinetic entropy corrector y X! by

kT |? akv|?
N G i N TS Gl

= A (5.10)

with

k!
T2 = D0 @)% 1= Y [0l
o=k 1<i<n
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where k!/a! are the multinomial coefficients [10,41], and A[Ak] > 0, A%k] > 0,
a, € R, are parameters at our disposal. We do not assume anymore that a; is
positive since some negative values will naturally appear in the discussion. Sim-
ilarly, following (2.16), we also define the (2k)™ order kinetic entropy corrector
J;lkl by

7 = exp((1 — ap)7) (A§k1|akr|2 + A,[7k]|3kw|2), (5.11)

where 7 = log T and w = v/+/T. The entropy correctors y*! and 7K1 will be
shown to have similar properties and both may be used to derive a priori estimates.

In order to recast the zeroth order entropy balance into a more convenient form,
we also define y[o] = )7[01, for 0 < ag <1,by

~ 0
yl0l = 10 — (AE\] +A£70])§[0], (5.12)
where A&OJ > 0, A,[70] > 0, and
T-T T 2
w—log(—)+% - if gy =1,
£ — T Ty e T,
-1, TV -T® 2
— — i —i—% Ua, if 0 <ay<1.
T 1 —a aTd
Finally, we introduce the (2k)™ order kinetic entropy estimators defined by
Jalld :y[0]+~--+}/[k], k=0, (5.13)
FW = 500y Ik k>0, (5.14)

which will play an important role. Strictly speaking, we should term y¥! and %]
“mathematical (2k)™ order partial entropies” or “(2k)™ order kinetic entropy cor-
rectors” or “(2k)™ order kinetic entropy deviation estimators” and I"¥! and i
“mathematical (2k)™ order entropies”, or “(2k)™ order kinetic entropy estimators”.
We have also seen in Section 2 that all these quantities can also be associated with
Fisher information. However, we will often informally term y[k], )7[k], ' and
I “mathematical (2k)™ order entropies” or simply “higher order entropies”.
Our aim is now to establish balance equations for % and y*1. In Section 6, we
will use these equations to derive a priori estimates and to establish that I"'¥] and
] satisfy conditional entropic principles.

Remark 19. Replacing 3, v by d in the definition of y¥ would yield

k2 k=142
J//\[k]:A[kHa " 1wl dl

b oTre T2 74 (5.15)
which coincides for k = 1 with the quantity y introduced in Section 3. However,
the definitions (5.10) and (5.15) are equivalent for k = 2 from (3.29) and yield
similar results for k = 1 from the expression (3.28) of d, v in terms of d and the
continuity of TYR; T~ for |l log T'|| ppo small enough.
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5.4. Balance equation for y'¥!

We investigate the %] balance equation for incompressible fluids with tem-
perature dependent transport coefficients.

Proposition 5. Let k = 1 be an integer and (v, T) be a smooth solution of the
incompressible Navier—Stokes equations (5.4)— (5.6). Then the following balance
equation holds

3,y 40,y 4+ 9,0l 4 7l 4 I 4 I =0, (5.16)

[k]

where (p)[/k] is a flux and mw," + Eg/k] + a))[,k]

a source term. The quantity rr)[/k] con-
tains higher order derivative non-negative terms, Eg,k] higher order derivative split

k L . .. k
terms, and w)[,] lower order derivative terms of convective origin. The term JT;[, J

can be taken as

k k
w  2aal pak T2 agald Rty
al¥ = — + —, (5.17)
PCy T % P T%

in such a way that

2[_,[{ y[k+1] < T[)[/k] T—(ak+l—ak+%) g 21_7]( y[k-‘rl]’ (518)

. k k+1 k k+1 T — k k+1 k k+1
pb, = gmln(A[)L I/A[A ],A[,]]/A[,, ]), pb, = amax(A[A]/A[)L ],A[,,]/A[,] ]).

The term Eyc] is in the form
Eg/k] — Z TU_%(COU;,LB%)\- + C;;VH a% n) H\Sk+l)nl(1,k+l)
ovu
+ D couualIF VR (T 05y I, (5.19)
oVuR

where the sums are over 0 = o Sk, v = (Vo, V) 1<|q <k 10 # = (Hars Ko 1 <jar) Skt 1
Vo, Vs tas iy €N, a € N, and for Z singular operator in the form TR, R~,~T9
with & = (a, + »)/2 and 1 < i, j < n. The products ngk—H) and H,(Lk—H) are

defined by
0%T \ Va 0%\ Vo
) = p-aen T (50 ()" (5.20)
v H T H ﬁ
1< || Sk+1 1< || Sk+1
where v denotes (with a slight abuse of notation) any of its components vy, . .., U,

and | and v must be such that

Dllale+v) =k+1. D lal(pa +u,) =k+1,
1< 0| Sh+1 1<) Sk+1

D Wa v+ e+ ) S 1,
lor|=k+1
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so that there is at most one derivative of order (k+ 1) in the product H\gkﬂ) H,(Lkﬂ).
In particular, one of the terms ngkﬂ) or I1 ,Skﬂ) is always split between two or

more derivative factors. Furthermore the term a)g,k] is given by

ol 702t =) 257, g O 13 o om0 (M),
VL vu#
5.21)

where we use similar notation for H,Sk) as for IT ,(LkH) and the summation extends
over

Dl +v) =k D lel(pa + ) =k + 1,

15| Sk 15| <k

so that in particular 3", _y 41 (ke + i) = 0 and there are always at least two

actors in the product I1 G+D , and where the singular operator Z is in the form
"
TORR;T? with6 = (1 +a, — »)/2 and | < i, j < n. Finally the flux /) =

((p)[/kl], ceey go)[/k,}) is given by the following formula with Z taken as in (5.19)

(p}[,k[] T*(ak—lfak)/z — Z TU_%(CO'U/LZB%)" + Cévula%n) nlgk)nlsk-‘rl)
ovu
+ D CouunIPR(TT %0y 1Y), (5.22)
ovu#

Proof. The proof (given in Appendix A) is lengthy and tedious but presents no

serious difficulties other than notational.

5.5. Balance equation for ¥

We will need in the following the %] balance equation that we correspondingly
write in terms of the auxiliary variables w and t.

Proposition 6. Let k > 1 be an integer and (v, T) be a smooth solution of the
incompressible Navier—Stokes equations (5.4)— (5.6). Then the following balance
equation holds

k] (po k] L [k] [k] [k] _
Oy + 0, (wy) + 09+ + 5 f o =0, (5.23)
where (p)[}k] is a flux and 711[7](] + ng] + a))[;k] a source term. The term n)gk] can be

taken as

[k]
2AAy

7K — (=apT (
4 PCy

29l
oo+ TRkt ), (5.04)
o
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in such a way that
Skt < ~( =@ 39T < k1,
2b, v ny kel ™% 2by, (5.25)

where b, and Ek are as in Proposition 5. The term Eg(] is in the form

Ze m(CUU,u, J)»'FCGUM Tn) H‘gk+1)nlik+l)

oV

[k]
k+1 A
+ Z Cavutjn(kJrl)Hl(uo U) + — 0 (_ -

n)e(pak)rw okt gkt
Cy

oAz
(5.26)

where we have isolated the new terms which contain two derivatives of order (k+1)

k4 1!
w -k okt = E G+ Dt w; 0%w; 0%z,
ol
la|=k+1
1Si<n

For the two first contributions in (5.26) composed of strictly differential terms, the
sums are over v = (Vy, V&)0§|a|§k+1’ w = (o, u&)ogalng, 050 <k, and
Vo, Vs has iy €N, a € N, with the products H,EkH) and H,(Lkﬂ) defined by

H]gk+1) — e(l*uk+%)f/2H (aat)vot H (80(1'0)‘)417 (527)
11| Sk+1 0S| Sk+1
where w denotes (with an abuse of notation) any of its components Wi, ..., W, AS
for E[ ! , i and v are such that Z]<|a|<k+l lot| (v +vy,) = Zl<|a\<k+1 |a|(ua

Bo) =k + 1, 2 1mkr1 (Vo + Vo + o + 1) = 1, so that there is at most one

derivative of (k + 1) order in the product ngkH)H,(LkH). In particular, one of the
terms H‘Skﬂ) or Hl(tkH) is always split between two or more derivative factors.
Note also that the products over the velocity factors extend up to |a| = O in con-
trast with the y'%) balance equation. The non strictly differential terms m* o 4re

defined by

H(k—(}i) — ﬁl(LkJrl,l)%(e*%Ta?n ﬁt(k+1’k+lil)) (5.28)
with
ﬁ;(LkHJ) ze(l—akJr%)% H (aar)ﬂa H (aaw)u‘/",

1S10|Sk+1 0S|l Sk+1

Flelhel=h _ (= a+29 G H (3%7)" H (8aw)z;

1S10|1Sk+1 05 || Sk+1

(5.29)
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The sums are over 0 = 0 = k, v = (Va, Vo)1 <joy| <kt 1> £ = (Has o)1 <jq|<po aNd
L= (tas La) 1 <||<k» Where v, i, and  must be such that

Dlel(ua + 1) =1 D lala +t,) =k+1—1,

1< | k41 1< a|Sk+1

D Wat v+ ta+ 1, +tat) S 1,
lot|=k+1

for some 0 < | < k, so that there is at most one derivative of (k + D™ order

in the product I'[ékﬂ)ﬂgj;z?, and % singular operator in the form e % R; Rjeef,
1<i,j <n, with
a, + /
6=k + 1 —a, + ).
2 Tt At

Note that, in contrast with the y'¥1 balance equation, the integral operator % breaks
the term I1 (k;) into two pieces. Furthermore the term o is given by
Ao 1%

o8 B S, IO+ S ey,

v
Vi VLR
(5.30)
where we use similar notation for H,Sk) as for I ,(LkH) and where 1'[3;2,1) is given
by
(k+1) _ Fk+1,0) 77 (k+1,k+1-1)
nil) = Al (1, ) (5.31)

The summations are over 21§\a|§k loe| (v + V) =k, Zl§|a\§k loe| (o + 1) =
k+ 1, and 3 —gi1 (o + i) = O for the strictly differential terms 175“17,5“”,
so that there are always at least two derivative factors in the product IT ,Sk+1). For
the non strictly differential terms Hsk)ﬂl(jj;) we have 21§\a|§k lot| (Ve + vy,) =
k, Zlg\aék la|(pee + M&) = Zl§|a|§k la| (e + [:x) =k+1-1 and
_ ot + g +t,) = 0 jor some O = | = k, so that there are always
Z|a|_k+1(ﬂ M:x ¢/x) 0 f 0s1<k hat th lway
at least two derivative factors in the product 17’(5;}1), and the singular operator %

is in the form e T R; R.,‘TQT withl <14, j < nand

k+1-1

f=1— ———
2k + 1)

A —a + ).

Finally the flux (pg‘] = ((p;[7k]1’ ceey (p}[f]n) is given by the following formula with %

taken as in (5.27)

K - — _
(p}[/]l o @ —aT/2 =Ze ’”(camzaé’k+dm18§’n) H\Ek)nl(l,k-‘rl)

oV

k+1
+ D o TP, (5.32)
oVILULR
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Proof. The proofislengthy and tedious but similar to that of Proposition 5. The new
complications arise from commutators between temperature weights and differen-
tial operators.

6. Higher order entropy estimates

In this section (the core of the paper) we investigate higher order entropy esti-
mates for incompressible flows spanning the whole space in the natural situation of
temperature dependent viscosity and thermal conductivity. We establish conditional
entropic inequalities for higher order kinetic entropy estimators, that is, entropic
inequalities that hold whenever || log T'|| g0 + llv/ VT ;o0 is small enough.

6.1. Positiveness of higher order derivative source terms

We first investigate the control of fR" | Eg/k] | dx by fR,,n)[,k] dx,using the weighted
inequalities established in Section 4. We will denote by x the quantity

v
x = |llog T Fl—=l =17l + wll o, 6.1
g 1 llpmo ﬁ L BMO L

which will play a fundamental role in the analysis. We will establish in particular
that entropic inequalities hold for y¥1 and 7] when x is small enough. Note that
this quantity invariant under the change of scales (5.9) described in Remark is 17. It
can also be interpreted as involving the natural variables log T and v/+/r T appear-
ing in Maxwellian distributions [5]. Since we have formally v/ VrT = 6(Ma) and
log(T/T,,) = O (Ma), the constraint that y remains small may also be interpreted
as a small Mach number constraint, which is consistent with the Enskog expansion
[22].

Proposition 7. Let k = 1 be an integer and (v, T) be a smooth solution of the
incompressible Navier—Stokes equations (5.4)— (5.6). There exists positive con-
stants §(k, n) and c(k, n) such that for x = |[log T || ;s + ||v/«/7||LOO < 8, we

have the estimates
/ |Zg,k]|dx <cx / n)[,k]dx. (6.2)
n Rn

Proof. From (5.19), (5.20), since 7°~*3S A and T°~*9% n are uniformly bounded
from assumptions (5.2) and (5.3), and since the operators TYRiR | 7~ are contin-
uous over L? for || log T'|| gpo small enough, we only have to estimate the L? norm

of the products H‘SHI) and 17 ,Sk+1). However, using Theorem 7 with p = 2, we
obtain when || log T'| zgyo + lv/~T 1= < 8(k, n), the weighted inequalities

k+ip o 9Kty

2 +ITF —=12),
T L \/T L

k+1 Ny—1 9
1D < ex ™t (172
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with 0 =1 —a; + 5, c = c(k, n), and

Ny= D" (o + ).

1< |at| Sk+1

As a consequence, we have

TSN 2D < oMot /Rnnﬁ"‘ dx,
and the proof is complete from

Nyt Nu=2= D (a+vg+iatuy) =221,
1< a|Sk+1

since at least one of the products H‘Skﬂ) or [T ,(LkH)

ative factors.

is split into two or more deriv-

We have a similar result for 7] which is more technical to establish because
of the special structure of the products H,(ﬁ%? in (5.28).

Proposition 8. Letr k = 1 be an integer and (v, T) be a smooth solution of the
incompressible Navier—Stokes equations (5.4)— (5.6). There exists positive con-
stants §(k, n) and c(k, n) such that for x = ||T|| gyo + lwll ;o < 8 we have the
estimates

n

|2[~k]|dx <cx / M dx. (6.3)
R ¥ 1

Proof. We use the expression (5.26)— (5.27) in order to estimate s On one hand,

for strictly differential terms, the proof is similar to that for y K. Indeed, the terms
e T\ H,Ek+l)17,§k+l) ore” "oy ngkH)H,(lkH) are easily majorized since the
quantities e~ *7 3% and e~ ** 3 are uniformly bounded and since the L? norm of
the products IT 5"*” and 1 ,&kﬂ) is directly obtained from the multilinear estimates
of Theorem 6. The fact that there is always a factor x in the upper bound (6.3)
results from the fact that one of the two products IT ﬁkH) or IT l(LkH) is always split.
On the other hand, the special contributions involving two derivatives of (k 4+ 1)™
order are rewritten in the form

e*%t(i _ n)e(]fak+%)tw Cgkly gkt
Cy

and are easily taken into account with a ||w||z factor.

The new difficulty is to evaluate the L? norm of IT (ng}l). These terms IT (k;)
WX o Ao

are in the form

(k1) _ Fpl+1.1 - 77 (k1 k+1-1
k) = A Do (e ogy 1 ) (6.4)
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where Z = ¢ "R, R ] T and 6 is given in Proposition 6, and with

D = -t mdis T (0%)" [T (0%w)". 65)
1SIa|Sk+1 0S| Sk+1

The sums are over 0 S o S k, v = (vgy, V&)lga\gkﬂ, w= (g, u&)lg‘alng,
L= (lg, ‘&)1S|a\Sk+1 ,0 £ 1 < k, Z singular operator as described in Proposition
6 and v, i and ¢ must be such that

Dlal(ua +up) =1 D lela +1,) =k+1-1,

15| Sk+1 1< || Sk+1

D oV F a1y F e 1) S 1,
loe|=k+1

(k+1)
Hul Ko
We first split the exponential term in /7 ,(LkH’l) over each derivative factor thanks
to the relation Zlga\gkﬂ la| (g + 1l,) = [ and we obtain

so that there is at most one derivative of order (k + 1) in the product /T ,ka)

(1 ak+%)r\a|/.1.a (1— Hk+%)r\oz|ua

—~ !
afth = Jle =@ (@) [ e 0 (0%w)"™. (6.6)
1< || Sk+1 0§|a\§k+l

Letting po = 2(k + 1)/polel, and p;, = 2(k + 1)/ ||, we have

2 ( 1 n 1 ) _ [
L) 2k + 1)
I<m=eiPe Pa (k+1)
and we can use the Holder inequality to estimate H i L(LkH’l) H 2¢+1) - To this purpose,
L1

from the weighted interpolation inequalities of intermediate derivatives established
in Theorem 5 applied with r = 2, j = |«/|, and k replaced by k + 1, we obtain

(1—ay +3)7lalua

e 26+D (aa(t))ﬂa

LPa

Halal
_ el ot ot k1
é CXMO((I k+1) (”e ) 8k+1‘[||L2 + ||€ ) 8k+1w”L2) + ’

where ¢ denotes T or w. Upon multiplying these inequalities for 1 < |a| < k + 1,
and from the Holder inequality, we deduce that

.
Hn(k-‘rl l)“ 2(k+l) <CXN,,, k+| (”62 8k+1TI|L2+ ”62 ak-i—lw” 2)k 1’

where 0 = 1 —q; + 5, ¢ = c(k,n), and

N, = Z (Ke +M(/1)

15 0| k41
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We can treat similarly the factor ﬁ[(kH’kH*l) to obtain that

k+1-1
k+T

_ B kit
| FbHRH-D] iy < ex Nt (||e Tt 4 [leT o ) 2)
L+

Since the operator % is continuous in L¥1-7 for || log T|| 3, small enough, we
deduce that

||H(k+1)” L < CHﬁ,SHI’l) “L%ﬂ ”ﬁl(k+1,k+1—l) HL%%

R
so that

[0l < ex™ it (1% o5 e + ¥ 05wl ),
and finally

1A |18 < x| alian,

and the end of the proof is similar to that of Proposition 7.

Corollary 2. Let k = 1 be an integer and (v, T) be a smooth solution of the
incompressible Navier—Stokes equations (5.4)— (5.6). There exists positive con-
stants §(k,n) and c(k, n), only depending on (k,n), such that for x < § the
following inequalities hold

a/ dx~|—(1—cx)/ lax < /Iw[k]ldx 6.7)
Rn

a/ ~[k]dx+(1—cx)/ [k]dx /|w[k]|dx (6.8)

In particular, when y < 1/2c(k,n), we have made a first step towards entropic
inequalities for y™ and y[k]

We have established in Corollary 2 that inequalities (6.7) and (6.8) hold as
long as the quantity x is small enough. In order to obtain global estimates, we
will have to ensure that this quantity y remains small if it is initially small. The
inequality (6.2) also implies that (1 — ¢ x) fruri dx < fR,,(n[k] + z[y"]) dx

(1+cx)fRn7ry]dx and (6. 3)1mplles(1—cx)fR,,n dx < f,l(yr —I-E K1y dx

(1 +cx) fRnn)[; l'dx. These inequalities, as well as (3.11), could be 1nf0rmally
termed ‘entropicity inequalities’ since they induce the first steps (6.7) (6.8) and
(3.12) towards entropic inequalities.

A IA

Remark 20. For the heat equation (2.1), the quantity £ ¥1 = |3%1|? can also be con-
sidered as a (2k)™ order entropy corrector. The corresponding balance equations
can then be written

3, — AcM L2198 2 = 0.

In contrast with the Navier—Stokes system, we observe that for the heat equation,
unconditional positiveness of the source terms hold in the ¢! balance equation.
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6.2. Estimates of convective terms and of y'°l = y10]

We estimate the lower order convective terms f]R" |w£,k] | dx by the higher order

dissipative terms fR,,n)[,k] dx and fR,,yr)[,k’” dx.

Proposition 9. Let k = 1 be an integer and (v, T) be a smooth solution of the
incompressible Navier—Stokes equations (5.4)— (5.6). There exists positive con-
stants §(k, n) and c(k, n) such that for x < 8 we have the estimates

1 1
_ _ _ 3 7
Rn|a)g,k]|d)c <cyx SH%’IL){T(I Lta_—4)/2) (/nn)[/k ”dx) (/nn}[,kldx) .

(6.9)
1 1
ol dx < ey supfel=2 a1 -a)7/2) (/ n[_k—]]dx)Z(/ LI dx)z,
Rn 4 R» n v n v
(6.10)

Proof. From the expression (5.21) and the continuity of the operators 7% R; R | T
for || log T'|| ppo small enough, we deduce that

/R i) dx < esup(T =22y | 1T 2, (61D
n Rn

and the estimate (6.9) is a direct consequence of the inequalities established in
Section 4 and in the proof of Proposition 7, since there are at least two factors in

the product I7 ,(Lkﬂ). The proof of (6.10) is similar mutatis mutandis since the terms
Hl(j;}l) can be estimated by using the inequalities of Proposition 8.

We now recast the classical zeroth order entropic estimate in a convenient form
that will be needed to investigate entropic principles associated with 1",

Proposition 10. Let 0 < a, < 1 and let y'% be given by (5.12). Then y!" = 0 and
there exist positive constants &, > 0 and by, such that for x < &, small enough

az/ v dx +126/Rn£°] dx £0, (6.12)

where we define from (5.17)

2 18I T12 2pal 19102

210 _
Y pcy Tlta 0 T%

Equivalently, there exists a positive constant by such that for x < §,, we have

z / y dx +2b, / rrrahylldx < 0. (6.13)
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Proof. We only consider the case 0 < a;, < 1 since the case a, = 1 is similar. It
is first easily established that the temperature part of [ is non-negative so that
y% > 0. Dividing the temperature equation by 7% and integrating over R" we
obtain after some algebra

1—a,

T!=% — T, a A9, T|? 1 d|?
—at/—‘”dx+—° |lx | dx + /77|| dx =0.
n 1 —a, pcy Jrn T1H% 2pcy Jre T%

On the other hand, dividing the total energy conservation equation by T;? and
integrating over R"” we obtain

T-T, v?
3t/( aoo—l—% a)dx:
n o T9 TS

Finally, from the relations (3.28), we obtain the inequality

. v|? d?
/ ;;()li'% dx £ c/ Tlao|—% dx,
Rn Rn

for || log T || pmo small enough and combining these estimates completes the proof.

We also recast the classical zeroth order entropic estimate in a convenient form
that will be needed to investigate entropic principles associated with 171,

Proposition 11. Let 0 < a, < 1 and let 719 by given be (5.12). Then 7% > 0 and
there exist positive constants &, > 0, by, and c such that for x < &,

a,/ 7% dx + (bfy — cx)/ 71][;0] dx 0, (6.14)
n Rn
where we define from (5.24)

[0] [0]
2AA 2nA
700 = e(l—ao)f(_?» |alf|2 + M|81w|2).
14 0 0

v

Equivalently, there exist positive constants §, > 0, b, and c¢ such that for x < §,
a,/ 7dx + (2B, — cx)/ eTra—a)T sl gy <. (6.15)
n Rn

Proof. This is a direct consequence of Proposition 10 and of the differential

relations
8,-v 1
—_— = Siw + §w3,-r,

VT

which yield that fR,,yr)[,O] dx is minorized by (1 — cx) fR,ln;EO] dx.



268 VINCENT GIOVANGIGLI

6.3. Natural scale of temperature weights

The estimates established in the previous sections are valid for any positive A[Ak]

and A%k], k = 0, and we now set for simplicity

A =1, Ak = % k > 0. (6.16)
With this simple choice, we note that the constants b, = a/p in Proposition 5
and Proposition 6 are independent of k = 1, and we correspondingly denote b =
min(b, a/p).

In order to combine the estimates of Corollary 2 and Propositions 9, 10 and 11,
obtained for various values of k = 0, we now need to specify the scale of tempera-
ture weights @, , k = 0, used to renormalize the successive derivatives of 7 and v. In
this section, we impose that the supRnT172%+“k—1 % factors appearing in the con-
vective term estimates of Proposition 9 disappear, by letting 1 —2sc+a, _;—a;, =0,
k = 1, in such a way that

ay =ay+k(1—2), k=0 (6.17)

This scale fulfills the natural requirement that estimates for n)[,k_l]

and inequality
(6.7) for ¥ yield estimates for n)[,k]. This scale of temperature weights also cor-
responds to the scale given by the kinetic theory of gases with (2.15), (2.16) since
the factor (n/ p\/ﬁ )2k — (772 / pzr T)Hk yields the temperature exponent k(1 — 25¢)
from assumptions (5.2), (5.3). Therefore, this scale @, = a, + k(1 — 2), k >0,
will be termed the natural scale of temperature weights, and this scale also arises
in the compressible case [19]. It is interesting to note that with this scale, a; is
decreasing with k for physical values of s, that is, for values such that s > 1/2.
On the other hand, g, is increasing with k for unphysical values of s, that is, for
values such that 0 < s < 1/2. This means in particular that, in the unphysical
situation 0 < s < 1/2, larger powers of T are needed in order to renormalize
higher derivatives.

As a direct consequence of the preceding sections, we obtain the following
estimates concerning higher order entropies. A similar proposition can also be
established for %] but the details are omitted.

Proposition 12. Let (v, T) be a smooth solution of the incompressible Navier—
Stokes equations (5.4)— (5.6). Assume that a; = ay + (1 — 2), | > 0, and let
k = 1 be fixed. There exist positive constants §(k,n) and c(k, n) such that for
X < 8 we have the estimates

at/ vl dx+(2g—cx)/ T1=7y k1l gy §cx/ T'=7yWax. (6.18)

n

Proof. These estimates are direct consequences of Corollary 2 and Proposition 9
since 7M1 > 25712y "+ 1 for b = min(by, a/p).
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After some algebra, it is easily checked that inequality (6.18) can also be written
with factors x replaced by x2. We can now combine the inequalities obtained for
k = 1,...,1 in Proposition 12 together with the inequality obtained for k = 0
in Proposition 10, in order to estimate the (2k)™ order kinetic entropy estimator
rik = 00 4y Ik

Theorem 8. Let (v, T) be a smooth solution of the incompressible Navier—Stokes
equations (5.4)— (5.6). Assume that a; = a, +1(1 — 250), 1 2> 0, and let k € N be
fixed. There exist positive constants b = min(b,, a/p) and dx(k, n) such that for
X < 8x we have

a,/ (ylo]—i—ym+~-~+y[kl) dx+l_7/ TI*%(yl11+yl2]+~-~+y“‘+”) dx <0.
(6.19)
Proof. This results upon summing the estimates of Propositions 12 and 10.

This theorem shows that the (2k)™ order kinetic entropy estimator I (k] obeys
an entropic principle and similar results also hold for "],

Remark 21. Note that, from a practical point of view, only the situation where
» 2 1/2 seems interesting since the sequence a,, k = 0, is then decreasing so
that the weights 1/7% ! are minorized by a common weight 1/7%~! and the
derivatives can be estimated with this common weight. Assuming that > = 1/2,
we indeed have inequalities such as

kT2 |9kv)? 1
(1 T (B ) ) = 60

T T%—1
15k

where ¢ depends on T, and the resulting estimates are similar to the estimates
obtained in the next section with uniform scales of temperature weights.

6.4. Uniform scale of temperature weights

In this section we still use the simple values A&k] = 1land A,[7k] = 1/r,fork = 0.

On the other hand, in contrast with Section 6.3, we impose that the temperature
weights are all equal

a, =ap, k=0. (6.21)

This scale of temperature weights will be termed the uniform scale. It is important
to note that if 1 — 2s¢ + a,_y, —a, > 0, the supRnTl_z”JF“kfl—“k factors of the
right members of (6.9) and (6.10) in Proposition 9 cannot be majorized in terms
of the solution derivatives since T, > 0. As a consequence, taking into account
the natural lower bound for temperature in terms of initial data T = Tin > O,
controlling these supRnT1_2%+“k—l_“k factors requires the negative exponents in
(6.9) and (6.10). Therefore, we must have 1 —2s+a,_; —a, =<0,k = 1, and
thus a, 4+ k(1 — 23¢) < a,, for k 2 0, and the natural scale of temperature weights
appears to be a lower bound among all the useful scales. In particular, selecting a



270 VINCENT GIOVANGIGLI

uniform scale requires that k(1 — 2s¢) < Cte, so that we must have > = 1/2. In
other words, the transport coefficients have to follow the temperature dependence
indicated by the kinetic theory in order to use a uniform scale. With this scale,
higher order entropy estimates directly yield estimates for higher order derivatives
of log T and v/+/T. This scale will be used in Section 7 in order to investigate
asymptotic stability of equilibrium states for incompressible flows.

Proposition 13. Let (v, T) be a smooth solution of the incompressible Navier—
Stokes equations (5.4)— (5.6). Assume that » 2 1/2, that a; = a,, | 2 0, letk = 1
be fixed, and assume that Tpin < T. There exist positive constants 8(k, n, Tpin)
and c(k, n, Tmin) such that for x < 8, we have the estimates

at/ J/[k]dx+(22—cx)/ 7>y dx écx/ T%yMax,  (6.22)

n

a,/ f[k]dx—i—(ﬂ_)—cx)/ T%;;[k“]dxgcx/RT%;ﬂk]dx. (6.23)

Proof. The proofis similar to that of Proposition 12 and the T,;, dependence arises
from the negative powers of the supp.T factors.

After some algebra, it is easily checked that inequalities (6.22) and (6.23) can
also be written with factors x replaced by x2.

Theorem 9. Let (v, T) be a smooth solution of the incompressible Navier—Stokes
equations (5.4)— (5.6). Assume that 2 1/2, that a; = ay, | 2 0, let k € N be
fixed, and assume that Tin < T. There exist positive constants b = min(b,, a/p)
and 8§y (k, n, Tmin) such that for x < §y we have the estimates

8,/ (y[0]+7/[1]+~-~+y[k])dx+lg/ T”(ym+y[2]+~--—i—y[k“])dx < 0.
R R
(6.24)

at/ ()7[01+;7[”+---+;7["])dx+g/ T”(;?“]+;7[2]+---+;7["+”)dx§0.

(6.25)
Proof. This is a direct consequence of Propositions 10, 11 and 13.

Theorem 9 shows that the (2k)™ order kinetic entropy estimators I"¥] and ks
obey entropic principles. These estimates will be used in the next section in the
situation of logarithmic scaling @, = 1, k = 0. Note that the estimates obtained
with a uniform scale are similar to the estimates obtained with the natural scale
combined with inequalities such as (6.20).
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7. Global solutions

We present in this section an example of the application of higher order entropy
estimates. We first establish a local existence theorem for incompressible flows
spanning the whole space with temperature dependent transport coefficients and
also establish that these solutions are smooth depending on initial data. We next
combine the local existence theorem with higher order entropy estimates in order
to obtain global existence and asymptotic stability when log(Ty/7.,) and vo/~/To
are small in appropriate spaces. We assume throughout this section that the scale of
temperature weights is uniform with @, = 1, k = 0, and that the transport coeffi-
cients A and 7 satisfy assumptions (5.2), (5.3) with > = 1/2. We only investigate
strong solutions and (to the author’s knowledge) assumptions (5.2), (5.3) were not
previously used.

7.1. Local existence

We denote by v the combined unknown v = (v, T), keeping in mind that
the momentum conservation equation is considered as projected on the space of
divergence free functions. We denote accordingly by v, the equilibrium point
Voo = (0, T ) with v = 0 and T, > 0. We denote by &, = R" x (0, co) the
natural domain for the variable v, where n = 2.

Theorem 10. Letn = 2andl 2 [n/2]+2 beintegers and letb > 0 be given. Let 0
be an open bounded convex set such that 50 C Oy, dywith0 < d;| < d(ﬁo, 00y),
and define 0y = {v € Oy; d(v, 0y) < dy ). There exists T > 0 small enough,
which only depend on Oy, di, and b, such that for any vo with |[Vo — Vool gt < b
and vg € 50, there exists a unique local solution v = (v, T) to the system (5.4)—
(5.6) with the initial condition

v(0, x) = vo(x), (7.1)
such that
v(t,x) € 04, (7.2)
and
V—vVeo € CU([0,71, H'(R™) N C ([0, 71, H'72(R™) N L*((0,7), H'T'(R™)).
(7.3)

In addition, denoting for shortv(t) = v(t, -), there exists C > Q0 which only depends
on Oy, dy, and b, such that

r
sup [[V(s) — Vool 3, + / V() = Vool 31 ds < ClIVo = Vool 3. (74)
0Ss<t 0

Proof. The following proof is adapted from Kawashima to the situation of incom-
pressible flows [17,20,28]. Solutions to the nonlinear system (5.4)— (5.6) are fixed
points V = v of the linear system of equations in Vv = (v, T)

‘ 3, (p®) — P(3,- (n(T) 8,0)) = P(fu(v, 3, V),

_ ~ (7.5)
3,(peyT) — 8- (M(T) 3, T) = fr(v,d,v),
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with f,=—0,-(pv®v) + BTn(T)8xT-8xv’ and fr=—0,-(pc,Tv) + %r)(T)d:d.
Fixed points V = v are investigated in the function space X,—(ﬁl, M, M 1), that is
defined by v € X,‘(ﬁl, M, Ml) ifv(, x) € 0},

V= Voo € CO([0,71, H' (R™) N L*((0,7), H(RM),

3,v e CO([0,71, H'2(R™) N L*((0,7), H'™'(®R™M),
2 ' 2 2
sup [[V(s) = Vool 3 +/ IV($) = Vool gyrs1 ds = M,
0Ss<t 0
and

r
/O 19,2, ds < M?.

For vin X;(€y, M, M), 1 <k <1, and f = (f,, fr), we have the estimates
t
V() = Vooll7 + /O IV(s) = Vooll 31 ds < CTexp(Ca(t + MiV/1))

t
x (Vo = Vool 2 + € /O 1/ @I rds),  (7.6)

where C; = C((0)) depends on 0 and C, = C>(01, M) depends on & and
M, and is an increasing function of M. These a priori estimates for solutions of
the linear equations (7.5) are obtained by deriving the governing equations, mul-
tiplying by the derivative of the solution, and using the properties of the Leray
projector P [28,32]. On the other hand, existence of such solutions V to the linear
equations are obtained from a priori estimates by standard arguments like Galerkin
approximations.
Furthermore, using the classical estimates

1/@) =¥ Ol gt < ColYll w5, (1 18l Wbl e (1.7)

where 0 is a convex open set with ¢ (x) € 0y, x € R", and increasing eventually
the constant C> (0, M) of (7.6), we obtain for f = (fy, fr)

If Ol £ CoM?, 0117 (7.8)

From the governing equations, we also deduce that
t
/ 18,V() 3,1 ds < C3(M* + t(M* + M?)), (7.9)
0

where M is defined for V as M for v and C3 depends on 0; and M, and is an
increasing function of M. We now define for any « € (0, b]

My =2C1(O))a, Mg =2C5(01, Mp)2C1(O))a.
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Then let < 3/2 be small enough such that
exp(C2(O1, Mp) (T + MipT)) £ 2,

C3(01, Mp)i(2C1(0) £ 1,

and CoM /T < dy, where Cg is such that @1l oc = Collpllgi-1. Then, for any
a € (0,b], any v € X;(01, My, M), any Vo(x), such that Vo — Voo € H!(R?),
Vo € Op, and [[Vo — Vool < @, the solution V to the linearized equations with

the initial data v stays in the same space X,—(ﬁ 1. My, M 1a). More specifically, we
obtain from (7.6) and (7.8) that

M? £2Cta* (1 +4C1C5t) < 4CTa? = M3,

and from (7.9) we deduce that Mlz < C32M§(1 +21) < Mlza. Finally, we also have
IV =voll e = CoMi4VT < dj, since CoMpNT < dy, so thatV € 0.

In order to obtain fixed points, we establish that for ¢ small enough, the map
v — V is a contraction in all the spaces X;(ﬁl, M,, Mla), o € (0,b]. Let v
and V be in X7 (01, My, M1), let vO(x) and V°(x) such that vo — Voo € H'(R?),
Vo — Voo € H'(R), vo, Vo € 00, Vo — Veolli < @, Vo = Vool < @, and
define 8V = v —Vand §v = V — V. Forming the difference between the linearized
equations, we obtain for §v = (6v, §T') and SV = (87}, 6T)

[ 8,(p8v) = P(8,- (1(T) 8,8v)) = P(8£,).

_ e (7.10)
3,(pcydT) — d,- (M(T) 8,8T) = 87,

where
8fo =fo(v,0,V) — fo(V,0,V) + 0, ((n(T) — n(f))aﬁ),
8fr =fr(v, 8,v) — fr(¥,9,9) + ;- ((W(T) — M(T))8, T).

These expressions now imply that |8 || gi—2 < Cal|8V|| -1, where the constant

C4 depends on ¢ and b, since v, V, V and 7 are in the space X;(ﬁl, My, MU,),
and thanks to estimates in the form

1@ =¥ @l e < Coll¥ll o 7, T+ ISl ze + 101 0)" 16 = Bl s (711

where 0 is a convex open set with ¢ (x) € Oy, <}3(x) € 0y, x € R", and k is such
that k = [n/2] + 1. As a consequence, defining

r

I8VII7_, = sup [8V()II3 + / 18v(s)112, ds,
0Ss<r 0

we obtain that

o2 S 2 by 2
Nvlii—y = Cslivo —Vollz—1 + Cst sup [18V(s) [l 51
0Ss<r
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where the constant Cs only depends on ¢ and b. Now if 7 is small enough so
that Cst < 1/4, by letting vy = Vj, we obtain that |||8~V|||1,1 < %|||8V|||1,1 so that
the map v — V is a contraction in all the spaces X; (01, Mo, M1y), @ € (0, b].
Introducing the iterates v” starting at the initial condition v0 = vg and such that
vt = 97 thatis, v is obtained as the solution of linearized equations, then the
sequence {V"}, > is easily shown to be convergent to a local solution of the non-
linear equations satisfying the estimates (7.4) at order [ — 1. Finally, the estimates
(7.4) at order [ are recovered since for any o € (0, b], the space X;(@ , My, M 10,)
is invariant, and the proof is complete.

7.2. Properties of the solutions

We establish in this section that the solutions constructed in Theorem 10 are as
smooth as expected from initial data.

Theorem 11. The solutions obtained in Theorem 10 inherit the regularity of Vo,
that is, for any k 2 1 such that Vo — Voo € H*, we have

V= Ve € CU([0,71, H*(®R™) N C' ([0, 7], H*(R™)) N L*((0,7), H* ' (®R™M)).
(7.12)
In particular, V is smooth when Vo — Voo € HF(R") for any k € N.

Proof. Let k > [ such that Vo — Voo € H* and denote by e!¥! the quantity /¥ =
|9XT |2 + |0% v|?. We have to estimate ¢[*] in order to establish (7.12).

A balance equation for e*] can easily be derived (and is much simpler than that
of %1 of 7K1y and written in the form

3, 43, - (vel¥) + 9, ol 4 M 4 5K 4 K = . (7.13)

The term ne[k] is given by

2\ 2
”g[k] _ |8k+1T|2 + —n|8k+lv|2, (7.14)
0

v

in such a way that 2b e!f 11 < 7Kl 72 < 2p ¢lk+1] \here b and b are positive

constants. The term zL"] is in the form

sl = Z(cw,ta;,\ + oy 0Fm) DD, (7.15)

oV

where the sums are over 0 = 0 = kv = (Va, Vg)1<jo <pt 10 4 = (R Hg) 1 <jor| k10
Vo, Vi Mas iy € N, @ € N™. The products H,Skﬂ) and IY,SHI) are defined by

a®h =TT °1)™ T (0°v)™. (7.16)
1510 k41 15 ja k41

where v denotes any of its components v1, ..., vy, and © and v must be such
that 21 < g <psr 11V +vg) = k + 1 201 <g<par 1o (e + 1g) = k+ 1,
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D lal=k+1(Va + Vo + Ha + 1) = 1, so that there is at most one derivative of

(k4 1)™ order in the product IT l5k+1)17 ,(Lkﬂ). Furthermore the term a)y{] is given by

o =" ¢, IO IEY, (7.17)
v

where we use similar notation for H,Sk) as for IT ;(Lkﬂ) and the summation extends
over Zl§\a|§k loe| (v + V) = &, Zl§\a|§k loe| (e + 1) = k + 1 so that in
particular Zlalzk +1 (e 4 1) = 0 and there are always at least two factors in the

product /7 ,(Lk'H). Finally the flux ¢£k] = ((pgi], e (pB,?) is given by the following
formula
o = > (Couudfa + cyy35m IPITED +3" cu0%0d%p.  (7.18)
ovul o
[k [k]

Now instead of regrouping the term =, I with me ', asin Corollary 2, Propositions
12 and 13, we regroup it with a)gk] [43], thanks to the L*° a priori estimates for
gradients, available from [ > n/2 + 1. Whenever the product ngkﬂ) is split, we

indeed have estimates in the form [43]
ITED2, < e(1+ 10T 1o + ||av||Loo)2("*“/R(e“1 + ot el ax,

so that from
a,/ ek dx+/ M dx é/(lfgk]l—klwgk”) dx,
n n Rn

we obtain that
8,/ e dx +8/ eIt gy < c/ (M4t efax, 1<j<k,

where § and ¢ depend on L*° estimates of v and dv. We can then sum up these
inequalities and use the Gronwall lemma to conclude that fR,le[k] dx and

Jo Jree®®* U dx dt remain uniformly bounded over the whole time interval under
consideration [0, 7 ]. Finally, when vo — V is in H* for any k 2 0,V — Vy is in
C°([0, 71, H*) for any k, and we recover the regularity with respect to time from
the governing equations so that v is smooth.

Remark 22. Boundedness of first order spatial derivatives is sufficient to establish
the estimates of Theorem 11 because the coefficients of the time derivative terms
in (5.5)— (5.6) are constants. For general quasilinear parabolic systems, one further
needs to control second order spatial derivatives, whereas for general nonlinear
parabolic systems, it is necessary to control third order spatial derivatives [43].

In the next propositions, we reformulate for convenience the local existence
theorem in terms of the combined unknown w = (w, 7) associated with the renor-
malized variables w and t.
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Lemma 3. Denote by F :R" x (0, 00) — R"*! the application defined by F (v) =
w, that is, F (v, T) = (w, 1) = (v/~/T,1og T). Then .F is a C™ diffeomorphism
and its jacobian matrix reads

L1 v
avfiz(ﬁ ”3/2).
1
0 7

Moreover, for any My, > 0, My > 0, defining 0 = (—My, My)" X (—My, M), the
corresponding open set 0 = F~1(0) is convex.

Proof. The fact that % is a C* diffeomorphism is straightforward to establish. Let
then My, > 0, M; > 0, and assume that (v, T') € &, (v', T') € 0. By definition, we
have |v;| < My/T, lvi| < MpVT  for1 <i<n,ande™ < T < eV, e™ <
T’ < €M . For0 < o < 1, we easily obtain that e ™7 < oT + (1 — )T’ < ™
and

lav; + (1 — )| < My (@v/T + (1 —a)VT),
but we have a~/T + (1 —a)VT' £ JaT + (1 — a)T’ from concavity properties

so that € is convex.

Proposition 14. Let My, > 0, My > 0, 50 = (—My, My)" X (—Mg, M¢) and
Oy = F~H0p). Let 0 < di < d(Oy,d0), Oy = {V € Oy: d(v, Opy) < dy},
and select an arbitrary b > 0. From Theorem 10 we have a local solution built
with the paramaters 0, dy, and b. This solution is then

W —Wwoo € CO([0,71, H'(R") N C' (0,71, H'2(R™) N L*((0,7), H'T' (R")),
(7.19)
and there exists C > 0 which only depends on Oy, d\, and b, such that

t
sup [W(s) — Wooll 3 + / IW(s) — Wooll3141 ds < Cllwo — Wooll 7. (7.20)
0Ss<F 0

Moreover, the kinetic estimators are such thar I''!, 'l ¢ C([O, 7], L} (R")).

Proof. The set ) = ¥ _1(50) is convex and from Theorem 10, there exists a
local solution built with &, d; and b. We then have estimates in the form

ey lIW = Weollgt S IV = Voollgt = SvIIW — Weoll g1, (7.21)

where ¢, and ¢y only depend on &1 and / thanks to the estimates (7.7). Similarly, the
regularity properties are direct consequences of the estimates (7.11). The properties
ri, rte c(o,71, L'(R")) are then straightforward to establish.

Lemma 4. There exists a constant c. only depending on Tyin such that for any
k > 0 and any W with W — Weo € H* and log Tyin < T we have

W = Weoll3 g/ r'®gx. (7.22)

n
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Proof. This is a direct consequence of w? < v2/ Tiin and of the inequality

Trnin
2T

o0

12— Tool? Sexp(¢ — To) — 1 — (¢ — 7o),

valid for Tpmin = 10g Tiin < ¢, where 7o, = log T, and Tiin < T

7.3. Global existence

In this section, we investigate global existence of solutions v = (v, T') for
which the quantity x = || log Tl g5, + ||v/«/T||LC>C remains small.

Theorem 12. Letn 2 2 andl 2 [n/2]+ 2 be integers. Assume that the coefficients
A and n satisfy (5.2) (5.3) with 3 2 1/2. There exists 8(I, n, Tin) > 0 such that
for Ty and vy satisfying Tmin < infreTp, 3,-v9 =0, Vo — Voo € H* k e N, and

/ rMax <5y, (7.23)

where 1:0[” denotes the functional ' evaluated at initial conditions, there exists
a unique global solution v = (v, T) such that

[ V = Voo, W — Wog € C([0, 00), H/(R")) N C([0, 00), H'72(R™M)),
(7.24)

v, dw € L*((0, 00), H'(RM)),

and we have the estimates

1
/RF[I]deré/ / T%(]—v[l+1]_);[0])dxdt§/ M ax, (7.25)
" 0 - n

where b = min(b,, a/p). Furthermore, this solution is smooth and we have
lim [[v(#, ) = Vooll oo = 0. (7.26)
11— 00

Proof. Letting [o = [n/2] + 1, we have the inequalities

X = Itllgpo + Iwll e ST = Tooll oo + Wl oo = colIW — Wooll gio-
In order to obtain a value of §; small enough, so that the higher order entropic
estimates of Theorem 9 hold, we set

82
(S[‘ = _UC
20
4cg
where 8y is defined in Theorem 9 and ¢ in Lemma 4, and this value will indeed
ensure that x < §,,/2. Corresponding to this value of 8-, we have estimates in the
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forms [|W — Weoll ;oo < co(8r/c,)/* and [W — Weoll ;< (8r/c,)'/2. We now
select My, > 0 and M; > O large enough such that

{2 e R Iz = Wooll £ coBr/c ) +1} C (—My, My)" X (—Mq, My).

We next define 50 = (—My, My)" X (—=Mq, My), Op = .F 1 (50), and we know that
Op is convex. Let 0 < d; < d(0y, 30,), and define ) = {z € Oy: d(z, Op) <
dy }and 0| = .7 (0). Now for functions taking their values in ¢'; we have inequal-
ities in the form ||V — Voo | j+ < €y |[|W — Woo | 74, where ¢y only depends on k and
0. We thus obtain the a priori estimate ||V — Vool gt < EV(SF/QF)]/Z. We now
setb =cy(8r/c F)l/ 2 + 1 and from Theorem 10 and Proposition 14 we have local
solutions over a time interval [0, 7 ] built with the paramaters 0, d;, and b.

Let now Ty and vg satisfy Timin < infraTp, d,-vo = 0, Vo — Voo € HK, k € N,
and fRﬂfo[[] dx < 8. Then by construction Vo € &p and ||V — V| g1 < b, and we
have a local solution over the time interval [0, 7 ]. Letting x (t) = ||t (¢, -)|| smo Tt
lw(z, )l;~ we also have by construction x (0) < 8y/2 and we claim that for any
t € [0, 7] we also have x () < 8y/2. We introduce the set

&={se 0,1V €[0,s], x(®) = (2/3)éu },

which is not empty since ¢ — x(¢) is continuous and x (0) < §y/2. Denoting
a = sup & we have x (1) < (2/3)8y over [0, a] so that the entropic estimates of
Theorem 9 hold and we have

/f[l]dx§/f()[l]dx§8r, 0<1¢

A

a.

This now implies that x (f) < 8y/2 over [0, @] so that @ = 7. From the above a
priori estimates, we also obtain that for 1 € [0, 7] we have [|[W(t) — Woollzo =
co(Sp/gF)l/z, so that v(r) € 0p, and ||[V(t) — Vool # < b — 1 < b, in particular at
t = t. We may now use again the local existence theorem over [, 27 ] and an easy
induction shows that the solution is a global solution.

The asymptotic stability is obtained by letting @ () = |0, wW(¢, ~)||12L1,,2 and
establishing that

00 0 =l
/ |<p(r)|d:+/ |at¢>(t)|dt§C/ rtdx.
0 0 Rﬂ

This shows that lim; o [|[0xW(Z, -)||g-—2 = 0, and using the interpolation
inequality
— a —
l¢llco < Co 192"l 15

where n/a = 2(I — 1) we conclude that lim;, o [|[W(¢, ) — woo||c(J
and next that lim;,_ ||V(Z, ) — V<,0||CO = 0. Thanks to [@llci—an/21+2

IN L

_ a 1— .
Co 119:7'9ll7> Nl " we also have lim; oo [W(E,-) — Wooll cicnairny =

lim; o0 [ V(Z, ) — VOO”CI—([n/ZH»Z) =0.
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Remark 23. It is also possible to obtain global existence by assuming that both
x (0) and fRnFO[k] dx are small enough.

Remark 24. Asymptotic stability of constant equilibrium states is usually obtained
for vo — Voo small enough in appropriate spaces. Assuming that log(7p/T,,) and
vo/+/To are small enough seems more natural since these quantities are scale invari-
ant and since the Knudsen and Mach numbers are of the same order of magnitude.
In addition, the corresponding a priori estimates have a natural thermodynamic
interpretation with higher order entropies. A complete analysis of the asymptotic
expansions for small Mach and Knudsen numbers, however, is out of the scope of
the present paper.

8. Conclusion

We have investigated higher order kinetic entropy estimators for incompress-
ible fluid models in the natural situation where viscosity and thermal conductivity
depend on temperature. We have established that entropic inequalities hold for
such estimators provided that || log T'|| pyro + ||v/ VTl 1o is small enough. Dom-
ination of lower order convective terms has been obtained when the temperature
dependence of transport coefficients is that suggested by the kinetic theory, that
is, essentially a power of temperature with a common exponent sc = 1/2. As an
illustration, we have established a global existence theorem provided that the initial
values log(Ty/T,,) and vo/+/Tp are small enough in appropriate spaces. Similar
ideas can be introduced for compressible fluid models as well as zero Mach number
models mutatis mutandis [19].

Appendix A. Proof of Proposition 5

We investigate the y [¥] balance equation for incompressible fluids with temper-
ature dependent transport coefficients. The proof is lengthy and tedious but presents
no serious difficulties other than notational.

Proof. Differentiating the expression of ¥ we obtain

k] g 10512 |3k |2
oy (T +a)a; 7274 +akA77 7T ;T

k! 9T 3%, T k! 0%v; 0% 9, v;
_ [k] /T [k] e i Vi
- Iazk . 1<Z< ab T )
=l =n
lo|=k
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so that from the governing equations

w0 T
8y + (1 + g At T (a (A0, T) + snld*) — v, T

0" v?
+ aA '[7k]T1+“ _(a - (A0, T)+2n|d|) v-3, T
k! 9T 1
[k] oY 112
—@,-(A0,.T)+ 5n|d|*) —v-0. T
I;kavT1+ak (,OCU(X( T)+ 3nld]7) —v-9, )
k! 9%v; 1
k i
— 2410 Z — T PY? (;(3x-(ndi-) —9,p) — v'axvi) -0,
15i<n
la|=k

and we denote by .79 the two first sums of the left-hand side, by .7* the third sum
and by .7 the last sum. We first examine separately higher order derivative con-
tributions associated with each sum .79, 7%, and .. The lower order convective
terms in .7, 7%, and .77, are examined all together at the end.

The terms in .7 associated with 9 .- (A0, T) are integrated by parts. They yield
flux contributions and source terms in the form

l+4+a Al gk 2 g AlK gky 2
_ Z (( k) I | + kN | l}| )»B[T,

1 <l< Cy T2+uk ocy T l+a,
n

which are easily rewritten as sums of terms like ¢y, 7797 A HﬁkH)H&kH)
with at most one derivative of (k + 1) order. On the other hand, the terms of .72
associated with |d|? are left unchanged and have the same structure.

We now consider the term .7 with each contribution at a time. The most impor-
tant contribution in .7 is that associated with the terms 9%9;(A9;7), 1 <[ < n.
These terms are integrated by parts and yield sources in the form

244 k! /9T
25 (I Y g
1<1<

PCy

lor|=k

After expanding the derivatives, the above sum can be written

k! 9%9,T P
> Gyt (107 + Zean Saropa [T 1)
1<I<n aov

lo|=k

Ta T
- > a—(l A (xaaa T+ cuand* 90T H(aﬂr)vﬂ)
1<l<n aov B
jal=
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where the summations and products extend over 1 <[ < n, |a| =k, 0 < & < «,
G@#0.1<0 < lal,Y,l8lvs = lal, 1 < 18] < [al, and Y4 vp = 0. We can

now extract for n[k] the term in the form A(3%9;7)% which can be written

22411 5 kL (0*8,T)>  22al] 5 (k + D! (37)?

_y 14a = | 14+a
pPCy 1§l§na' T 7% pPCy el =k 1 ol T %
le|=k

’

thanks to the properties of multinomial coefficients [10,41]. All other terms are of

admissible form for Z‘y ], that is, in the form ¢, T°~*3 A H(k+l)17(k+l) with at
most one derivative of (k + 1)™ order since Zﬁ |Blvg + 1 +a—a| = k + 1. More

specifically, we can factorize T ~% in the first factors, 7% in the parenthesis, and
all the terms involving derivatives of 95 A are multiplied and divided by 7 thanks
to>gvp=o0.

The contributions in .7* associated with |d|? are treated in a similar way. Indeed,
we decompose each multiindex o with |o| = k into = & +e¢;,,, where |&| = k—1,
i is chosen arbitrarily with «;, # 0, and ey, ..., e, denotes the canonical basis of
N, so that we have 9% = 85‘8ia. We can then integrate these terms by parts and
obtain sources in the form

A; °T \ .5
+,0Cv Z 8 (T1+u )8 (1’]d )
156,i<n
|a|=k

Upon expending the derivatives with the help of the differential identities estab-
lished in the previous section, all these terms are of the admissible form for Eg,k ],
We now consider the sum .77 and its most important contribution is that cor-

responding to 9%9,.- (nd) which reads

2401 k! 9%v;0% 0 (ndir)

a! T %
p 15i6,05n

la|=k

We then use the identity >, 9;(ndi;) = >°; 1 (ndyvi) + D>, 9nd;v; and focus on
the contributions of the terms 9;(nd;v;). The contributions associated with 9;79; vy
are of admissible form for Eg,k I after one integration by parts using « = & +¢;, and
the corresponding details are omitted. After integration by parts, we obtain sources
in the form

24 kL 9%y,

= > ()0 .
P 156,05n

la|=k
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and after expanding the derivatives, the sum can be written

: B

150,150 aov
la|=k
k! 0%v;o T .
- Z P e e (Tlaaall)i +an&1,8°‘ “Ovi 09 n H(aﬂT)Uﬁ),
1§i’l§" aov B
la|=k

where the summations and products extendover 1 < i,/ < n,|a| =k,0 < & < «,
a#0,1=0 =lal, 2glBlvg =lal, 1 = |B| = |&l, and > 5 vp = 0. We can

now extract the term in the form 1 (3%9;v;)? for rr)[,k] which is rewritten as

ZnA[k] 5 k! (9%9v)>  2nal’ 5 k + 1! (8%;)?
lT% ! T%

P 1§i,l§na P 1Si<n «

o=k el et 1

thanks to the properties of multinomial coefficients. All the other terms are of
admissible form for Eg,k], that is, in the form ¢, T°~*35n Hlka)H,(LkH) with at
most one derivative of (k + 1) order. The pressure can be divided as (5.8) and we
consider here the contribution — Zi) j RiR; (ndi j). After one integration by parts,

we obtain the sources

24l k3%
2 3 (T )RR (rdin).

Since Riesz transforms and derivatives commute, the sum can be written, after
expanding derivatives

k! 0%v;0; T .
- 2 rra RiRu | 2 caand® Cdimdfn | [°T)"
1Silm=n . aov B
ler|=k

where the summations and products extendover 1 <i,I,m < n,|a|=k,0=<a <
a,1 <o < al, Zﬁ IBlvg = lal, 1 < |B| < |a&l, and Zﬁ vg = o. All these terms
can be written as cgwgﬂ(kH)%(T“ 99 (kH)) where Z = T"YR;R,, T?
with 0 = (a, + 2)/2.

Lower order convective terms first yield the contributions

k ko2
— (1 +apai il ~(v0,7) ~ Al 10! (v-8
T k n T1+ak
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and the terms proportional to v are easily recast in the form v- 8xy[k], so that the
only remaining contributions are the sources

124K > > e KT g a@—Pa,T
i wb o T O !

la|=k 0<p<a
ISISn 1<)

k k' aav[
+2A£]] Z Z Caf— 8ﬁv18(°‘_ﬁ)81v,-,

ol T%
156,050 058«
lel=k  1Zp]

which are easily rewritten in the form ¢,,, IT © ,SH Dp(=2sta,_1=a)/2 e finally

have to consider the contributions to a);,k] due to the pressure term i RiR; (p vV j) R
which read “
2A5 k! 0%v;
— > — 7 00 (Ri R (0vp)).
1§i,l,m§n
| |=k

We now use 0;0;, Ri R, = R; R, 0,n0,, wherea = a+¢;,, and Zmn O On (U vy) =
> i OmVUn 0y Uy, in order to obtain

2A[k] aolv. ~
== 20 g RiRu (0% Onundnun)).
p 15i0,m<n
lor|=k

and these terms can be written c,, M,@T(Fz”*“k—l —4)/ 21'[5'()%’ (H ,(LH])) with Z =
TRR;T? and 0 = (1 + a, — 3)/2.
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