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Abstract

This article continues the study, initiated in [27, 7], of the validity of the
Zakharov model which describes Langmuir turbulence. We give an existence theo-
rem for a class of singular quasilinear equations. This theorem is valid for prepared
initial data. We apply this result to the Euler-Maxwell equations which describes
laser-plasma interactions, to obtain, in a high-frequency limit, an asymptotic esti-
mate that describes solutions of the Euler—Maxwell equations in terms of WKB
approximate solutions, the leading terms of which are solutions of the Zakharov
equations. Due to the transparency properties of the Euler—Maxwell equations evi-
denced in [27], this study is carried out in a supercritical (highly nonlinear) regime.
In such a regime, resonances between plasma waves, electromagnetric waves and
acoustic waves could create instabilities in small time. The key of this work is the
control of these resonances. The proof involves the techniques of geometric optics
of JoLy, METIVIER and RAUCH [12, 13]; recent results by LANNES on norms of
pseudodifferential operators [14]; and a semiclassical paradifferential calculus.

1. Introduction

We describe solutions of initial value problems for quasilinear hyperbolic sys-
tems of the form

1 1
B+ — Ale, eu, edu = ~Bu, u), (M
fa) &

in the high-frequency limit & — 0.

In (1), A is a symmetric hyperbolic, differential, or pseudodifferential operator;
the singular source term 53 is bilinear. The unknown u* has values in R". It depends
on time 7 € R, and space x € R?, and is subject to the initial condition,

u®(0,x) =a’(x), ()

where a® is a bounded family in H*(R?), for some large s.
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In this setting, the existence, uniqueness and regularity of solutions to (1)—(2)
for fixed ¢ > 0 is classical.

The limit ¢ — 0 is singular in two ways: first, solutions develop fast oscilla-
tions in time, with frequencies of typical size O (1/£%); second, the amplitude O (1)
of the initial datum is large, and hence the singular source term B/¢ could create
instabilities in small time O (¢).

Under appropriate assumptions, we prove the existence of solutions to (1)—(2)
over time intervals independent of ¢, and their stability under initial perturbations
of the form X0, where k is large enough, and ¢¢ is bounded in a semiclassical
Sobolev space. In particular, ¢° may contain fast oscillations of the form e¢/**/¢.

We show that our assumptions are satisfied by the Euler—Maxwell equations
which describe laser-plasma interactions. This implies in particular that, in a high-
frequency limit, solutions of the Euler—Maxwell equations are well approximated
by WKB approximate solutions, the leading terms of which are solutions of the
Zakharov equations.

Our assumptions and results are precisely stated in Section 2.4.

1.1. Discussion: weakly nonlinear versus highly nonlinear geometric optics

Consider (1), and assume for instance that A is a differential operator of the
form

Ale, eu, e€) = Ag(e) + e A; (¢, &) + &2 Aa(e, u, €), (3)

where A is skew-Hermitian and does not depend on &, and where A; and A;
are linear in £ and Hermitian. Suppose that the family of initial data has the form
ut(0, x) = ePa’(x), where a® is bounded in H* (R%), uniformly in ¢, fors > 1+ %

The weakly nonlinear regime corresponds to p = 1. In this regime, the classical
existence proof provides a maximal existence time t*(g) that satisfies
liminf,_ot*(¢) > 0. Indeed, if we let v® = eu®, then the initial datum for v*
is O(1), and the equation in v® is

1
;v + 8—2./4(8, sv®, £0,)v° = B(v®, v°).

The classical H® estimate for quasilinear symmetric hyperbolic operators then
yields

t
VOl < ol +C [ 1@l ar
0
where C depends on |v®|y 1,0, then, with Gronwall’s lemma, the uniform bound
[0 )| a5 < la®|gse”.

This uniform estimate is the key of the proof of the existence of a solution over a
time interval independent of ¢.
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On the contrary, when p = 0, the initial data have a large amplitude O(1).
In this regime, the maximal existence time a priori satisfies t*(g) = O(e), and in
particular lim inf, o #*(¢) = 0. The H® energy estimate gives indeed

C t
lu® O)|ms = la®|ms +§/ |u (t) | ps dt,
0

whence,

u ()]s < a®| s e
This shows that the singular term /& may cause the solution to blow-up in small
time. This highly nonlinear (or supercritical) regime is called oscillations fortes, or
strong oscillations, by CHEVERRY, GUES and METIVIER in [5].

Our goal is to state conditions on (1)—(2) that are sufficient to have
liminf,_ot*(¢) > O in the regime p = 0, and that are satisfied by the Euler—
Maxwell equations.

1.2. The Euler—Maxwell equations and the Zakharov equations

This paper is a direct continuation of [27, 7]. The underlying physical context
is the study of laser-plasma interactions; in particular, the question of the rigorous
derivation of the Zakharov model from fundamental equations.

We take here as a system of fundamental equations the Maxwell equations
coupled with the Euler equations [10, 22]

#B" +cVxE =0,
WE” —cV x B” = dme((ng + n2)v) — (no +n)v))),

b b b b b b b, 1y b
me(ng +n,)(0:v, + (v, - VIv,) = =y 1.Vn, —e(no +n,) | E" + ;ve x B ),

b b b b b b by, Lo b
mi(ng +n;)(0:v; + (v; - V)v;) = =y T;Vn; +e(no +n,) | E” + Evi x B’ ),

dqn’ + V- ((no +n)v2) =0,
dn, +V - ((no +n2)v)) = 0.

The variables are B”, E” the electromagnetic field, vZ, vlt.’ the velocities of the elec-

trons and of the ions, and nz and n? the density fluctuations from the equilibrium ng.
The first two equations are Maxwell’s equations which describe the time evolution
of the electromagnetic field, the next two equations are the equations of conserva-
tion of momentum for the electrons and the ions, and the last two equations are
the equations of conservation of mass for the electrons and the ions. The electric
charge of the electrons is —e; to simplify, we assume that the charge of the ions is
+e. The parameters are m, and m; the masses of both species, y, and y; the specific
heat ratios of both species, 7; and T, the temperatures of both species and ng the
(assumed constant and isotropic) density of the plasma at equilibrium.
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In the above system, Maxwell’s equations are coupled to Euler’s equations by
the current density term in the right-hand side of the Ampere equation and by the
Lorentz force in the right-hand side of the equations of conservation of momentum.

The additional divergence equations

V.B"=0, V-E’=dre(n—n), )

are satisfied at all times if they are satisfied by the initial data. A brief discussion
of the relevance of this model is given in [27]. Our starting point is the following,
nondimensional form of these equations introduced in [27]:

&B+V xE=0,

1 " 16; 4
WE -V xB=-(14+n)ve———(1+4n)v,
£ e0, !

VniI 1
0rVe + Oc (Ve - VIV, = —0, T —(E + 6.v. X B),

(EM)ﬁ 1+n, €
il + 0,V - (1 +nb)ve) =0,

, Vil 16,
v +0;(vi - VIv; = —a”; ;-5 (E+6ivi x B),

1 +n; &0,

dn! +6;V - (1 +nhHv) =0.
In (EM)?, the variable is
u? = (B, E, v, ng v, n?) IS RM,

where (B, E) € R3*3 isthe electromagnetic field, (v, v;) € R3+3 are the velocities
of the electrons and of the ions and (ng, n?) € R!"*! are the fluctuations of densities
of both species. The variable u” depends on time € R, and space x € R>.

The change of variables for small amplitudes,

l—i—ng:e””, l—i-n]l.::e"", 5)
leads to the system,
B+ VxE=0,

1 0;
E—-VxB=- (e"”ve — —le"fv,-) ,
& 0

e

1
(EM) 0rve + 0c (Ve - VIV = =6,V — E(E + 6eve X B),

one + 60,V -v, +6,(v, - V)n, =0,

9.
aw+@m-wW=—M@mu+j4E+@wax
&,

on; +6;V-v; +6;vi-Vn; =0.
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In (EM), the variable is
U= (B E, v, ne,v;, i ) e R™,
o

The small parameter ¢ is

1

9
Wpelo

&=

where ), is the electronic plasma frequency:

pe = /4ne ©)

and 1y is the duration of the laser pulse. A typical value for ¢ in realistic physical
applications is ¢ ~ 107°. The parameters o, 6, and 6; are

[ =t o

Typically, 6, ~ 1073, As the ions are much heavier than the electrons, §; and « are
much smaller than 6,. We consider the specific regime

0; =&, (7N

and we look for solutions to (EM) with initial data of size O (¢) defined over diffrac-
tive times O (1/¢). That is, we make the ansatz

u(t,x) :=cu(et, x). ®)

Written as a system of equations in the variable u, (EM) takes the form (1) (see
Section 3).

The Zakharov system is a simplified model for the description of the nonlinear
interactions between E , the envelope of the electric field, and 72, the mean mode of
the ionic fluctuations of density in the plasma

i, E + AE =qE,
(Z 2 2
9% — Al = A|E|.

This model was derived by ZAKHAROV and his collaborators in the 1970s [17].
It describes nonlinear interactions between high-frequency, electromagnetic waves
and low-frequency, acoustic waves. In (Z), the Schrodinger operator is the classical
three-scale approximation of Maxwell’s equations [12]; the wave operator is the
classical long-wave approximation of the Euler equations. The nonlinear term in the
right-hand side of the equation in E directly derives from the current density term
in the Ampgre equation. The term A|E|? derives from the convective terms and
the nonlinear force term in the equations of conservation of momentum. A WKB
expansion of solutions of the (EM)? system is performed in Section 3.1. In the
nonlinear regime of our interest, the limit system is (Z).
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1.3. Description of the results

We extend here the results of [27, 7] by showing that, in the high-frequency
limit and in a highly nonlinear regime, solutions of the Euler—Maxwell equations
are well approximated by solutions of the Zakharov equations. In Section 2, under
appropriate assumptions, we prove the following theorem:

Theorem 1. The unique solution to (1)—(2) is defined over a time interval indepen-
dent of ¢.

In Section 3, we apply Theorem 1 to the Euler-Maxwell equations, to obtain:

Theorem 2. In the high-frequency limit ¢ — 0, solutions of the Euler—-Maxwell
equations initiating from polarized, large-amplitude initial data, are well approx-
imated by solutions of the Zakharov equations initiating from nearby initial data,
in the sense that there exists to > 0 and C > 0, independent of ¢, such that,

up sup |E — (Eeont/? | (Byte=omtIe)| 4 |nf — e < Ce2
0<1<sy ¥

for & small enough, where E* and n® represent the electric field and the (electronic
or ionic) fluctuation of density in the solution of the (EM) system, and (E, ) is the
solution of (Z). (Above, (E )* is the complex conjugate of E. )

Precise statements are given in Sections 2.4 (Therorem 8) and 3.2 (Theorem 9).

1.4. Outline of the proof

The proof of Theorem 1 (Section 2.5) goes along the following lines: (a) the
construction of a precise, regular, polarized approximate solution defined over a
time interval independent of ¢; (b) the preparation of the system; and (c) the control
of the resonant interactions of oscillating waves.

1.4.1. Existence of an approximate solution. In Section 3, we consider the ini-
tial value problem for the (EM) system, and show that it takes the form (1)—(2). We
construct a highly oscillating WKB approximate solution, initiating from prepared
initial data. This WKB solution is a profile depending on the variables ¢, x, 6, with
a periodic dependence on 6

MZ(I’ x) = [ufl(t’ X, 0)]9=wl/82
= [(uo +euy +...)(#, X, 0)]g—pr/e2 » ©)

where the nondimensional frequency w is defined in terms of the electronic plasma
frequency introduced in Section 1.2 (w = 1 in Section 3.1).

Let us now comment on the preparation condition. For ¢ in the form (9) to be
an approximate solution to (1)—(2), where, to simplify the discussion, the operator
A has the form (3), it is sufficient that its representation u’, satisfies the singular
equation

(€0, + (@3 + Ao(e) + (A1 (e, ;) + e A (uf, 0 )uf, = B(uf, u)) + 0(™).
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The limits ¢ — 0 yield
(wdg + Ap(0)ug = 0. (10)

Let us assume that, in the family of matrices {ipw +.A0(0)} yez, only iw+.A0(0)
have nontrivial kernels (as is actually the case for the (EM) system, see Section 3).
Then, (10) implies

wy =uo—1e""% +ug1e’, up+1 € ker(xiw + Ay(0)),

and, if ug is continuous at (¢, 8) = (0, 0),

a®=d" +4), a4l eker(xiw+ Ao(0)). (11)
The above condition is the preparation assumption for the initial datum a®. For the
(EM) system, it takes the form

a® = (oRz, E+(E)*, LE — L(E)", 0g, Ogs. OR) ,
w (0]

for some complex amplitude E (above, (E)* denotes the complex conjugate of E).
WKB solutions to the Euler—Maxwell equations, initating from highly oscillat-
ing prepared initial data, are considered in [27]. It is shown in [27] that

(1) the (EM) equations satisfy transparency properties, that is, null conditions for
coefficients which describes constructive interactions of characteristic waves.
As a result, the weakly nonlinear (in the sense of Section 1.1) approximation
of the (EM) system is a linear transport equation;

(2) the leading terms of WKB solutions of the (EM) equations initiating from
large-amplitude data, satisfy, in the high-frequency limit ¢ — 0, systems of
the form

z (0 +cid,)E+ ALE =nkE,
‘ (02— An=AL(EP),

where z is the direction of propagation of the laser pulse, and A | is the Laplace
operator in the transverse directions. The parameter c is the group velocity.

The approximate solution that is constructed in Section 3 satisfies the ansatz
wt
ut (t,x) =U; (t,x, —2) . (12)
€

In particular, there are three times scales. This is consistent with the well-known
fact that the Schrodinger equation is an approximation of the Maxwell equations in
the diffractive limit (that is, # = O (1) and oscillations with frequencies O (1 /82)).
Note, however, that the wave equation, also present in the (Z) system, is an approx-
imation of the Euler equation in the geometric optics limit (that is, t = O (1) and
oscillations in O(1/¢)). The third scale is actually built in the Euler equations by
the “cold ions” assumption 6; = ¢.
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In (12), the profiles are purely time-oscillating. In particular, the initial data do
not have fast oscillations. The limit system is (Z), that is, a Zakharov system with
zero group velocity (see the characteristic variety pictured in Figure 2). Such waves
are called plasma waves in the physical literature. The approximate solution has
the form

Ut = (uo,le"“”/sz + uale_"“”/gz) Felwio+.. )+, (13)

where the components of 1 1 and u ¢ satisfy (Z) (u¢,1 is an envelope, correspond-
ing to E, with the notation of Theorem 2, while u 1,0 is a mean mode, corresponding
to n.).

For general equations of the form (1), studied in Section 2, the existence of an
approximate solution is assumed (Assumption 4).

1.4.2. Preparation of the system. Given a precise approximate solution u?, of the
form (13), we look in Section 2.5.1 for the exact solution u® as a perturbation of u,

u® =u + PAI

The initial condition is u®(t = 0) = a® + ¢, where ¢ has a high Sobolev
regularity and kg is large enough. In the definition of #*, k is adequately chosen in
terms of ko. We assume that u, is accurate at an order /p, much larger that ko. The
equation in #® has the form

1 1
o’ + 8_2A(8(”fz + ekuf))uf = E(B(ufl, u®) 4+ B@®, ut)), (14)

The propagator A/ is hyperbolic (Assumption 3), and thus generates highly
oscillating waves, with frequencies of typical size O(1/¢2). We write the spectral
decomposition of A as follows:

A= ihig + D iae e
kg ac

The real eigenvalues Ay, are called Klein—-Gordon modes, while the real eigenvalues
Aqc are called acoustic modes. The characteristic variety for the (EM) system (that
is, the union of the graphs & — A;(§), atu = 0, for j = kg and j = ac) is pic-
tured in Figure 2. In particular, for small frequencies Axg ~ 1, for large frequencies
kg ~ O(1)&, while A, ~ €&, a consequence of the cold ions hypothesis (7).

The Klein—Gordon waves generated by .4 interact with the highly oscillating
approximate solution, through the convection term, and through the source term B.
These interactions create low-frequency waves, which can be seen as source terms
in the equations for the components of the solutions in the directions of the acous-
tic modes. Thus low-frequency and high-frequency waves are propagated. The
Zakharov system claims to describe how these waves interact.

Equation (14), together with an initial datum of size O (1), can be likened to an
ordinary differential equation

io 1
Yty =0
& &
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with an initial datum y(0) = yp. The singular source term in the right-hand side
may cause the solution to blow-up in small time O (¢g), but exponential cancella-
tions are expected to happen because of the rapid oscillations created by the term
in1/¢2.

To investigate these exponential cancellations, it is natural to project the source
term 3/¢ over the eigendirections of .A. Let the total eigenprojectors

Mo= Y Mg M= > M.
kg ac

We compute

MBIy MBI ( * O(1)

[, By ;B ] — s+ * )
As constructive interaction of waves between low and high frequency do occur
for the (EM) system (see Figure 4), the O (1) term in the right block of the above

interaction matrix can be interpreted as an absence of transparency.
We then rescale the solution (Section 2.5.2) as follows,

1
V8= (l'[o uf, —TIl; I/'te) .
P

The equation in v* has the form

1 1 1
;0% + —2Av8 = —23v€ + —Dvf + O(1)°,
e e e

00 * 0
BZ(**O)’ D;(O*)'

In the equation for v, the propagator A is diagonal and the leading source term B
is nilpotent. The system is prepared.

with the notation

1.4.3. Control of the constructive interactions of waves. In a third step (Sec-
tions 2.5.3 to 2.5.5), the singularity in the right-hand side of the equation in v® is
reduced. Consider a change of variable in the form

& .__ —1,.¢e _ 00
w® = (Id + N)~"v®, N_(MO).

The equation satisfied by w? is
€ 1 € 1 2 € 1 e
orw +—2Aw =—2(B—[8 0+ A, NDw® + —Dw®.
€ e e

We look for N as a solution of the homological equation

B —[623; + A, N] = O(&?).



130 BENJAMIN TEXIER

This equation breaks down into scalar equations of the form ®N = B + 0(g?),
where N represents anentry of N, and B anentry of B, and where ® = Axg—Asc—w.
The equation ® = 0 is the resonance equation. Its solutions are pictured in Figures
3, 4 and 5. The crucial transparency assumption (Assumption 6) states that the
interaction coefficient B is sufficiently small at the resonances, that is,

|B| < Ce?|®|. (15)

When (15) is satisfied, the above homological equation can be solved, and the
equation in w® becomes

1 1
o,w® + —2Aw"3 = -Duw°®.
£ P

A symmetrizability assumption for D (Assumption 7) eventually allows us to per-
form energy estimates (Section 2.5.6), which yield uniform bounds for w?, and a
continuation argument concludes the proof.

In Section 3, we describe the resonance equations for the Euler—Maxwell equa-
tions, and check that an estimate of the form (15) is satisfied.

1.4.4. Technical issues. The symbols that appear in the spectral decomposition of
A are necessarily pseudodifferential operators, even when A is differential. They
also depend on the solution u®, because the equations are nonlinear. We are naturally
led to consider pseudodifferential operators of the form

q(e, x,8) = p(e,v(x), §),

where v has a Sobolev regularity. The questions of the bounds of the corresponding
operators, in Sobolev spaces, and of the existence of a symbolic calculus, naturally
arise. LANNES recently gave optimal bounds in [14]. For an operator of order m,
these bounds have the form

lop(p(v, H)ullms = Cvlree) vl as lullmso + llull gssm),

where so depends only on d and m. A symbolic calculus is available; the operator
op(p1(v))op(p2(v)) has the symbol

p1()p2(v) + Z 9 (p1 ()5 (p2(v) + ...

|or=1

When the symbols depend on x through the solution u®, the subprincipal sym-
bol depends on d,u®. Consider for instance the case when pj is order 1 and p» is
order 0. The subprincipal symbol is order 0; it maps H* to H*. The above inequality
states that its norm depends on ||u®|| gs+1. That is, compositions of such operators
naturally lead to losses of derivatives.

To overcome this difficulty, it is classical to differentiate the equation up to
order s, and then perform energy estimates in L2.

We now explain why we chose a different approach.
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In the perturbation equations (14), all the derivatives are e-derivatives (see
below). The equation in 9,11 (we let d = 1 in this discussion to simplify the nota-
tion) has a singular source term in . The variable U® := (uf, (¢0,)u?), solves
the equation

| 1 (B 0 1 0
£ - ENTTE _ e L £
U™ + S Aleu’)U" = - (eB' B) U-3 ([gax,A(gﬁ)]) v

where B is short for B(u%) and B’ is short for B(d,u%). Assume that A has the form
(3), where A (e, u, &) = As(e, u)&. Then,

1

5_2[88)“ Aleu®)] = Ay (3 (ufy + %)) (29, )’
Following the approach of Section 1.4.2, we rescale the solution, by letting

& . & . & 1 . & l .
Ve = Tou®, Moeo,u®, - u", —Tlgeou® | .
€ e

The equation becomes

& 1 & &€ 1 & 1 & &

V' + sA(u)V" = 5BV +-DV" + O0()V",
g2 g2 &

with the notation

0 0 00
B = 0 0 00
= I, BT, 0 00|’
el B'Tlg (B — eA(8,us))I1p 0 0
and
Iy BT 0 0 0
D= 0 I BII; 0 0
= 0 0 [Ty BIIy 0
0 0 0 I, BIT;

If 1, BT is assumed to be small enough at the resonances, then I1;B'T1j is small
as well, but the commutator term eI, A2 (9, u’)[1o might well not be transparent.
This commutator term is not present in the original perturbation equation in u°.
That is, an extra transparency assumption would in general be necessary for the
method of differentiating the perturbation equations to be applied. (In the case of
the (EM) system, the term eI1;.42(9,u’)Io can actually be shown to satisfy a
transparency estimate of the form (15).)

That is, the method of differentiating the equations has a less general scope
than the one we chose, namely paradifferential smoothing. Arguably, it is also
conceptually simpler.

The paradifferential smoothing of BoNY [2] is another classical way to over-
come artificial losses of derivatives occurring in compositions of operators. We
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denote paradifferential operators by op¥, where ¥ is an admissible cut-off (see
Section 2.2). It is classical that, for an operator of order m,

llop? (p(w), )ullms < C(Jv]zoo)lluell gysm.

It is also classical that the norm of the subprincipal symbol in the composition of
two paradifferential operators depends on v through |v|y1.0. No derivatives are
lost in this context. Another issue, however, arises. It is to control the remainder
terms generated by the smoothing procedure. We check in detail that these terms
can effectively be controlled in the setting of our interest.

This setting is semiclassical, in the sense that the operators depend on £ through
e&. Ttis easy to check that the above bounds and symbolic calculus can be adapted
to this setting (Section 2.2). In a semiclassical setting, subprincipal symbols come
up in the compositions with a prefactor &. As the singularity is in 1 /&2, this implies
that we need only consider the principal and the subprincipal symbols. The pertur-
bation of the initial data is accordingly assumed to have a semiclassical Sobolev
regularity. In particular, it can take the form ¢(x)e’*/¢, with ¢ € H*. The final
asymptotic estimate (49) is formulated in H;. It implies an estimate in L.

We finally mention a technical point, associated with a lack of regularity of the
operators involved in the changes of variables described in Sections 1.4.2 and 1.4.3,
caused by the fact that the spectral decomposition of the hyperbolic operator in the
(EM) equations becomes singular for small frequencies.

The wave equation in (Z), that comes up as a geometric optics approximation
of the Euler equations, is associated with symbols in £¢|&|. In particular, these
symbols are only bounded at the origin. As resonances between Klein—Gordon
and acoustic modes occur precisely for small frequencies |§| ~ &, a smoothing
procedure, or the introduction of a cut-off, would create large error terms. At this
point, we make a crucial use of the fact that all the symbols depend on the solution
u®, only through eu®, and that we work on perturbation equations: u® = u, +ekie,
where k is large enough. As we need to handle symbols only up to O (g2), we can
approximate p(su®, €&) by p(0, €&) + €9, p(0, €€) - u,. This approximate sym-
bol is easier to handle for two reasons. First, it depends on x only through u?,
the approximate solution. Second, it has the simple form p;(v) p2(€£€). In Section
2.3, we describe how operators with nonsmooth symbols of this form operate in
semiclassical Sobolev spaces. Classically, norms of pseudodifferential operators
depend on derivatives in x and in § of the symbol, and, because x and & play some-
how symmetric roles, derivatives in & can be shifted to derivatives in x. Here we
can afford to lose derivatives in x. The eventual energy estimate in H; involves
lug |l 5y » with s’ > 5. This does not harm the proof if the initial datum is assumed
to have enough Sobolev regularity.

1.5. Background and references

The (Z) system was derived from kinetic models by ZAKHAROV and his collab-
orators in the 1970s [17].
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The initial value problem for the (Z) equations has received much attention.
Global existence of smooth solutions in one space dimension (and of weak solu-
tions in two and three space dimensions, for small initial data) was proved by
SuLEM and SULEM [21]. Global existence of smooth solutions in two space dimen-
sions, for small initial data, was proved by ADDED and ADDED [1]. SCHOCHET and
WEINSTEIN [23] and OzAawa and Tsutsumi [ 18] showed existence of local-in-time
smooth Sobolev solutions. COLLIANDER and BOURGAIN [3] and GINIBRE, TSUTSUMI
and VELoO [11] studied critical regularity issues for local solutions. For large initial
data, no evidence of singularity in finite time is known in a space dimension greater
than one.

In their book on the Schrodinger equation [22], SULEM and SULEM show how the
Zakharov equation can be formally derived from the Euler-Maxwell equations; the
WKB asymptotics of Section 3.1 is based on their description, and on discussions
with TIKHONCHUK and COLIN.

To our knowledge, the results of [27] and [7] were the first results establishing
rigorous links between Euler—Maxwell and Zakharov.

Formal WKB expansions, carried out in [27], have shown how the weakly non-
linear limit of (EM) fails to describe nonlinear interactions; such a phenomenon
had been observed by JoLy, METIVIER and RAUCH in the context of the Maxwell—
Bloch equations. JoLy, METIVIER and RAUCH’s paper [13], which describes large-
amplitude solutions of semilinear systems of Maxwell-Bloch type by means of
normal form reductions, is the main inspiration of the present work.

In [7], Klein—Gordon waves systems were formally derived from Euler—
Maxwell, and the Zakharov equations were rigorously derived as a high-frequency
limit of these Klein—Gordon waves systems. The stationary phase arguments of [7],
where solutions were represented, through Fourier analysis, in the form & ~! f(; el1®/e
B(t)dt’, are analogous to the normal form reductions of the present work. The
above integrals are bounded if the ratio B/® is bounded, which echoes the trans-
parency condition (15).

Highly oscillating large-amplitude solutions of quasilinear systems were con-
sidered by SERRE in [19], and by CHEVERRY, GUES and METIVIER in [5]. These
papers deal with conservation laws, in particular, nondispersive systems, unlike the
Euler-Maxwell system. In [4], CHEVERRY studies the parabolic relaxation of the
instabilities put in evidence in [5] and applies his results to the equations of the
large-scale motions in the atmosphere.

In [9], GRENIER studies a class of singular equations of the form (1), with A of
the form (3), and B = 0. He proves the existence of solutions over time intervals
independent of ¢, under the assumption that .4 possesses a “good” symmetrizer, in
the sense that no singular terms are created by subprincipal symbols occurring in
the symmetrization process. Grenier is naturally led to study operators depending
on x through v(x), where v has a Sobolev regularity. He does not assume that
the initial data are well prepared, and studies the high-frequency behaviour of the
solutions.

Lannes recently gave precise bounds for the norms of pseudodifferential oper-
ators depending on x through v(x), where v has a Sobolev regularity, and for the
norms of commutators of such operators. These questions had previously been
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considered by TAYLOR [25], and by GRENIER in [9] mentioned above. We use a
consequence of Lannes’ description of the paradifferential remainder (formulated
as Proposition 1; it is used in Sections 2.5.1 and 2.5.5), and his description of the
norm of a pseudodifferential operator with Sobolev regularity in x (formulated as
Lemma 1; it is used in the proof of Proposition 4).

In the approximate solution u;, to (EM) that is constructed in Section 3.1, the
envelope of the electric field is O (1), while the fluctuation of density has size
O (¢), in particular, it vanishes in the high-frequency limit. However, in the (Z)
system, the fluctuation of density has a finite effect on the electric field. This means
that there is a strong coupling between E and n in the Euler—Maxwell equations —
the nontransparent condition (44) being evidence of this. Such a phenomenon was
called “ghost effect” by the Kyoto school of Sone, Aoki and Takata. These authors
extensively studied this phenomenon in the context of small Knudsen number anal-
ysis of rarefied gases; a good reference is SONE’s book [20], and TAKATA and AOKI1
[24]. As SoNE explains in [20], ghosts effects are characteristic of situations where
large temperature variations are recorded. It would be interesting to show a for-
mal similarity between their formal Hilbert expansions (describing the continuum
limit) and the WKB expansions of highly nonlinear geometric optics (describing
high-frequency limits).

CoLIN and CoLIN propose a generalization of the Zakharov system in [6]. Their
system consists of four Schrodinger equations coupled with quasilinear terms and
a wave equation. It describes three-wave interactions, in particular, the generation
of a Raman backscattered field. It is an interesting question to know whether or not
the result of this paper could be generalized to their extension of the (Z) system.

We conclude this introduction by mentioning open questions and directions for
future work.

It is natural to ask whether or not the result still holds when the initial condi-
tion is assumed to be oscillatory, that is, has the form a® (x)eik/ 82, where af is a
bounded family in A¥. It is shown in [27] that, if k # 0, the limit system is (Z),,
where ¢ = ' (k), and w is a local parametrization on the characteristic variety (see
figure 2). LINARES, PONCE and SAUT prove in [15] that this system is well posed in
Sobolev spaces [15]; CoLiN and METIVIER prove in [8] that it is ill-posed in L.

Another interesting direction for future work is to consider the case of large
perturbations of the initial data, of the form skogog, with kg < 3 + %. Our guess
is that the strong coupling between the electric field and the mean mode of the
fluctuation of density would then create strong instabilities in short time.

2. A class of singular equations

2.1. Symbols

We consider profiles u, v, ... depending on x € R?, with values in C”, and
symbols p, g, ... depending on (¢, v, &) € (0, 1] x C* x RY, oron &, x, &, with
values in the n x n matrices with complex entries.
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ForO0 <& < lands € R, we let
Ille.s = I+ 16672 DE) 2 gg)-

The symbol " denotes the Fourier transform in x. In particular, | - ||; ; denotes the
classical Sobolev norm. A profile v is said to belong to H; (R4) when ||v|| ¢.s 1s finite.
The space Hy (R9), or simply H*(R?), is the classical Sobolev space. Remark that

lhsvllis = llvlls,s,
where
hev(x) := sd/zv(sx).
For k € N, let

[V|k 00 i= Z sup a7 v|.
0ol <k <R

A profile v is said to belong to Wk-o0(R?) when ||k, o0 1s finite. Let dp > % For
all k € N, the embedding HX ™0 < Wk holds:

—k—d)2
[Wlkoo = Ce™ [0l ktdp-

We now define, and somehow adapt to our context, the class of symbols studied
by LANNES in [14] (see also TAYLOR [25] and GRENIER [9]).
A symbol p(e, v, &) defined in (0, 1) x C" x R¥, is said to belong to the class
C®M™ m e N, when there exists &g > 0 such that
() Pigi<iy € C®((0, £0) x R, L¥({|§] £ 1}), and
(ii) for all o, B, there exists a nondecreasing function Cy, g such that for all v,

sup  sup (&)PI715% 0f p(e. v, )] < Cap(lv)). (16)
e€(0.20) |g]21/4

In particular, if p € C*°M™, then for all &, 9, p € CCM™.
A symbol p € C®° M™ is said to be k-regular at the origin when

Piei<iy € CW0, £0) x RY, W ({jg] < 1)).

A symbol is said to be smooth at the origin if it is k-regular for all k. Symbols in
C°° M™ that depend only on ¢, &, are called Fourier multipliers.

If p e C*M™ isevaluatedatv € HJ, s > %, then Moser’s inequality implies
that

sup [[p(v(), &) — p(0,8)lle,s = Cs(|v]o,00) IV ]le,s,
1E1=1

and for all g

sup (1 + 61108 (p(w (). €) = p0. ) les < Cps(Il0.00) 1V lles-
lg1=1/4

for some nondecreasing functions Cy, Cg .
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2.2. Paradifferential operators

The class S}", m € R,k € N, is defined as the space of symbols g(e, x, &)
such that there exists 0 < &y < 1, such that, for all 0 < ¢ < &g, for all «, 8, with
|| < k, there exists Ce,a,p such that for all x, &,

(g>|ﬂ|‘m|8§j‘85q(8,x,§)| < Ceop-

With this definition, if p € C°° M™ is smooth at the origin, and if v is a profile
in W52 (R?), then ¢ := p(v) belongs to Sy

To g € S}, we associate the pseudodifferential operator op,/(¢), 0 < & < 1,
formally defined by its action as

(0py (9)2) (x) := 2m) "4/ /R ) e g (e, x, £'E)2(E)dE.
‘With this definition

op,(q) := (he) " 'opy (§)he,

where g (e, x, §) 1= q (¢, ex, §).
Symbols in S are smoothed into paradifferential symbols as follows.
Let xo : Ry — R be a smooth function, such that 0 < xo < 1, and

xo(A) =1, fora <1.1; xo(A) =0, fora=>1.9.
Let 9o (&) := x((1 + |€]*)1/2), and for k > 1, define ¢ : RY — R by
ok (§) = x0Q7*A+IEN) — x0TV + 15DV,

With this notation for all £ € R4,

1= o).

k=0
Let x : R? — R be a smooth function, 0 < x < 1, and such that
x(m) =1, forn| =1.1; x(m =0, for|nl = 1.9.
Let N >3, and ¥ : R? x RY — R be defined by

Y, &) =D x QN (&). (17)

k20
Then  satisfies

[ Lml S8+ gDV,
Va8 = [o, Il = 82(1 + [£[)172,

with 8; =27V~ and 8, =27 ¥*!. We let N = 3 in the following. In particular,

Y(n, &) =1, forall&, forall | <27°. (18)
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We let,

gV (x, €)== (-, &) % q(-, £)(x), (19)

where l/vf denotes the inverse Fourier transform of i in its first variable, and *
denotes convolution in x € R?. The paradifferential operator associated with ¢ is
op (q) = 0pyr(g").
An important subclass of symbols o (x, £) consists of the set of symbols such
that, there exists § € (0, 1), such that

forall &, supp (6 C [n e R S8+ 6P}, o)

where supp 6 (-, ) is the support of the partial Fourier transform in x of o.

The paradifferential symbol ¢¥ associated with any symbol ¢ satisfies the spec-
tral condition (20), with § = 272,

The following proposition describes how well the action of a pseudodifferential
operator is approximated by the action of its associated paradifferential operator,
a classical result in the case of differential symbols and when ¢ = 1, of which
LANNES gave an extension to pseudodifferential symbols in [14]. We check below
that the result of LANNES extends to 0 < & < 1; in particular, that the action of the
paradifferential remainder, in H;, is very small with respect to ¢, when s is large.

In the following statements, C denotes nondecreasing functions, and dj is a real
number such that [%] <dy < [%] + 1.

Following [14], we define the seminorms

My (o) = sup sup (1 + £ P=D 0l o (- &)|| o~ Q1)
|BI<k §eRY

Nims(@) = sup sup (1 + £ P2 58 (- )] (22)
IBI=k §eR?

Proposition 1 (Remainder). Let v € H}, s > %, and p € C®°M™ be smooth at
the origin. Then

0P, (p(v) = op (p(v)) + 0P, (Ryp(w)),
and, for all u € Hé"+d°,
llope (Rptlle,s < &2 ([vlo,00) [V lle,s 1l e, (23)
Proof. We indicate how (23) follows from Propositions 20 and 23 of [14]. Let
g = p(v) — p(0), and, for any symbol o, let R, := o — V. The operation of

paradifferential smoothing is a convolution in x, and thus R, = R, (y). The Fourier
transform of the symbol of R, is

Ry = (1— v, £)§n. &).
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The point is that because of (18), the above symbol is identically zero for small 7.
Let ¢p := x, and fork 2> 1,

o~ (k=)

() == x 27 Fn) — x( n).

Then, for all n € R4,

1= g,

k=0
We can write

qm.& = D i HeE + D Gemim, E)gx®),

|k—k'| =3 lk—k'|<3

where the sums run over integers k, & = 0. The first sum in ¢ is further decomposed
into g + g2, where

Gri=2 D GO, G2= D D G, E)ew®).

k23 k' <k-3 k23 k<k'—3
Remark that

W0, &) =qi1(0, &) + D x @7 mam, )gr ©).

k<3

Thus we have R, = q2 + g1 + g2, where

gri= D, G He®),
k' 20, lk—k'|<3
Gr2 = x4, E)x0 A+ ENH) = D x @ g, £)gn ®).

k<3

The symbols ¢2, §r.1, ¢r.2 correspond to the symbols o7, og.1 and og 2 in [14].
We want to bound

||0pg(Rq)u”£,s = ||0P1 (62 + ‘ir,l + er,Z)heuul,m
where g (x) := g(ex). Propositions 20 and 23 of [14] imply that
||0P1(‘§2 + C}r,l)hsl/l”l,s < Nyg,m,s(é)”””s,m-ﬁ—do,

where the notation N was introduced in (22), and y depends only on d. Now, owing
to (18), g can be replaced by (1 — op;(x))g in the symbol of R, the function x
being smooth, identically equal to one for || < 276, and identically equal to zero
for |n| = 27>, Forall w € H*, for all k < s, there holds

11 = opy GOwllis < CIVEw1 s+ (24)
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We canbound Ny, ;. (¢) with (24), and this implies that the contribution of g2 +4;. 1
to the operator norm of R, is bounded by

Ce’™ % sup sup (1+ €)Y (p(w) = pO)lles,  (25)
ly 1Sy £€RY

which, in turn, is bounded by e~4/2C(Jv l0.00) [Iv]l&.s- The support of g » is included
inaball [n| + |£] £ A. Thus we can use Lemma 36 of [14] to estimate the contri-
bution of op, (g, 2). Using (24) again, we see that, up to a multiplicative constant,
it is also bounded by (25). 0O

The following proposition corresponds to Lemma 19 of [14].

Proposition 2. Let g such that for some m, My ,(q) < 0o. Assume that q satisfies
the spectral condition (20), for some § € (0, 1). Then op,(q) maps H:*™ to HY,
for all s, with a norm bounded by a constant times Mg n,(q).

A direct consequence is the following classical result (see [14] or, for instance,
[16] Proposition 2.21 in Appendix B).

Proposition 3 (Action). Let v € L™ and p € C® M™ be smooth at the origin.
The operator opf (p(v)) maps H:T™ to HE, for all s, and for allu € H:™",
llop (p@)tlle,s < C(1vlo,00) lulle,s-4m-

We will use the following result that gives a precise description of the norm
of a pseudodifferential operator with limited regularity in x. It is due to Lannes
(the estimate given in Theorem 1 of [14] is actually more precise than the one that
follows; in particular, Lannes gives a tame estimate).

Lemma 1. Let s > %, and o (x, &) such that, for all B € N9, Ngsm(0) < 00,
for some m. Then op, (o) maps HS™ to H*, with a norm bounded by a constant
times Ny, 5.m(0), where yy depends only on d.

Next we state and prove in detail a proposition describing the composition of
two paradifferential operators.

Proposition 4 (Composition). Let p1 € C*° M and pr € CC MY be smooth at
the origin, and let

pigp2 = > (=3¢ p1d% pa.

=1

Lets > % +2,5 =s+my +my— 1, and assume that py, py are evaluated at
v, v € HY.

(i) Forallu € Hg/,

I (op? (p1)opY (p2) — opY (p1p2)u le.s
< eCluali,colltlle,s + & 72C N1, valle s l1tllemy+matdos

where C depends on vy, v210,00-
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(i) Forallu € HS ',

Il (opY (pr)opY (p2) — opY (p1p2 + ep1Ep2))u lle.s
< E2C(Iv111.00 + V202,00 + V1, V2 le.dpr2) 2t llensr—1

—d/2
+&5 2 C o1, valle st le,my+mo-+do
where C depends on vy, v2]1,00-

Proof.

(i) Let op, (R) = op{ (p1)op! (p2) — op! (p1p2). q1 == p1. and g3 := pp. To
evaluate the norm of op, (R), we bound the norm of

opy (R) = op{ (q1)op] (q2) — op} (q142 + q1742).
by decomposing R into R + R3, such that

R —61}/’612 (ql "),

R2 = qr% (QIQZ)w = qlqgf — q1Rg, + Ryyq,-

Proposition 31(ii) of [14] asserts that the norm of opl(ﬁl), as an operator map-
ping H s" to H*, is controlled by the product of M4, (Vyq2), by a seminorm of g
involving a large number of derivatives in £ and a sup norm in x. Thus,

llopy (RAeulle.s < eCIVao.c0llulles-
An argument already used in the proof of Proposition 2.1 shows that, for all 3,

—d/2
Ng,s.mi+do—s (Rg)) < & 792C v || s

Besides, ng’x,mz(q;//) < CNg,s,m,(q2), where C depends only on . Let m’ =
m1 + my + do. By Moser’s inequality,

Nﬁ,s,m’fs(quqg/) § Nﬂ,s,m1+d0—s(Rq1)Nﬂ,s,mz(qg/)

Lemma 1 asserts that opl(quq;p ) maps H " to HY, with a norm controlled by
Nygs.m'—s (Rg, q;’[/ ). The other terms in R, are bounded in the same way, so that

D s—d/2
lopy (R)Aeutlles < &2 Cyllutlle.my+mo-+dos

which, together with the above bound for op; (Ry), yields the estimate in the first
part of the proposition.

(ii) Let op, (R') := op! (p1)opY (p2) —opY (p1 p2 +&p12p2). To evaluate the norm
of op,(R’), we bound the norm of

opy(R)) = Opllp (611)013]1# (q2) — Opih(qwz + q1i92),
by decomposing R’ into 15/1 + Ry + R3, such that

R} =6111’q2 (ql qz —q, ttqz) Rs =g tiqz (q12q2)"
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and R, as in the proof of (i). Proposition 31(ii) of [14] asserts that the norm
of op;(R}), as an operator mapping H® to H*, is controlled by the product of
Md,m(v)%QZ) by a seminorm of g;. Thus,

lopy (RDAeulle.s < 2C(IViv200,00 + | Vav2l§ 00) 12l

Let v/ be another admissible cut-off function, defined just like v in (17), but with
N = 4. Then v vanishes identically for |n| = 2’3@). We denote by oV the
regularization of o by v/'. The term Rj3 is split into —R3 | + R3 2, such that

Rsi:=ql ta) —qlta), Rasz:=4q) tq) — (qitq2)".
The symbol 1%3, 1 1s a sum of terms of the form
(o —ot) ot +att —oh. 26

where |a| = 1, 01 := 8? q1, o2 := 0¢q>. The symbols in (26) satisfy the spectral
condition (20) with § < 272 4+ 272 < 1. Thus we can apply Proposition 2 to

control the norm of op; (1?3, 1). Itis classical (see for instance Proposition 2.3 in the
Appendix B of [16]) that

My 1 —o¥) < My a(Vio),

for all symbol o that is smooth in & and such that M;; (Vo) < oo. Thus,
Mg m,+m,—2(R3.1) is controlled by

Mg mi—1(VeVeq1) Mg my (Viq2) + Mg m,—1 (VS‘II)Md,mz(V)%QZ),
and
llopy (R3,Dhettlle.s < e*Callulle,y—1.
where
Ca = C(IV0110,00 VV210,00 + [V20200,00 + VU213 o)

The proof of Lemma 40 of [14] implies that 1%3,2 satisfies the spectral condition
(20), and that Mg ,+m,—2(R3,2) is controlled by

Md+l,m1 ((1 - OP(X))QI)Ma',mz (qu2) + Ma'+l,m1 (QI)Md,mz((l - Op(X))VxQZ)-
We use (24) again, to obtain
My +mr2(R32) < €2Cllv1, v le.dpt2-

Then Proposition 2 and the above bound conclude the proof of the second part of
the proposition. O

The following proposition can be proved in the same way as Proposition 4.
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Proposition 5 (Adjoint). Let p € C°M™ be smooth at the origin, and

re(p) == (=i) D 9% p*,

=1

where p* denotes the complex transpose of the matrix p. Let s > %4—2, andv € H®.
Let opl;p (p(v))* denote the adjoint ofopl;p (p(v)) in L2 Forallu € Hg“‘m_z,

I (op? (p(v))* — op? (p(v)*) — opY (rx (Pt [le.s
< e2C(Ivla,o0 + IV le dgr2) 1 lle sm—2
+&2C ]l s Iulle,metdo

where C depends on |v|1,00-

2.3. Pseudodifferential operators with limited regularity

We now consider nonsmooth symbols that have the simple product structure:

p(e, v, &) = p1(v)p2(e, §). 27)

If p is a symbol in C®°M™, with the structure (27), then, in particular, p; is

a smooth map, and p» € C®M™. Matrix-valued symbols are said to have the

structure (27) when every entry can be written as a sum of terms of the form (27).
We will use the following lemma:

Lemma 2. Let u,v € H® (Rd), s > %’, and assume that 0 has compact support.
Then

luvlli,s = Cllull,slvlo,co
where C depends only on s and on the space dimension.

Proof. This estimate follows easily from a dyadic decomposition. More details can
be found in Lemma 17 of [14], for instance. O

In the following propositions, C denotes nondecreasing functions, and [%] <
do 141+ 1.

Proposition 6. Let p € C*®°M™, of the form (27), and v € Hf, where s > 1 + ‘71.
Forallu € HSY"(RY),

1—-d/2

llop (p@)ulles £ Clullestm + N0l1aollull 2 + & lvollnis1 leellemtdo )

where C depends on |v|1 oc.-
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Proof. If p does not depend on v, the result obviously holds, and so, changing p;
to p1 — p1(0) if necessary, we are reduced to the case p;(0) = 0.

We use the smooth truncation y introduced at the beginning of Section 2.2.
As ps is smooth for £ = 1/4, the action of p;(v)(1 — op,(x))op,(p2) can be
estimated with Propositions 1 and 3. It remains to bound

llop (p1(W) xp2)ulle,s = lIp1(D)opy (xp2)heully,s, (28)

where U(x) = v(ex). We can write p;(v) as the sum of op;(x)p1(v) and (1 —
op; (x))p1(v), and apply the above Lemma. Thus we need to bound

lop; GO p1(D)]o,ccllopy (XP2) et 1,5 (29)

and

(1 —op; (X)) 1 (@) l1,slop; (xP2)hett]o,00- (30)
The first factor in (29) is bounded by

[ xeomweads| < Clpi
= C(lvlo.c)vl1.do-
To bound the first factor in (30), we use (24), and obtain

(1 —op, GO p@) 1,5 < CIVEN (@) 11 5—151-

sup
X

Then,
IVE @) 115151 = ¥V p(0) 16 551
The H; ~IT horm is bounded by the H I horm, so that

(1 —opy GO p(@) 15 £ M2 C(vlo.00) 1011, 1s]41-

The second factor in (29) is controlled by the L? norm of u. The second factor
in (30) is bounded by the L' norm of xP2F (heu). As xps is uniformly bounded,
the second factor in (30) is controlled by the L' norm of Fh.u, which in turn is
controlled by the Hgd % norm of u. These bounds, when combined, yield the estimate
in the proposition. O

Next we describe the composition of two operators of the form (27). As the
composition of two such operators involves remainder terms that do not have the
form (27), we need the following notation and lemmas.

Let g be defined on Rg, and p be smooth on Ri. Introduce the notation,

Q° (£, &) :=q(eE + &) —qE),
and, formally,

0, Pty i= (O (-, &) % p)(x),
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where QS denotes the inverse Fourier transform of QFf in its first variable, and * is
a convolution in x € R?.
With this notation, op, (p(q. p))u is, formally, the inverse Fourier transform of

/ (q(e8) — q(e&") PO (E — E)(E)dE.

Lemma 3. Let s > %’; let p be smooth on R", such that p(0) = 0, and x be the
smooth truncation introduced at the beginning of Section 2.2.

() If 4j¢1<1y € L and v € H* ),
llope (0 (x g, PW)ulle,s = C(1v]0,00) VI1,s5+dp 1]l 12
(i) If gqe<1y € W™ and v € HS Tt then

llopep(xq, p(W)ulles = eC(|v]0.c0) IVl .s+do+1llull L2
(iii) If ¢ € C®° M™ is a Fourier multiplier, if v € H* 4™ thep

llops (0 ((1 = X)q, p))ulle,s = eC([vlo,00) 1V II1,s4m-tdo 1 Ulle,s-+m—1-
The third estimate is not tame, but it will be sufficient for our purposes.

Proof.

(i) Let go := xgq, and wo := op,p®(qo, p(v))u. The H norm of wy is equal to
the Lg norm of

(1+ [eg?)*/? / (q0(c&") — qo(e€) p(v) (€ — ENAENE', (1)

With Peetre’s inequality and because gq is compactly supported, the L§ norm
of (31) is bounded by

wlos | [ (141666 = €07 2Ip0)G - £l iae

-
Ly
The above integral is a convolution. Thus

lwolle,s < CILF'(1 + 16612 p)] F~ il 2

< CIF A+ 1882 p)l o,00 2

Now the L norm of F~I(1 + |8$|2)S/2|ﬂv\)| is bounded by the L! norm
of (1 4 |e£|%)*/2p(v), which in turn is bounded by C([v]o.00)[[V1.s+d,- This
yields the desired estimate.

(i) If 87 qo is bounded, then w is the inverse Fourier transform of

1 —_—
ey / /0 8 qo(es + (&' — £)dr o] p(w)(€ — £)(E)dE,

and the bounds that led to (i) are easily adapted to obtain (ii).
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(iii) Let gy := (1 — x)g, and wy = op,(p((1 — x)gq, p(v)))u. The H norm of w,
is equal to the Lg norm of

1 —
e > sty /0 9 1 (& + e (' — £) di 8 p(o) (€ — £ (€)'

lyl=1

There exists C such that, for all ¢, &, &/,
107 g1 (s€+e1(E'—E)| < C((1 + |eE'H) ™D 4 (1 + |e (€ — €HH™"D/?).
The rest of the proof of (iii) is similar to the proof of (i). O
Given two symbols of the form (27):

ple, v, 8) = p1()pa(e, §), q(e,v,8) = q1(v)qa(e. §), (32)

let
r(p.q) == q1p(Xq2. p1) P2 (33)

Lemma 4. Let p, q of the form (32), where p1, q1 are smooth and vanish at v = 0,
Xq2 € L™, and py € C®°M™. Let r := r(p, q). If p1 and q, are evaluated at
v e Hs+d°+l,f0rallu e H",

llope (X)ulle,s < Clvl,s+do) 1 lle,m-
and, ifa € C® M is a Fourier multiplier, for all u € H",
Il (op, (@)op,(r) — ops(ax)ulle,s = eCIVIl1 s+do+1) 1ulle,m-

Proof. Let z := op,(p2)u, p1 = p1(v), and g1 = g1(v). The Fourier transform
of op, (r)u is a convolution in &

/tﬁ(é —&N((xq2)(e8") — (xq2) (eENP1(E" — §")2(E")dE"aE’,

and, because g2 € L°°, the first estimate in the lemma is obtained in the same
way as Lemma 3(i).

Let w := (op,(a)op,(r) — op,(ar))u. The Fourier transform of w is the sum,
over |y| =1, of

e / ay (e, €&, €6")0L 41 (& —&) (xa2) (eE") — (xq2) (&) Fi (& —E")2(E")dE" dE,
and

e / a (e, ¢€', €6")G1 (6 ) ((xq) (&) — (xq2) (6L p1 (&' —&")2(6")dE" dE,

where a,, (e, 1, 1) 1= fol Bg_'a(s, n+t(n' —n))dt. Again, because a,, xq2 € L™,
these convolutions can be bounded in the same way as in the proof of Lemma 3 to
yield the second estimate. O
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We can now state a proposition that describes the composition of two symbols
of the form (27).

Proposition 7. Given p € C° M™! and g € C°M™2,
(1) if p and q have the form (32), if p is I-regular at the origin, if p and q are
estimated at v € H*T0H! forallu e pgEtmitma=l
Il fope (p), 0p(¢)]u — op. ([P, g1 +x(p. g)u |le.s
é SC(”U”l,s-i-do—ﬁ—l)||“”s,s+m1+m2—l;
@ii) if p is a Fourier multiplier and is 2-regular at the origin, if q has the form (27)

and is estimated at v € H*TOr2 forallu € pgEtmitma=2,

I [op. (p), ops(g)1u — op,([p, g1 + e(pig)u lle.s
< ECU I sdor2) Nulle,smi-+ma—2-
Proof.
(i) We compute

op, (p)op.(q)u = p10op,(p2)(q10p, (p2)u)
= p1(op,(p2q1) — op. (0 (P2, g1)))op.(p2)u.

Thus,

[op.(p), op.(q)] — op.([p, q] + x(p. q))
= p10p, (p(p2, q1))0p.(q2) — q10p. (o ((1 — x)g2, p1)op.(p2),

and the action of the right-hand side on u is estimated with Lemma 3(ii) and
(iii).

(ii) Letw := ([op,(p), op.(q)]—op.[p, g]+¢€op,(piq))u. The Fourier transform
of wis

2> / Py (68, 66101 q1(0)(& — £)g2(8)i(EdE',

ly|=2

where p, (¢&, €£') 1= fol(l - t)agp(eé’ + et (§ — &'))dt, and we obtain the
second estimate as above. 0O

2.4. Assumptions and results

We use the profile and symbol spaces introduced in Section 2.1. Let A, B, G*
such that

(i) A is a smooth symbol in C*®°M!;
(i1) Bis a bilinear map R” x R" — R";
(iii) G° is a family of smooth maps: R” — R”, such that G¢(0) = 0.
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Following the notation of Section 2.1, we denote by op,(A(e, ev)) the
semiclassical pseudodifferential operator with symbol A(e, v, ). The Taylor
expansion of A in v is:

Ace, ev) = AV, 0) + e AV (v) + 2 AP (e, v),

where AV € C®M!, for j = 0, 1,2, and where AV (v) := 8,.4(0,0) - v is
linear in v and has the form (27).
We study the initial value problem

e 1 & e _l & & & &
By + —op, (Ae, eu)u = —Blu, u®) +g* ("), 34)

ut (0, x) = a® (x) + e 0¢° (x),

where the initial datum a® belongs to H° (Rd), for some Sobolev index o, much
larger than % (we will actually need o > 6 + d), uniformly with respect to ¢:

sup [la®[l1.0 < oo.
O<e<eg

The perturbation £¥0¢? is such that

d
ko>3+ 73, (35)

and ¢° belongs to H} (R4), uniformly with respect to &:

sup ||<P8||s,s < 00,
O<e<egg

for some large Sobolev index s, smaller than o.
Our first assumption is a hyperbolicity assumption that implies in particular the
local well posedness of the initial value problem (34).

Assumption 3 (Hyperbolicity). For all ¢, v, &, the matrix A(e, v, §) is Hermitian.
Let

A= Z i + z id I, (36)
15 <ng no+1Sk<n

be its spectral decomposition, where the eigenvalues X j, i are real and the eigen-
projectors 1, Iy are orthogonal. We assume:

(i) the eigenvalues can be ordered as follows: for all ¢, v, &,

sup  [Ax(e, v, §)| < sup [A;(e, v, §)I;
no+1=k J<no

(i) forall 1 <m < n, (e, 0,&) € C°M!, and 11,,(¢, 0, &) € C*M?;
(iii) forallng + 1 < k < n, 44(0,0,&) =0, forall §.
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In reference to the Euler—-Maxwell equations (see Section 3), the eigenvalues
Aj for 1 < j £ ng are called Klein—-Gordon modes, while the eigenvalues Ay,
for ng +1 < k < n, are called acoustic modes. Condition (i) in Assumption 3
states that the acoustic modes do not cross the Klein—Gordon modes. Condition (ii)
is a regularity assumption, and condition (iii) amounts to saying that the acoustic
velocities are O (¢), a consequence of (7).

Condition (ii) implies in particular that the spectral decomposition is smooth for
|€] = 1/4. It might become singular for small frequencies. In the case of the (EM)
equations, eigenvalues do cross for small frequencies (see Figure 2 and Section
3.2.1).

Let

Iy := Z Ik, Iy .= Z IT;. 37
1=k<ng no+15j<n
In addition to Assumption 3, we will assume that
Mo, M (e, v, §) € C° MO, (38)
When A depends analytically on €, v, &, (38) follows from standard considerations,
as detailed in Section 3.
d

Assumption 4 (Approximate solution). For all ly < o —2 — 5, there exists t*
(lo) > 0, independent of e, and a family of profiles u’,, such that

1 1
du’ + g—zops(A(s, eu )t = gz’>’(u§,, u) + G¢(ut) + e RS, 39)

u, (0, x) = a®(x),
where R is uniformly bounded with respect to ¢,

sup  sup RGO l1,0-1p—2 < 0.
O<e<eo 0<r<r*(lp)

There exists a characteristic frequency w # 0, a finite set R* C 7 and profiles
{”Z,p}pe’lz* and Vi, such that ul, decomposes as

. 2
ub(t, x) = Z elret/e ug ,(t, x) + vy (1, x),
pER*

with the uniform bounds,

sup sup  (llug , (Do + [10rug ,(O)]1,0-2) < o0,
O<e<eo 0=r=r+(lo)

2
sup  sup  ([v;(D 1o + 1€ vg (Dl1,0-1) < o0
O<e<eo 0=r=r(lo)

For the Euler—-Maxwell system of equations, such an approximate solution is
explicitly constructed in Section 3, under an assumption of preparedness for the
initial datum. In the following assumption, R* refers to the set of characteristic
harmonics introduced in Assumption 4.
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Assumption 5 (Resonances). There exists 0 < ¢; < ¢y < Cpy, such that the
resonance equations in &€ € R and p, p' € R*,

D@ ple) :=1;(e,0,8) — (e, 0,&) + po =0, (40)
@) pp=20,0,86) — (p+ pHo =0, (41)

satisfy,
(0-0) 1 < j, k < ng: the solutions &, p of (40) at ¢ = 0, are located in the

interval ¢, < || £ Cp; outside this interval, ® ;i ,(0) is bounded away
from 0, uniformly in &, for all p € R*;

0-8)1 < j < ng, no+ 1 < k < n: for e small enough, the solutions &, p of
(40) are located in the interval |§| < c;; outside this interval, D ple)is
bounded away from 0, uniformly in & and ¢, for all p € R*,

(0-0-s) 1 < j < ng: forall p, p" € R*, ¥, ,, v is bounded away from 0, uniformly
in €| € [0, cp].

Examples of resonances for the (EM) system are shown in Figures 3, 4 and 5.
Next we state the assumptions that describe the interaction coefficients at the
resonances. Introduce first the notation
Bui)z := B(uj, 2) + Bz, uf) — op (A @)ug,, (42)
D(e, uf)z := (G°) (uf) - 2+ op, (0. AP (e, uf) - D), (43)
where u, is the approximate solution given by Assumption 4. Thus defined, B(u,)
and D(e, u) belong to c*MO,

We assume that for some j < ng < k, there exists p, & and n > 0, such that
@k, p(60) =0, and

[T1; (0, O)B(uz)p)l'lk(o, 0)| > n, uniformly in & ~ &, (44)

Inequality (44) means that the interaction coefficient IT; BTy is not transparent for
resonances between Klein—Gordon and acoustic modes.
Let

p(e, ul) := (M ATy 4 (M8 AD) Mg + M1, AQ (Mo o) — (TT,88)T,
(45)

where the projectors I, I, are evaluated at (e, su?,), and AW ig evaluated at us.
Let

B (s, uf) == Ty (B + 8,1, - (£28,u’) + £p)Tlo, (46)

where p is evaluated at (¢, u%), B is evaluated at u,, and the projectors and their
derivatives are evaluated at (e, eu,). Remark that B* (¢, 0) = 0, and

B (s, ut) = 8,B*(¢,0) - u + £92B* (¢, 0) - (uf, ut) + O(e?).

The linear term 9, B (¢, 0) - uf, is the crucial interaction coefficient. The following
transparency assumption states that it is sufficiently small at the resonances between
Klein—Gordon and acoustic modes.
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Assumption 6 (Transparency). There exists &g > 0 and C > 0 such that, for all
0 <e <eq, for j <ng <k, forall p € R,

ITTx (e, 0)D(0, ui)T1 (g, 0)| < Ce, (47)
and
Tk (2, 0) (3, B™ (e, 0) - uf)IT (e, 0)| < C (% + D, p (e)]). (48)
uniformly in || < ¢;, x € R and t € [0, t*(lp)).

Introduce finally

_(TeBM, 0 .. (ThA 0O
E'_( 0 HSBHS)’ ’A'—( 0 HSA)’

where A and the projectors are seen as symbols depending on (¢, u), and B as a
symbol depending on (e, u).

Assumption 7 (Symmetrizability). There exists S, a smooth Fourier multiplier in
C® MO, such that

£,s = £,8°

1
;nun2 < (0p, (S)u, u)e s < yllull?
or a MGH an 0rs0mey> , aAn
for all S and f 0, and
1 1
g(SE + (SE)*) € C* MO, g—z(iSA + (iSA)Y*) € C®MO.

In the following theorem, u;, is the approximate solution at order /o, for some
34+k S lhy Lo —-2-— %, whose existence is guaranteed by Assumption 4,
t* = t*(lp) is its maximal existence time, independent of ¢, and s is a Sobolev
index, such that 1 + % <s<o—ly—2.

Theorem 8. Under Assumptions 3, 4, 5, 6 and 7, there exists a unique solution

ut e C(0, ], H; (RY)) to the initial value problem (34), for all 0 < 19 < t*;
there exists C > 0 and ¢y > 0, such that, for all 0 < ¢ < &g, forall 0 < 1y < t*,

sup [|(u — uf)(0)|les < CeFo 1, (49)
0<t<1y

In particular,

sup [(uf — ul)(1)]o,00 < CeFo™174/2,
0<r<s

In the error estimate (49), C depends on a Sobolev norm of the initial data and on
1o.
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2.5. Proof of Theorem 8

In the proof below, we often drop the epsilons as we write u for u®, u, for
us,, etc. We use the notation and results of Section 2.1 to describe symbols and
operators.

We start with (34). Let lp = ko + 3, and let u, be the approximate solution at
order [y given by Assumption 4. An existence time for u, is t* > 0, independent
of e.

2.5.1. The perturbation equations. The exact solution u is sought as a pertur-
bation of u,:

U =g+, (50)
The symbol A©® does not depend on v. This implies, with Proposition 1,
— on¥ s+1—d/2
op, (A(e, eu)) = opf (A(e, eu)) + ¢ 0P (R AW () + ER 4@ (e.1))-

The perturbation equations are

Ot + izop;”(A(s, gu)) = lop;/’ (B(ua))it 4 op, (D(0, ug))it + eR*,
£ £ 51)
(0, x) = eg” (x),

where B and D are given by (42) and (43), and where
1
R® := 73 B, i) + skH/ (1 = 1)(G®) (ug + 1"~ Ya) - (u, w)de
0

1
— gho=20p, (/ (1 —032AP (e, uy + tefo=lay - (i, a)) Ug
0

— &7 20p, (R 4w + ER 40 ey — RBwa) — ERDO.M,))

1
— glo—ho=2pe 4. / 9. D(te, ug)dr.
0

Under Assumption 3, standard hyperbolic theory provides the existence of a
unique solution u to (51) over a small time interval [0, t,(g)], with the uniform
estimate

sup  sup  Jli(D)les = 6. (52)
O0<e<e0 0<r <ty (e)

The term R? is a remainder, in the sense that its H; norm can be bounded in
terms of §, uniformly in e. The H;} norm of the terms in the first line in the definition
of R? is indeed bounded by g0=2=4/2C i lle,do llttlle,s; the term in the second line
of R? is bounded by

ko—1—d 2 . .
e Cllualle,s+1llell g4, + 1ualt,oollttlle,allelle,s),
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and the other terms are bounded by
s—1—=d/2 ) lp—ko—2
e C e 1 lulle.s + 07O IR e s

In all these estimates, C depends on |u|p, co-
With the estimates for u, given in Assumption 4, the bound for # given in (52),
and the form of the equation (51), for o + |8] < 2,

sup  [(e%9)%0Pulo,00 < cq + 037928, (53)
051 <t,(e)

where ¢, does not depend on ¢. The size of the perturbation of the initial data in
(34), namely O (%) in H?, where k satisfies (35), was chosen in order that the
estimate (53) be uniform in &.

With this notation, the above estimates give, for &g small enough, ands > 1+ %,

A lo—ko—2
IR [le,s = Cllttlle,s + €070 7lIRG lle.s

. . . ko—3—d/2
where C is a nondecreasing function of 800 / 8, lluglle,s+1, s and d.

We generically denote by R g any pseudo or paradifferential operator, possibly
depending on the solution u, such that, forall z € H} (Rd),

IRo)zlles £ Clllzlles + & 22 ulleszlle 14d0)s (54)

uniformly in ¢ € [0, #.(¢)], where Cis nondecreasing, and

C =Ce 78, lluallistdprr - ), (55)

and where [%] <dy < [‘71] + 1.

We denote by O (g¥) symbols associated with pseudo or paradifferential oper-
ators of the form & R ).

In the next section, we are led to study compositions of paradifferential symbols
of the form p;(uq,g), where p; € C*°M™/ is smooth, and uy g = (823,)“afu. It
follows from Propositions 3 and 4 that:

(i) fm; <0,and o + |B| < 2, then opl!(pj(ua,ﬂ)) = R()-
(i) Ifmy+my < 1,if p1 = p1(uqg,p). and pa = pa(uy p), witha +o’ + B +
I8’ <1, then
op? (p1)op? (p2) — opY (p1p2) = £R0).-
(i) my +my =2, if py = p1(u) and py = pa(u), then

op? (p1)opY (p2) — opY (p1p2) — eop? (p1£ip2) = £*Ro).-
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(0-s) resonances

(0-s) resonances (0-0-s) resonances

/)

7
//// /’/
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7
i

Fig. 1. Truncation in frequency

2.5.2. Projection and rescaling. We start by introducing some notation.

®

(i)

We denote by x. : RY — R a smooth function, such that ¢ < x, < 1, and
such that x. is identically equal to 1 for || < c¢, and identically equal to ¢
for|€] = ¢1, where 0 < ¢g < ¢; < ¢1 < ¢, With the notation of Assumption
2.12 (see Figure 1).

The notation ff was introduced in Section 2.2, where it is used to denote the
subprincipal symbol in the composition of two operators. We use it in this
section in two distinct ways. Let o1 and o7 denote two symbols, depending on
x through some function z(x). If o2 (x, £) = Xs(ez(x), &), for some symbol
¥, then we let o707 denote the symbol,

—i Z (9g'01)(x, §) (8 22) (e2(x), §) - (07 2) (x).

|]=1

Ifor(x, &) = Xa(z(x), &), then we let o140> denote the symbol,

—i D (o) (x, &) (B, Z) (), £) - (3¢2) (x).

=1

We will always specify below if o is to be understood as an operator depend-
ingin x through z(x) or through £z(x), so that no confusion should be possible.
For instance, Proposition 2.3 implies that

op? (Io)opY (M) = op (ITy) + e2op? (MoHTTo) + & R(o),



154 BENJAMIN TEXIER

where I is evaluated at eu. Similarly, when I is evaluated at eu, and B is
evaluated at u,

op‘s/’(l'lo)op}f (B) = opf(HoB) + eopf(l’[ottB) + 82R(0),

(iii) We let @ = b to mean thata — b = &> R(g) .
Introduce the change of variables,

Vo Ly e
v :=opy (Mg, vy = e (xe)opy (IIpu, v := (vo, vy),

where I, I1, are evaluated at eu. Then

it = vo 4 op? (ex. Hvs. (56)
With the above notation, Proposition 4 and the orthogonality of [Ty and ITj,

opy (Mo)vo = vo + &°0pY (Mo#Mo)ii + & Royit,
Op;//(ns)vs = + Sopg(Xs(Hsﬁns) + (e8I )u + SZR(O)IL

We multiply (51) by opg’ (ITp) to the left to find the equation satisfied by v, and
we multiply (51) by opéb (xe)op(ITy) to the left to find the equation satisfied by v.
We use Proposition 4 to spell out the compositions. In the symbolic computations
below, the projectors Iy and I, and the operator A, are evaluated at eu. The
symbol B is evaluated at u,, and D is evaluated at (0, u,).

The terms in 0; are

op? (Io)d,it = d,v0 — opY (8, o)t
1
= dyvp — ;op;” (3, T1p) o)
1 _
—;opz” (ex. ' (£8: o) L) vy + Reoyv;
and
1 . 1 .
;op;” (xe)opY (T15)d,it = d,vy — gopg” (xe)opY (8T
Ly
= 0 vy — ZOPS ((e0, ITs) T )vg
1
—E—Zopz" (Xe (€8, 1) TTp)vg
1
—gopg” ((xeHed; TI5) ) vo + R(oyv.

The terms of order one are

op? (IMo)opY (A)it = op? (IoA)it
= op? (IpA)vp — opY (e x; ' TToA(xe BT T )it
= op? (IpA)vp — op? ((ex; ) ToA(xe BT 1) v,
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and

1 1
—op (xe)op! (Ty)op! (A)ii = ~op! (xe)op! (M5 A)ii + eop! (xe)op! (T Ay

= op? (I A)vs + 0p? (xe (e . £ (M5.A))) s
+80Plgp (ps0)vo,

where
ps0 1= xe ((My A) 8o + (T A) 1o — M A(TTp#ITp).
The singular terms in the right-hand sides are

op? (Mo)op, (B)it = op? (ToBTo)vo + opY (e x.  TloBI,) vy
+eR()v;

1 . 1
;opz” (xe)op? (T)opY (B)it = gop;” (xe T, BTg)vg

+op? (xe (T #B) Mo + xe£(T;B) o) vo
+opY (T BI1)vs + op¥ (ex; ' (xe 8T B)) 1) vs
+eR()v.

The other singular source term is
1 |
~op! (xe)op! (T)op! (D)ii = —op’ (xe My DMo)vo + Royv.
The equation in v thus takes the form
Loo¥ (i LI L oo? :
0iv + —50pe (iA)v = —op; (B)v + ~op (D)v + Royv + 7,

where

(i) A € C®M! is evaluated at cu, and is defined as

o ATl 0 )
IA'_( 0 Al‘[s)’

(i) B = B(e, us) € C*°M?O is defined as
0 0
B = (Ew 0) ,
with the notation

By i=xe (My(B + €D + @) o + £ (pyo — (My2B)TTg)
— exefi(e0: Ty — T1B) I,

where Iy, Iy, A are evaluated at (&, gu,); B is evaluated at u,, and D is
evaluated at (0, u,);
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(iii) D = D(s,uy) = B'+ B" + E + F € C* M9 is defined as

r_ (0 0 n._ (O By
() ()

with the notation,

B, = —xe(ex, "H(TA) + ex. (xH(TB) T,
By, = ex; "(ToBII + ed,Tlp — (e x, )T A(x:£TT5)) I,

E— Iy BTy 0
T 0 I, B0 ] °

where I, Iy, A are evaluated at (0, 0), B is evaluated at u,, D is evaluated
at (0, uy), and

Foe (e0:I1p) I 0
= 0 (881 Hs)ns ’

where £9,I1; is short for 9,11 (0, 0) - (&%0,u,), Jj =0, s, and where Iy, IT;
are evaluated at (0, 0);
(iv) r& = elo~k0=2(op (o) RE, Lop! (T1,)RE).

Next we polarize the source terms, by letting

By = Hsﬁ;ono, By = HSESHSW By = HOEOSHAW

and
. 00 /. 00 /"o OBOS
b (20) we(50). e (0B).
We let also
0 B,. — Bos
F:=F+ s ,
o (QsO_BsO B, — Bs )
and

D:=B +B"+E+F.

The equation is now
L ooV i A = Sop? L ¢
orv + szopg (A = 2 op, (B)v + gops (D)v+ Royv +r,,. (57)

In (57), the variables vy and vy are coupled only by zero-order terms, the leading
singular term is polarized and has a nilpotent structure. The system is prepared. All
the symbols in (57) are smooth.

In the next sections, the terms B”, B’ and B will be eliminated by normal form
reductions. In the subsequent H; energy estimate, the term E /e will be symme-
trized, while the nonpolarized term F'/¢ will be seen to contribute to O (1).
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2.5.3. Firstreduction. In this section, the nonresonant term B” is eliminated from
(57).

Proposition 8. Under Assumptions 5 and 6, there exists a smooth symbol L €
C® M~ such that,

[¢20; + op! (i A). op! (L(ua)] = op! (B") + €R(0). (58)
Proof. The leading term in the symbol of the source term in (58) is linear in u,:
Bos = 9, Bos(0,0) - ug + O(e),
and satisfies T1oBosI1; = Bos. We look for a solution L € C® M~ to (58) in the

same form: L = (8 L(())‘Y) , where ITgLoIT; = Loy, and

Log= > &P Log (ua,p).
peR*
where Lo, , is linear in u4, . Then
[opY (i A), opY (L)] = [opY (1A(0,0), op! (L)] + T,
where I" is the commutator,
[opY (A — A(0,0)), opY (L)1,

which, because A depends on u through eu, and because L is assumed to belong
to C® M1, has the form & Rq). If we suppose in addition that L is smooth at the
origin, we can use Proposition 4 to obtain

[opY (i A(0, 0), op? (L)] = op? [ A(0, 0), L] + £ R(o).
Thus to solve (58), it suffices to solve the equation
€20, Los + [i A0, 0), L]os = 8, Bos(0,0) - ug, (59)
up to O(e). We compute
20, Lo +[IA0,0), Lloy = > > &P D4 (0T Los, i,
jSno<k peR*

where the projectors IT;, Iy are evaluated at (0, 0), and where ®; ; ,(0) is the
phase defined in (40), evaluated at ¢ = 0. Let x; be a smooth function on Rd,
identically equal to O for || < ¢;, and identically equal to 1 for || = cg. Let then

Losp:=x1 D, ®j; (O3 Bos(0,0) - g p) .
i<no<k
As @7,
asymbol L € C®°M~!. Besides, this symbol is smooth, and solves (59) up to the
error term (1 — x7)Bos. As |8X{1XL| < g, thiserroris O(¢). O

for j < ng < k, is uniformly bounded for |£| = ¢;, the above defines
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Proposition 3 implies that the norm of op:f (L), as an operator from H to H:*!,
is bounded by C(|u4]0,00)-
Consider now the change of variables
¥ := (Id+ eop? (L)) v, (60)
Then,
dv = (Id+ eop? (L))d,7 + op? (8, L) 1.

As L is order —1 and smooth at the origin

(Id+ eop? (L)) 'op? (A)(Id+ eop? (L)) = op? (A) + e[op! (A), op? (L)]
= opY (A) +eop?[A, L],

up to error terms of the form &2 R q). Similarly,
(Id+ eop? (L)) 'op? (B)(1d+ eop? (L)) = op? (B) + sop? [B, L] + £*R(o)
and

(Id+ eop? (L)) " 'op? (D) (1d+ eop (L)) = op? (D) + eR(o).

The leading term in ¢ in the commutator

_(—LBso O
(B, L]= ( 0 BS()L)’

is O(XE)O(ng‘) = O(¢). Thus, choosing L as in Proposition 8, we find that the
equation satisfied by v is

~ 1 Yo ~ 1 v ~ 1 L/ S Y ~ ~&
00 + 3P (AU = Z0p; (B)U + Zop. (D)o + Rov +7q,  (61)
where 7, := (Id+ SOPZ/ (L))_l"g’ and
D=B +E+F.

2.5.4. Second reduction. In this section, the nonresonant term B’ is eliminated
from (61).

Proposition 9. Under Assumptions 5 and 6, there exists a smooth symbol M €
C® M~ such that

[£20; 4 op? (i A), op? (M (u4))] = op? (B") + £R(0). (62)
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Proof. The leading term in the symbol of the source term is linear in u,:
By = 9,B5(0,0) - ug + O(e),

and satisfies I1; B, I1; = B,. We look for a solution of (62) in the form of a smooth

symbol M € C®M~! suchthat M = (8 1\(4) ) , Where T[Ty M I1; = M, and
)

: 2
Mg = Z e(lpwt)/s Ms,p(ua,p)’
pER*

where Mj j, is linear in u,, ,. We check as in the proof of Proposition 8 that in order
to solve (62), it suffices to solve up to O(¢) the equation

29, My + [i A0, 0), M1y = 3, B5(0,0) - ug.
Let

M pi= > @5 (O)1;(3,B(0,0) - g ),
no<j,k

where the projectors are evaluated at (0, 0). Condition (iii) in Assumption 3 implies

that @;}QP(O) = (ipw)~!, for j, k > ng. As By depends only on symbols depend-

ing on derivatives of x; and & L the support of By is included [cy, c1]. Thus M ),
is a smooth symbol with compact support, and M solves (62). O

Proposition 3 implies that the norm of opZ’ (M), as an operator from H; to
H!*!, is bounded by C (g lo.00)-

Consider now the change of variables

b := (Id+ eop? (M)~ '4, (63)

With the above proposition, the equation satisfied by v is
s LoV = Lon? (B + Lop? ; 5 e
0:v + g—zopg (iAo = 8—20p€ (B)v + ;ops (E+F)0+Rov+r,, (64
where 7} := (Id+ sopf(M))_lfj, and
B:= B +¢[B, M].

2.5.5. Third reduction. In this section, the resonant term B is eliminated from
(64), under the transparency condition (48).

Proposition 10. Under Assumptions 5 and 6, there exists N € C° M~ such that

[£20; + op! (i A) — gop? (E), op? (N (us))] = op? (B) + e* Ry, (65)
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Proof. The source term is B = vO 0 , Where
Bso 0

Byo = xe(B* + ¢TI, DIg) + &(B™ — x: M;B) + O(&”).
The notation B* is introduced in (46), and
B™ (e, uq) = —T(xe8(e9, T — T1;B))Ip.

The transparency assumption (47) implies that the term ¢ x.I[13DI1g is O (€2). The
Taylor expansions of B* and B"" in their second variables are

B (g, 1uq) = 3, B (£, 0) - ug + £92B" (¢,0) - (g, ug) + O(e?),
and
B (e, uy) = 0,B™ (¢,0) - uys + O(e).
That is, up to 0(82), the source l;’so is the sum of a linear term in u,,,
Xedu B (€,0) - uy + €9, B (¢,0) - ug, (66)
and of a bilinear term in u,,
eXe (07 B¥(0,0) - (1. ttg) — My(1a)3, B¥(0,0) - ug). (67)

All the terms in (66)—(67) have the product structure (27). Accordingly, we look
for N in the form

N=NO 4+ eND 4+ NP L NO), (68)
with
. 0 0
NO = ( 0 ) e C®M™', forall j,
NG 0
and where

(@) NO N and N have the structure (27);

(b) all the entries of N have the form a(&)r(p, q)b(&), for some Fourier mul-
tiplier ¢ and b, and some symbols p, g in the form (27) (the notation r is
introduced in (33));

©) N and N are linear in u,, and N® and N® are bilinear in u, :

N(/) — Z eiﬂwt/gle(’j)(ua,p)’ j= 0,1,
pER*

i ; / 2.2 .
ND = 3 PN D 1y ), =2.3.
p.p'ER*
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We now describe the symbols of the commutators
lop! (A — E), op, (N, j=0,1,2,3,

using the results of Section 2.3.
As the symbol N is assumed to belong to C*° M~! and to depend on x only
through u,,

[opY (i A), op, (N )] = [op, (i A(e, euy)), op, (N )] + &2 R(q),
and the commutator in the right-hand side of the above equation is
[op, (i A(g, 0)), op, (N )] + e[op, (i, A(0, 0) - us), op, (N1,

up to £2R(()). As N© is assumed to have the form (27) and because A(e, 0) is
smooth, Proposition 7(ii) implies that

[op, (i A(g, 0), op, (N )] = op,[i A(e, 0), N7 + gop, (i A0, 0)aN D),

up to a remainder in 2. As N© depends only on u,, Proposition 7(ii) implies that
this remainder has the form &2 R ). Remark that

E(e,ug) = 3, E(0,0) - ug + O(e).

The symbol i9, A — E is smooth, and thus Proposition 7(i) implies that the com-
mutator

(0. (94 A(0, 0) - ua = E), op, (N,
is equal to
op,[8,(iA — E)(0,0) - g, NV + 0p,r(id,(A — E)©0,0) - us, N9,

up to a remainder in O (¢). With Proposition 7 (i), and because N© depends only
on u,, this remainder has the form szR(o).
Similarly, for j = 1, 2, 3,

[op, (i A), op, (NY))] = [0p, (i A(0, 0)), op, (NY))] + £ R o).
For j = 1, 2, Proposition 7(ii) implies that
[op, (i A(0, 0)), op, (N)] = op,[i A(0, 0), N] + eRg).
Lemma 4 implies that
[op, (i A(0, 0)), op, (N®)] = op,[i A0, 0), N®] + £ R(g).

These symbolic computations show that in order to solve (65), it is sufficient
to solve the system

20N +[iAe, 0), NVl = xedu B (e, 0)-uq, (69)
29, N +[iA(0,0), ND]yo =8, B (0, 0)-us — i As(0,0)¢N,  (70)
NP +[1A0,0), NP1y = B (g, 1), (71)

2N +1iA©0,0), NPl = r(3,(A — E)O,0) - ug, N0, (72)
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with the notation

B (g, ug) = X (02B(0,0) - (g, ug) — My (ua)d, B*(0,0) - uy)
+[8,(iA — E)(0,0) - ug, NOlyp.

We now solve (69). For j < ng <k, for0 < & < g, let

_ | @jkpe) if 1P p(e)] 2 €2/2,
Dk ple) == [ 22, otherwise.

These new phases are not continuous, but they are bounded in &, uniformly in &,
for |€] < ¢;. Let then

NG, =% D Pjkp(e)  Tele, 0)(3u B (. 0) - g, p) T (e, 0).  (73)
i<ng<k

Then every entry of N, v((())) is a product p(u,)q (e, &), where p is smooth, and the
transparency condition (48) in Assumption 6 ensures that ¢g(¢, §) is bounded in
g, uniformly in &. Besides, by definition, ¢ is compactly supported. Thus N@ e
C®M~! and it solves (69).

In (70) the source term A, (0, 0)dN. S(g) vanishes identically (a consequence of
Assumption 3 (iii)). Let

NG, = D 4 p(0) TI(0, 0)(3, B™(0, 0) - g )10, 0).

J<no<k

As B™" is supported in || € [co, c1], far from the resonances between Klein—
Gordon and acoustic modes, the above defines a symbol in C ©M~!. Then N s%)
has the structure (27), is linear in u,, and solves (70).

Let xx be a smooth truncation function on R?, identically equal to 1 for |£| <
c1, and identically equal to O for || = ¢;,. Let then

2 _
NG = D Y TG0, 0) B (., a p)TT(0,0).

i<no

The phases Wy ,, v are uniformly bounded away from O for [§| < ¢,, (Assumption
5 (0-0-s)). Thus the above defines a symbol in C®° M~!. Then N® has the struc-
ture (27), just like the source term BPL is bilinear in u,, and solves (71), up to the
error (1 — xn)BPL. As [(1 — xn)xe| < &, the error is O (g).

Finally, let

NS

oy = AN DL W TG0, 0)r (i, p, )T (0, 0),

k.,p.p
i<no

with the notation

r(a,p. Ua,p) =@y (A = E)(0,0) g p. N (g p))so-
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All the entries of N have the form a(€)r(p, ¢)b(£), where a is smooth and p, g
have the form (27). The symbol N @ solves (72), up to the error (1 — ), which,
because N is O(¢) for || = ¢, is O(e) as well.

Finally N defined by (68) satisfies the assumptions (a), (b), (c), on which the
symbolic computations were based, and solves (65). O

Proposition 6 and Lemma 4 imply that the norm of op, (/V), as an operator from
H? to HST!, is bounded by C(|lug |1, s+dy+2)-
Consider now the change of variables

w := (Id+ op, (N))~'v. (74)
Then,
3;v = (Id+ op,(N))d;w + op, (3; N)w.
As N is block triangular

(Id+ op, (N)) ' opY (A)(Id+ op, (N)) = op! (A) + [op! (A), op, (N)];

(Id+ op, (N))'op? (B)(Id+ op, (N)) = op! (B),
and
op,(N)op,.(3;N) =0, opg(N)op;/’(E)opE(N) =0.

Thus, with the above proposition, the equation satisfied by w is
1 w . 1 W v -
ow + 8—20p8 (iAw = EOPS (E+ F)w+ Royw +r,, (75)
where 7} = (Id+ opE(N))_lfj, and
op? (F) := (Id+ op,(N)) " top? (F)(1d+ op, (N)).

2.5.6. Uniform Sobolev estimates. We perform energy estimates on (75), using
the symmetrizer S whose existence is granted by Assumption 7.
We evaluate

a[(opg(S)ws w)e,s = (Ops(S)afw’ w)E,S + (opg(s)w3 alw)é‘,s
= 291(0p, ($)3w, w)es.

We apply Proposition 5 to find
op! (iSA)* = op! (iSA)*) + £’ R (),
because A depends on u through cu. Similarly,

opY (iSE)* = op! (((SE)*) + ¢R ().
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and this implies

1 Vo v 1 . . *
8—29?(0p€(5)0p8 ({A)w, w) s = | op; 8—2(1SA + (SA)* Jw, w

&,s

+e2(Royw, We.s:
[ v L. o
gfh (op. (SHopY (E)w, w)m = op, g(zSE + (SE)* Jw, w
&,s

+52(R(0)w’ W)e,s-

Now Assumption 7 implies that the symbols in the right-hand sides of the above
equations all belong to C>° MO, and Proposition 3 implies that these symbols have
the form R g). The other source term contributes to

ém(opew)opgf’(ﬁ)w, W) (76)

(T 0
a (M0

It follows from the definitions of the above changes of variables that

Introduce the notation

w = op? (Mw + eRoyw,
and that, up to a term of the form ¢ R g,
op! (I (1d— op, (N)) = (Id— op, (N))op! (ID).
Besides, up to a term of the form g R g,
op! (IMop, () = op, (S)opY (IN).

Thus, up to a term of the form e(Rgyw, w)s s, (76) is equal to

’

1 s
gm(ops(S)(Id— op, (N))opy (F)(d+ op,(N))w, w),

.8
where F := ITFTI. As I and I, are projectors
[Mgo; 1oy =0, TI;0,I1,I1; =0,

and it follows from the definition of F (given in Section 2.5.2) that F = 0(e).
Gathering the above estimates, we find that

3 (opY (S)w, w)e.s = (Royw, w)e.s + 2R(0pY ()7, we . (77)

The changes of variables of Sections 2.5.3 to 2.5.5 define a normal form V¢ (u,),
such that

w = (Id + ¥ (uy))v,
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and for g9 small enough and 0 < ¢ < &g, both Id+W? (u,) and (Id +W* (ug)) " 'are
uniformly bounded as operators H} — H_, withnorms depending on ||u |[1,s+d+2-
From (77), we obtain

t
lvOIZ, < CllgflIZ, +C /O (lo@)le.s + 22 REE) e ) 0 (@) ||e.sdt,

ko—3—d /2
where the constant C depends on 800 / 8, lluall1,s+dy+2- S, d, and on y. As

(56) implies that it = R(yv, Gronwall’s lemma finally yields

(@) lle.s < Crllg® s (78)

A classical continuation argument shows that, for &y small enough, the bound
(78) is valid over a time interval [0, #p], independent of . Then (50) yields the
asymptotic estimate (49).

3. Application to the Euler-Maxwell equations

We show in this section that the Euler-Maxwell equations satisfy the assump-
tions of Theorem 8. The system we consider is (EM), introduced in Section 1.2, in
the specific regime (7)—(8).

For the unknown

n;
w(t,x) = (BLE, vesnesvi, =) (79)
o
the system takes the form
1 1
oru’ + —2A(€, cu, e0)u® = -Bw®, u®) + G¢u®), (80)
e e

where
Ale, eu, £0y) = Ao(e, €dx) + e Ay (e, u, €dy),
with the notation
0 &x 0 0 O O
—&x 0 i 0 —ig—e 0
0 —i 0 6, 0 O
0 06 0 0 O
0 ié 0 0 0 eat
0 0 0O 0 ecaé- O
Ai(e, u, &) := diag(0cs, O¢s, O (ve - ), O (ve - §), e(v; - §), e(v; - §)),

Ao(e, &) =

and

B(u,u') := (O¢s, nev,, —,v, x B, 0c, Oc3, O¢),

1 1 1
gé‘(u) = 9_ (07 fs(ne)ve - G_(anl + 8f€(ani))viv Os 0, G_Ui X B’ O) 5
e e e

with the notation, f¢(x) := e 2(e®* — 1 — &x).
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3.1. WKB approximate solution
Let the initial datum

a=(0,Ev%0,0,0) € H, (81)

s Vg
for some large index o, where the electric field satisfies
v-EY =0,

in accordance with (4). We assume that a is polarized (or well prepared), in the
sense that

E=E+ (B, o =L1EF- L&),
1) 13
for some fundamental frequency w, defined in terms of ., and some complex
amplitude E (above, (E)* denotes the complex conjugate of E).

As the conservative form of the convective terms in the equations of conserva-
tions of mass in (EM)* allows simple formal computations, we carry out the WKB
expansion on (EM)* rather than on (EM).

Consider (EM)F in the regime (7). We look for an approximate solution ¢ pp 10
the form of a profile

Uy (1, %) = €[UE, (61, X, 0) oo e (82)

where u; ,, has a WKB expansion,

M
5 _ m
Uapp = Z € Um,
m=0
such that for all m, u,, is a trigonometric polynomial in 6,

um(tv-xve) = Z eipeumyp(tvx)-
PERm

The sets R,;, C Z are finite and the Fourier coefficients u,,, , are assumed to satisfy
tm,p € WHE([0, 1], WH-(RY),

for some 7y > 0, independent of m, and some large k(). We plug this ansatz in
(EM)? and find a cascade of WKB equations, which we now describe. We some-
times use the notation (v), to denote the p™ harmonic in 6 of a trigonometric
polynomial v(¢, x, 9).
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Equations for the terms in O(1/g?).
wdpEo = veo,
wdgven = —Eo,
way (Bo, nﬁo, vio, n?o) = 0.
The dispersion relation is

w —1=0.

We choose w = 1. With this choice, and because ¢ was set to be equal to (v peto)_l ,
we find that ef@!/&* = e'®reT where T represents physical time, t = o7, and
wpe the electronic plasma frequency (6). Thus the waves we consider are oscillat-
ing at the electronic plasma frequency. These waves are called plasma waves in the
physical literature. The set of characteristic harmonics is

RF ={-1,1}.
The first term of the expansion satisfies
Eo,0 =0, veo,0 =0, Bop = Bo,0, n§0 = ”go,ov Vio = vi0,0, n?o = ”?0,0’
and
Eo = Eg1e% + Eg_1e7, v, = éEo,leiQ - éEo,fle_if). (83)

Equations for the terms in O(1/¢).

wdgB1 +V x Eg =0,

1
whE; — V x By =v, + ngoveo — Q—V,‘(),
e

wdpVe1 = —0,V’y — (Ey + 6.ve0 X Bo),

wdgnl, + 6,V - veo = 0,
1

wdpVi1 = Q—Eo,

e

0)3911?1 =0.

Let
_ (01 6
LO._(1 0 ) e £(CY).

The frequency w was chosen so that det (ipw + Lg) = 0. In C°,

(ipw + Lo)a = (Z;)
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implies the compatibility condition
ipwby; + by = 0.

The oscillating terms satisfy

#
(ipw + Lo) (El) = ( eoVeo ) ., p=-11,
Vel p —0eVe0 X By »

and this implies
ipw(0y¥e0) p — 6 (Veo X Bo), = 0. (84)

Besides, we find the polarization conditions,

. . 1 -0
ipwB| p, =—VXEgp, zpwvil,pze—Eo)p, ”?1,19:0’ ”211;:( ;2 op
e
The nonoscillating terms satisfy
! :
—V X By,g = Ve1,0 — g, vi0.0- Ei0=0,Vn, . (85)

e

Equations for the terms in O(1).
By +9,By +V xE; =0,
wigEr + ;Eg —V x By = v + nglveo + ngovel - el—e(Vn + n?OVio),
®35Ve2 + 9Ve0 +0e(Veo - V)Veo = —6,VnE, + 6,0’ Vi’

—(E2 +6,(ve1 x Bg + veo X By)),
a)agngz +8tngo + 6.V - (Ver + ngOVeO) =0,

1

wdgViz +0,vip = —a2Vn?0 + e—(El + vio X Bo),
e

wdgnl, +dmiy + V- vig = 0.

As (85) implies that E o is a gradient, the first equation implies that 9, By o = 0.
This yields By = 0, and, with (84), we find that (ngoveo)p = 0. As v, is assumed
to be nonidentically zero (see the form of the initial condition (81)), this implies
”20,0 = 0, and finally ngo = 0. That is, the electronic fluctuation of density is

O (¢), in accordance with the rescaling of Section 2.5.2. For p € {—1, 1},

E; ) [ —%Eo+VxBi+ (nglVeo + ngoVel) - H%Vil
Ver ), \ =0rveo — 0e(Vi}; — (Veo - VIVe0) — (Veo X B1)) /|

(ip + Lo) (

In the above right-hand side, the nonlinear terms are

f #
(0, ve0)p = 1,1,0Ve0,p> (Veo X B1)p = ve0,p X Bro, p=-1,1,
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and
(VeO'V)VeO)p:()’ p=-—11,

a transparency relation for the convective term. The compatibilty relation is the
Schrodinger equation for the electric field,

) )
—2ipwd Eo.p + AcEo.p — — Eo.p — 1%y Eo.p + ip—ewEop x Byo =0, (86)

1
02
where
Aez:=02V(V-2) =V x (V x 2). (87)
The nonoscillating terms satisfy
Oc ((Veo - VIVe0)g = —0e Vil o — (E2,0 + 0e(Veo x B1)o). (88)

The above relation is the crucial equation that couples the Schrédinger equation
(86) with the evolution equation for nti1 o» the latter being made explicit below. The
equations for the terms in O (1) also contain the relation,

1
VXB]O—ve20_9_U110+(n 1Ve0)0s (89)
e

and a linear wave equation for v;o o and ni1 o+ As the initial data for v;0 0 and n?l 0

are null, ”?0,0 = 0 and v;0,0 = 0. With (85), and because Byp o = 0, this implies
Vel,0 = 0.
Equations for the terms in O (¢).
wdgB3 + ;B +V x E; =0,
@Kz + GE; =V x By = v,3 +n§1Ve1 +ngove2+ngzveo
1 : #
o (Vil +1n;,vio +n,-0Vi1) )

e
@09Ve3 + Vel + 0o (Vo1 - VIVeo + (Vo0 - VIVe1) = _Qevngz
+0, (0} Vi, + 0}, Vil ) — (B3 + 0,(Ver x Bo + Ver X Bi + Voo x B2)),

wdyVi3z + 0;vi1 + (Vio - V)vig = —oz2Vn | T o nlOVn

1
+9—(E2+V,'1 xBo+vioxB1),

e
a)agng3 + atngl + 0.V - (Vo2 + nEIVeO + ngovel) =0,
wagn% + Btnfl + V- (vit + n?OVio) =0.

In particular,

1
0rvi1,0 + OtZVni-iLO = Q—Ez,o,

e

3:"?1,0 +V-vi10 = 0,
an’y o +6cV - (ver,0 + (0, Ven)o) = 0.
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The last two equations in the above system, together with (89), imply the quasi-
neutrality relation

”21,0 = ”?1,0- (90)

The first two equations in the above system, together with (88) and (90), give
drvi10 + (&% + 1)Vni| g = —(Veo - V)Veo + Veo x B)o,
H 3tn51,0 +V.vi10=0,
where the nonlinear term can be computed with the above polarization conditions
((Veo - VIVeo + Vo X By), = V|Eo,p|*.
The equations at order O (1) also yield
9:Bio+V xEy=0,

which, together with (88), implies that E o is a gradient. Hence the term By o in
(86) vanishes.
Finally, Eo,, and n;1,o satisfy the vector Zakharov system

. 1 g
—2ipdEo,p + AcEo,p — @EO,I’ = niy oEo.p o)
0 — @+ DAnf o= —A|Eg,[*
In 91), p = 1 or p = —1. The Laplace-type operator A, was introduced in

(87). With the initial condition Eg; = E, nj10 = 0, and 9;n;1 0 = 0, Ozawa
and Tsutsumr’s result [18] guarantees the existence and uniqueness of a solution
(Eo.1, ni1,0) to (91), over a time interval [0, t*), with the same Sobolev regularity
as the initial condition. Note that the crucial coupling term A|Ey, p|2 comes from
the convective term and from the Lorentz force term. In the above Schrodinger
equation, the term 6, 2E0, p means a small shift in frequency. This term was not
present in the (Z) system given in the introduction; it accounts for the contribution
of the ions to the fundamental frequency. Indeed, by letting & = (wpeto) ~1, we took
as areference the electronic plasma frequency ., which is only an approximation
of the plasma frequency

5 1 1
wp = [|4meng | — + — ).
me nm;
As the ratio m,/m; is equal to &2 /6’62 (a consequence of (7)), at first order in &
1¢?
wp = wpe (1 + E@ )

and thus the shift in frequency in (91) means that the electric field actually oscillates
at the plasma frequency w.

2
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Higher-order terms. The WKB expansion can be carried out up to any order.
For m = 2, the terms En p, nim+1,0, p = —1, 1, are seen to satisfy a linearized
Zakharov system of the form

1 f f
—2ipd; + A ——)E p =N Eop+n oEmp+7rmp,
( € 662 m,p im+1,0 p il,0=m,p m,p (92)

(812 - (a2 + 1)A)n?m+],() = _A(Em,pE(),—p + EO,pEm,—p) + Ym,p,

where ry, , represent the p™ harmonics of smooth functions of profiles afuk/, for
k,k" < m — 1. The system (92) is the linearization of (91) around (Ey ,, ?1 0)-

The initial data for £, , and ”zm 41,0 are null. Ozawa and TsuTsumr’s method for
the Zakharov equations [18] allows us to solve the initial value problem for (92).
It provides an existence time which is a priori smaller than the existence time of
the data r, p, Eo,p and ”?1,0' The solution has the same Sobolev regularity as the
data.

Thus, by induction, we can construct a family of profiles u,, that determines an
approximate solution uzpp, as follows. If we assume the uy, fork < m — 1, to be
known, with enough Sobolev regularity, then

(1) Em,p and nj;,41,0 are defined as the unique solution of (Z),,,
(ii) the terms u,, ,, for p € R*, are deduced from E,, , and n;,,41,0 by polari-
zation conditions similar to the ones found in the first terms of the expansion;
(iii) the terms u,, p,, for p 7 R*, are computed by elliptic inversions; that is, in
terms of (ipw + Lo)_lrm_l,p.

We obtain a profile u,,, whose Sobolev regularity is smaller than the regularity of
u,,—1 by one, and the induction is complete. The profile

upp = (B®,E°, v¢ nstI Vi n”)

provides, via (82), an approximate solution to (EM)*. Then
£ TE F 1 88\ & 11 &4
=|B%, E", v, —log(l +en, %), v;, ——log(l + ¢&n;”")
€ e O=cwt /&2

is an approximate solution to (80), in the sense of (39). The approximate solution
can be made arbitrarily precise, in a Sobolev norm, provided the initial data have
enough Sobolev regularity. Then, by construction, u;, satisfies all the conditions
stated in Assumption 4.

3.2. Stability of the approximate solution
Consider now a perturbation of the initial condition a introduced in (81):

a® :=a+ ¢’ (93)
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where ¢° is a bounded family in H;"’O‘Z, andko+3SIlp<o—2— ‘71. We need to
assume that (4) is satisfied so that a® is a proper initial datum for the Euler—-Maxwell
system. This amounts to the conditions

1
V-Bye =0, V-Egp = E(ne’ws — Nj,ge)
e

for the coordinates of the perturbation ¢°.
Consider the approximate solution u, to (80) associated with the initial datum
a at order /.

Theorem 9. If ky > 3 + % the system (80), together with the initial datum (93)
has a unique solution u® defined over [0, t*), independent of €. Moreover for all
0 < to < t*, there holds for & small enough

sup lu® — ul |l < Cefol (94)
0<t<py

with a constant C independent of ¢, and a Sobolev index s > 1 + %

The proof shows that the existence time ¢* is bounded from below by the exis-
tence time of the approximate solution u?,. Note that the estimate (94), the condition
ko > 3+ %, and the description of the approximate solution given in the above
section, imply

sup sup |E° — (E()Je'-“”/‘g2 + (Eo,l)*e_"‘”’/82| + [n® —enji o] £ Ce?,(95)
0<5r<yp xeR3

where E¢, n® are coordinates of the solution u® of (80), where n;; o = %log(l +
8n?1 !0), and E¢ 1 and ”?1,0 solve the Zakharov system (91), with the initial condition
Eo1(t=0) = E%, nf, ot =0) =0, 8n}| ,(t =0) = 0.

The asymptotic estimate (95) is the estimate that validates the Zakharov model,
asitactually gives a description of the electric field £ and the fluctuation of density
n® in (EM) by means of the solution (Eo 1, ”?1,0) of (91).

Theorem 9 follows as a corollary of Theorem 8 if we can prove that the (EM)
system satisfies the assumptions of Theorem 8. An approximate solution satisfying
Assumption 4 was constructed in the above section. The next sections are devoted
to the verification of Assumption 3 (hyperbolic structure, regularity of the eigen-
values and eigenprojectors), Assumption 5 (localization of the resonances) and
Assumption 6 (transparency).

3.2.1. Eigenvalues and eigenvectors. We check in this section that the (EM) sys-
tem satisfies Assumption 3. The operator .4 defined at the beginning of Section 3
obviously belongs to C M. Foralle, u, &, A(e, u, &) is a Hermitian matrix, and
satisfies a decomposition of the form (36). It remains to check hypotheses (i) to
(iii) in Assumption 3.

The eigenvalues that appear in the spectral decomposition (36) are the solutions

w=MAe,u,f), 8>O,M€R14,EGR3,
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of the polynomial equation in w,

det(iw + A(e, u,i§)) = 0. (96)
Alook at the definition of A1 shows that the eigenvalues depend on u only through
the scalar terms

X :=&0,v, - &, and y::azvif,

representing the electronic and ionic convections (v, and v; are coordinates of u).
Equation (96) factorizes into a transverse, degree four equation

82 82
(@ —x)(0—y) (w2 -1- g - —2) =x(0—-y)+ yl@—x), ©O7)
98 96
and a longitudinal, degree five equation
o((—v)* — 2 [E) (0 — )7 — 1 = 0;|&)

= —x((® — y)* — ea?[£]%)
&2 2 21612
3@ = V(@ =0 - 07, (98)

Forall ¢, x, vy, &, the Kernel of A(e, u, £) has dimension one. It is generated by

ey = (i, 0,0,0,0, 0) .
€]

The solutions of (97) have multiplicity two, while the solutions of (98) have mul-
tiplicity one. The solutions of (97) and (98) are algebraic functions of ¢, £, x, y.
Evaluations of these functions @ = w (e, (x, v), £) at (x,y) = (60,0, - &, £2v; - £)
give the nonzero eigenvalues of the (EM) system.

For (%, v) = (0, 0), equation (97) and (98) simplify to

2
o (a)2 P 8—) o, (99)

and

2
w((@* — 2a?E[P) (@* — 1 — 621} — ;—2«02 —0211*) =0.  (100)

e

The solutions v = w (e, &) of (99)—-(100) are represented in Figure 2.
The transverse modes at (g, 0, £) are

[ 2
€
As(em) =0, As(er) =0, rp==£[1+[57+ 77" (101)
e

The Klein—Gordon longitudinal modes at (¢, 0, &) are

&
=+ /14022 + ———— + 0(c?),
Jre + 07181 +293(1+93|§|2)+ (e7)
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Al

Fig. 2. The characteristic variety for the operator linearized around 0

and the acoustic longitudinal modes at (¢, 0, §) are

psle=) =0, psler)s = 0(e), py==£/14+062|512+ O(e),

locally uniform in &. The Klein—Gordon modes w4+ have constant multiplicity, and
hence are analytical in ¢, £. For the acoustic modes, crossing of eigenvalues occurs
only at the zero frequency. Thus away from the zero frequency, the acoustic modes
are analytical as well. It is easy to check that

0 < |us(eM)x| < Celt], (102)
uniformly in ¢, &, and that
ps(eN) e = xelg|(V1+a? + 0@ + [£]%)), (103)

uniformly ineg, || < ¢;. Regularity at infinity can be directly checked using an exact
description of the solutions of (100): we find that the longitudinal eigenvalues have
the form

wslep)r = fealé| + %Fi (m, % 8) ,

1 L e (104)
mt = 0] + mGi (m, HE 5) )

where F1 and G4 are analytical in (|&g[, 00) X S? x R4, for || > 0.

Thus the eigenvalues at (x, v) = (0, 0) satisfy (16) (regularity in ¢, & for £ away
from zero, decay at infinity) with m = 1. That is, condition (ii) in Assumption 3 is
satisfied by the eigenvalues.

For & in a compact subset of R3, the eigenvalues evaluated at (%, v) = (6,0, -
&, e2v; - &) are small perturbations of the eigenvalues evaluated at (x, y) = (0, 0).
This implies in particular that the Klein-Gordon modes are separated from the
acoustic modes. For large £, the contribution of the convective terms to the eigen-
values is not negligible, but the acoustic modes are all O (¢|&|), while the Klein—
Gordon modes are O (|£]). Thus condition (i) in Assumption 3 is satisfied.

The Klein—Gordon modes are single eigenvalues of (97) and (98), for all &.
Hence the eigenvalues and the eigenprojectors corresponding to the Klein—Gordon
modes are analytical.
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For £ # 0, let {£1, &} be an orthonormal basis of {&}*.
At (e,0,&), & # 0, the eigenvectors associated with the transverse eigenvalues

are
4= (@ 51’_1& ()Eé_lo)

O, At
(g 0 )
es(e) =ﬁ (£1.0.11£1£2.0.0,0),
eye7) = ﬁ (£2,0,i|&1£1,0,0,0),
) i= |$||é+|e ( 9:|8§|2 0.0.0. 51 )
e = |s||§+|s (é8é1| 0.0.0. 8. )

At (¢,0,&), &€ # 0, the eigenvectors associated with the longitudinal eigen-
values are

foom o, MEZOERE & bl e ui O2EP & pe
' ne 6L IELT px 0o p2 — e2a2(E2 16| ua
iwg? p3 - 67161 J€|
Oe Mi—s o?|n|? pa
f(e_)'—;(o —i6,£,0,1,0 —l)
N .— \/W ) es ) £ ) o £
and
O - % —i0, ,as(e+):l:ﬂs(e+):|: %_
ey = 0, Zfis(et)r— —,
fs(eM)+ ( z (e )j:|$| e i@ — 62 IE]
—i02 et & iE el
e el —02EP) I8l T IEl T palet)x
where

s (e —&2a?|E?

+
Ae(eT) s (e™)+

From (103), we see that ji;(e™)+ = O(e|&]). This yields a description of f;(e™)+
for small frequencies:

fs(eD)+ = (0, 0(&D, O(), 0(1), O(1), O(1)).
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The corresponding orthogonal eigenprojectors (IT;, 1 < j < n with the notation
introduced in Assumption 3) are defined by

e®@eted®e, @,

where e = ey, eg(e7) ores(e™), f = fu, fi(eT)or fy(eT)x, ande, f := I%I’ ﬁ
With the above description of the eigenvalues for small and large |£ |, itis straightfor-
ward to check that all the eigenprojectors, evaluated at (¢, 0), are Fourier multipliers
in the class C*° M. Thus condition (ii) in Assumption 3 is satisfied.

Condition (iii) follows from the above description of the acoustic modes, as
they all have a prefactor ¢.

We now turn to condition (38). The total eigenprojectors, defined in (37), are

Mo=Y e, ®es+e @i+ [, ® fa,
+
and
My = Y e,(e) @ e,(e™) + €} (e¥) ® €, (e™)
+
+f )@ f () +e®en+ Y fileHr® f (7).
+

Given (&g, ug, &) € (0,1] x R x R3, for (e,u, &) in a neighbourhood of
(0, 1o, &o),

1
Moo, u,8) = — | (2= A, u, &) dz

Lo+
+.L (z — A(e, u, £)) " dz, (105)
2im Jr,_
and
(e, u, £) = L/ (z— A(e,u, )7 dz, (106)
2im Iy

where I'g4 is a contour enclosing all the positive Klein—-Gordon eigenvalues at
(g0, 1o, &), and no other eigenvalues of .4, and where I'g_ is a contour enclosing
all the negative Klein—Gordon eigenvalues at (g, 1, o), and no other eigenvalues
of A, and T’y is a contour enclosing all the acoustic eigenvalues at (g, ug, &), and
no other eigenvalues of \A. The above description of the eigenvalues shows in par-
ticular that such contours do exist. It follows from these representations that Iy
and IT; are analytical in €, u, &. To investigate the behaviour for large &, notice that
A can be written, for |£] # 0,

Ale,u, &) = Ag(e) + A, (e, u, §),
where Aj is linear in £, so that, using polar coordinates £ = (|£],6) € R% x S2,
1

Ale,u, &) = [§] (Iél

Aoe) + A (s, u, 9)) .
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Thus an eigenvector e(e, u, |£|, 6) of A(e, u &), associated with an eigenvalue

Ae, u, €], 0), is also an eigenvector e(e, u, IS\ ,0) of
A(s u, ) = —Ay) + A (e, u,6), (107)
&I’ &1
associated with the eigenvalue L, u, e ‘,9) The operator A s the long-wave

operator associated with A, introduced in [26] in the study of the short-wave limit.
For small |£|, the eigenvalues of A split into “acoustic” eigenvalues, of size
O (¢e), and “Klein—Gordon” eigenvalues, of size O(1). The total eigenprojectors

fo= 5 [ A lelon det 5 [ e~ Ate,u el 00z,

2w Ji,, i Jry_

1
M, = (z — A, u, |£],0))"dz,
2177,’ Ty

are analytical in ¢, u, ||, 8, for |£€] in a neighbourhood of 0. There holds

- 1 £ .
0o u &) =10 (o0, —, =), j=0,s,
jE w8 ’(” €] |5|) =0

from which we deduce that the total eigenprojectors Iy, IT; of 4 are analytical
in e, u, ‘ é‘, L for £ in a neighbourhood of co. In particular, they satisfy decay
estimates of the form (16), and (38) is proved.

To conclude this section, we now indicate how the Klein—Gordon eigenvalues
and eigenvectors depend on x and y. These descriptions are needed in the evaluation
of the interaction coefficients that enter Assumption 6.

The eigenvalues satisfy

021€

L O@E?), Bepr = —2
(€0, Oulbe = 50 g2y

OxAt = + 0(e),

21+ &%)

at (x,y) = (0, 0), locally uniformly in &.
The eigenvectors are

) (Inlnz —in ie m )
ey =\—.Mm, ,0, — ,0),
At Ax —X Oc At — Y
;o (—Inlm —in ie m 0)

gi = ) ) ) s
At At —X O At — Y
and
, (e —x2=602n> n .0 —ibn|
f:l: = 0 ) ., 17—, )
= Mt —X 7] nl~ pnt—x

ie (pe—x"—6In” nps-y
b (s —v)> — 2a?n* In| pt —x
.2 — )2 — 0202

et (px —x%) 2l 0] )

b (nt —v)?> — e2a?|n|> pt — x
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Fig. 3. (0-0) resonances

Fig. 4. (0-s) resonances

3.2.2. Resonances. We use here the description of the eigenvalues given in Sec-
tion 3.2.1. Equation (40) for j, k < ng (resonances between Klein—-Gordon modes)

and ¢ = 0is
VIR = /14622 —1=0. (108)

If 6, is small enough, we choose ¢,, = 1 and C,,, = 2. The left-hand side in (108)
is bounded away from zero for |£| ¢ [1], and hypothesis (0-0) in Assumption 5 is
satisfied.

Equation (40) for j < ng < k (resonances between Klein—Gordon and acoustic
modes) is

VI+K2E =1 —pu =0, (109)

where k = lork =6,, and & = 0 or & = us(e™)+. If 6, and & are small enough,
we can choose ¢; = 1/2. Then the left-hand side in (109) is bounded away from
zero for |£| = 1/2.

Equation (41) (second-order resonances between Klein—Gordon and acoustic
modes) is

VI+2E2 = (p+p) =0, (110)

where p, p € {—1,1}, k = 1 or k = 6,. The left-hand side in (110) is bounded
away from O for |£| < 1, and hypothesis (0-0-s) in Assumption 5 is satisfied.
The resonances are pictured in Figures 3-5.
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Fig. 5. (0-0-s) resonances

3.2.3. Transparency. We check in this section that Assumptions 6 and 7 are sat-
isfied.

The definition of A given at the beginning of Section 3 implies that A® = 0.
It is straightforward to check that I1;(0, 0)D(u,)I1(0, 0), where D is defined by
(43), has size O(¢), and (47) is satisfied.

Up to terms of size 0(&?), the source term defined in (42) is

0
NeVe + ENe] Ve
—0e(Ve X B+ (Ve - E)ve + By X v, + €0, - VV,)
—0c(Ve - E)ne
0
0

Bugy)u =

It depends on the coordinates B, v,, n,, of the approximate solution u,, evaluated
at0 = wt /&2,
We compute

@VeO'E

ej_B(ua)es(e_) = PVRT]
+

+ O (¢e),

and also

2 21612

% _ M+_9e|$| Veo - &
Blug) fu(e™) =

SiBug) fs(e™) 2 2]

In particular, these interaction coefficients are not small for small frequencies. This
shows that the nontransparency condition (44) is satisfied.
‘We now check that the transparency condition of Assumption 6 is satisfied.
The symbol p defined in (45)is p = p© + O(e), where

+ O (¢g).

P =1 > (9249, o - ug + 9 TLAD (3uy)

la|=1

— 1, A 3¢ 0, T - 0%u, — 9T, B(O, a;‘ua))no,
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where, unless otherwise noted, the symbols and their derivatives are evaluated at
(e,v) = (0,0).

Assumption 6 is a transparency assumption for the interaction coefficient
0, B¥ (¢, 0) - u,. Direct computations, using the description of the eigenvalues and
the eigenvectors given above, yield the bound

Tk (e, 0) (04 B (&, 0) - ua) 1 (e, 0)| < Cp(&]* + £l&)), (111)

for j < ng < k, uniformly in ¢, ¢, x and |§] < ¢;. Now (111) and the above
description of the phases imply (48), as follows. Let § > 0 be given.

(1) If |&| < 8e, then (111) directly implies (48), with C = Cpé(1 + §).
(i1) If |&| > 8¢, thenfor 0 < & < g9, [Pk, p(e)| > Co(8)|€]?, with

362 C(a, &)
Co(d) := T -

for some nondecreasing function C(«, o). If § is chosen to be large enough,
then Cy(8) > 0, and (48) is satisfied with

1
C=Cp (g + 1) Co(®)~".
Assumption 7 is a symmetrizability condition for the interaction coefficients

By = TIpB(uq)p, Bs = I BIl;.

As these interaction coefficients enter the equation with a prefactor % , itis sufficient

to consider the leading term in & in B(u,). In particular, the contribution of A" in
By and By is only O (g). We can indeed write

op (A @)ug = eop; (AY @))ua, (112)
because A is linear in &, and the HJ norm of (112) is bounded by
eC(uallt,s+do) lulle,s-
The auto-interaction coefficients are all purely imaginary:
e*Buy)e € iR,

where e is any eigenvector of the Euler—Maxwell equations. The other interaction
coefficients between the Klein—-Gordon modes are

By =0, eLBug) fs = —ife by, ),
[t
(e;:)*B(ua)e:t =0, (eél:)*B(ua)f:I: = _ieef_ive &,

f;B(“a)ei = _igeﬁve &1, f;B(“a)eg_ = _igeﬂve &2,
At At
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where forall £ # 0, {£], &} is an orthonormal basis of {£}*. Let Sy = S(()Jr) + S(()_),
where

A
S(gi) =er Qer e ®el + e fy
Mt
Then Sy is a symmetrizer, in the sense that
1
—(SoBo + (SoBp)*) € C®M°.
£

Finally, we turn to the interaction coefficients between acoustic modes. Remark
first that the divergence-free condition for the magnetic field

V-B=0 (113)
is equivalent to
op,(ep)u = 0.

Condition (113) is propagated by the equations, that is, the solution belongs to the
orthogonal of the image of op, (ep) in L? (]R3) if the initial datum does. Thus we can
overlook the interaction coefficient involving eq. At first order in ¢, the interaction
coefficients with the other acoustic modes all vanish, except for

—Vo & psler)+ —021€?
T+ 0267 €0 polen)t — O2IE[
Ve & pslep)+

J1+62E12 €0,

It follows from the description of the eigenvalues given in Section 3.2.1 that, for ¢
small enough,

fs(e—)*B(ua)fs (e1)+ =

(f3(€+)i)*6(ua)f3(€7) =

—02|€
15 (e)3 — 02152

=

A

1
Z 2,
2

uniformly in & € R3. Thus we can take y = 2 in Assumption 7. Let

Sy =e0 ® e + es(e-) ® es(e-) + es(er) ®eg(es) + file-) ® fileo)
—62)&1

1s(es) — 0211
—602)8°

ps(ep)? — 02|€1?

Sfsler)+ ® fsler)+

fsleo)+ ® fy(eqr)—.
Then,

1
~(SiBy + (S, By)") € MO,
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As Sp and S are diagonal matrices in a basis of eigenvectors of A, the matrices
SoAp and S5 A are Hermitian. Finally,

(S0 O
-(52)

defines a symmetrizer that satisfies Assumption 6.
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