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Abstract

The role of surfactants in stabilizing the formation of bubbles in foams is stud-
ied using a phase-field model. The analysis is centered on a van der Walls—Cahn—
Hilliard-type energy with an added term which accounts for the interplay between
the presence of a surfactant density and the creation of interfaces. In particular, it
is concluded that the surfactant segregates to the interfaces, and that the prescrip-
tion of the distribution of surfactant will dictate the locus of interfaces, which is in
agreement with the experimental results.

1. Introduction

In this paper we use a phase-field model in an attempt to explain the role of
surfactants in stabilizing, and possibly encouraging, the formation of bubbles in
foams. Ultimately, the goal is to examine solid foams (e.g. oxides such as AL>O3)
and metallic foams which have important applications in industry such as the man-
ufacturing of lightweight sandwich structures in automotive engineering, and in
biotechnology, for example in the making of highly-porous scaffolds for bone tissue
engineering. Most research has focused on aqueous foams (shampoo, dishwasher
detergent, beer and soap froth etc.), with some incursions into polymeric foams, but
the realm of solid foams has been virtually untouched by a rigorous mathematical
treatment. In solid foams anisotropy plays a very important role in determining the
polyhedral shapes in cellular packing, and an important analytical and geometrical
challenge is to explain the different sizes of clusters in cellular packing.

The applicability of foams depends in a crucial way on their wetness. It is well
known that very little liquid is contained on the faces of the bubbles and that most
of it migrates to the edges of the lattice, i.e. regions between three touching bubbles
(plateau borders in liquid foams, struts in solid foams), and the junctions of four
channels (nodes in liquid foams, joints in solid foams). Therefore, it is of the utmost
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interest to understand the mechanism by which surfactants (such as soap) induce
the formation of interfaces.

Here we adopt the (commonly agreed) viewpoint that formation of bubbles is
intrinsically related to phase transitions phenomena, and that solid foams and liquid
foams share many topological and geometrical properties, due in part to the fact
that solid foams typically evolve in the fluid state as gas bubbles, expanding and
deforming under the influence of viscous forces, surface tension and surfactants etc.
(see [18]). This conforms to the model proposed by PERKINS, SEKERKA, WARREN
and LANGER [23] which is a modification of van der Waals—Cahn—Hilliard model
for fluid—fluid phase transitions, with an added term that accounts for the influence
of the surfactant in preventing the coalescence of bubbles and in encouraging the
formation of interfaces. Precisely, let 2 C RY be a domain, and letu : @ — R
be a phase (order) parameter, where u = 1 corresponds to the liquid (water) phase
and u = 0 to the gas (argon) phase. Another parameter of the model is the density
p : Q — [0, +00) of the surfactant. The volume of the surfactant is given a priori
and fixed, and the total amount of bulk material is preserved, i.e.

/pdx:a and/udx:ﬁ (1.1
Q Q

for some «, B > 0 with 8 < |Q2|. The energy of the system is given by

Ge(u, p) = é/gf(u)dx+£/Q|Vu|2dx+oé(8)/ﬂ(,o—|Vu|)2dx, (1.2)

where ¢, a(¢) > 0 are small parameters, and the double-well potential f: R —
[0, +00), with { f = 0} = {0, 1}, drives the system to the two phases.

We want to study the stable configurations of the physical system, which corre-
spond to (local) minimizers of the energy. Since ¢ is a small parameter, it is a usual
procedure to study the problem as ¢ — 0, investigate the properties of the limiting
system and then transfer those back to the original system with ¢ small enough.
The right mathematical tool for this is De Giorgi’s I"-convergence (see [11]).

The asymptotic behavior of the model depends on the parameter «(¢) and
we expect the physically relevant case to emerge when a(¢) = O(¢). Indeed, if
a(e) K ¢ then the surfactant energy term « (&) fQ (p — |Vu|)? dx does not have any
influence on the limiting problem, and as ¢ — 0 we obtain the well known Cahn—
Hilliard model which leads to perimeter minimization. Therefore, the influence of
the surfactant is absent, contrary to what we seek with this model. If ¢ < «(¢) then
it may be shown that the energy becomes degenerate if the volume of the surfactant
is smaller than the jump in the order parameter, i.e. the amount of the surfactant is
not enough to promote the creation of interfaces and the energy to create a jump is
infinite. Again, this goes against our aim, as we expect that even a small amount of
the surfactant should influence the interfacial energy. This is exactly what happens
when a(g) = e.

In this case we may split the energy into two terms: the Cahn—Hilliard energy

l/f(u)d)c—i—z;/ |Vu|2dx, /udx:,B,
EJQ Q Q
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and the surfactant energy

8/(,0— |Vu|)2dx, /p(x)dx =a.
Q Q

The Cahn—Hilliard energy is responsible for the formation of the interfaces, and the
surfactant energy term “promotes” them in that it favors the creation of interfaces
where the surfactant is present. Indeed, if we had only the Cahn—Hilliard energy
term, then it is a well-known result (see [21]) that as ¢ — 0O the problem reduces to
the minimization of the perimeter of the jump set of #, and minimizers locally have
a hyperbolic tangent profile. Combining this with the surfactant energy to obtain
the total energy of the system, leads to a compromise as the Cahn—Hilliard energy
term penalizes the formation of multiple interfaces while the surfactant term favors
the occurrence of interfaces there where p is present, or, better, p = |Vu].

To recall briefly this history, the analysis of the asymptotic behavior of singu-
larly perturbed energies

1. () ::/ lf(u)+g|vu|2dx,
Q¢

where f is a non-negative potential with {f = 0} = {0, 1} was first studied by
Mobica and MortoLA [20], and subsequently it was applied by Mobica [21] to
the van der Waals—Cahn—Hilliard theory of fluid—fluid phase transitions to solve an
optimal design problem proposed by GURTIN [15]. It was shown in [20, 21] that
{I.} T converges (with respect to L) to

1
. 2/ V) ds ) HNTY(S,) ifu € BV(2; {0, 1)),
I(u) := 0

+00 otherwise,

and thus in the limit as ¢ — 0 partitions with minimal interfacial area and given
volume fraction g are selected. Generalizations were obtained by BOUCHITTE [6]
and by OWEN and STERNBERG [22] for the coupled problem, and KOHN and STERN-
BERG [19] undertook the study of local minimizers. The vector-valued setting, where
u:Q - REQCRY, d, N > 1, was considered independently by STERNBERG
[25] and by FoNsSecA and TARTAR [13], where the latter addressed the two-well
setting (see also BARROSO and FONSECA [5] and STERNBERG [26]).

This was generalized to the case of multiple wells by BALDO [4]. Higher-order
variants were addressed by FONSECA and MATEGAZZA [12], CoNTI, FONSECA and
Leoni [9], and current work by CoNnTI and SCHWEIZER [10] extends the latter to
the case where f vanishes on two rank-one connected copies of the set of rotations
in RV and exploits notions related to geometric rigidity (for related issues within
the realm of the Eikonal equation we refer to [2, 3, 17] etc).

The main analytical goal of this paper is to identify the asymptotic behavior of
equilibria. Precisely, if (1., p.) minimizes G, then can we establish that {(u,, p)}
converges to some macroscopic state (u, p), and, if so, what characterizes (u, p),
e.g. does (u, p) minimize a new, macroscopic (relaxed) energy?

Relaxing the ambiance space of p to include non-negative bounded Radon
measures  (and identifying every integrable surfactant energy density p with the
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measure 4 = pdx), in Theorem 2.1 we show that when a(¢) = ¢ the asymptotic
problem (1.1), (1.2) in the limit as ¢ — 0 becomes

__dn deN—l’ if BV(SQ: {0, 1
F(u, ) = Au ¢ (d(HN’lLSu)) ue (€2; {0, 1}) (13)

+00 otherwise,

where ¢ is a suitable non-increasing convex surface energy density. Moreover, the
function ¢ can be characterized through an optimal profile formula (see (2.5)) and
it turns out that it is strictly decreasing in (0, 1) and satisfies

1 1
¢(0)=2ﬁ/ VF(s)ds, ¢(y)=2/ V() ds fory = 1. (1.4)
0 0

Based on results from I'-convergence theory we conclude that minimizers (#., ps)
of G¢, subject to (1.1), converge (up to a subsequence) to a minimizer (u, i) of F,
subject to the constraints (see the discussion at the end of Section 4)

n() =ao and / udx = p. (1.5)
Q

A direct inspection of the energy (1.3) allows us to conclude that:

(1) the macroscopic energy F is only sensitive to the restriction of y to the inter-
face S, and we interpret this fact by saying that the surfactant segregates to
the interface;

(ii) if we have a prescribed distribution of the surfactant (say, in one-dimension
1 = Xa;8y,;) then the interfaces will be created exactly on the support of 1
(resp. at the concentration points x;);

(iii) the macroscopic energy F will remain unchanged if the density of the sur-
factant density p on the interface S, du/d HN-1 exceeds 1. Indeed, in view
of (1.4) the energy is impervious to adding more surfactant and the system
reaches saturation;

(iv) the decreasing character of the surface energy density ¢ in the interval (0, 1)
shows that below the saturation threshold the addition of an arbitrarily small
amount of surfactant lowers the surface tension, in agreement with experi-
mentation.

We expect the model to also explain how the presence of surfactant influences
the metastability of multiple interface configurations. This expectation is supported
by the observation that the lower and the upper bounds for the persistence time of
metastable configurations for the Cahn—Hilliard energy depend on the surface ten-
sion constant ¢ := (2 fol JI(s) ds) in a monotone way (see [8, 14, 7] etc.).
Although we expect that the I'-convergence result obtained in this paper will play
a crucial role in the analysis of metastability (as in [7] and [14]), we leave the
dynamical aspects of the theory for future investigation.

The paper is organized as follows. In Section 2 we state the central theorem
of this work, Theorem 2.1. Section 3 is dedicated to the case where N = 1—for
expository reasons we start with the proof of Theorem 2.1 in the one-dimensional
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case where it is possible to present the key ideas in a more transparent way without
invoking the heavier technical machinery required in the multidimensional setting.
Here we highlight the detailed description of the optimal profile, and Theorem 3.6
where we prove that ¢ is convex. This is by no means a necessary condition for
lower-semicontinuity of F in the scalar case, but it turns out to be an important ingre-
dient in the proof of the higher-dimensional case. We also mention here Corollary
3.10. which shows that, at least in some important cases, the function ¢ is in fact
strictly convex in the interval (0,1). This implies that for limiting stable configuration
the surfactant is uniformly distributed along the interfaces, in accordance with the
so-called “Marangoni effect”. Section 4 is devoted to the N-dimensional setting,
and, finally, in Section 5 we offer a discussion on the role of the surfactant in the
stability of the system.

2. Statement of the main result

Let @ € RY be an open bounded Lipschitz domain and consider the family of
functionals

G.(u, p) := é/ﬂf(u)dx—i—s/g|Vu|2dx+a(8)/9(p— IVu))>dx (2.1)

where ¢ > 0, « : [0, +00) — [0, +00) is continuous at 0 and strictly positive in
(0, +00), and f is adouble-well potential, thatis f € C(R; [0, c0)) and f vanishes
only at 0 and 1. We will work in the ambiance space X (2) := LY(Q) x M4 (2)
endowed with the convergence t; x 1, where 7| denotes the strong convergence
in L'(Q), while 7, denotes the weak*-convergence in the space of non-negative
bounded Radon measures M (€2). Extend the functionals G, to the whole space
X by setting for every (u, u) € X

. 1 _
Folu. ) = [Gg(u, p) ifue H () and u = pdx, 2.2)

400 otherwise.

When = pdx, with an obvious abuse of notation we will often write F;(u, p)
instead of F.(u, u). We will need to localize the family G (u, p) (and in turn
F;(u, p)): for every open subset A C 2 the functional G, (u, p; A) is defined as in
(2.1), with Q replaced by A.

We are interested in the asymptotic behavior of the functionals (2.2) as & — 07T,
Our main result is stated in the following theorem.

Theorem 2.1. Let ¢, \ 0 and assume that

. a(ey)
lim =

n—o0o g,

:c € [0, +o00]. (2.3)

Then there exists a non-increasing convex function ¢ : [0, +00) — [0, +00] such
that the family { Fg, }I"-converges with respect to the | X 12 convergence in X (£2)
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to a functional F of the form

d N-—1 . .
o e /su¢(‘W”—lm)dH . ifue BV(Q:{0,1))

+00 otherwise,

2.4)

for every (u, u) € X (). Moreover, the energy density ¢ depends on the asymp-
totic behavior of the sequence o.(g,), i.e. on the constant c in (2.3) and on «(0),
according to the following formulae:

(1) if 0 < ¢ < 400, then for every y = 0

+00

$(y) = inf[ fwydx

+o0
+ min{cA? + [u'|?, (1 + o) |u'|*}dx : (u, 1) € .A(y)] ,

—00
2.5
where A(y) is the class of admissible pairs for y defined as

A(y) = {(u,)\) € HL (R)x(—00,0] : Jim u() =0, lim_u(n) =1,

+o0
/ max{A + |u’|, 0}dx < 7/] ; (2.6)

—00

(i) if c = O, then

1
$(y) = 2/0 JT®) ds:

(iii) if ¢ = 400 and a(0) = 0, then
2 [0 TG ds ify 21,

+o00o otherwise;

o) =[

@1v) if 2(0) > 0; i.e., a(ey) is bounded away from O, then

2 [ VTG ds ify =1
W):[ ioo FGYds ify =1,

+ otherwise.

Remark 2.2. (Compactness). Assume that the double-well potential f satisfies the
following growth condition

1
f(S)ZCISI—E

for some C > 0. Then a comparison with the well-known Modica—Mortola func-
tional shows immediately that every sequence {(u,, p,)} such that

sup/ pndx <oo and sup Fg, (uy, pn) < 00
n Q n

is relatively compact with respect to the t; x 12-convergence of X (€2) (see [13]).
We will mostly focus on the case (i) of Theorem 2.1, which is the most interesting
from both the physical and the mathematical viewpoints.
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3. The one-dimensional case

As we already mentioned in the previous section, we will focus on case (i) of
Theorem 2.1 and leave the (easier) proofs for the other regimes to the interested
reader.

We may assume without loss of generality that ¢ = 1 and a(¢) = ¢. For
any J C I open subset of /, with / C R bounded open interval, and for all
(u, p) € HY(Q)xLL (Q) we set

1
Getw.pi 0yi= 1 [ fwdxre [ wiaxre -l
€ JJ J J
The family of functionals we are going to study takes the form

Ge(u, p; J) ifue H'(I) and u = pdx,

Fo(u,u; J) = .
e, 3 J) [+oo otherwise

for all (u, u) € X(I). When J = I we write F,(u, ) instead of Fy(u, u; J). We
will show that I'(X (/))-lim,_, o+ F; = F, with F defined as

> d(ux}) ifue BV {0, 1)),
F(“’ M) = xeSy
+00 otherwise,

where

+00

(y) = inf[ fu)dx

—00

+00
+/ min{k2+|u’|2,2|u’|2}dx:(u,k)eA(y)], (3.1)

—00
and A(y) is as in (2.6).
3.1. Preliminary lemmas

If I C R is an open interval then for every (u, 1) € thc(l ) x R we denote

E(u, ;) ;=/f(u)dx+/min{,\2+ lu'|?, 2u’|*} dx. (3.2)
1 1
By (3.1) we clearly have
o) =inf {E(u, \;R) : (u, r) € A(y)}. (3.3)

As it will be shown in Theorem 3.5, the infimum in the previous formula is attained.
We start by collecting some simple facts which will be used repeatedly in the
sequel.
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Remark 3.1.
(1) If y = 1 then

1
$() =2 /0 JFs)ds. (3.4)

Indeed, if u € HILC(R) is non-decreasing and satisfies lim;—, _o, u(¢) = 0,
lim;_, 1 oo u(t) = 1, then (u, 0) € A(y). Therefore

+00 +00

fu)dx +/ lu'|>dx : u € HL.(R),

—00

P(y) = inf[

—00

u non-decreasing, . lim u(t) =0 and , liT u(t) = l}
——00 — 400

1
= 2/ v f(s)ds,
0

where the last equality is well known, and follows from the solution of the
standard Modica—Mortola optimal profile problem (see [20, 21]). Since the
opposite inequality is trivial, (3.4) follows.

Similarly if y = 0 then (u, A) € A(0) entails |A| = |u/| a.e., and thus

+00 +00

fu)dx +/ 20 |>dx : u € HL.(R),

—00

¢(0) = inf [

—00

w' e L°®), lim u(t)=0and lim u(t) = 1]

1
— NE/O V() ds,

where again the last equality follows from the solution of the standard
Modica—Mortola optimal profile problem.

(i1) The minimization problem in (3.3) is equivalent to
¢(y) =min{E@, ;; R) : (u, 1) € A(y)},
where

A(y) == [(u,x) € H!.(R) x (—00,0] : Jim u(r) =0,

+00
lim u(t) =1, / max{A + |u’|, 0} dx = min{y, l}] .

t—400 —00

Indeed, if y < 1, (u, ) € A(y), and [T max{r' + |u'],0}dx < y,
then necessarily A’ < 0. Moreover, assuming without loss of generality that
fj;o lu'|> dx < 400, by Holder’s and Chebyshev’s inequalities it is easy to
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see that fj;o max{A + |u'|, 0} dx < +oo for every A < 0. It follows from the
dominated convergence theorem that the function

+00
A / max{\ + |u’|, 0} dx
—0Q

is continuous in (—oo, 0), and by Lebesgue monotone convergence theorem
it converges to the value fj;o lu'|dx =2 1 > y as A — 0~. Thus, in partic-

ular, we may find " € (/, 0) such that fj;o max{\.” + |u’|,0}dx = y and
E(,)";R) < E(u,\'; R). If y = 1 then, as shown in (i), the unique mini-
mizing pair is given by (u, 0) where u is the solution of the Modica—Mortola
optimal profile problem, and clearly satisfies fjo(? lu'|dx = 1.

(iii) For all A < 0 and w = 0 the following identities hold:

min{A% + w?, 2w’} = w? + min{A%, w?} = w? + (max{i + w, 0} — w)>.
(3.5)

Thus for every (u, A) € A(y) we have
E(u, ;1) = / fu)dx +/ |u'|* dx —i—/(max{k + 1,0} — [u'])* dx.
I I I
(3.6)

We now state and prove some auxiliary results which will be needed in the
proof of the Theorem 2.1.

Lemma 3.2. Let (Y, 1) be a measure space, with . a non-atomic and positive mea-
sure, and let g © Y — [0, +00) be a non-zero function belonging to L' (Y, ) N
L2(Y, ). Then for any fixed 0 < y < fY g du the problem

min[/(v—g)zd,u: viO,/vd,u:y] (3.7
Y Y

admits a unique (modulo j1-a.e. equivalence) solution u given by
u = max{Ar + g, 0},

where M is the unique (non-positive) constant such that
/ max{\ + g,0}du = y. (3.8)
Y

Proof. If y = |, y &du then trivially the function g itself is the unique minimizer
and 2 = 0.

Assume now that y < |, y & dp and consider the “relaxed” problem

min[/(v—g)zduz viO,/vd,ugy]. (3.9
Y Y
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Step 1. We show that if u minimizes (3.9) then u = max{\ + g, 0} with A < 0.

The existence and uniqueness of the solution to (3.9) are an immediate conse-
quence of the projection theorem in Hilbert spaces after observing that the problem
can be recast as

min{[[v — gl 2y, v €V}

where V is the closed convex set
V.= [UGLZ(Y,/L)I v§0,/vdu§yl.
Y

The solution u is the (unique) projection of g onto V, and using the variational
characterization of projections, we have

/(v—u)(g—u)du 20 (3.10)
Y

foreveryv € V.

For every n € N consider the set J, := {x € ¥ : u(x) > 1/n} and let
J=UJ, ={xeY : ux) >0}.Ifo € L, u) and fjngodu = 0, then
the function v := u £ epy,, belongs to V if ¢ is sufficiently small, and in view
of (3.10) it follows that f]n (u — g)pdu = 0. Since u is non-atomic, this in turn
implies that u — g is constant p-a.e. in J, for every n. We conclude that

u=»Xi+g aeinJ (3.11)

for a suitable constant A, andu =0in Y \ J.

We claim that ¥ = max{A + g,0},ie. A + g < Oae. on Y \ J. In order
to show this, we assume by contradiction the existence of ¢ > 0, J' C J, with
0 < u(J) <+oo,andof H C Y\ J,with0 < u(H) < 400, such that

A+g=e inJ UH. (3.12)

Here we used the fact that ;«(J) > 0, or else u = 0 and u would not be a minimizer
(take as a competitor v := f;:—du g). In particular, u({» + g > 0}) > 0. Setting
Y

At := A — t we also have
Ar+g>0 inJ UHforallt € (0, ¢). (3.13)
By (3.11) and (3.12), lim; ¢ [, (A + &) die = [}, ( + g) dp > 7, where

?::/(k—l—g)du:/ udu, (3.14)
J' J'

and so we can find f € (0, &) such that fJ’UH()‘f + g)du > y. Moreover, as
fj,()»; + g)du < 7 and p is non-atomic, there exists H' C H such that

/ Gi+g)dp=7. (3.15)
J'UH'
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Let

) ’u(x) ifxeY\(J UH),
ulx) = .
AFt+gx) ifxeJ UH'.

In view of (3.13), (3.14), and (3.15) we have that u € V. By Jensen’s inequality
for every v such that f Jup Vdp =y it follows that

/ (v—g)zduz;(/ (v—g)dp,)zz
JUH' ~ w(J"UH) \Jyun

= som () =
“uooay\" " Lo tt) T

_ / (il — )2d, (3.16)
J'UH'

where in the last equality we used (3.15). The equality in (3.16) holds if and only
ifv—g =Arae.in J'U H’, thatis if and only if v = i a.e. in J' U H’. Therefore,
since u # i in J' U H’, we have by (3.16)

/ (ﬁ—g)zdu</ —g)du
J'UH' J'UH'

and, in turn,

/(ﬁ—g)zdu </(u—g>2du
Y Y

which contradicts the minimality of u. We have established the claim, i.e. u =
max{X + g, 0}. Moreover, since

/udué/gdu
Y Y

Step 2. Here we prove that A, found in Step 1 satisfies (3.8). If not, then an argu-
ment entirely similar to that used in Remark 3.1 (ii) would yield the existence of
A" € (A, 0) such that v := max{\’ + g, 0} € V, and by (3.5),

we conclude that A < 0.

[o-du= [ minp P au < [ mina? @) du = [ w02
Y Y Y Y
which violates the minimality of u.

Step 3. To show the uniqueness of A it suffices to observe thatif A" # A, say A’ < A,
and if

V=/A/(/\/+g)du=/A(k+g)du, (3.17)
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where A := {A + g > 0}and A’ := {)' + g > 0}, then clearly A’ C A and thus
/(k+g)du =/ W+ g du+ n(A)( — 1) +/ A+gdpu.
A A A\A

The last identity is incompatible with (3.17) unless (A’) = 0, i.e. y = 0, and this
contradicts the hypotheses on . O

For every y = 0 and for § € [0, %) define
Ps(y) == }Eginf {E@, % (=t,0) + (u,2) € As (1)}, (3.18)
where

As (y) = [(u,k) € H'(=1,1) x (—00,0]: u(—1) =8, u(t) =1-32,
t

max{x + |u'], 0} dx <y+8]. (3.19)

—t
Remark 3.3.

(i) It can easily be shown that
¢(y) = inf inf { Eu, s (<1.0) ¢ (w,2) € A, ()],
where

As () == [(u, A e HY (=1, 1) x (—00,0] : u(—1) =8, u(t) =1 -,

t
max{x + |u’|, 0} dx = min{y +6, 1 — 28}] )

—t

Also, ¢s(0) = 232 [} 7° f(s) ds and

1-6
Ps(y) =2 f(s)ds fory =1—36. (3.20)
)

(ii) Let (u, 1) € Ao(y), and for t' > ¢ let i be the function which is zero in
(—t', —1), coincides with u in (—t, t), and equals 1 in (¢, ¢’). Then (i1, 1) €
Ao, (y) and E(u, &; (—t, 1)) = E(u, A; (—t',1')). Hence,
do(y) = tl_l)lgo inf {E@u, A (—1,0) : (u, ) € Ao (y)}. (3.21)
Note that Ag;(y +8) C Ag,(y +8)if § < &', and so we can write
$o(y) :=supgo(y +8) = lim o(y + ).
§>0 §—0F

In particular we have

1
$o(y) = 2/ fl)ds ify 2 1. (3.22)
0
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Lemma 3.4. For every y 2 0 there holds

$o(y) =d(y) and  $5(y) / do(y) as§ — 0%, (3.23)

Proof.

Step 1. We show that ¢5(y) 7 ¢o(y) as 8 — 0F.If y = 1 by (3.20) and (3.22)
we have

1-6

¢s(y) =2 \ f(s)ds,

and thus ¢5(y) — 2f01 f(s)ds = ¢o(y) as§ — 0.

Suppose now y < 1. If r > 0 and (u, A) € Ap,(y + &) then, by continuity,
we can find —¢ < #; < t» < t such that u(t;) = & and u(t;) = 1 — §. Setting
i(-) == u(- +1t1 + 12/2), the pair (it, 1) € As 1, /2(y) and, due to the translation
invariance of E,

Gs(y) S E (i, h; (252, 251)) = E(u, A: (11, 1)) £ E(u, &; (=1, 1)),
which yields ¢s(v) < ¢o(y + 3) forevery y € [0, 1), and thus

lim sup ¢s () < ¢o(y). (3.24)

In order to prove the opposite inequality, let (u,, A,) € As, ., (¥) be such that
t, > 0,8, = 0", and

im EQun, ns (=tn, tn)) = lim @5, (y) = ligrggf ®5(y). (3.25)

n——+0o

We claim that there exists a constant ¢ > 0 such that
A < —cforalln € N. (3.26)

Indeed, assume by contradiction that up to a subsequence (not relabeled), A,, — 0.
By continuity, for any fixed § satisfying (recall that y < 1)

1—-25>vy (3.27)

and for n large enough, we can find an interval I,, := (x1,,, X2,,) C (—ty, t) such
that§ S u, £ 1 —68in I, uy(x1,,) =8, and u,(x2,,) = 1 — 8. Since by (3.25)

[, min f(u) é/ fun)dx = sup E(upm, A In) < 00,
uels,1-4] I, meN
we deduce that sup,, |/,,| < 4-00. Therefore, since (u,A,) € As, 1, (y) we have

y = lim (y +6,) = lim sup/ max{A, + |u),|, 0} dx
n—oo I”

n—0o0

= limsup [ (Ay + |uy,)dx = nli)rrgo(l — 28 + |I|hp) =1 — 28,

n—oo JI,

which contradicts (3.27). This establishes claim (3.26).
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Set
) )
Tipi= ey Top = —= = . (328)
JIE £ @y dy JIE Gy +1-5dy
and define
0 if x § —1; — Tl,n,
)
- (x+tn+Tl n) if —t, —Tin Sx S —ty,
Tl,n ’
Up(x) == quu(x) if —t, Sx <1,
)
(= t) + 1 =8, ifty Sx Sty + To,
TZ,n '
1 ifx 21,4+ Top.
Note that
by . !
lim — = lim f(Guy)dy =0
n— 00 Tl,n n—00 0
and

S 1
lim —— = lim \// FGpy+1—=8,)dy=0
0

n—00 T2,n n—o00

since f(0) = f(1) = 0. Therefore, recalling that %, is bounded away from 0O (see
(3.26)), for n sufficiently large we have

An + i, < 0in (—o0, —ty) U (t,, 00),

which yields for any 7 > #,

In

T
/ max{%, + |, 0} dx = | max{A, + |u}],0}dx <y +6,
-T

—ty

since (u,, Ap) € As, .1, (). This shows that for n large enough (it,, A,) € Ao, 1
(y +6p) forevery T > t, + max{T1 ,, T2 ,}. Choosing any such T and using (3.5)
we can estimate
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¢0(V + (Sn) § E(ﬁnv )Lrﬂ (_Tv T))
S E(itn, Ans (=tn, 1y)) +/

—In

—ty

f (% (x +1t, + Tl,n)) dx
_Tl.n '

tat+T2,n 252 252
1) n n
By )+ 1-8 ) d =
+/t,, f (Tz.n (x n) + n X+ T + Ton
1
= E(up, ln; (=ty, ty)) + Tl,n/0 f(‘sny) dy
! 282 282
+1> 5 f@ny+1=8)dy + — +—
0 Tl,n T2,n
1
= Etn, hni (—tn, 1)) + 38, /0 F @) dy
1
+36, / fny+1-=256,)dy, (3.29)
0

where in the last equality we used (3.28). Letting n — o0 in (3.29), and recall-
ing (3.25), we deduce that ¢ (2/) < liminfs_o ¢s(y) which, together with (3.24),
yields that lims_, o+ ¢5(v) = ¢o(y).

Step 2. We show that ¢g(y) = ¢(y). We remark that if y = 1 then clearly
do(y) = ¢(y).If y < 1then A < 0, and trivially ¢ < ¢. To establish the opposite
inequality it is enough to show that for any (u, A) € A(y) we can construct a se-
quence {(u,, 1)}, with (u,, A) € Ao.n+1(y),suchthat E(up, A; (—n—1,n+1)) —
E(u, A; R). This can be done by considering the restriction of u to the interval
(—n,n) and then by connecting u(n) to 1 on [n,n + 1] and u(—n) to —1 on
[—(n + 1), —n] with affine functions. Then, since A < 0 for n large enough (u,,, 1)
is admissible for Ag ,+1(y) and satisfies the required approximation property. We
leave the details to the reader. O

The next theorem deals with the existence of an optimal profile, that is, of a
minimizing pair for the problem (3.1). Although the direct method of the calcu-
lus of variations cannot be applied due to the lack of convexity of E(-, -; R), and
therefore possible failure of lower-semicontinuity, the proof will be achieved by
showing that lower-semicontinuity is ensured along minimizing sequences.

Theorem 3.5 (Existence of an optimal profile). For every y = 0 the optimal profile
problem (3.1) admits a solution (u, \) € A(y), with u a non-decreasing function.
Moreover, for every optimal pair (u, .) € A(y) the function u is non-decreasing
and strictly increasing in the set {0 < u < 1}.

Proof. We only consider the case y € (0, 1) since for y ¢ (0, 1) the problem
reduces to the standard Modica—Mortola optimal profile problem (see Remark 3.1
(i1)). We split the proof in two steps.

Step 1. With the notation introduced in (3.18), (3.19), for any fixed 7 > 0 we
consider the problem

mln{E(u’ A-v (_Ta T)) : (H, )") € AO,T(J/)}
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and we show that it admits a non-decreasing solution.
Let {(un, X,,)} be a minimizing sequence, extract a subsequence (not relabeled)
such that

up, = u weaklyin H' (=T, T). (3.30)

By Remark 3.3 (i) we can assume that f_TT max{A, + |u,|,0}dx = y. We claim
that

sup |A,| < 4o0. (3.31)
n

Indeed, denoting I, := {x € (=T, T) : |u}| > |A,|}, by Holder’s and Chebyshev’s
Inequalities, we have

T 1 2
/ u |>dx > ( |u;1|dx)
-7 |1, \J1,

1 T
( max{A, + |u,,|, 0} dx)
2

\

2

1\

2 Al
f_TT |ul, 1> dx

and this implies (3.31) since sup, f_TT lu),|>dx < +oo. By (3.30) and (3.31) we
can extract a further subsequence such that
lu)| = w and max{r, + |u,|, 0} — z weakly in L>(=T,T). (3.32)
Using (3.5) and noticing that the function
(x,y) = (x = y)°
is convex, by lower-semicontinuity and Fatou’s lemma we obtain

lim E(u,, Ap; (=T, T))
n— 00

T T
lim (/ f(un)dx —+—/ |u;|2 dx+
n— 00 -T _-T

T
+/ (max{i, + [u] ], 0} — [u]])? dx)
T

v

T T T
/ fu)dx +/ lu')? dx +/ (z — w)*dx. (3.33)
T -T -7

By Lemma 3.2, identity (3.5), and the fact that w = |u’| (which follows from (3.30)
and (3.32)), we also have

T T
/ (z —w)dx = / (max{\ + w, 0} — w)? dx
-T -T

T T
=/ min{22, w?} dx g/ min{22, [u'|*} dx, (3.34)
-T -T
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where A < 0 is uniquely determined by

T T
/ max{k+w,0}dx=/ zdx =y.
-T -T

Since
T T
/ max{A + |u’|, 0} dx §/ max{A + w, 0}dx =y
-T -T

we deduce that (u, A) € Ag,r(y), and from (3.33), (3.34), (3.5) we obtain

T T
lim E(un, Ap; (=T, T)) = / f(u)dx+/ min{A% + |u'|%, 2|u’|*} dx
n—o0 T -T

and this implies that (u#, A) is an optimal pair.

In order to show that u is non-decreasing, we first observe that a truncation
argument yields 0 < u < 1in (=T, T). Now suppose by contradiction that there
exist 0 < x; < xp such that u(x1) > u(xp). We can also assume without loss of
generality that

u(x1) = max u(x), u(xp)= min u(x). (3.35)
xe[-T,x2] x€lx1,T]

Let v be such that

f) = min f). (3.36)

velu(x),u(xy)]

If v = u(xy) then we consider the first point x3 € (x2, T'] for which u(x3) = u(x;)
(such a point exists since u(T) = 1 = u(x1)), and define a new function i as

_ u(x) forx e (=7,7)\ [x1, x3],
u(x) =
v for x € (x1, x3).

If v < u(xy) then we consider the last point xg € [—T7, x1) and the first point
x3 € (x1, x2] such that u(xg) = u(x3) = v, and define

_ u(x) forx e (=T, T)\ [xo, x3],
u(x) =
v for x € (xg, x3).

In both cases, using (3.35) and (3.36) it follows that that (i, ) € Ap,r(y) and
E(w,r; (=T, T)) < E(u,A;(—T,T)), and this contradicts the minimality of
(u, A).

Step 2. Given a sequence 7, 1 400, let (u,,A,) be a solution of the prob-
lem considered in Step 1 with T = T,. By Lemma 3.4 and (3.21) we have
lim,, 00 E(uy, An; (=T, T,)) = ¢(y). Extending u, to R as u,, := x(0,+00) in
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R\ (=T, T,), using the translation invariance of E and monotonicity of u, we
may assume without loss of generality that

1 1
u, < > in (—o0,0] and u, = > in [0, 4+00). (3.37)

Arguing as in the previous step, up to the extraction of a subsequence we have
u, — u weakly in HILC (R), for some function u € HILC (R),and we canfind A < 0
such that

+00
/ max{X + ||, 0}dx £y and E@, »;R) < lim E(u,, A R) = ¢ ().
n—oo

—0o0

As each u, is non-increasing, u# is also non-decreasing, and thus there exist
limy— oot (x) =: a and limy_, o u(x) =: B. Since by (3.37) u < % in (—o0, 0]
and u > % in [0, 4-00), and taking into account that fR f(u)dx < 400, we must
have « = 1 and B = 0. We can now conclude that (i, A) belongs to A(y) and
minimizes E. Finally, the monotonicity of any optimal function u# can be proved
exactly as in Step 1, while the strict monotonicity in the set {0 < u < 1} follows
from the observation that the energy can be strictly decreased by removing the
intervals where u = ¢, withc € (0,1). O

We now show that the surface energy density ¢ is convex (see Fig 3.1). This
fact will play a crucial role in the N-dimensional estimates.

Theorem 3.6. The function ¢ defined in (3.1) is convex.
Proof. The proof will be split in several steps.

Step 1. We start by considering the following auxiliary energy density:
%
w(M,a,b;y) = infoinf [Mu +/ min{A% + [u/|%, 2|u’|*} dx
> 0

(u, A) € A(u, a, b; V)},

4(0)

O e —

1 Y
Fig. 3.1. The surface density ¢.
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where M > 0,0 <a < b,y 20, and
A, a, by y) = [(u,)\) € H'(0, w) x (—=00,0]: u(0) = a, u(n) = b,
0
/ max{A + |u’|,0)dx <y ] . (3.38)
0

Note that ¥ (M, a, b; -) is non-increasing and we prove that it is convex. Arguing
as in Remark 3.1, it can be shown that the class A(u, a, b; ¥) can be replaced by

A, a,b; y) = [(lfh A e H'(0, ) x (00,01 : u(0) = a, u(u) = b,
/M max{A + |u’|, 0} dx = min{y, b — a} ] ,
0

without affecting the definition of . Fix u > 0 and let (u, 1) € ~,éi(pc, a,b;y) be
a minimizer of

%
Mu +/ min{A? + [u’|?, 2’|} dx.
0

As in the proof of Theorem 3.5, we have that u is increasing and, using Lemma 3.2
and identity (3.5), we deduce that the pair (u, max{u’ + A, 0}) minimizes

" iz
Mu—i—/ |v/|2dx+/ (o — [V'*dx, (3.39)
0 0

among all pairs (v, p) such that v € H'(0, w) with v(0) = a and v(u) = b, and
o 2 0 satisfies

I
/ pdx = min{y, b — a}. (3.40)
0
Indeed, if (v, p) is one such pair, then
" "
/ |v/|2dx+/ (p—V'D*dx
0 0
12 M _
> / V)% dx +/ (max{|v'| + &, 0} — [v/])? dx
0 0
123 _ 123
=/ min{|v'|? + A2, 2|v/|*} dx = / min{|u’|?> + A%, 2|u’|*} dx
0 0
" 2 " 2
=/ 1| dx~|—/ (max{u’ + A, 0} — u')" dx,
0 0
where 2 is such that

" _
/ max{A + |v'], 0} dx = min{y, b — a}.
0
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Therefore, variations of the form (u + e, max{u’ + A, 0}) in the functional (3.39)
yield the Euler-Lagrange equation

2u’ —max{u' + 1,0} =C ae.in (0, u) (3.41)
for a suitable constant C. From (3.41) it immediately follows that
W' =C/2 ae.onA:={xe @, pn):u < -1} (3.42)
and
W =C+Xx ae.onB:={xe O pn:u =-1}. (3.43)

We claim that u’ is constant almost everywhere. If y = 0 then by (3.40) max{u’ +
A, 0} = 0 almost everywhere and so the claim follows immediately from (3.41).
If y > 0 then we show that |A| = 0. Indeed, suppose by contradiction that A
has positive measure. Since B must also have positive measure (otherwise p =
max{u’ + 1,0} = 0 a.e. and (3.40) would be violated), from (3.42) we deduce
C < —2), whereas from (3.43) we get C = —2) and thus we have a contradiction.
We conclude that u is affine in the interval (0, w).

We are now in a position to compute explicitly the value of (M, a, b; y).
From the preceding discussion we know that there is a unique optimal pair (u, p)
for (3.39) given by

u(x) =a+ %% and po=u +Xx,

where X is determined by (3.40) and reads
. _ min{(y = (b~ )).0)
u

‘We conclude that

(b —a)? L min{(y = (b — @), 0}1? ]

v(M,a,b; y) = min {M,u+
u>0 2

_|2vMJ(b—a +(y - (b—a)? ify Sb—a,
B ZW b —a) otherwise,
and thus (M, a, b; -) is convex.

Step 2. We now assume that the double-well potential f is lower semicontinuous
and piecewise constant in [0, 1], i.e. there exists a finite subdivision

O=ap<a) < - <ap—1 <ay=1,
and M; > 0,i =1,...,m,suchthat f = M; in (a;_1, a;). We claim that
m m
¢(y) = min [Z Y(Miaiv.aivi) sy 2 0.y =min{y, 1}}
i=1 i=1

[V (My,a0.a1; ) O...0¢ My, am-1,am: )| () ify =1,

[w(MlvaO,al; 0. Ov My, am—1, am; )](1) if]/ > 1,
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where the symbol “0O” denotes the infimal convolution (see ROCKAFELLAR [24]).
Once (3.44) is established the convexity of ¢ follows from Step 1 and the fact
that the infimal convolution of convex non-increasing functions is still convex and
non-increasing (see again [24]).

In order to prove the claim, we first observe that there exists an optimal pair
(u, A) for the infimum problem defining ¢ (y). Indeed, the same argument used
in the proof of Theorem 3.5 works without changes if we assume the double-well
potential to be just lower semicontinuous. We also recall that ¥ must be strictly
increasing in the set #~!(0, 1). Since min,e,1) f () > 0 the set u 10,1 is a
finite interval, and taking into account the strict monotonicity of ,

m m—1
w00 = (e @-n.u @) U tan,
i=1 i=1
where we set
u " ag) = u='(0) := max{x € R : u(x) = 0}
and

) =u~'(1) == minfx € R : u(x) = 1}.

Writing [; := (u_l(al;l), u_l(ai)), wi = |1;|,
Vi :=/ max{u’ + A,0}dx and v;(x):=u (x + u_l(al;l)) ,

I;
we see that (v;, A) € A(u;, ai—1, a;; 7;) (recall (3.38)),

m

D= / max{u’ + A, 0} dx = min{y, 1},

P ~10.1)
and thus, by the translation invariance of the energy E, we have

(u, 1)—2E(v,,x 0, 1))

i=1

d(y) 2

H\/

(M;, a;i—1,a;; y;)

2
2.
= min {ZWM,-,ai_l, ai;vi): vi 20, D yi = minfy, 1}} . (344

i=1 i=1

For the opposite inequality we choose y1, ..., ¥, such that

> 7 = min{y, 1} (3.45)
i=1



432 IRENE FONSECA, MASSIMILIANO MORINI & VALERIY SLASTIKOV

and

m
> W(Mi.aioy.ai; i)

i=1

= min [Zw(Mi, ai—1.ai;v;) : vi 20, yi = min{y, 1}] . (3.46)

i=1 i=1

Correspondingly, we can find u; and (v;, A;) € A(ui, ai—1, a;; y;) such that

E(i, i3 (0, ) =v(M;, a1, a;i; Vi).

We now set 79 := 0, ; := Zi’:l wj,fori =1,...,m,
0 ifx <0,
u(x) = qvilx —t;_1) ifx e (ti_y, ;) fori =1,...,m,
1 if x > 1,
and
0 ifx <O,
p(x) = {max{u’ +1;,0} ifxe @_1,5)fori=1,...,m,
0 if x > t,,.

(3.47)

Finally, take A such that fj;o max{u’ + A, 0} dx = min{y, 1}. Clearly (u, A) be-
longs to A(y), i.e. it is admissible for the minimum problem defining ¢ (). More-

over, by (3.49),
+00 Mmoo
/ pdx = Z max{v, + A;, 0} dx
. 0
i=1

m
= Zmin{yi, a; —a;j—1} < min{y, 1}.
i=1

Therefore, by Lemma 3.2 and by (3.5) we deduce that

+00

m 4
Z/ min{A?, u’|*} dx =/ (o —u')?dx >
i=1 711

—00

—00

+o0 m t;
> / (max{u’' + X, 0} —u)>dx = Z/ min{A2, |u'|?} dx.
i=1"1i-1

(3.48)
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Using (3.46), (3.47), (3.48), and the translation invariance of E, we obtain

-

=

Ms

m
Y(Mi,ai—1,ai; i) v 20, Yy =minfy, 1 }}

i=1

—

I
M=

E(;, 35 (0, 1)) —ZE(u Mis (tio1, 1))

i=1

Il
-

E@u,2; (tic1,1) = E(u, A R) 2 ¢(y),

'M§

I
<N

1
which, together with (3.44), concludes the proof of the claim.

Step 3. Let f be any continuous double-well potential. We conclude by an approx-
imation procedure. Indeed, construct a sequence f;, of lower-semicontinuous dou-
ble-well potentials satisfying the hypotheses of Step 2, coinciding with f in R \
(0, 1), and decreasing uniformly to f. If we call ¢, the surface energy density
associated with f;, according to formula (3.1), then by Step 2 we have that each ¢,
is convex. In order to conclude it is enough to show that ¢,, — ¢ pointwise.

Clearly we have lim inf,—. o0 ¢ = ¢. For the opposite inequality, fix y = 0,
¢ > 0, and choose r > 0 and (u#, A) € Ap,(y) (see (3.19)) such that u is non-
decreasing and E (u, A; (—t, 1)) < ¢(y) + ¢. This is possible thanks to Lemma 3.4
and Theorem 3.5. Denoting by E,, the energy associated with the potential f;,, itis
easy to see that E,, (u, A; (—t,t)) — E(u, A; (—t, t)). Hence,

lim sup ¢, (y) < hm E,(u,x; (0,0) = E(u, 2; (0,1) S ¢(y) + <.

n—00

The conclusion follows from the arbitrariness of . O

Corollary 3.7. Let ¢5 be the function defined in (3.18). Then ¢s /' ¢ as § — 0T

and the convergence is uniform on the compact subsets of [0, 4-00).

Proof. This corollary follows immediately from Lemma 3.4 provided we show
that ¢ = ¢o. By Lemma 3.4 we have ¢ = ¢, and thus ¢y is continuous thanks to

Theorem 3.6. This, in turn, implies that ¢g = ¢9. O

3.2. Proof of Theorem 2.1: The case N = 1

Step 1 (I'-liminf inequality). Let &, — 0, u, — u in L'(1), and p, X n weakly*
in M4 (I). Without loss of generality we may assume that

liminf Fy (un, pp) = lim Fg (un, pp) < +00.
n—oQ n— oo

Then, since

1
an (us,,v 108,,) 2 _/f(usn)dx + 8n/ |’4:9n|2dx7
En JI 1
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by the well-known Modica—Mortola estimate we get that u € BV ([; {0, 1}) and
1S, < oo. Extracting a subsequence, if necessary, we may assume that u,, — u
almost everywhere.

Let xo € S, be a jump point of u and suppose that ({xg}) < 1. Without loss
of generality we can also assume

lim u(x) =0 and lim wu(x) = 1. (3.49)

X—>Xq )c—>)car
Fix § € (0, §) such that
w{xo}) < 1—-36 (3.50)

and let k € N. By the pointwise convergence of u,, and by (3.49), up to a translation
we can find two sequences x| , — X, and x2, — x(')" such that u, (x1 ,) = 6 and

Un(x2n) = 1—8,and I := (X1, X2.n) C (=4 + %0, X0 + ¢) for n = n(k). For
every k € N let ¢ be a cut-off function such that

2 2 1 1
suppv¥r € (—z + xq, x0 + ;) and Y =1in (—z + xg, x0 + %) .
We have

lim sup/ pndx < lim lim Wkpn dx =klim /Wk du = u({xo}),
I =00/

n— 00 k— o0 n—00

and thus
/ pudx < pu(lxo)) + 6 (3.51)
I,

for n large enough. Setting v, (x) := u,(xg + €,x) and o, := &, 0, (x0 + €,x) We
can estimate:

£,

2
v, (—xfnxo)‘ dx +

Foy Gt o 1) = —/ () a |
_/ x xo — | (tﬂ)‘)z dx =

=/ Fon)dy +/ i dy +
e (1y—x0) en! (Iy—x0)

+/ (on — [, dy =
£

2 (Iy—x0)

z/ f(vn>dy+/ L dy +
e (I —x0) e (In—x0)

+/ (max{x, + [v}],0} — [v.])* dy, (3.52)
en (In—x0)
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where in the last inequality we applied Lemma 3.2, and A, is determined by

/ max{A, + |v,|, 0} dx = / on dx
e (In—x0) e (In—x0)

= / pudx < p(fxo)) +6  (3.53)

n

(in the last inequality we have used (3.51)). Note that (3.50) and (3.53) imply

An < 0. Setting v,(-) := v, (- — t,), where t,, is chosen in such a way that 1, +

&, l(In — Xp) is a symmetric interval centered at the 0, it follows that (v,, A,,) €

Aa el (n({xo})) and thus, from (3.52), (3.5), and the translation invariance of E
’ 2

we obtain
i inf Fe, G, pus 1) 2 Tminf E @ s+ £ (U = x0)) 2 5 (150))).
By Corollary 3.7, letting § — 0, we get

liminf Fe, (uy, pn; In) 2 ¢ (n({xo})).

n—o0

If w({xo}) = 1 then the above inequality is an immediate consequence of Remark
3.1 (i) and the classical Modica—Mortola I'-convergence result. Repeating the same
procedure in a neighborhood of each point x € S, we finally obtain

liminf F, (n, pui 1) 2 D d(u((x)).
xX€eS,

Step 2 (I"-limsup inequality). For every M > 0 we consider the subset X /() :=
{(u, ) € X(I) : u(I) £ M} endowed with the convergence inherited from X (I).
Setting for every (u, 1) € Xp (1)

['(Xp (I))-lim sup Fe, (u, 11)

n— 00

= inf [lim sup Fe, (n, pn) = (Un, pn) — (u, @) in XM(I)] )

n—oo

we can consider the following functional defined for every (u, u) € X (I):

_ ['(Xp(1))-limsup Fe, (u, ) if (u, n) € Xp (1),
Fy(u, p) = n—00
400 otherwise.

It is clear that

I-limsup F,, < Fu

n—oo

for every M > 0, and thus it will be enough to show that

Fu(u, ) < F(u, ) (3.54)
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for every M > 0 and for every (u, u) € X(I) with u(I) £ M. The advantage of
considering F y; lies in the fact that F y; is sequentially lower semicontinuous with
respect to the 77 x 12 convergence in X (/). This is an easy consequence of the
metrizability of the subset of Xj7(/). Note that, on the other hand, the lower-semi-
continuity of I'-lim sup,,_, o, F;, is not a priori clear.

We start by constructing a recovering sequence {(u,, p,)} for a pair (u, n) such
thatu € BV (I, {0, 1}) with £S,, finite and 1 € S, where S is the class of all positive
finite linear combinations of Dirac measures. Write (& as

N1 N>
n = Zyigxi + Zﬂi‘gy,'y
i=1 i=1

where y;, Bi 2 0, vazll{x,-} = S,,andy; € I\ S, fori = 1,..., Np. Since the
construction of the recovering sequence will be localized near each atom of wu,
and u, will match u on the boundary of disjoint intervals centered at x; and y;,
it suffices to consider the particular case where u = yd,, + B3y, with x; € §,
and y; € I\ S,. By the same reason it is not restrictive to assume that u(x) = 0
for x < x1 and u(x) = 1 for x > xj. For any fixed n > 0, by Lemma 3.4 and
Remark 3.3 (ii), we can find # > 0 and (v, A) € Ap;(y) such that

t t
fydx+ [ min{a% + V1%, 200" P dx < ¢(y) +, (3.55)
—t —t

where A satisfies

t

max{A + |v'], 0} = min{y, 1}. (3.56)
—t
Define u, as
'0 ifxelnN{y:y<ux}
Up(x) 1= v (20‘+L)_£"t) if x € (xq, x1 +tey),
1 otherwise in /,
and p, by
'max{|u;|+ﬁ,0} for x € (x1, x1 + t&p),
max{y — 1,0
L forx € (x1 + te,, x1 +te, + /&),
on(x) = B Vén
forx € , V1 + JEn),
NG X € (Y1, Y1 + /&)
0 otherwise in /.

Note that p,, is well defined when 7 is large enough. Clearly u, — u in L' (1), and
using (3.56) it is also easy to see that f, pndx = u(l) =y + B for every n and
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%
pn — . Moreover, we have

1 X1+ten X1+ten
an(umpn)=g—/ f(usn)dx“"sn/ |u;z|2dx+
X

n 1 X1

X1+te, 2
+g,,/ (max{|u;| + ﬁ,o} — |u;|) dx +
X

+ n+ n + n
e, /x1 ten+/en (max{y—l,()})2 dx + 6, /)’1 JF( 8 )2 dr —
xX1+tey ﬁ Y1 \/E

t t
= [ fdx+ [ min{x+ V)% 21V} dx +

—t —t

+ (max{y — 1,0)? \/en + B2V/en,

where the second equality is obtained by a change of variables and by (3.5). There-
fore, recalling (3.55), we deduce that

limsup Fy, (un, pn) = ¢ (y) + 1.

n—oo

The arbitrariness of 7 yields
Fy(u, ) < F(u, ) (3.57)

for all M > 0 and for all (u, u) € BV (I; {0, 1}) x S with u(I) < M.

In order to remove the restriction on p (i.e. © € S), we decompose p as
w = Sy, +wnL(I\S,) and construct a sequence of purely atomic measures vy € S
such that v | S, = O for every k, vi (1 \ Sy) = u(1\ S,), and vy A wl(\ Sy).
Setting py = w|S, + vy it follows that ux € S, uk X M;and F(u, ug) = F(u, n)
for every k. Therefore, by the lower-semicontinuity of F; (with M = w(I)) and
by (3.57) we have

T-limsup Fy, (u, 1) < Fpr(u, p)

n—o0o

< liminf Fp(u, pi) < lim F(u, i) = F(u, p)
k—o0 k—00

and this concludes the proof. O

3.3. The optimal profile

In this subsection we show that for a large class of double-well potentials
the optimal profile problem admits a unique (up to translation of the function u)
minimizing pair (1, A), and we provide an explicit construction. The additional
assumptions on the double-well potential f are the following:

(H1) the restriction fjo.1; is of class C';
(H2) there exists ug € (0, 1) such that f' > 0in (0, ug) and f' < 0in (ug, 1).

For simplicity, in the sequel we will assume in addition
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(H3) up = 1/2 and f is symmetric with respect to 1/2, thatis f(u) = f(1 —u)
for every u € (0, 1).

The symmetry condition stated in (H3) will allow us to simplify some arguments,
but it will be clear that all the analysis below can be extended with minor changes to
the case where just (H1) and (H2) hold. A typical example of a potential f satisfying
our hypotheses is given by f (1) = u*(1 — u)>.

Fix y € (0, 1) and let (u, A) € A(y) be a minimizer for the problem defining
¢ (y). In view of Theorem 3.5, we already know that # must be non-decreasing
and in fact strictly increasing in the set u~!(0, 1). We claim that u is of class C'.
Indeed, setting p := max{u’ + A, 0}, by Lemma 3.2 u minimizes the functional

+o00 +o0 +o00
vl—)/ f(v)dx+/ |v/|2dx+/ (o — [V *dx
—00 —00 —00

among the functions v satisfying the same conditions at infinity as u and thus,
using the Euler—Lagrange equation, we deduce the existence of a C! function g,
with g'(x) = f/(u(x))/2, and of a suitable representative of u’ (still denoted by u”)
such that

2u'(x) — max{u'(x) + 1,0} = g(x) forallx e R. (3.58)

In order to show that u’ is continuous, let x,, — x and assume first that u’(x) > —A.
Then from (3.58) we get g(x) = u’(x) — A > —2 and so, by the continuity of g
and again by (3.58), 2u’(x,) — max{u’(x,) + A, 0} > —2A for n large. It follows
that necessarily u’(x,) > —A for n large and thus

u'(xn) — 4 = glxn) = g) = u'(x) — 4,

that is, u’(x,) — u/(x). A similar argument shows that if u’(x) < —\ then
max{u’(x,) + A, 0} — 0 and thus, from (3.58),

lim 2u/(x,) = lim (24 (xy) + max{u’ (x,) + A, 0})
n—0o0o n—oo

= lim g(x,) = g(x) = 2u’ (x),

which concludes the proof of the continuity of u’.

Now taking into account condition (H2) and the strict monotonicity of u in
u~1(0, 1), an elementary study of the differential equation (3.58) yields the follow-
ing conclusion: after translation of the function u, there exists r > 0 such that

(x eR: u/(x) < =2} = (—00,0) U (£, +00), (3.59)

xeR:u'(x)>-1=(0,1), (3.60)
and u satisfies

4u” = f'(u) in (=00, 0) U (t, +00), (3.61)
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and
2u” = f'(u) in(0,1). (3.62)
Moreover,
1
0<u(0) < 3 and ' (0) =u'(t) = —A. (3.63)

Next we show that all the conditions listed above, together with the volume con-
straint

+00
/ max{u’' + A, 0}dx =y, (3.64)

—00

determine uniquely u# and A. First we observe that equation (3.61) integrates in

(—00,0) to
u = lf(zu) el

for a suitable constant C. Since limy_, o u(x) = 0 and liminf,_, _o u'(x) = 0,
we deduce that C = 0. The same conclusion holds in (¢, +00), and thus

u' =,/ % in (—o0, 0) U (¢, +00). (3.65)

In particular, using (3.63) we get 222 = f@(0)) = f(u(t)), or equivalently,

u©0)=h2r? and u@) =1—h2)\), (3.66)

where i denotes the inverse of f(,1,2]. Note that in the second equality in (3.66)
we used the symmetry of f (see condition (H3)). Arguing as before and using
now (3.62), we have that u’ = /f(u) + C in (0, 1), where, by (3.63) and (3.66),
C := ('(0)>— f@(0)) = A>— f(h(22?)) = —r%. Tt follows that u|(o ;) coincides
with the solution u; of the Cauchy problem

{ Wl =/ f(up) — A2,

s (0) = h(222). (3.67)

From (3.66) and (3.67) we get

1—h(2)2%) 1
t=1(\) =/ ——du. (3.68)
h

@2 fu) — 22

Also, the volume constraint (3.64), (3.59), (3.60), (3.66), and (3.68) yield

t
y=/ u +rdx =u(t) —u() + 1t
0

) 1—h(2)2) A
=1—2h(2k)+/ ——————du
h2a?) N fu) — A2
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Setting
F(}) :=1—2h2)%) + / e _ du (3.69)
h(2A2) \/W '
we have

F'G) = / D fw
ne2y  (fu) —22)32 '

that is, F is invertible and thus A is uniquely determined as A = A(y) = F! y).

Since all the solutions of (3.65) taking values in (0, 1) are obtained by trans-
lating the particular solution uo which satisfies ug(0) = 1/2, there exist 71 and 72
such that

U—00,0)() =uo(-+71) and U 4o00)(+) = uo(- + ).

In order to identify 1, observe that

0
h(2k2)=u(0)=/ u' dx

0 T
=/ /wd):/l /@dx, (3.70)

and so 77 is uniquely determined as a smooth function of A. The symmetry of f
yields

ug(x) =1—ug(—x) forx >0 and 70, =—t—19. (3.71)

Finally, note that A is a C? function of y, while ¢, 71, and 1, are C! functions of A.
This means that the dependence of the solution (u#, A) on y is at least of class cl,
and, in turn, the function ¢ is of class C Lin (0, 1). In fact, all functions A, ¢, t1, 12,
and therefore ¢, inherit at least the same regularity as fjo,1]. In particular, if fj[0,1
is analytic then ¢, 1) is also analytic. We summarize what we proved so far in the
following proposition (see Fig. 3.2).

Proposition 3.8. Ler f be a double-well potential satisfying the conditions (H1),
(H2), and (H3) listed above. Then for every y 2 0 the optimal profile problem
(3.1) admits a unique (up to translations of the function u) minimizing pair (u, A)
given by:

=) =F (),
where F is the function defined in (3.69), and

up(ti(A) +x)  in (—o00,0),
ulx) = Ju(x) in (0,1r(Q)), (3.72)
up(2(A) +x)  in (1(2), +00),
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oY)

p =max{u’+ 2,0}

Fig. 3.2. The solution u to the optimal profile problem and the corresponding p.

where t (X) is given by (3.68), t1(A) is implicitly defined in (3.70), To(A) = —t (L) —
T1(X), and ug is the solution of the equation (3.65) satisfying up(0) = 1/2. The
dependence of the solution on y is as smooth as fo,1, and, in turn, ¢|,1y has at
least the same regularity as fjjo,1]. Moreover, ¢ is continuously differentiable in
(0, 400).

Proof of Proposition 3.8. In view of what was established prior to the statement
of Proposition 3.8, all that remains is to prove is the global C' regularity of ¢. To
this end, it is enough to show that lim,,_, ;- ¢'(y) = 0.

Fix y € (0, 1) and consider the minimizing pair («, 1) constructed above. We
will write # = u(y, x) to highlight the (C') dependence of u on y. Clearly, from
the definition (3.72) of u, we have

¢(y) = E(u, \;R) = E(uo(t1 + ), A; (=00, 0))
+E (15, 2 (0,1)) + E(uo(t2 + ), A; (1, +00)). (3.73)
Using the identity 2|146|2 = f(uo) and (3.71), we easily get
E(uo(t1 + ), &; (=00, 0)) + E (uo(t2 + -)., A; (1, +00))
71 (A)
_4 / F(uo) dx. (3.74)

—00
Note that

71 (A)
% (4/ f(uo) dx) =4f(up(t ()»)))‘[1/ A = SAZTIA/, (3.75)

where we used that f(uo(t1)) = f(u(0)) = f(h(21%)) = 212. Using (3.70) we
also have
, 4200 (2).2) Sy
)= ————— 2 = —4h'2x 3.76
1N = o) 4 370
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and from (3.69)

1—h(232) Fa) -1
N =F = / —_—d .
) ( n@2y  (fu) —2a2)32 !

By (3.73), (3.75), and (3.76) we conclude

d
a (B 4.2 (=00, 0)) + E(un(z2 + ). 4 (¢, +00))) ()
= —320%0 232N, (3.77)

Next, since u’ > —A in (0, £(1)), we have

t(L) P
E(u;, 2; (0,1(1))) =/ (f(,m + ’%
0 X

2
) dx + 22t(0).

In order to determine its derivative we first assume that fjjo 1 is of class C. This
implies that (y, x) — u, (y, x) is of class C? as well, and so:

2

)t/(,\),v

F2) 9 duy, 9*
n / Py 2 4 2T THRN e L2 N+ 200 ().
0 ay dx dxdy

d a
™ (E(uy, 25 (0,1(A)))) = (f(ux(% 1(A)) + ‘—ux(y, (X))
y ax

We recall that u; (y, 0) = h(2A2), u, (v, t(X) = 1 —h(2A?), f(un(y,t(A)) =
202, %a(y 0) = %(y, t(L)) = —A, and uy, solves (3.62). In particular,

> 0x
duy, du;, ouy / /
3 (v, 1) = — (v, t (X)) = —(y, t(A)t" (M)A
y dy ax

= —4h' 222N + A’ (M)A

Therefore, after integration by parts we obtain

(B 35 0.10) = 42 03 + / o (f/(ux) — z@) dx
dr 0 dy 0x2
[23& %](V’t(}‘))
dy 0x 7.0)
=222 (A +160°H DN +20/10). (3.78)

+ 200t (V)

Moreover, by (3.68)
1—-h(2).2) 2235/
2028 ()N = 16020 @A) + / ———————du.  (3.79)
n2y  (f) —a2)3/

Summing up, by (3.68), (3.77), (3.78), and (3.79), we finally get

) 1—h(2)2) 2N 1—h(2)2) 2332
P (y)= du. (3.80)
h

— 2 g+ e
@2 fw) — A2 ! n@2y  (fu) —a2)3/2
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If f is simply of class C', then we proceed by approximation, i.e. we construct a
sequence of Cc? potentials f;, satisfying the assumptions (H1), (H2), and (H3) and
converging uniformly to f in [0, 1]. Then the corresponding sequence ¢,, converges
to ¢, and by the above arguments we obtain

) 1—hy, (232) 2)»n)»,’1 1—hy, (232) 2)\,31%
é,(y =/ , T du+ . ot 1277 u,
hn(222) Jaw) — A5 ha(222) n 7
(3.81)

where A, A}, and h, are defined exactly in the same way with f replaced by f,.
Note that all these quantities depend on y and f,, only, and do not depend on f;,
oron f;. It is then easy to verify that A,, A/, and h, converge to the correspond-
ing quantities A, A/, h. In particular, the right-hand side of (3.81) converges to the
right-hand side of (3.80) which must then coincide with ¢’. We leave the details to
the reader. We deduce that (3.80) holds also if f is of class C'. Moreover, since by
construction f, = 22 in the interval (h,(212), 1 — h,(222)), we also have that
f(u) = 22%1in (h(2A%), 1 — h(2A?)), and thus both integrands in (3.80) are dom-
inated by 2. Since A vanishes as y — 17, the dominated convergence theorem
implies that both integrals vanish as well, that is, ¢’(y) — 0 as y — 17, which
concludes the proof. O

From the proof of the proposition it is clear that the same approximation pro-
cedure holds if f is simply continuous and has the same increasing—decreasing
structure we assumed before. This is made precise in the following corollary.

Corollary 3.9. Let f be a continuous double well-potential such that f(u) =
f( —u) foreveryu € (0, 1) and f is strictly increasing in (0, 1/2) and strictly
decreasing in (1/2, 1). Then ¢ is of class C'.

Proof. Asinthelastpartof the previous proof, we can approximate f by a sequence
of regular potentials satisfying the assumptions of Proposition 3.8. Since the expres-
sion of ¢, does not involve any derivative of f;,, we can pass to the limit and deduce
that (3.80) still holds. We then argue as before. O

We conclude this section with the following:

Corollary 3.10. Under the assumptions of Proposition 3.8, in addition if fj0 1) is
analytic, then ¢ is strictly convex in (0, 1).

Proof of Corollary 3.10. From Proposition 3.8 ¢ is analytic in (0, 1), and by The-
orem 3.6 it is convex. Thus, ¢ is either strictly convex or affine in (0, 1), but the
latter possibility is ruled out by the fact that ¢'(1) = 0. O

4. The N-dimensional case
Here we prove Theorem 2.1 in the case where Q@ € RY and N > 2. As in the

one-dimensional framework we consider only the case (i), and assume without loss
of generality that «(¢) = ¢.



444 IRENE FONSECA, MASSIMILIANO MORINI & VALERIY SLASTIKOV

4.1. The T'-lim inf inequality
Lete, \( 0, u, — u in L' (), and p, A n weakly* in M (2) be such that
liminf Fy, (1, pp) < +o00.
n— oo
Extracting a subsequence (not relabeled), if necessary, we may assume that
liminf Fe, (u,, pp) = lim Fg, (uy, pn),
n—oo n—oo

u, — u a.e.in €2, and
— Fn) + e (1Yl + (o0 = [Via)?) = o
n

weakly* in M4 (Q2). Set p(x) :=
inequality it is enough to show that

dH,Sl—f‘lLS(x). In order to proof the I'-liminf

do

m(x) Z ¢(p(x)) (4.1

for HV~!-a.e. x € S,. For every point x € S, where the generalized normal vector
v(x) is defined we denote by O, s the cube of side-length 6 centered at x and with
two of its faces orthogonal to v(x). Let xo € S, satisfy

(a) lim(;_)0+ SI_NHN_I(QXO,S N Su) = 1;

. P(Qx,5) _
®) al—l>n([)1+ HN’I(Qx:;ﬂ So) 5—13&81 " 1(Qx0.8) = plx0);

. O—(on,ﬁ) . 1—N do

! = lim & = (%)
) N0 NS0 o ? (@) = g, (o)

(d) lim 8_N/ lu(x) — 1|dx = lim S_N/ lu(x)|dx =0,
§—0F ot §—0t -

x0.0 X086

where we define

Qs =¥ € Oy £(x — x0) - v(x0) Z 0).
Note that condition (d) simply states that 1 and O are the upper and lower traces,
respectively, of u on S, at xo. It can be restated as
s —N pN + . _ 1 —~N N - .
(d) 81_1>r(1)1+8 LMx € Qp st ulx) #1} = 81_1)r(r)1+8 LM x e Qs ulx) #

0} = 0.

We claim that (4.1) holds for xo. We treat only the case p(xg) < 1, as the other
case reduces to the standard Modica—Mortola estimate. Fix » > 0 such that

(I =4r) > (14 r)p(xo), (4.2)
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and choose § < 1 such that (9 Qy,,5) = (3 Qx,s) =0,

81N 1(Qrp.8) < (14 1)p(x0), (4.3)

8" No(Qugs) = (1+7) (x0), (4.4)

do
dHN-1LS,

e ol u =1z (57) 8,

and
LV {x e 0 s:ulx)=0}> 1-r sN
x0~5 . = 2 .

+

By Severini-Egoroff’s Theorem, we can find two closed sets C* C {x € Qs *

u(x) =1tand C~ Cc{x € Q : u(x) = 0} such that

x0,0 °

oV (et z Ao
2

and u, — u uniformly in C™ U C~. In particular, we have that the orthogonal

projection K* of C* onto ng,a = Q;O,a N Q;O,a’ that is, the set

5
K+ .= y € ng,a dr e (O, 5) such that y &+ tv(xg) € Ci]

satisfies
HV1 (k%) > (1 — )26V
and thus, setting K := KT N K~, we have
HNN(K) = (1 —4r)sV L (4.5)
For every y € ng,a andt € (—%, %) set
Un,y (1) := up(y + 1v(x0)).

Now let A,, € R be such that

/ max{A, + |Vu,|, 0} dx = / Pndx. 4.6)
QXO‘(S QXO,(S

We claim that A,, < O for n large enough. Indeed, assume by contradiction that
Ang = 0 for a subsequence n; — oo and fix n <« 1. By the uniform convergence
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of uy, tou in CT UC~ we deduce that for k large enough the total variation of u,
is bigger than 1 — 2n for almost every y € K, and thus

(Qxy,5) = lim / Pn, dx = lim max{A,, + |Vuy,|, 0} dx
k—o0 QXO.S k

0 on,é

3
> lim sup / " max{n, + [(tny) ()], 0} drdy
K

k—o00

OGNS

> lim sup / / |(ny ) (O] dtdy = (1 —4r)sV =11 — 2,
K —

s
k— 00 3

where in the last inequality we used (4.5). Dividing by V! and recalling (4.3) we
deduce

(L+r)p(xo) = (1 —4r)(1 —2n),

which contradicts (4.2) if n is small enough. Hence A,, < O for n large enough, and
thus using (4.6), Lemma 3.2, and (3.5), we can estimate

an (Un, Pn; on,é)
1
> — fup)dx + en/ min{A2 + |Vul ks 2|Vup 1>} dx
&n Qﬁ,xo Q.\’(),E

v

51 . L -
/1(/5 o ny) + enminhy + [(n,y) (1, 21un,y)' (1) drdy
s e
S
E/K/: FWay) Fmin{uZ 4 [(vay) O, 2 (v y) (01} dedy,  (4.7)
i

where we set v,y (t) 1= uy,y(e,t) and pu, := €,,, and, without loss of generality,
we assume that xo = 0. For every y € QSO 5 define

2
gn(y) = SmaX{)»n-I—|Vun(y+lv)|,0}dla
-2
and note that

8

S 3
7 maxti 4 1) @100 = [ maxti, + 1, 01,0} dt = 4(2)

_3
2¢en 2
(4.8)
and that, recalling (4.3),
/ , ady = / pndx = (142r)p(x0)s"™! (4.9)
x0.8 Oxp.8
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if n is large enough. By Chebyshev’s inequality and by (4.5) it is possible to find
M > 0 so large that

HY " ({y e K@ gn(y) S M) = (1 — RV N (K)
> (1 =r)1—4r)sV! (4.10)

forall n. Moreover, by Corollary 3.7 we can find 9 < 1suchthatforallO0 < n < ng

Pp(y) 2 (1 =r)p(y) for0O=y =M. (4.11)

Now by the uniform convergence of u, to u in C™ U C~, we deduce that for n
large and for all almost every y € K there exist (s, (y), t,(y)) C (—%, %) such
that vy, y (s, (y)) = n and v, y(1,(y)) = 1 — n and therefore, by (4.8) and the very

definition of ¢,, we get

s
2en : 2 1 2 1 2
s f(vn,y) + min{u;, + [(Vn,y) (D], 2|(Un,y) ()|} dtdy
T 2en
n(y) . 2 70N 2 1rng2
2 . S Way) +min{puy, + [(Va,y) ()17, 2[(Va,) (@)} dtdy = ¢y(gn ().
Sy

Hence, from (4.7) and (4.11) we obtain

Fe, (tn, pn; Qo) = (1 —7) o (gn(y)) dy, (4.12)
{yeK:g,(») SM}

for n large enough. Since by (4.9) and (4.10)

14+ 2r
gn(y)dy = (l—r—p(xO)’

J[{yeK:g,,méM} ) —4r)

and recalling that ¢ is convex and non-increasing, from (4.12) we deduce that

an (Un, Pn; on,8) 2
> (1= HY (v e K 2 gu(y) < M) ¢ (50 (0)

> (1= 11 =46 ¢ (520 (0)

for n large enough, where we have used (4.10) again. Dividing this inequality by
SN—1 and using the fact that

lirsn an (Un, Pn; on,S) = O'(on,ﬁ),

and (4.4), we finally obtain

142
(I +4r) (x0) 2 1 =r)(1 —4r)¢ (Lp(m)) :

do
dHN-LLS, 1—-r)ya—4r)
Owing to the arbitrariness of r and the continuity of ¢, we conclude that (4.1) holds
for any point xq satisfying conditions (a)—(d), that is, for HN- 1 ge. point xg € S,.
This completes the proof of the I'-liminf inequality.
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4.2. The T"-lim sup inequality
The proof of the I'-lim sup inequality will be split in several steps.

Step 1. Assume firstly that u = xsnq, where A is an open set with d A a smooth
(N — 1) manifold, and that © = gHN 1S, + Z{:] ¢idy;, where g is piecewise
constant on S, and the atoms x; are in 2 \ S,,. More precisely, there exists a finite
collection of pairwise disjoint compact subsets, K, ..., K, C S, and positive
constants y1, ..., ¥, such that g, = y; and g = O on S, \ U K;. We also assume
that K; = B(y;,r;) N S, for some r; > 0 and y; € S,. We claim that there exist

vp — win L' and p, — u with Jo Pndx = () such that

: dp N—1
1 F, , < —— | dH . 4.13
l’gsgép (Vs pn) S /S“ ¢ (dHN—l |_Su) ( )

Since the construction of the recovering sequence can be localized near each set
K; and each atom x;, it suffices to consider the special case where

=y xxHY Sy + Bbx,

with y, 8 > 0, K = B(yp, ) N S, for some r > 0 and yg € S,, and xg € 2\ S,.
We fix n < 1 and choose t > 0 and (11, A1) € Ap(y) such that
t

max{A; + |u]|, 0} dx = min{y, 1} (4.14)

—t

and

E(ui, A (—1,1) S ¢p(y) +n, (4.15)

andletu; € HILC (R) withuz = x(0,400) inR\ (=, t) be such that (see Remark 3.1)

t
/ (f ) +252) dx < ¢ (0) + 1. (+.16)
—t
We extend u to the whole real line by x (0, 400) in R\ (-2, #). For § > 0 we denote
Ks := B(yp, r+8)NS,, and we choose a cut-off function ¢ € CgO(SM; [0, 1]) such
thatg = 1in K, ¢ =0in S, \ Ks, and ||V¢l|leo £ C/8 with C > 0 independent
of §. Finally, since S, is smooth we know that the signed distance function d from
Sy, and the projection & on S, are well defined and smooth in the n-neighborhood
(Su)y of Sy, provided n is small enough. Moreover, without loss of generality, we
may assume that u(x) = 1 ifd(x) > 0 and u(x) = 0ifd(x) < O.
We can now define (for te,, < 1)

e (42) + (1 = p@)ua (4L2) iy € (SN2,
v, (x) =

u otherwise,
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and
max {u’l (@) + A1, 0]
- if x € (Sy)re, and 7w (x) € K,
&n
max{y — 1,0} i x € ((Sreysye \ Se,)
pn(x) 1= cp - 2/ and 7(x) € K,
B . _E
fxeB &N ),
on o if x X0, &
|0 otherwise,

where «p denotes the measure of the N-dimensional unit ball and ¢, is a normal-
ization constant chosen in such a way that fQ pn dx = u(£2). Note that p, is well
defined provided that 7 is large enough. We claim that ¢, — 1 as n — oo. Indeed,
using the Coarea formula (see [1]), we have

1
_/ Pn dx
Cn JQ
tep
1

=+ [ max{uj(Z)+ A1, OHN '(fx e Q:7(x) € K, d(x) = s})ds

&n

—tep
max{y—1,0} tentEn N-1 . _
+T H {xeQ:n(x) e K,dx)=s}ds
" ten

te,
4 max{y 1.0} HY '(x e Q:n(x) € K, d(x) = s} ds + B
2V —ten—A/n

=I'+ 12+ +8.

Since
}i_r)r%)HNfl({x €eQ:n(x)eK, dx) =s}) =HVN(K), 4.17)
and
ngngo(M)*‘ /ttwﬁ HY " M(x € Q:7(x) € K, d(x) = s})ds
= lim (/)" /;taanN_l({x €Q:n(x) € K, d(x) =s))ds

=HV"1(K),
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we have

lim 1!
n—o0

t
= lim / max{i 4 u}, OYHY " ({x € Q: 7 (x) € K, d(x) = e,2)) dz
—t

n—oo
=HN 1K) t max{i + u}, 0} dx = min{y, 1YHY "1 (K)
- 1 - V, )
—t

where the last equality follows from (4.14), and, similarly,

lim 124 17 = max{y — 1, 0)H" 1 (K).

n— oo

We conclude that

1
lim — | ppdx = yHN"UK) + B = w(Q),
Q

n—00 ¢,

and thus ¢, — 1. Using this fact and again the Coarea formula it is now easy to

* .
show that p, — w. The convergence of v, to u is clear.
It remains to estimate Fy, (v, p,). We can write

an (Vn, pn) =

1
:/{ }S—f(vn)+8n|an|2+en (pn — |Vva)? dx
XG(Su)tgnIJT(X)EK n

1
+/ — F(Wn) + &a|VUu|* + 0 (pn — |VU])? dx
(xE(Su)rey: w(x)€Ks) En

1
+/ — f W) + &n|Voul* + &0 (on — [V ])* dux
{(x€(Suiey: m(X)EKS\K} En
_ 2
e, Xy —LOD? N ({x € (Slient e \ (Sdie, : 7(x) € K})
2
Ve
= I' 24+ 13+ 0(Jen). (4.18)

Using the Coarea formula and changing variables as before, we easily get
t
1] :/ (f(ul) + min{A? + [u} %, 2|u/1|2}) hy ds
—t
where h,(s) := ’HN’I({x e Q:n(x) € K, d(x) = gus}). By (4.15) and (4.17)

we conclude that

limsup I} < (¢(y) + mH" "' (K). (4.19)

n—oo

Similarly, it can be shown that

limsup 12 < (¢ (0) + HY 1 (QNJA\ K). (4.20)

n—oo
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Finally we have the estimate
13<005). 4.21)

Combining (4.18), (4.19), (4.20), and (4.21), due to the arbitrariness of n and § we
can conclude

T-limsup F, (u, 1) < F(u, p) = p()H" " (K) + o (OHN (A N (QIK).

n—o0

As in the one-dimensional case it is convenient to consider for every M > 0 the
subset X7(2) := {(u, u) € X() : u(Q) £ M} endowed with the convergence
inherited from X (€2). Setting for every (u, n) € X1 (2)

I'(Xm(2))-lim sup Fy, (u, i)

n—00

= inf {lim sup F, (uy, pp) © (Up, pn) — (u, 1) in XM(Q)] ,

n—oo

we can consider the functional

_ I'(Xm(2))-limsup Fy, (u, ) if (u, n) € Xp(2),
Fy(u, p) = n—00
+00 otherwise,

defined for every (u, 1) € X (€2). What we have proved so far can be restated in
the following way:

T-limsup F,, (u, ) < Fp(u, p) < F(u, )

n—o0

for every pair (u, ) satisfying the assumptions of Step 1 and with w(£2) < M.
As we already observed the advantage of considering F ;s lies in the fact that F s
is sequentially lower semicontinuous with respect to the 7y X 7o convergence in
X ().

Step 2. Letu = x(ang) with A a smooth (N — 1) manifold and u = gHN_l LS, +
Z’}zl ¢i8y; where g : Q@ — R is a continuous function. We may find a sequence
gr of piecewise constant functions satisfying the assumptions of the previous step
and converging to g in L (S,; HN ") for every p > 1. We may also assume that
fSu grdHN! = fSu gdHN~! for every k. Then, setting uz := gt HN 'S, +
Z’}zl ¢idy,;, we clearly have p; (R2) = (£2) for every k and A w. Let M >
(). By the lower-semicontinuity of F ; and from Step 1 we have

I-limsup Fy, (u, 1) < Fpr(u, ) < liminf Fpr(u, jug)
k—00

n—oo

< lim / ¢ (g0 dHN ! = / 6(g)dHY "' = F(u. ).
—Js, Su
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Step 3. Let u = x(ang) with A an arbitrary set of finite perimeter, and let u =
gHN=ILS, + 27:1 cidy; where g : 2 — R is a continuous function. By a well-
known approximation result (see [21]), we may find a sequence {Ax} of open sets
such that 9 Ay is a smooth manifold and

Xar = xain L'(RY) and Per (A;, Q) — Per (A, Q).

We define py = g’HN_1 [0A +1; Z’}:l ¢;8y;, where t; is chosen so that 114 (R2) =
w(£2). Since by Reshetnyak’s theorem (see [1])

/ Yo d(HV 94 — / ved(HN 1 [0°A)
Q Q

for any ¢ € C(2), we have that ty — 1 and g A w. Set uy := xa,nge. From the
previous step and again by Reshetnyak’s theorem, we get

I-limsup Fy, (u, ) < Fp(u, p) < hmmf Foar (g, i)

n— oo

< Jim / P(g)d(HN ' 0Ay) = / ¢(g)d(HN 8% A)

: () dHY ™ = F(u, p).

Step 4. Let u = x(ang) With A an arbitrary set of finite perimeter, and let u be an
arbitrary positive finite Radon measure. We can construct a sequence {ui} of the
form

we = g TILS, +ank,
j=l1

where each gx : @ — R is continuous, gy — in L'(S,; HN~1), and

du
dHNT S
ni k * N—1|qx L
Z, | laxk - - m?’l [0*A. Clearly A i, and from Step 3 we
conclude that

[-limsup F, (u, p) < Fylu,p) < hmlnf Foar(u, k)

n—o00

< 71 N—1 _ dp N— 1_
< lim /S oG /S 0 (i) ' = P

The theorem is proved. O

From the preceding proof it is clear that given (u, u) € X(2) the recover-
ing sequence {(ug, (x)} can be constructed in such a way that ui(2) = w(2).
Moreover, if f grows at least quadratically near the two wells we can argue as
in [13] to show that the constraint fQ updx = fQ u dx can be imposed. In other
words, the same I"-convergence result remains true if we fix the volume of both u
and p. In order to state this precisely, assume that f is a continuous double-well
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potential with wells at 0 and 1 and that it satisfies the following additional growth
assumption: there exist § > 0 and C > 0 such that

Sz Clu®  and  f(1—u) = Clul?

for |u| < 6. Fora € (0, LN (Q)) and B > 0 consider the space

X""ﬁ(Q) ={(u, n) € X(Q) : / udx = o and p(2) = B}
Q
and define

Ge(u, p) if (u, p) € X*P(Q) and pu = pdx,
+00 otherwise,

et = |

where G, is the functional defined in (2.1) with @ (¢) = ¢, and

du No1if (u, p) € X*P(Q)
/S ¢ (dHN*l S (x)) AR and e BV(@: {0, 1)),
o, B . u
F*P(u, p) =

400 otherwise,
where ¢ is the function defined in (3.1). Then we have

Theorem 4.1. Under the above assumptions the family { F¢' P \[-converges to F*-#
with respect to the (t1 X 12)-convergence of X (2).

5. Remarks on stability

The following theorem deals with the existence of local minimizers for the
approximating functionals F, (see (2.2)) near a stable configuration of the limit
energy F (see (2.4)), in the spirit of KOHN & STERNBERG (see [19]).

Definition 1. Let F : L'(Q) — R be a functional. We say that u € L'(Q) is a
local minimizer for F if there exists § > 0 such that

F(u) = F(v) (CRY

whenever 0 < |lu — v||;1 < § with v satisfying the same volume constraint as u,
that is, [qudx = [, vdx. We say that ug is an isolated local minimizer for F if
(5.1) holds with the strict inequality.

Theorem 5.1. Let (ug, o) € BV (2; {0, 1}) x M4 (R2) be such that ug is an iso-
lated local minimizer for the functional F (-, o). Then there exists a sequence
(e, pe) with

ug — ug in LYQ)  and  pe A wo in M4(2)

such that for ¢ small enough u, is a local minimizer for the functional F¢(-, pg).
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Proof. Let (vg, pe) such that

ve > up inL'(Q) and  pg X no in M4 ()
and

Fg(ve, pe) = F(uo, o). (5.2)

By assumption there exists § > 0 such that F(ug, o) < F(v, ;o) whenever
0 < llup —vllp1 £ 8 and [quodx = [, vdx. We choose u, solution to the
problem

min[Fg(v,pE): lv —ugll 1 §8/vdx=/uodx]. 5.3)
Q Q

The existence of such u, is easily deduced by applying the direct method of the
calculus of variations. We claim that u, — ug. Indeed, suppose by contradiction
that (up to a subsequence) 0 < 8; < |lue — ug|| < 8. Since

sup Fe(ug, pe) < +00,
e

by compactness we may assume that u, — u* in L' () for some u* € BV ($;
{0, 1}). Clearly we still have §; < [lug — u*|| < 8 and [, u*dx = [quodx.In
light of the minimality of u, we know Fg(ug, pe) < Fe(vg, pe) from which we
deduce

F(u*, po) < liminf Fy (ug, pe)
e—0

A

lim F(ve, pe) = F(uo, (o), 5.4
£—0

where the first inequality is a consequence of the I'-convergence of F, to F while
the last equality follows from (5.2). The inequalities in (5.4) are in contradiction
with the fact that ug is an isolated local minimizer. Therefore, u, — ug, and this
concludes the proof of the theorem. O

We now use the previous theorem to show that the presence of surfactant may
influence the structure of local minimizers. Let € be the two-dimensional cube
(0,1) x (0, 1) and let ug € BV (2; {0, 1}) be a characteristic function with a jump
set made of a finite collection of line segments parallel to the x-axis. We start
by assuming that no surfactant is present in the system, that is, uo = 0. In this
situation uq corresponds to a non-isolated stable configuration for the functional
F (-, 0). Indeed we can obtain energetically equivalent configurations by sliding the
interfaces a little bit. As consequence we cannot apply the previous theorem and
in fact by a result from GURTIN and MATANO ([16]) we know that for every ¢ > 0
all local minimizers for F¢ (-, 0) are monotone in the y-direction and therefore they
cannot be close to a multiple interface configuration like . In other words for &
finite the configuration given by ug is unstable when there is no surfactant. The
situation changes as soon as we add surfactant. Indeed if (¢ is a positive measure
whose support coincides with the jump set of ug, then it is easy to see that ug is
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an isolated local minimizer for F (-, ;o) and thus, by Theorem 5.1 we can find a
sequence {p;} of surfactant densities approaching the limit distribution gy and a
sequence {u.} of local minimizers for F;(-, p.) converging to ug. This shows that
the presence of surfactant makes it possible to have stable configurations for the
functionals F; close to a multiple interface configuration.

We conclude by observing that so far we considered only configurations which
are only stable with respect to variations of the phase variable u. It would be interest-
ing from the physical point of view to investigate to prove the existence of multiple
interface configurations which are stable with respect to variations in the pair (u, p).
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