
Digital Object Identifier (DOI) 10.1007/s00205-006-0003-y
Arch. Rational Mech. Anal. 183 (2007) 187–214

A Constructive Existence Proof for the Extreme
Stokes Wave

L. E. Fraenkel

Communicated by C.A. Stuart

Abstract

Stokes conjectured in 1880 that an extreme gravity wave on water (or “wave of
greatest height”) exists, has sharp crests of included angle 2π/3 and has a bound-
ary that is convex between successive crests. These three conjectures have all been
proved recently, but by diverse methods that are not conspicuously direct. The pres-
ent paper proceeds from a first approximate solution, of the extreme form of the
integral equation due to Nekrasov, to a contraction mapping for a related integral
equation that governs a new dependent variable in the spaceL2(0, π). This method
provides: (a) a constructive approach to an extreme wave with the sharp crests
predicted by Stokes; and (b) a rather accurate second approximation. However, the
method has not led (so far, at least) to the convexity.

1. Introduction

The Stokes conjecture [11] for the “highest” gravity wave on water may be
said to consist of three parts:

(i) existence of an extreme wave (an end-point of a family of “smaller” waves,
described fully in the Introductions to [2] and [10]);

(ii) that this wave is distinguished by sharp crests of included angle 2π/3;
(iii) convexity of the upper boundary of the water between successive crests.

All three parts have now been proved, but not easily and not by a unified method.
A preliminary step was the existence proof in [5] for smooth waves (not extreme)
of large amplitude. Part (i) of the conjecture was proved in [12] and in [6] by means
of sequences of smooth waves tending to an extreme one; the passage to the limit
was treated quite differently in the two papers.

Part (ii) was proved in [2] by means of real-variable methods and the limiting
form (equation (2.1) below) of the integral equation due to Nekrasov; at the same



188 L. E. Fraenkel

time, it was proved in [9] by means of complex-variable methods and an extension
of a certain function beyond its domain in the plane of the complex potential. (This
was an inspired sharpening for a particular case of a general construction due to
H. Lewy.)

Part (iii) has been proved only in [10]; the proof uses complex-variable methods
of the kind initiated in [9]. The paper is formidable, both as an achievement by the
authors and as a task for the reader.

The present paper deals jointly with parts (i) and (ii) of the conjecture. We solve
a nonlinear integral equation u = Au, which is a variant of the limiting Nekrasov
equation, in three steps as follows.

(a) Explicit formulae define an approximation ua and the corresponding function
Aua such that Aua − ua is small.

(b) Posing u = ua + h for the exact solution, we write the equation u = Au as

ua + h = Aua + A′ (ua) h+ Rah, (1.1)

and prove that the linear equation

Law := w − A′ (ua)w = f (1.2)

has a unique, bounded solution w ∈ L2 (0, π) for each f ∈ L2(0, π).
(c) Equation (1.1) may now be written

h = L−1
a (Aua − ua + Rah) =: Sah (say), (1.3)

and estimates of the nonlinear term Rah show that Sa is a contraction map of
a small, closed ball in L2(0, π). (Accordingly, there is exactly one solution h
of (1.3) in that ball.)

It might be hoped that this construction would yield a simple proof of part (iii)
of the conjecture, but I have been unable to show this.

Throughout the paper, results depend on the numerical evaluation and numeri-
cal integration of functions defined by explicit formulae. (These calculations were
all done with a Texas Instruments TI-92 calculator.) Therefore, purists may believe
that the theorems in the paper have not been proved. I have much sympathy with
this point of view, but it seems unlikely that, without numerical evaluation of known
functions, a construction as direct as that in this paper could be obtained.

2. Preliminaries

The Nekrasov equation governing the extreme Stokes wave, for the case of
periodic waves on water of infinite depth, is

ϕ(s) = 1

3

∫ π

0
K(s, t)

sin ϕ(t)∫ t
0 sin ϕ

dt, 0 < s < π, (2.1)
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where

K(s, t) := 1

π
log

tan 1
2 s + tan 1

2 t∣∣tan 1
2 s − tan 1

2 t
∣∣ = 2

π

∞∑
k=1

sin ks sin kt

k
. (2.2)

The physical meanings of s, ϕ and the u mentioned in Section 1 are as follows. In
the physical plane we take axesOx,Oy moving with the wave (axes fixed relative
to a crest) with Oy pointing vertically upwards. The wavelength is λ, the complex
potential is �+ i�, and the complex velocity

d (�+ i�)

d (x + iy)
= qe−iϑ → c as y → −∞ (c = const. > 0) .

Then the co-ordinate s in (2.1) is defined by s := − (2π/cλ)�, with s = 0 at a
crest and s = π at the adjacent trough to the left of that crest. The angle ϕ is such
that tan ϕ is the slope of the upper boundary {� = 0} of the water, ϕ is also the
restriction of ϑ to that upper boundary, and

u(s) := 3
∂

∂s

(
log

q

c

)∣∣∣∣
�=0

,

in which log (q/c) is a harmonic conjugate of −ϑ .
As we shall use a variant of (2.1), an elaborate definition of admissible function

is required. The symbol C0,α[ 0, π ] denotes the set of functions that are uniformly
Hölder continuous on [ 0, π ] with Hölder exponent α.

Definition 2.1.

(i) The set X of admissible functions is the set of functions ψ :[ 0, π ] → R such
that

(a) ψ ∈ C0,α[ 0, π ] for some α ∈ (0, 1); (2.3a)

(b) ψ(0) = π/6 and ψ(π) = 0; (2.3b)

(c) − π/12 � ψ(s) � π/3 for s ∈ (0, π); (2.3c)

(d)
∫ s

0
sinψ � ks on [ 0, π ] for some constant k > 0. (2.3d)

(ii) By a solution of (2.1) we mean a function ϕ ∈ X that satisfies (2.1) pointwise.

This definition of a solution is wider than those in [2] and [1] in that it allows
negative values of ϕ; it is also narrower than the definition in [2] in that it implies
that a solution represents a wave having a sharp crest of included angle 2π/3.

We shall write, at least for 0 < s < π ,

(Nψ) (s) := sinψ(s)∫ s
0 sinψ

= d

ds
log

∫ s

0
sinψ, (2.4)

(Kf ) (s) :=
∫ π

0
K(s, t) f (t) dt, (2.5)
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whenever ψ ∈ X and f is such that the integral in (2.5) exists. Obviously (2.4)
holds also at s = π . Limiting values at s = 0 and at s = π will be adopted wherever
they exist. Equation (2.1) becomes

ϕ = T ϕ, where T ψ := 1

3
K ◦ Nψ for all ψ ∈ X. (2.6)

We shall invert the nonlinear operator N; to that end, we define a suitable
co-domain.

Definition 2.2. The set Y is the set of functions v : (0, π ] → R such that

(a) the function s �→ sv(s) is in C0,α[ 0, π ] for some α ∈ (0, 1); (2.7a)

(b) sv(s) = 1 +O
(
sα

)
near s = 0 and v(π) = 0. (2.7b)

First we show that N : X → Y is injective. For ψ and θ in X,

Nψ = Nθ �⇒ d

ds
log

∫ s
0 sinψ∫ s
0 sin θ

= 0 �⇒ log

∫ s
0 sinψ∫ s
0 sin θ

= 0 (2.8)

because
∫ s

0 sinψ∫ s
0 sin θ

= 1 +O
(
sα

)
, α > 0, near s = 0.

Thus,
∫ s

0
sinψ =

∫ s

0
sin θ on [ 0, π ] ;

we differentiate, recall that ψ(s) and θ(s) are in [ −π/12, π/3] and conclude that
ψ = θ .

Accordingly, N has an inverse N−1 : N(X) → X; we write it explicitly as
follows. By (2.4),

Nψ = v ⇐⇒
∫ s

0
sinψ =

(∫ s

0
sinψ∗

)
exp

∫ s

0
(v − v∗) (2.9)

for any comparison functionψ∗ ∈ Xwith v∗ := Nψ∗. (Note that v is not integrable
at 0, but v(t)− v∗(t) = O

(
tα−1

)
for some α > 0. Possible comparison functions

ψ∗ are ϕ0 and ϕ1, defined by

sin ϕ0(s) := 1

2
cos

s

2
, (Nϕ0) (s) = 1

2
cot

s

2
, (2.10)

ϕ1(s) := (T ϕ0) (s) = π−s
6 ,

(Nϕ1) (s) = 1
6 sin π−s

6

/ (
cos π−s

6 − cos π6
)
.

⎫⎪⎬
⎪⎭ (2.11)
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The functions ψc and T ψc in Section 3 will be perturbations of ϕ0 and ϕ1, respec-
tively.) It follows from (2.9) by differentiation that

sinψ(s) = sin
(
N−1v

)
(s) =

(∫ s

0
sinψ∗

)
v(s) exp

∫ s

0
(v − v∗) . (2.12)

That this is independent of the choice of comparison function follows from our
derivation and is confirmed by the proof of Remark 2.3 below.

Although N is not monotonic under the usual partial ordering of functions in
C[ 0, π ], the formula (2.12) shows that N−1v is an increasing function of v. The
formula also enables us to distinguish functions in N(X) from those merely in Y ,
as follows. If v ∈ Y and also

− sin
π

12
�

(∫ s

0
sinψ∗

)
v(s) exp

∫ s

0
(v − v∗) � sin

π

3
for s ∈ (0, π), (2.13)

then (2.12) shows that (2.3a) to (2.3c) hold, while (2.9) implies (2.3d).
Here is a variant (which seems to be new) of the Nekrasov equation (2.1).

Instead of pursuing ϕ by means of ϕ = T ϕ, we pursue u := Nϕ by means of

u = Au, (2.14)

where

(Av)(s) := sin
( 1

3Kv
)
(s)∫ s

0 sinψ∗
exp

∫ s

0
(v∗ − v) (2.15)

for all v ∈ N(X) and for any comparison function ψ∗ ∈ X with v∗ := Nψ∗.

Remark 2.3. The operator A is independent of the choice of comparison function
ψ∗.

Proof. Let A∗ and A0 be the operator A with comparison functions ψ∗ and ψ0,
respectively. At a zero, say s0 ∈ (0, π ], of sin

( 1
3Kv

)
we have (A∗v) (s0) =

(A0v) (s0). At all other points s ∈ (0, π),
(A∗v) (s)
(A0v) (s)

=
∫ s

0 sinψ0∫ s
0 sinψ∗

exp
∫ s

0
(v∗ − v0)

=
∫ s

0 sinψ0∫ s
0 sinψ∗

exp
∫ s

0

d

dt
log

∫ t
0 sinψ∗∫ t
0 sinψ0

dt

= 1. �

If we choose ψ∗ = ψ := N−1v, then (2.15) becomes

(Av)(s) = sin (T ψ) (s)∫ s
0 sinψ

(
ψ = N−1v

)
, (2.16)

where T is as in (2.6). This shows (since v(s) = sinψ(s)
/ ∫ s

0 sinψ) that the
equations ϕ = T ϕ and u = Au are equivalent when ϕ ∈ X and u ∈ N(X).
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3. A formal approximation to the solution

We define the Grant number β to be the smallest positive zero of
√

3(1 + x)−
tan (πx/2), whence β = 0.80268 . . . If ϕ is a solution (perhaps not quite in the
present sense) of the Nekrasov equation (2.1), then

ϕ(s) = π

6
+ C1s

β + C2s
2β +O

(
s3β

)
as s ↓ 0, (3.1)

where C1 < 0 and C2 > 0. The exponents β, 2β and many others were found and
applied heuristically in [4] and [8]; the form of the whole asymptotic expansion for
s ↓ 0 (with known exponents and unknown coefficients) was established rigorously
in [1]; that C1 < 0 was proved in [7]; and that C2 > 0 is a result of [1]. The whole
asymptotic expansion contains infinitely many exponents other than nβ, n ∈ N,
where N := {1, 2, 3, . . . }.

The precise hypotheses in [1] and [7] need not concern us here, because we
shall use (3.1) only as a guide (and not in any proof).

Lemma A.3 of [2] provides a method of evaluating T ψ explicitly for certain
functions ψ . Guided by (3.1), we apply the lemma to construct functions ψc and
T ψc as follows. The holomorphic function w in the lemma is first chosen to be
cw1, where c =const.∈ (0, 1) and

w1 (ζ0) := −
∫ ζ0

1

1

ζ

{
(1 − ζ )β−1 − 1

}
dζ, (3.2)

with ζ0 and ζ in D1 := {
ζ ∈ C

∣∣ |ζ | � 1, ζ �= 1
}
; a cut outside D1 restricts

arg (1 − ζ ) to (−π/2, π/2)when ζ ∈ D1. The real and imaginary parts ofw1
(
eis0

)
,

0 � s0 � π , are respectively

a1 (s0) =
∫ s0

0

(
2 sin

s

2

)β−1
sin

(1 − β) (π − s)

2
ds, (3.3)

and

b1 (s0) = −
∫ s0

0

(
2 sin

s

2

)β−1
cos

(1 − β) (π − s)

2
ds + s0; (3.4)

the lemma then states that
∫ s

0
sinψc = sin

s

2
exp {−ca1(s)} , (3.5a)

sinψc(s) =
{

1

2
cos

s

2
− ca′

1(s) sin
s

2

}
exp {−ca1(s)} , (3.5b)

(Nψc) (s) = 1

2
cot

s

2
− ca′

1(s), (3.5c)

(T ψc) (s) = π − s

6
+ 1

3
cb1(s). (3.6)
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Here b1(π) = 0 because w1 (ζ0) is real for real ζ0 ∈[ −1, 1]. It is laborious but
not difficult to check that ψc ∈ X and T ψc ∈ X when c ∈ (0, 1). In particular,
ψ ′
c(s) < 0 on (0, π ], b′′

1(s) > 0 in (0, π) and, for s ∈ (0, π),

0 < sinψc(s) <
1

2
cos

s

2
, (3.7a)

π − s

9
< (T ψc) (s) <

π − s

6
. (3.7b)

Contour integration shows that

a1(π) =
∫ 1

−1

1

ξ

{
(1 − ξ)β−1 − 1

}
dξ (3.8a)

= 0.53826 . . . (3.8b)

by numerical evaluation of (3.8a); equally, by numerical evaluation of (3.3) with
s0 = π . Of course, over short intervals near awkward points (such as s = 0 for
(3.3), or ξ = 0 and ξ = 1 for (3.8a)) approximations to the integrand have been
integrated analytically, here and elsewhere.

We wish to choose c so that T ψc − ψc is numerically small. Now, as s ↓ 0,

sinψc(s) = 1

2
− cBsβ +O

(
s2β

) (
B := β + 1

2β
cos

βπ

2

)
,

sin (T ψc) (s) = 1

2
− cBsβ + 2c − 1

4
√

3
s +O

(
s2β

)
,

so that the choice c = 1/2 makes T ψc close to ψc for small s. On the other hand,
(T ψc)

′ (π) = ψ ′
c(π) if and only if c = 0.62633 . . . , so that this value of c makes

T ψc close to ψc for s near π . We shall use

g(s, c) := sin (T ψc) (s)− sinψc(s)∫ s
0 sinψc

(3.9)

as a measure of error; note that, by (2.16) and (2.4),

g (·, c) = Avc − vc if vc := Nψc, (3.10)

and that sin T ψc − sinψc is much smaller than g(·, c) near s = 0.
Figure 3.1 shows graphs of g (·, c) for c = 1/2, c = 0.62633 and c = 0.56.

We adopt the value c = 0.56 and define a formal approximation ϕa to the desired
solution ϕ by ϕa := ψ0.56, with error

ga(s) := g(s, 0.56) = sin (T ϕa) (s)− sin ϕa(s)∫ s
0 sin ϕa

. (3.11)

The explicit formula for ga and numerical integration (done in two different ways)
yield

∥∥∥ga
∣∣∣L2(0, π)

∥∥∥ :=
(∫ π

0
g2
a

)1/2

<
1

60
. (3.12)
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Fig. 3.1.

Table 3.1.

s sin ϕa(s) sin (T ϕa) (s) λ(s)
− sin ϕa(s)

0◦ 0.5 0 0
3 0.48231 0.00051 −0.00074
6 0.46944 0.00069 −0.00129
9 0.45798 0.00069 −0.00182
12 0.44736 0.00057 −0.00237
15 0.43732 0.00036 −0.00296

30 0.39193 −0.00130 −0.00662
60 0.31082 −0.00474 −0.01752
90 0.23319 −0.00626 −0.03117
120 0.15586 −0.00560 −0.04425
150 0.07810 −0.00325 −0.05358
180◦ 0 0 −0.05696

Table 3.1 shows values of sin ϕa and of sin T ϕa − sin ϕa ; Figure 3.2 shows the
graph of sin ϕa .

Appendix B presents an improved approximation, based on the first of the suc-
cessive approximations that are implied by the existence proof in Section 6.

4. Inversion of a linear operator

We seek a solution u of u = Au in the form

u = ua + h, ua := Nϕa, h ∈ L2(0, π), (4.1)

where ϕa is the approximation constructed in Section 3. Whether ua + h will be in
N(X) remains to be seen. With

Rah := A (ua + h)− Aua − A′ (ua) h (4.2)
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Fig. 3.2.

denoting a nonlinear remainder, the equation u = Au becomes

ua + h = Aua + A′ (ua) h+ Rah,

equivalently,

Lah := h− A′ (ua) h = ga + Rah, (4.3)

where

ga := Aua − ua. (4.4)

We have encountered ga in (3.10) to (3.12); the function Rah will be the subject of
Section 5. Section 4 concerns the linear operator La . Let the comparison function,
in the definition (2.15) of the operator A, be ψ∗ = ϕa . Then v∗ = ua and the
concrete form of Lah is given by

(Lah) (s) = h(s)− 1

3

cosϕb(s)∫ s
0 sin ϕa

(Kh) (s)+ sin ϕb(s)∫ s
0 sin ϕa

∫ s

0
h , (4.5a)

where

ϕb := T ϕa. (4.5b)

Notation. N := {1, 2, 3, . . . }, L2 := L2(0, π) and ‖ · ‖ := ∥∥·∣∣L2
∥∥.

Lemma 4.1. Given w ∈ L2, define

f (s) := 1

sin s
2
(Kw) (s) and g(s) := 1

sin s
2

∫ s

0
w. (4.6)

Then f ∈ L2, g ∈ L2 with ‖f ‖ � 4‖w‖, ‖g‖ � 4‖w‖ and ‖f ‖ = ‖g‖.
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Proof.
(i) We may write (for 0 < s < π)

w(s) =
∞∑
k=1

ck sin ks, (ck) ∈ l2,

the convergence being in the norm ofL2. Letwn denote the partial sum from k = 1
to k = n, and define

un(s) := (Kwn) (s) =
n∑
k=1

ck sin ks

k
, (4.7a)

fn(s) := 1

sin s
2

un(s), φ := un − um, m < n. (4.7b)

Since cot π2 = 0 and φ(s) = O(s) as s ↓ 0, integration by parts yields
∫ π

0

(
φ

sin s
2

)2

ds =
∫ π

0
2φφ′.2 cot

s

2
. ds

� 4

{∫ π

0

(
φ

sin s
2

)2
}1/2 {∫ π

0

(
φ′ cos

s

2

)2
}1/2

by the Schwarz inequality. Dividing through by the first of these square roots, we
have

‖fn − fm‖=
{∫ π

0

(
φ

sin s
2

)2
}1/2

�4

{∫ π

0
φ′2 ds

}1/2

=4

{
π

2

n∑
k=m+1

c2
k

}1/2

,

(4.8)

so that (fn) is a Cauchy sequence in the complete space L2; its limit is certainly
f because un → Kw in C[ 0, π ]. That ‖f ‖ � 4‖w‖ follows from (4.8) if fm, um
and m are replaced by 0 there.
If we now define

vn(s) :=
∫ s

0
wn =

n∑
k=1

ck (1 − cos ks)

k
, (4.9a)

gn(s) := 1

sin s
2

vn(s), (4.9b)

then the proof that g ∈ L2, with ‖g‖ � 4‖w‖, is similar to the foregoing one.
(ii) For an elementary proof that ‖f ‖ = ‖g‖, we write fn(s) and gn(s) in terms of
θ := s/2. First,

sin 2kθ

sin θ
= 2 {cos θ + cos 3θ + · · · + cos (2k − 1) θ} ,

1 − cos 2kθ

sin θ
= 2 {sin θ + sin 3θ + · · · + sin (2k − 1) θ} .
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(To verify these identities, multiply each by sin θ and use 2 sin θ cos 3θ = sin 4θ −
sin 2θ , etc.) Accordingly,

fn(s) = b1 cos θ + b3 cos 3θ + · · · + b2n−1 cos(2n− 1)θ,

gn(s) = b1 sin θ + b3 sin 3θ + · · · + b2n−1 sin(2n− 1)θ,

where

b2m−1 = 2
n∑

k=m

ck

k
, m � n.

The functions cos(2m− 1)θ , m ∈ N, are mutually orthogonal on (0, π/2), and so
are the functions sin(2m− 1)θ , m ∈ N. Hence, (for all n ∈ N)

‖fn‖2 = π

2

n∑
m=1

b2
2m−1 = ‖gn‖2, (4.10)

and we know from step (i) that fn → f and gn → g in the norm of L2.
(iii) A more revealing proof that ‖f ‖ = ‖g‖, suggested by J.B. McLeod and by
J.F. Toland, proceeds from a transformation of conjugate functions on the unit circle
to conjugate functions on the real line. If u(s) := (Kw) (s) and v(s) := ∫ s

0 w are
extended from [ 0, π ] to [ 0, 2π) as odd and even functions, respectively, of s − π ,
then u and v are conjugate functions on the unit circle (that is, boundary-value
functions of harmonic conjugates in the unit disc).
The conformal transformation

z = 2i
1 + ζ

1 − ζ
, z = x + iy, ζ = ρeis , (4.11)

maps D1 = {
ζ ∈ C

∣∣ |ζ | � 1, ζ �= 1
}

onto
{
z ∈ C

∣∣ Im z � 0
}
. For ζ = eis , 0 <

s < 2π , we have

x = 2 tan
s − π

2
, dx = 1(

sin s
2

)2 ds. (4.12)

Let û(x) := u(s) and v̂(x) := v(s) under this transformation; then û and v̂ are
conjugate functions on the real line (are Hilbert transforms of each other), from
which it follows that

∫ 2π

0

(
u(s)

sin s
2

)2

ds =
∫ ∞

−∞
û(x)2 dx =

∫ ∞

−∞
v̂(x)2 dx =

∫ 2π

0

(
v(s)

sin s
2

)2

ds,

and the integrals over (0, 2π) are twice those over (0, π). �

Lemma 4.2. If w ∈ L2 and La is as in (4.5), then∫ π

0
wLaw � 0.43 ‖w‖2, (4.13)

with equality only if ‖w‖ = 0.
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Proof.
(i) The coefficients in La may be written, in view of (3.5a),

pa(s) := 1

3

ea(s) cosϕb(s)

sin s
2

, qa(s) := ea(s) sin ϕb(s)

sin s
2

, (4.14)

where a(s) := 0.56 a1(s). Consequently,
∫ π

0
wLaw =

∫ π

0

{
w2 − pawKw + qawW

}
, (4.15)

whereW(s) := ∫ s
0 w. We shall show that the adverse second term is dominated by

the favourable first and third terms. First,

pa(s) � κ

sin s
2

, κ := 1

3
ea(π) = 0.45059 . . . , (4.16)

by (3.8b). Then, for every constant α > 0,
∣∣∣∣
∫ π

0
pawKw

∣∣∣∣ � κ

∫ π

0

|wKw|
sin s

2

ds

� κ

2

∫ π

0

{
αw2 + 1

α

(
Kw

sin s
2

)2
}

ds

= κ

2

∫ π

0

{
αw2 + 1

α

(
W

sin s
2

)2
}

ds, (4.17)

by Lemma 4.1.
(ii) Define

ra(s) := 1

2
cot

s

2
− qa(s) (4.18a)

=
{

1

2
cot

s

2
− sin ϕa(s)∫ s

0 sin ϕa

}
− sin ϕb(s)− sin ϕa(s)∫ s

0 sin ϕa

= a′(s)− ga(s), (4.18b)

by (3.5) and (3.11), since ϕb := T ϕa . Then
∫ π

0
qawW =

∫ π

0

{
1

2
cot

s

2
− ra(s)

}
wW ds. (4.19)

Now, because cot(π/2) = 0 and because the Schwarz inequality implies that

|W(s)| � s1/2
{∫ s

0
w2

}1/2

= o
(
s1/2

)
as s ↓ 0, (4.20)

integration by parts gives
∫ π

0

1

2
cot

s

2
.wW. ds =

∫ π

0

1

4
(
sin s

2

)2 .
W 2

2
. ds. (4.21)
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Use of (4.17), (4.19) and (4.21) in (4.15) now shows that (for every constant α > 0)

∫ π

0
wLaw�

∫ π

0

{(
1−κα

2

)
w2+

(
1

8
− κ

2α

) (
W

sin s
2

)2

−ra(s)wW
}

ds.

(4.22)

We choose α = 4κ in order to make the middle term vanish.
(iii) It remains to consider the last term in (4.22). Since ra(s) = O

(
sβ−1

)
as s ↓ 0

and ra(π) = 0, integration by parts and two applications of (4.20) give
∫ π

0
rawW = −

∫ π

0
r ′a
W 2

2
�

∫ π

0
|r ′a(s)|

s‖w‖2

2
ds. (4.23)

We claim that

r ′a(s) < 0 on (0, π ] . (4.24)

For, by (4.18a),

r ′a(s) = λ(s)(
sin s

2

)2 ,

where, with the notation σ(s) := sin s
2 ,

λ := e2a sin ϕa sin ϕb + eaσ cosϕb
(−ϕ′

b

) − 1

4
. (4.25)

It follows that

λ(s) = −0.00842 sβ +O
(
s2β

)
as s ↓ 0,

λ(s) = −0.05696 +O
(
(π − s)2

)
as s ↑ π,

and that λ has numerical values as in Table 3.1.
The inequalities (4.23) and (4.24) imply that

∫ π

0
rawW � −1

2
‖w‖2

∫ π

0
r ′a(s) s ds =: μ‖w‖2, (4.26a)

where, by a final integration by parts and by (4.18b),

μ = 1

2

∫ π

0
ra = 1

2

{
a(π)−

∫ π

0
ga

}
< 0.161. (4.26b)

(iv) With α = 4κ , the inequality (4.22) becomes
∫ π

0
wLaw �

(
1 − 2κ2 − μ

)
‖w‖2

and

1 − 2κ2 − μ > 0.43. �
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Theorem 4.3. The equation Law = f , with f ∈ L2, has a unique solutionw ∈ L2
and

‖w‖ � 1

0.43
‖f ‖. (4.27)

Proof.
(i) Granted existence of a solution, we have the estimate (4.27) immediately:

0.43 ‖w‖2 �
∫ π

0
wLaw =

∫ π

0
wf � ‖w‖ ‖f ‖,

and this inequality also implies uniqueness.
(ii) To prove existence of a solution, we apply the Lax–Milgram lemma [3] (p. 207)
to the bilinear form B defined by

B(v,w) :=
∫ π

0
vLaw for all v and w in L2.

In order to bound B, we recall that

(Law) (s) := w(s)− 1

3
ea(s) cosϕb(s)

(Kw) (s)

sin s
2

+ ea(s) sin ϕb(s)

∫ s
0 w

sin s
2

.

Lemma 4.1 and (4.16) imply that

‖Law‖ � ‖w‖ + 4κ‖w‖ + 6κ‖w‖,

whence

|B(v,w)| � (1 + 10κ)‖v‖ ‖w‖ (4.28)

for all v and w in L2. This inequality and Lemma 4.2 show that B satisfies the
hypotheses of the Lax–Milgram lemma. �


5. Estimates of the remainder operator Ra

In view of Theorem 4.3, the version (4.3) of the equation u = Au may be
written
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h = L−1
a (ga + Rah) =: Sah (say). (5.1)

Abandoning the condition ua + h ∈ N(X) for the moment, we seek a solution
h that is merely in L2 in the first instance. Therefore, we consider

Raw := A (ua + w)− Aua − A′ (ua)w for all w ∈ L2, (5.2)

and seek estimates of Raw and of Rav − Raw that will make the operator Sa in
(5.1) a contraction map of a small closed ball in L2.

According to the definition (2.15) of the operator A, with comparison function
ψ∗ = ϕa , and hence with v∗ = ua := Nϕa ,

A (ua + w) (s) = sin
{
(T ϕa) (s)+ 1

3 (Kw) (s)
}

exp
(− ∫ s

0 w
)

∫ s
0 sin ϕa

. (5.3)

Lemma 5.1. Let W(s) := ∫ s
0 w. If w ∈ L2, then W and Kw are in C0,1/2[ 0, π ]

and

|W(s)| � ‖w‖s1/2, (5.4a)

| (Kw) (s)| � ‖w‖s1/2
(

1 − s

π

)1/2
, (5.4b)

∫ s

0
|Kw| � ‖w‖

(
s3

3
− s4

4π

)1/2

. (5.4c)

Proof.
(i) The identity (4.7a) implies that ‖ (Kw)′ ‖ = ‖w‖. Hence the Schwarz inequality
yields

|(Kw) (s)− (Kw) (σ)| =
∣∣∣∣
∫ s

σ

(Kw)′
∣∣∣∣ � ‖w‖ |s − σ |1/2 (5.5)

for all s and σ in [ 0, π ], and similarly for W .
(ii) The bounds in (5.4a,b,c) also result from the Schwarz inequality. The first is a
coarse version of (4.20). For the second, we have

|(Kw)(s)| � ‖K(s, ·)‖ ‖w‖, 0 � s � π,

where K(s, ·) ∈ L2 for fixed s, with Fourier sine coefficients as in (2.2), so that

‖K(s, ·)‖2 = 2

π

∞∑
k=1

(
sin ks

k

)2

= 1

π

{
π2

6
−

∞∑
k=1

cos 2ks

k2

}

= 1

π
s (π − s) .

For the inequality (5.4c), let

Q(s, t) :=
∫ s

0
K (σ, t) dσ = 2

π

∞∑
k=1

(1 − cos ks) sin kt

k2 . (5.6)
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Then

‖Q(s, ·)‖2 = 2

π

∞∑
k=1

(1 − cos ks)2

k4 , 0 � s � π,

= 2

π

∞∑
k=1

1

k4

(
3

2
− 2 cos ks + 1

2
cos 2ks

)

= s3

3
− s4

4π
,

and it follows from

|(Kw) (σ)| �
∫ π

0
K(σ, t) |w(t)| dt,

that ∫ s

0
|Kw| �

∫ π

0
Q(s, t)|w(t)| dt � ‖Q(s, ·)‖ ‖w‖. �


Lemma 5.2.
(i) With the notation

ϕb := T ϕa, lw := 1

3
Kw, W(s) :=

∫ s

0
w, (5.7)

we have

(Raw) (s) = 1∫ s
0 sin ϕa

∫ 1

0
(1 − θ) {P(θ, s)+Q(θ, s)} dθ, (5.8a)

where

P(θ, ·) := e−θW {
W 2 − l2w

}
sin(ϕb + θlw), (5.8b)

Q(θ, ·) := e−θW {−2Wlw} cos(ϕb + θlw). (5.8c)

(ii) With the further notation

z := v − w, lz := 1

3
Kz, Z(s) :=

∫ s

0
z, (5.9)

we have

(Rav)(s)− (Raw)(s) = 1∫ s
0 sin ϕa

∫ 1

0
{S(θ, s)lz(s)− T (θ, s)Z(s)} dθ,

(5.10a)

where

S(θ, ·) := e−W−θZ cos(ϕb + lw + θlz)− cosϕb, (5.10b)

T (θ, ·) := e−W−θZ sin(ϕb + lw + θlz)− sin ϕb. (5.10c)
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Proof. It suffices to consider the numerator in (5.3). Let

B(ua + w) := sin(ϕb + lw)e
−W,

and

RBw := B(ua + w)− Bua − B ′(ua)w.

(i) To prove (5.8) we define F :[ 0, 1] → C[ 0, π ] by

F(θ) := B(ua + θw) = sin(ϕb + θlw)e
−θW , 0 � θ � 1.

Then

RBw = F(1)− F(0)− F ′(0).1

=
∫ 1

0
(1 − θ)F ′′(θ) dθ,

and (5.8) follows from two differentiations of F(θ).
(ii) To prove (5.10) we define G :[ 0, 1] → C[ 0, π ] by

G(θ) := B(ua + w + θz) = sin(ϕb + lw + θlz)e
−W−θZ, 0 � θ � 1.

Then,

RBv − RBw=B(ua + v)−Bua − B ′(ua)v−
{
B(ua+w)−Bua−B ′(ua)w

}

=
∫ 1

0
G′(θ) dθ − B ′(ua)z,

and B ′(ua)z is F ′(0) with w replaced by z. Differentiation of G(θ) now yields
(5.10). �


Now we begin estimates for v and w in a small closed ball

Bρ := {
w ∈ L2

∣∣ ‖w‖ � ρ
}
, ρ > 0;

the radius ρ will be chosen later.

Theorem 5.3. If ‖w‖ � ρ, then

‖Raw‖ � exp(ρπ1/2) ρ2 (1.773 + 0.654ρ). (5.11)

Proof.
(i) We begin with pointwise estimates; that is, with repeated application of Lemma
5.1 to the functions in (5.8). Let

η(s) :=
(

1 − s

π

)1/2
, ζ(s) := s1/2

(
1 − s

π

)1/2
, ϕ1(s) := π − s

6
.

(5.12)



204 L. E. Fraenkel

Then (for ‖w‖ � ρ and 0 � s � π )

|W(s)| � ρs1/2 � ρπ1/2,

−1

9
ρ2s

(
1 − s

π

)
� W(s)2 − lw(s)

2 � ρ2s,

−1

3
ρζ(s) � sin {ϕb(s)+ θlw(s)} � sin ϕ1(s)+ 1

3
ρζ(s),

because 0 � ϕb � ϕ1 by (3.7b). Accordingly,

|P(θ, s)| � exp
(
ρπ1/2

)
ρ2s

{
sin ϕ1(s)+ 1

3
ρζ(s)

}
.

Similarly,

|Q(θ, s)| � exp
(
ρπ1/2

) 2

3
ρ2sη(s).

These bounds are independent of θ , so that we may use
∫ 1

0 (1 − θ) dθ = 1/2 to
obtain

|(Raw)(s)| � 1

2
exp

(
ρπ1/2

)
ρ2 s∫ s

0 sin ϕa

{
sin ϕ1(s)+ 2

3
η(s)+ 1

3
ρζ(s)

}
.

(5.13)

(ii) Writing a(s) := 0.56a1(s) and

s∫ s
0 sin ϕa

= sea(s)

sin s
2

�
s
(
1 + 0.214sβ

)
sin s

2

=: f1(s), (5.14a)

we have equality only at s = 0. Let

f1(s) sin ϕ1(s) =: f2(s), f1(s)η(s) =: f3(s), f1(s)ζ(s) =: f4(s);
(5.14b)

then

‖Raw‖ < exp
(
ρπ1/2

)
ρ2

{
1

2
‖f2‖ + 1

3
‖f3‖ + 1

6
ρ‖f4‖

}
.

These ‖fj‖ have been evaluated numerically (and rounded upwards) to yield (5.11).
Of course, our cavalier treatment of the dependence on θ , and our final use of the
triangle inequality, have led to an overestimate. �

Theorem 5.4. If ‖v‖ � ρ and ‖w‖ � ρ, then

‖Rav − Raw‖ � ρ‖v − w‖ {
2.423cρ + 1.227 + ρ

(
1.308cρ + 0.069

)}
,

(5.15a)

where

cρ := exp
(
ρπ1/2

) − 1

ρπ1/2 . (5.15b)
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Proof.
(i) The significance of cρ is that, because of the convexity of the function x �→ ex ,

|ex − 1| � cρ |x| if |x| � ρπ1/2. (5.16)

(ii) Let V (s) := ∫ s
0 v; we continue to use the notation in Lemma 5.2 and in (5.12).

First,

|W(s)+ θZ(s)| = |θV (s)+ (1 − θ)W(s)| � θρs1/2 + (1 − θ)ρs1/2

= ρs1/2; (5.17)

similarly,

|lw(s)+ θlz(s)| � 1

3
ρζ(s). (5.18)

Now, (5.10b) may be written

S(θ, ·)=
{

e−W−θZ−1
}

cos (ϕb+lw+θlz)+{cos (ϕb+lw+θlz)−cosϕb} ,
whence, in view of (5.16) to (5.18),

|S(θ, s)| � cρρs
1/2 + sin

{
ϕ1(s)+ 1

3
ρζ(s)

}
1

3
ρζ(s)

� ρs1/2
{
cρ + 1

3
η(s)

[
sin ϕ1(s)+ 1

3
ρζ(s)

]}
;

also,

|lz(s)| � 1

3
‖z‖s1/2η(s).

Next, (5.10c) may be written

T (θ, ·)=
{

e−W−θZ − 1
}

sin (ϕb + lw + θlz)+{sin (ϕb + lw+θlz)−sin ϕb} ,
whence, by (5.16) to (5.18) again,

|T (θ, s)| � cρρs
1/2

[
sin ϕ1(s)+ 1

3
ρζ(s)

]
+ 1

3
ρζ(s);

also,

|Z(s)| � ‖z‖s1/2.

The last four inequalities are independent of θ ; it follows from (5.10a) that

| (Rav) (s)− (Raw) (s)|
� ρ‖z‖ s∫ s

0 sin ϕa

{
1

3
cρη(s)+ 1

9
η(s)2 sin ϕ1(s)+ 1

27
ρη(s)2ζ(s)

+cρ sin ϕ1(s)+ 1

3
cρρζ(s)+ 1

3
η(s)

}
. (5.19)
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(iii) We add to the list (5.14) the definitions

f1(s)η(s)
2 sin ϕ1(s) =: f5(s), (5.20a)

f1(s)η(s)
2ζ(s) =: f6(s). (5.20b)

Then

‖Rav − Raw‖
� ρ‖z‖

{
cρ‖f2‖+ 1

3

(
cρ+1

) ‖f3‖+ 1

3
cρρ‖f4‖ + 1

9
‖f5‖ + 1

27
ρ‖f6‖

}
.

Numerical evaluation of these ‖fj‖ yields (5.15). �


6. Existence and positivity of a solution

Notation. As before, L2 := L2(0, π), ‖ · ‖ = ‖ · |L2‖, ua := Nϕa and
ϕb := T ϕa , where ϕa is the approximation in Section 3.

Theorem 6.1.
(a) The equation u = Au has exactly one solution u = ua + h such that h ∈ L2
and ‖h‖ � 0.054.
(b) It follows that there is a solution ϕ = ϕb + lh of ϕ = T ϕ such that

lh := 1

3
Kh ∈ C0,1/2[ 0, π ] (6.1)

and

|lh(s)| � 0.018 ζ(s), where ζ(s) := s1/2
(

1 − s

π

)1/2
. (6.2)

(c) This solution ϕb+ lh is the only solution ϕ̃ of ϕ̃ = T ϕ̃ such that ‖Nϕ̃−Nϕa‖ �
0.054.

Proof.
(i) Recalling the definition (3.11) ofga and the version (4.3) of the equationu = Au,
together with the invertibility of La (Theorem 4.3), we consider
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Saw : = L−1
a (ga + Raw) (6.3)

for all w ∈ Bρ : =
{
v ∈ L2

∣∣∣ ‖v‖ � ρ
}
. (6.4)

In step (ii) we shall show that the choice ρ = 0.054 makes Sa a contraction map of
Bρ . Hence, Sa has exactly one fixed point h in Bρ (that is, h = Sah) for ρ = 0.054.
It follows from (4.3) and (5.1) that ua + h = A (ua + h).
(ii) With ρ = 0.054, we have (to the number of figures shown)

exp
(
ρπ1/2

)
= 1.10044, cρ = 1.04942,

and, for w ∈ Bρ ,

‖Raw‖ < 0.00581 by Theorem 5.3,

‖Saw‖ < 1

0.43

(
1

60
+ 0.00581

)
< 0.053

by Theorem 4.3 and (3.12). Thus, Sa maps Bρ into itself.
Next, for v and w in Bρ with ρ = 0.054,

‖Rav − Raw‖ � 0.208‖v − w‖ by Theorem 5.4,

‖Sav − Saw‖ = ‖L−1
a (Rav − Raw) ‖ � 0.49‖v − w‖

by Theorem 4.3 once more. Thus, Sa is a contraction of Bρ .
(iii) Now we show that ϕb + lh ∈ X.

(a) Equations (3.4) and (3.6) show thatϕb ∈ C0,β [ 0, π ], while lh ∈ C0,1/2[ 0, π ]
by Lemma 5.1. Therefore, ϕ ∈ C0,1/2[ 0, π ].

(b) Equations (3.4) and (3.6), in which b1(π) = 0, show that ϕb(0) = π/6
and ϕb(π) = 0. The inequality (6.2), which follows from Lemma 5.1, shows that
lh(0) = 0 and lh(π) = 0.

(c) The very coarse estimates

0 < ϕb(s) <
π

6
in (0, π), |lh(s)| � 0.018

(π
4

)1/2

are sufficient to show that −π/12 � ϕ(s) � π/3.
(d) From the result b′′

1(s) > 0 in (0, π) and the value

−ϕ′
b(π) = 1

6
− 0.56

3

(
1 − 2β−1

)
=: k1 = 0.14280 . . . ,

it can be shown without difficulty that
∫ s

0
sin ϕb � 3k1

π
s
(
π − s

2

)
� 3

2
k1s.

Also, by Lemma 5.1,

∫ s

0
|lh| � 0.018

(
s3

3
− s4

4π

)1/2

� 0.006π1/2s,
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whence
∫ s

0
sin ϕ � 1

5
s.

(iv) It is to be expected from (2.16) and the remark following it that the fixed point
u of A can be written

u = Nϕ, where u = ua + h, ϕ = ϕb + lh ∈ X, (6.5)

but it seems worth while to prove this ab initio.
By the definition (2.15) of A, with comparison function ψ∗ = ϕa and with

v∗ = ua ,

u(s) = Au(s) := sin
( 1

3Ku
)
(s) exp

∫ s
0 (ua − u)∫ s

0 sin ϕa
, (6.6)

where

1

3
Ku = 1

3
K (ua + h) = ϕb + lh. (6.7)

Hence,

sin {ϕb(s)+ lh(s)} = u(s)

(∫ s

0
sin ϕa

)
exp

∫ s

0
(u− ua) (6.8)

= d

ds

{(∫ s

0
sin ϕa

)
exp

∫ s

0
(u− ua)

}
,

so that

∫ s

0
sin (ϕb + lh) =

(∫ s

0
sin ϕa

)
exp

∫ s

0
(u− ua) . (6.9)

By (6.8) and (6.9),

N (ϕb + lh) = u, (6.10a)

as desired, and then

T (ϕb + lh) := 1

3
K ◦ N (ϕb + lh) = 1

3
Ku = ϕb + lh (6.10b)

by (6.7) once more. Thus, T ϕ = ϕ. We proved in (iii) that ϕb + lh ∈ X and
mentioned there that (6.1) and (6.2) are implied by Lemma 5.1.
(v) The uniqueness statement for ϕ in part (c) of the theorem is merely a repetition
of that for h in part (a). �
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As far as we know at present, the solution ϕ in Theorem 6.1 may be negative
in a small interval near π . In fact, we know only that

ϕ(s) � ϕb(s)− 0.018 ζ(s),

and a calculation shows that

sin ϕb < 0.018 ζ(s) in (π − δ, π) for δ = 0.0158 . . . . (6.11)

(The reason that sin ϕb rather than ϕb is used in (6.11) will appear in the proof of
Lemma 6.2.) However, this is a weakness of Theorem 6.1 that we can repair, as
follows.

Lemma 6.2. Numerical evaluation of explicit formulae yields functions h1 and h2
(shown in Table 6.1) such that

h1(s) < h(s) < h2(s), 0 < s < π, (6.12)

and

for s ↓ 0, ua(s) = s−1 − 0.17081 sβ−1 +O
(
sβ

)
, (6.13a)

h1(s), h2(s) = ∓0.05678 s−1/2 +O(1), respectively, (6.13b)

and

for r := π − s ↓ 0, ua(s) = 0.20181 r +O
(
r3

)
, (6.14a)

h1(s), h2(s) = ∓0.02572 r1/2 +O(r), respectively. (6.14b)

Proof. Let

ξ(s) :=
(
s3

3
− s4

4π

)1/2

, (6.15)

so that ∫ s

0
|lh| � 0.018 ξ(s), (6.16)

by Lemma 5.1. Since

u(s) := (Nϕ) (s) = sin {ϕb(s)+ lh(s)}∫ s
0 sin (ϕb + lh)

,

we have

u(s) � u1(s) :=

⎧⎪⎪⎨
⎪⎪⎩

sin ϕb(s)− 0.018 ζ(s)∫ s
0 sin ϕb + 0.018 ξ(s)

in (0, π − δ] ,

sin ϕb(s)− 0.018 ζ(s)∫ s
0 sin ϕb − 0.018 ξ(s)

in [π − δ, π ] ,

u(s) � u2(s) := sin ϕb(s)+ 0.018 ζ(s)∫ s
0 sin ϕb − 0.018 ξ(s)

in (0, π ] .
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Defining hj := uj − ua for j = 1, 2, where

ua(s) := (Nϕa) (s) = 1

2
cot

s

2
− 0.56 a′

1(s),

we obtain the results of the lemma. The calculations have been checked by means
of

(a) five-term expansions of h1(s) and h2(s) for s ↓ 0, with error O
(
sβ

)
;

(b) four-term expansions of h1(s) and h2(s) for r := π − s ↓ 0, with errorO
(
r3

)
.

�

Remark 6.3. Define, for 0 < s � π ,

h3(s) :=−0.05678
√

2 a′
2(s)−0.02572

√
2

(
a′

3

)
(π − s)−0.01050E(s), (6.17)

h4(s) :=0.05678
√

2 a′
2(s)+ 0.02572

√
2

(
a′

3

)
(π − s)

+0.01850
(

1 − s

π

)
− 0.01590 sin s, (6.18)

where a′
2, a′

3 and Clausen’s integral E are defined in Appendix A. Then, according
to tabulation of these functions (Table 6.1), h3 � h1 and h4 � h2.

Explanation. The functions h3 and h4 have the advantage, displayed in Appendix
A, of explicit formulae for Kh3 and Kh4. Note that h3 and h4 have the same leading
terms as h1 and h2, respectively, for s ↓ 0 and for s ↑ π .

Theorem 6.4. The solution ϕ = ϕb + lh in Theorem 6.1 is (strictly) positive on
[ 0, π). In particular, for r := π − s ↓ 0,

ϕb(s) = 0.14280 r +O
(
r3

)
,

lh(s) � lh,3(s) = −0.02284 r + 0.00571 r3/2 +O
(
r5/2

)
,

where lh,j := 1
3Khj for j = 3, 4. Graphs of −lh,3 and lh,4 are compared with that

of 0.018 ζ in Figure 6.1.

Table 6.1.

s h3(s) h1(s) h2(s) h4(s)
0◦ −∞ −∞ ∞ ∞
3 −0.2477 −0.2400 0.2594 0.2629
6 −0.1758 −0.1709 0.1830 0.1884
9 −0.1443 −0.1412 0.1482 0.1547
12 −0.1258 −0.1238 0.1269 0.1342
15 −0.1134 −0.1121 0.1121 0.1198

30 −0.0836 −0.0835 0.0742 0.0820
60 −0.0632 −0.0612 0.0466 0.0511
90 −0.0520 −0.0477 0.0343 0.0357
120 −0.0411 −0.0358 0.0264 0.0264
150 −0.0272 −0.0230 0.0186 0.0186
180◦ 0 0 0 0
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Fig. 6.1.

Proof. This is merely a matter of evaluating 1
3Kh3 and 1

3Kh4 by means of the
formulae in Appendix A. The results have been checked by means of

(a) two-term expansions of lh,3(s) and lh,4(s) for s ↓ 0, with error O
(
s3/2

)
;

(b) two-term expansions of lh,3(s) and lh,4(s) for r := π − s ↓ 0, with error
O

(
r5/2

)
. �


Appendx A. Some formulae for Kf

Here we give seven applications of Lemma A.1 in [2]. In all cases (j =
1, 2, . . . , 7)

ζ ∈ D1 :=
{
ζ ∈ C

∣∣∣ |ζ | � 1, ζ �= 1
}
,

arg (1 − ζ ) ∈ (−π/2, π/2) , wj

(
eis

)
= aj (s)+ ibj (s)

and K
(
a′
j

)
= −bj in (0, π ].

(i) w1 (ζ0) = −
∫ ζ0

1

1

ζ

{
(1 − ζ )β−1 − 1

}
dζ,

a′
1(s) =

(
2 sin

s

2

)β−1
sin

(1 − β)(π − s)

2
,

−b1 (s0) =
∫ s0

0

(
2 sin

s

2

)β−1
cos

(1 − β) (π − s)

2
ds − s0.
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(ii) w2 (ζ0) = −
∫ ζ0

1

1

ζ

{
(1 − ζ )−1/2 − 1

}
dζ,

a′
2(s) =

(
2 sin

s

2

)−1/2
sin

π − s

4
,

−b2 (s0) =
∫ s0

0

(
2 sin

s

2

)−1/2
cos

π − s

4
ds − s0

= π − 2 sin−1
(√

2 sin
π − so

4

)
− s0.

(iii) w3 (ζ0) =
∫ ζ0

1

1

ζ

{
(1 − ζ )1/2 − 1

}
dζ,

a′
3(s) =

(
2 sin

s

2

)1/2
sin

π − s

4
,

b3 (s0) =
∫ s0

0

(
2 sin

s

2

)1/2
cos

π − s

4
ds − s0

= −4 sin
π − s0

4

{
1

2
−

(
sin

π − s0

4

)2
}1/2

− b2 (s0) .

(iv) w4 (ζ0) = −
∫ ζ0

1

1

ζ
log

1

1 − ζ
dζ,

a′
4(s) = π − s

2
,

−b4 (s0) =
∫ s0

0
log

1

2 sin s
2

ds =
∞∑
k=1

sin ks0
k2 =: E (s0) ,

which is Clausen’s integral.

(v) w5(ζ ) =
∞∑
k=1

1 − ζ k

k3

a′
5(s) =

∞∑
k=1

sin ks

k2 = E(s),

−b5(s) =
∞∑
k=1

sin ks

k3 = π2s

6
− πs2

4
+ s3

12
.

(vi) w6(ζ ) = 1 − ζ n

n
, n ∈ N,

a′
6(s) = sin ns,

−b6(s) = sin ns

n
.
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(vii) w7 (ζ0) =
∫ ζ0

1

1

ζ

{
(1 − ζ )2β−1 − 1

}
dζ,

a′
7(s) =

(
2 sin

s

2

)2β−1
sin

(2β − 1) (π − s)

2
,

b7 (s0) =
∫ s0

0

(
2 sin

s

2

)2β−1
cos

(2β − 1) (π − s)

2
ds − s0.

Appendix B. A second approximation to the solution

The solution ϕ in this paper is characterized by Nϕ = Nϕa + h. The existence
proof in Section 6 ensures convergence to h, in the space L2 (0, π), of successive
approximations

h1 = L−1
a ga, hn+1 = Sahn (n ∈ N) , (B.1)

where ga,La and Sa are defined by (3.11), (4.5) and (5.1) respectively.
We construct an approximation h∗ to h1 as follows. Let

h∗(s) := k1a
′
1(s)+ k2a

′
7(s)+ k3 sin s, (B.2a)

where a′
1 and a′

7 are defined in Appendix A. A calculation, which includes use of
(i), (vii) and (vi) of Appendix A, shows that

(Lah∗) (s) = ga(s) at s = 0,
π

3
,

2π

3
, (B.2b)

if

k1 = 0.02141, k2 = −0.05334, k3 = 0.01475 (B.2c)

to five decimal places. In addition, (Lah∗) (π) = ga(π) = 0.
Accordingly, we characterize a second approximation ϕ∗ by

(Nϕ∗) (s) =
{

1

2
cot

s

2
− 0.56 a′

1(s)

}
+ h∗(s) = 1

2
cot

s

2
− a′∗(s), (B.3)

where

a∗(s) = (0.56 − k1) a1(s)− k2a7(s)− k3(1 − cos s), (B.4)

b∗(s) = (0.56 − k1) b1(s)− k2b7(s)+ k3 sin s, (B.5)

and where aj (0) = 0 for all j . Then, by Lemma A.3 of [2],

sin ϕ∗(s) =
{

1

2
cos

s

2
− a′∗(s) sin

s

2

}
exp {−a∗(s)} , (B.6)

(T ϕ∗) (s) = π − s

6
+ 1

3
b∗(s). (B.7)

Table B.1 shows values of sin ϕ∗ and of sin T ϕ∗ − sin ϕ∗.
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Table B.1.

s sin ϕ∗(s) sin (T ϕ∗) (s)
− sin ϕ∗(s)

0◦ 0.5 0
3 0.48270 −0.00005
6 0.46979 −0.00013
9 0.45809 −0.00020
12 0.44710 −0.00026
15 0.43660 −0.00032

30 0.38827 −0.00036
60 0.30195 −0.00003
90 0.22262 0.00010
120 0.14702 −0.00003
150 0.07320 −0.00010
180◦ 0 0
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