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Abstract

It is well known that, when the vertex angle of a straight wedge is less than the
critical angle, there exists a shock-front emanating from the wedge vertex so that
the constant states on both sides of the shock-front are supersonic. Since the shock-
front at the vertex is usually strong, especially when the vertex angle of the wedge
is large, then a global flow is physically required to be governed by the isentropic or
adiabatic Euler equations. In this paper, we systematically study two-dimensional
steady supersonic Euler (i.e. nonpotential) flows past Lipschitz wedges and estab-
lish the existence and stability of supersonic Euler flows when the total variation
of the tangent angle functions along the wedge boundaries is suitably small. We
develop a modified Glimm difference scheme and identify a Glimm-type functional,
by naturally incorporating the Lipschitz wedge boundary and the strong shock-front
and by tracing the interaction not only between the boundary and weak waves, but
also between the strong shock-front and weak waves, to obtain the required BV
estimates. These estimates are then employed to establish the convergence of both
approximate solutions to a global entropy solution and corresponding approximate
strong shock-fronts emanating from the vertex to the strong shock-front of the
entropy solution. The regularity of strong shock-fronts emanating from the wedge
vertex and the asymptotic stability of entropy solutions in the flow direction are
also established.

1. Introduction

We are concerned with the existence and behavior of two-dimensional steady
supersonic Euler flows past Lipschitz wedges with arbitrary vertex angles that are
less than the critical angle so that there is a supersonic shock-front emanating from
the wedge vertex. The two-dimensional steady supersonic Euler flows are generally
governed by
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(pu)x + (pv)y =0,

(pu* + p)x + (puv)y =0,
(puv)x + (pv* + p)y =0,

w(E + p))x + W(E+ p))y =0,

1.1

where (u, v) is the velocity, p the density, p the scalar pressure, and

1 2 2
E—zp(u +v%) + pe(p, p)

is the total energy with e the internal energy (a given function of (p, p) defined
through thermodynamic relationships). The other two thermodynamic variables
are the temperature 7 and the entropy S. If p and S are chosen as the independent
variables, then we have the constitutive relations:

(e, p, T) = (e(p, ), p(p,S), T(p,S)), (1.2)
governed by
p
TdS =de — —2dp. (1.3)
0
For an ideal gas,
R
p = RpT, e=qT, y=14+—>1, (1.4)
Cy
and
RT
p=po,S) =kp?eS/v, o= _prleSe = T (1)
y —1 y —1

where R, k, and ¢, are all positive constants.
If the flow is isentropic, i.e. S is constant, then p is a function of p, p = p(p),
and the flow is governed by the following, simpler, isentropic Euler equations:

(pu)x + (pv)y =0,
(ou® + p)x + (puv)y =0, (1.6)
(puv)x + (pv* + p)y = 0.

For polytropic isentropic gases, by scaling, the pressure—density relationship can
be expressed as

p(p) =p"/v, y > 1. (1.7)

For the isothermal flow, y = 1. The quantity

c=+/pp(p,S)

is defined as the sonic speed and, for polytropic gases, c = /Y p/p.
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System (1.1), or (1.6), governing a supersonic flow (i.e. u? +v? > ¢?) has all
real eigenvalues and is hyperbolic, whilst system (1.1), or (1.6), governing a sub-
sonic flow (i.e. u? + v> < ¢?) has complex eigenvalues and is elliptic-hyperbolic
mixed and composite.

The study of two-dimensional steady supersonic flows past wedges can date
back to the 1940s (cf. COURANT & FRIEDRICHS [8]). Local solutions around the
wedge vertex were first constructed by GuU [12], L1 [16], SCHAEFFER [20] (and ref-
erences cited therein). Global potential solutions are constructed in [4-8, 25, 26]
when the wedge has certain convexity or the wedge is a small perturbation of the
straight wedge with fast decay in the flow direction, with a vertex angle less than
the critical angle. In particular, in ZHANG [26], the existence of two-dimensional
steady supersonic potential flows past piecewise smooth curved wedges, which are
a small perturbation of the straight wedge, was established.

As is well known, the potential flow equation is an excellent model for flow con-
taining only weak shocks, since it approximates to the isentropic Euler equations
up to third-order in shock strength. For a flow containing shocks of large strength,
the isentropic or adiabatic Euler equations are required to govern the physical flow.
For the wedge problem, when the vertex angle is large, the flow contains a strong
shock-front emanating from the wedge vertex and, for this case, the Euler equations
should be used to describe the physical flow. Hence, it is important to study the
two-dimensional steady supersonic flows governed by the Euler equations, rather
than the potential flow equation, for the wedge problem with a large vertex angle.
When a wedge is straight, and the wedge vertex angle is less than the critical angle,
there exists a supersonic shock-front emanating from the wedge vertex such that
the constant states on both sides of the shock are supersonic; the critical-angle con-
dition is necessary, and sufficient, for the existence of the supersonic shock. These
facts can be seen through the shock polar in Fig. 3, Section 2 (cf. COURANT &
FRIEDRICHS [8]; see also CHANG & HSIAO [1] and CHEN [2]).

In this paper, we analyze the two-dimensional steady supersonic Euler flows
past two-dimensional Lipschitz wedges, with vertex angles less than the critical
angle (along which the total variation of the tangent angle function is suitably
small); and we establish the existence and behavior of such global supersonic Euler
flows, especially the nonlinear stability of the strong shock-front emanating from
the wedge vertex under the BV perturbation.

For clarity, we will analyze the problem in the region below the lower side I'
of the wedge for the Euler flows for U = (u, v, p, p) governed by system (1.1)
and U = (u, v, p) by (1.6); the case above the wedge can be handled in the same
fashion. We then have

(i) there exists a Lipschitz function g € Lip(R4) with g’ € BV(Ry), g'(0+) =
0, and g(0) = 0 such that

Q:i={(x,y) : y<g), x20}, I:={Cy :y=gx),x =0}

and n(x+) = gGH) D) is the outer normal vector to I" at the point x4

A (¢ (xE)2+1
(see Fig. 1);
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Fig. 1. Supersonic flow past a curved wedge.

(i1) the upstream flow is a constant state U_ satisfying

u_ >0, v_>0, w+v>>c:= _yp_’
o_
and
0 < arctan(v—/u_) < werit,

so that there is a supersonic shock-front emanating from the wedge vertex,
where w.,; is the critical vertex angle (cf. Fig. 3).

With this setup, the wedge problem can be formulated into the following prob-
lem of initial-boundary value type for system (1.1) or (1.6):

Cauchy Condition:
Ulx=0 =U-; (1.8)
Boundary Condition:
(u,v) - m=0 on I (1.9)

The main theorem of this paper is the following:

Main theorem (Existence and stability). There exist ¢ > 0 and C > 0 such that,
if
TV(' () <e, (1.10)
then there exists a pair of functions
U e BViee(R}), o €BV(Ry),
with x = [ o(t)dt € Lip(Ry) such that
(i) U is a global entropy solution of problem (1.1), or (1.6), and (1.8)—(1.9) in Q2
with
TV{U(x,) : (—00,g(x)]} S CTV(g'()) forevery x e Ry, (1.11)
(u,v) -n|y—gx) = 0 1in the trace sense; (1.12)
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(i1) the curve y = x (x) is a strong shock-front with x (x) < g(x) forany x > 0
and

Uliy<xy = U-, V2 + 02y <y<go) <u—,  (1.13)

that is, y = x (x) is the strong shock next to the constant state U_;
(iii) there exist constants ps, and o such that

xlggo sup{|p(x,y) — Pol 1 x(x) <y <g(x)} =0,

lim |o(x) — 0| =0,
X—>00
and
lim sup{|arctan (v(x, y)/u(x,y)) —wsol| : x(x) <y <gx)} =0,
X—>00

where woo = lim arctan(g’(x+)).
X—> 00

This theorem indicates that the strong shock-front emanating from the wedge
vertex is nonlinearly stable in structure, although there may be many weak waves
and vortex sheets between the wedge boundary and the strong shock-front, under
the BV perturbation of the wedge boundary so long as the wedge vertex angle is
less than the critical angle. This asserts that any supersonic shock for the wedge
problem is nonlinearly stable.

In order to establish this theorem, we develop a modified Glimm scheme and
identify a Glimm-type functional by naturally incorporating the curved wedge
boundary and the strong shock-front and by tracing the interactions not only between
the wedge boundary and weak waves but also the interaction between the strong
shock-front and weak waves. Some detailed interaction estimates are carefully
made to ensure that the Glimm-type functional monotonically decreases in the
flow direction. In particular, one of the essential estimates is on the strengths of
the reflected 4-waves for (1.1), or 3-waves for (1.6), in the interaction between the
strong shock-front and weak waves. The second essential estimate is the interac-
tion estimate between the wedge boundary and the weak waves. Another essential
estimate is made by tracing the approximate strong shocks, in order to establish the
nonlinear stability and asymptotic behavior of the strong shock-front emanating
from the wedge vertex under the wedge perturbation.

We remark that, in LIEN & LIU [17], the nonlinear stability of a self-simi-
lar three-dimensional gas flow past an infinite cone (with small vertex angle) was
established upon the perturbation of the obstacle. It would be interesting to combine
the analysis in this paper with the argument in [17] to study the nonlinear stabil-
ity of a self-similar three-dimensional gas flow past an infinite cone with arbitrary
vertex angle. We also remark, in passing, that condition (1.10) can be relaxed by
combining the analysis in this paper with the argument in [22, 23].

In this paper, we first focus on the isentropic Euler flows in Sections 2-5 and
then extend to the adiabatic (full) Euler flows in Section 6.

In Section 2, we study the lateral Riemann problem and the classical Riemann
problem, and analyze the properties of the Riemann solutions of the isentropic
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Euler equations (1.6), which are essential for the interaction estimates among the
nonlinear waves and the wedge boundary in Section 3, and for the existence and
behavior of entropy solutions of the wedge problem in Sections 4-5. In Section
3, we make estimates on the wave interactions and reflections on the wedge and
the strong shock. In Section 4, we develop a modified Glimm scheme to construct
approximate solutions and establish necessary estimates for them in the approxi-
mate domains. In Section 5, we establish the convergence of approximate solutions
to a global entropy solution and prove the nonlinear stability and asymptotic behav-
ior of the strong shock-front emanating from the wedge vertex under the wedge
perturbation. We extend the analysis in Section 6 to establish the existence and
behavior of two-dimensional steady supersonic flows past the Lipschitz wedges for
the adiabatic Euler equations.

2. Riemann problems and Riemann solutions

In this section, we study the lateral Riemann problem and the classical Riemann
problem, and analyze the properties of the Riemann solutions to the isentropic Euler
equations (1.6), which are essential not only for the interaction estimates among the
nonlinear waves and the wedge boundary but also for the existence and behavior
of solutions for the wedge problem in Sections 3-5.

2.1. Euler equations
The Euler system can be written in the following conservation form:
WU)x + HU)y, =0, 2.1
where
U= (v, p), WU) = (pu, pu® + p, puv), HWU) = (pv, puv, pv> + p).
For a smooth solution U (x, y), (2.1) is equivalent to
VoW U)U, + VyHU)U, =0. (2.2)
Then the eigenvalues of (2.1) are the roots of the third-order polynomial:
det WVyW(U) — VyH(U)) (2.3)
and are thus the solutions of the cubic equation:
(=1 ((u —a)? — 3+ ,\2)) —0,

where ¢ = /p’(p) is the sonic speed. If the flow is supersonic (i.e., u?+v? > c2),
then we have three eigenvalues A;, j =1, 2, 3:

uv—i—(—l)%c«/uz—}—vz—cz
A =v/u, Aj = 22 , J=L3, 24




Supersonic Euler Flows Past Lipschitz Wedges 267
which implies that the flow in the system is always hyperbolic. When u # 0, the
corresponding eigenvectors are

_ T _ 2NT .
rz—(lvv/uvo) ) r]—K](—)\.],l,,O()\.]M—U)/C) ) J_173a (25)

where «; are chosen so that r; - VA; = 1 because of genuine nonlinearity of the
j! h_characteristic fields, j = 1, 3. Note that the second characteristic field is always
linearly degenerate: ry - Vi, = 0.

Definition 2.1. (Entropy Solutions). A function U = U (x, y) € BV;,.(2) is called
an entropy solution of problem (1.6) and (1.8)—(1.9) provided that

(i) U is a weak solution of (1.6) and satisfies
(@, v) -nly—gx)y =0 in the trace sense;
(ii) U satisfies the following entropy inequality:
W(E + p(p); + W(E + p(p)), =0 (2.6)

in the sense of distributions in €2 including the boundary.

2.2. Basic properties of nonlinear waves

In this subsection, we analyze some basic properties of nonlinear waves, espe-
cially the global behavior of shock curves and rarefaction wave curves in the phase
space.

We first seek the self-similar solution of (1.6):

(u, v, p)(x, y) = (u&), v(), p(§)), £ =y/x,
which connects to a state Uy = (10, vo, po). We then have
det (EVyW(U) — VyH(U)) = 0. 2.7)
Hence,

uv + (—1)%&/%2 +v2 -2

E=A=v/u, or §=A;= R , j=1,3
(2.8)
Substituting £ = A, into (2.7), we obtain
dpo =0, vdu—udv=0.
Then, the contact discontinuity curve C,(Up) in the phase space is:
Co(Up) 1 p=po, w=v/u=ruvy/uo, (2.9)

which describes compressible vortex sheets.
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Substituting § = A; into (2.7), we get the j th_rarefaction wave curve R i (Uo)
in the phase space through Up:

R;j(Up): du=—Ajdv, p(ju—v)dv=dp, j=13. (2.10)

We now compute [%j along R;(Up), j =1, 3. Since (v — Eu)? =21+ &%)
along R;(Uy), we differentiate the equation to obtain

dh; 1dp dc
2 J 2
Ani+ulv—Aju) —=—(1+A-)(——+c—><0.
( ! ! )dp "\pdp ~ dp

Noting that ¢?A; +u(v — Aju) = (—l)%c\/u2 + v2 — ¢2, we conclude that

di dis

——IrRywp <0, b

dp |Rs(Uy) > O. 2.1

Now we consider discontinuous solutions, so that (1.6) is satisfied in the distri-
butional sense, which implies that the following Rankine-Hugoniot conditions hold
along the discontinuity with speed o, which connects to a state Uy = (uq, vo, 00):

ol pul = [ pvl, (2.12)
o pu® + p] = [ puv], (2.13)
o puv] = [ pv* + pl. (2.14)

where the jump symbol [ -] stands for the value of the quantity of the front state
minus that of the back state, which can be rewritten as

—op P Vo — oug [u]
p(vo — oug) 0 —0c] [v] | =0 (2.15)
0 plwo—ou) &G [p]
with &3 = - %. We then have
s _
Uuovo + (—I)ITC(),/M% + v% — c%
0 =03 :=1/Uug, O =0j:= T ., Jj=173.
"o = <o

(2.16)

Substituting o into (2.15), we get the same C»(Up) as defined in (2.9). Substi-
tuting o into (2.15), we obtain the j!"-shock curve S i(Up) in the phase space
through Up:

Sij(Uo) : [ul=—o[v], polojup—vo)lvl=[pl], J=13. 2.17)

It is straightforward to see that the shock curve S;(Uy) contacts with R ;(Up)
at Up up to second-order and, along S; (Up), j =1, 3,

doy

dos
— 0, - 0. 2.18
p sy (o) < dp ls3w0) > (2.18)
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Lemma 2.1. If U is a piecewise smooth solution, then, on the shock wave, the
entropy inequality (2.6) in Definition 2.1 is equivalent to any of the following:

(i) the physical entropy condition — the density increases across the shock in the
flow direction:

Pfront < Pback: (2.19)
(ii) the Lax entropy condition — on the j'"-shock with the shock speed o i

Aj(back) < oj < Aj(front), j=13, (2.20)
o1 < M(back), A (front) < o3. 2.21)

Proof. Since the system is Galilean invariant, we may assume that the back state
of the shock is Uy = (u4, 0, p4) withuy > 0.

We first show the equivalence between (2.6) and (2.19). Along the discontinuity
with speed o and back state U, (2.6) is equivalent to

olu(E + p)12[v(E + p)l. (2.22)

Substituting (2.12) into (2.22) and using v4 = 0, we have

y—1 2 2 y—1 2
A e s Y (2.23)
(y—D 2 y-1 2
Using (2.12) and (2.13), we have
u=u, - PP+ (2.24)
P+UL
Using (2.12) and (2.14), we obtain
P — P+ =0p4UL. (2.25)
Combining (2.12) with (2.25) yields
02— (pu — pyuy)(p — p+)‘ (2.26)

PO+U+
Then substituting (2.24) and (2.26) into (2.23) yields that (2.6) is equivalent to
H(p) :=2y(pp+ — p+p) — (v — D(p — p)(p + p+) 20,

with H (p4+) = 0, which implies p < p4, thatis (2.19).
Now we show the equivalence between (2.19) and (2.20)—(2.21).
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Case (2.19)= (2.20)—(2.21). We now prove that the 1-shock (the shock-front cor-
responding to the first characteristic field) with the physical entropy condition sat-
isfies the Lax entropy condition; the 3-shock (the shock-front corresponding to the
third characteristic field) can be proved in the same way.

First, since A (Uy) = —=%— and o] = %, then o1 < A2 (Uy) is direct,

Mi—Ci ‘/M+—C+
and A1 (Uy) < o is equivalent to the inequality:
cr/\Jut —ct > e/ Jut - . (2.27)

X

Since the function f(x) = is strictly increasing in x €[ 0, u ), inequality

—x2
uiy—x

(2.27) holds if and only if ¢ > ¢4, which is equivalent to

p—p——p
Plpy) > =%

-
= —p Op++ (1 —0)p-) (2.28)
P+ P— — P+ P+

for some 6 € (0, 1), where U_ = (u_, v_, p_) is the front state of the 1-shock.
By the entropy condition, p— < p4, so that 8p4 + (1 —0)p_ < p4. Then the

convexity of p(p) implies p’(@p+ + (1 —0)p_) < p’(p+). Then (2.28) follows.
Secondly, we set w_ = arctan(v_/u_) and

Cc— _ Cc—
Wpg = arctan | —————————11, Wy = arctan

uz +v2 —c? uz +02 - &

A direct calculation shows that oy < A{(U~) & Wpeg < Ope & - < C—,
while c_ < c_ is equivalent to

P+ P+ — P-
p— p+ — p—

p(o-) < = ‘;—fp/(em +(1-6)p)

for some 6 € (0, 1), which is a corollary of the convexity of p(p) and p4+ > p_.

Case (2.20)—(2.21)=> (2.19). We prove this case by contradiction. Instead, if p; <
po—, similarly to the previous case, we find that A1 (Uy) < o7 is equivalent to
Cy > E+, i.e.,

p—p- =P+ _ p-
Plpy) > =L == p'Ops + (1 —0)p_)
P+ P— — P+ P+
for some 6 € (0, 1), which is impossible since p”(p) > 0and p+ < p—. O

In view of (2.16) and (2.19), for a shock wave, u% + v(2) > 5(2) > 0(2), which
indicates that the front state of a shock must be supersonic. Choosing a coordinate

JH Z
system so that #y > 0 and vy = 0, we then have )XC =o0;=(—1)7 ¢/ u% — c%.

Thus, 1-shocks and 3-shocks must be as shown in Fig. 2.
We define the angle of the flow direction as

w = arctan(v/u).
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Fig. 2. Shock waves in the physical plane.

Fig. 3. Shock polar and critical angle.

Then the shock curves §;(Uop), j = 1, 3, in the (w, p)-plane and (u, v)-plane form
shock polars, as shown in Fig. 3. In general,

werir = sup{lo(u, v) — w(ug, v)| : (u, v, p) € SWp), c5 < u® +v* < uf+ vy},

where S(Up) = S1(Ugy) U S3(Up) is the shock polar associated with Uy, similar to
that shown above, and ¢, > 0 is a constant such that u> 4+ v > ¢2(p) is equivalent
to u? + v > ci on S(Up).

2.3. Lateral Riemann problem

The simplest case of problem (1.6) and (1.8)—(1.9) is g = 0. It has been shown
in [8] that if g = 0, then problem (1.6) yields an entropy solution that consists of
the constant states U_ and U, with Uy = (u4,0, p4) and u; > c4 > 0 in the
subdomain of €2, separated by a straight shock-front emanating from the vertex.
That is to say that the state ahead of the shock-front is U_, whilst the state behind
the shock-front is U4 (see Fig. 4). When the angle between the flow direction of
the front state and the wedge boundary at a boundary vertex is larger than 7, the
entropy solution contains a rarefaction wave that separates the front state from the
back state (see Fig. 5).
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Fig. 4. Unperturbed case when g = 0.

i

Rarefaction wave

Fig. 5. Lateral Riemann solutions.

2.4. Riemann problem involving only weak waves

Consider the Riemann problem for (2.1):

U,, vy > yo,
Ulymzy = U = {UZ e (2.29)

where U, and U, are constant states which are regarded as the above state and
below state with respect to the line y = yy.

Following LAX [14], we can parametrize any physically admissible wave curve
in a neighborhood of a constant state U, O.(Uy), by aj = ®;(a;; Up), with

3D
@ec%qmszwﬂmE#Mﬂ=qa@Sa
D (a3, a2, ay; Up) := P3(asz; Po(az; P1(ay; Up))).

From this point forward, we denote by O,(W) a universal ball with radius
Me > 0 and center W, where M > 0 is a universal constant depending only on the
parameters in the system and possibly on the boundary function g(x) (see Section
4.2), which may be different for each occurrence. Then we have

Lemma 2.2. There exits ¢ > 0 such that, for any states Uy, Uy, € Og(Uy), the
Riemann problem (2.29) yields a unique admissible solution consisting of three
elementary waves. In addition, state U, can be represented by

Uy = ®(az, az, ay; Up),

with (b|(x1:o52:a3:0 =Up and ﬁ|a1:a2:a3:0 = ri(Ub), i=1, 27 3.
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Furthermore, we find that the renormalization factors «; (U), j = 1, 3, in (2.5)
are positive in a neighborhood O, (Uy) of any state Uy = (ug, 0, pg) with ug > 0.

Lemma 2.3. Af any state Uy = (uo, 0, pg) with ug > 0,
k1(Uo) = k3(Up) > 0,

which implies kj(U) > 0 for any U € O¢(Uy), since k;(U) are continuous for
j=173

At state Uy = (uo, 0, po), it is straightforward to see that
Voo - (—r10, 1, pouorio/c§) = Vurso - (—Aso, 1, pouorso/cg) > 0,

where X jo = A;(Uop), j = 1, 3. Therefore, we have «1(Up) = k3(Up) > 0.

2.5. Riemann problem involving a strong 1-shock

For simplicity, we use the notation {Up, U,} = (¢1, o2, @3) to denote that
U, = & (a3, a2, a1; Up) throughout the paper. For any U € S1(U-), we also use
{U_, U} = (0,0, 0) to denote the 1-shock that connects U_ and U with speed o.
We then have

Lemma 2.4. Let {U_, Uy} = (00,0, 0) with Uy = (uy,0, p1), p+ > p—, and
y 2 1. Then

op <0, Uy <u_ <1 4+1/9)uy.

Proof. From the Rankine-Hugoniot conditions (2.12)—(2.14), we have

oo(p—u— — pyuy) = p_v_, (2.30)
oo(p—u® — pyud +p- —py)=p_v_u_, (2.31)
which implies 09 = —co/,/u’% — & < 0. Substituting (2.30) into (2.31), we

have py — p_ = pyuy(u_ — uy). By the entropy condition: p4 > p_, which
implies p4+ > p_. Thus u_ > u,. Furthermore, since p_ > 0, we have py >
pt+u4(u_ — uy), which implies

p+Ci )y > pruy(u_ —uy).
Using uy > cy,wehaveuy/y >u_ —uyandthusu_ < (1+1/y)uy. O
Moreover, it is direct to conclude

Lemma 2.5. There exists a neighborhood O.(U.) of Uy such that the shock polar
S1(U-) N Oz (UL) can be parametrized by the shock speed o as

o — G(o)

with G € C? near ¢ and G (o¢) = Us.
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The following lemma is essential to estimate the strengths of reflected weak
waves in the interaction between the strong 1-shock and weak waves (see the proofs
for Propositions 3.1-3.4).

Lemma 2.6. Set A = Vy H(Uy) — ooVyW(U4.). Then

detA <0, det(Arsz, Arz, Ary)|y=u, <0,
det(Ars3, Arp, AGs(00))|lu=v, < 0.

Proof. A direct calculation shows that

—00P+ O+ —ooU+
2 2
A= | —200p4u+  pyus _UO(M.E +c) |,
0 —00P4 U+ ct

and
r(Uy) = (1,0,0)7,
rj(Uy) = kj(U)(=hji. Loprughjp /)T, j=1,3.
‘We then have
Ary(Uy) = —oops(1,2uy,0) 7,

kj(Us)p4+(Aj+ — 00)
)\.j+

Arj(Uy) = (Lug,uphj) ', j=1,3,
and
p-V— T
AGy(og) = WU;) —WU-) = —0—0(17 u_,oou-) .

Using Lemma 2.4, we can directly identify the signs of the following determi-
nants:

det A = Uopimr(kﬂ - G(%)(M%r - Ci) <0,
det(Ars, Arp, AI‘1)|U:U+

(k3(U4)) 003 u?
= T (3t — 00)(00 — M) (At — Azy) <0,
A3+

and

det(Arsz, Ary, AGs (00)|lu=u.

iU p-v_piuy
A3y

(34 — 00) (Quy — u_)rzy — ogu_) < 0. O

3. Estimates on wave interactions and reflections

We now make estimates on wave interactions and reflections on the wedge and
the strong 1-shock.
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Fig. 6. Weak wave interactions.

3.1. Estimates on weak wave interactions

We first estimate the interactions among weak waves. We will use the following
elementary identities, the proofs of which are straightforward.

Lemma 3.1.

Q) If f € C'(R), then for any x € R,

1
f&x) = f0) = X/O Jx(rx)dr. (3.1

Q) Iff e CZ(RZ), then, for any (x, y) € R2,
F&,y) = f(x,0) = f(0,y)+ £(0,0)
1 1
= xy/ / Sfry(rx, sy)drds. (3.2)
0 JO

Proposition 3.1. Suppose that Uy, Uy, and U, are three states in a small neigh-
borhood O (Uy.) with

{Up, Un} = (a1, 22, 03),  {Upn, Ua} = (B1, B2, B3),  {Up, Ua} = (1, v2, ¥3),
then

vi=o; + B + O0)A(x, B), (3.3)
where A(e, B) = las||f1] + leallBil + lesllfal + 301 3 &), B) with

0, aj 2 0andB; 20,
leel1B;1, otherwise.

Aj(a, B) = {
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Proof. First, Lemma 2.6 yields

<8<I>(V3, 72, ¥1; Up)
det
o(y3, v2, Y1)

1
) lyi=p2=y3=0 = Tt A det(Ars, Arp, Ary)|y=u, > 0.

Then, by the implicit function theorem, there exists (3, y2, ¥1) asa C 2 function of
(B1, B2, B3, a3, az, a1; Up) so that

(B3, B2, B1; P(a3, a2, a1; Up)) = ®(v3, 2, v1; Up).

We omit Uj now, for simplicity, and will only compute y;3 since the estimates for
y1 and y» can be carried out in the same way. We can rewrite

vi=11+ DL+ I3+ 14,

where

I = y3(B3, B2, B, a3, az, a1) — v5 (B3, B2, B1, 0, oz, )
—¥2(B3, B2, 0, a3, a2, 1) + y3(B3, B2, 0,0, a2, 1),

I = y3 (B3, B2, B1. 0, a2, @3) — y5 (B3, B2, B1,0,0, 1)
—v3(B3, B2,0,0, a2, a1) + y3(B3, B2, 0,0, 0, ay),

I3 = y{ (B3, 2.0, a3, 02, 1) — y3(B3. B2, 0.0, 02, o01)
—§(B3,0,0, 3, @2, 1) + y3(83, 0,0, 0, 22, 1),

Iy = y$(Bs3, B2, B1,0,0,a1) + y{ (3, 0,0, a3, a2, 1)
+y3(B3, B2, 0,0, a2, 1) — y3(B3, f2,0,0,0, 1)
—3(83,0,0,0, 02, ).

Note that we add the superscripts a, b, ¢, and d only to trace the terms.
From (3.2), we have

I = 0M)|pilles], L= OD)]|p1]|ezl, I3 = O(D)|B2llas].

Now we estimate /4. First we have to rely on the implicit function theorem
to obtain the uniqueness of the solution in a small neighborhood of U, O, (Uy).
Then we obtain the following facts, which make the above decomposition possible:

v3(B3, B2, B1,0,0,0) = y3(B3, B2,0,0,0,0) = B3,
v3(0,0,0, a3, az, o1) = @3, ¥3(0,0,0,0, a0z, or1) =0,

v3(B3, 62,0,0,0, 1) = y3(B3,0,0,0, a2, 1) = B3.

The implicit function theorem also implies y3(83, 82,0, 0, a2, 1) = B3. There-
fore,

Iy = B3 + a3 + O()(la1]|B1] + lasllB3]).

Summing up Iy, I», I3, and I4, we obtain (3.3). O
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Fig. 7. Weak wave reflections on the boundary.

3.2. Estimates of the weak wave reflections on the boundary (see Fig. 7)

Denote {Cy (ax, b)) )32, by the points {(ak, bi)}72, in the xy-plane with ay 4 >
ar > 0. Set

bry1 — b
Q41 — a
Q1 =A{(x,y) + x €lak, ax+1), y < bi + (x — a) tan(wg 1)}, (3.4)
Civ1 =1{(x,y) 1 x €lak, ar+1), y = bk + (x — ax) tan(wk k+1)},

Wy k1 = arctan < ) , O = Oyl — Ok—1k, ©-1,0=0,

and the outer normal vector to I'x:

—(bk+1 — b, aky1 — ax)
Vi1 — b)? + (@rr1 — ar)?

We then consider the initial-boundary value problem:

Ny = = (— sin(wg k+1), cos(wk,k+1)). (3.5)

(2.1 in Qiq1,
U|x=ak = g7
(u,v) M1 =0 on gy,

where U is a constant state.

Proposition 3.2. Let {Up,, Uy, } = (a3, a2, 0) and {U,,, Ux} = (0, 0, B1) with
(ug, vg) -mg =0.

Then there exists U1 such that

{Up, Ugy1} = (0,0,68;) with (ugt1, vgr1) -mg1 = 0.
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Furthermore,

81 = B1 + Kpzaz + Kppar + Kpowi,
where Kp3, Kpo, and Kpo are C? functions of (a3, a2, B1, wi; Up) satisfying

Kb3|{wk:a3:a2=ﬁ1=0,Ub:U+} = ls KbZ|{wk=a3=(¥2:ﬁ1:0,Ub=U+} = 07
and Kpg is bounded.

Proof. Since

0
8_81@(0’ 0,315 Up) - (Mg+1, 0))(6,=0,Up=U4 ,0r 11=0}

= k1 (U (=hits L, prushir/c3) - (0,1,0)
>0, 3.6)

we know from the implicit function theorem that §; can be solved as a C? function
of (a3, a2, B1, wk—1,k, wi; Up) such that

®(0,0, B1; P(asz, az,0; Up)) - g, 0) = (0,0, 6815 Up) - (11, 0). (3.7)

Since wi—1 x and U are constant, we can also omit Uj and wi—1 x and for simplicity
can write 81 = &1 (wg, a2, o3, B1). Again, from (3.1), we can obtain

81(wg, az, a3, B1) = 81 (wx, a2, a3, B1) — 81(0, az, a3, B1)
+61(0, a2, a3, B1) — 81(0, 0, a3, B1)
+81(0,0, a3, B1) —61(0, 0,0, B1) +81(0,0, 0, B1)
= Kpowy + Kppaa + Kpzaz + B

Differentiating (3.7) with respect to a3 and o2, and letting wy = a3 = a2 =
B1 =0and U, = Uy, yields

06
r3(Us) - (0,1,0) = @rl(w) -(0,1,0),

26
r)(Uy) - (0,1,0) = @rl(m) -0, 1,0).

Hence, Kp3 o =as=ar=p1=0.Up=v,} = 1 and Kpp|(oy=a3=ar=p1=0.U,=v,) = 0. It
is clear that Kpo = % is bounded. This completes the proof. O
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3.3. Estimate on the boundary perturbation of the strong shock

Proposition 3.3. For ¢ > 0, there exists ¢ = £(¢) < ¢ so that G(0Oz(op)) C
O, (Uy) and, when |wy| < &, the following equation

G(o) (g, 0)=0 (3.8)
vields a unique solution oy € Oz(0p). Moreover, we have
ok+1 = 0k + Kpsap + O(D]ax %, (3.9)
where K is bounded.

Proof. We first show that there exists a solution ¢ = o (h) to the following equa-
tion:

G(o) - (—sinh,cosh,0) = 0. (3.10)

This solution may be proved as follows. By differentiating the quantity G(o) -
(—sin &, cos i, 0) with respect to o (following the calculations of Lemma 2.6) and
denoting by (A?‘j) the cofactor matrix of (g;;), we obtain

d
a—O_(G(O') - (—sinh, cosh, 0))|{g=cp,h=0}
= (A7 AG,(00)) - (0,1,0)

= m(ATQ, 32: A3y) - AG4 (00)

_ PP+
det A
> 0.

((u_ — 2“+)C~2+ + crgu_(ci — ui))

Hence, by the implicit function theorem, there exists aunique C2 functiono = o (h)
with o (0) = o9, which solves (3.10) in some neighborhood of (o, #) = (o9, 0).
Then

o(wj) =o0j, j=kk+1,

and, by the Taylor expansion formula, we have the desired estimates (3.9). O

3.4. Estimates on the interactions between the strong shock and weak waves
Proposition 3.4. Let U,,,, U, € O (Uy) with

{G(G)r Um} = (Ov a2, a3)7 {Ums Ud} = (1315 ﬁ21 0)

Then there exists a unique (o', 83, 83) such that the Riemann problem (2.29) with
Uy, = U_ yields an admissible solution that consists of a strong 1-shock of strength
o', a contact discontinuity of strength 8, and a weak 3-wave of strength 83:

{U—v Ua} = (U/, 827 83)
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Fig. 8. Interactions between the strong shock and weak waves.

Moreover,
33 =a3+ Kgp + O(D)A,
h=a+p+Kpp+0DA, (3.11)
o' =0+ KB+ 00)A,

where

|Ks3| < 1, (3.12)

|Ks2| and | K g3| are bounded, and A = |a3||B1]4+ |o2||B1]+ |3 ]| B2]. Furthermore,
we can write the estimates in a more precise fashion:

o' =0+ Kapi+ 0laslial,

S =+ B2+ Kafi + O(D)esl|Bal,

83 = a3 + K53B1 + O(1)|es]|Bal, (3.13)
where
|Iaé| <1, |I?;|+|I§| <M forsome constant M > 0. (3.14)

Proof. We first show that there exists a unique solution
(0',82,83) = (0/(0, a2, a3, B1, B2), 82(0, a2, 3, B1, P2), 83(0, a2, 3, 1, P))
to
(0, B2, B1; P(a3, a2, 0; G(0))) = P (83, 82, 0; G (o). (3.15)
By Proposition 3.1, there exists (y3, y2, ¥1) such that

(0, B2, f1: (a3, a2, 0; G(0))) = (y3, y2, y1: G(9)), (3.16)
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with y1 = 1+ O()A, 2 = Bo + a2+ O(1)A, and y3 = a3 + O(1)A. Thus,
(3.15) can be reduced to

@ (y3, ¥2, ¥15 G(0)) = (83, 82, 0; G(0)). (3.17)
Furthermore, Lemma 2.6 implies

d 3(13(53,52,(); G(G/)) |
9(83,82,0") {83=8,=0,0" =00}

= det(Ar3(Uy), Ara(Uy), AG4(00))
det A
> 0.

Therefore, the implicit function theorem implies that (83, 82, ") can be solved
uniquely as a C 2 function of 1,72, ¥3,0):

8 =83(y3, v2, 71,0), 82 =83, v2,v1,0), o' =3 (3,12, 11, 0).

Using (3.1), we find that, for i = 2, 3,

8 = 8i(y3, v2, v1,0) — 8i(¥i, 2,0, 0) + 8i(y3, 2,0, 0) = Ksiy1 + vis

o' =d' (Y3, 12, 1,0) — ' (13,72, 0,0) + ' (13, 12,0,0) = Ksiy1 + 0,
where K¢ = fol 3,,6'(y3, 2, Ay1, 0)dA and K = fol 8y18-(y3 V2, Ay1, o)dA.

When y3 = y2 = y1 = 0, itis clear that [ 7} 3’53 | |d‘32 |, and | | are bounded. We
can further claim the important feature that
933

I>—I <1  whenys =y, =y =0.
Iy
This can be achieved as follows: differentiating (3.17) with respect to y; and letting
y3 =y2 = y1 = Oyields
/

353 352 oo
ri(Uy) =r3(Uy)— +1n2Us) — + Go(00) —- (3.18)
a1 1 g}

Multiplying both sides by A as defined in Lemma 2.6, we have

|3_53| _ |det(Al‘1(U+), Ary(Uy), AGU(G()))|

g det(Ar3(U4), Ara(Uy), AG4(00))
_ |k3+ + 00 I Quy —u_)rsz4 + oou— <1,

My —o00 Quy —u_)Azy —oou—

Combining these with the estimates we had for y1, 32, and y3, we conclude the
proof. O

4. Approximate solutions

In this section, we develop a modified Glimm difference scheme to construct a
family of approximate solutions and establish their necessary estimates for the ini-
tial-boundary value problem (1.1) and (1.8)—(1.9) in the corresponding approximate
domains Q.
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4.1. A modified Glimm scheme

To define the scheme more clearly, we first use the fact that the boundary is a
perturbation of the straight wedge:

sup |g'(x)] < ¢ for sufficiently small ¢ > 0.
x20

For any Ax 2 0, set a; := kAx and by := y;y = g(kAx) in (3.4) and (3.5), and
follow the notations in Section 3.2 (also see Fig. 7). Then

Yk — Yk—1
m = sup{———

sup(=—~ } <e. “.1)

Define

QAX = U QAx,ka
k=0

where Qaxx = {(x,y) : (k — DAx < x < kAx,y < y—1 + (x — (k —
1)Ax) tan(wk—1,k)}. We also need the Courant—Friedrichs—Lewy type condition:

< |op| + max

Ay —mAx
Ax Jj=13

sup I/\j(U)|>-

Ue0;(Uy)
Define
agn = 2n+1+0)Ay + i,
where 6 is randomly chosen in (—1, 1). Then we choose
Pin = (kAx, ag.p), k=z0,n=0,-1,-2,..,

to be the mesh points and define the approximate solutions Uay ¢ in Qa, for any
0 = (6o, 61, 62, ...) in an inductive way:

For k = 0, we define Uay g in {0 < x < Ax} N Qay to be the strong 1-shock
solution starting from Uax ¢l{x=0,y<0) = U-—.

We assume that Uay ¢ has been constructed for {0 < x < kAx}. Denoting, for

UL = UprotkAx—, ar,)  if y € (o +2nAy, yi + 2n +2)Ay),

then we define Uay g in {kAx < x < (k + 1)Ax} as follows: First we solve
the following lateral Riemann problem in diamond T} o, whose vertices are ((k +
DAx, yit1), ((k + DAx, =Ay + yiy1), (kAx, yi), and (kAx, —Ay + yi):
WUy + HUp)y =0 in Tg o,
Uklx=kax = U]?s
(ug,ve) -mg =0 on Ty,
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to obtain the lateral Riemann solution Uy in T ¢ as constructed in Section 2.3 and
define

Uaxo = Ui in Ty .

Then we solve the following Riemann problem in each diamond T , forn < —1,
whose vertices are ((k + 1)Ax, 2n — 1)Ay + yr+1), (kK + 1)Ax, Qn + DAy +
Yk+1), (kAx, (2n — 1)Ax + yx), and (kAx, 2n + 1)Ay + yx):

W(Ui)x + H(Uk)v =0 in Tk,nv
Uklx=kax = U]?»

to obtain the Riemann solution Ui (x, y) in Ty , as constructed in Sections 2.4-2.5,
and define

Uaxo = U in Tk,,,,ng—l.

In this way, we have constructed the approximate solutions Uay ¢ (x, y) glob-
ally, provided that we can obtain a uniform bound of the approximate solutions.

4.2. Glimm-type functional and its bounds

In this section, we prove that the approximate solutions can indeed be well
defined in 24 via the steps in Section 4.1 by providing a uniform bound for them.
First, we introduce the following lemma.

Lemma 4.1.
G) If {Up, Uy} = (a1, a2, @3) with Up, U, € O (Uy), then
|Up — Ual = s1(lar] + laa| + as)),
with 51 = max; <;<3 (superg(UJr) |0, P (3, 2, 1 U)|> ;
(1) for any o € O;(00) C Os(U4),
|G (o) — G(00)| = s2l0 — 00
With 53 = MaXg 0, (09) Gy (0)}.

Next, we show that Uax ¢ can be globally defined. Assume that Ua, ¢ has been
defined in {x < kAx} N Qax by the steps in Section 4.1 and assume that the
following conditions are satisfied:

Ci(k — 1): ineach Qay j for0 < j < k — 1, there is a strong 1-shock Sy (o)) in
Uax,p with speed o(j) € Oz(00), which divides Q. j into two parts:
sz,j and SZZXJ., where sz,j is the part bounded by S, (o)) and

j={y=2gkx j, A0}

Crk—1): UAx,9|Qij € O¢(Uy) and UAx,9|Q£Xj =U_ for0Zj<k—1;

Ci(k — 1): {Sx (a(j))}];;(l) form an approximate 1-characteristic xax g:y =
XAx,6(x), emanating from the origin.
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Here and from this point forth, we use S, (o(;)) to denote the strong 1-shock
with speed o(;). Then we prove that Ua ¢ can be defined in Q2 x and satisfies
Ci(k), Cy(k), and C3(k).

From the construction steps in Section 4.1, we first define Ua ¢ and the strong
1-shock Sy (o(k)) in 2y k. Then there exists a diamond Ay k) such that Sy (1))
enters Ay k) and Sy (o)) emanates from the center of Ay k). We extend xax 0
to Qayk such that xave = Si(0@)) in Qaxk and define €, ; and Q“ALX’]. in
the same way as in Cy(k — 1). It then suffices to impose some conditions so that
Ca(k — 1) holds and o) € Og(00p).

To achieve this, we establish the bound on the total variation of Ua ¢ on a class
of space-like curves. Denote by

Pr_14—1if6r £0,

| P if6g S0,
Nrer1,n) = { Peoin i > 0.

Priin—1 i1 > 0,

SOk, n) :{

Then we introduce

Definition 4.1. A j-mesh curve J is defined to be an unbounded space-like curve
lying in the strip {(j — 1) Ax < x < (j + 1) Ax} and consisting of the segments of
the form Py 1N (611, 1), Prn—1S(6k, n), SOk, n) Py, and N Oy 1, 1) P .

This definition means that we can connect the mesh point Py , by two line seg-
ments to the two mesh points Py_; ,—1 and Py_; , if 6y < 0, or we can connect the
mesh point Py , by two line segments to the two mesh points Py_1 , and Pr_1 n41
if 6 > 0 (see Fig. 9).

Clearly, for any k > 0, each k-mesh curve I divides the plane R? into an 1T
part and an /™~ part, where I~ is the part containing the set {x < 0}. As in GLIMM
[10], we also partially order these mesh curves by saying J > [ if every point of
the mesh curve J is either on I or contained in /*. Thus we call J an immediate
successor to [ if J > I and every mesh point of J, except one, is on /.

With these mesh curves J, we associate the Glimm-type functional F(J):

Definition 4.2. We define

F(J) = C*lo’ — ool + F(J),

PL'.H.

N(Op-1,m)
S(8k,n)

Piu_.u. 1

Fig. 9. Interaction diamond Ay , and orientation of the segments.
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with

F(J)=LJ)+KQ(U),

L(J) = KyLo(J) + L1(J) + K3 L2(J) + K5L3(J),

o) = Z{|(¥i||/3j| : both ; and B; cross J and approach},
and

Lo(J) =Y {lo(Co)l : Cr € Q)
Li(J) = Z{|aj| : o) crosses J), j=1,2,3,
where K and C* will be defined later; €2 is the set of the corner points Cy, lying
in J*:
Qy={CreJtTNIQa, : k =0}

o’ stands for the speed of the strong shock crossing J; K, K3 and K3 are the
constants that satisfy the following conditions:

- |1<s3|K§k

Ky > |Kpol, |Kpol < K5 <
|Ks2|

. |Kp3l < K3 <

KS3 '
which can be achieved from our discussions of the properties of Kj; and Kj;,
i =1, 2,3, as in Propositions 3.1-3.3 in Section 3.

As indicated in Section 2.4, from now on, we denote M > 0 a universal con-
stant, depending only the parameters in the system and the boundary function g (x),
which may be different at each occurrence. We now prove the decreasing property
of our functional F;. We first have

Proposition 4.1. Suppose that the wedge function g(x) satisfies (4.1), and I and J
are two k-mesh curves such that J is an immediate successor of 1. Suppose that

1 A
— Uyl < s, o — og| < €(e),
Arao1Y QA 0

where &(¢) is determined in Proposition 3.3 and Lemma 4.1. Then there exist con-
stants € > 0, K > 0, and C* > 1, depending only on the system in (1.6) and states
U_ and Uy, such that, if F;(I) < &, then

Fy(J) < F(I),
and hence

Uaxo, . . —Uil<e ol —ool <&).
INCAx k1Y Cax )
Proof. Let A be the diamond that is formed by 7 and J. We can always assume
that I = IoU I’ and J = JoU J' suchthat 0 A = I’ U J’. We divide our proof into
four cases depending on the location of the diamond.
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Case 1 (interior weak-weak interaction). A lies in the interior of Qay and does not
touch xax.0. Then only weak waves enter A. Denote Q(A) = A(w, B) as defined
as in Proposition 3.1. Then, for some constant M > 0,

L(J) = L) = (1+K; + KMQ(A).

Since L(Iy) < ¢ from Fy(I) < &, we have

0WJ) —0U) = QUy) + Q(y1, 1) + Q2. o) + Q(y3, lo)
—(QUp) + Q(A) + Q(ay, lo) + O(az, Ip) + Q(a3, lp)
+0(B1, Ip) + Q(B2, Ip) + Q(B3, 1p))

1
S OQ(MQ(A), Ip) — Q(A) = (ML(Ip) — DQ(A) = _EQ(A)'

Hence, by choosing suitably large K, we obtain

F()—F) = (04 K3 +KDM —K/2) Q(A) = —%Q(A)-

Case 2 (near the boundary). A fouches the approximate boundary dQ2a, and is
away from the strong shock xax 0. Then Q; = Q\{Cy} for certain k ando! = o,

Fig. 10. Case 2: near the boundary.
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Let §; be the weak 1-wave going out of A through J’, and let 81, a2, and a3 be
the weak waves entering A through I’, as shown in Fig. 10. Then

Lo(J) — Lo(I) = —|awxl,
L) —Lah= Y Inl—(al+ Y. nh=—lwl,

y2 crosses Ip y2 crosses Ip
Ly =Ly = Y |yl=(esl+ Y lyh=—lasl,
y3 crosses Ip y3 crosses o
L) —Li =1+ Y. mh=0al+ Y. Inb
y1 crosses Ip y1 crosses Io

= 1811 — 181l = |Kp3lles| + [Kpalloa| + | Kpollwxl,
where the last step is from Proposition 3.2. Thus,
L(J) = L(I) = (IKpo| — K§)lwk| + (1Kp2| — K3)|ea| + (1Kp3| — K3)e3].

From our requirement in Definition 4.2, we find L(J) — L(I) < 0. Since
Fy(I) £ & implies L(I) < &, the higher order term Q(I) can always be bounded
by the linear term L (7). We can then easily conclude that F(J) < F(I).

Case 3 (near the wedge vertex). A covers a part of 0Q Ay, and Sy (0 (k1)) emanates
from {Cy_1} and enters A. Then, from our construction, we find Q2; = Qr\{C},
S« (o)) emanates from {Cy} and crosses J, ol = O(k—1)» ando’ = o (k). Moreover,
there is no weak wave crossing 1' or J'. Then we have

F(J) = F{) £ —Kglwl.
Since

I
|

[IA

J I J 2
o —ool —lo" —opl S |0’ —0 | Kps| k| + M|,

we can further choose C* suitably small and t > 0 such that

F(J) — Fy(I) £ C*lo’ —o! |+ F(J) = F(I) £ —t|axl.

Case 4 (near the strong 1-shock). A lies in the interior of Qay, and the strong

1-shock Sy(o4—1)) enters A. Then Sy(ox)) is generated from the inside of A,

UI = O(k—1), and O'J = O(k)-
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Fig. 11. Case 4: near the strong 1-shock.

Let 83 and &, be the weak waves going out of A through J’, and let a3, a3, Bi,
and B, be the weak waves entering A through I’, as shown in Fig. 11. Then

L) —Lih= Y Inl—-al+ Y. Inb=-Ial

y1 crosses Io Y1 crosses Io

Lo = LoD = (8l + Y nh—(eal+Igl+ D Inb

y2 crosses I y2 crosses 1o

S |KollBil + Mles|| B2,

Ly() = La(D) = (I81+ > Insh—(eal+ Y. Inb

y3 crosses Io y3 crosses Io

S |KgllBil + Mles|| B2l

where we have used the estimates in Proposition 3.4.
This case is more complicated, which requires a careful calculation of Q(J) —
Q (). For simplicity, for any weak wave y, we denote

oy, l) = |yl Z{ijl : yj and y approach}.
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Then

QW) —0U)

0lp) + 083, Io) + 082, Io) — (o) + |Billeal + 3| 181
+lasz||B2] + Q(az, Io) + Ofas, Iy) + Q(B1, lo) + Q(B2, 1y))
< — (1Billoal + laslIBil + laslIBal)

+ (1Kl + 1Ks2l = 1) Q(B1, Io) + Q(M]a3l| a1, 1o)
< (=1 + ML(Ip)) 3|12l + (=lea| — laz] + ML(Io)) |1l

Again, since L(I) < € sufficiently small, then
1
o) -0 = —Elotzllﬂzl + M L(Io)|B1].
Therefore, we have
F(J)— F() < (=14 K5|Ko| + K3 |Kg3l) 1B1] + Mas|| 2]

1
+K (—§|063||52| + ML) |p1 I)

A

1 1
_Z|,31| + ML(Ip)|p1] — §|0l3||,32|

A

1
—§(|,31| + lazllB2]),

where we have chosen suitably large K and used the fact that L(lp) < &. Further-
more, since |’/ —o!| < |Ky1]|81]+ M|a3]|B2|, we can further choose C* suitably
small such that

1 1
F(J) = F(I) £ C¥o? =o' |+ F(J) - F(I) £ ~16/Pil — Tgleslil.

Again, we have F(J) < F(I).
Then, from Lemma 4.1, there exists € > 0 such that, when F (/) < €, we have
|U—-Us|l <e. O

Let I be the k-mesh curve lying in {(j —1)Ax < x £ j Ax}. From Proposition
4.1, we obtain the following theorem for any k > 1.

Theorem 4.1. Suppose that the function g(x) satisfies (4.1). Let ¢, £, £(¢), K, and
C* be the constants specified in Proposition 4.3. If the induction hypotheses C1(k —
1), Co(k — 1), and C3(k — 1) hold and if Fs(Ir_1) < &, then

|UAx,0 b+| <g, LAx,@ _ = L—’ |Ok OO| < é(‘g)»
lot lg
Ax.k Ax.k

and
Fy(Ix) < Fy(Ix—1). 4.2)

Moreover, we obtain
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Theorem 4.2. There exists ¢ > 0 such that, if TV (g'(")) < ¢, then, for any 0 €
[Te2o(—1, 1) and every Ax > 0, the modified Glimm scheme defines a family of
global approximate solutions Uy g and the corresponding family of approximate
strong 1-shocks xax.¢ in Qax,e which satisfy C1(k—1), Co(k—1), C3(k—1), and
(4.2) for any k = 1. In addition,

TV{Upxo(kAx—, ") : (=00, %]} = CTV(g'(")
Sforany k =2 0 and
|Xax,0(x +1) — xax0 ()] = (loo] + M)|h| +2Ax
forany x =2 0 and h > 0, where the constant C depends only on the bound M,
K, C* and Kl.*, i=0,2,3.
4.3. Estimates on the approximate shock-fronts
We use the notations and estimates in the previous section and define
oax,0(X) = o) ifx € (kAx, (k+ 1)Ax].
From Proposition 3.4, we have

Proposition 4.2. There exists a constant M, independent of Ax, 0, and U ay g, such
that

o]

TV{oaxs 110,00} =Y |ows1) — o) < M.
k=0

Proof. For any k = 1, and any interaction diamond A C {(k — DAx < x <
(k + 1)Ax}, define

0 for Case 1,
) lol + lea| + |e3|  for Case 2,
Eazolh) = || for Case 3,
|81l for Case 4;
and

o) for Case 1,
for Case 2,
Qaxo(h) = |ol? for Case 3,
||| B2l for Case 4.

Then

1 1 -
Y Earo(A) ) —(F(I) = F(J)) £ —F(0) := M,
A A & &
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and

> Onxo(A) £ M,
A

where &’ = sup, max{K§ — |Kpol, K5 — |Kp2|, K5 — |Kp3l, K5, Ks2, K3}
From Proposition 3.4, we know that, for some M > 0,

o0
Y lowsny — 0wl £ (K Earg(A) + MQaxp) < (K + DM < M,
k=0 A

where 1’(?1 is the constant in (3.13). O

5. Global entropy solutions

In this section we establish the convergence of approximate solutions to a global
entropy solution. We also show the nonlinear stability and asymptotic behavior of
the strong shock emanating from the wedge vertex under the BV wedge perturba-
tion.

5.1. Convergence of approximate solutions

Following the discussions in Section 4, we can extend Uy ¢ by the constant
Uy o continuously across the approximate shock-front to the whole strip {kAx <
x < (k+ 1)Ax)} foreach k < 0.

Let the line x = a > 0 intersect 9Qay = U{Cr_1Ck, k = 1} at the point
(a, pan ). Similar to [26], by Theorem 4.2, we can prove

Lemma 5.1. Forany h > 0 and x 2 0, there exists a constant M > 0 independent
of Ax, 0, and h such that

0
/ UsroG +hy + po5) — Useo, y + pA0)dy < MIhl.

—00

Denote
00 0
10.8%.9) =Y [ 9.3+ 0 Whaero — Ukas-ody
k=1Y7%°

for ¢ € Cgo (Rz; R3). Following the steps in [10] (see also [3, 9, 17, 20]), we have

Lemma 5.2. There exists a null set N C Hl?io(_lv 1) and a subsequence
{ij}?‘;l C {Ax}, which tends to 0, such that

J(@, Axj,¢)— 0 when Ax; — 0

forany 0 € TP (=1, D\N and ¢ € CF(R?*; R3).
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To establish the main theorem, we need to estimate the jumps of the approximate
strong shock-fronts. Let

Oh—1)AX — (Yk — Yk—1) + Ay

d, =
k Ay

Then, by the choice of Ax and {yx}, we find that dy € (0, 1) and depends only on
{91};‘:_11. Thus, we define
[x/Ax]

I(x,Ax,0) = Y Ik(Ax,0),
k=1

where I (Ax, 0) = 1(_1,4,)(0r) (dr — 1) Ay + 14, 1)(6k) (dr + 1) Ay, in which 14
denotes the characteristic function of the set A, and [ x/Ax] denotes the largest
integer less than, or equal to, x/Ax. Notice that I; (Ax, 6) is the jump of the func-
tion y = xax.p(x) at x = kAx and is a measurable function of (Ax, #), which
depends only on Uax,6ljo<c<kax) and {91}5‘:0.

Lemma 5.3.

() Forany x 2 0, Ax > 0, and 0 € I132 (=1, 1),

X
Xax,0(x) =1(x, Ax,0) + / OAx,0(8)ds;
0

(i) there exist a null set N\ and a subsequence {A}7°, C {A)cj}i":1 such that

o0
/ e | (x, AL O)Pdx — 0 when A; — 0
0

forany 0 € TI}2 (=1, 1)\Ny.

Proof. Part (i) can be obtained by a direct calculation. We thus focus only on part
(ii). As in [10], let d6 = T1;2 ,(d6%/2). Then, for any [ > j, we have

/I,I,de = / nizlae; (1.,'/1,d91> =0.

Therefore, we can deduce

[x/Ax] A
/|I(x,Ax,9)|2d9= Z /|Ik(Ax,9)|2d9 <412 PxAx.
P Ax

Then, by choosing a subsequence {A;}7°, C {ij}?o:1 with Y720 A; < oo as in
Lemma 5.2, we arrive at (ii). 0O

By Theorem 4.2, Proposition 4.2, and Lemmas 5.1-5.2, we have

Theorem 5.1 (Existence and stability). There exist ¢ > 0 and C > 0 such that,
if (1.10) holds, then, for each 6 € (H,fio(—l, I)\(N U Ny), there exist a subse-
quence {A}]°, of mesh sizes with A; — 0 as | — oo and a pair of functions
Ug € L*®°(2; 0.(Uy)) and x9 € Lip([0, 00)) with x9(0) = 0 such that



Supersonic Euler Flows Past Lipschitz Wedges 293

(1) Ua,9(x, -) converges to Up(x, -) in L'(—o0, g(x)) for every x > 0, and Uy
is a global entropy solution of problem (1.6) and (1.8)—(1.9) in Q2 and satisfies
(1.11)—(1.12);

(ii) xa,,6 converges to xg uniformly in any bounded x-interval;

(iil) oa,,6 converges to og € BV ([0, 00)) a.e. with |og — op| £ & < € and

Xo(x)Z/o og(t)dt.

In addition, if 0 is equidistributed, then xg(x) < g(x) for any x > 0 with (1.13)
and the Rankine-Hugoniot conditions a.e. along the curve {y = xo(x)}.

The proof of (i) and (ii), and the convergence proof of oa, ¢ in (iii), can be
carried out in the same way as in the standard cases (see [3, 10, 11, 25]) by using
the structure of the approximate solutions. In particular, for any ¢ € C§° R%; R),

\/Q (pr,equ,G(px +pr,9vAx,0(py)dxdy
Ayx,0

— / XQAx,e (pr,Gqu,O(px + pr,GvAx,G(py)dxdy
Q

weak-star converges, hence the initial condition is satisfied by the trace theorem
for BV functions (cf. [24]). Similarly, the boundary condition can be shown to be
satisfied. The equality in (iii) can be deduced from Lemma 5.3 and the result on
the convergence of {xa,,¢} and {ox, 6}

5.2. Asymptotic behavior of the strong shock

Asin Theorem 5.1, letf € (H,fio(— 1, 1))\ (N U N7) be equidistributed, and let
Up be the solution and yy its shock-front, respectively. By Theorem 5.1, we con-
clude that the solution Uy contains, at most, countable shock-fronts and countable
points of wave interactions. Moreover, we can modify the solution Uy such that
Uy is continuous except along the shock curves and the points of wave interactions
(see [9, 11, 19]). Then we have

Lemma 5.4. The solution Uy and its strong shock-front g satisfy
Jim T'Viarctan (vp (x, -)/ug (x, ) + (xo(x), §(x))} =0
and
Aim TVipg(x,-) : (xo(x), g(x)} = 0.
Proof. Let {A;} be the sequence given as in Theorem 5.1, and let Ea, (A) and
0n,,0(N) be the quantities defined in Proposition 4.2. As in [11], we denote by

dEp,; ¢ and dQa, ¢ the measures assigned to Ep; ¢(A) and Qa,,¢(A) to the center
of A.



294 GUI-QIANG CHEN, YONGQIAN ZHANG & DIANWEN ZHU

The boundedness of Ex,; g(A) and Qa;¢(A) in Proposition 4.2 implies the
compactness of {dEx, ¢} and {dQx, ¢}. We can then select their subsequences
(still denoted by themselves) so that A; — 0 and the limits

dEpn 9 — dEg and  dQna; 9 — dQp

exist in the weak-star topology in the measure space, and the limits are finite on 2.
Therefore, for any § > 0, we can choose x5 > 0 independent of {Ux, ¢} and {A}
such that, for any [ > 0,

Y Eno(Mia) <8 Y Qio(Aga) <8

k2[xs/ A k2[xs/ Al

Moreover, let Xg = (xs, y(%)(or Xg = (xs, yg)) be the point lying in xa,.6
(or 0Q2a,). Let le) ¢ be the minimum approximate 3-characteristics in Uy, ema-
nating from the point X ;, and Xil,e the maximum approximate 1-characteristic

in Ua, ¢ emanating from the point X 3 From the construction of the approximate
solutions, we have

XA, + 1) = XA, oI S MR+ 4D, j=1.3,

for some constant M > 0 which is independent of Ax and 6. Then, for 6 €
(]_[,?io(—l, D)\(N U Ny), we can select a subsequence (still denoted by {Al}j’il)
such that

X £1.9 — ng uniformly on every bounded interval as A; — 0

for some x, € Lip with (x;)’ bounded.

Let the characteristics y = xé’ (x)and y = X91 (x) intersect 02 and y = xp(x),
respectively, at (tg, X6 (tg’)) and (tlsl , X6 (t(sl)) for some tg’ and t(sl. Then, since the flow
angle arctan(v/u) and the density p are invariant across the contact discontinuities,
by the approximate conservation laws for the weak j-waves, j = 1,3, we can
deduce (in the same way as in [11]) that

TV{arctan (va,0(x—, )/un,0(x—, ") : (xa,0(x), g(xN}<C$
and
TV{pao(x—,-) : (xa.0(x),8(x)} = C3

for x > 2(t51 + tg’), where C > 0 is independent of 8, x, Ua, 9, and A;.
Thus, taking the limit as A; — 0 and using Theorem 5.1 and the regularity of
Uy yield, for x > 2(t) +13),

TV{arctan(vg(x—, -)/ug(x—, ) : (xe(x), g1(x)} = C3

and

TV{pg(x—,) : (xo(x), g (x)} =Cs. O
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Theorem 5.2.
(i) Let woo = lim arctan(g’(x+)). Then
X—>00

Himsup{] arctan (vg (x, y)/ug (x, y)) — @oo| = Xo(x) <y < g(x)} = 0.
(ii) There exist constants poo and oo such that
Jim sup{]pg (x, ¥) = pocl = Xo(¥) <y < g(x)} =0,
xll)rrgo sup |og(x) — 00| = 0.

Proof. LetU; 9 = Ua,0, 01,0 = 0a,,6,and X190 = xa,.0, Where A; is chosen as in
the proof of Lemma 5.4. Following the construction of the approximate solutions,
we conclude that, for every x > 0,

Yk+1 — Yk

~ ) = arctan(g’(1x))

arctan(vy,g /uy0)|r, = arctan <

for some n; €[kAx, (k+ 1)Ax). Then, choosing x5 so that |g’(x+) — g’(c0)| < §
for x > xg, we have

sup{| arctan(v; o (x, y)/ur6(x, y)) — 0ol : xo(x) <y < g(x)}
< TV{arctan (v, (x, ) /uze(x, ) : (xo(x), g(x)}+ M8 for x > 2x;.

Therefore, taking the limit as A; — 0, by Theorem 5.1 and Lemma 5.4, and by
the regularity of Uy, we can deduce part (i).
Moreover, from Theorem 5.1, we also have

o9 € BV(RY), log —opl S <e,  Glog) € BV(Ry; 0 (Us)).

Letox = lim op(x+) and Uy, = limy_, oo G (0y(x)). Then part (ii) follows from
X—> 00
Lemma54. 0O

6. Extension to the adiabatic Euler flows past Lipschitz wedges

In this section, we turn to the adiabatic Euler equations (1.1) for steady super-
sonic flows, which can be written in the following conservation form:

WWU)x +HWU)y =0, U= (u,v,p,p) 6.1)

with

2, .2
u-+v
W) = (pu,,ou2+p,puv,pu (h+ 5 ))

2 2
u-+v
HU) = (mmw’pvz +p.pv <h+ ! >>

and h = o }fi)p. As in Section 1, the problem of supersonic Euler flows governed
by (6.1) past Lipschitz wedges can be formulated as problem (1.8)—(1.9) for system
(6.1) in the region below the lower edge I' of the wedge.
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Definition 6.1. (Entropy Solutions). A BV function U = U (x, y) is called an
entropy solution of problem (6.1) and (1.8)—(1.9) provided that

(i) U is a weak solution of (6.1) and satisfies
(,v) -nly—gx) =0 in the trace sense;
(i1) U satisfies the entropy inequality:
(puS)x + (pv8)y =0 (6.2)

in the sense of distributions in €2 including the boundary.

6.1. Riemann problems and Riemann solutions

The eigenvalues of system (6.1) are the solutions of the fourth-order polynomial
equation:

(v — hu)? ((v —a?— A1+ A2)> —0,

where ¢ = yp/p. We then have

—1)J T2 _ 2
Aj:uv—i-( Yeu? +v c’ i=1.4, M= vju i =23, (63)

W2 — 2

When the flow is supersonic (i.e., u? 4+ 02 > cz), system (6.1) is hyperbolic and
the corresponding eigenvectors for u# # 0 are
rj=kj(=hj. L p(ju —v), pju —v) /AT, j=1.4,
r;=(1,v/u,0,0)7,
r; =(0,0,0, 17,
where «; are chosen so that r; - VA; = 1, since the j-characteristic fields are

genuinely nonlinear, j = 1, 4. Note that the second and third characteristic fields
are always linearly degenerate: r; - VA; =0, j =2, 3.

6.1.1. Wave curves in the phase space. Similarly to Section 2, the contact dis-
continuity curves C; (Uy) through Uy are
Ci(Uo): p=po, w=v/u=uvo/ug, =23, (6.4)

which describe compressible vortex sheets. Moreover, the rarefaction wave curves
R;(Up) in the phase space through Uy are

Rj(Up): dp=c*dp, du=—ijdv, pGju—vydv=dp, j=1,4
(6.5)

It is easy to check that % along R;(Up), j = 1, 4, satisfies

dr dly

— IRy <0, o

dp |Ry(Up) > 0.
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Similarly, the Rankine-Hugoniot conditions for (6.1) are

ol pu]l =[pv], (6.6)
ol pu* + p] = puv] (6.7)
ol puvl = [ pv* + pl, (6.8)

EEE AR

(vo — oup)? ((vo — oup)* —cg(1 + 02)) =

‘We then have

2
— C —_ . . .
where ¢} = pe & and by = v ”Tl%. This implies

ugvg + (—l)jfo,/u(% + Ug — Eg
0=0j:= o ,j=14, o =0 =v9/ug,i =2,3.
iy — o

Substituting o7, i = 2, 3, into (6.6)—(6.9), we get the same C;(Uy),i = 2, 3,
as defined in (6.4); whilest substituting o, j = 1, 4, into (6.6)—(6.9), we get the
th_shock wave curve §(Uop) through Uy:

2
c .
SiWo): [pl= i[p], [u]= —oj[v], polojup —vo)lvl=[p]l, j=1,4
(6.10)
Notice that S; (Up) contacts with R (Up) at Ug up to second-order and
doy doy
E'SI(UO) < 0, E|S4(UO) > 0. (6.1 1)

Similarly, Lemma 2.1 still holds for system (6.1), which implies that the entropy
inequality (6.2) is equivalent to (2.19) or

Aj(back) < oj < Aj(front), j=14,
o1 < Ap3(back),
A2 3(front) < o4.

Here we only show the equivalence between (6.2) and (2.19) when the back state
Uy = (u4,0, py, py) with uy > 0 so that o < 0. First, the entropy condition
(6.2) is equivalent to

olpulnp —ylnp)] <[pv(np —ylnp)]. (6.12)
From (6.6), we know that

opu = opiut + pu. (6.13)
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Substituting (6.13) into (6.12), we get In(p/p+) — y In(p/p+) > 0. That is,

p/p+ > (p/p4)". (6.14)
On the other hand, from (6.6) and (6.9), we have the Bernoulli law:
2 2 2
R L, +”2+ (6.15)
which implies that
-1 — 1)t
P gy YD O D = s
P+ (y—-Dt—=(@+1D

Then the function G(¢) := H(t)/tY is strictly decreasing in #, since
y(L—yH+1)°
Ty = D = (y + 1)?

Because G(1) = 1 and G(t) > G(1) from (6.14), we conclude t < 1, which
implies that p < pg4.

G(t) =

6.1.2. Lateral Riemann problem. Again, the simplest case of problem (6.1) and
(1.8)—(1.9) occurs when g = 0. It can be shown that, if g = 0, then problem (6.1)
yields an entropy solution that consists of a constant state U_ and a constant state
Ui, with Uy = (u4,0, p4, p+) and uy > c4 > 0 in the subdomain of € sep-
arated by a straight shock emanating from the vertex. That is to say that the state
ahead of the shock-front is U_, while the state behind the shock-front is U, (see
Fig. 4). When the angle between the flow direction of the front state and the wedge
boundary at a boundary vertex is larger than , an entropy solution will contain a
rarefaction wave that separates the front state from the back state (see Fig. 5).

6.1.3. Riemann problem involving only weak waves. Consider the following
initial value problem:

W(U)x + H(U)y = Oa
Uy, vy > yo, 6.16

U|x=xo=g={Ub’;<§0’ ( )
where U, and U, are constant states. As before, we can parametrize the physi-
cally admissible elementary solution curve in a nelghborhood of Uy, O, (Uy), by
aj > ®j(aj; Up), with ® € Cc?, D; |a -0 = U;,,and da |a/_0 =r;(Up).

Denote ® (a4, a3, an, ar; Up) = Pa(og, P3(3, <I>2(a2, @1 (a1; Up)))). Then
we have
Lemma 6.1. There exists ¢ > 0 such that, for any states U,, Up € O.(U.), prob-
lem (6.16) yields a unique admissible solution consisting of four elementary waves.
In addition, state U, can be represented by U, = & (a4, a3, o, ay; Up) with
Ploy —ar=as=as=0 = Up and § | =ar=ar=ay=0 = 1i(Up), i = 1,2,3,4.

Similar to the argument for Lemma 2.3, we have

Lemma 6.2. It can be shown that Uy = (u4, 0, p+, p4) withuy > 0, k1 (Uy) =
k4(Uy) > 0, whichimplies kj(U) > 0, j =1, 4, for any state U € O.(U) since
Kk j are continuous, j =1, 4.
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6.1.4. Riemann problem involving a strong 1-shock. For simplicity, we use the
notation {Up, U,} = (a1, ap, a3, ot4) to denote that U, = P (aq, a3z, ar, ay; Up)
throughout this section. For any U € S;(U-), we also use {U_, U} = (0,0, 0, 0)
to denote the 1-shock that connects U_ and U with speed o. Then we have

Lemma 6.3. Let {U_, Uy} = (00,0,0,0), py > p—, andy > 1. Then
oo < 0, Uy <u_ <1 +1/y)us.

The slight difference in the proof of this lemma from that of Lemma 2.4 lies in
the fact that ¢ and c_ are different in system (6.1). However, we still have ¢y > ¢p
and c_ < ¢_, and hence there is no problem carrying out the same steps.

Lemma 6.4. There exists a neighborhood O, (U.) of Uy such that the shock polar
S1(U-) N O, (Uy) can be parametrized by the shock speed o as

o — G(o)
with G € C? near g and G (o¢) = Us.
Lemma 6.5. For states U_ and U in the unperturbed solution,

2 2 2 2
u- +v- u c
P:=u+<h+T—7+>+(y—_+l+u%r>(u+—u)>0.

Proof. From the Bernoulli law (6.15), we have

2

. 2
P = 1 Quy —u) +uy(uy —u_). (6.17)
y —

Following the same steps as in Lemma 2.4, we have the following facts from
Lemma 6.3: uy(u_ —uy) < ci/y, u_ < (14 1/y)us, which implies

yur(u_ —uy)
-1

P > (AQ+1/y)uy —u_)>0. 0O

Lemma 6.6. Let A = Vy H(Uy) — ogVy W(Uy). Then

det A > 0, det(Ary, Ar3, Arz, Ary)|y=u, >0,
det(Ary, Ar3, Ary, AG,(0p))|lu=v, > 0.

Proof. A direct calculation shows that

—00P+ P+ 0 —opu+
—200p4u+ P4 —00 —oou?.
A= 0 —00p Uy 1 0 ;

—0 (i +3u?) (i + ﬁ) — Y our —Lroould
00+y—7 T 243) P+ 5T T 32 y—1004+ —700U%
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and

1)1,
ey = CY W)

ct+ u%_—c%_
.
2 i—1 2 2 .
X (C+’(—1)’ C+m, p+u+6+,p+u+> . J=1.4,

r2(Up) = (1,0,0,0)7,
r3(Up) = (0,0,0,1)7.

Hence, we have

Arj(Us) = K ( +)P;:F j+ — 00)
Jjt+

2 2\\ "
ch us )
X (1,M+,M+)\.j+, < 1 -+ 7)) for ] = 1,4,
y —
T
2
c 3
Ary(Uy) = —opps (1,2u+,0, t o4z 2) ,
y —

) T
uy
Ar3(Uy) = —oou+ (1, u4, 0, —) ,

2

and

AG, (00)

WUy) —W(U-)

P—V_ u? +v2 !
- 19“770014*5}17—’—— )
00 2

where A j = A;(Uy), j=1,4.
By Lemmas 6.3 and 6.5, we find

2.2..2
ofpiu
det A = %(Aﬂ_ - crg)(uz+ - ci) > 0,

(ks (U)ol piu.c?
det(Ars, Ary, Ara, Arply-u, = L
— DArphas
X (00 — A1) (00 — Ai4) Aag — A1y) > 0,

and

det(Ary, Arz, Ary, AG,(00))|lu=u,
k4 (Uy)oop—v_pluy
= » = (00 — ) (Uyhar P + oou_Q) > 0,
+

since P > 0and Q = —c_%_/(y -1)<0. O
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6.2. Estimates on wave interactions and reflections

We now make essential estimates as in Section 3. The interaction estimates are
similar and the corresponding Figs. 5-7 are the same except that 2-contact discon-
tinuities and 3-waves in Section 3 are now replaced by 2, 3-contact discontinuities
and 4-waves, respectively.

6.2.1. Estimates on weak wave interactions. First we have

Proposition 6.1. Suppose that Uy, U,,,U, € O (Uy) are three states with
{Ub’ Um} = (051,052a053,0l4)7{UmaUa} = (ﬂlaﬂZa ﬂ37 /34): and {UbaUa} =
(y1, v2, v3, va) (cf. Fig. 5). Then

vi =ai +Bi + O(1) A, B),

where A, B) = (laa| + las| + lo2D) 1] + laal (B2l + 1831 + 2° ;-1 4 D j (e, B)
with

0’ a] zo’ /3/ 20)

loejl1Bjl,  otherwise.

Aj(a, B) = {
Since, by Lemma 6.6,

d <3®(V4, v3, 72, v Up)
et

lyi=r=rs=rp=0
0(y4, ¥3, V2, Y1) ) VI=V2=Y3=V4
= det(Ary, Ar3, Ary, Ary)|y—y, >0,

then, by the implicit function theorem, there exists (y4, ¥3, ¥2, Y1) asa C 2 function
of (B4, B3, B2, B, aa, a3, a2, a1 Up) so that

D (B4, B3, B2, B1; Plaa, a3, 02, a1; Up)) = P (y4, 3, v2, v1; Up).

Then we follow the proof of Proposition 3.1 to arrive at the result.

6.2.2. Estimates on the weak wave reflections on the boundary. We use the
same notation as in Section 3.2 for Ci(ak, by) with ax+1 > ar > 0, ok k+1, @k,
Qk, 'k, and the outer normal vector ny to Iy (cf. Fig. 7). Then we consider the
initial-boundary value problem with U a constant state:

6.1) in Q.
Ulx=a U,
(u,v) -mgy1 =0 onTiqg.

Proposition 6.2. Let {Up, Uy} = (a4, a3, a2,0) and {Uy,, Uy} = (0,0,0, 1)
with

(g, vi) -y = 0.
Then there exists Uy41 such that

{(Up, Uk+1} = (0,0,0,681)  and (up+1, vet1) - M1 = 0.
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Furthermore,
81 = B1 + Kpaas + Kpzaz + Kppao + Kpowy,
where Kps, Kp3, Kpo, and Kpo are C? functions of (a4, a3, a2, B1, wi; Up) satis-
fying
Kb4|{wk=a4=a3:a2:ﬁ1:0,Uh=U+} =1,
Ko ljop=as=a3=ar=p1=0,U,=U+} = Kp3l{wy=as=a3=ar=p,=0,U,=0,} = 0,
and Kpg is bounded.

Since
0
8—81@(0, 0,0, 815 Up) - (g1, 0, 0)](8,=0,0p=U . op 411=0}

UL AL
= k1 (Up) (=g, 1, prsighig, %) -(0,1,0,0) > 0,
+

we know from the implicit function theorem that 8; can be solved as a C2 function
of (a4, a3, a2, B1, Wk—1k, wk; Up) such that

©(0,0,0, B1; Py, a3, a2, 0; Up)) - (m, 0, 0)
= @(0,0,0,81; Up) - 011, 0,0). (6.18)

Then, following the argument in the proof of Proposition 3.2 yields the results.

6.2.3. Estimate on the boundary perturbation of the strong shock. We have

Proposition 6.3. For ¢ > 0 sufficiently small, there exists ¢ = £(¢) < & so that
G(0;(00)) C O (Uy) and, when |wi| < &, the following equation

G(o)-(ng,0,0)=0 (6.19)
vields a unique solution oy € Oz(0p). Moreover, we have
Ok+1 = 0k + Kpsop + O(D)x [, (6.20)
where |Kpg| is bounded.
Proof. It suffices to find a solution o = o (h) to the following equation:
G(o) - (—sinh,cosh,0,0) =0. (6.21)

Differentiating both sides of (6.21) in o, following the part of the calculation we
had in Lemma 6.6, and denoting by (A?‘j) the co-factor matrix of (a;;), we obtain

d .
B—U(G(U) - (=sinh, cosh, 0, 0)) o =0y, h=0}

1
~ detA
By the implicit function theorem, we can find a unique C? function o = o (h)
with o (0) = o9, which solves (6.21) in some neighborhood of (o, #) = (o9, 0).
Then o (w;) = 0}, j =k, k + 1, and by Taylor’s expansion formula, we have the
desired estimates (6.20). O

(AT, A%y, A%y, AL) - AG4(0p) > 0.
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6.2.4. Estimates on the interaction between the strong shock and weak waves.
Proposition 6.4. Let U,,, U, € O.(Uy) with
{G(0),Un} = (0,00,03,04),  {Upn, Ua} = (B1, B2, B3, 0).

Then there exists a unique (o', 83, 83, 84) such that the Riemann problem (6.16)
with U, = U_ yields an admissible solution consisting of a strong 1-shock, two
contact discontinuities of strengths &y and 83, and a weak 4-wave of strength 84:

{U—’ Ua} = (OJ, 82’ 837 84)'
Moreover,

o' =00+ Ks1fi+ O(DA, & =ar+ P2+ KB+ O()A,

B =03+ B3+ Ka3p1 + O()A, 4 =o0a4+ K541 + O(DA,
where
|Ksal <1 and |Kg3l, |Ks2|, and | K| are bounded,

and A = |az||B1]+ loal|B1] + loal|B1] + |eal | B2| + leea|| B3|. Furthermore, we can
write the estimates in a more precise fashion:

Sa=as+ Kupr + O(DA, 85 =a3+ K31 + O()A,
SH=a+Kpfi+0MA, o =0+ K p +O0)A,

where
(Kl <1, Kl + Kol + 1Kol £ M,
for some M > 0 and A = |ay||B3] + |asl|Bal.

Proof. First we show that there exists a unique solution (¢, 87, 83, 84), as a func-
tion of (o, az, a3, ay, B1, B2, B3), to

(0, B3, B2, B1; P(aa, @3, a2, 0; G(0))) = (84, 83, 82, 0; G(0)). (6.22)
By Proposition 6.1, there exists (y4, ¥3, ¥2, ¥1) such that
(0, B3, B2, B1; Plas, a3, a2, 0; G(0))) = P(y4, ¥3, 2, 15 G(0)) (6.23)
with

yi =61+ O0MDA, v=PHg+a+O0DA,
v3=a3+ B3+ O0()A, ya=a4+ O()A.

Thus, (6.22) can be reduced to

D (ya, v3, 2, 15 G(0)) = (84,83, 82,0; G(0)). (6.24)
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Furthermore, Lemma 6.6 implies

det D (84, 83, 82,0; G(o')) |
5.2, (hi=h=h=0et=enl

det(Arq(Uy), Ar3(Uy), Ara(U4), AG4(00)) > 0.

d A
Therefore, the implicit function theorem implies that (84, 83, 82, 6”) can be uniquely

solved as a C? function of (y1, y2, ¥3, V4, 0):
o' =o' (ya v3. 2. 1, 0), 3 =8i(va, v3, 2, v1,0), i =2,3,4.
Using identity (3.1) in Lemma 3.1, we find

o' =Ky +o, 8 =Ksin1 +vi, i=2,3,4,

1 1
where Ky = [ 8,,0'(y3, 2. Ay1, 0)drand K = fo 3y, 8i (va, 3, ¥2, Ay1, 0)dA.
When y4 = y3 = y» = y; = 0, it is clear that |8" | and |- 38' , 1=2,3,4,are
bounded. We can further claim the important fact that

064
|—| <1 whenyy=y3=9 =y =0.
I

This can be shown by differentiating (6.24) with respect to y; and letting y4 =
v3 = y2 = y1 = 0. We then have

/

354 383 352 g
ri(Uy) =ry(Uy) -— +13(U3) -~ +r2(Uy) -— + G4 (00) 7.
1 M3 EM| M
Multiplying both sides by A (defined in Lemma 6.6), we obtain
984~ det(Ar;(Uy), Ara(Uy), Ar3(U4), AG4(00))

Iyt det(Arg(Us), Ara(Uy), Ars(Uy), AGo(00))

_ )»4++00| |Gou7Q —M+/\4+P| -1
Ay —o09 ooUu—Q F+utAsy P ’

since P > 0,0 < 0,00 < 0, and 244 = X4(U;) > 0. Combining with the
estimates we had on yy, y», ¥3, and y4, we complete the proof. 0O

6.3. Approximate solutions

Similarly to Section 4, we can construct the globally defined, modified Glimm
approximate solutions U, ¢ in the approximate domains (see Fig. 7):

QAX = U QAx,k
k=0
with

Qark ={(x,y) 1 (k—DAx <x SkAx, y = y—1 + (x — (k — DAx) tan(wg—1 1)}
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under the Courant-Friedrichs—Lewy type condition:

Ay —mAx
———— < |op| + max

Ax j=1,4

sup |A;(U)] with m as defined in (4.1).
0:(Uy4)

Lemma 6.7.
(i) I.f{Uha Ua} = (C{] , 02, A3, a4) Wlth Uba Ua € OS(U"F); then

|Up — Uq| < s1(loer] + lo2| + laz| + |eeal),

where 51 = max;<;<4(SUpyco, ;) |00 Plas, 3, a2, 15 U)));
(ii) for any o € Op(09) with G(0;(00)) C Og(Uy) for € = £(¢),

|G(0) = G(00)| = 5210 — 00,

where 53 = Supgcp.. . |GL(0)].

£(o0)

We need to establish the estimates on Ua, ¢ on a class of space-like curves, and
j-mesh curves J as introduced in Definition 4.1. To achieve this, we now define
the Glimm-type functional.

Definition 6.2. We define
Fy(J) = C*lo’ — ool + F(J),
with

F(J)=L(J)+KQW),
L(J)=KiLo(J)+ L1(J)+ K5L>(J) + K3 L3(J) + K L4(J),
o) = Z{|ozi||ﬂj| : both o; and B; cross J and approach},

and

Lo(J) = Y {lo(Col : Cx € 2},
Lj(J) = flej|: ajcrosses J}, 1< j <4,

where K and C* will be defined later, while Q7 = {Cy € JT N QA : k =0}
is the set of the corner points Cy lying in J*, o/ stands for the speed of the strong
shock crossing J, and K, K5, K3, K are the constants that satisfy the following
conditions:

1- |Ks4|KZ

K > |Kpol, |Kpal < Kj < Kol
s

|Kp3| < K; <

1
M9 )
and
1 — |Kg| K5 — | K4l K

|Ks2l

|Kp2| < Kik <

)

which can be achieved from our discussions of the properties of Kp; and Kj;,
0 £ i £ 4, as in the propositions in Section 6.2.
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Now we prove the decreasing property of our functional F;. We have

Proposition 6.5. Suppose that the wedge boundary function g(x) satisfies (4.1),
and I and J are two k-mesh curves such that J is an immediate successor of I.
Suppose that

I A
U + + ,—U ‘ <eé, o' —op| <&,
AxO|rn(Qf, vl Y + | 0|

where ¢ = £(g) is defined in Proposition 6.3 and Lemma 6.7. Then there exist
constants € > 0, K > 0, and C* > 1, depending only on the system in (1.1) and
states U_ and Uy, such that, if Fy(I) < &, then

Fy(J) £ Fe(I),
and hence

J A
U -U ) <e o’ —og| <E€.
AXOIIN(QR, V25, 0) + o ol

Proof. Let A be the diamond that is formed by I and J. We can always assume that
I =1h)ul’"and J = JyU J' suchthat dA = I’ U J’. As in the proof of Proposition
4.1, we divide our proof in four cases depending on the location of the diamond.

Case 1 (interior weak-weak interaction). Denote Q(A) = A(a, B) as defined in
Proposition 6.1. Then, for some constant M > 0,

L) = L) = (1 + K} + K+ KHMO(A),

and, since L(ly) < & from Fs(I) < &,

1
Q) — Q)= ML) —1DHQ(A) = _EQ(A)'
Hence, we have
1
F()—F()=(1+Ky+K;+K)HM—K/2) Q(A) < _ZQ(A)’

by choosing suitably large K.

Case 2 (near the boundary). Then Q; = Q;\{Cy} for certain k and o' = /. Let
81 be the weak 1-wave going out of A through J', and B, az, and a3 be the weak
waves entering A through I', as shown in Fig. 10. Then

Lo(J) — Lo(I) = — e,
L—-Lih= Y =+ Y. luh=—lal i=2.34,

y; crosses Ip y; crosses Ip

Li(J) = Li(I) = 181] = |B1] = |Kpalloa]l + |Kpslles| + | Kpallaa| + | Kpollwxl,
where the last step is from Proposition 6.2. Thus,
L(J) — L(])
< (IKpol — Kp)lwx| + (1Kp2| — K3)|ea| + (|1Kp3| — K3)a3]
+(1Kpa| — K1) aal.



Supersonic Euler Flows Past Lipschitz Wedges 307

From our requirement in Definition 6.2, we get L(J)—L(I) < 0. Since Fs(I) <
gimplies L(I) < &, the higher-order term Q(I) can always be bounded by the linear
term L (/). Then we can easily conclude that F(J) < F([).

Case 3 (near the wedge vertex). From our construction, we find that Q j = Q\{Cx},
and Sy (o)) emanates from Cy. and crosses J, o' = o_1), and o/ = o). More-
over, there is no weak wave crossing I' or J'. We have

F(J) = F(I) = —K{lexl.

Since |07 — o9 — |0/ — 00| £ |67 — 0| £ |Kpsllwx] + Mlwi|* and |Kps]| is
bounded, we can further choose suitably small C* and T > 0 such that

F(J) — Fy(I) £C*lo’ —o! |+ F(J) = F(I) £ —t|axl.

Case 4 (near the strong 1-shock). The shock Si(o)) is generated from the inside
of A, ol = O(k—1), and ol = o). Let 84, 83, and 8, be the weak waves going out
of A through J', and let ay, a3, ay, B1, Ba, and B3 be the weak waves entering A
through I’, as shown in Fig. 11.

Then

Li)—Lih= Y Inl—-al+ Y. b=l

y1 crosses Io y1 crosses I
Li(J) = Li(I) = |Kil|B1l + Mlaa||B2] + |aal|B3l,  i=2,3,
La(J) — La(I) = |KallB1] + M (aal|Ba] + |l B30,

where we have used the estimates from Proposition 6.4.
Again, this case is much more complicated and requires careful calculation of
Q(J) — Q). For simplicity, for any weak wave y, we denote

Q(y. Io) = ly1Y_{lyj| : v; and y approach, y; crosses Io}.

Then

Q) = Q) £ —(laal|Bil + leallBal + laal|B3] + |B1lletal + |Bulleca])
4
+O) 1Kl = DO(B1. Io)

=2
+ Q(M(Jagl|B2] + laallB3]), 1o)
= (=1 + MLo))(|aal|B2] + |eal|B3])

4
+(ML(Ip) = Y leiIBil-

i=2

Since L(Iy) < & from F;(I) < &, then

1
o)—-0W) = —3 (loal|B2] + laal|B3l) + M L(Io)|B1].
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Therefore, we have

4

F(J) = F(I) < (—1 +3 K,»*|K”-|> 1B1] + M (ol Ba] + leal | B31)

i=2

1
+K(—§(|Oé4||/32| + laal|B3]) + ML(1o)|B11)

1
= —g Uil + laallBal + laallB3)),

where we have chosen suitably large K and used the fact that L(lp) < &.
Furthermore, since

lo? — o] S |KsillB1] + M(laal| 2| + leal| B3 1),
we can further choose suitably small C* such that
F(J) — F(I) £ C*lo? — o' |+ F(J) — F()
< 1|ﬁ| 1(| l1B2] + leeal| B31)
>~ —— — — (| (0% .
= 16 1 16 4 2 4 3

Again we have F(J) < F(I). Then, from Lemma 6.7, there exists € > 0 such that,
when F(I) < é,wehave |[U —Uy| <e. 0O

Then the same argument as in Section 4 yields the following theorem.

Theorem 6.1 (Existence and stability). There exist ¢ > 0 and C > 0 such that, if
(1.10) holds, then, for each 6 € (T2 ,(—1, 1))\(N U Ny), there exist a sequence
{A1}2, of mesh sizes with A; — 0asl — oo and a pair of functions Ug € O¢(U+.)
and xg € Lip(Ry) with x9(0) = 0 such that

(1) Ua,0(x, -) converges to Up(x, -) in L'(—o0, g(x)) for every x > 0, and Uy
is a global entropy solution of problem (1.1) and (1.8)—(1.9) in Q2 and satisfies
(1.11)—(1.12);

(i) xa,,6 converges to xg uniformly in any bounded x-interval;
(iii) oa,,0 converges a.e. to og € BV (Ry) with |og — og| < & and xg(x) =
Jo oa(t)dt.

In addition, if 0 is equidistributed, then xo(x) < g(x) forany x > Qwith (1.13)
and the Rankine-Hugoniot conditions a.e. along the curve {y = xo(x)}.

Furthermore, let6 € (IT72,(—1, 1))\ (N UN) be equidistributed, and let Uy be
the solution and yxjp its shock-front, respectively. By Theorem 6.1, we find that the
solution Uy contains at most countable shock fronts and countable points of wave
interactions. Moreover, we can modify the solution Uy such that Uy is continuous
except on the shock curves and the points of wave interactions (cf. [9]). Then we have

Theorem 6.2.
(i) Let woo = lim arctan(g’(x+)). Then
X—>0Q

im_sup{] arctan (vg (x, y)/ug (x, ¥)) — @oo| = Xo(x) <y < g(x)} = 0.
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(i1) There exist constants ps, and o« such that
m sup{[po(x, ¥) = pool : xo(x) <y < g(x)} =0
and
lim |og(x) — 00| = 0.
X—00

Theorem 6.1 can be proved in the same way as Theorem 5.2.
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