Arch. Rational Mech. Anal. 170 (2003) 91-135
Digital Object Identifier (DOI) 10.1007/s00205-003-0269-2

Elliptic Two-Dimensional Invariant Tori for the
Planetary Three-Body Problem

LucA BIASCO, LUIGI CHIERCHIA & ENRICO VALDINOCI

Communicated by P. RABINOWITZ

Abstract

The spatial planetary three-body problem (i.e., one “star” and two “planets”,
modelled by three massive points, interacting through gravity in a three dimensional
space) is considered. It is proved that, near the limiting stable solutions given by the
two planets revolving around the star on Keplerian ellipses with small eccentricity
and small non-zero mutual inclination, the system affords two-dimensional, elliptic,
quasi-periodic solutions, provided the masses of the planets are small enough com-
pared to the mass of the star and provided the osculating Keplerian major semi-axes
belong to a two-dimensional set of density close to one.

1. Introduction and Results

In this paper we consider the (non-planar) planetary three-body problem, namely,
the mechanical system made up of three massive points, one of which (the “star’)
has a significantly larger mass than the other two points (the “planets”), and which
interact through a Newtonian gravitational field; the masses of the planets are re-
garded as small parameters. In particular, motivated by astronomical data, we are
interested in nearly circular planetary motions (‘“small eccentricities”) taking place
along nearly co-planar orbits (“small mutual inclinations™).

As is well known, such a system has been the source of extremely deep (and
difficult) studies, among which the contributions of Charles Eugene Delaunay and,
especially, of Henri Poincaré are eminent. According to Delaunay and Poincaré, the
three-body problem is described by a nearly-integrable Hamiltonian system on an
eight-dimensional phase space, equipped with real-analytic action-angle variables.
Such a system turns out to be properly degenerate, i.e., the integrable limit (in which
the three-body problem is described by two decoupled and integrable two-body sys-
tems) depends only on two (action) variables: in the integrable limit, all motions lie
on two-dimensional invariant tori run by quasi-periodic motions with two frequen-
cies (related, by Kepler’s law, to the major semi-axis of the two limiting Keplerian
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ellipses). Furthermore, in the small-eccentricity-inclination regime, these two-tori
are linearly stable (i.e., linearizing the full system along the unperturbed tori we
find a linear system with purely imaginary eigenvalues).

A basic natural question is: What is the destiny of these two-dimensional tori
when the full system is considered?

Surprisingly enough, no answer to this question has been given up to now. In a
1966 paper [JM66], JEFFERYS & MOSER established the persistence of two-dimen-
sional invariant tori for the planetary three-body problem in the case of large mutual
inclinations; in such a case the unperturbed tori (as well as the perturbed ones) are
unstable (or partially hyperbolic). Actually, Jefferys and Moser considered explic-
itly the above question (relative to the small-eccentricity-inclination regime), but
were unable to settle it, leaving the reader with the feeling that they did not believe
in the persistence of two-dimensional, elliptic toril.

In this paper, we answer the above question, showing that, for values of the
“initial” semi-axis of the osculating ellipses in a set of nearly full (two-dimen-
sional) measure, the above described unperturbed tori do persist in the full system,
provided the masses of the planets are small enough.

Let us, now, give an analytical formulation of our result. To do this we re-
call the classical Hamiltonian (action-angle) formulation of the planetary (non-
planar) three-body problem (for small eccentricity and small mutual inclination)
according to Delaunay and Poincaré. Denote the three massive points (“bodies”) by
Py, P1, P, and let mq, m1 , my be their masses interacting through gravity (with
constant of gravitation 1). Assume that, for some 0 < ic < 1,

ke L <<,
mo mo
The number ¢ is regarded as a small parameter: the point Py represents “the star”
and the points P; and P, “the planets”. For j = 1,2, consider the “osculating
ellipses” of the two-body problems associated with the planets P; and the star” Py
and assume that the eccentricities of such ellipses are small and that the intersection
angle, 7, between the two planes containing the two osculating ellipses (“mutual

1" “The details of the existence proof completed, it should be observed that the solutions
found are of the elliptic-hyperbolic type, and hence are unstable. It would be desirable to
establish similarly the existence of such solutions in the stable case. In this case, however,
there is an essential difficulty,...” ([JM66], Section (7), page 575); and also: *“- - - however,
there are good reasons to conjecture that in general the stable solutions need not persist....”
([IM66], Section (1), page 568).

2 The “osculating ellipses (at time #()” of the two-body problems associated with (Py, P;),
(j = 1 or j =2), are defined as follows. Let 1© and ) denote the coordinates (in some
reference frame) of the points Py and P; at time 7o and let 1#©® and 1) denote the respec-

tive velocities. The “osculating plane” is defined as the plane spanned by @Y —u©®)yand
@ — #©); the “osculating ellipse” is defined as the Keplerian ellipse (lying on the oscu-
lating plane) defined by the Kepler solution, with initial data (u(o), uli )) and (lk(j ) g (O)), of
the two-body problem (Py, P;) obtained disregarding (for z 2 tg) the third body P; (i # j);
see Appendix C for details.
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Fig. 1. (Keplerian ellipse): ézc_enter, O=focus, Q=perihelion, a=major semi-axis=

dist (O, Q), e=eccentricity=dist (O, O)/a, u = eccentric anomaly, v=true anomaly,
2 M—e .
A=area shaded region:% (u — esinu).

inclination”) is also small. As customary in celestial mechanics, we denote the
major semi-axes of such ellipses by a; and their eccentricity by e;. Let us, also,
denote the mean anomaly by £; and the longitude of the perihelion by g; (see
Figs. 1 and 2).
Let !
mi
N NS R R —
e Jmo(mg+mj)
(/c;-‘ is adimensionless constant satisfying % < K;.‘ < 1) and, following the notation
common in celestial mechanics, define

ri=tit+g,

2
& =/2Hjcosgj,
n; =—y/2H;sing;.

Since we are interested in small eccentricities, collisions are avoided by requir-
ing that the major semi-axes a; = a;(A*) := (A;‘. / /c;.k)2 are different (and different
from zero). We therefore fix, once and for all,

0 < dmin < Gmax and 0 <omax <1 (L.1)
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Fig. 2. (Orbital elements): {k{, k>, k3}=heliocentric frame, C=angular momentum of the
2-body system, N=node € ellipse plane N span{ky, k»}, i=inclination, f=longitude of the
node, g=argument of the perihelion, ¢{ = mean anomaly = 2:1& =u —esinu w = true
longitude =0 + g + v, w*=g + v.

and, from now on, we shall consider (attaching the index 1 to the “inner planet”)
values of A* in the compact set

a
{A" € R?: amin < a1 < az < amax and 4 < max}- (1.2)
aj
For a given set A C R” and a given number r > 0, we shall denote by A, the set
in C" at distance less than r from A, i.e., the set

A= D}y ccr, (1.3)
I€eA

where D} (I) denotes the (open) complex n-ball of radius r centered at / while
the real n-ball of radius r centered at / will be denoted BJ'(/); complex or real
n-balls centered at the origin will be simply denoted by D} or, respectively, B;'.
The following classical result holds.

Theorem 1.1 (Delaunay, Poincaré). There exist positive constants &, 8, imax and
emax such that the variables (A*, \*) introduced above are, for 0 < ¢ < &, stan-
dard, real-analytic symplectic variables describing all motions of the spatial three-
body problem in a O(8)-neighborhood of any point Aj in the compact set (1.2),
for e < emax and for non-vanishing mutual inclinations | not bigger than imax;
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the Hamiltonian governing such motions (with respect to the standard symplectic
form ), dAT AdAT + ) dnf A dE) is the real-analytic function

+ e F(A™, A%, 0", %), (1.4)

1 2 K
J
Ay
=170

where k; = (ﬂ) —
J 3 m%(mo+mj)
F is a suitable function real-analytic in a neighborhood of Bg(Ag) x T2 x {(0, 0)}.
More precisely, fix Aj in the compact set (1.2) and fix 0 < imin < imax, then, for
any 0 < ¢ < &, imin 2 |7] £ tmax, the function F can be taken to be real-analytic

on the complex set

.. =3
are positive constants of order 1 (%5 < kj < 1) and

Tgy x T3, x D3, C C¥,
where oy, S0, po are suitable positive numbers and where
T = [A} — 8, A§ 481 x [Afy — 8, A + 61,

for some 8 2 8.
Furthermore, there exists a real-analytic, symplectic change of variables Wy :
(Ia ¢, P, ‘1) = (A*a )\,*, 77*, S*) Oftheform

*

A =1, MN=¢+iU pq), (2*) — A(D) (5), (1.5)

where € and A are real-analytic and A is a (4 x 4) symplectic matrix, such that, in
the variables (I, ¢, p, q), the Hamiltonian (1.4) takes the form

HU, ¢, p,q) =h(I)+ fU, 0, p,q), (1.6)

with

2
.
hi=— EI—; fi=cefill,p,q)+efrl, 0, p,q),
i=1 "1

2
fri=fro)+ Y QP +a))+ fild, p. @),

i=1

/Tz f2dp =0, sup|fil < constl(p, q)I*; (17

0
¢, Aand fi are real-analytic and uniformly bounded on
Do =TIy, X T?O X Df)o c C8,

and f is even in (p, q). Finally,



96 LUCA BIASCO, LUIGI CHIERCHIA & ENRICO VALDINOCI

inf Q; > inf |Q;| > const > 0,
1€ 1€y,
(1.8)

inf (s‘zz - Ql) > inf |9 — Q| > const > 0.

1T €1y,

Remark 1.1. (i) Even though the results listed in this theorem are classical, the
analytical formulation presented here (together with a detailed proof of it) is
not easy to find in the literature. An effort to fill this gap was made at the Bureau
des longitudes in Paris in the late 80’s and we refer the interested reader to
the Notes scientifiques et techniques du B.D.L. by CHENCINER [Ch88] and
LASKAR [L88]. For completeness, we present the proof of Theorem 1.1 in?
Appendix C.

(ii) We sketch here, very briefly, the ideas behind Theorem 1.1, referring for details
to Appendix C. First of all, by elementary mechanics, we can cast the three-
body problem into a nine-degree-of-freedom Hamiltonian formalism. Then,
reduction of the center of mass makes it possible to lower the number of
degrees of freedom to six. In the planetary case considered here (one “star”
and two comparatively small “planets”), such a Hamiltonian system may be
seen as a perturbation of two decoupled Kepler problems. Hence, classical
Delaunay variables may be exploited to integrate the decoupled Kepler prob-
lems. Such variables present however certain singularities, which H. Poincaré
showed how to avoid, by introducing an analytic set of variables, now called
“Poincaré variables” (or, more precisely, “osculating Poincaré variables*”).
Finally, the reduction of the angular momentum (also known in the literature
as Jacobi’s “reduction of the nodes”) introduces two extra integrals of motion—
called Poincaré integrals in Appendix C-which allow us to lower the degrees
of freedom bringing the system into its final form of a four-degree-of-freedom
Hamiltonian system. The non-planarity condition 7 # 0 is only needed in
order to define the osculating Poincaré variables, while the smallness assump-
tion on the inclination 7 (i.e., |Z| < imax) is related to the linear stability of the
limiting motions, which, mathematically, reflects in 5_2.,' being real; compare
also with item (iii) below. Finally, we stress that the function F does depend
upon the chosen O (1)-neighborhood of Af but obeys uniform bounds in the
whole domain (1.2). Such dependence is hidden in the dependence of the
perturbation function upon the above-mentioned Poincaré integrals, which,

3 Be aware that the variables (p, q) appearing in Theorem 1.1 correspond to the vari-
ables (1, &) of Appendix C (and are not to be confused with the variables (p, q) used in
Appendix C).

4 In connection with three-body problems, there are two sets of Poincaré vari-
ables, differentiated in Appendix C by means of a “x”: the “Poincaré variables”
(A2, n,6) € R2 x T2 x R* are particularly suited to the treatment of the planar
three-body problem, while the “osculating Poincaré variables” (defined only for non-
vanishing mutual inclinations) (A*, A*, n*, £%) € R2 x T? x R* are more convenient
when dealing with the spatial three-body problem; the word “osculating” refers to the
fact that these variables “live” on the two planes associated with the two osculating
ellipses.
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for small eccentricities, are related to the mutual inclination of the osculating
ellipses.

(iii) The change of variables (A*, A*, n*,&*) — (I, ¢, p,q) is, simply, the
(straightforward) completion of the linear symplectic diagonalization’ of the
(n*, £*)-quadratic part of the “secular term” of the Hamiltonian (1.4), i.e., of
the average over the angles A* of ¢ F, namely, ¢ f;. Under the assumption that
¢ is small enough, the quadratic part turns out to be positive definite and,
hence, £4/—1(2¢Q;) are, simply, the purely imaginary eigenvalues of the
(4 x 4)-matrix S4Q", where S4 denotes, here, the standard (4 x 4) symplectic
unity matrix and Q = Q(n*, £*; A*) denotes the (positive-definite) quadratic
part of & fr, FdA* (thought of as a function of (n*, §*) and parametrized by
A*). This diagonalization procedure, already known to Weierstrass, requires,
in the case of the three-body problem, certain calculations involving Laplace
coefficients (which, in turn, are simply related to the Gauss hyper-geometric
function): such calculations are sketched in Appendix C (see, also, [LR95]
and [R95)).

(iv) The Hamiltonian H describes a nearly-integrable, properly degenerate system:
the integrable limit (¢ = 0) depends only on the two action variables Iy, 5.

The frequency vector associated with the integrable limit is (K 1/1 13 K2/ I;),

which is a vector of order one. This means that the conjugated angles ¢ may
be regarded as fast angles and, in “first approximation”, the H-motions are
governed by the averaged Hamiltonian /4 + ¢f1: such a Hamiltonian, which in
case of the spatial three-body problem is non-integrable, is sometimes referred
to as a “secular Hamiltonian®”. By the discussion in the preceding item (iii)
and from (1.7), it follows that p = 0 = ¢ is an elliptic equilibrium for the
Hamiltonian f7 and hence, for any 7,

{peT x{p=0=q} (1.9)

is an elliptic two-torus for the averaged Hamiltonian % + ¢ f] run by the linear
flow ¢ — ¢ + V(h + &f1,0)t. These are the secular motions that we shall
prove to persist for 0 < ¢ « 1 and for special, but nearly full measure, values
of I.

We can, now, give a precise formulation of our main result. Let &, 8, Imaxs
emax> AJ» Z, Imins 00, S0, £o be as in Theorem 1.1 above and let meas,, denote the
n-dimensional Lebesgue measure.

Theorem 1.2. Fix t > 1 and pick two numbers b; such that

O<b <L 0<b (1 b) 1
<b < -, <by<|(=— .
=3 2=\ 7T

5 “Symplectic diagonalization” of a quadratic Hamiltonian Q(z), z € R2", means diago-
nalization, by a linear symplectic map, of the constant matrix S, Q”, S»,, being the standard
(2n x 2n) symplectic unit matrix; Q" denotes the Hessian matrix of the second derivatives
of Q.

6 A computer-assisted KAM theory for the secular Hamiltonian of the spatial three-body
problem is studied in [LGOO].
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Then there exist gg in the range 0 < g9 < € and C > 1 such that, for any ¢ in the
range 0 < ¢ < g, a Cantor set L, C I can be found with

meas(Z \ Z,) < CeP1 | (1.10)

and the following statement holds. There exist a Lipschitz homeomorphism w, :
T, — R? and a Lipschitz continuous family of tori embedding

¢:(0.J) € T°XT, > (1¢(9; D), 94(0; 7), ps0; 7). q4(6; J)) eIxT*xBj .

with py = Ce?, such that, for any J € I, qb(']IQ, J) is a real-analytic (ellip-
tic) H-invariant torus, on which the H-flow is analytically conjugated to the linear
flow 6 +— 0 +wyt. Furthermore, ¢ (-, J) is real-analytic on TEO/S and the following
bounds hold, uniformly on Ty, /g x L:

150, ) — J| < Cetbr,
1pp @, D+ 1gs 6, J)| < Ce™2,

lw«(J) — VR(J)| £ Ce. (1.11)
Also, there exists a Lipschitz continuous function Q. : I, —> R2 such that
1Q.(J) — eQ(J)| £ Ce' P2, (1.12)
and’
£
k4 Q]| 2 —m—— 1.13

forany (k, €) € Z* x Z* \ {(0, 0)} with |¢] < 2.

‘We make, now, a few comments and remarks:

Amplification. The proof presented below allows us to catch also the limiting
case “b; — 1/2”: compare also (ii), Remark 2.1 below. In this case, b; and b>
are not defined, nevertheless, the conclusion of Theorem 1.2 holds with the fol-
lowing estimates replacing, respectively, (1.10), (1.11) and (1.12) ((1.13) remains
unchanged):

i I\7+l
measy(Z \ Z,) < Csf(log -) : (1.14)
I
&3
150, ) — J| £ €
log ¢
1
1pg (O, D]+ 1gp®, )| = Clo_—’ (1.15)
&
lw«(J) — VR(])| < Cs;
1.(J) — Q)| < clil. (1.16)

&

7 Dot “” denotes the standard inner product: x -y := )" XjYj-
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On the proof of Theorem 1.2. The proof of Theorem 1.2, presented below, rests
upon a KAM (Kolmogorov Arnold Moser) theorem for lower dimensional elliptic
tori, stated by MELNIKOV in a 1965 paper [M65] and proved only in 1988 by ELIAS-
SON [E88] and, independently, by KUKSIN [K88]. In fact, we shall use a quantitative
version of Melnikov’s theorem adapted from a paper by POSCHEL [P96]. In order
to apply Melnikov’s theorem to the three-body problem, the difficulties introduced
by the proper degeneracy of the model have to be overcome. For this purpose, we
have to use a quantitatively refined version of averaging theory: the angles associ-
ated with the unperturbed two-dimensional motions are fast and the system “feels”,
at “low orders”, only averaged effects. Averaging theory allows us to exploit this
phenomenon and to “reduce” significantly the effect of the perturbation. The aver-
aging theory we use is not standard and we present it (in a self-contained way) in
Appendix A. After averaging, two more symplectic changes of variables are needed
in order to cast the planetary three-body (small-eccentricity-inclinations) system in
a form suitable for KAM theory.

A physical comment. The elliptic quasi-periodic orbits obtained by Theorem 1.2
are seen to be the continuation of the secular orbits X ;l +ehi (I, ¢, 0, 0), for suitable
initial values of the major semi-axis of the two osculating ellipses; compare, also,
point (iv) of Remark 1.1. Eccentricities and inclinations of the persistent orbits may

be described as follows:

o the eccentricities are small with ¢: in fact, by the second estimate in (1.11), we
will have e; + e» < const 22;

e admissible “initial” inclinations range between inclinations of order one in
¢ (and close to 1yax) and small-with-¢ inclinations: choosing b, small (i.e.,
by < 2(++r)) the inclinations can be of order 2 (compare (1.11), (2.14),
points (i) and (ii) of Remark C.2 and (C.62) below);

o during the true motions, however, the inclinations vary little with : because of
(1.11) and the relation between the Poincaré integrals and the inclinations, we

find that |i%(r) — i>(0)| = O(¢???) (compare (2.14), Remark C.2 and (C.62)).

KAM and the n-body problem. As is well known, KAM theory has been mainly
motivated (by the founding authors) by celestial mechanics, and, in particular, by
the n-body problem, to which ARNOLD devoted one of the fundamental paper of this
theory ([A63]). In [A63] the problem of the existence of maximal quasi-periodic
solutions for the n-body problem is considered and the author proves existence of
such quasi-periodic solutions for the planar, three-body problem and gives some
indications about how to extend his theorem to more general situations. In 1995,
LASKAR & ROBUTEL ([LR95]; see also [R95], to which we refer for further refer-
ences) extended Arnold’s result to the spatial three-body problem. Notice, however,
that such results do not answer the question posed at the beginning of this section
(as they deal with the existence of maximal invariant tori).

HERMAN announced a complete (and lengthy) proof of Arnold’s theorem for
the n-body problem ([H95]). Unfortunately his untimely decease deprived us of
a certainly beautiful (and, probably, quite technical, as it was in Herman’s style)
piece of mathematics.



100 LUCA BIASCO, LUIGI CHIERCHIA & ENRICO VALDINOCI

On the measure of the invariant tori. Clearly, the union of the two-dimensional
tori described in Theorem 1.2 form an invariant subset of the (eight-dimensional)
phase space of zero measure. However, it can be shown that in a full neighbor-
hood of such two-dimensional invariant tori there exist a positive measure set of
four-dimensional KAM tori (with two frequencies close to w, and two frequencies
of order ¢): in fact, such maximal tori are essentially the tori found by LASKAR &
ROBUTEL in [LR95] (see also [R95]).

Incidentally, we mention that around such two-dimensional invariant tori there
exist, also, plenty of periodic orbits; see [BBV].

The planar case. The methods used in this paper are also suitable for dealing with
the planar case (just use planar Poincaré variables in place of osculating Poincaré
variables; compare with footnote 4). However, our methods, for technical reasons,
do not allow us to get the planar case as a limit for the inclination i tending to zero.

For a different approach to the planar case, we refer, also, to the recent preprint®
[FO2].

2. Proof of Theorem 1.2

The proof of Theorem 1.2 is based on three well-separated steps, which we now
proceed to explain.
First of all, pick a number b so that

1 1

O<b2<b<(2 b1>r+1. @.1)

Remark 2.1. (i) The estimates that we shall get in this proof (and which are ex-
pressed in terms of the constant b) are slightly better than those stated in Theo-
rem 1.2; in the comparison keep in mind (2.1) and the fact that % —b(t+1) > b;.

(i1) To get the limiting case “b; — 1/2”, disregard (2.1) and let, in what follows,
b := 0 (and keep in mind that, in such a case, b; and b; are not defined).

Step 1 (“fast averaging”). The starting point is the Hamiltonian formulation given
in Theorem 1.1 and the first step will consist in “removing” the angle-dependence
of the perturbation function f in (1.6), (1.7) to higher order in ¢. To do this, we shall
make use of “averaging theory” (or “normal form theory”) and, in particular, of the
proposition which we shall shortly state, after we have introduced the necessary
notation.

8 After finishing our manuscript we received the preprint [F02], where an unpublished C*°
KAM result by M. Herman (together with the inverse Nash-Moser implicit function theorem
in the context of “tame Fréchet spaces”) is used to derive the existence of quasi-periodic
motions in the planar three-body problem. We remark that in the planar three-body problem,
the averaged system (“secular Hamiltonian”) is integrable, a fact that is heavily relied on in
[FO2]. (On the other hand, in the non-planar case, such integrability is no more available;
compare, also, footnote 6.)
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Let (I, ¢, p, q) be standard symplectic variables in U x T2 x V (with respect
to the symplectic form ) ; dI; Ad; + ) _; dp; Adg;), where U C RZand V C R*;
let’
Wrps =Ur xTi x V,:= | DX x TF x| Dj((p.q) c C*:
IeU (p.g)eV
(2.2)

and for a function real-analytic on W,. , ; denote by || f ||, 5,5 its “sup-Fourier” norm
given by!?

1 fllrps =D ( sup |fk(1,p,q>|> el (23)

k72 ,p.q)eUrxV,y

where fi (I, p, q) denotes the Fourier coefficient of index k € Z? of the periodic
function ¢ — (I, @, p, q).

Proposition 2.1 (Averaging Theorem). Let H := h(I) + f(I, ¢, p, q) be a real-
analytic Hamiltonian on W, , s and denote by  := h' := Vh the gradient of h.
Assume that there exist a, K > 0, satisfying Ks = 6, such that

o) k| =a, VkelkeZ’:0<|k|<K), VIeU. (24

Assume, also, that, if d := min{rs, p2}, then

d
”f”r,p,s < m, (2.5)

where ¢ > 1 is a suitable (universal) constant. Then, there exists a real-analytic
symplectic transformation

\IJ : (I/a §0/, p/v q/) € Wr/2,p/2,s/6 = (11 (ps pa CI) = \II(I/’ (p/v p/a 61/) € Wr,p,s

(2.6)
and a real-analytic function g = g(I', p’, q') such that
Ho=HoW=h+g+ fa, 2.7)
and the following bounds hold"!:
c
sup g, p'.q) = fol'. p'.g) = — ||f||ip,s, (2.8)
', p',q")eUr2xVp 2 ad
1fcllr2.pr2.506 < €70 fllrps- (2.9)
Furthermore (I, ¢, p,q) =Y, ¢, p', q') satisfies
=11 rlp =gl plp—pl olg—g1< Mg

foreach (I',¢', p', q") € Wy 2, /2,576

9 Recall the notation in (1.3).
10 1k € 2 k| := Y0 Iyl
11 The 0-Fourier coefficient of f,i.e., its p-average, is denoted by fj.
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Remark 2.2. (i) In order not to interrupt the proof of Theorem 1.2, we present
the proof of (a more general form of) the Averaging Theorem in Appendix A.

(i1) Notice that, unlike the case in standard normal form theory, in the above prop-
osition, the “dummy” symplectic variables (p, ¢) are also controlled.

(iii) A qualitatively similar statement can be found in [N77] (Lemma 10.3, p. 45);
however, the quantitative bounds proved in [N77] are not enough for our pur-
poses (compare, in particular, the estimates reported in Remark 10.4, p. 46 of
[N77] with the stronger estimate (2.8) above).

(iv) (Notational conventions) In the rest of the proof, we shall denote by ““const
(or ¢j, ¢y, C, etc.) positive constants of order one in &, which may depend
upon t, b, by, ba, &, 8, tmax €max supz,, |n”|, and the sup-Fourier norm of
fi in their analyticity domains. Also, the expression “f is real-analytic (or,
simply, analytic) on A C C*” will be short for: f is real-analytic on A with
uniformly bounded sup-Fourier norm (2.3).

Let, now, H = h + f be as in Theorem 1.1 and let, as above, w () := h'(I).
Define

1\t+1
J; = C*g%fb('[‘i’l)(log _) , (211)
&

with ¢, > 0 to be chosen later. Consider the set of points / in Z for which w (/) is
(y, t)-Diophantine:

Ty = {1 €T : o) k| = Ili/l” Vk € 72\ {0}} : 2.12)
Notice that (as a standard proof shows)
1\7+1
meas) (I \ Iyﬁ,) < consty = consts%_b(”'l) (10g —) . (2.13)
&

Next, let us choose the sets and the parameters involved in Proposition 2.1 as fol-
lows:

12 1 7
= og —, o= , s =50,
so &b g 2K*? 0
> b
4 x € *
r= , p:=C <p* = po, (2.14)
2KT+! supz, [h”] logé

U =T, u= |J b, V,=DjcCDj .
I’GI};,T

where C* is a suitable large constant to be fixed later. Notice that, from these
definitions, it follows (for & small enough) that

1 1 o
o = conste2™? log —, r = const — = const /¢, d = constr,
£ K
(2.15)
ad = conste "7 log —, —— = const&cy
e cKs

(clearly, in the last evaluation, ““const ” does not involve c).
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Now, it is not difficult to check that, choosing c, big enough and letting ¢ be
small enough, assumptions (2.4) and (2.5) are met. In fact, observing that f in (1.6),
(1.7) is such that

”f”r,p,s g const g,
(2.5) follows from the last equality in (2.15), by choosing c, large enough. As for
(2.4), observe that for any point in I € U, there is a point Iy € Z; ; at a distance
less than r from it. Hence, by (2.12), by the definitions of « and r and by Cauchy
estimates!2, for any [ € U, andany 0 < |k| £ K,

|h' (D) - k| = Ih_’(lo) k| — W' (Io) = h'(D)] |k|

> L—sup|h”|rl(
KT
0]

e

2K

which proves also (2.4). Thus, by Proposition 2.1, there exists a symplectic trans-
formation

V(¢ p' ) € Dy = UyxTixDy — (1. p.q) € U x T x Dy, € Dy,

such that
1
1+b
' —1I| < const = = const = o
o log =
I’ = pl, 1g' —q| < const — = const v/, (2.16)
ap
and which casts the Hamiltonian H into H’ := H o ¥ with
HU ¢ pq)=hU)Y+gU',p.q)+ fI'.¢', P q), (2.17)
where (since, by (1.7), fo coincides with ef1 (I, p, q))
&2 glth
sup lg — ef1] £ const — = const ,
', p'.q"VeUr2xVp2 ar log(1/¢)
I fillrj2.p/2.506 < constee™ K5/6 < g3, (2.18)

Notice that if » > O then || fi|| is exponentially small with 1/¢, while i_f b = 0 then
the above estimates yield exactly &3. Thus, setting g =: €3, f, =: &> f, we see that
‘H’ can be rewritten as

H :=h(I')+eg(I'.p'.q)+ fFUI' ¢ p.q),

ro e’
fl(IvPvCI)-i-m

with f and f1 real-analytic on D; (compare (2.14) and recall the convention in (iv)
of Remark 2.2).

nd.,p'.q) (2.19)

8

12 As is well known, “Cauchy estimates” allow us to bound n-derivatives of analytic
functions on a set A in terms of their sup-norm on larger domains A’ > A divided by
dist (0A, dA")"; compare, also, Lemma A.1 of Appendix A.
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Step 2. We now look for elliptic equilibria of the Hamiltonian g in (2.19). Set
GU' v q) = (0p3U" 1.0, 8y80U" P 0)).
Recalling (2.19) and the definition of fj in (1.7), we see that, for all I’ € Uy,
G(',0,0) ™ 0 and detd )G, 0, O)LZ0 = 16($,$)* > 0.
Therefore, by the Implicit Function Theorem, we infer that, for any I’ € U, /2 and

for ¢ small enough, there exist a suitable constant C and real-analytic functions
such that, choosing C* > C,

'€ Uy — (p’(l/, £), q/(I’,e)) € Beoo) g1 € By C By,
and
a,,g(ﬂ, (I e),q I, s)) —0= aq/g(l/, (I, e),q (I, g)). (2.20)

For ¢ small enough, we can consider the following analytic symplectic transforma-
. . . . b . .
tion, which leaves fixed the I’-variable and is O(l()"g?)-close to the 1dent1ty13,
&€

(Y v u) € U xTs yxDyps > (.9, p'.q") € UppxTh sx D5 15

given by

1 ,

o =y +p' . e)drg'(J, &) +opq'(J e)v —app'(J, e)u,
p=v+p e,
q

In view of (2.20), the new Hamiltonian H := H' o & has the form
HW Y v u) = h(J) +eg (I V) + 3 F I 9 v uh),
with fand g analytic in U, /2 x Tfﬂ x D3 and
Oy w&(J',0,0) =0y o 8(I', p'(I' €),q'(I',e)) =0 VI'eUp.

Also, the eigenvalues of the symplectic quadratic part of g are given by +i 2 (I,
for j = 1,2, where

b

. 2.21)

&

- - &
QjeR and |SZJ-—Qj|§const1

13" The transformation @’ has generating function J'- ¢’ + (v/-l—p/(J/, 8)) . (q/—q/(J/, 8)).
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Thus, by a well-known result by Weierstrass on the symplectic diagonalization of

. . . . . b
quadratic Hamiltonians, we can find an analytic transformation O (105 T >—close to

&

the identity
®:(J, . 0.d) € Uy x Togx Dpjy > (' 9 0 u') € Upa x T5 7 x DY s,

sothat J/ = J and the quadratic part of § becomes, simply, 21‘2:1 Qi(J) (ﬁ% + 5?).
Whence, the Hamiltonian 7 takes the form H := H o 5, with

2
HT, ¥, 8,0 = ho(J) +& Y Qu()) @ +757)
i=1

+eg0(J. D, i) + & fo(J, ¥, 0, D), (2.22)
where
ho(J) :=h(J) +¢8(J,0,0), (2.23)
20, fo, SMZ.,- are real-analytic for (j, 1} v, i) in
Dy = Uppa x Ty 3 x D 4 (2.24)
and

sup |§0(f, D,1)| £ const (D, zZ)|3. (2.25)
er,/z

Finally, because of (2.21), the non-degeneracy condition (1.8) implies (for & small
enough)

inf Q; > inf |Q;| > const > 0,
JeU JeUy 2
(2.26)

inf (Qz — 521) > inf |§~22 — 521| > const > 0.
JeU JeUr 2

Step 3 (KAM). We are now in a position to apply a KAM result in order to find
two-dimensional elliptic tori. The KAM Theorem we shall use is, basically, the
version in [P96] of a result first proved by ELIASSON ([E88]) and KUKSIN ([K88])
about the conservation of lower dimensional invariant elliptic tori!#. To state the
KAM theorem, we need a bit of preparation.

Consider a Hamiltonian system with symplectic variables (y, x, v, u) € R" x
T" x R*" (endowed with the standard symplectic form 3" dy; Adx;+3_ dv; Adu;)
and consider a real-analytic Hamiltonian function of the form

H(y,x,v,u;§) =N(Q,v,u; &) + P(y,x,v,u; §), (2.27)

14 Actually, [K88] and [P96] cover also infinite-dimensional (in (v, u)) cases.
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where £ is a parameter running over a compact set [T C R” of positive Lebesgue
measure, N is in normal form,

N(y, v, u; §) = e(®) + o) -y + Y QjE) W] +v7), (2.28)
j=1

and P is a small perturbation.
Note that the Hamiltonian N (-; £) affords, for any given value of the parameter
& e II, the n-dimensional elliptic torus

{y =0} xT" x {v =u =0},

which is invariant for the Hamiltonian vector field X, the flow being, simply,
x> x+wé)t.
Assume that P is real-analytic on

D(F,5) :={(y, x,v,u) € C*"T™ ¢ |y| <7 x € T2, |v|+|ul <7}, (2.29)

and that the dependence of w, €2; and P is Lipschitz in & € II.
Let r > n — 1 and, as in [P96], let us introduce the following weighted norms:

Lip 0 — 0@
lwlg” == sup —,
exzrenn 1§ — &
1 1
1Xulrpes = sup (10yHI+ =510 HI + = (0,H| + 8,H]).
D(7,5)xTII r r
Li Lip , | Lip , 1 Li Li
1Xa 1 sy = sup (10, HIGP + =510 HIG + = (0, HIG® + 10, HIF")).
D(F,5)

Proposition 2.2 (KAM Theorem for elliptic tori). Assume that o is a Lipschitz
homeomorphism onto its image. Let L and M be such that"

Li Li —1,Li
ol +1QIg" =M, o '[P S L.

Assume that there exists yo > 0 such that

Serﬁl’i?#j{lﬂi(é)l, 1€2:(§) — &)} Z wo, (2.30)

o) -k+QE) L=y YO<Ik =Ko, €2, (2.31)

where Ky is a suitable constant (depending, also, on n and t), which is assumed
to be bigger than 16LM. Let y € (0, yo/2] and define

14 Li
X6l 5,y = 1Xulr.06.5 + 37 1XA 17D 5

15" Define @ := (Q, ..., Q)
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Then, there exist suitable constants ¢ = c(s, t,n) and a = a(t,n) > 1 such that,

if

c
" LM NXplrs, =1, (2.32)

the following holds. There exists a Cantor set of parameters I1,. C Il and a Lipschitz
continuous family of toris embedding

(0,8 €T x I, — (Y003 8), x0(0: 8), vo(0: ), us(¥:8) ),
O(T" x T) C{lyl < 7} x T" x {[v] + |u| < 7},
a Lipschitz homeomorphism w, on Tl and a Lipschitz continuous function Q2 on
1., such that, for any & € T, ®(T", &) is a real-analytic (elliptic) H-invariant
n-dimensional torus, on which the flow X g is analytically conjugated to the linear

flow 60 +— 6 4 wyt. Furthermore, ® (-, §) is real-analytic on T;‘l/z and the following
bounds hold:

1 1
Z el +lxe —Id[+ = (jve| + |us))

y /1 Li Lip , 1 Lip Li X Pl s,

+M(f—2|y¢|n‘f + Ixoln! + ;(|U<I>|nl* + |u¢,|n‘f)) < e (2.33)
14 Li

o — 0l + s —oln] = clIXpllzsy, (2.34)
14 Li

Q4 = Q1 + 19 — QU] = clXpllzs,y, (2.35)

14

k-l = Y(k, £) £ (0,0), ¢ <2, 2.36

|y - k + Q4 |*1+|k|f (k, &) #(0,0), |£] = (2.36)

meas, (T \ I,) < c% (LM diam T1)"". (2.37)

Remark 2.3. This Theorem is a summary (in the finite-dimensional case) of The-
orems A and B and Corollary C of [P96], to which we refer for the proof'®. Notice
that (2.30) and (2.31) here play the role of the “Non-degeneracy Assumption A” of
[P96], while Assumptions B and C of [P96] are trivially satisfied in the finite dimen-
sional case. Assumptions (2.30) and (2.31) imply the measure estimate (2.37), as
briefly shown in Appendix B.

To apply Proposition 2.2 to our case, we let
n=2, wy=hy Q= ¢Q;, L = const, M = const, Ko:= 16LM,

J=(eN=U=Tj,, e =h®), 7=¢e'* 5=§,

16 por comparison purposes, we have kept the notation as close as possible to the notation
in [P96]; notice, however, that (in order to avoid confusion with other parameters introduced
in our paper) r and s in [P96] are denoted here by 7 and 5.
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2
N(y, v, u; §) = e(€) + wo(§) -y + Y QEW] +v7), (x,v,u) = (1, 0, &),
i = (2.38)

H(y,x,v,u; &) = H(J + y, ¥, v, u).

Recall that » ~ /e, which is much larger than 7 = &3/4, 5o that

[ = U D2 (§) C Uy o,
Eell

and also 7 <« p/4 so that the Hamiltonian H in (2.38) is real-analytic for |y| < P2,
|u| 4+ |v] < rand |[Imx| < 5, for any & € I1.
Next, we observe that the perturbation P may be written as

P= Z Py,

1<k<4
with

Pr = ho(§ +y) —ho(§) —wo(§) -y,

2

Pr=Y" (€ +9) - ®) @ + D),
i=1

Py =ego(6 +y,v,u),

Py =& fo& +y.x,v.u).

By (2.26) and (2.38), we see that (2.30) holds true, provided yp = conste.

To check (2.31), take 0 < |k| < Ko and |¢| < 2. Then, observing that |Q2;| <
const ¢, recalling the definitions of U = I1 = Zj ; and y in (2.14), (2.12), (2.11)
and (2.38), for any 0 < |k| £ K¢ and |£| £ 2, we have

lwo(§) -k + Q&) -] 2 Iaio(«f) - k| — conste

v

14
—— — conste > g,
K}

0

proving (2.31). Finally, recalling the definition of the weighted norms introduced
before Proposition 2.2, (2.25) and (2.38), we infer that

IXelzs,, < const (72 +er + ;—2> = const (83/2 +el* 4 83/2)
< const&>/?,
so that, letting (say)
y = Y0/2 = conste, (2.39)

we find

Xpll- -
IXrlzs.y < consty/z. (2.40)
Y
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Therefore, the assumptions of Proposition 2.2 are fulfilled and the existence of the
elliptic quasi-periodic orbits follows from Proposition 2.2: the parametrization ¢
in Theorem 1.2 of the elliptic tori is given by

(160 92, 0905 1), ps(6: 9, 456 9) )
—Wod o $(J Fy0@: ), x0(8: 1), ve(0: J), us®; J)), 2.41)
where the parameter J = & varies in
JeT, =T, (2.42)

The estimates (1.11), (1 12) (or (1.15), (1.16)) and (1. 13) follow easily from (2.16),
the fact that @' and ® leave fixed the variables J' and J and are &” /log < 1 close to
the identity in the other variables, (2.33)+(2.36), (2.16), (2.21) and (2. 23)

Finally, we turn to the measure estimates (1.10). It follows from (2.37) and
(2.39) that the 2-dimensional elliptic tori are described by a set of parameters I1,,
with

meas (I \ IT,) < conste. (2.43)
Thus, from (2.13), (2.42) and (2.43), there follows

measy(Z \ Z,) £ measy(Z \ Zj -) + measy(Zy - \ Zy)
:= measy(Z \ Zj ;) + measy(IT \ Iy)

1\t+1
const (e%*b(””(log —) + s)
B

1\t+1
conste2 b(fﬂ)(log —) ,
€

IN

A

completing the proof of Theorem 1.2. O

Appendix A. Averaging Theory

In this appendix, we prove a general result (Proposition A.1 below) in averaging
theory, which will immediately imply Proposition 2.1. The techniques used here
are similar to techniques used in [P93].

Let us first fix some notation. As above, (I, ¢) and (p, g) denote sets of stan-
dard symplectic conjugate Variables We will use for I € R” the usual Euclid-

ean norm |I| := |I|z :=(X/_, 1LP)"?, but for p,g € R™ or ¢ € T" we will
use the norm [p| = [ploo = Max;<;<,, [Pil, 9] = |qloo = max;<;<,, |4il,
lo] := |¢loo 1= max;<;<, |¢il|, (mod 27). If such variables are considered in com-

plex domains, we shall use the corresponding conventions. If d > 0 and A is a
subset of R! with [ = n or [ = m we define

={zeC!, suchthat Ixe A with lz —x|; <dj},
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where j = 2 or j = oo (according to whether the set is considered in the space of
the actions I’s or in the space of the other symplectic variables p, g or ¢). Let

DcR' E,FCR", U:=DxExF, W:==UxT",
andletr,r,,ry,s > 0and v := (r, rp, ry). For a function
f,e) =Y frwe™?,  w:i=U p,q),
keZn

real-analytic for (u, ¢) € W, 5 :== U, x T, with U, := D, x E,, x Fy,, we shall

use the norm!’

”f”v,s = Z sup |fk(u)|e\k\b‘_

keZn uel,
Finally, we let A be a sub-lattice of Z" and, if f =Y fre'*'?, we set

Tx f = Z fee™?, Ppf = kaeik"ﬂ.

kISK kea

Proposition A.1. Let H := h(I)+ f (u, @) be a real-analytic Hamiltonian on W s.
Denoting w := h' and ¢, := e(1 + em) /2, suppose that

o) -k|Za>0, VIK<K, k¢A, YIeD,, A1)
Ks = 6 and

fllos = ¢

< e Ko where d = min{rs, rpry}. (A.2)

Then, there exists a real-analytic symplectic transformation
Ve, fye W, s, — u,9) € Wy

with vy ;= v/2, sy 1= 5/6, such that

H,:=HoV =h+g+ fi (A3)
with g in normal form:
g= gV (A4)
keA

Moreover, when the projection of is denoted V(I', p’, q', ¢') onto the I-variables
by I(I',p', q', ¢"), etc.,

12 27¢,,e 1
lg = PaTk fllu,s. = 17 a:; e e, (A5)
29
1 filloys, < %e—ms < o Ks/0g, (A.6)
o

s, =11, rg Ip@’, fY= D'l rplg@’, fY—4q'l, rle@’, f1— f'|
< 9¢/a. (A7)

7 Ik ez k| =" kil
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The proof of this result rests upon a series of technical elementary lemmata, which
we now proceed to state:

LemmaA.l. Let'® 0 < v < vand 0 < o < s, where v := (p, Pp, Pg)- Then

af 1 af 1
D s lvso £ — I fls,  max V57 Ir=prprges S0 rrrys

1

1 f 1
max || —|l,r —PpTg,S g _”f”v,s, max || =, —Pg S g _”f”v,s .
i apy PP op ] ag, TP 04

This Lemma is a precise version of classical Cauchy estimates. We omit the well-
known proof; just notice that the estimates relative to g-derivatives are a conse-
quence of the choice of the (Fourier) norm.

An immediate corollary of Lemma A.1 is the following Lemma on estimates
for Poisson’s brackets'?.

LemmaA.2. Let0 < v — v < U, where U := (ro, 7'p, Ty). Then,

1 1
+ —
e(ro—r+po e(s—s+o)p

I/, gHlv—vs—0 = [

m
+— + — 1 f 5.5 llglv,s-
(Fp = rp+ pp)Pg (Vq_rq+pq)Pp:| s e

If ¢ is a Hamiltonian function, we denote by X ; the Hamiltonian flow of ¢ at
the time ¢. If f and ¢ are analytic, expanding in Taylor series in time the function
foX fi), we get

o
1 _} : J
J
where Ly f = {f, ¢}, Lg := Id and

J times
. P ——
Lj:=Lgo---oLy.

LemmaA3.Let0<v<vS0—1,0<0<s<§—o0and

2 PPp PO
Ipllss < G == (L . (A.8)

e \ pppg + empo

Then X
Plls5)
1f o Xpllomvs—o < (1 — =) 1 fllvs.
G

8 Ifa:=(a,....aj), b= (by,...,b;) € R/ thena < b means a; < b; for all
1<i <

19 The Poisson brackets are {f, g} = Y 8y, f 31,8 — 01,/ 9p;8 + Yi 8,/ p; g —
Op; f 9g; 8-
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Proof. Fix h 2 landlet b := v/h, & = o/h| - |l; := | - lly=ip.s—i5, for all
i withl i £ h. We will use Lemma A.2 with v = v and 0 = . Then,
v—iv=[v—(G—1)v]ands —iéd = [s — (i — 1)&]. Hence,

1LY £l = LY, o}

1 1
< + — p—
“le(ro—r+ip)a e(s—s+io)p

tE _rT+IV)K R R—r—— ]||¢>||1~,,§ LG i
< Lp%ﬁ—m]ﬁnqsn“uv Hi-t-
Iterating & times the previous estimate we obtain
ULl = LB o5 < [%ﬂ—m}h%nwh £ l.s
_ [epia T pi"; TZZ’,’ 11 51 F

< |- e’m | \
200 20,0, ' 111 511 f . = —h 1018 0/ s -

Finally, summing over /i, we get

1f o Xpllv-vs—o = ||Zh, LY fllo—vs—o _Z—uL Flovs—o
h

1 Igllss )~
§||f||v,szan¢u’g,§=(1— G) I fllvs. ©

h

The next lemma is an immediate consequence of Hamilton equations (and the
trivial proof is omitted).

LemmaAd4. Let0O <v—v <v,0 <5 —0o < s and suppose that

d¢
max ||— <o <o, E — <p < p,
1<<n”31”UY7 = || ||vt, P =p
max ||— < gy £ p;, max |— <p, <
12 ” o lo,s = Pg = Pgq 1S || ||vs = Pp = Pp

Let (uo, ¢o) := (u(0), 9(0)) € Wy_y s—. Then X;(M(O),sﬂ(o)) = (u(), ¢(1))
€ Wy forall t with0 < t < 1. More precisely,

O = 1O =Y 1O = O] 5. max|gi() = ¢i(0)] £ 5,
i=1
max [pi(t) — pi(0)| = pp, max lgi(t) — q1(0)] < py -

1_l_m l_l_m
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Lemma A.5. Let H(u, ¢) := h(I) + g(u, ¢) + f(u, ¢) be real-analytic on W, ¢
with g =) jca grW)et*? . Letv < v/2 and o < s/2. Suppose that
lw(I) k| Z2a>0 VIk|SK, k¢ A, VI € D,, (A9)
and
I fllvs <ab/cm where 8 :=min{po, pppy} . (A.10)
Then, there exists a real-analytic symplectic transformation
D (U, 9) € Wy 520 —> (u,9) € Wy 5
such that
Hod=h+g4++ f4, 8+ — 8 = PATk f. (A.11)
Here, ® := Xé, for a suitable ¢ : W, ; — C such that

||f+||v—2v,s—20

—1
C, C _
SU= M f s ) | NI, + g DYlo—vis—o + e KN Fllus |-
ad ad
(A.12)

Furthermore,

o (i, @) =1, pg |pGi, @) — pl, pp lg(@, @) —ql, pleG, ¢) — ¢l
S N fllv,s /e (A.13)
Proof. Wehave Ho ® =ho® 4+ (g+ Tk f) o @+ (f — Tk f) o ® and we can

write

1
ho¢=h+{h,¢}+/ (1 = 0){{h, ¢}, } o X, dr,
0

1
(g+T1<f)0<I>=(g+T1<f)+/0 {(g + Tk f), ¢} o Xy dt.

Since we want g = [{h, ¢} + g+ Tk f]and g+ — g = P Tk f we have to solve
{h, ¢} + Tk f = PATk f, thatis

hoot= Y fiwe*.

KISK kg

The solution of such an equation is explicitly given by

— IACVRT R <!
o) = D oD with — [1gllus  —Ifllos. (A14)
kISK kg A

From (A.14), Lemma A.1 and Lemma A.4, we obtain (A.13) and the inclusion

D: Wv—2v,s—20 — Wv,s-
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If i :=(—1t)(g+ —g) +tTkf,wehave

1
f+=/0 {(g+ fi). ¢} o Xpdt + (f =Tk f) o ®.

We can estimate G in (A.8) with G = §/cy,. Then, for all F and for all ¢ with
0 <t £ 1, substituting ¥ — v, v — v — v, v — v, we have (by Lemma A.3)
| F o X([p”v—Zv,x—ZJ < C”F”v—v,s—a»

with C := (1 — cm||¢||v,s/8)_1. Then, choosing F := { f;, ¢}, and using Lemma
A.2 we have

1
g / I{fr, @} 0 X(IZ)HU—ZV,S—ZG dt
0

1
H/O (fir &) 0 X, dr

v—2v,s—20

1
<c /0 1o & lovs—o dt

L7 2 2m
=C —+ | fillvsll@llv,s dt
0 \éepo PpPLq

1
C,
<% [ Aol dr
0

C,
<211 (A.15)
ad

v,s°

where in the last inequality we have used the simple fact that || f;|ly.s < || f|lv.s-
Similarly we obtain

< Cli{g. PHlv-v.s—o (A.16)

v—2v,s—20

1
H/ {g, ¢} o Xy dt
0
and

ICf = Tk f) 0 X lv-205-20
SCIf =Tk fllomvs—o = Ce X flls. (A.17)

Collecting (A.15), (A.16), (A.17) we have (A.12). O

We are now ready for the

Proof of Proposition A.1. Let gy := ¢, vg := v/8, op := 5/6, §o := min{pgoy,
Pp0Pg0}- Suppose that20

e K5/ < 32¢,.¢/ad (A.18)

20 The case in which in (A.18) holds “>" is even simpler. In fact it is sufficient to apply
Lemma A.5 with v := %, 0 :=3%,0v—2v=14,5—20 = 5%, g =0, having ¥ := @,
g+ = PpATx f, f« = f4.Itiseasy to verify that (A.6) and (A.7) follow from (A.2), (A.12)
and from Ks = 6.
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Substituting v — vg, 0 — o, § — 89, we can use Lemma A.5 since 8¢ = d /64
and (A.2) implies (A.10). Defining Wy = W, 5, with v; := v — 2vg = 3/4v
and 51 = s — 200 = 2/3s, we obtain an analytic symplectic transformation
Py : Wi — Wy with H o &g = h + go + f1, where go = PpTk f. Moreover
from (A.2), (A.18), (A.12) we obtain

6dcme \ " [6dc,e
I fille = filloys, =t €1 S (1— ~ ) [ 2 te ’“}s

ad ad
<9 27 cme
= %1 ad
< Zg. A.19
=gt (A.19)

Letting (u, ¢) = Do, (p(l)), from (A.13) we have, for all (u, ¢) € Wy,
sIUD =11, ry pD = pl, 7y 19D —ql, r 1o — @], <8/a.  (A20)

Let L € N be such that

L< <L+1, (=> ngsL). (A21)

s
12In2

Let v := v/8L, 0 := s/4L, and define for 1 < i < L, v; := v — 2v
=v —2( —Dv,s; :=5-1—20=s51—-20— Do, ®; : Wip1 - W; :=
Wy, .5, with H; :== Ho ®;_; =t h+ gi—1 + f; on W; and &; := || fi [lw, =: | fili-
Observing that W;1 C W;, we can iterate Lemma A.5 with v — v;, s — s, after
verifying by induction (see below) that

g < g VI<i< L. (A.22)

In fact, in order to apply Lemma A.5 we have to verify (A.10), which is implied,
forany 1 £i < L, by (A.22) and the estimate?!

g <1 £27%ad/64cnL?), (A.23)

which follows directly from (A.19), (A.2) and (A.21). We observe that, for all
15i<L,

lgi — gi—1lli = 1PaTk filli = I filli = &i . (A.24)
We now prove (A.22). In order to estimate f;yi, we evaluate g;_1 = Zi'_:lo gj
where go := go and g; := (g; — g;—1) are defined on W;. Since from (A.14) we
have [|¢;ll; = |l filli/o = €i/c, and

” {gifls (bi}”v,-fv,s,‘fo

21 We observe that § > d/64.
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i—1
<D g bl —o
j=0
o3 f oo
e(rj —ri +p)a e(sj—si+o)p

m m
+ +
(rpj = Tpi + Pp)Pq (rqj_rqi"'/)q) Pp

i|||g’j||j||¢i i

21 1 € 1 m
< — PAT, &+ —ei| —
< 3[6/)0 pppq]Zn A Kf,nj Pt l[em + pqp,,]
é 64CmL 8,[ Zg] i|
64cmL &; &
< — — |, A.25
S [81 + L] (A.25)

where we have used Lemma A.2 and the fact that g; = P5 Tk f;, considered sep-
arately the case j = 0 from j > 0, and observed that, if j > 0, then

v—vj—i-vzv—v1+v§\J+v/4=(2L+1)V7
s—sj+o 2s—s1+020+s5/3=4L/3+ 1)o.

Using (A.21), (A.19), (A.23) and ¢; < ] we obtain from Lemma A.5

giv1 = |l fix1lli+
64cm L6\ [ 64cy L2
<(1- Cm =& Cm &8 (¢i +e14+¢/L) 4+ e K5 |g
ad ad
&
< —. A.26
=7 (A.26)

Moreover, from (A.19), there follows

_ 296m8 B
I felloy.s, = er41 S 47 Fey < 74 (L+Dg

29¢e K 29¢,€
ME A"z e = — M7 o= Ks/6g
ad ad

A

and

L L L i 4
g = gollvus, Y llgi = ictllos <Y & <4 Z ( ) =361
i=1 i=1 i=1

from which (A.5) and (A.6) follow.
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Let, now, ¥ := ¢ o --- o ¢y and (u'), ') € W;. Using (A.21), (A.20) and
Lemma A.5 we have

L L
§|](1)_1(0)|+Z|I(i+1)_](i)|§8_8_|_4_L 8i£ig.

; as as - as
i=1 i=1

The estimates for |p — p’|, |g — ¢’| and |¢ — ¢'| are analogous. O

Appendix B. KAM measure estimates

Here, we show how assumptions (2.30) and (2.31) imply the measure estimate
2.37).
Indeed, the set I, is obtained as I, = mveN IT,, where Iy := IT and, recur-

sively,
1
[Myq1 =Ty \ ( U Rzz )7
(k,l’)eZ”er\{O)
1012, [kI> Ky
with K, := K¢2", and RZEH is a suitable “resonant set” to be discarded at the

vt step of the KAM iteration (compare with the Iterative Lemma in Section 4 of
[P96]). The sets RZZH satisfy the measure estimate

A Y o .. _
measn(R};lJ’l) < e A := const (LM)”M(dlam m" !, (B.1)

for any |k| = Ko, v 2 0, |£] < 2 (see Lemma 5 in [P96]). Therefore,

meas, (IT,41) = meas, (IT,) — const A Z |k|~+D
|k|>K,y

\Y

= meas,(IT,) — constkm.
Vv

Iterating this relation and using the definition of K, we get
meas, (IT, 1) = meas, (IT) — const %(LM diam )"~ !,

which proves (2.37).

Appendix C. The Delaunay-Poincaré theory of the planetary three-body
problem

In this appendix, following [Ch88] and [L88], we discuss, in a self-contained
way, the Hamiltonian formulation of the planetary (non-planar) three-body prob-
lem, discussing, in particular, the classical Delaunay-Poincaré Theorem 1.1 and its
proof. The appendix is divided in two parts dealing, respectively, with the canonical
treatment of the two-body problem and with the (partial) extension of such theory
to the three-body problem.
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C.1. Canonical variables for the two-body problem

C.1.1. Integration of the Kepler problem. Consider two bodies Py, P of masses
mop, m; and spatial position u@, 11 € R3, interacting through gravity, with grav-
itational constant 1; the (inertial) frame R is chosen so that its origin coincides
with the center of mass. Let

mom
M:=my+m;, m:= ;/Il’ x=uM @ X :=mx. (C.1)

Then, the motion of the two bodies is governed by the Hamiltonian

mM

x|

1
mxm:zamﬁ— (C.2)

with (X, x) € R3 x R? conjugate variables??, i.e., the equations of motion are
X =0xK, X = —dK.

As is well known, such a system is integrable and for K < 0 the (x-projection
of the) orbits are ellipses. More precisely, we have

Proposition C.1. Fix A_ > 0 > Ko and let Ay := (%)E Then, there exist

p > 0 and a real-analytic symplectic transformation®>

e (4, n,0), 08 @) € (1A, AT x B2) x (T x BY)
-2

X,x) € >
= (X, x) {le_sz

b

casting (C.2) into the integrable Hamiltonian (—m3M?)/(2A2).

This classical proposition is due to POINCARE ([Poi1905], Chapter III) and the
variables (A, n, p, 1, €, q) are, usually, called “Poincaré variables”. The proof of
Proposition C.1 is particularly interesting from the physical point of view and rests
upon the introduction of three different (famous) changes of variables, which we,
now, proceed to describe briefly (for more details, see [Ch88]).

Recall that ¢, 0 and g denote, respectively, the mean anomaly, the longitude of
the (ascending) node and the argument of the perihelion (see Fig. 2).

22 Often, in this appendix, upper/lower case letters indicate couples of standard symplectic
conjugate momentum-coordinate variables.

23 Recall that B, D!, B! (xq) and D (xq) denote, respectively, the real n-ball of radius
r centered at the origin, the complex n-ball of radius r centered at the origin, the real n-ball
of radius r centered at xg and the complex n-ball of radius r centered at xg.
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Step 1. The system is set in “symplectic” spherical polar variables: namely, we
consider the symplectic map Wy : ((R, Q, D), (r,w, go)) — (X, x) (where r >
0,0 <w < mand0 < ¢ < 2m) given by**

: sinw cos¢ €os wcos sin
X| =rsinw cosg ¢ mezme =l R
xy=rsinw sing , X = [ sinesing cosesing cosg Q| 3
X3 =rcosw cos @ __sinw 0 d

-
and consider the new Hamiltonian KCgpe := K o Wypc.

Step 2. Using the Hamilton-Jacobi, method we can find a symplectic map Wp :
((L, G,0),(,g, 9)) — ((R, Q, D), (r,w, (p)) that integrates the system: Wp is
the symplectic transformation with generating function

m4M2 2m2M G2
S(L,G,0,r,w,p) = ——dr

r

/ G2 — —5— do+ 0. (C.4)

The variables ((L, G,0),¢,g, 9)) are known as “Delaunay variables”. In such

variables, the new Hamiltonian becomes

m3M2
202

ICD = K:spco‘I/D = —

Let C be the angular momentum of the planet, let @ be the major semi-axis and let i
be its inclination, i.e., the angle between a fixed reference plane and the Keplerian
ellipse plane; compare Fig. 2 (later, such a reference plane will be taken to be the
“total angular momentum plane”). By construction, the following relations hold:

G=|C|, ®©=Gcosi and L = m+vMa.

Step 3. To remove singularities, following Poincaré, we proceed as follows. First,
we introduce Poincaré action-angle variables by means of the linear symplectic
transformation

Wp, ((A, H, 7)., h, g)) > ((L, G,0), (g, 9))
given by

Wp,, {A:L’ H=L-G 2=G-6, (C.5)

A=L+g+60, h=-g—0, = —0.

4 The matrix in (C.3) is the transpose of the inverse of the Jacobian 3(7‘375(/))'
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Then, we let®> Wp : ((A, n,p), (A, &, q)) — ((A, H,Z), (A, h, {)) be the sym-
plectic map defined by the relations

H="T3 " IHcosh=1y,  ~2Hsinh=¢,

= 1’2;‘12 , V2Z cos¢ =p, V2Z sin¢ =q. (o)
As Poincaré showed (see below), the symplectic map
o : (A 0.p), (1 6.9) = (X.)
with
Wpp 1= Wy,c 0 Wp o Wp, o Wp (C7)

is real-analytic in a neighborhood of([A_, A4 xA{(0, 0)}) X (T x {(0, 0)}), (and

m3M2 )

the two-body Hamiltonian, in Poincaré variables, is L o W = — TA2

Remark C.1. (i) If we define (X, x) = q>Dp<(A, 7.), (h, £, q)), then26

. m*M? 9x
TN

(ii) Let us collect, here, some important relations among the quantities introduced
above. Let, as usual, e denote the eccentricity of the Keplerian ellipse and let
a and i denote the major semi-axis and the inclination. Then, by construction,

we see that
A = m+v/Ma,
2402 =VAe(l+ 0()), (C.8)

p2+q2=vAi(1+ 0@+ 03?)).

A more explicit link between H, the eccentricity and the major semi-axis is

given by
2
H=A(l-VI—e)=A %(1+0(e2)), (C.9)
eH. A = 2 (2 _ E) (C.10)
’ A A '

25 Do not confuse the variables (p, q) here with the variables (p, ¢) used in the text (and,
in particular, in Theorem 1.2, where the variables (p, g) correspond to the variables (n’, £’)
introduced below).

. 2 2 ..
26 By Hamilton equations it can be seen that A = 9, < - “;ivzl ) = mAl\3/[ ,and A =& =

. Ann2 -
7 =p = q = 0. Thus, by the chain rule, X = mx = m(djx) A = mA1§4 g—i
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Also, if C is the angular momentum of the system, we infer that

ICl = AV1—e2= Al + 0(e?)), (C.11)
Z=|C|(1 =cosi)=A+v1—e2(1 —cosi)
2
=|C| ’5(1+ 0(i?)). (C.12)

Poincaré’s argument ([Poi1905]) for proving the analyticity of Wpp goes as fol-
lows:

Letusdefinea :=g+v, ¥ :=¢ —0, X :=rcos(v—4{),) :=rsin(v — ).
Let us also denote by “trig” sin or cos and by Z the vector (X, ))). By (C.3), we
get an analytic expression of x in terms of

(Z, cos’ % trig A, sin’ lz trig (A + 2¢), sini trig (A + g“)). (C.13)

By geometric considerations, 7 cos v = a(cosu —e) and r sinv = a+/1 — e? sin u.
Thus, we get an analytic expression of Z of the form

Z = Z(a, €%, trig(u — 0), > trig (u + £), etrig?). (C.14)

By geometric considerations, u — £ = esinu, from which u — ¢ results to be
an analytic function of etrig £. Hence, by standard trigonometric computations,
e trig (u + £) is proved to be an analytic function of e trig £.

Thus, from (C.14), we get an analytic representation Z = Z(a, €2, etrigf). By
e? = (esin £)> + (e cos £)? and the first of (C.8), it follows that Z = Z(A, e trig £).

From (C.5), (C.6) and (C.9), Z = Z(A, A, n, &).

Hence, we come back to the expression in (C.13). To complete the proof of the
analytic dependence of x with respect to the Poincaré variables, we need to find an
expression of sin ’7 trig ¢ and trig li From (C.6),

p

q £2+n?
2JA—H’ '

i
sin - sinf = ——— H =
5 ¢

20/JA—H' 2

L
Sin — CoS¢§ =
2

Using again trigonometric relations, we see that sin trig ¢ is an analytic function
of (A, A, n, &, p, q). Moreover, by (C.6), (C.11) and (C.12), we have

| . pP+q?
—CcoSi = ———————
2A — (n* +£2)
and an analytic expression of trig ZE interms of (A, 1, &, p, q) easily follows. Hence,
we obtain an analytic expression of x in terms of (A, A, n, &, p, q).

From point (i) of Remark C.1, we finally show that X is analytic in (A, A, 7,
£, D, q).
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C.I.2. “Osculating” Poincaré variables. Following Poincaré, we introduce a
new set of action-angle variables (linearly related to the Delaunay variables),

((A*, H*, Z*%), 0%, h*, ;*)) € (R3 x T3), by letting

A* = A, H*=H, Z*=7Z—-A+H,

\IJP§a : {)»* =i+, h*=h — Z, g.* = (C.15)

The physical interpretation of these variables follows from the above construction.
In particular,

M=l+g, h*=-—g (*=-0. (C.16)

Observe that the angles (A*, 4*) are defined in the orbital plane: for this reason, we
shall call the set of variables ((A*, H*, Z*%), (\*, h*, g“*)) “osculating action-angle

variables”?’. Notice that, by (C.11),
ZF=Z—-AV1—e2=—A+ 0@+ 03>

is negative for small eccentricity and inclination.
In a way analogous to (C.6), we can introduce symplectic “osculating Poincaré
variables”,

et (A% 0%, p). 05,670 ) > (A% B 29, 0507, 69)),

through the relations

n*2+%->k2
H*=-——>—  «2H*cosh*=n*, ~2H*sinh*=¢* (C.17)

2
p*2 +q*2
-7 = — N=2Z* cost* =p*, ~/—2Z*sin¢* =q*. (C.18)

Notice that (C.17) and (C.18) are singular for H* = 0 and Z* = 0, respectivelyzg.
However, the Hamiltonian formalism in osculating Poincaré variables is analytic
for p2 + q2 > (0 (which, for small eccentricities and in view of (C.8), means for
non-zero inclinations):

27 Obviously, in the two-body problem the “osculating plane” coincides with the orbital
plane, but we shall use these symplectic variables also for the spatial three-body problem,
where the two two-body systems considered (star+planet P;) will not move on fixed planes
and, in such a case, it makes sense to speak about “osculating planes”; we also anticipate
that, choosing as reference plane the “total angular momentum plane”, ¢* will turn out to
be a cyclic variable and, hence, Z;f will be integrals of the motions (Poincaré integrals).

28 The singularity Z* = 0 would not actually be a problem since in our case Z* ~ —A
which is bounded away from O.
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Proposition C.2. There exists 0 < pg < +/2min{A_, A — A_}, such that the
symplectic transformation Wpp+ : ((A*, n*, p*), W, &%, q*)) — (X, x) e{lx| 2
/\2 .
55} given by
Wpp* = Wype 0 Wp o Wpx o Wpx
is real-analytic for ((A*, A%, (n*, €%), (p*, q*)) € C where C = C(A_, Ay, pp)

is the “conical” region defined as

c= U (Bx1)x i 691=45]

A_SASA4
0<5<pp
~2 2 ~2
X[(p*,q*): A-? ;po <—Z*<Z\—%]. (C.19)
Furthermore, there exist positive numbers B, B, p* satisfying
_ p2 5 _
2+ < 7 <05 —2B+2p), (C.20)

such that, for any A§ € [A_ + B, Ay — B],

(A — B, AG+ B1 x T) x B
*2 *2

x{(p*,q*): AS—,B—'OT—B < -7 < A;;—ﬁ—%} cC. (C2l)
%2 _
For a suitable2 s > 0 and for any (p*, q*) such that A§j — f — pT -B<-Z"<
Nj = B — 5 the map (A%, 2%), (", §%) — Woe- (A%, 0", p), (%, €,
is analytic on the complex domain
(A%, 05), (0", &%) € (€02 x Ty) x D, (C.22)
where
&= [Ag — B+ AL+ B - p*z], Epa= | Plah).  (€23)
Ae€
In the osculating variables the two-body Hamiltonian is given by K o Wpp+ =
m3M?
_2(A*)2'

Proof. By (C.17), (C.15) and (C.6),

pt = np +§q and £ = §p—nq

VP + ¢ NS

Also, (C.6)isregular for (p, q) # 0, so that, for non-zero inclination, we can express
Z =7, q) = (p*+q?)/2and ¢ = ¢(p, q) as analytic functions (more precisely,
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¢(p, q) is analytic on the pinched complex torus {C/(2wZ)} \ 27 Z). Thus, in light
of (C.15) and (C.18),

p* = \/2A —p*—q*—n*—£2sin¢(p, ),

q°= \/2A —p*—q* —n? —£% cos¢(p, ).
Therefore, the diffeomorphism
V= 0o Wl o Wp, o Wk (A 1.p), (1. 6.9))
= (A, (5,65, 49),

which maps the Poincaré variables into the osculating Poincaré variables is analytic
for A < A <A, eT, (&) € B2 (p,q) € B%O \ {0}, for a suitably small

00’
£0-
By construction, Wppx = Wpp o W1 where Wpp has been defined in (C.7),

and, as shown in Fig. 3,

V(A=A 2eT (0.6 =5, b @)l =)

n, &

(r.q)

L

)

Fig. 3.
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Now, observe that, in view of the above relation,
v({aelaaul reT 1.0 € B, (o) € B2\ (0}})

- U {A*:]\, A e, |(n*, €%

Ae[A_,Aq)
=5 107,49 =24 - 72 - 72}

p<l0.pp)
= U {A* =AM €T, 0", €9 =4,

7€(0.p9)
Ae[A_,Aq]
p€l0,p9)
V2R = 7 = 03 < 100", 4] < y24 - 32,
which proves the real-analyticity of Wpp+ on C. Any choice of B, 8, p* satisfying
(C.20) implies easily the inclusion (C.21) and (C.22). O

Remark C.2. (i) The Poincaré integral Z* is (in the small inclination-eccentric-
ity regime considered here), for fixed values of H* and A*, in one-to-one
correspondence with the squared inclination i. In fact, by (C.9)<(C.12) and
(C.15),

i2
.2 .
— (1—1—0(1 )) =1—cosi

2
Z* + A*/1 — e(H*, A¥)2
A*/1 — e(H*, A*)2
*

Z 2
=1+5 0. (C.24)

(ii) In view of the preceding remark, the set in (C.21) corresponds to absolute

values of the inclination between O (p*) and O ((5 ) 2 ): indeed, choosing, for
B €0, B),

*2
~Z = M- p- T =B A=A -0 H =,
we have (by (C.24))
) Z* + A* 2

(iii) Finally, we point out that, as above (compare Remark C.1 and the relative

proof in the footnote), if (X, x) = Pppx ((A*, n*, p*), (¥, &%, q*)) is as in

Proposition C.2, then

m*M? dx
A% anr

(iv) The use of osculating variables will turn out to be particularly useful in the

reduction of the angular momentum (see Section C.2, below).
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C.1.3. Some orbital elements in terms of osculating Poincaré variables. In this
subsubsection we show a way to express some of the classical orbital elements as
functions of the osculating Poincaré variables (A*, A*, n*, £*). Denote the eccen-
tric anomaly by u and the true anomaly by v (compare Fig. 1); denote, also, by d
the distance between the planet and its star, by w the true longitude w := v+ g+6
and let w* := w — 6 = v+ g. The target here is, also, to find (for later use) analytic
expressions d and w* as functions of (A*, 1*, n*, £*). From the definition of £ and
(C.16) we have

A4+ h* =4 =u—esinu. (C.25)

Inverting (C.25), we find u = u(A*, 1*, h*, ). Then we obtain u in terms of
(A*, A*, H*, k™) from (C.10). Furthermore, we have

d=a(l—ecosu) (C.26)
1— 2
- u. (C.27)
1+ecosv

In light of (C.26), (C.10), the first of (C.8) and the above expression of u, we get

a representation d in terms of (A*, A*, H*, h*). Therefore, via (C.17), we obtain a

representation of d in terms of osculating Poincaré variables (A*, 1*, n*, £*).
Letus now express w* in osculating Poincaré variables. From (C.26) and (C.27),

cosy = ———. (C.28)

Hence, recalling (C.10) and the expressions of u and v above, we can readily express
vasafunctionof (A*, A*, H*, h*). Making use of (C.16), we infer that w™* = v—h*.
Hence, from the above construction and (C.17), we obtain a representation of w*
in terms of osculating Poincaré variables (A*, n*, £*).

C.2. Canonical variables for the three-body problem

C.2.1. The Poincaré Hamiltonian of the planetary three-body problem. The
discussion of this subsection follows [Ch88] and [LL88]. We consider three bodies
Py, P1, P, of massmg, m , my interacting through gravity (with constant of grav-
itation 1). Assume that

_ m; m

ke<— Z2<e<l, (C.29)
mo mo

for a fixed constant 0 < k < 1 and a small parameter ¢ > 0. We consider a (iner-

tial) frame {k1, k2, k3} in R3 with origin in the center of mass of the system and

with vertical axis parallel to the (conserved) total angular momentum. Thus, if u®

denotes the position of P;, U ) .= m;u; denotes the momentum of P; and C is the

total angular momentum,

2
C = Zu(i) x UD, (C.30)
i=0
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our choices imply

2

: C

domu =0, — =k (C31)
i C|

Newton’s laws imply that the three-body problem is governed by the nine-degree-

of-freedom Hamiltonian

2
y 1 2 @ 1 )2 mim;
th(U( ),U( ),U(3),M(),M( )7u(3)) :zzz_miuj(l)l _ Z M’
i=0 0<i<j<2

where U = (U@, UD Uy e R andu = @, u®, u?®) e R? are conjugate
symplectic variables.

We, now, introduce canonical heliocentric variables (R(O), RO RD O
rD | r@) by means of the linear symplectic transformation

WO — O ) O ) @) 0 4 )

32
UO — RO _ g _p®  yh _ g @ _ p@, (€32)
The angular momentum is preserved by this transformation:
2 . .
Zr(') x RV = . (C.33)
i=0

Eiy means _of (C.31), RO® — Z%:o U® = 0. Hence, the three-body Hamiltonian
H® in (RO, rD)-variables takes the form

2
HORD, R ;1 @y .— Z (mo +m; [RO12 — momi>

—\ 2mom; @]
RO RO ym,
mo |r(1) — r(2)| ’

We have, therefore, obtained a six-degree-of-freedom Hamiltonian of conjugated
variables (R(V, R®) e RO and (rV, r@) e R®: the number of degrees of freedom
decreased by three units because of the above reduction of the center of mass.

The masses m ; appear in the definition of the momenta R™ and R®, which
are both of order ¢. In order to remove this singularity (as ¢ — 0), we introduce
new symplectic variables>’

. R® , MO
@) — ) —
XV = 573 = (C.34)
emy mg

29 Recall that, if « > 0 and 8 > 0 are two “rescaling factors”, the Hamiltonian flow gov-
erned by a Hamiltonian function 4 (X, x) (with respect to the symplectic form d X Adx) coin-

cides with the Hamiltonian flow governed by the Hamiltonian ﬁh(ai’ , BX) (with respect
to the symplectic form d X A d%) with initial data X (0) = éX (0) and x(0) = %x(O).
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In such variables, the H™-flow is equivalent to the H-flow with

th(X(l), X(z), x(1)7 x(Z)) = ng(x(l)’ X(Z)’ x(l)’ x(2))
PR, X® D, x)(C35)

where

2
1 : m; M;
= Y (s px 0 — DAy,
0 ; 2mi| | 0]
mimj 1

, C.36
em} [x(D) —x@)| (€36

'Htlb =eXxW. x® _

m; 1 m;
m=— —, M, =1+ —.
& my+m; mo
Recalling (C.29), it follows that m; and M; are bounded and bounded away from
zero (uniformly in &):

K
14+«

<m; <1, 1<M; <2 (C.37)

Notice that the Hamiltonian HP, which is of order one, is simply the sum of two
uncoupled Kepler problems, while H‘lb is of order ¢ and will be considered as a
perturbation.

We can, therefore, introduce osculating Poincaré variables associated with the
osculating orbital elements relative to (Py, P;) with i = 1, 2 and masses mg, m;.
More precisely, let
(AF, 0 DF AL &, ) = W (XD, x D),

1

where Wpp+ is defined in Proposition C.2 (and the reference plane for computing
the orbital elements relative to (Pp, P;) is the plane spanned by {ki, k}, i.e., the
total-angular-momentum plane). For example, the expression of A} with respect
to the major semi-axis of the planet P; is

AT = k] Jai . K= — —— (C.38)

1

In osculating Poincaré variables
(A*, 0", p*, A", &%, q")
= (AT, A9, (7, 19, 07, p3), 6. 20), &, 6. (@7, 4)) (€39)
the unperturbed Hamiltonian H})b becomes, simply,

2

Hy(A") == ﬁ Ki = (@)3; (C.40)
i=1 i
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(with k; of order one), and the full three-body Hamiltonian becomes
H*(A*, ", p*, A%, E5,q%) = Ho(A™) + HI(A™, 0™, p*, A", &%, q),  (C4l)

with ‘H real-analytic on C x C (compare Proposition C.2). It is customary to split
the O (g)-perturbation H} as the sum of two functions:

>1k — HT,compl + 7_(>1|<,princ ’ (C.42)

where HT'Comp], called the “complementary part” of the perturbation, is the function

e XD. X@ expressed in Poincaré osculating variables (C.39), while HT’p rinc, called

the “principal part” of the perturbation, is the function ”;17’%2 \x(])l—xml expressed in

Poincaré osculating variables (C.39).

Notice that, because of point (iii) of Remark C.2, the A*-average of HT’Compl
vanishes: let x = xO(A¥, n¥, pf, A%, €5, qF) and X = XD(A¥, 0¥, pF, AT,
*,q}). Then

i
2 27 1
/ / Hy AT 0, pt A% £ ) di dag
o Jo
2r 27
=e/ f XD x@ gxtdrs
0 0
2r 27
= ¢ const /0 /0 B)L»fx(l) . 3)\336(2) dxEdag = 0. (C.43)

C.2.2. Reduction of the angular momentum. The conservation of the total angu-
lar momentum allows us to lower by two more units the number of degrees of free-
dom (“reduction of the angular momentum”). Recall that we are excluding planar
motions, i.e., motions with vanishing mutual inclinations.

Proposition C.3. The function HY in (C.41) is independent of ¢*. More precisely,
let r}'f = /p*? + q*? and r* = (r{,r3). Then, for any ;;.“ € T and for each

r;‘ > 0 (for which (p*, q*) belong to the real part of their domain of definition; see
Proposition C.2),

HT(A*, n*, (rf cos¢if, ry cos &), A%, €%, (rf sin ¢, r} sin ;2*))
= Hi(A", 0", r*, 1%, %, (0,0)). (C.44)

%2
In particular, Z;‘ = —r-’T are analytic integrals: {Z}’f , Hi}=0.

We shall call the Z;’f’s the “Poincaré integrals” of the non-planar three-body prob-
lem.

Proof. Looking at the force field, we see that, if at some time 7y the mutual incli-
nation of the planets vanishes, it vanishes at every instant of time: therefore the
motions of the three-body problem are either planar, so that the mutual inclination
is identically zero, or non-planar, so that the mutual inclination is always non-zero.
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Now, recall our choice of reference plane as the total-angular-momentum plane,
fix a time #p and consider the inclination i; = i;(fo) of the instant orbital plane
(“osculating plane”) associated with the planet P; (i.e., the plane spanned by the
position and velocity of P; at time fy): i (fo) is the angle between the {k{, k}-plane
and the plane spanned by the position and velocity of P; at time #y. If i1 # iz, we
can define the line of the nodes as the intersection of the two osculating planes; let
N # Pybeanode, i.e., a point in the line of the nodes. Let, also, the vector V be the
difference between N and the position of the star Py. By construction, V lies in the
intersection of the osculating planes spanned by (r;(#0), R (%)), j = 1, 2. There-
fore, recalling (C.33), V - C = 0. Whence, the difference between the longitudes
of the ascending nodes of the planets is constant: indeed,

91 — 92 =T. (C-45)

Since i1 # iy in a neighborhood of 79, we can perform the transformation
(C.18): we obtain a Hamiltonian H**(A*, A*, n*, €*, Z*, *), with

o= =60—6=m. (C.46)

Let us consider a rotation Ry of an angle ¢ around C. By construction (see the
relations (C.8), (C.9), (C.11) and (C.16) above), the variables (A*, A*, n*, £*, Z*)
are preserved by Ry, while (¢, £F) is sent into (¢ + 9, ¢f + ). Since the
energy of the system is also preserved by Ry, we find that H**(..., ¢f, ¢)) =
H**(...,¢f + 9, ¢ + ). Thus, the Hamiltonian H** (and, hence, the function
H) does not depend on ¢;* and ¢ separately, but only on their difference. The
thesis follows, now, from (C.46). 0O

Hence, we can consider the Hamiltonian H* as depending only on (A*, A*, n*,
&*) and on the initial value of Poincaré integral Z*. We, therefore, let3?

sF = ¢eF (A", n", A%, €%, Z%)

=np (A (=221, -225). 20 6% 0,0) . €4

2 %2
* * * * . 1) )
Z° = (2,25, Zj =

Analogously, we set
Hiompl(A*7 nE, A R Z)
= (anr, (=221 [-223).05. 6%, 0,0)).
HOC (AR, k0, ES 2 (C.48)
— HTvPrinc <A*, n*, (\/ﬂ \/TZ’;) W*E* (0, 0)) .

From now on the values of the Poincaré integrals Z* will be taken to be real in the
domains described in Proposition C.2. Notice that, physically, changing values of

30 Compare (1.4) in Theorem 1.1.
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the Poincaré integrals corresponds to considering different ranges of mutual incli-
nations; compare (C.9), (C.12), (C.15), In fact, choosing Z;f as in (C.21), (C.22)
implies that 1, ~ p*.

Often, however, the value of the Poincaré integral will be omitted from the
notation.

C.3.3. The principal part of the perturbation Here we will obtain an “explicit”
representation in terms of osculating Poincaré variables of the principal part of the
perturbation H}™"¢.

Let, as above, w; := 6; + g; + v; be the true longitude of the planet P; and S
the angle between the planets P; and P, (see Fig. 4).

Let 7 be the mutual inclination of the planets and w} = w; — 6;. Notice that,
by (C.45), w3 — wi = wy — wy + 7. By elementary trigonometry,

cos § = —cos wj cos w; — sin wj sin w3 cos?. (C49)

Denote the angular momentum of the planet P; by C), so that C = C) 4+ €@,
Then, using (C.11), we infer that

IC? = 1CVP+CPP +21cP]1CcP] cosi

= AT (1 —eD) + A3 (1 —€3) +2A1A2,/(1 — 2)(1 — €3) cosi. (C.50)

Fig. 4.
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Using (C.50) and (C.10), we can express cos in terms of the osculating Poincaré
variables (and the initial value parameter C). Explicitly:

2
CP = X2 (A7 - Hy)
2 [T, (A] — H})
B |C|2_ATZ+A;2
B 2A%AS

cosi =

+0(@e) + 0(e3). (C.51)

Also, as proved in Section C.1.3 w} = w}(AY, AT, n}, &"). Therefore, by (C.49),
the expression of cos S in terms of osculating Poincaré variables follows.
Also,

|r(1) _ r(2)|2 — |r(1)|2 + |,(2)|2 ) |r(1)| |r(2)| cos S.
Thus, from the definition of x), we have
my 1 B 1
e —x @] — @) \/|r(1)|2 + F@OR = 21rD] r @] cos §

(C.52)

Since we expressed cos S and |r@| in osculating Poincaré variables, the expres-
sion of the principal part of the perturbation in osculating Poincaré variables
(A*, n*, A*, £*) readily follows.

Also, we can see, by (C.18) and a 180-degree rotation of the perihelia, that the

princ

A*-average of H|  in (C.48) is evenin (n*, £*):
Proposition C.4. Let
1 .
I 87 o= o | R AT AT 67 2 i
Then; f]*(A*a _'7*’ —5*) = fl*(A*7 77*’ S*)

The rescaling by % is made so that f}* is a (real-analytic) uniformly bounded (by
an order-one constant) function.

Proof. The system is invariant under the map R(A*, n*, A*, £*) = (A*, —n*,
A*+ 7, —&™) (usually referred to as “space inversion”). Thus, the thesis follows by
observing that o H* o R dA* = [1» H* dA*, and making use of (C.43). O

Thus, dropping the explicit dependence upon the Poincaré integrals, the perturba-
tion function e F (see (1.4) and (C.47)), has the form

F(A*, 0", A%, &%) = fT(A", 0", &%) + [ (A", n*, A", €7), (C.53)
where

1 k *
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and fi* is evenin (n*, £*) (Proposition C.4). Thus, we can split f;* as
f= flo(A) + (A" 0™ 69 + f (A", " 69,
with f1*,2 quadratic in (n*, £*) and, uniformly in A* (complex),
|fi(A*, 0¥, 6] = const | (n*, €)1

C.2.4. Symplectic diagonalization and conclusion. The final step consists in
showing that f', is a positive definite quadratic form and in finding “explicitly”
the (purely imaginary) eigenvalues of

Q = S0 g+ fi2(A*, 0, 0) (C.55)

(S4 being the standard (4 x 4)-symplectic matrix). This calculation has been per-
formed in detail in [R95] (§ 3.4, § 3.5), which, we follow here3!.

Let us introduce some notation (which we shall keep similar to that used in
[R95]): let & denote the ratio of the planetary semi-axis, o := aj/a» (recall that by
our assumptions o < amax < 1); let

my  [mg—+my
my Y mo + m

h =
(which is close to the planetary mass ratio for small € and is a quantity of order
one); let

(AT AT —ICP
ATA3

D: =24+ 0@ + 0(eD) + 0(e3)

(where the asymptotic evaluation is a consequence of (C.51)); let £4/—1(2e€2 i)
denote the eigenvalues of the matrix Q in (C.55) and let

Al = 2m1m3
Li=—Q, c=-7— e (C.56)
c e*my(mo + m2) A5

(notice that ¢ is a quantity of order one). Finally, recall the well-known definition
of Laplace coefficients for 0 < a < 1:

s(s—i—l)...(s—i—k—l)ak

bP (@) =2 -

S (5+0 (s+k) ... (s+Hk+O 5441
* 1*;)( 0 G+ Gktirn® )

After the above preparation (and after quite a bit of algebra), we find that (compare
with [R95])
L =L£%@) + o),

31 Notational remark: the Hamiltonian H* here differs from the one in [R95] by a scaling

factor of size 83m8.
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(O (D) being a real quantity of order D) with
£0@ = = [30 + hvapih@ - VD)
£0(@ = 5 [30 +hvapie + VD@ (C.57)
2 2
D@) i= (1 = hv/a)? (b (@) +4hva (K@),

showing, in particular, that £; and hence Q ; are real. Furthermore, from the defini-
tion of Laplace coefficients, it follows that bg% (@) < b;l/é (o) fora € (0, 1). Thus,

because of (C_.57), there exist suitable (order-one) constants D > 0 and ¢ > 0 such
that, if D < D (i.e., if the mutual inclination is sufficiently small), then, uniformly
in A¥,

infl; >é>0, inf (52 - cl) > &> 0. (C.58)

Finally, by a standard argument going back to Weierstrass, we can find, for any
fixed A*, alinear symplectic transformation

(2) = (;7*) = A(AD) (2/) (C.59)
which sends f1*,2 into
<

fio = A

(£10% - (@D + EDD + L2(A") - (1) + D). (€C60)
By classical generating function theory, it is easy to see that the transformation
(C.59) can be extended to a symplectic transformation on the whole phase space
Ww : (A0, M ED) > (A%, A%, &%) with

A*=A and A=A +LA, 0 E), (C.61)

for a suitable function £.
Letting (1, ) := (A", )), (p, q) :== (0, &), f1:= f{ o Ww, fo:= f) o Ww,

oo :=p*,  S:=B—p  poi=p% (C.62)

we realize that the proof of the Delaunay-Poincaré Theorem 1.1 is completed.
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