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Abstract

In this paper we introduce a notion of viscosity solutions for the one-phase Hele-
Shaw and Stefan problems when there is no surface tension. We prove the unique-
ness and existence of the solutions for both problems and the uniform convergence
of solutions of porous medium equation to those of the Hele-Shaw problem.

0. Introduction

Let ¢ be a bounded domain in R” with d€2¢ having two disjoint parts [y
and I"y, both of them being closed hypersurfaces in R”. For convenience, we let
't = {x e R" : |x] = 1} (See Fig. 1).

Let Q = {x € R" : |x| > 1}, f € C(I'1) and consider a nonnegative function
ug € C(S) such that

up=f>0 onl}
{up > 0} = Qo. 0.1)

In this paper we study the one-phase Hele-Shaw and Stefan problems with ini-
tial data given as in (0.1). The classical Hele-Shaw problem, in n = 2, models an
incompressible viscous fluid which occupies part of the space between two parallel,
narrowly placed plates. In this case ug denotes the initial pressure of the fluid and
f denotes the rate of injection from I'{ into 2. (For convenience we assume that
f is time-independent.) As more fluid is injected through a fixed boundary, the
region occupied by the fluid will grow as time increases. Let us assume that the
equilibrium temperature is zero. Assuming no surface tension, then the pressure of
the fluid u(x, ¢) solves the following free boundary problem:

—Au=0 in {u > 0},
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Fig. 1.

where V is the normal velocity and 7 is the outward unit normal vector of the free
boundary d{u = 0}.

The classical Stefan problem accounts for phase transitions between solid and
fluid states, such as the melting of ice in contact with water, or the freezing of water
in contact with ice.

Here we assume that the temperature varies in only one phase, which gives us
the following one-phase Stefan problem for the temperature u:

ur — Au =0 in {u > 0},

V =u;/|Du| = —(Du) -n = |Du| ond{u =0}, ©.3)

where V and 5 are defined the same as in (0.2).

In both models initially smooth free boundaries may develop singularities in
finite time, and therefore classical solutions are not expected to exist globally in
time. This fact motivates the study of the solutions in a generalized sense, i.e.,
the weak solutions. For the Hele-Shaw problem (0.2), the short-time existence of
classical solutions when the initial interface I'g is C>T® was proved by ESCHER
& SIMONETT [ES]. When n = 2, ELLIOT & JANOVSKY [EJ] showed the existence
and uniqueness of weak solutions in H 1(0). An extensive amount of work has
been done on the Stefan problem (0.3). When the initial data and the interface
are C2* HANzAWA [H] showed the short-time existence of classical solutions.
KAMENOMOSTSKAJA [K] introduced the notion of weak solutions of this problem
in H', and proved its global existence and uniqueness. Her work was generalized
by OLEINIK [O] and FRIEDMAN [F]. The formulation of the problem as a parabolic
variational inequality was initiated by DUVAUT [D]. This method was developed by,
for example, FRIEDMAN & KINDERLEHRER [FK] who used variational inequality to
prove the existence and uniqueness of weak solution in L*°(0, T; H 2.1y,

In this paper we apply a notion of viscosity solutions to describe the global-time
behavior of the free boundary problems (0.2) and (0.3) past singularities. The notion
of viscosity solutions, introduced by [CL], has been used very successfully to study
nonlinear elliptic and parabolic equations. The analytical heart of the theory lies in
a comparison principle derived from maximal-principle-type arguments, which in
turn leads to uniqueness and existence results.

The Hele-Shaw problem can be also derived as a limiting case of the porous
medium equation (in short PME). Let the domain Q = @ x (0, c0), where 2 is
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given as above. We consider a sequence of viscosity solutions {u;, },, = 0 € C (Q),
where u,, satisfies

u; — |Dul*> — (m — DuAu =0 in Q,
(PME),, u=f  only,
u(x,0) =up(x) in QN{r =0}
Here u,, = %vm_l, where v = 0 satisfies the usual form of porous medium
equation:

v, = A@)"™ in Q.

CAFFARELLI & VAZQUEZ [CV] proved that there is a unique viscosity solu-
tion for the porous medium equation for m > 1 when the initial data is given.
Here viscosity solutions are defined by comparison with the classical solutions of
PME, in particular with the Barenblatt solutions (see Section 1). As m — oo, by a
formal computation we can easily see that the limiting equation leads to the Hele-
Shaw problem (0.2). However, the Barenblatt solutions become strictly positive
as m — oo and thus they cannot be used as test functions for the free boundary
problem (0.2).

In Section 1 we define the viscosity solution of (0.2). Variational inequalities
are used to describe the free boundary condition and to make the viscosity solutions
stable through limit operations in various settings (see, for example, the proof of
Theorem 1.5). The difference between our definition and that for PME in [CV]
comes from (i) the presence of an additional equation on the free boundary (ii)
lack of well-known classical solutions. We also show that the limit of viscosity
sub(super)solutions of (PME),,, as m — o0 is the viscosity sub(super)solution of
(0.2) in our definition.

In Section 2 we show a comparison result between two viscosity solutions of
(0.2) using the sup- and inf-convolutions. Here we require the solutions to be ini-
tially strictly separated. The choice of test functions plays an important role in the
proof. For general cases, a more careful analysis is required to prove the comparison
principle, which we explain in Section 3.

In Section 3 a uniqueness result for the viscosity solution of (0.2), and the
uniqueness of the global time free boundary is proved when the initial free bound-
ary d{ug > 0} expands immediately. This condition holds, for example, if ug
satisfies

—Aug=0 in Qq, 0.4)
|Dug| >0 on Iy.

Also we show that in this case the sequence {u,,} with initial data uy uniformly
converge to u as m — 0o, which is the unique viscosity solution of (0.2).

In Section 4 we turn to the Stefan problem (0.3) and state the corresponding
uniqueness and existence theorems. Here the main difficulty lies in dealing with
the scaling properties of (0.3) to produce the uniqueness result. We point out the
essential differences between (0.2) and (0.3) in proving each result.
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1. The Hele-Shaw problem

Here we define a notion of viscosity sub- and supersolutions for (0.2) by using
variational inequalities. Recall that Q = {|x| > 1} x (0, 00) and 'y = {|x| = 1}.
u € C(Q) is a viscosity solution of (0.2) if it is both viscosity sub- and supersolu-
tion.

Definition 1.1. (1) A nonnegative uppersemicontinuous function u defined in Q is
a viscosity subsolution of (0.2) with initial data u( and fixed boundary data f if

(1) u=ugatt =0,u < fforx ely;
(i) {u > 0}N{r =0} = {u(x,0) > 0};
(iii) foreach T = 0 the set {u > 0} N {r < T} is bounded; and
(iv) forevery ¢ € C 2.1() that has a local maximum of
u—¢in{u >0}N{r <r}N Q at (xo, 1),

(@) — A (xg,19) < 0if u(xg, tg) > 0.
(b) min(—A@, ¢; — |Dg|*)(x0,10) = 0
if (xo0, t9) € d{u > 0}, u(xg, tp) = 0.

(2) A nonnegative lowersemicontinuous function v defined in Q is a viscosity
supersolution of (0.2) with initial data ug and fixed boundary data f if

(i) v=wvpatt =0,v = f forx € I'y and
(i) if for every ¢ € C*>!(Q) that has a local minimum of v — ¢ in {v > 0} N {r <
fo} N Q at (xo, 1),

(@) —A¢(xo,10) = 0if (xo, 10) € {v > 0},
(b) If (xg, t9) € o{v > 0} and if

|Dé|(x0, t9) # 0 and {¢p > 0} N {v > 0} N B(xo, tg) # ¥ (1.1)
for any ball B(xg, ty), then
max(—Ag, ¢; — | Dp|*) (x0, 10) = 0.

Remark. The conditions (ii) and (iii) in (1) control the behavior of the free bound-
ary d{u > 0} respectively at ¢+ = 0 and at infinity.

The condition (1.1) is to ensure that near (x, 7o) the function ¢+ = max(¢, 0)
(x0, fo) is nontrivial in {v > 0}. For example, ¢ satisfies the condition if there is a
vector v € R” such that

(xo+ hv,19) € {v >0} forO<h <1,
ap/ov > 0 at (xg, tp).

For a real-valued function f (x, ¢) in domain D, we define

ffx, )= limsup f(y,s) and fi(x,r) = liminf f(y,s).
(y,s)eD—(x,1) (y,s)eD—(x,1)

Next we define a viscosity solution of (0.2):
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Definition 1.2. A lowersemicontinuous function u is a viscosity solution of (0.2)
if u™ is a viscosity subsolution and if u = u, is a viscosity supersolution of (0.2).

Remark. We mention that by definition of viscosity sub- and supersolutions it
follows that u*(x,0) = u4(x,0) = ug(x). Thus u(x, t) given above converges
uniformly to ug(x, 0) as t — 0%,

Note that we did not define u to be continuous. This is because we expect u
to be discontinuous when the free boundary of u develops a singularity. An easy
example is when n = 1, where ¢ is given as two disjoint interval with fixed
boundary inside each interval (see Fig. 2).

For later use, we introduce the sup- and inf-convolutions of # and v. Given a
viscosity subsolution # and a constant » > 0, we define

ﬁr(X,t) = Sup “(y, T)a
By (x,1)

where B, (x,t) = {(y, ) : |y — xl2 + (t — r)z < r2}. Similarly, given a viscosity
supersolution v and § < r we define

v.(x,1) = inf w(y, 7).

r—38t(x,1)

This kind of construction has been used, for example, in [ACS] and in [CV]. We
point out that for the analysis of free boundary speed it is necessary to involve the
entire space-time balls including future times T > ¢ in the above definitions. Let D
be abounded domain in Q. We say that D has the interior(exterior)-ball property at
P = (x,T) € aD if there is a closed (n + 1)-dimensional (space-time) ball B C D
(D°) such that B N D¢(D) = P. For a ball B with radius r, we denote kB as a
ball with the same center as B and radius kr. Similary we define interior(exterior)
ellipsoid property.

Lemma 1.3. In the domain {x : |x| > 1 +r} x (r,r/8), u, is a viscosity subsolu-
tion and v,. is a viscosity supersolution of (0.2) with corresponding initial and fixed
boundary data. Moreover, on the free boundary the positivity set of u, (v,.) has the
interior-ball and exterior-ellipsoid properties. At points of the free boundaries of
u, v where these balls are centered we have the complementary results.

u=0| = T

(=0 t=1, r>t
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Proof.
Step 1. The exterior(interior)-ball properties are clear from the definition
(see Figs. 3 and 4).

Step 2. To show that u, is a viscosity subsolution, first observe that conditions
(1)(ii) and (1)(iii) in Definition 1.1 follow from the corresponding properties of u
as a viscosity subsolution. Thus we only have to show that (1)(iv) in Definition 1.1
holds for i, .

Step 3. We consider a smooth test function ¢ € C>!(Q). Suppose that ii, — ¢ has
a local maximum at (xg, f9) in {#, > 0}. By definition and upper semicontinuity
of u,

ur(xo,f0) = sup u(x,r) =u(xy, ;) forsome (xi, ) € Br(xo, o).
By (xo,10)
But then u(x,t) — ¢ (x — x1 + x0,t — t1 + tp) has a local maximum at (xy, ¢) in
{u > 0}. This leads to our conclusion.

Step 4. Suppose that v, — ¢ has a local minimum zero at (xg, #p) in {v,, > 0}. From
the definition and the lower semicontinuity of v,

v, (x0,%0) = inf  v(x,t) =v(xz, ) forsome (x2,72) € Br_s4 (X0, 10).
Br—(ilo (x0,%0)
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If (x0, to) € {v, > 0}, thenv(x, t) — ¢ (x —x2+x0, t —t2+19) has alocal minimum
at (xo, 17), and thus we get
—A¢(x0,10) 2 0.

If (xo, 1) € d{v, > 0} and ¢ satisfies (1.1) with respect to v, at (xp, ), then
(x2,1) € ofv > 0} and the function ¢ (x — xo,t — tp + 1) satisfies (1.1) with
respect to v at (x2, #2). Thus v(x, 1) — @(x — x2 + x0,t — 12 + tp) has its local
minimum at (x>, f), and this leads to the desired inequality

max(—A¢, ¢ — D[P (x0, 1) 20. O

By definition, for Py = (xo, o) € d{v, > 0} there is a point P> = (x2, 1) €
d{v > 0} such that at Py the set {v, > 0} has an exterior space-time ellipsoid Eg

(x —x2)? 4 (1 —12)* £ (r — 81)?

and at P, the set {v > 0} has an interior space-time ball B, of radius r — §fy centered
at Py (see Fig. 4.).

Let us denote Hj as the tangent hyperplane of Eq at Py and (v, m) as the inward
normal vector to Hy with respect to Eg at Py with |v| = 1. We denote by m the
advancing speed of the free boundary v,. at Py. Observe that the tangent hyperplane
H, of B at P, has outward normal vector (V', m — 8), |v'| = 1 with respect to B;.
(In other words, the free boundary of v, propagates faster than that of v by §). In the
following lemma we show that in fact the advancing speed m is strictly positive.

Lemma 1.4. The free boundary of v,. has positive advancing speed, that is, m 2 §.

Proof. If m < §, then at P, = (x2, f2) v has an interior ball B, with negative ad-
vancing speed. Note that by the lowersemicontinuity v(P2) = 0. Moreover, since
v > 0 in B», v has a positive lower bound in 4—1‘32.

Now for T < 1, we consider h(x, t) on By N[ty — T, t»] such that

—Ah >0 outside 7 By,
0 <h>v inside JTBQ,
{h >0} =By, |Dh|#0ondB;.

(Refer to Appendix A for the construction of £.)

Note that 2 < 0 outside By, and thus v — & > O on d{v > 0} N {r < 1y} except
at P». Also by the maximum principle of harmonic functions, v — 4 > 0 inside B;.
Therefore v — h has its local minimum zero at P> in {v > 0} N {r < 1y}, but this
contradicts the fact that at P»

—Ah <0, h;—|Dh*>< —|Dh><0. @O

Next we prove that the limit of viscosity solutions of (PME),,, asm — oo, if it
exists, is a viscosity solution of (0.2). We recall the definition of viscosity solutions
for (PME),, in [CV].

A nonnegative function u € C(Q) is a classical moving free boundary solution
of (PME),, if
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() u € C>'({u > 0}) solves the equation in the classical sense in {# > 0},
(ii) the free boundary of u, I' = 9{fu = 0} N Q,isa C 2.1 hypersurface in space-
time, and
(iii) on I" we have u;, = |Du|? and |Du| # 0.

Definition 1.5. (1) A nonnegative continuous function u defined in Q is a viscosity
subsolution of (0.2) if u £ f on I'} and for every ¢ € C%1(Q) that has a local
maximum zero of u — ¢ at (xg, tp),

(¢ —mpAd — |DPI*)(xo, 19) < 0.
(2) A nonnegative continuous function v defined in Q is a viscosity supersolu-
tion of (0.2) if v 2 f onI'; and
(a) for every ¢ € C>1(Q) that has a local minimum zero of v — ¢ at (xq, fg) €
{v >0},
(¢ — mpAd — | DPI*)(x0, 10) = 0.

(b) Any classical moving free-boundary solution that lies below v at a time ¢ =
1 = 0 cannot cross v at a later time #, > 1.

The comparison principle and the uniqueness result for viscosity solutions of
(PME),,, are proved in [CV]. Next we consider

uy(x,t) = limsup uy(y,s),
(y.8)—>(x,1)

uz(x,t) = liminf um(yss)7
(y,8)—(x,1)

where (v, s) € Q.

Theorem 1.6. The functions uy, u are respectively a viscosity sub- and superso-
lution of (0.2).

To prove Theorem 1.6 the following lemma plays an important role.

Lemma 1.7. Let v be a viscosity supersolution (subsolution) of (PME),,. Suppose
that ¢ is a smooth function and v — ¢ has a local minimum (maximum) in {v > 0}
at (xg, to) € ofv > 0}. If ¢ satisfies (1.1) at (xo, to), then

(¢ — | DPI*) (x0, 1) = O(Z 0).

Proof. We only prove the supersolution part. The subsolution part can be shown
with a parallel argument, by comparison with a supersolution of the form A(|x| —
ct —1)4, wherec > A > 0.

Step 1. For r, 8§ > 0, we prove the lemma for

W(x,t) = inf v(y, 7).
Br_s51(x,1)
Then the lemma follows by first taking § — 0 and then r — 0. Suppose that W — ¢
has a local minimum in {W > 0} at Py = (xo, #p) € 9{W > 0} with ¢ satisfying
(1.1). Suppose that (¢; — |D¢|2)(x0, tp) < 0.
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Step 2. By adding e (t — 1) —e(x —x0)? to ¢ if necessary, we assume that W — ¢ has
a strict local minimum zero at Py. By condition (1.1), ¢+ is nontrivial in {W > 0}
and it has a smooth free boundary near Pj.

Let H be the tangent hyperplane of the free boundary of ¢ at Py. Let (v, o)
be the inward normal vector of H with respect to {¢+ > 0} with |[v| = 1. Then «
is the advancing speed of the free boundary of ¢. Note that « = § > 0 by Lemma
1.4.

Step 3. Observe that from a previous assumption we have

o = —¢/Pv(x0, 10) < Py (x0, 1),

and therefore near (xg, fo) we have the nontangential estimate

W(x,10) Z ¢4 (x, 10) > a[(x —x0) - vl + O(lx —xol»).  (1.2)
Step 4. Next we introduce the Barenblatt solutions given by the formula

2

. — 7)" x
Sx,t;7,C) =@ +1)~ """ (C - "‘(t T .E)ZA)+’

where A = (mn +2)~!,k = 1/2 and C and 7 are arbitrary. They are classical
solutions of (PME),,. Observe that C controls the size of the support of S, and t
controls the advancing speed of the free boundary of S.

Att = 1y, by the regularity of the free boundary at Py the set {x : ¢ (x, 7o) > 0}
has a space interior ball B with radius 0 < r; < d;. Note that H N {r = 1o} is
tangent to B at Py. We may replace the origin so that (0, 79) is the center of B.
Choose C, t such that supp S(x, tp) = B and the free boundary of S(x, 7) at Py has
the advancing speed «. Let H be the hyperplane with a normal vector (v, (1 —§))
such that H N {t = 1o} = H N {t = 1p}.

Since the support of § is tangent to HN{t = 1o} at Py and advancing faster
than H near Py, we have 0 < 6 < /2 such that for k = sin6 the support of
S(x,1) = kS(k™'x,k~'t) crosses H at P = (¥,7), 7 > fo. Note that T — 1
as @ — 7/2. Finally observe that suppS(x, fo) = (sin@)B C K, where K is a
nontangential space cone with vertex Py, axis e; and aperture 6. Note that 6 does
not depend on the size of ;.

Step 5. Since S(P) = 0 and S satisfies (PME),,, we have
S,/|D3|(P) = |DS|(P) = .

Due to (1.2) we can put S below W at t =1 when r is small enough. By
definition of W it follows that a translate of S crosses the free boundary of v near
the point P,, which leads to a contradiction. O
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Proof of Theorem 1.6.

Step 1. First we show the supersolution part. Suppose that there is a smooth func-
tion ¢ such that u, — ¢ has a local minimum zero at (xo, #p) in {#2 > 0}. Adding
et —tg) — e(x — xp)% to ¢ if necessary, we assume that uy — ¢ has a strict local
minimum zero at (xg, fo) N By (xg, to) for small » > 0. Then for large enough m,
along a subsequence u,, — ¢ has its minimum at (x,,, t,;) in {u,, > 0} N B, (xo, to)
with (x,,, t) = (x0, to).

Step 2. If (xg, to) € {upy > 0}, then (x,,, t,) € {u,, > 0} for large m. By definition

1
[—(q» — |D|*) — ¢A¢} Xy tm) 20
m—1

and since ¢ (xg, fo) > 0, in the limit we get
—A¢(xo,10) 20
as desired.

Step 3. Suppose that (xg,#) € d{up > 0} and (1.1) holds for ¢. If we have
max(—Ag¢, ¢; — |D¢|%)(xo, to) < 0, then for large enough m

[¢r — (m — D)pAP — |DP[*1 (X, 1) < O.

Thus (xp,, t,) € 0{u, > 0}. Moreover ¢ satisfies (1.1) at (x,,, t,,,) for large m
since ¢ is smooth in its support. This and the above inequality contradict Lemma
1.6.

Step 4. To show the subsolution part, we first observe that for each 7 > 0 and for
large m = m(T) > 0, the family of sets ({#;; > 0} N {t < T}),, are uniformly
bounded. This can be easily shown by comparing u,, with a barrier function ¢ and
using the finite-propagation property of {u,, > 0}. For example, we let p(x, 1) =
h(r(t)|x|), where h(r) = M?—r2and M large enough that ug < ¢ att = 0. Now
if we choose 7 () to satisfy (0) = 1 and r = ¢~ 3¥!, then on d{p(x,1) > 0} =
{lx| = M/r®)},

o =—r' (OMe, > 2(¢,)*.

Thus ¢ is a supersoluton of (PME),, for large m = m(T), and {u,, > 0} C
{p > 0} form > m(T)andr < T. Similarly, we can also show that {u; > 0}N{r =
0} = {up > 0}. Suppose not, and there is a point xg such that g = 0 in D>, (x¢)
and u1(xg,?) > 0 for ¢t > 0. This leads to a contradiction by comparing u,, with
o, 1) =MFr@)|x — x0|2 —r?), where M = M(r) is large enough that ug < ¢
and r(t) = 1/(1 — Mt).

The rest of the proof can be shown as in the supersolution part. 0O
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2. Comparison principle for separated initial data

Definition 2.1. A pair of functions ug, vg are (strictly) separated if

(i) the support of ug, supp(up), is a compact subset of R” and

supp(uo(x)) C Int(supp(vo(x))).

(i1) inside the support of u( the functions are strictly ordered:

up(x) < vo(x).
We represent such a strict ordering, or separation, by the symbol ug < vg.

Theorem 2.2. Let u, v be respectively viscosity sub- and supersolutions of (0.2) in
Q. If their initial data are strictly separated (uog < vo, ) then the solutions remain
separated for all time:

u(x,t) <v(x,t) fort=0.

To prove the theorem, we use sup- and inf-convolutions as in Section 1. For
technical reasons concerning semicontinuous functions, we apply inf- and sup-con-
volution twice, first in the space balls D, (x, 1) = {(y, ) : |x —y| < r?} and then in
the space-time balls B, (x, t) = {(y, s) : |[x — y|>+ |t —s|* < r2}. More precisely,
in the domain Q, = {x : [x| > 1 4+ 2r} x [r, r/§) let us define functions Z and W
as given below:

Z(x,t) =supp v U(y,s) where U(x, 1) =supp (, ,u(y, 1),
W(x,t) =infp 5 . V(y,s) where V(x,t) =infp ) v(y,1).

Note that Z, U and W, V are respectively viscosity sub- and supersolutions of
(0.2).

Suppose that u crosses v from below at some point. Then we have 0 < T < oo
such that

T =supf{t:u(x,7) <v(x,7),0 <7 <t}
Since {u > 0}N{t = 0} = {yp > 0}, v > u on dQ and u — v is upper semicontinu-

ous, we can take r, § small enoughthatr <7 <r/dand W > ZondQ, x [r, T].
Now consider the contact time

0<tg=sup{t:Z(x,t) < W(x,t)} = T.

Before proceeding to further arguments, we need the following two observa-
tions at t = 1y.

Lemma 2.3. Forany T > 0,

HZ>0t2TIN{t=T}C{Z>0;t <T}N{tr=T}.
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Proof. Suppose that the lemma does not hold. Then there is a point (x1, T) €
d{Z > 0} and & > O such that (x1, ¢) belongs to the interior of {Z = 0} for
T—h<t<T.IZ(x,T) > 0, then we can choose (x},T) € d{Z(-,T) > 0}
which belongs to the interior of {Z = 0} for T —h < ¢t < T. (Note that this is possi-
ble since {Z(-, T) > 0} is bounded.) By definition of Z there is (x2, 1) € a{u > 0}
such that

(*) thereis a cylinder C = D,(x2) X [to — h, 2] suchthatu = 0in C for ¢t < .

Moreover, at (x2, ) the set {u > 0} has a exterior cylinder C' = D, (x3) x
[t —h, t2]. Now at t = f, we can construct a strict superharmonic function ¢(x) =
o(|x — x3]) in 2D, (x3) — D,(x3) with the boundary data

¢ =supu ond(2D,) ande =0 onadD,.

-

Due to (), we can extend ¢(x, t) fortp — t <t < 1, with
o(x, 1) = (k@ — 0)(|x — x3] = 2r) + |x — x3]),

where k = (27) "' and ¢ = 0 = u for ¢ < . If we choose 7 sufficiently small,
then
¢ > kr = sup | Dg[*(x).
2D,

This choice of ¢ (x, t) leads to a contradiction since # — ¢4 has alocal maximum
in the set

2D, — D)N{u >0} x (tp —1,00] att =1,.

O

By Lemma 2.3 and Lemma 1.4, {Z(-, #9) > 0} € {W(-, tp) > 0}. Consider
Py = (x0, to), where the nonnegative maximum of Z — W is attained in {Z > 0} N
{t S 19). If Z(Py) = W(Py) > 0, at t = 1 the function Z — W has a maximum
in {Z > 0} N {W > 0}. Then using the definition of Z, W we get a contradic-
tion by the maximum principle of harmonic functions. Hence W(Py) = 0 and
Py € {Z > 0} N a{W > 0}.

Lemma 2.4. The function Z(Py) = 0.

Proof.

Step 1. Suppose that the lemma does not hold. Then Z(xg, o) > 0. By definition
there is (x1, t1) € o{u > O} with u(x1, t1) = Z(xp, to) > 0. Moreover, by defini-
tion of Z and by Lemma 1.4 there is a cylinder C = D, (x3) X [t — h, t1] such that
CN{u>0}=(x1,n).

Step 2. Letp(x, t) = ¢(x) be asmooth and strictly superharmonic function 2C — C
such that ¢ = 0 on 9,C, ¢ > 0 outside C and ¢ > u on the parabolic boundary of
2C. Since u — ¢ is positive at (x1, #1), 4 — ¢ has a positive maximum at (x3, #3) in
the set 2C — C and this contradicts the definition of u. O
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Now we come back to the analysis of W and Z at the contact time t = T'. By
Lemma 2.3 and 2.4, Py is the contact point of the free boundaries of W and Z and
Z < W att = ty. (From now on we do not need the convolution in the space ball
and therefore for simplicity we denote U by u and V by v.) By Lemma 1.3, at Py the
set {Z > 0} has an interior space-time ball of radius r, centered at P; € d{u > 0}.
Also at Py, the set {# > 0} has an exterior space-time ball By of radius r centered
at Py (see Fig. 5.)

By choosing appropriate origin and coordinates, we may assume that Py =
(0, #p) and the space projection of PoP| = djey, where ¢} = (1,0,...,0). Let us
write x = (x1, x’), x’ € R"~!. Finally, if H is the tangent hyperplane to the interior
ball of Z at Py, let us write (e1, m) as the internal normal vector to H with respect
to {Z > 0} at Py with m = tan « for some 0 < o < /2. Then m is the advancing
speed of {Z > O} and P; = (x1,#1) = (rcosw,0,%) + rsinw),0 € R,

Moreover by Lemma 1.3 at Py the set{W > 0} has a exterior space-time ball
B centered at P, € d{v > 0}, and at P, the set {v > 0} has an interior space-time
ball B, centered at Py. Note that the space projection of P, Py = dae1, dr > 0.

Lemma 2.5. The tangent hyperplane H is neither vertical nor horizontal.

Proof.
Step 1. By Lemma 1.4, m is bigger than § and therefore H is not vertical.

Step 2. Suppose H is horizontal. Then {# > 0} has an exterior ball By at P; with
horizontal tangency. Recall that by Lemma 2.3 x; € d{u(-, #;) > 0} and by Lemma
24 u(xy, ) =0.

After parabolic scaling (x, 1) — (A(x — x1), A%(t — ;) + 1), for any § > 0
we can build up a new subsolution w in the unit cylinder C; = By x [0, 1] with
P =(0,1) € 9{w(-, 1) > 0},0 € R", which takes on the value 0 on the bottom,
and less than § on the lateral boundary. Consider

¢(x, 1) = glx| + 30),
where g(r) : R™ — R is such that

g)>8, g<0ifo<r<1 and—g”—"r;lg/>0f0rr>0.

2
(For example, let g = 28(2 — r—2").)




312 INwoN C. KM
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Fig. 6.

Consider ¢+ = max(¢, 0). Since P; € d{w(:,1) > 0} and {¢(-,1) > 0} C
{|x| > 1/4}, we have sup(w — ¢+) > w(P;) = 0in C;. Observe that ® < ¢4 on
the lateral boundary and bottom of Cy. Therefore w — ¢ has a local maximum zero
in{fw>0N{tr < T}lat(x, T).

Since —A¢ = —g”" — ”r;]g >0,(x,T) € 3{w > 0} N 3{¢ > 0}. By taking
small 8, we can make g’ small enough so that

¢ — |D§)* = 1’ — (¢)* >0 ondip >0},
which contradicts the definition of w. O

The following lemma is essential for proving Theorem 2.2. The main idea of
the proof is drawn from [CV], but we state the full proof to present the role of test
functions. A nontangential cone at Py is a space cone with vertex Py, axis e; and
aperture 0 < 6 < 7 /2. Recall that we set Py = (xo, t9) = (0, tp).

Lemma 2.6. In any nontangential cone K,

lim inf M > 1. (2.1
x—0xek  m(xy))+
Proof.
Step 1. It will be convenient to displace the ¢ axis so thatt; = 0, P = (x1, ) =
(rcosaer, 0) and Py = (xo, %) = (0, —r sina). Suppose that (2.1) is not true.
Then there is a sequence of points A, = (x1,, x;,) converging to 0 € R" and lying
in a nontangential cone K such that

Z(0n) Em(l —¢g)(x1,)T  forsomee > 0 (2.2)
with O, = (A,, f9). By definition of Z we have
u=m(l—e)xi)™ in Br(Qn).

Besides, u = 0 in By. Moreover, since v = 0 at P,, at time f¢ the function
W = 0 in the space ball B’ of radius 0 < d < r — 8t centered at Q' and tangent
to H at (0, t9). Since Z < W at ¢t = 1y so does Z. By definition of Z we conclude
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Fig. 7.

that u = 0 in the set ¥ : union of the space-time balls of radius r centered at the
points of B’.

Step 2. As a consequence of both estimates above and taking x1, = A > 0 small in
(2.2) we conclude that there is a set L = L, in space-time as portrayed in Fig. 7
where u < ) =m(l — &),

Moreover, the boundary of L, contains a concave part closer to the origin,
which is a piece of the boundary part of ¥ containing the point P, and there we
have u = 0. The farther boundary part of L, is formed by a piece of the sphere
S, (Q3), boundary of B, (Q;) where u < p;. From a straightforward computation
it turns out that L; is of depth A and width O (+/A) in space. Observe that ¥ contains
B with 8% N B; = {P1).

Step 3. Consider a smooth function ¢ such that

>0 outside Bj,
¢Lx. 1) {: 0 on 9By,
—A¢p >0 outside Bj, (2.3)
d(x,t) =@, 1) where r = |x]|,

¢ =m(l —¢g/3) atP.
Since Bj has the outward normal vector (e1, m) at P;, we have
& /IDP|(P1) = m > |D@|(P1) = ¢ (P1) = m(l —¢/3).

(See Appendix A for the construction of ¢.)

We compare ¢ withu in L) ; = LN {—7 < ¢ < 0}. First we compare them on
the boundary of L, ;. Since X contains Bj, ¢ = 0 on 9%, and thus ¢ is above u
on X.

Next we compare them on the other part of the boundary, S,(Q;)N{—-1 <t <
0}.

Claim 1. For 1, © > 0 (let et = )\) small enough compared to ¢,

d=m(l—e)r on S, N{—t<t=0). (2.4)
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Proof of the claim. By definition, S, consists of points (x, #) such that
Ixi — A2+ |x — kA)? + (¢ + rsine)? = 2
with k : bounded independently of A. Then for d; = r cos«
x> = x7 4+ ()2 = d} + 2x14 4 2kx'n — 2tr sina — A2(1 + k)e2.

Note that r sine = dym. In the first approximation we have x; = d; + A and
x’ = O(¥/}) from the previous argument. Therefore up to terms of higher order in
Aand —7 < ¢t < 0 we have

x| =di + X —mt +o()).
Moreover,

¢ ((d1+1 —mbler, 1) = ¢((d1 + Vei, 0)+1(—me,+¢) (di1 +1)er, 0)+ O (1%)
= ¢((d1 +1)e1.0)+t (—me, +¢)(dye1, 0)+ O (tA) + O (1)
= A, (die1,0) + 002, T, T°)
=m(l —¢g/3)L+o0(1)
>m(l —e)X for small enough A.

O
Hence at each time ¢ € [—7,0], ¢ = u on 9L, ; for small A and therefore
d) 2 u in L)\’T.

But then u — ¢ has its maximum zero at P in Lj . Since L;_; is aneighborhood
of Pyin {u > 0} N {0 < ¢ < 11}, by definition of u we need

min(—A¢, ¢, — [D|*)(P1) £ 0,
which is not true. O

Proof of Theorem 2.2.

Step 1. At P, = (xp,1), forany 0 < rp < dp the set {x : v(x,t) > 0} has an
interior space-time ball B, with radius r; (see Fig. 8). Note that by definition B,
has the outward normal vector (e, m — §) at P>, i.e., B, has the advancing speed
(m — 8) at P,. Since Z < W att = g, by Lemma 2.4 and the definition of W, for
any g9 > 0 we can choose r; such that 0 < r, < dp and

m(l —eg)d(x,0By N{t =s}) <v(x,s) for(x,s)e By. 2.9

Step 2. Take 0 < g9 < &/2 and consider ¢ such that

> 0 outside B>,
o0 {:o on 9B,
—Ap <0 outside § B, (2.6)
px, 1) = @(r, 1),
or =m(l — &) ond[By N{t =1}l
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Fig. 8.

(See Appendix A for the construction of ¢.) Here r = |x — C|, C being the
space projection of the center of B,. Since Bj has the advancing speed m — § at
t = tp, we can choose t so small that

—@i/or <m(1—8/2) < —¢, on 0ByN{nr—1t <1t < ). 2.7

Step 3. By (2.5) and the last condition of (2.6), for small 7 there is 1/4 < r < 1
such that

px, 1) <v(x,t) on drB)N{n—1<1t<nl (2.8)

Since ¢ = 0 < v on By, by the maximal principle of harmonic functions v —¢ = 0
on By —rBy forty — t £t < 1. Thus the function v(x, ) — ¢(x, t) has a local
minimum zero at P; in the closure of X,, where

Yo=(By—rB)N{nn—1 =t =0}
However, by (2.6) and (2.7) we have
max(—Ag, ¢ — |Dg|*)(Py) <0,

which leads to a contradiction. O

3. Uniqueness and existence results

Due to Theorem 2.2 and the scaling properties of (0.2), we now complete the
comparison principle as below. For a real-valued function f(x, t) we define

f(x,t): lim+ sup  f(x,s); Z(x,t): lim inf f(x,s).

"
e 1 <s<t+4s e—>0% r—e<s<t

Theorem 3.1. Let u, v be respectively viscosity sub- and supersolutions of (0.2)
in Q with initial data uo(x), vo(x). Suppose that {vy > 0} is bounded, vy €
C'{vy > 0}) and

Dol 20 on  d{vy = O}. 3.1)
If ug < v, then

u(x,t) S ov(x,1); ulx,t) Zvx, 1) for t=0.
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Proof.
Step 1. For ¢ > 0, define

ve(x,t) = (1 +e)v(x, (1 4+ &)t +¢).
Then v, is also a viscosity supersolution of (0.2) with the initial data
ve(x,0) = (1 4+ 8)v(x, &).

Step 2. From (3.1) it follows that the initial free boundary of v expands with strictly
positive speed | Dvg|. Moreover v is harmonic in {v > 0}, and thus vg < v(:, &) for
any ¢ > 0. Hence for any ¢ > 0 we have uy < v.(-, 0), and from Theorem 2.2

ulx,t) Svg(x,t) for t=0.
Now we conclude by sending ¢ — 0. O

Remark. If vj is a superharmonic function in {vog > 0}, by standard barrier argu-
ments (for example, see Chapter 2 of [GT]) it turns out that v satisfies the condition
(3.1) if {vg > 0} satisfies the interior-ball property on its free boundary (in other
words, if {v > 0} has interior-ball property at every point on its free boundary).

Corollary 3.2. Let u, v be viscosity solutions of (0.2) with initial data vo given as
in Theorem 3.1. Then u = v and u* = u.

Due to Theorem 3.1 we can prove the following result. Recall that in our initial
setting the boundary of €2¢ has two components I'y and I'g, where ugp = f > 0 on
I't and ug = 0 on I'y.

Theorem 3.3. Let u,, (x, t) be the viscosity solution of (PME),, with u,,(x,0) =
uo(x), where up(x) has a compact support with

—Aug =0 in Qo,

|Dug| >0 onTy. 0.4

Consider uy, uy defined as in Theorem 1.6. Then us is the unique viscosity
solution of (0.2) with the initial data ug. Moreover, uy = uj.

Proof.

Step 1. Let uy, up be defined as in Theorem 1.5, where u,, (x, 0) = ug(x). Accord-
ing to Theorem 1.5, u; (u») is a viscosity subsolution (supersolution) of (0.2). We
claimthat u1 = up = f on dQ and u; = up = up att = 0. The following lemma
is easily deduced from the definition of u1, u> and the stability property of the
viscosity solutions (see [CIL]).

Lemma 3.4. The functions u1, us satisfies the following inequalities in the viscosity
sense:

min(u; — ug, —Auy)(x,0) <0,
min(u; — f, —Au;) £0 onx eIy,
max(up — ug, —Auz)(x,0) =20 if us(x,0) > 0,
max(uz — uo, —Auz, u2); — |Duz*)(x,0) 20 if uz(x,0) =0,
max(up — f, —Aup) 20 onx €TI7y.
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Remark. In the lemma the partial differential equations on u1, u; are used in the
viscosity sense. For instance, the first inequality means that, if u; > ug at x = xo,
then for smooth ¢ that has a local maximum of u(x,0) — ¢(x) at x = xp in
{u1 > 0} we have —A¢ (xp) < 0.

Step 2. We apply Lemma 3.3 to show that u; = up = fonx e 'fandu) = up =
upatt = 0.

Suppose that for some xo € I'1 we have ui(xo, fo) > f(x0, fp). Consider a
smooth function ¢: C?({1 < |x| < 2}) solving the following Dirichlet problem:

p=rzf on Ty={lx|=1}
¢ =M =max;y=1f on ({|x|] =2}, and
—A¢p =1 in {l <|x| <?2}.

where f¢ is C3 in the neighborhood of I'y, and ¢ — f locally uniformly as
e — 0. In fact ¢ is C2 up to the boundary I'; (see [CC]).

Since u; £ M, by the maximal principle of harmonic functions u (x, 1) — ¢ (x)
has its positive maximum in {1 < |x| < 2} x [0, #9] for small . But this contradicts
Lemma 3.3. We showed that u; < f on x € I'y. Since u;, = f onx € I'y for all
m, we get u; = f, and thus we conclude that u; = f on Q. Similarly we can
also prove that up = f on Q.

Step 3. Next suppose that uj(x,0) — ug(x) has a positive maximum at x = x.
Since the initial free boundary of (u,),, moves with the normal velocity | Duy|, it
is easy to see that {u1(x, 0) > 0} = {up > 0}. If x9 € int{up = 0}, then it contra-
dicts the fact that u; is subharmonic in a neighborhood of xq. Thus xo € {#g > 0}.
Let u = Dug(xg) € RN Then there is a sequence (xg, y¢) — (xg, xp) where the
function

uy (x,0) — up(y) — e Hx —y +eul?

has a positive maximum in {ug > 0} x {ug > 0}.
By continuity of ug, for small &, u1(x., 0) > ug(xe) = 0, and thus

—Aui(xg, 0) = 0.

Moreover, since |x; — ys+ep| = 0(e2), we have ug(ys) = uo(xg)+eu’+o(e) > 0,
and thus
—Augp(ys) =0 forsmall & > 0.

Now a standard viscosity-solutions argument (refer to Lemma 3.2 in [CIL])
leads to a contradiction as & goes to zero. We proved that u| < ug, and therefore
up = up.

Step 4. Finally suppose that u#>(x, 0) — uo(x) has a negative minimum at x = x.
Note that uy(xg) > O in this case, since up = 0. If —Auy(xg) = 0, then we pro-
ceed as above to make a contradiction. If not, then u;(xg, 0) = 0 and there is a
smooth function ¢ (x, t) such that up — ¢ has a minimum at (xg, 0) and —A¢ <
0, ¢; — |D$|* = 0 at (xo, 0). This leads to a contradiction since then for any A > 0
uy + At — ¢ has a minimum at (xg, 0) and we have

(¢ — |DI*)(x0,0) = A.
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Step 5. Thus uy = ug. Now we can apply Theorem 3.1 to show that u; < u; and
u < up, which means that

uy=uy and wupy=u. O
Theorem 3.5. Let I'g be a closed C' hypersurface in Q. Then for given continuous
boundary data f(x) > 0 on I'y, there exists a unique viscosity solution of (0.2)
with its initial free boundary Ty and its initial data uq satisfying (0.4). In fact for
any viscosity solution u of (0.2), its initial data uy is a viscosity solution of

—Aug=0 in {ug > 0}.

Proof.

Step 1. We prove the second assertion first. Suppose we have a viscosity solution
of (0.2) with initial data u( and take a positive time sequence t, — 0 as n — oo.
Then by definition of u we have

uo < liminf u(x, t,,) < limsupi(x, t,,) < ug,
n—00 n—00

and thus the sequence u, (x) = u(x, t,) and i, (x) = u(x, t,) uniformly converges
to ug(x). Since —Au, (x) = 0 and —Ai,(x) < 01in {u, > 0} for each n, we can
conclude by the stability property of viscosity solutions.

Step 2. Recall that ©( is a subset of 2 such that 329 = I'g U I'y. Since I'g, I'y is
C!, we can solve the Dirichlet problem

—Aug =0 in Qo,
up=f inly,
up=0 onTly.

Due to the regularity of I'g, the set {ug > 0} has the interior-ball condition on
its free boundary and thus condition (0.4) holds. Now we apply Theorem 3.2 to
obtain the unique viscosity solution of (0.2). O

For aclosed C! hypersurface g in {x : |x| > 1} and a positive continuous func-
tion f on 'y, let (g, f) = int{x : u(x,t) > 0}, where u(x, t) = u(lo, f; x,1)
is the unique viscosity solution of (0.2) in Theorem 3.4 . From previous arguments
we have the following results for €2;:

Corollary 3.6. 3
(@) If Qo(To, f) C Q20(Lo, ), then

Q (Do, f) C Q(To, f) fort 20.
®If f(x) > gx) > 0, then

Q:(To, g) € Qi (T, f) fort>D0.
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Proof.
Step 1. For (a), observe that ug(Iy, f) < uo(Do, f) by the maximum principle of
harmonic functions. Now (a) follows from Theorem 2.1.

Step 2. For (b), there is an € > 0 such that f > (1 4 €)g on I'y. For this ¢ define
ug (Lo, g3 x, 1) = (1 + &)u(To, g5 x, (1 + &)1). (3.2)

Since |Du(x,0)| > 0 on I'g (see the remark below Theorem 3.1), the initial
free boundary expands immediately and thus we have

Qg, g;x,0) S Q(T0, g:x,(1+e)) foreveryr = 0.

On the other hand, note that u.(I'g, g; x, 1) = u(I'o, (1+¢)g; x, t). From (3.2)
and (a),

Qf(F07 8 X, (] +8)t) = QI(F07 (1 +8)g1 X, t) C QZ(F()s f! X, t)

and hence we conclude the proof. O

4. The Stefan problem

In this section we study the Stefan problem (0.3) stated as below:

u;— Au =0 in {u > 0},
u; — |Dul> =0 on d{u > 0}, “.1)
u(x,0) = ug(x).

Definition 4.1. (1) A nonnegative uppersemicontinuous function z in R” x [0, co)
is a viscosity subsolution of (4.1) if (i) u(x,0) = ug, (i) {u >0} N {r = 0} =
{uo > 0} and (iii) for ¢ € C>1(Q) that has a local maximum of

u—¢infu >0} N {r <1l N QO at (xo, ty),

@ ¢ — Agp(x0,10) =0 if u(xo, 10) > 0,
(b) min(¢; — A, ¢ — |D$|*)(x0, 10) S0 if (xo, t) € d{u >0}
and u(xg, t9) =0.

(2) A nonnegative lowersemicontinuous function v defined in Q is a viscos-
ity supersolution of (4.1) if v(x,0) = ug and for ¢ € C>!(Q) that has a local
minimum of

v—¢in{v>0}N{r <1} N QO at (xg, o),

@ ¢ — Ad(x0,70) 2 0 if (x0, 1) € {v > O},
(b) If (xo, t0) € d{v > 0} and if (1.1) holds, then

max(¢; — Ag, ¢ — |D$|*)(xo, fo) = 0.

(3) The function u is a viscosity solution of (4.1) if u* is a viscosity supersolu-
tion and u, is a viscosity supersolution of (4.1).
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Theorem 4.2. Let u, v be respectively viscosity sub- and supersolutions of (4.1) in
Q0 x (0, o0) with strictly separated initial data uy < v in Q2. Then the solutions
remain ordered for all time:

ulx,t) < v(x,t) fort=0.

As before, in the domain Q, = {x : x| > 1 4+ 2r} x [r,7/§) let us define
functions Z and W as

Z(x,t) =supg x.nU(y,s) where U(x,1) =supp (., u(y,1),
W(x,t) =infg _;,.n V(y,s) where V(x,t) =infp ¢ nv(y,1).

Note that Z, U and W, V are respectively viscosity sub- and supersolutions of
(P). Since up < vp and u — v is uppersemicontinuous, Z < Watt = r if r is
small.

Suppose that u crosses v from below at some point. Then we have 0 < T < oo
such that

T =supfr : u(x,t) < v(x, 1)}

Since {# > 0} N{r =0} = {up > 0}, v > uon dQ and u — v is upper semi-
continuous, we can take r, § small enough that r < T < r/§ and W > Z on
00, N [r, T]. Now consider the contact time

0<tg=sup{t:Z(x,t) < W(x,t)} <T.
Lemma 4.3. Forany T > 0,
HZ>0tZ2TIN{t=T}C{Z>0;t<TIN{t=T}.

Proof. Suppose the lemma does not hold. Then there is a point (x;, T) € 9{Z > 0}
such that (x1,t) belongs to the interior of {Z = 0} for T —h < ¢t < T.If
Z(x1, T) = 0, then we proceed as in Lemma 2.3 to conclude. If Z(x1, T) =6 > 0,
then

(x) there is a cylinder C = D,(x1;) x [T — h,T] such that Z = 0 in C for
T—hz2t<T.
Now for T — h <t < T we can solve the heat equation for ¢(x, t) in D, (x1)

with the boundary data bigger than Z(x1, T) on d D, and with ¢(x1, T —h) < §/2.
Now if 4 is small enough then ¢ (x|, T) +8h < & and we have a contradiction. O

Due to Lemma 4.3, {Z(-, tp) > 0} € {W(-, fy) > 0}. Moreover from Lemma
4.3 and by a barrier argument we can easily show that the set {Z > 0} N {r < 1o}
is bounded, and thus at t = £y the intersection d{Z(-, t9) > 0} N I{W (-, 1p) > 0}
is nonempty. By the maximal principle of the heat equation and by a parallel result
of Lemma 2.4, we can show that Z < W at t = 1.

Now to apply barrier arguments as in Theorem 2.2, we only have to choose
appropriate test functions, which are essentially (local) smooth sub- and superso-
lutions of (4.1). For the construction of such functions, refer to Appendix B.

Next we proceed to the comparison result for general initial data. For the Stefan
problem, the scaling property of the Hele-Shaw problem (0.2) does not hold, and
therefore more careful analysis is required to prove the following theorem. Let v
be defined the same as in Theorem 3.1.
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Theorem 4.4. Let u, v be respectively viscosity sub- and supersolutions of (4.1) in
Q with initial data uo(x), vo(x). Suppose that vy satisfies

vo € C2({vg > 0}) and — Avy > 0 on d{vy > 0}. (4.2)

If ug < v, then
usv fort=0.

Remark. Observe that from Theorem 4.2 and from the standard viscosity theory
(for example, see the proof of Theorem 4.6) the functions

U(x, t) = sup{a(x, t)|a : a viscosity subsolution of (4.1) with a(x, 0) < vo(x)}
and
V(x, 1) =inf{B(x, 1)|B : a viscosity supersolution of (4.1) with vo(x) < B(x, 0)

are respectively the maximal and minimal viscosity solutions with initial data vy (x)
with U = U* and V = V. Therefore it is enough to prove the theorem when
u = U and v = V. In the following proposition we first prove that the free bound-
ary 0{v(-,t) > 0} strictly expands. Then we use the main idea of the proof of the
proposition to prove Theorem 4.2.

The condition (4.2) is to guarantee the smooth behavior of v at + = 0. The
formula (4.2) can be replaced by the short-time existence of a classical solution of
(4.1) with initial data vo. Note that the condition (4.2) implies (3.1) if the initial
free boundary satisfies the interior-ball condition.

In the following proposition we first prove that the free boundary of a viscosity
solution strictly expands. Then we use the main idea of the proof of the proposition
to prove Theorem 4.2.

Proposition 4.5. Let v be a viscosity solution of (4.1) with initial data vy, where
(3.1) and (4.2) hold for vy. Then the free boundary of v strictly expands, i.e.,

[0 1) > 0} CC {ve(, 1 +5) >0} ift =0, s> 0.

Proof.
Step 1. Suppose this is not the case. Then there is T < oo such that T = inf{s €
M}, where

M= {s:3{v*(C,s) > 0} Na{ve(-, s +&) >0} £0for0 < ¢ < g9 = &(s)}.

Note that by (3.1), T > 0.
For simplicity we first assume that 7 € M and ¢(T) = g > 0. Observe that
for § > 0 and for @ = «(§) satisfying

v(x,0) < (1 +a)ve(x, &) for0 <e <6,

we have v*(x,1) < (1 + @)ve(x,t 4+ ¢) forr < T,0 < & < § by the maximum
principle of heat equation.
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Step 2. Now consider the function
w(x, 1) = (1 + )vilx, (I + )1 — )

where o = a(gp) and B is such that (1 + «)T — 8 = T + o (see Fig. 9.) Take ©
so small thatatt = T — v we have t < (1 + a)t — B, and thus v*(x, T — 1) <
w(x, T — 7). Observe that w satisfies

w;— (1 +a)Aw =20  in{w > 0},

max(w; — (1 + &)Aw, w; — |[Dw|?) =0  on d{w > 0}. “3)

Take r > 0,0 < § < r small enough that

W(x.t) = inf w(y,s)
st (x,1)
and
Z(x,t) = sup v*(y,s)
B, (x,1)
satisfies Z < Wy att = T — 7. By definition, Z crosses W from below at T — t <
t S T.If Z crosses W with Z = W > 0 at ¢ = 1y, then for

W, = Binf 1+ a)ve(x, 4+ y)
r—8t
with y such that fg +y = (1 + a)t9 — B (see Fig. 6), Z — W has a local maximum
zeroatt = fpin{Z; > 0}N{r < 1p}. Observe thatfor T < < 1y, the free boundary
of Z does not cross Wy since t +y > (1 +a)t — B for t < 1y. But this contradicts
the fact that Z; — W is a subsolution of the heat equationin {Z; > 0} € {W;, > 0}
forT —7t <t <.

Step 3. Thus the contact point is on the boundary: in other words, W and Z intersect
at Py = (xo, fo) on the free boundary with Z < WforT —t <t =1y £ T. Thus
we expect the free boundary of Z to advance faster than that of W at the contact
point Py. But roughly speaking, the free boundary of W advances with speed larger
than |[DW| + &, whereas that of Z advances with speed smaller than |DZ|. This

S=1/s=t+Y

s=t+0,

s=(l+a)-B

t=T-7| Sl

Fig. 9.
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implies that |[DW| < |DZ|, which contradicts the fact that Z < W for ¢ < 1.
Following the steps of the proof for Theorem 2.2, a contradiction occurs if there is
a corresponding test function for (4.3) to compare with W. Such test functions can
be built with a slight modification from the construction in Appendix B. Now we
proceed as in the proof of Theorem 2.2 to conclude.

Step 4. To prove the general case, i.e., when T ¢ M, we argue at time ¢ = T instead
oft =T andreplacet =T — t byt = T, where Ty is given as

Ty = inf{s : (v (-, 5) > 0} N 9{ve(cys +8) > 0} # 0).

(For details refer to the proof of Theorem 4.4 below.) To apply the above arguments
we only need to show that if § is small enough then there is ¢ > 0 such that

vo < (1 +a)ve(x,e) forO0<e <6, and o|T — Ts| < 8. “4.4)

This is always possible if Avg = 0, since then the interior regularity of v at
t = 0 and straightforward computation implies that we can choose & = 0(§). Thus
we assume that Avg is negative at some point and therefore at that point v is decreas-
ing. Let x = x(8) be the point where v, (x, §) — v(x, 0) has its negative minimum.
Note that by (4.2) v strictly increases near the free boundary for 0 < ¢ < 7 for
small t and thus vg(X) > co for small §, where ¢ is independent of §. Now if we
take § so small that |T — Ts| < 1/4M, where M = —«k/co > 0 and « is the strictly
negative minimum of Avg, then o = 2M ¢ satisfies (4.4). O

Now we turn to the proof of Theorem 4.4.

Proof of Theorem 4.4.
Step 1. As mentioned above, it is enough to consider the case when u = U and
v = V. (In particular v(x, 0) = u(x,0) = vp and v < u.) For given §, take ¢ > 0
so that

vo(x) < (1 + a)vg(x,8) for0 < e < 6.

Step 2. Let
vs(x,t) = (1 +a)v(x,t +9).

Suppose that u crosses v from below at # = T. Then for small § > 0, u crosses
vs at Py = (x5, Ts), where T < Ty.

As shown above, we can choose § small enough so that ¢ (75 — T) < §. As in
Lemma 4.3 we consider

wx,t) =vs(x, (1 4+ o)t —aTy).

Step 3_. Then u(x, T) < w(x, T_) and w crosses u from above at P = (%, T) with
T <T<STs.Ifu=w>0at P, then

fx,)=u—(1+a)vx,r+y)=0 atP,

where y = y;s is chosen to satisfy f(x,7) = (u — w)(x,1) att = _T Note that
f is a subsolution of the heat equation in the domain {# > 0} x (7, T']. From the
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choice ofgc and by the fact thaty < 8, u < (1 + o)v(x,t + y) att = T. Also for
T<t<T,wehave 1+ a)(t —T)+ T + 6 <t + y and thus

{fu(x,t) > 0} C {w(x,1) >0} C {v(x,t+y) > 0}.
This and the maximal principle of the heat equation lead to a contradiction.

Step 4. Henceu = w = 0O at P, i.e., the contact point is on the free boundary. Now
we proceed as in Proposition 4.5 to get a contradiction, observing that # and w have
the same motion law on the free boundary. O

Corollary 4.6. If u,v are lowersemicontinuous viscosity solutions of (4.1) with
initial data v, then
u=v andiu =u*.

Theorem 4.7. Let I'g be a closed C1' hypersurface in R" and let Qg be the region
bounded by T'y. Then there exists a unique lowersemicontinuous viscosity solution
v of (4.1) for given initial data ugy = 0 with {ug > 0} = Qg and with the condition
4.2).

Proof.

Step 1. We apply Perron’s method to show the existence part. First consider W: a
solution of heat equation in Qg = ¢ x (0, oo) with initial data u(y and zero on
the lateral boundary. Then W(x, ¢) is a supersolution of (4.1) since ¥; — |D1/f|2 =
—|D¥ |2 < 0on d{¥ = 0}. Let

U = sup{z : z is a subsolution of (4.1), zop =ugand ¥ < z}.

From barrier arguments at each point on I’y we can easily check that U*(x, 0) =
uo(x) and {U* > 0} = {up > 0}. Since U is a supremum of viscosity subsolutions,
it follows that U* is a viscosity subsolution with initial data uo. Hence by definition
of U we have U = U™,

Step 2. Next we claim that

Ui.(x,t) = liminf U(y, s) is a supersolution of (4.1).

(y.$)=>(x,1)

Since ¥ < U, we get U, = ug. We only have to show that U, is a supersolution
on the free boundary of U,. (For the arguments in the interior of positive set see
for example [CIL].) Suppose this is not the case. Then there is a smooth function

G(x, 1) =s(t —10)+ < p,x —x0 > +1/2
< X(x — x0), x — x0 > Fo(jx — xo|* + |t — 1)),

where (s, p, X) € R x R" x §" such that U, — ¢ has its local maximum zero in
(U, > 0}N{r 19} N Q at (xq, ty) € 3{U, = 0}, ¢ satisfies (1.1) and

s — |p|2 >0 and — traceX > 0. 4.5)
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Here S” is the set of n x n symmetric matrices. Then, by (4.5) and (1.1), the function
Us,y (x, 1) = ((x, 1) +8 = y (Ix — x> + |t — 101*))+

is a supersolution of (4.1) in B, = {(x,1) : |x — xo|> + |t — 10)*> < r?} for all
small r, §, y > 0. Note that by (1.1), we can choose § = §p > 0 such that U=0
outside {U > 0} U B, /. Finally, observe that by definition there is a sequence
(xn, t) = (x0, to) such that U (x,, t,) — U(xp, tp) and thus

=8 = 1im (U(xn, tn) = U(xn, tn)) 2 U0, 10) = U (x0, 10).

Hence we have a bigger subsolution U if we let

max{U, U} if |x — xo|2 + |t — to|*> < r2,
U(x) otherwise.

Uz(x) = {

with U, = U on 0 Q for small r. This contradicts the definition of U.

Step 3. By Theorem 4.4 we obtain Ux < U,, and therefore U* = U, = U.* and
v = U, is our desired solution. 0O

Appendix A. Construction of 7, ¢ and ¢

Here we construct our test functions in Section 1 and Section 2, based on a
space-time ball B. For simplicity we set B: a unit space ball centered at the origin.
First we construct ¢ in the proof of Lemma 2.4 based on B = Bj: a space-time
exterior ball of d{u > 0} at P;. We will specify later that we also construct A
in the proof of Lemma 1.3 with a slight modification. For convenience we may
assume that By = B1(0, 0) is a unit space-time ball centered at the origin, with
P1 = (cosaeq, sina) € dB; for some 0 < o < m/2. Note that in this case we
have m = tana > 0 as the advancing speed of d{u > 0} at P;.

At first we solve the ordinary differential equation

n—1

&rr + ¢, =0, wherer > 0.

,
Then we get ¢po(r) = —Inr if n =2 or ¢o(r) = r2"ifn > 2. Forr > 0, let

Inr —r! if n=2,

o1(r) =

2 — 2 —plon if n>2.
For x € R", let
1 .
$2(x) = o1 ((x} 4+ --- +x2)2)  outside }‘Bl (0).
then forr = 1/4, ¢, > 0 and

n 1 —1—n
—Adp = —P1.r — o1 =m—Dr > 0.

r
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Since ¢ > 0 on d JTB] (0), we can extend ¢, to }‘81 (0) so that

> 0 outside B;(0),
$2(x) =0 on3dB;(0),
< 0 inside B{(0).
Now to extend it to the space-time ball B1(0, 0)/{t = %1}, define

X

¢(x, 1) =p(——), -1 <t <L
V1—12
After multiplying by a constant depending on m, for given ¢ > 0 we get

>0 outside Bj,

¢(x, 1) =0 on dBj,
<0 inside B,

$(.0) = (1),  wherer = x|, A-D

—A¢p >0 outside ‘—11BU,

¢r =m(l —¢/3) ondB;N{t=sina}.
In particular at Py,

b 4
¢ 1Dl

Thus ¢ is a local supersolution of [ H S] near P;. For constuction of z in Lemma
1.3, instead of the last condition in (A.1) we put

m > ¢, = |D¢| > 0.

O<¢><i]nfv on}—ll_?.
B

IS

(This is possible since v > 0 in B.)

Next we set B = B5 as in the proof of Theorem 2.2, where B; is the interior
ball of {v > 0} at P, € d{v > 0}. Recall that at t = t,, B, propagates with nor-
mal velocity m(1 — §). By letting ¢ = —¢ and multiplying by a constant, we can
construct ¢ such that

> (0 inside B,
o(x, 1) =0 ondB,
< 0 outside B.
—Ap <0 outside A—I‘B, (A-2)
px,t) =@(rt), where r = |x]|,

—@or =m(l —gg), e <8/4 ond[BN{t=rn}

Observe that at t = 1y = sina,

Pt Pt
—— = =m(l —§/2).
¢r D¢l
Thus for ¢ > 0 small enough and 0 < g9 < §/2 we get

_@

s

<m(1—-58/2) <—¢, ondBN{n—1=1t=<1n).
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Appendix B. Test functions for the Stefan problem

Here the test functions used in Section 4 are constructed. Observe that for the
supersolution part, for m > 0, the advancing speed of the free boundary at Py, we
can simply use the same function ¢ constructed in the previous section, since we
have ¢; = m|D¢| > 0 at Py and thus ¢y — A¢ > 0 in {¢ = 0} in a neighborhood
of P;.

Therefore we only have to construct a local subsolution ¢ in a neighborhood of
Py = (x2, 1) € a{v > 0} for the proof of Theorem 4.2. Recall that at P, {v > 0}
has an interior space-time ball B, with its advancing speed m — §. We consider S
such that

ry t+mis
SN{t=tp+s} = — B,
r
where rq is the radius of B, m; = m — §/2 and B, where B = B, N {t = t,}. Note
that S N [, — 7,5] € By for small T > 0. Let ¢(gx,t) = ¢(r — m1t), where
r = |x — c|, c is the center of B, and solve for ¢; — Ap < 0in S — 1/4S. For
convenience, we take ¢ = 0, r; = 1 and r, = 0. Then we get

Q(x.1) = @o(r —mit) + (> — (mit + 1)?),
where ¢ > 0 and
1
(po(r)=/ s' e ds.
r

After multiplying by a constant, for small ¢ and for ¢ € [, — 7, 2], we get

o(x. 1) {>0 insideS—A—ILS,
’ =0 onadS.
o —Ap <0 outside 15, (B.1)
ox,t) =@, t), where r = |x|,

—or=m(l —¢gg), & =<8/4 ondSN{t=rn}
Note that for small T we have
@/IDpl <my; < —p, ondSN{n—1=t=n}

Now we proceed the same as in the proof of Theorem 2.2 to show that for small
riwehave p Svon(§S—rS)N{t; —t <t £ 1} Thus @ crosses v from below at
P>, and this leads to a contradiction since ¢ is a (strict) local subsolution of (4.1).
o
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