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Abstract

We consider here the problem of deriving rigorously, for well-prepared initial
data and without any additional assumption, dissipative or smooth solutions of
the incompressible Euler equations from renormalized solutions of the Boltzmann
equation. This completes the partial results obtained by GOLSE [B. Perthame and L.
Desvillettes eds., Series in Applied Mathematics 4 (2000), Gauthier-Villars, Paris]
and LIONS & MASMOUDI [Arch. Rational Mech. Anal. 158 (2001), 195-211].

1. Introduction

The present work establishes the convergence of appropriately scaled families
of DiPerna-Lions renormalized solutions of the Boltzmann equation towards solu-
tions of the incompressible Euler equations for well-prepared initial data. In [6] or
[13], this was done by using an energy method and assuming:

(i) the local conservation of momentum, which is not guaranteed for the renormal-
ized solutions of the Boltzmann equation;
(i) some control on large velocities.

In [17], LIONS & MASMOUDI have developed an argument based on the study of
a defect measure governed by a transport equation, in order to remove completely
assumption (i).

In the present paper, we show how to circumvent the need for assumption (ii):
the new estimates on large velocities use in a crucial way the dissipation control
given by the H Theorem. They come from a combination of the arguments of [18]
used to derive the incompressible Euler limit from the BGK (Bhatnager Gross
Krock) Boltzmann model, and the ideas of [14] used to study the Navier-Stokes
asymptotic of the Boltzmann equation.
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1.1. The Boltzmann equation

In kinetic theory, a gas is described by a function F = F(t, x, v) 2 0, usually
called the “distribution function" or the “number density", measuring the density
of gas molecules which at time € R, are located at x €  C R? and have
instantaneous velocity v € R?. If the dimension of the ambient space d = 3, the
collisional model most commonly accepted is the Boltzmann one, which has been
rigorously derived by LANFORD for large systems of particles [9]:

&F+v-VoF =B(F, F) (1)

where B(F, F) is the Boltzmann collision integral. This collision integral acts only
on the v-argument of the number density F and is given by the expression

B(F, F)(t,x,v):f/ (F'F{ — FF)b(v — vi,0)do dvy, ()
S2xR3
where the terms Fi, F' and F| designate respectively the values F(z, x, v1),

F(t,x,v') and F(t, x, v}), with v" and v given in terms of v; € R} and o € §?
by the formulas

, v+v o |v—uy] ,  v+uv Jv—uy]

= Zo,vl_z—za, 3)
which ensure the conservation of momentum and kinetic energy for each binary
collision between gas molecules (of like mass).

The collision kernel b = b(z, o) is in general an a.e. positive function defined
on R? x §? which encodes whichever features of the molecular interaction are rel-
evant in kinetic theory; it depends only on |z| and |z - o|. Moreover, it is supposed
to satisfy the weak cut-off condition of DIPERNA & LIONS [10],

a1+ |v|)72/ /2 b(z+v,0)dodz — 0as |[v]| = 400 forall R > 0 (HO)
|z|<R JS

as well as
/ b(z,0)do < kp(1+|z>), z € R®  for some kj > 0. (H1)
SZ

This second condition holds for all hard cut-off potentials in the sense of Grad (see
[8, 15]), in particular for cut-off Maxwell molecules and for hard spheres.

The solutions of the functional equation B(F, F) = 0 are Maxwellians, i.e.,
functions of the form

_ |v—u\2

Mpu0) (V) = “4)

_r_ .
(270)3/2
for some p > 0,6 > 0 and u € R3. In particular, global Maxwellians are equi-
librium states for the inhomogeneous Boltzmann equation. Below, we shall always
use the notation M as an abbreviation for M o 1).
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From now on, we are concerned with the Cauchy problem on R} x T3 x R}
(where the spatial domain T> = R>/Z> has no boundary), for a scaled variant of

(1):
1
e F.+v-V F, = 8—qB(F, F), t>0, (x,v) eT> xR?,
Fe(0,x,v) = F"x,v), (x,v) e T>xR?, 5)

where ¢ > 0 designates the order of magnitude of the Mach number and ¢4 (¢ > 1)
the order of the Knudsen numbe;r (see [1, 2] for a detailed discussion on these ques-
tions of scalings), and where F." 2 0 a.e. is a family of measurable functions such

that
supl ff Fin log an — F" 4+ M |dvdx < +oo. (6)
>0 82 : M ‘

Define i : z €] — 1, 4oo[—~ h(z) = (1 4 z)log(l 4+ z) — z. For any pair of
measurable functions f and g defined a.e. and nonnegative on T3 x R3, we use the
following notation for the relative entropy:

H(f|g)://gh(§—l> dx dv € [0, +0o0]. 7

A renormalized solution of (5) is a nonnegative function F, which belongs to
C(Ry; w-L1(T3; LY(R3))), satisfies

I"(Fo)B(Fe, Fe) € Lip.Ry; L'(T? x RY))
forall T € C'(R,) such that
') =0and z — (1 + z)I''(z) is bounded on R, (8)
has finite relative entropy for all positive times:
H(Fe(t,-,)IM) <400 Vt>0, ©)]

and finally satisfies

+o0 1
/ //F(Fg) <8tx+—v~Vxx> dxdvdt
0 &

+ // T (F™(x, v))x (0, x, v) dx dv

1 +o00
+ 2 /f I (F)B(F., Fo)x dxdvdt =0 (10)
0

for all # > 0 and each test function x € C°(Ry x T? x R?).
The global existence of such renormalized solutions, as well as the local conser-
vation of mass, are established in [10], while [11] provides the entropy inequality

1 1 . .
/stlogFg(t)dxdv +m/0 f/ D(Fy)(s)dsdxdv < // F"log F" dx dv

(1)
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for all > 0, where the dissipation term D( f) is defined for all nonnegative mea-
surable function f = f(v) by

=7 [[ 11 (f/ff l)b( Vdod (12)
= — 1r - v—1v,0)do avy,
4 fh

with r : z €] — 1, 4oo[~ r(z) = zlog(l + z). Whether the local conservation
of momentum holds in the sense of distributions on Ri x T3 is still unknown;
this is one of the difficulties in rigorously deriving hydrodynamic models from the
Boltzmann equation. A remark by LIONS & MASMOUDI [17] shows actually that the
construction of [10] yields a solution which satisfies in addition

&

//|v|2F£(t)dxdv+8//tr(ms)(t) =//|v|2Fg“dxdv,

where the matrix-valued measure m, comes from a possible lack of compactness
of the sequence of approximating solutions.

1
B,/vFedv~|—Vx~—/v@vFedv+onm8=O,

Theorem 1 (DiPerna-Lions-Masmoudi). For fixed ¢ > 0, let ngn = Fai“(x,'v) bean
a.e. nonnegative, measurable function defined on T> x R3 such that H (FMM) <
—+00. Then there exists a renormalized solution to (5) which satisfies

— the local conservation of mass in the sense of distributions
1
8,/F8dv+Vx~—/vF5dv=0, >0, xeT>, (13)
e

— the local conservation of momentum with a symmetric nonnegative matrix-val-
ued defect measure my € L®(RT, M(T3, M3(R))) (coming from the approx-
imation scheme of the Boltzmann equation)

1
B,va,sdv+VX-—/v@vFEdv+Vx-m5=O, t>0, xeT, (14
&

— the global conservation of energy with the defect measure mg

//|v|2F8(t)dxdv+8f/tr(m£)(t):/ lv?F"dxdv, t>0, (15)

— and, by (11) and (15), the relative entropy inequality with the defect measure
me

t
H(Fo ()| M) +s/tr(mg)(t) + 8% / //D(Fg)(s) dsdx dv < H(F™ M)
0

(16)

forall t > 0, where the dissipation term D(F}) is defined by (12).
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1.2. The incompressible Euler equations

The Euler equations govern the velocity field u = u(¢, x) of a non-viscous
incompressible fluid. In the three-dimensional case, they are

Veeu=0, t>0, xeT?,
u+u-Viu+Vep=0, >0, xeT. 17)

The first equality in (17) states that the fluid motion preserves the volume, and is re-
ferred to as the incompressibility condition; the second equality expresses Newton’s
law of dynamics for any infinitesimal volume of fluid.

Consider the function space

H® = {u e H (T*; R |V, - u = 0}.
Let u™™ € H*, and consider the Cauchy problem for (17) with initial data
u©,x) =u"(x), xeT. (18)

We recall that the only existence theorem that is known to hold for the Cauchy
problem (17), (18) is the following [5].

Theorem 2 (Beale-Kato-Majda). For each ul € HS (s > 1+ %) there exist a
unique T* €]0, +-o00] and a unique u € L7, ([0, T*[, H*) solution of (17), (18)
which satisfies in addition

T*
[ ||Vx /\M(t,x)||Loo(T3) dt = +00. (19)
0

As the global existence of solutions of (17), (18) (even of weak solutions) is
not known, LIONS has proposed the following very weak notion of solution [16]:
A dissipative solution of (17), (18) on [0, T') is a function

u e L0, T), LX(T>) N (0, T), w — LA(T?))

satisfying Vy-u = 0, u(0, .) = u!® in the sense of distributions and such that

/|w—u|2(t,x)dx
t
§f|win—uin|2(x)dxexp (/ 2||X(w)(r)||oodr>
0

+ 2/t exp (/t2||X(u))(s)||oods) / E(w).(w — u)(t, x) dx dt
0 T 00,
forall r € [0, T) and all w € C%([0, T] x T?) satisfying
Ve-w =0,
X (w) = %(vxw + (Vaw)") € L0, T1, L=(T?)),
E(w) = 0w+ w-Vew € L' ([0, T], L>(T?)).
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Such solutions always exist, they are not weak solutions of (17), (18) in con-
servative form, but they coincide with the unique smooth solution with the same
initial data as long as the latter does exist.

Proposition 1 (Lions). If there exists u € C([0, T1, L*>(T3)) solution of (17), (18)
on [0, T1 x T3 such that X(w) € L'([0, T], L°(T?)) and E() € L'([0, T],
L2(T?)), then any dissipative solution u of (17), (18) is equal to u on [0, T] x 3.

Remark. In the two-dimensional case, the vorticity w = V, Au (which is a scalar)
satisfies

orw~+u-Vio=0

so that Theorem 2 provides a global existence result for regular initial data [20].
Moreover, the comparison principle stated in Proposition 1 provides uniqueness in
the class of dissipative solutions. Nevertheless the two-dimensional case will not
be considered in the limiting process, since the Boltzmann equation seems not to
be relevant, and the Caflisch estimates — which are a crucial argument in the proof
— are not established in this case.

1.3. Main results

The incompressible Euler limit of the Boltzmann equation considers fluctu-
ations of the number density about an absolute Maxwellian. We shall need the
linearized collision operator

ﬁg:/ (8+g1—8& —gPb(v —vi,0)doM,dvy; 1)

For all interaction potentials considered in the present paper, it was proved by GRAD
[15] that £ is a possibly unbounded, self-adjoint Fredholm operator on L>(Mdv)
with the null space

Ker £ = span{1, vy, va, v3, |v|?}. (22)

In particular, each component of the tensor v®2 —1v)’Id is orthogonal to KerZ,

which guarantees the existence and uniqueness of a tensor A such that
LA =v® — Ljv]*1d, ALlKerL. (23)

For the sake of simplicity we will assume from now on that the Boltzmann collision
kernel b satisfies

// MMi(A+ Ay — A" — A)*b(v — vy, 0)dvy dvdo < +00 (H2)
which is guaranteed for all hard cut-off potentials in the sense of GRAD [15], and

1
o <b(z,0), zeR?, weS?  forsomek, > 0. (H3)
b
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Theorem 3 (Dissipative Euler Limit). Let b satisfy (HO)-(H3), and let Fsin be a
Jfamily of nonnegative, measurable functions on T3 x R? such that there exists a
divergence-free vector field u™ € L*(T3) for which

1 .
8—2H(F8‘"|M1’8um’1) — O0ase — 0. (24)

Let F; be a family of renormalized solutions to (5). Then,

1
(— / vF, dv) is relatively compact in w-L* (R,; L'(T?)
€ e>0

and each of its limit points as ¢ — 0 is a dissipative solution of (17), (18).

If the limiting initial data u™ is smooth and such that (17), (18) has a (unique)
smooth solution u, the stability result above can be strengthened: the convenient
notion of convergence has been introduced in [3].

1
loc

Definition 1. A family g, = g.(x, v) of L
entropically as ¢ — 0 if

(Mdvdx) converges to g = g(x, v)

—foralle, 1 +eg, = 0ae.on T3 x R3,
~ g — ginw-L] (Mdvdx)ase — 0,
—and

1 1
S H(M(1+£g:)|M) — Ef/ g*Mdvdx
&

ase — 0.

Theorem 4 (Strong Euler Limit). Under the same assumptions as in Theorem 3,
assume that

FI"(x,v) — M(v) N

M@ u'(x)-v

1
€

entropically as ¢ — 0, where u™ is a smooth divergence-free vector field such that
the Euler equations (17), (18) have a strong solution u on [0, T'). Then, for almost
everyt € [0, T],

lFE(t, x,v) — M(v)
& M (v)

— u(t,x) v

entropically as ¢ — 0.

This theorem follows immediatly from Theorem 3 by the strong-weak stability
argument stated in Proposition 1.
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Remark. Both convergence results hold only for “well-prepared" initial data in the
sense of (24), i.e., for data satisfying the incompressibility condition and having no
density or temperature fluctuation. If these conditions are not satisfied, we expect
formally that high-frequency acoustic oscillations occur, which do not modify the
weak limit but cannot be taken into account in the framework of our study. Indeed,
acoustic oscillations introduce a coupling between the density, the momentum and
the temperature, for which no local conservation holds.

The second restriction in our convergence results is about collision kernels
which are supposed to be bounded from below (satisfying (H3)): for such collision
kernels, the entropy dissipation gives a good control on the integrand |F, Fy1 —
FF/,|. This assumption can be relaxed if we keep some control on the size of the
sets where b is close to 0. For instance, Theorems 1.3 and 1.4 can be extended if
b(z,0) 2 C|z|¥ for some y > 0, and in particular for hard spheres (b(z, o) = |z]).

2. Sketch of the proof

The main results of this paper are obtained by a classical energy method. The
principle is to modulate a Lyapunov functional of the system by test functions, and
to obtain a stability inequality of the same type as (20). The idea to use the relative
entropy for this type of problem comes from the notion of entropic convergence
defined in [3] and from the method used by YAU [19] to derive hydrodynamic limits
from the Ginzburg-Landau models.

The first step consists in computing the variation in time of the relative entropy
H(F¢|M(1 ¢w,1))(t) where w is any divergence-free test function.

Theorem 5. Consider w € C'([0, T x T?) satisfying V- w = 0. Define the family
F; as in Theorem 3. Then,

1 1 . 1
_H(F8|M(l ew, 1))(t) - _H(Fm|M(l ewin, 1)) + _/tr(m&“)(t)

§——/ fE(w) /(v—aw)F (s,x,v)dxdvds

—/ /X(w) /(v—ew)® Fe(s,x,v)dvdxds
0

'

/X(w) 1mg(s x)ds
0

Proof. The relative entropy inequality (16) implies
H(Fe(1)|M) +ef tr (me)(t) S H(F|M).

It is easy to check that

H(Fe| M1 e0.1))(t) = H(Fe(t)|M) + %/ (e?w? — 2v - sw) Fo(t, x, v) dx dv



The Incompressible Euler Limit of the Boltzmann Equation 55

from which we deduce that

1 1 . 1
8—2H(F3|M(1,aw,1))(l) - S—ZH(FQH|M(1,swi",1)) + g/tr(ms)(t)
< ﬁ JodsL [[(e2w? — 2v - ew) Fe (s, x, v) dx dv

(25)

Using the local conservation laws (13), (14) to compute the time derivative in (25)
leads to

ld//F(t Yew? —2v-w)dxd
> dr s, x,v)(ew v-w)dxdv

= orw - (ew —v)Fe(t, x,v)dx dv

+f(§w28,/Fg(t,x, v)dv —w - 8,/Fg(t, X, v)vdv) dx

= 8,w~/(8w—v)Fg(t,x,v)dvdx—/%w2Vx~/Fg(t,x,v)vdvdx
+/w~(Vx-m8)(t,x)+/éw-(Vx-/Fg(t,x,v)v@)vdv) dx

=// 8,w~(ew—v)Fg(t,x,v)dxdv—l—/:/(v-Vx)w-ng(t,x,v)dvdx
+/w~(Vx -mg)(t,x)—éf (v Vo)w - vE.(t, x, v) dv dx

=/ @w + (- Vow) - w — v)Fs(t, x, v)dx dv +/w (Ve m)(t, )

—é/ (v—cw) -Vow - (v—cw)F(t,x,v)dvdx.
(26)

As m, is a symmetric matrix-valued measure,

/w.(Vx~m8)=—/wa:m8=—/X(w):m€, 27
and

/ ((v—cw) -Vow - (v—cew)F:(t,x,v)dvdx
= // Veiw : (v — ew)®2Fg(t,x, v)dvdx

= // X(w): (v— 8w)®2Fg(t,x, v)dvdx. (28)

Replacing the three formulas (26), (27) and (28) in (25) gives the expected in-
equality. O
The second step consists in establishing an inequality of the same type as (20).
In previous works [6, 17], the main arguments are approximatively the following:
1 [ - 2 1
H— / Fodv—w| <~ H(FIMq 1) (29)
& L2(T3) &
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where F, designates some convenient truncation of Fg, and

X(w): é/(v — 8u))®2Fg(s,x, v)dv

1 -
‘—/ngdv—w
I3

where r, converges to 0 in an appropriate sense. This last property comes from the
assumption on large velocities which ensures that

L1(T3)
2
< 1X W)l oo 1, +re (30)

L2(T3)

81—2(F5 — F.)(1 + |v]?) is equi-integrable in L' ([0, T] x T? x R3).

We first remark that there is little hope of establishing such a claim: with this type
of scaling, we are not able to obtain a priori compactness with respect to space
variables. In particular, in the limit case, we do not have compactness on the average
velocity, which is why we do not have global weak solutions.

The key idea here is to estimate the remainder (F; — F.) in terms of the relative
entropy H(F¢|M1 ¢w,1y) and of the entropy dissipation. More precisely, we will
not use here the lower bound (29) which looses any control on large tails in the
distribution F,. The crucial argument in our proof is adapted from a similar work
on the BGK model [18], it consists in establishing a Gronwall inequality for the
relative entropy, rather than for the relative mean velocity. Indeed we replace the
estimate (30) by the following

Theorem 6. Consider T > 0 and w € C'([0, T] x T3) satisfying Vi - w = 0.
Define the family Fy as in Theorem 3. Then, there exists a nonnegative constant C
such that

! 1
/ /X(w) P /(v — sw)®2F5(s,x, v)dvdxds
0 &
C t
= 8—2/0 1 X (W)l oo 13y H (FeIM(1,6w,1))(s)ds + o(1) as € — 0.

The proof of this estimate will be given in detail in Section 4. It relies on
proper decompositions of (Fy — M(1 ¢y,1)) given in Section 3 and on the fact that
e 2B(F,, F)I'(F,) converges to 0 for all I' € C'(R™) satisfying (8).

The last step in the convergence proof is to deduce (20) from the Gronwall
inequality implied by Theorems 5 and 6

1 1 . 1
S HCEIMG )0 = 5 HOEP Mo 1)+ / tr(me) (1) dx

t
_2/ // Ew).(v — sw)Fu(s, x. v) dx dv ds
0
t

1 1
+ C/o ||X(w)||L°°(T3)(8_2H(F£|M(l,ew,l))(s)+g/tr (ms)(S)> ds+o(l).

€29

Then we have to take weak limits (up to extraction of a subsequence ¢ — 0)

1
/ngv—> 1, —/ngdvéu,
I3

A
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and to prove that

. 1
Vx' u = 0, ”Lt - w”%Z(T}) é h?i)l(l)lf (8_2H(F€|M(1»8w’1))> :

This last step will be detailed in Section 5.

3. A priori estimates

The goal of this section is to establish the following

Theorem 7. Let y : Ry — [0, 1] be a C* function supported in [%, %] such
that y([%, %]) = {1}. Consider a test divergence-free vector field w as in Theorem
6. Define the family F, as in Theorem 3. Then, there exists C > 0 such that the
following bounds hold:

F.— M 2 F
' (Fe . (Lew,1)) y2< A >(1 S
e-M (15w, 1) M1 ew,1)

L(dvdx)

C
§ S_ZH(FS/M(I,sw,l))+r8» (32)

(Fe — M1 ¢w,1)) Fe 2
————— 0 =p){——) A +v)
H &2 M, ew,1)

L(dvdx)

C
< S_ZH(Fa/M(l,sw,l)) + 7, (33)

where r converges to 0 in L'([0, T1).

This theorem provides a decomposition of the fluctuation %(Fg — M cw,1))
into two parts: the first one is controlled in L? norm, while the second one is of
order ¢ in L' norm, with two moments in v. This decomposition is a variant of
the so-called “Flat-Sharp decomposition" introduced in [3] and used in almost all
works concerning the hydrodynamic limits of the Boltzmann equation (for example
[6, 13, 17]). The main difference is that we consider here fluctuations with respect
to the local Maxwellian M| ¢y, 1) instead of the global Maxwellian M: this kind
of estimate, already used in [18] and [13] in the case of the BGK model, allows
us to establish the inequality of Gronwall’s type (31). The second particularity of
this result is the control on large velocities: we are able to obtain estimates with
two moments in v. This comes from dissipation estimates, and from regularizing
properties of the gain part of the collision operator established by CAFLISCH [7].
This method has already been used successfully in [14] to obtain estimates for the
Boltzmann equation with the Navier-Stokes scaling.

The proof of Theorem 7 is rather technical and will be divided into several
steps. We start with the standard decomposition associated with the entropy bound
H(f|g): it consists in splitting ( f — g) into two parts depending on the size of f/g.
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Lemma 1 (Usual decomposition). Consider a test divergence-free vector field w
as in Theorem 6. Define the family F; as in Theorem 3. Then, if y is a trunca-
tion function as in Theorem 7, there exists C > 0 such that the following bounds
hold:

2
(Fe — M1 6w,1)) ( Fe ) < %H(Fs/M(l,sw,l))v
e/ M(1,ew,1) Macon /| 2gyary €
Fe+ M cw,1 F, C
HS—;“‘”U - (—) < SH(F:/Mewn). (34)
€ M(lvswsl) L(dvdx) €

Proof. From the elementary inequalities

Z S Ch@)forlzl <5, 141z SCh(x) forze[—1,—51U[], +ool,

(35)
which hold for some constant C > 0, and
QC+20 -y +2) = 2x4z|+1zhd =y +2)
<9zl —y(1 +z)) forz > —1, 36)
we deduce
2
(Fe — M(1.¢w.1)) < F; )
ey/M1,ew,1) Maewn /| 2 ayan
§ M(lswl) Fs _1>27/2< Fs )
M(l,aw,l) M cw,1) L1 dvds)
<

8_2||V||OOH(F£/M(1,ew,1)),

and

H F£+M(l,€w,l)(1_y)< Fa )

&2 M gw,1)

L(dvdx)

F, Fe
e e B
M ew,1) M ew,1)

9C
S I =yl H(Fe/Ma,ew.1):

<9‘M(13w1)
€

L'(dvdx)

which are the expected estimates. O

In order to establish Theorem 7, the main difficulty is in adding a |v|> weight
in the estimates in Lemma 1. It will be obtained essentially by using the decompo-
sition

Fe—Mq w1 = (Fg — At (Fe, Fg)) + AN (Fe — M1 ew.1)s Fe + M@ sw1)),
37)
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where
1
A9 = o / (Flg' + f'g) duido. (38)

The first term is then controlled by the entropy dissipation, while the second term is
a little more regular with respect to v than (Fy — M1 ¢w,1)) by CAFLISCH estimates
[7]

HM71/2A+ (fMg, M) (1+ |v|3/2)HL°0 = Cliglzz -
=12 4 (Va1 + |v|2)HLOO < Cligllzee
from which we deduce that

-1/2
MG AT M g Maeo) A+ PP

< HM*I/Z AT (M 2( + w), MY(1 + v+ sw]3/?)

Ly
S Clujo I8¢+ ew)liz2 = Clujy gLz,
(39)
—1/2
MG AT M g Ma o)A+ 0P|
< ( M2 AWM g( 4+ ew), M)+ o+ ewl)|

S Clufle I8¢+ ew)lle = Cluj, llglLee,

because ¢ € [0, 1]1and w € C'([0, T] x T3) C L*®°([0, T] x T?).

Actually this decomposition will give good estimates under two conditions.
The first one is linked to the fact that the operator A™ is quadratic: thus, in order to
define correctly all the terms in the decomposition, we will need a L7, bound on
f M(])sw,l)h((FE/M(l‘gwyl)) — 1) dv. The second condition is linked to the form
of the entropy dissipation which gives a control in L log L and not in L?: then it
provides only a control for moderate velocities. Large values of the local relative
entropy f M(ng’1)h((F5/M(1,8w,1)) — 1) dv and very large velocities have to be
treated separately. This is the substance of the two following lemmas.

Lemma 2 (Macroscopic truncation). Consider a test divergence-free vector field
w as in Theorem 6. Define the family F; as in Theorem 3. Denote by x. = x:(t, x)
the indicator function of the set

F,
{(t,x) €[0,T] x T?| /M(l,gw,l)h <—S - 1) dv < 1}.

M, cw,1)

Then, the following estimate holds:

Fe+ M sw,

C
H(l - Xs)g—z(l + vl S SH(F:/Maewyy) (40

Li(dvdx) ¢

for all ¢ € [0, 1] and for some constant C > 0 depending only on || w||co-
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Proof. By Young’s inequality (91) with p = (1+|v|?)/8and z = (Fe/M(1 cw.1)) —
1, and (89),

1

—1Fe = Maewn](1 4+ [v[%)

8 F, 2
< =M h|—"——1 (D78 ) 41
= 2 Mdewn ( (M(l,sw,l) ) te 4D

In order to estimate the second term in the right-hand side of (41), we need the
following decay estimate

M1 ew 1y exp (3 (14 [v2) = (27) 732 exp(— v — ew[?) exp (§(1 + [v]?))
< @2n)732 exp(— 52+ 3 lew?) exp (§+11v[?)
< Clwlle eXP(-%lvlz) (42)

Then, by (41) and (42),

1
= f(Fg + M ew 1)+ [v]?) dv

1
&2

8 /M h (—Fs 1) d
D) l,ew,1 — v
&2 (Lew. ) M ew,1)

1 2
+ S—Z/M(l,gw,l)(geﬂﬂvl B L 2(1 4 [v?)) dv

A

(IFe = M(1cw.n)| +2M1 ew 1)) (14 [v]?) dv

A

A

8 F. 1
2 | Maewnh Moeon 1) dv+ 5 Clus (43)
SEW,

for some Cy| ., > 0 depending only on [|w]|«. By the definition of .,

=% . 1—Xx

8—28 § 2 i /M(l,ew,l)h (Fs/M(l,sw,l) — 1) dv. 44)
Then, multiply (43) by (1 — x.), use (44), and integrate with respect to x to obtain
the expected estimate. O

Lemma 3 (Control of very large velocities). Consider a test divergence-free vec-
tor field w as in Theorem 6. Define the family F as in Theorem 3. Then, the following
estimate holds

Fe +M(1,s 1) 2
H1|v|2;1001ogs—82 22 (1 + [u]?)

L'(dvdx)

C
< S_ZH(Fs/M(l,sw,l)) +o(1) (45)

as ¢ — 0, for some C > 0 depending on ||w||co.
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Proof. By (41) and (42), we have

1
2 f(Fs + M1 ew 1) (L + 011,23 100 1og e 4V

A

1
2 (1Fs — M@ sw, 1| +2M(1 cw,1)) (1 + |U|2)1\U|ZZIOO| loge| 4V

8 /M h(—FS 1) d
G l,ew,1 — v
g2 (Lew. 1) M ,cw,1)

1 2
+ 8_2/M(1,8w,1)(86(1+|v‘ )/8+2(1+ |v|2))1|v|22100|10g5‘dv

8 /M h<—FE 1) d
) l,ew,1 — v
&2 (Lew. 1) M ,cw,1)

1 1
+ ;Cuwuw/eXp <—§Iv|2) Ly 22100] 10g ) 4V (46)

A

A

for some Cy| ., > 0 depending on ||w||~. Then, check that

1 +00 1
/eXp <__|U|2> Ly22100]10ge) 4V = 477/ exp(——rz)rzdr
8 - /100 Tog e] 8

g C8100/8|10g8|1/2

for some C > 0, and integrate (46) on T> to get the expected estimate. O

Equipped with these preliminary results, we can now restrict our attention to the
situation where we can use decomposition (37) to obtain further estimates on the L!
part of (F; — M(1,¢w,1)). We start by giving the precise form of the decomposition
we will use.

Lemma 4 (Decomposition by A™). Consider a test divergence-free vector field w
as in Theorem 6. Define the family F. as in Theorem 3. Then, if y is a trunca-
tion function as in Theorem 7, the following estimate holds for some nonnegative
constant C:

1
—|Fe — M|
&

< CAT /Moo, Mo) +C[1 4 1= AP/ Mcke, M)

D(F,
+ C3AT (K2, k2) 4 Celat D2 (% + F€>

1 F. 1/2
+ C(F, + M,) (8—2/M€h (V — 1) dv) , A7

where M, is an abbreviation for M1 ¢y,1), and g¢ and k¢ are defined by

_|Fe—M.|_(F Feo + M,

F. 1/2
8= UM V(V) k=<— “‘”(E)) -
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Proof. Define F, by

F F
Fa—Fay M +M:(1—vy) ﬁ s
e e

and R, = [ F, dv. By the definition of y,

M,

IIA

I 3
F. <3m,,

A
=
™
A
I

(49)

N[—

A slighty modified version of (37) gives

1 A+({:8’FE) _A+(M5,M5)

1 _ <1
eI Fe = M| < |7 F

&

=Ji+ ).

F, — AFeFo)
R

&

Then J> can be decomposed into two terms as follows:
Fe— M, - Re — 1
AT (— - “”,F8+Mg) "‘”8

1
+ =

&€

1
Jr S —
€

My = J) + J3.

From (49) we deduce that

Jy SS5AT ('F;&y (i) ,Mg) <5AY(VMege, M) (50)

M

On the other hand, by (35), there exists a nonnegative constant C such that

F,
IR, —1|_U(F M)y( )dv

() ([ (1) o
e fun )"

from which we deduce that

1/2
J%ézcnynooMg( /Mg (—— )dv) : (51)

As we have replaced F; by its truncation F, inside the bilinear form A", J;
cannot be directly estimated by the entropy dissipation: we have to decompose it
into several terms using the basic identity

1/2

Fs =vyeFe + (1 —ye)M,,
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where y, = y (F:/M,). If we denote respectively by y.1, ¥/ and y/, the values of
Ye at points vy, v" and v},

/Fgl dv1 ——// e /ldvldd

8

1 .
- (F.F.) — F'F'))dv,do
4nng‘j7‘ erel s Tetel

1 -~
~ f (1 — ye) | Fe Mgy —F;Fs/ﬂdvldo’
4meR,

=

A

+

47T8R /[ Yer (1 — Vg/)(l - V;1)|F£F81 - M;Mé1|dvld(7

+

/ (1 _Vg)V81V51|F8Fsl M, F/1|dl)1d0'
47T8R8

+ //( _Vgl)V51V5|F£Fsl FM81|dU1dU

47T8R8
+

=~ //Vg/)/elyg/ﬂFstl FF/1|dU1dU
dreR,
=N+ I+ + I+

By (49) and the identity M_ M, = MM,

1 -~
I < —// (1 = ve1)(FeMg1 + FJF[)) dvido

II/\

_// (l_yel)(FsMsl‘f‘gM/ )dvlda

g;(ﬂy+ﬂk)/7£——£ggﬂhldmda

As the support of (1 — y) is a subset of [0, %] U [%, ~+o00[, by (35), there exists a
nonnegative constant C such that

F.
/Ms(] —-7) (ﬁ) dv
12 12
e ([ ()0 )
12
§||1—V||oo<C/Msh<ﬁg—l>dv> .

Since |11 — ylloo = 1,

. 1 F, 172
N ECWEAM) (o [Meh (- =1)dv) (52)
&

A
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In order to estimate the other terms in J;, we will combine the control on the
entropy dissipation with bounds on k.. For instance, by (49),

1
Jt< —// Yer(l = y)(A — yi)|FeFey — FLF}||dvido
2re
1 ’ / ! Y7
+ Val(l_yg)(l _Vsl)|F8Fsl _M3M51|dvld0'

= Val(l_yg)(l_ygl)|Fanl F£F£1|dvld5
27r

I ||J/||oo/ (1 —y)(1 = y/)(F. + M))(F., + M) dvdo,

which, coupled with the definitions (38) and (48) of A™ and k., and the assumption
y(RT) C [0, 1], implies

JE < s // Ve1|FeFer — FLF | dvido + 283 AT (K2, k2). (53)

Elementary computations give

y&‘]yg/l(l - V;)|F5Fsl M; Fg]'
< verv (1= y)) inf (| Fo Fey — F.F[ |+|FF}; — M{F/|, |F:Fe1 — M/ F/,])
< Yeryl (I — y)inf(|F/F); — MJF/,|,|F. Fo1 — M/F},|)
+ ve1v, (1 = y)|FeFer — FLF)|
< eyl (1 — yDIFLF)y — MLF|'"*|F.For — M{F))|'/?
+ VellFeFe1 — F£F£1|
< vervl (1 — y)(FLF)y + M.F/))"*(F. Foy + MJF))"*
+ YellFe Fe1 — FLF[|
< (L—y)(FLFL vl ver + MUFL vl ve) 2 (FeFarvervly + MUFL vl ve)'?

+ Vel FeFe1 — Fe/Fg/1|
Because of the properties of the support of y,

YeFe = %Ms'
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Then, by the identity MM, = MM, and the definition (48) of k,,

Vslyg/l(l_yg/”Fanl MF/ 1l

<0y (M + 3M00) P (SFobte + 3000
+ V81|F8F81 _Fg{Fg/l|
%(1 — YOFMy + MM (FeMey + Mo Me1)'/?
+ y81|FsF£1 _Fg/Fg/1|
3 1 ! ag! 1/2 Fs/ V2 € 12
5(1 — V) (M Mgy M M) (ﬁs’ + 1) <E + 1) (54)
+ YellFeFe1 — FF/|

F! 12 s g 1/2
%(1 yO MM (1 — )1/2< +1) <—€+1)

M} M,
+ Vel FeFe _FF51|

3 n 1/2 27 aqr Fe v 'F!
< E(ME)/ 11— ylloo ek Mg, (ﬁ-’_l) + YellFeFe1 — FoFpql,
€

1/2

A

A

[IA

and in the same way

Vslyg/l(l_yg/lﬂFstl FM/ 1

172
<32 - yu‘/zsk;]M; (4 +1) (55)
+ VetlFeFe1 — F8F£1|

Then, by (54), (55) and the definition of A™,
3 4 1 ! ! F€ + 1/2
B3+ 78 < — || yer|FeFey — FF)||dvido +6 |1+ —= AT (M k., M,).
TE Ms
(56)

It remains to estimate the dissipation terms. Apply Young’s inequality (91) with
2= (F\F., — FsFs1)/F.Fe1, p = 1,and n = £9+9/2 and use (H3) to get

//V81|F Fe1 — FF/1|dU]dU
(q+3>/zD(F)+e(q+”/2h (1)F; // Fe1Ye1 dvido.
Thus

1
—// Ve1|FeFey — FLF | dvido < gD/ (4k DF) +6nF> (57)
&

Combining (50)—(53), and (56),(57) leads to the decomposition (47). O
Applying CAFLISCH estimates [7] (see also Appendix A) to the previous decom-
position leads to
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Lemma 5 (Decay estimates). Consider a test divergence-free vector field w as in
Theorem 6. Define the family F; as in Theorem 3. Then, if y is a truncation function
as in Theorem 7, there exists C > 0 such that the following bounds hold:

H (F — M(l,sw,1>)2y2 ( Fe > o2

C
§ 8_2H(F5/M(1,8w,1)) +re

e2M (1 ew.1) M ew.1) L1 (dv dx)
(58)
Fe+ M cw,1 F, C
H— (1= y) (— )lvl2 < SHFe/M(1ew,1) + 76
e M e
(Lew,1) L(dvdx)

(59)

where re converges to 0 in Lo, T])ase — 0.

Proof. Lemma 5 gives bounds on the second moments of the functions g2 and k2
defined by (48).

The first step of the proof consists in applying decomposition (47) to estimate
both functions. Recall that the definition of y, coupled with the elementary inequal-
ity (36), implies

eVe S Feye = %Msys thus  |geye| = \/2? and (1 + AI;_Z) Ye S %,
(Fe 4+ M)(1 = ve) S 9|Fe — Me|(1 — ye) S 91F, — Mc|(1 — ye)'/2.

lFZ M, 2l Vg Fyg leads to the estimate

Then, multiplying (47) by

_ 5
82 S CM'PATY(V Mege, Me)ge + \/;CMS 12 A% (VMoke, Me)ge

1 3442 g2 (q+1)/2 ( D(Fe)
+Z(CSA (ks,ks)+C8 qu-FFS

5 o (1 F, 12
+ ECMS ge 2 M:h - 1) dv (61)
&€
for some C > 0, which can be rewritten

g? é X85+Y,

with
5
X = CM7 AT (VMege, M) + C\3M A (VMeke, )

5 n(1 F, 172
Semi2 (2 Le _
+ S CM; <g2/M*’h (Mg 1> dv) :

1 D(F,
v=> (Csz,zﬁ(kg, k%) + cela=D/2 (ﬁ + Fg>>.
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Then, from the trivial inequality
Xge £ 5X7 + 387,
we deduce that
g < Xx* 42y,
and we get
g S CM AN Mege, Mo) + 3C? M AT (VMcke, M)
+ 32, (LfMeh (5~ 1) dv)

_ D(F,)
2 4+12 12 (g—-1)/2 e
+ CEATU2 kD) + Ce (—8q+3 +F8>. (62)

. . —y )12 . .
In the same way, multiplying (47) by (]%) and using (60), we obtain

9
ki = 51Fe = Mel (1 = ye)'/?
—y)1/2 _
S9CA* (V M.g., Me) Aope) );S) +9CM, 1/2/(8A+ (\/Ekg, Ms)
D(F,
+9C¥0—MN”AWﬁwb+ocwzWal—%ﬂ”< ;6”+a>
&

1 F, 1/2
+ 9C(F. + M)k, (—Z/Mgh <— -~ 1) dv) :
€ M,

Remarking that
M0 -y Sk,
we obtain
k2 < Xke + Y,
with
X = 9CM\2AT (\/Egg, Mg) F9CMI2A* (\/ﬁg o Ms)

1 F 1/2
+ 9C(Fe + M.)'/? (—2/M€h (—8 - 1) dv) :
e M,

_ D(F;)
_ 2 44,12 12 (-2 3
Y = 9Ce2 At (K2, k2) +9CeY <_8q+3_ + F8> ,

Then,
k2

&€

X +2v

IA A

2 2
81C2M AT (VMoge, Mc) +81C2M A (VMeke, M)

1 F,
+ 81C*(F. + M,) (—Z/Mgh (—8 - 1) dv)
e M,

D(F,
+ 18Ce* AT (K2, k2) + 18Cla~1/2 (% + F8> . (63)
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The second step is to obtain estimates on the terms in (62) and (63) which are
not in the form Mg_l/z.AJr (WM;..., Mg). By (41), (42), and the definition of x,,

xs/ws + MO+ 0P dv
< xg/qu Mo+ 2M (1 + o) d

F
< 8y /Mgh (VE - 1) dv + / Mo 80T/ L o1 4 |u}2)) du

&

S8+ Clu|w (64)

for some Cjy|,, > 0 depending on ||w||o. By definition of A™, and because
dvdvido = dv'dvido,

IAT (2, DA+ [Pl
1
< H/[/(1<;)2(1<;1)2(1 + [V + v} P dv'dv|do
<20k N lIkZ (L A+ [P

from which we deduce by (48), Lemma 1 and (64), that

|e2xeAt a2, )10

1
Lx.v

<2 |k?

&

Rz

LP(LY)

<2 Xe (Fe + M1+ [v]?)

2
k; .

x,v

LP(L])

C
< 8—2H(F8|Ma)(8+c||w|\oo)~ (65)

In the same way, by (64),

, (1 F.
xe(Fo+ M(1+ o) ;/Mgh(ﬁ ~Ddv

1
Lx,v

< llxe(Fe + M)A + [Pl ooz

1 F,

Ly

8+ Cpu
< %H(@M@;). (66)

On the other hand, the dissipation bound and the global energy inequality provide

”5([1_1)/2)(61\u|2§100|1oge| (% + Fs) 1+ |v|2)H
< CeD/2|logel.

L'([0,T1,LL ) (67)



The Incompressible Euler Limit of the Boltzmann Equation

Replacing (65), (66) and (67) in (62) and (63) leads to

2
g kS cemMTAT (w/Mg,/gsz + k2, Mg) +1,

[IA

C
2H(F€|Mg)+r€ ,
&

|

2
Xedjyp<i00/10g e L (1 + 09 L

X, v

for some C > 0 depending only on ||w ||, Where r, — 0in L'([0, T']).

69

In order to get rid of the truncation in the previous estimate of /, we now use
the preliminary results giving some control on very large velocities and on the mac-
roscopic truncation .. Using the definition (48) of g, and k., and the pointwise

estimate (49) coming from the properties of y, we get

1M, |F, — M| F.+M
gk S =~ ;ms e+ ——— (1= y)
&
1 1
< _Z(Fs + M)y + _2(F5 + M (1 —ye)
& &
=

1
_2(Fe + Me)'
&

Then, by Lemmas 2 and 3, we have

[ = Xt ci00oge) (82 + DA+ 0P| |

X,v

L1 = Xe <100 10ge ) (Fe + Me) (1 + [v]?)

IN

Ll

X,

A

8%1|v\22100| ]0gg|(F8 + M)+ |U|2)

L!

X,

+

L (1 = xe) (Fe + M) (1 + o)
< SH(FeIMe) + o(1).

Ll

X,V

Finally, from the trivial decomposition

82 + k2 = (1= Xel,p<ioooge) (82 +k2) + Xelp<10010ge) (82 + 2)

< (1= Xelpp<i00/toge)) (&7 + 52)

2
+ X£1|U|2§100| logal (CM;1A+ (/\/ Mg gg + kg, Mg) + I)

2
< CM; AT (VAL R M)

+ (1 = xeljy2<i00] logs\)(gg +k2) + Xedjy2<100)10g 6115

we deduce that

2
gl +ki S cMI AT <\/M5\/gg+k527Ms) +L .

C
[pa+d)|, = SHEM) +r. .

1
Lx,v

where r, — 0in L1([0, T]).

(68)
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The third step of the proof uses in a crucial way the Caflisch estimates (39) on
the operator g — M, /* A+ (VMeg, M;). By (68),

SHESh+1,

with
I = CM Y AT (VM g2 + k2, M),
and
5 C
[pa+p)| < SHEIM) +r
L &

X,

By Lemma 1, for all ¢t € [0, T,

C C
lgell?, S —H(FelMe), kel?y < — H(Fe|Me).
va 82 va 82

Then, by (39),
_ Clwoo
1M AR (M8 4+ K2 M+ ) e S —g™ H(Fe | M),
Finally this first iteration leads to
2+ < I+ D,

c
[na+wd)| = TS aEm),

LL(LY)

IA

C
le(l +vf?) SH(F:|M,) + e (69)

Ll -

X, v

The idea is then to iterate AT on Iy, the piece in L)]C (L), to improve its decay
in v by the Caflisch estimate, while the stability in L }C’U — implied by Proposition 2
(in Appendix A) — controls the other piece. From (87) we deduce that

| M AT Mg MDA+ 0P| S Cran g+ 0Py (70)
for some Cjy),, > 0 depending on ||w||«. Then, by (69) and (39), (70),

I = CM; A (M, /g2 + k2, M,)?
S2CMIVAY (U M/TL, Me)? +2C M7V AT (VM T, M)?
=1 +1},
with
HEA+ 0PIz S Clujo 1201+ 011,
v = le :
Hez‘l H(Fe|M,) +re,
Clwllse || 111+ |v|3)“L;(L3°)
Cllwlloo
e H(Fe | M),

71
1+ Dl 7y

A IAIA

and r, — 0in LY([0, T]).
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From (69), (71) and the decomposition
AR Sh+ LS +1E+1

we deduce the bounds (58) and (59). 0O

4. Estimate of the flux term
Equipped with the previous a priori estimates, we can now perform the

Proof of Theorem 6. Define F}’, f}* and y” by

FY - M FY¥
FY(t,x,v) = F(t,x,v+ew), f'= ES—M Ve =V <ﬁs>

With this notation, Theorem 7 can be recast as

2
1727 | 2 aemasory any = 2 SH(Fe|Mew 1)) + e, 72)
1
” gfgw(l - ygw)”[‘l(dxM(l_;'_UZ)dv) = 52 H(FslM(l,sw,l)) + Te,

with r, — Oin L! ([0, T]). Following GOLSE & LEVERMORE (see [12]), we also
define

NY =1 +§f;",

so that
2 1F
NY 2 3 NY 2 gﬁg (73)
Then the fluctuation f;¥ can be decomposed as
e (f)?
&= No + 3N (74)
with
20 f (f;")2 1 2, If”’l (A =y
5(—) o = N e )
3
< waﬁ+m——lﬁi
2 )

Estimates (72) imply then

< CH(F\M
amayay = o FeIM ) e (75)

S SH(F M ew1) + e,

N

&€

(f2)?
N LY @x M (1402) dv)
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with r, — 0in L! ([0, T]). Using the new decomposition (74), we rewrite the flux

term
_/ (“’ ew)® - Mw) F. dv
:82f< ®2 Ivs'l )(Fw My do
e (o ) 2

N’

w’! w/’
// MM1A< +——ﬁ—Nw/>bdv1dodv

! o2 P\ ()2
vy o (o) S

where A is defined by (23),and A = (A+ A — A’
scaled collision integrand

— A)). Then we introduce the

w o__ w/ w/
4" =~ rop (& + 1 = )+

! pw/ w w)
el

8(‘7_—1)/2( e Jel T JelJe
A computation given in [12] (formula (10.6)) shows that

e@=1/2 w 1 w w w/ w’
— T 4 |4 Jel  Je  Jel
NYNUNY'NY' e \N¥  NY

3 el Nsu}/ Naui/
_I( 1 w
“3\Veny TNy T NE T ) N (76)

1 1 1 1
_§< AT "”_2> zi;swzvgi'
NS Nel & N el
Thus,
1 _ 2
—2/((v—sw)®2—%ld> F. dv
I
= Yeavr [ a2t pavded
Ny N Ny e ar
1 1 w! g
+ —f//MM]A(NwNw +W+N_£ui_2> Wbdvldodv

// MM1A( ! +L+ ! —2) fe “bduldodv
NY'NM TN N

NYNY
1 e P 7
* 3/M< 3 ) NY

=h+h+hL+1L
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Estimates (75) will provide the convenient bounds on I», I3 and I4, while I; will
be proved to converge to 0. The first term is estimated by means of the entropy
dissipation in the following way. By Cauchy-Schwarz inequality and (H2),

8(q /2 g 2
|| £ (//[M (NWN“’NWN“”> bdvdvido
1/2
(// MMl(Z)Zbdvdvldo) 7
Ce<q /2 2 172
<// MM, (NWN“’N“”N“”> bdvdvm’o)

Define y as in Theorem 7. Then decompose the previous integrand as follows:

1/2

(q )?
(Nw w/Nw/)2
18 |Fw w Fw/Fw/|2
T3 MM, (NwN’”Nw’N“”)2

M M,

1 |FYFY - F“”F"”|2 FY'FY FYFY
T oedt3 FYFY FYFY ) MM, (NwNwNw’Nw’)2
+ 1 |Fw w Fw/F | FSW/Fsuf/ |Fw Fw,Fw/'
gq+3 ' ¢ FYFY MMI(NwNWNw’NW)T

By (73) and the elementary inequalities (35), we have

2
MM, (q5")
(NPNENY'NS')?
¥ 1 F;”’F w2 W EW
= 2650437 ¢ FeEn FYFY
3% 1 FWFW FY'FY
g _IKI_V(F’*’FE"J ))
wa/ ﬁ;; e el
< C”V”oonth FUEY 1
= gqt3 e tel Fngguf
Cllt = yllo PRy
g FUFA FwFiq —1).
& &€
Using (88), we deduce that
(q¥)? C
// MM[(NwNw;Vw/Nw/)zbdvdvldGgW D(Fy)dv  (78)

for some C > 0. Plugging (78) into (77) and using the dissipation bound, we get

Il < Ce =D, (79)
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By (73), we have

1 1 1 < 13’
4

S
NeNy TNe TN T

and then, by Cauchy-Schwarz inequality,

w
i< c [[f mania ‘NWNW
1/2
§C(f/ MM1|A|2bdv1dodv)
w/ 2
(7 (5 (3 v
. 1/5
SC(// MM1|A|2bdv1dadv)
w2 1/2
M’( 2 ) M;( el ) bdvidodv’) :
(s () (2

which coupled with (H2), the first estimate in (75) and (H1) gives

bdvido dv

1/2

C
120z, = 2 HFelM ew.) + e (80)
with r, — Oin Ll([O, T1). In the same way,
C
[EY TR —H(F M@ ew. 1)) + re. (81)
And the second estimate in (75) gives directly
C
Mallpr, = 2 H(FelMew.) +7e. (82)
Combining (79), (80), (81) and (82) gives

|x@): & (= ew® - k=L 1a) F

1
tx,v

< CL [T IX )L H(Fel Mt ew,1) (1) di + (1),

As w is divergence-free,

1 |v—e3w|2
X(U))S—z Tld ngUZO,

and Theorem 6 is established. 0O
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5. Convergence proof
From Theorems 5 and 6 we deduce that

1 1 . 1
5 H M) (0) = =5 HOEPI Mg 1) + - / tr (me) (1)
t
< —é/ // E(w).(v—ew)Fe(s,x,v)dxdvds
0
1 1
||X<w>||Loo<Ts)( H(Fo|Mto0.1)(s) + /tr (m»(s)) ds+ o(1),

which implies that for all w € C'([0, T'] x T3) satisfying V, - w = 0, and for all
t<T,

1
8_2H(F£|M(l,£w,l))(t)
1 . t
g ?H(FQH|M(LSU)in’1)) eXp(C / ||X(U))(S)||L00(T3)ds)

—/ exp(C/ | X () (D)l Loo(13dT)

o

In order to see that any limit point z in the limit e — 0 of the sequence (% f F.vdv)
is a dissipative solution of the incompressible Euler equation, it remains to prove
that

Fg(s x,v)dxdvds + o(1). (83)

Vi-u=0,
N
lu = wiigas) < 21iminf —H(Fe| M ew.1),

and that

v—gw
Fodv—u—w,
£

up to extraction of a subsequence.
We start with the weak compactness results.

Lemma 6. Under the assumptions of Theorem 3, for all T > 0, any sequence of
fluctuations é (Fg, — M) withe, — 0isweakly compactin L*°([0, T], L'(dx(1+

|v|%) dv)). In particular,
/ngv — 1in L™([0, T1, L (T3)),

and there exists u € L*([0, T], L (T3)) such that, up to extraction of a subse-
quence,

1
- / Fovdv — uinw — L¥(0, T], L' (T?)).
&
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Proof. From the entropy bound
LHEOIM) £ S HEM M)
< E%H(F§"|M(1,euin,1)) + % // Fru™ Qv — eu™) dvdx
< E%H(ngnlM(l,sum,l)) + ||”in||i2(T3)

1 ) ! |
: 2 /f(F;n — My gyin 1))u".(2v — eu™) dv dx

Cluitlios 77 poin in 2
S—ZH(FS |M(1,6ui",1))+ C”u ||L2(

A

T3) s
and Young’s inequality (91) with p = (1+|v|?)/4,z = (F. —M)/M and n = 4¢/a
2
LF — M|+ 0P € SMh (% - 1) + 16 po 1)/ (84)
we deduce (see [4], Proposition 3.2) that any subsequence of
1 2
E(Fa — M)+ [v|%)
is bounded and uniformly equi-integrable in L>([0, T], L' (T?> x R?)), and thus
relatively weakly compact by the Dunford-Pettis theorem. Then, up to extraction
of a subsequence,
1
—(F. — M) — finw— L*®([0, T], L'(T3 x RY)).
€
The convergence of the density of mass [ F, dv follows immediately:
1
/ngvszdv—l—s/—(Fg—M)dv:1+0(£)
€
in L®([0, T, Ll(T3)). Moreover, as v = 0(|v|2) as |v| - oo,
1
/ ~(F. — Myvdv — /fv dv=uinw — L0, T], L' (T?)).
€
In particular, the weak convergence

vV—Ew
F.odv—u—w
&

holds in L*®([0, 7], LY(T?)). o
In the second step, we establish the incompressibility relation taking limits in
the local conservation of mass (13) in the sense of distributions (see [4]).

Lemma 7. Under the assumptions of Theorem 3, any limit point u of the sequence
(% f Fyv dv) satisfies the incompressibility relation

Vi-u=0

in the sense of distributions.



The Incompressible Euler Limit of the Boltzmann Equation 77

It remains then to estimate the L norm of (u — w) for all divergence-free test
vector fields w.
Lemma 8. Under the assumptions of Theorem 3, any limit point u of the sequence
(é [ Fovdv) satisfies

1
2 ..
||Lt - w||L2(T3) é 211?13(1’)11: 8_2H(F8|M(l,£w,l))-

Proof. A direct computation shows that
H(Fe|Mq ew,1) = HMF, M@ cw.1)) + H(Fe|Mp,) 2 HMF,IM1.60.1)),

where MF, denotes the local Maxwellian having the same moments as Fy. If we
define R,, J; and T by

1 J?
R, =/Fsdv, Jo = —/ngdv, R£T5+82R—£ =fF5v2dv,
&

&

it is easy to check that

2 2
€2 [ (J. — Rew)
H(Mp, Mt c0,1) = [ (Relog R = Re + D x + 5 / e 2R g
&
—i—% S Re(T —log T, — 1) dx.

In particular, we have

(Je — Rew)? 2
/;dx < S H(F| M ew.1))-
R, €

By convexity of the functional (R, J) +— (J — Rw)?/R, since R, — 1 and
Je — u in the vague sense of measure,

1
2 ..
e = w2 = 2lim inf 8—2H(F5|M(1,ew,1)),

which is the expected estimate. O

From (24) and the identity
1 in
8_2H(F5 |M(l,gwi",l))
1 ) 1 . . .
= S HE Mg ey 1) + 5 // FMdo@™ — w')2dx
1 ) . . .
+ - // F"(v —eu™)dv.(u™ — w™) dx
&
1 . 1 . .
= 8_2H(Fem|M(l,8ui",l)) + E”Mm — u)m||%2(T3)

1 ) | ‘
+ 5 f/(F;n — M(l’suin’l)) dv(um _ wm)z Ix

1 . . . .
+ - //(Fsm = M gyin 1)) (v — eu™) dv. (™ — w™) dx,
e ,euln,
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we deduce that

1 . . .
8—2H(F‘S‘“|M(11€win’1)) = ||lu™ — wl“||§2(T3) + o(1). (85)

Combining Lemmas 6, 7 and 8 with (83) and (85) shows that any limit point u
of the sequence (% J Fevdv) satisfies the incompressibility relation as well as a
stability inequality similar to (20) for allw € C!([0, T'] x T?) such that V- w = 0,
X (w) € L*®([0, T], L®(T?)), E(w) € L'([0, T], L>(T?)). A standard argument
of density shows that (20) holds actually for all w € C%([0, T] x T?) satisfying
Vew =0, X (w) € LY([0, T1, L®(T3)), E(w) € L'([0, T1, L*(T?)). This means
exactly that u is a dissipative solution of the incompressible Euler equation.

6. Appendix A. Caflisch estimates

Continuity results regarding the operator g — M ~1/2AT(M'/%g, M) are the
key arguments of the estimates established in this article: we record them below
for the sake of completeness.

Theorem 8 (Caflisch Theorem). Define AT (f, g) = 8%1 J(flg + g f)dvidw
with the notation defined in (3), and denote by M any Maxwellian. Then, for all
measurable function g,

|p=172 4t (Vg (1 + 0P|

|12 A (g M1+ o)

< Cliglz.

Lo (86)
< Clig( + o)l zee.

Ly
We complete this result by the following

Proposition 2. With the same notation as in Theorem 8, for all measurable non-
negative function g,

RN R e]

L SCIg+ Dz 8D

Proof. The identity M’ M| = M M implies

1 2
M~ AT (VM 3. M)? = (4_ // Ve MM, dv1d0> .
T
As [v)* < [v] 1> + |v/|?, by Cauchy-Schwarz inequality,
M~ AT (VM /g, M2+ [v]?)

1 1
< —f M dvido —/fg/M;(l+|v/|2+|v/1|2)dv1do
4 4

As dvdvido = dv'dvido, integrating with respect to v leads to the expected
inequality. O
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7. Appendix B. Young’s inequality

The functions 2 : [—1, +o0o[— R4 andr :]— 1, +oo[— Ry are both strictly
convex, and satisfy, for all z > —1,

h(lz]) S h(z), r(zD) =r(@), h2) =r@). (88)
The Legendre transform of 4 is defined for all p € R by

h*(p) = sup (pz —h(@) =e’ —p—1=el; (89)
1

>
that of r is also defined for all p € R by the implicit relation

2

Z Z
r* = su 7z —r(z)) = ——, with log(1 +2) + —— = p.
(p) Z>Pl(]? (2)) 152 2( ) T4z p

Further, the Legendre transform /* is super-quadratic, i.e.,

h*(np) < n*h*(p), peR, nel0,1]. (90)

Finally, Young’s inequality states that, forall p € R,z > —1 and 5 € [0, 1],

1 1
plzl = ;h(z) +nh*(p) < ;r(z) +nh*(p). oD
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