
Electr Eng (2008) 90:189–197
DOI 10.1007/s00202-007-0073-3

ORIGINAL PAPER

Sliding mode control with integral augmented sliding surface:
design and experimental application to an electromechanical system
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Abstract In this study, an integral augmented sliding
mode control (SMC + I) has been proposed to improve
control performance of systems. Stability of the closed-loop
system is guaranteed in the sense of Lyapunov stability theo-
rem. The effectiveness of the control solution is established
by the stability analysis of the closed-loop system dynamics.
The proposed controller is adopted to control speed of an
electromechanical system. The experimental set-up reflects
the emphasis on the practicability of the proposed sliding
mode controller. The experimental results are presented and
compared with the results obtained from conventional sli-
ding mode control and Proportional + Integral + Derivative
(PID) control. The experimental results verify that the pro-
posed controller provides favorable tracking performance,
faster and smoother speed regulation with regard to parame-
ter variations and disturbances. The present study shows that
the proposed controller, with its straightforward solution, is
easily applicable to industrial problems and an alternative to
conventional PID and sliding mode controllers.
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1 Introduction

Sliding mode control (SMC), first proposed in the early
1950s, is one of the effective nonlinear robust control methods
since it provides the system dynamics with an invariance pro-
perty to uncertainties once the system dynamics are control-
led in the sliding mode [1]. It possesses many advantages
including: (i) insensitivity to parameter variations and model
uncertainties; (ii) external disturbance rejection; and (iii) fast
dynamic responses and good transient performance [2,3].
Moreover, the dynamic performance of a system under SMC
method can be shaped according to the system specification
by an appropriate choice of switching function [4].

Sliding surface plays an important role in design of sli-
ding mode controllers such that tracking errors and output
deviations can be eliminated or reduced to a satisfactory level
in practical applications [5]. Unfortunately, an ideal sliding
mode controller has a discontinuous switching function and
it is assumed that the control signal can be switched from
one value to another infinitely fast [2,6]. Such a switching
function produces chattering that is highly undesirable [2]. It
appears as a high frequency oscillation near the desired equi-
librium point and may excite the unmodeled high-frequency
dynamics of the system. However, it is impossible to achieve
infinitely fast switching control because of finite time delays
for the control computation and limitations of physical actua-
tors [7,8]. One of the approaches to counteract the chatte-
ring phenomenon in SMC systems is the use of continuous
approximation to smoothen the discontinuity [3,7–10]. Error
within some predetermined boundary layer is considered in
these functions [11].

Several research studies about SMC method have been
performed in recent years and the method plays an important
role in the application to practical problems [4,10,12–17].
Electrical machines such as direct current (DC) motor system
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Fig. 1 Diagram of the electromechanical system

are very important in industrial applications and have a wide
range of profile in their motions that is required to follow
a predetermined speed or position under load [18,19]. The
main advantages of these motors are of easy speed or posi-
tion control and wide adjustable range [20]. The motors
have been extensively used in several industrial applications
[5,21–23]. There have been considerable developments in
nonlinear control schemes for the DC motors [21,24], with
simulation studies [4,25] and experimental applications [5].
This has attracted extensive researches in the field of control
engineering.

In the current study, conventional sliding mode control
is improved such that an integral dynamic with an inde-
pendent tuning parameter as a constant coefficient is added
into conventional sliding surface to improve transient per-
formance and steady-state accuracy, and to overcome draw-
backs of the conventional SMC method. Solution is obtained
on a surface in the proposed control mechanism, while it is
obtained on a line in the conventional SMC. An experimental
application is performed such that SMC + I controller is desi-
gned for the speed control of an electromechanical system,
a DC motor connected to a load using belt mechanisms via
shafts. The feasibility and effectiveness of the proposed sli-
ding mode controller is experimentally demonstrated and the
system is controlled using a computer. The results obtained
from the present study are compared with the traditional PID

control system and conventional SMC system in dynamic
responses of the closed-loop control.

2 Electromechanical system model

Electromechanical system is given in Fig. 1 and its block
diagram is presented in Fig. 2. Electrical and mechanical
equations of the system can be given as:

va(t) = La
d

dt
ia(t) + Raia(t) + Kmωm(t) (1)

Jm

(
dωm(t)

dt

)
=Tm(t)−Ts1(t)−Rmωm(t)−Tf(ωm) (2)

J1

(
dω1(t)

dt

)
= Tb1(t) − Ts2(t) − R1ω1(t) − Tf(ω1) (3)

JL

(
dωL(t)

dt

)
= Tb2(t) − RLωL(t) − Td(t) − Tf(ωL) (4)

Ts1(t)=ks1(θm(t)−Kb1θ1(t))+Bs1(ωm(t)−Kb1ω1(t)) (5)

Ts2(t)=ks2(θ1(t)−Kb2θL(t))+Bs2(ω1(t)−Kb2ωL(t)) (6)

dθm(t)

dt
=ωm(t),

dθL(t)

dt
=ωL(t),

dθ1(t)

dt
=ω1(t) (7)

where va is the motor armature voltage, Ra and La are the
armature coil resistance and inductance, respectively, ia is the
armature current, Km is the torque coefficient, Tm is the gene-
rated motor torque, ωm, ω1, ωL, are the rotational speeds of
the motor, Jm, J1, JL are the moments of inertia, Rm, R1, RL

are the coefficients of viscous-friction, Td is the external load
disturbance, Tf is the nonlinear friction, Ts1, Ts2 are the trans-
mitted shaft torques, Tb1, Tb2 are the transmitted torques from
the belts, and Kb1, Kb2 are the belt constants.

The model for the nonlinear friction can be obtained by
considering an asymmetrical characteristic as [19]:

Tf(ω) =
(
α0 + α1e−α2|ω|) sgn1(ω)

+
(
α3 + α4e−α5|ω|) sgn2(ω) (8)

T

ωm

b1

m

ωLKm

ai-

ω1
Km

1
sLa

-
K

Tb1
-

T (    )
f

ωm

T  (    )
f

ω L

Ra

1
msJ

Rm

1
LsJ

RL

--

Td

-

T

-

s2

Nonlinear friction

Nonlinear friction

s1
sB  +k

s
s1

va

(input) -

Ts1

-
1

1sJ

R1

-
s2

s
s2

-
sB  +k

ωL

T (    )
f

ω1

Nonlinear friction

-
b2K

Tb2

Kb1 Kb2

(Load)

Fig. 2 Block diagram of the electromechanical system
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where αi are constants, αi ∈ R, αi > 0, i = 0, . . . , 5,

α0 �= α3, α1 �= α4, α2 �= α5, and the functions sgn1 and
sgn2 are defined as:

sgn1 (ω) =
{

1 ω � 0
0 ω < 0

, sgn2 (ω) =
{

0 ω � 0
−1 ω < 0

(9)

The problem, however, with this system model given in
Eq. (1) to Eq. (9) is that several parameters are needed and
it is difficult to define all these parameters. To simplify the
modeling process, model of the electromechanical system
can be approximated using a second-order perturbed linear
model including disturbances and uncertainties as [5]:

ω̈L(t) = −(An + �A)ω̇L(t) − (Bn + �B)ωL(t)

+ (Cn + �C)u(t) + d(t) (10)

where u(t) is the control input that denotes the motor
armature voltage (u(t) = va(t)), An, Bn and Cn are the
nominal system parameters, �A,�B and �C are the uncer-
tainties introduced by system parameters, nonlinear friction,
and unmodeled dynamics, and d(t) presents external distur-
bance. The second-order dynamic model, Eq. (10), can be
rearranged as

ω̈L(t) = −Anω̇L(t) − BnωL(t) + Cnu(t) + L (11)

where L denotes the lumped uncertainty that is bounded but
unknown, |L| � Lm, Lm ∈ R+, R+ is space of the positive
real constants. L is defined by

L = −�Aω̇L(t) − �BωL(t) + �Cu(t) + d(t) (12)

3 Sliding mode control

3.1 Conventional sliding mode control

Sliding surface, s(t) in the conventional SMC depends on
the tracking error, e(t) and derivative(s) of the tracking error
as [3]:

s(t) =
(

λ + d

dt

)n−1

e(t) (13)

where n denotes order of uncontrolled system, λ is a positive
constant, λ ∈ R+. If the system concerned is assumed to be of
second-order (n = 2), and then, in a two-dimensional phase
plane related to Eq. (13), the solution is a straight line passing
through the origin. The tracking error starting from certain
initial value will converge to the boundary layer and move
inside the boundary layer towards the horizontal axis until it
reaches de(t)/dt = 0. Under perturbation, the error will not
coincide with the switching surface. Obviously, steady-state
error in some level may occur, if the uncontrolled system does
not include inherent integral action. On the other hand, the

zero steady-state error is important in control systems such as
servo and regulation problems in industrial applications [4].

3.2 Integral augmented sliding mode control (SMC + I)

The sliding surface can be improved introducing an integral
action into the sliding surface for steady-state accuracy defi-
ned as [26,27]:

s(t) =
(

λ + d

dt

)n−1

e(t) + ki

t∫
0

e(τ )dτ (14)

where ki is the integral gain, ki ∈ R+. The phase plane
associated with the proposed switching surface, Eq. (14),
will be three-dimensional and the switching surface is a plane
passing through the origin, if the order of uncontrolled system
is assumed two, n = 2. Significance of the proposed control
approach is that the solution is obtained on a plane, while the
solution is obtained on a line in conventional SMC.

3.3 Stability

The control objective is to determine a control law, u(t) such
that the tracking error, e(t) should converge to zero. The pro-
cess of sliding mode control can be divided into two phases:
the sliding phase with s(t) = 0, ṡ(t) = 0, and the reaching
phase with s(t) �= 0. Control action corresponding to these
two phases is performed in two parts: equivalent control and
switching control [2,28]. These can be derived separately.
Conceptually, in sliding mode the equivalent control is des-
cribed when s(t) = 0 or ṡ(t) = 0, while the switching control
is determined in the case of s(t) �= 0 [1].

Taking derivative of the sliding surface given in Eq. (14)
with respect to time, for n = 2 one has:

ṡ(t) = ë(t) + λė(t) + ki e(t) (15)

A necessary condition for the tracking error to remain on the
sliding surface s(t) is ṡ(t) = 0 [2,4,7]:

ë(t) + λė(t) + ki e(t) = 0 (16)

If the control gains, λ and ki , are properly chosen such that
the characteristic polynomial in Eq. (16) is strictly stable,
that is, roots of the polynomial are in the open left-half of the
complex plane, it implies that lim

t→∞ e(t) = 0 meaning that the

closed-loop system is globally asymptotically stable [5,15].
If the nominal parameters of the electromechanical system
are inserted in to Eq. (15), it is obtained

ṡ(t) = ω̈r(t) + Anω̇L(t) + BnωL(t) − L − Cnu(t) + λė(t)

+ ki e(t) (17)

where ωr(t) is the set-point speed in the present electro-
mechanical system problem. A necessary condition for the
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output, ωL(t), to remain on the sliding surface is ṡ(t) = 0
[2,4,7]. The equivalent control law is obtained when ṡ(t) = 0
for the unknown lumped uncertainty, L = 0:

ueq(t) = 1

Cn
(ω̈r(t) + Anω̇L(t) + BnωL(t) + λė(t)

+ ki e(t)) (18)

If the initial output trajectory is not on the sliding surface s(t),
or there is a deviation of the representative point from s(t)
due to parameter variations and disturbances, the controller
must be designed such that it can drive the output trajectory
to the sliding mode s(t) = 0. The output trajectory under
the condition that will move toward and reach the sliding
surface is said to be on the reaching phase. For this purpose,
the Lyapunov function can be chosen as

V (t) = 1

2
s2(t) (19)

with V (0) = 0 and V (t) > 0 for s(t) �= 0. A sufficient
condition to guarantee that the trajectory of the error will
translate from reaching phase to sliding phase is to select the
control strategy, also known as reaching condition [2]:

V̇ (t) = s(t)ṡ(t) < 0, s(t) �= 0. (20)

To satisfy the reaching condition, the equivalent control
ueq(t) given in Eq. (18) is augmented by a switching control
term, usw(t), to be determined. Consider the system given in
Eq. (10) with uncertainties and disturbances and the sliding
mode controller is designed such that

u(t) = ueq(t) + usw(t) (21)

If the system parameters and variables are inserted into the
reaching condition given in Eq. (20), it is obtained as

s(t)ṡ(t) = s
[
ω̈r(t) + Anω̇L(t) + BnωL(t) − Cn

(
ueq(t)

+usw(t)) + λė(t) + kie(t)
]

(22)

The switching control usw(t) in Eq. (22) can be chosen
as [2]

usw(t) = kssgn(s) (23)

where ks is a positive constant and means upper bound of
uncertainty, ks ∈ R+(ks = Lm) [29], and sgn(.) denotes
signum function defined as [2]

sgn(s(t)) =
⎧⎨
⎩

+1, if s(t) > 0
0, if s(t) = 0
−1 if s(t) < 0

(24)

Taking the derivative of the Lyapunov function with respect
to time, one has

V̇ (s(t)) = s(s)ṡ(t)

= −s(t)ksCnsgn(s(t))

= −ksCn |s(t)| � 0 (25)

This implies that V̇ (s(t)) is a negative semi-definite function.
Define the following term:

X (t) = ksCn |s(t)| (26)

therefore

X (t) � −V̇ (s(t)) (27)

then
t∫

0

X (τ )dτ � V (s(0)) − V (s(t)) (28)

Since V (s(0)) is bounded and V (s(t)) is non-increasing and
bounded, the following result can be concluded

lim
t→∞

t∫
0

X (τ )dτ < ∞ (29)

Also, Ẋ(t) is bounded, and it can be shown that limt→∞
X (t) = 0 by the Barbalat’s Lemma [2]. That is, s(t) → 0 as
t → ∞. By applying this switching control law, the sliding
mode control system can be guaranteed to be stable in the
Lyapunov sense.

3.4 Switching

It is known that the discontinuous switching functions can
be approximated by their continuous switching functions to
avoid the chattering of the control force and to achieve the
exponential stability [7]. Instead of signum function, a satu-
ration function has been used via introducing a thin boundary
layer around the sliding surface to avoid chattering [2,3]. For
a more smooth change of the switching signal, a hyperbolic
tangent function has also been used to improve the switching
control effort as [5,30]:

usw(t) = ks tanh (s(t)/�) (30)

where � is a positive constant, � ∈ R+, and it defines the
thickness of the boundary layer that affects the steady-state
accuracy and robustness.

4 Experimental set-up and test results

Diagram of the experimental set-up is shown in Fig. 3. A com-
puter (Pentium II MMX, 300 MHz, 256 MB RAM) is used
to implement proposed sliding mode controller. The output
shaft speed is measured from an optical sensor (as revolutions
per minute, rpm) and a tacho-generator (as volts) connected
to the motor shaft. A series of pulses is generated in the optical
sensor when the slotted disk, which is mounted on the motor
shaft, is rotated. When the shaft of the dc motor is turned,
a voltage is induced at the tacho-generator terminals and is
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Fig. 3 Diagram of the
experimental set-up
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directly proportional to shaft speed. The motor to be studied
operates with a maximum output shaft speed of 1,500 rpm.
The motor drives a shaft that carries disks, which operate
various transducers, and a tacho-generator. Motor speed is
reduced by 9:1. The motor speeds at different input armature
voltages are measured to obtain the tacho-generator characte-
ristics and it is calculated to be 0.0017 V/rpm. The measured
output data are transferred to the computer by a data acquisi-
tion card (Advantech, Model: PCL-1800, 330 kHz in speed,
a conversion time of 2.5µs., and 0.01% accuracy). The sam-
pling period is taken to be 5 ms for all cases. Control cal-
culations are performed in Matlab environment, in Simulink
of Matlab [31]. The experimental application is performed
in such a way that the measured signal is transferred to the
Simulink via the data acquisition card, and is compared with
the reference signal. The calculations are performed to pro-
duce the switching signal and the equivalent signal. The ove-
rall control signal (switching signal + equivalent signal) is
sent to the power amplifier using the data acquisition card to
control the real system.

As a preliminary work, the electromechanical system
should be tested to define the gain coefficients, An, Bn and
Cn. This process is needed to obtain the equivalent control
input, ueq(t) and should be performed before the closed-loop
operation is allowed. In open-loop conditions, a step input
signal, amplitude of 2.55 V, that corresponds to 1,500 rpm
is applied to the electromechanical system from the compu-
ter over the data acquisition card. First-order plus dead-time
model is one of the effective model types to approximate real
systems, if response of the open-loop systems to an applied
deterministic signal such as step input change do not pos-
sesses any overshoot, or the response looks like an over-
damped response type. The modeling process is based on the
process reaction curve method as [5,32–34]:

G(s) ∼= K e−Tds

T s + 1
∼= K

(1 + Tds)(1 + T s)
(31)

Therefore, the nominal mathematical model of the system is
approximated to be:

G(s) ∼= 0.786

(1 + 0.01s)(1 + 0.27s)

Responses of the actual system and approximated system
are illustrated in Fig. 4 for the model validation such that
solid line presents the approximated model response and the
dotted line denotes the real system output, and the speed
error is illustrated in Fig. 5. The output speed settles down
after 1.3 s and the error is about ± 35 rpm and it is mea-
ning that the modeling error is ±35/1, 200 = ± 2.9% in
the approximated model. Since the mean error is zero, it
satisfies the fact that the steady-state modeling error is zero.
Using the approximate system model, the model parame-
ters are calculated to be An = 103.74, Bn = 370.37 and
Cn = 291.11. Conventional PID controller parameters are
determined using process reaction curve method and the
gain coefficients are calculated to be Kp = 21, Ti = 0.25
and TD = 0.0717. Heuristic method is used in general to
choose the sliding mode controller parameters. As the design
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Fig. 6 Responses of PID, SMC and SMC+I control system to 0–1200
rpm step setpoint speed change

guidelines, first, the sliding mode controller parameters must
be all positive real. Second, the polynomial, given in Eq. (16),
must be stable. Third, the switching signal should be mini-
mized not to hurt the actuator. The overshoot is not desired.
From all these, to satisfy the requirements the parameters are
selected as λ = 12,� = 30 and ks = 4 for the conventional
SMC system, and λ = 12, ki = 1,� = 30 and ks = 5 for
the SMC + I system.

Responses of the closed-loop control system to
0–1200 rpm set-point changes are illustrated in Fig. 6 for
PID, SMC and SMC + I control systems respectively. The
performance of the system with the proposed sliding mode
controller (SMC + I) is much better than the system with the
conventional PID controller and conventional sliding mode
controller such that no overshoot, smaller rise time, and
smaller settling time in magnitude were obtained from the
proposed controller. On the other hand, conventional PID

controllers did not meet the needs of precise control, since
these resulted in some overshoots and larger settling time in
magnitude. The variations of the control efforts were shown
in Fig. 7 for PID control, and in Fig. 8 for SMC and SMC+ I
control such that while the control effort of SMC+I system is
a little bit larger in transient conditions from that of SMC sys-
tem, it is smaller in steady-state conditions in magnitude and
settles down in 0.18 s, while the control effort of SMC system
settles down in 0.22 s. The control effort of PID control, in
Fig. 7, is very large in magnitude and oscillating in transient
conditions, and settles down in 0.5 s. Such a large variation
in the control effort is not desired in most of the control
applications, since it may be harmful for the actuators. Some
quantitative performance indicators of the speed tracking
quality are presented in Table 1 for PID, SMC and SMC + I
controllers.

Fig. 7 Control effort with PID control
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Fig. 8 Control efforts with SMC and SMC + I control
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Table 1 Time domain specifications

Controller Rise Settling Overshoot Output

type time (ms) time (%) deviations in

(ms) (5%) steady-state (rpm)

PID 190 260 4.6 ± 10.3

SMC 172 208 0.0 ± 9.3

SMC + I 133 166 0.0 ± 8.9

Some comments can be given about the tuning parameters,
λ and ki to affect operation of the closed-loop system. If
the switching control signal usw in Fig. 3, is considered, λ

behaves basically as a typical proportional gain. In addition,
λ affects the equivalent control, Eq. (18), as a derivative gain.
The integral gain ki in Fig. 3 adjusts rates of error integration.
Also, the switching control is limited and the overall control
input (usw+ueq) should be reasonable not to hurt the actuator
and to satisfy the design requirements.

Variations of the switching (hitting) control and equivalent
control, for SMC system and SMC + I system are illustra-
ted in Fig. 9, 10, 11, and 12, respectively. It is clearly seen
that magnitudes of the variations in SMC + I control sys-
tem are smaller than that of the variations in SMC control
system for both the switching and equivalent control efforts.
The variations of the sliding signal s(t) during the control
are shown in Fig. 13 for both SMC system and SMC+I sys-
tem, respectively. It can be noted that the sliding signal is
s(t) �= 0 when the error signal is not zero. This means that
the sliding mode is in the reaching surface up to about 0.2 s
and then arrives sliding surface in SMC + I system. When it
reaches to sliding surface, theoretically it is expected the sli-
ding function to be zero, s(t) = 0. In practical applications,
there are always some small deviations and fluctuations at
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the output measured variable because of uncertainties and
disturbances. Here, the average value of the sliding function
is zero, s(t) = 0.
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5 Conclusions

In this study, a sliding mode control with an integral augmen-
ted sliding surface (SMC + I) has been proposed to improve
control performance of systems. Present algorithm was adop-
ted to control the speed of a computer-controlled electro-
mechanical system while the nominal system is assumed
known. Approximated second-order-system model is used
in the present design, since many of the industrial systems
can be modeled using a second-order model. The practical
application is associated with the sliding mode controller
as a computational-intelligence approach to the engineering
problems. Experimental application was carried out to test
the effectiveness of the present controller, SMC + I. From
the experimental results the proposed SMC + I controller is
more effective to be applied for the speed control of the elec-
tromechanical system due to the uncertainty handling capa-
bilities and disturbance rejection of the design method. In
order to avoid the chattering phenomena, a hyperbolic func-
tion has been used. The closed-loop system is in the sliding
mode at all times and the tracking error converges to zero
exponentially under the existence of parameter uncertainties
and disturbances. The closed-loop system has been proved
and shown to be globally exponentially stable in the sense of
Lyapunov theorem.

Based on the experimental results and the time domain
specifications presented in Table 1, it can be concluded that
the control performance of the electromechanical system was
significantly improved with SMC + I control system compa-
red with the conventional PID and SMC control systems.
Experimental results also confirm the fact that the sliding
mode controllers are reasonable candidates to use in indus-
trial applications and these can be considered to be alternative
to usual PID controllers, since the present design algorithm
is simple to use and easy to understand with its straightfor-
ward solution, and the computational task is not a problem

any more because of high-speed computers and application
tools to use in industrial applications.

The merit of integral augmented control structure has been
verified by experimental testing of an electromechanical
system. Three controllers are tested: (1) conventional PID;
(2) conventional sliding mode and (3) integral augmented
sliding mode. The experimental results show that the pro-
posed controller has much better steady-state and transient
performance.

The current theoretical study and experimental applica-
tion showed that there are several advantages of the present
design method such that: (i) conventional sliding surface is
improved to include integral action, (ii) solution is simple and
easy to understand including straightforward design process
and control calculations are not complex, (iii) experimental-
based model is used in design procedure, while theoreti-
cal model-based model obtained using differential equations
includes many parameters which are difficult to define, (iv)
tuning is easy since the guidelines for the design give clues
to designer how to select the tuning parameters, and (v) the
design method is experimentally applied to an electrome-
chanical system, and this supports the fact that the current
controller is applicable to industrial problems.
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