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Abstract

We obtain geometric characterizations of the dual functions for quadratic bent and
vectorial bent functions in terms of quadrics. Additionally, using the zeros of the
polynomial X9*! + X + a which have been studied recently in the literature, we pro-
vide some examples of binomial quadratic bent functions on F_. and F, where g is a
power of 2.
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1 Introduction

A Boolean function on F,, is a mapping from [F,, to the prime field F,. If fis a
Boolean function defined on [,,, then the Walsh transform of f'is defined as

Wib) = Y (=1y @,

x€Fn

where b - x is a scalar product from F,, X F,, to F, and [, is considered as a vector
space over [,. A Boolean function f on [F,, is said to be bent if its Walsh transform
satisfies Wy(b) = +2"/2 for all b € F,,. Then n is an even integer.

Bent functions were introduced by Rothaus [17] and then they were studied by Dil-
lon [8]. Bent functions are well-studied objects as they find applications not only in
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cryptography but also in coding theory, sequences, combinatorics and design theory.
They also have interesting connections with finite geometry [1-3]. Vectorial bent func-
tions were investigated in [16] and their duals were considered recently in [7]. For a
summary of background and recent development on bent functions, we refer the reader
to [6, 15].

Quadratic Boolean functions are those in the form

n—1

f6) =Y Trg, r, (cx™*).c; € By, (1)
=0

In [13, 19], the bentness of functions of the form (1) with coefficients c; from the
subfield F, were considered. In [9, 10], some cases with ¢; € [,., where n/e is an
even integer, were considered. Concerning the cases with coefficients ¢; from F,,
only monomial bent functions were considered, cp. [18].

Given a bent function f on F,,, one can define its dual function, denoted by f" s
by cons~idering the signs of the values of the Walsh transform W,(b) of f. More pre-
cisely, f is defined by the equation:

(~1/ 92172 = W, (x).

The dual of a bent function is bent again, and f = f. The bentness property is inde-
pendent of the choice of the scalar product, but the values of the dual function will
be changed.

In the first part of the paper we consider general quadratic bent functions and
give a geometric characterization of the dual functions for quadratic bent and vecto-
rial bent functions in terms of quadrics. In particular, for a quadratic bent function
f(x), we show that the dual bent function f(b) is equal to O or 1 depending whether
f(x)+ b - x = 0is a hyperbolic or elliptic quadric, respectively. It provides the value
of dual function f(b) directly from the original function f(x). Such a direct connec-
tion between bent function and its dual has not been noticed before.

It is known that a quadratic function f(x) is bent if and only if the associated bilin-
ear form B(x,y) =f(x +y) +f(x) + f(y) is non-degenerate. This statement implies
the following characterization for quadratic bent functions.

Lemma 1.1 The quadratic Boolean function (1) is bent if and only if

n—1

Li(x) = Z(Ci + cii_i)xzi

i=1

is a linearized permutation polynomial, i.e. L,(x) = 0 has only solution 0.

In the remaining part of the paper, we consider some binomial quadratic bent
functions with coefficients from [,,. In the cases we study, application of Lemma 1.1
leads to equations of the form

X+ X+a=0.
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The solutions of these types of equations were recently described in [14], from
which we obtain our main results.

The paper is organized as follows. In Sect. 2, Theorems 2.1 and 2.2 describe
the dual functions for quadratic bent and vectorial bent functions. In Sects. 3 and
4, we characterize binomial quadratic bent functions on F_. and F ¢ (Theorems 3.6,
3.7 and 4.6).

2 The dual functions of quadratic bent functions

In this section we consider general quadratic bent and vectorial bent functions.
We show that the dual functions for bent and vectorial bent functions can be char-
acterized in terms of quadrics.

Let V=V(n,q) be a vector space of dimension n =2k over a field F = [Fq,
where ¢ is a power of 2. A quadratic form on V is a mapping Q : V — F such that

1. O(ix) = A*2Q(x)forallA € F, x € V,and
2. B(x,y) = 0Q(x+y)+ Q)+ Q@) is a bilinear form.

A quadratic form is non-degenerate if the property B(x,y) =0 = Q(x) for all
y € V implies x = 0. A vector x € V is singular if Q(x) = 0. The set of singular
points of Q defines a quadric in the projective space PG(2k — 1, g).

Let O be a non-degenerate quadratic form on 2k-dimensional vector space V
over F. The coordinate system can be chosen so that Q is equivalent to one of the
following two expressions:

1o X%y + x3%4 + -+ + Xpp_ 1 Xy, OF
x? + ax,;x, +x§ +x3x, + -+ 4+ Xy _ X5, Where a € F and the polynomial

§£+a§+ 1is irreducible over F.
In the former case the quadratic form Q defines a hyperbolic quadric in

PG(2k — 1,q), and in the latter case Q defines an elliptic quadric. Hyperbolic
k_ k—1
quadric Q) =0 in PG(2k — 1,q) contains W points, elliptic quadric

Q) = 0in PG(2k — 1, g) contains (qkﬂl)l(# points [4] .

2.1 Quadratic bent functions

For the dual of a quadratic bent function, we obtain the following geometric
characterization.

Theorem 2.1 Let f : Fpuu = F, be a quadratic bent function. Then the dual bent
function f for f(x) is given by:
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f-(b) _ 0, lff(x) +b-x=01s a hyperbolic quadric,
T 1, iff(x)+b-x=0is an elliptic quadric.

Proof 1If f(x) is a bent function then f(x) is a non-degenerate quadratic form. So the
bilinear form B(x,y) =f(x +y) +f(x) + f(y) is non-degenerate. Then the bilinear
form B, (x, y) for the quadratic form f(x) + b - x is equal to

B, ) =[fx+y)+b-x+ NI+ [f)+b-x]+[f() +b-y] = Bx,y).

Hence the quadratic form f(x) + b - x is either hyperbolic or elliptic. If it is hyper-
bolic then the equation f(x) + b - x = 0 has

@ -D@~+) | _@-De-+D

+1=2%"1 424
g-1 2-1

solutions, including 0. Therefore,
21 =Wy (b)

— z(_l)f(x)+h-x

xeVv
:(+1) . (22k—1 + 2k—1) + (_1) A (22k _ 22k—1 _ 2k—1)
=2k,
Hence f(b) = 0. Similarly, if f(x) + b - x is elliptic then the equation f(x) + b -x =0
has

k k-1 _ k k=1 _
(¢" + D(q 1) 1= 2"+ D@2 )

+1=22k—] _2k—]
g—1 2-1

solutions, including 0. Therefore,
21/ =W, (b)

— 2(_ l)f(x)+b»x

xeV
=(+1) . (22k—1 _ 2k—l) + (_1) . (22k _ 22k—1 + 2k—l)
=2~
Hence f(b) = 1. The proof is complete. O
The previous theorem provides the value of dual function f(b) directly from
the original function f{x). Such a direct connection between bent function and its

dual has not been noticed before.

Remark 1 We consider the special case when f is a monomial bent function with
Gold exponent. Let a € Fyx, r € Nand d = 2" + 1. Let f : Fpu — [, be defined by

@ Springer



Quadratic bent functions and their duals 511

f@) = T,y (ax?).

This type of functions were studied in [11, 12]. As shown in [11], fis bent if and
only if

a g (x| x€Ful).
Using Theorem 2.1, the dual of fis

f(b) _ O, if Terzk/[Fz(a'xd) +b-x=01s a hyperb()lic quadric,
1, if Trp, 5, (@x) + b~ x = 0is an elliptic quadric.

2.2 Quadratic vectorial bent functions

Let K/F be an extension of finite fields of characteristic 2 and dimy K = 2k. Let
(-,-) : KX K — F be a non-degenerate bilinear form over F. For a finite field F we
denote

tr(x) = Trg JF, (x).

A function f: K — F is a vectorial bent function if the Boolean function
[ (0) = tr(af(x)) is bent for all @ € F*. The functions f,(x) = tr(af(x)) are called
component functions of f(x). Below we choose a scalar product from K X K to [, as

b-x=tr({b,x)).

Theorem 2.2 Let K D F be finite fields of characteristic 2 and let f : K — F be a
quadratic vectgrial bent function. Let f,(x) = tr(af(x)), where a € F*. Then the dual
bent function f, for component function f, is given by:

f(b) _ [0, ifaf(x) + (b,x)> =0is a hyperbolic quadric,
T, if af(x) + (b,x)*> = 0is an elliptic quadric.

Proof Let f(x) be a vectorial bent function. Then f, (x) = tr(af(x)) is bent and f,(x) is
a non-degenerate quadratic form for all « € F*. Hence f(x) is a non-degenerate quad-
ratic form over F and the associated bilinear form B(x,y) = f(x +y) + f(x) + f(y) is
non-degenerate. Fix a € F*. Then the bilinear form B, (x,y) for the quadratic form
af (x) + (b, x)? is equal to

By(x,y) = [af (x + ) + (b, x + )1 + [af (0) + (b, x)*] + [af () + (b, Y)’] = aB(x, y),

and it is non-degenerate. Hence the quadratic form af(x) + (b, x)? is either hyper-
bolic or ellkil?tic. Ifitis hkyperP(l)lic (resp. elliptic) then the equation af (x) + (b, x)?> = 0
has < ‘1;_"1 D (resp. 4 +l;(i’1 =Dy solutions in PG(2k — 1, F), where 2k = dim}, K.
Recall that PG(2k — 1, F) can be considered as the set of all 1-dimensional F-sub-
spaces in K. Let S be a subset in K* which represents all elements of PG(2k — 1, F)
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2k _
(elements of S generate distinct 1-dimensional F-subspaces in K). Hence |S| = qq—l

—1
and K* = {Au | A € F*,u € S}. Therefore,

g (=1 =W, ()
= Z (= 1)@

xekK

= 2 (= 1)@ Q) +ir((bx))

x€K
=1+ 2 (_ 1 )tr(af(lu))+tr((b,ﬂu))
AEF*, ues
=1+ Z (- 1)zr(ajzf(u))+tr(l<b,u))
AEF*, ues

2k

g -1 rGaf@+bai)
=l - + -1 ’
-+ ¥

AEF, ues

— g2k .
_49-4 + Z Z(_l)tr(/l(\/af(u)+(bsu>))

q9- ues AeF

2k

q9—4q
= +|N,|q,
g—1 IN,lg

where

Ny, = {u €S| Vafw) + (b,u) =0} = {u € S | af (u) + (b, u)* = 0}.

If af (u) + (b, u)*> = 0 is hyperbolic then |N, | = (qk_lé(#. Therefore,

2k 2k k k—1
q—9q g—q~ q(¢-D@+1D
+IN,lg = + =4q".
g-1 g—1 g—1
Hence
£y =o.
If af (u) + (b, u)? = O s elliptic then [N, | = % Therefore,
2k 2k k k—1
q9-4q g-—q=  q(¢ + D@ -1
—— +|Nlg = + = —qk.
g—1 g-1 g-1
Hence
fulb) = 1.
The proof is complete. O

Theorem 2.2 provides the value of dual function f;(b) for the component function
/() directly from the original function f, (x).
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Quadratic bent functions and their duals 513

Remark2 We consider the special case when fis a monomial vectorial bent function
with Gold exponent. Let f € K,r € Nandd = 2"+ 1. Let f : K — F be defined by

f&) = Trg/p(Bx?).

In [18], it was proved that f is vectorial bent if and only if § & {xeeddD | x € K},
where t = 2% + 1. For each a« € F*, the dual bent function f,, for component function
f,, 1s given by:

Fby = 0, if aTrK/F(ﬂxd) +(b,x)> = 0is a hyperbolic quadric,
ST L if aTrg p(x?) + (b,x)* = 0is an elliptic quadric.

3 Binomial quadratic bent functions on [

In this section, let ¢ =2", n=4m, F = [Fq,K = [qu,E = [Fq4. Let TrM/L(x) and
Ny (x) be the trace and the norm functions with respect to a finite field extension
M/L. For convenience, we abbreviate

Tr(x) = Trg /F, x), tr(x) =Trp /E x).
We consider the bentness of the function f : E — [, defined by
f@) = Tr(ax®™! + par™h),

where a, f € E.

3.1 Theroots of the polynomial P,(X) = X9*' + X+ a

Fora € E, let
P,X)=X"+X +a.
We recall the following sequence of polynomials from [14]:
Ap(X) = 0,A,(X) = 1,4,(X) = 1,
A ,(X)=A,,X)7+ XqA,.(X)qz,
for r > 0. Also, adopting the notation in [14], we define
FX) =A,(X) = 1 + X + X7,
G(X) =A5(X) + XA5(X)? = XTH + X7 4+ X + X7 + X9+ X + 1.

NE/F(a)> d E@@) = LY From [14]
G(a)2 an a) = G(a)Z . rrom , WE

have the following characterization on the number of roots of P, (X).

aF(a)7t!

For a € E, we denote H(a) = tr<
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Lemma3.1 ([14]) Let a € E. Then the polynomial P (X) = X9*' + X + a has 0, 1,2
or q + 1zeros in E. Furthermore, if N, is the number of roots of P,(x) in E, then the
following hold.

1. N, =0ifandonly if G(a) # 0 and H(a) # 0.
2. N, = lifand only if F(a) # 0 and G(a) = 0.
3. N,=2ifand only if G(a) # 0 and H(a) = 0.
(u + ud)?+1
4. N, =q+ lifand only if there exists u € E\K such that a = —————. Then
(u+ ud)a+!
. 1 (u+a)? 1
theq+1zer0smE0fPa(X)arex0=ma a=m
fora € F.

Lemma 3.2 (cp. [5]) The quadratic polynomial Q(X)= aX?+ bX + c € K[X],
b # 0, has two zeros in K if and only if Try s, (;‘-;) =0.

3.2 Bent functions on Fge
Let

S={XEE|NE/F(x)=]} = {erlxq3+q2+q+l =1}’
SK:{XEK“VK/F(X):]}:{x€K|xq+1=1}.

Lemma3.3 SNK = Sk

Proof Let 6 be a primitive element of E. Hence S = (#7~'). We have 4~V € K
if and only if (99~V)¢~1 = 1 if and only if (¢ — 1)(g2 = )i =0 (mod ¢* — 1) if
and only if i=0 (mod ¢ + 1) since gcd(g — 1,4+ 1) = 1. On the other hand,
Sy = (=D +D)y, n

Lemma 3.4 Let @ € E* and § € E such that f + ﬂq2 = 1. Let f : E = [, be defined
by

F(x) = Tr(ax?™" + px'+1),
Leta=a?". Thena € K, and f is bent if and only if the equation

X*' 4+ X4+a=0

has no solution in a48.
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Quadratic bent functions and their duals 515

Proof By Lemma 1.1, the function f'is bent if and only if the polynomial
Li(x) = af’ x4’ + p+ ,qu)x‘]2 + ax?
is a linearized permutation polynomial. For x # 0, we have

Lx=0 < a’x +x1+a”x=0 @
= g T 0?7 =0,
Lety = a?x?~!, Then y € a4S and x7~! = a~9y. Hence (2) is equivalent to

(@)™ +aTa™ly+a? 7 =0,

which is true if and only if y?*' +y 4+ a =0, where a = a?’+4, Therefore, Li(x) is a
linearized permutation polynomial if and only if the equation

X*' +X+a=0

has no solution in %S, which completes the proof. O

For a € K, we have
Fa)=14+a+a?€F,
G(a) =1+ a* +d* = F(a)’ € F,

H aq+1 aq+1
@ r<G(a)> r<l+a2+a2fJ>

Lemma3.5 Leta € K. If G(a) # 0 and H(a) = 0, then the equation

PX)=X"™"+X+a=0

has two solutions in E, and these solutions are in K.

Proof From Lemma 3.1, we know that P,(X) has two roots in E. Let x be a root of
P,(X). By [14, Lemma 5], x is also a solution of the quadratic equation

oX) = F(a)X2 + G(a)X + aF(a)? = 0.
Let

_aF@™'  aF(a)?’ _ a
B = = = Gar ~ c@

Then

_ a \\_ [(1+F@Y\ _ 1y
Trgp,(E(@) = tr<TrK/F<G(a)>> = tr<—G(a) > = tr<G(a) + F(a)> =0
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By Lemma 3.2, the solutions of Q(X) = 0 are in K, which proves the lemma. O
Now we obtain the main theorems.

Theorem 3.6 Leta € E*. Let f € E such that § + ﬂq2 =1.Let f : E — [, be defined
by

F) = Tr(ax®™' + pxd+1) = Tr(ax*!) + Tryr, (),
Then f'is bent if and only if
@l 4o £, 3)

Proof Let a = a9 9. Then a € K. Note that F(a) = 1 + a7+ + a9 *!, Let a = Aw,
where A € F,w € S.

1. Assume that F(a) =0. By Lemma 3.1, there exists u € E\K such that

(u + u?)7+!

=-——— Letc=(u+u?)?" € S. We have
(1 + ua)a+!

_(u+ ut)?'+1 _ (u+ ud)r+!

T u)H (A ud) + (o ug)a)a+!

o HunT (w4 uh)ry
T+ (A un)= 1y (14 (u 4 ua)a1)al
“aror U g

Hence a € (1 + ¢)72S. By Lemma 3.1, P,(X) has a root x, = (1 + ¢)~!. We have
X EAS=alS &= (1+c) ' €A &= (1+c)? €IS < a€ i’S.

Note that a = 7’4 = A2u4'+1 € 32S. Hence P,(X) = 0 has a root x, € AS = a“S.
Now we apply Lemma 3.4 and conclude that f{x) is not bent.

2. We now assume that F(a) # 0. If H(a) # 0, then the equation P,(X) = 0 has
no root in E by Lemma 3.1, and hence no root in AS. It remains to consider the case
H(a) = 0. Then by Lemma 3.5, P,(X) has two roots in K. Let x; € K be a root of
P(X).

Suppose x; € AS = a4S. Then by Lemma 3.3, x; = Av, for some v € S. We have

g+1
Xy

+x,+a=0 & AP +x,+a=0 < x, =a+ "
On the other hand,
2 =2 = (a+ 2 = (@ + P)a+ )

=a®™ + 2%a% + Xa+ A*

=a’" + 22(F(a) + 1) + A*.

Therefore,
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Quadratic bent functions and their duals 517

We have

a(/+l+ﬂ4_aq+(]+q+(/+l4 /14 q+q+q+l+/14 /14+A,4_0

which implies F(a) = 0, a contradiction to our assumption. Thus, if H(a) = 0, then
P ,(X) also has no root in AS. This completes the proof. m|

Theorem 3.7 Leta € E*and p € E. Let f : E — [, be defined by

f(x) = Tr(ax?! + ﬂxq2+l) = Tr(ax?™) + Tr e, (B + ﬂqz)xqu’l).
Then f is bent if and only if

a3 (p 4 T @

Proof 1. Suppose that B+p7 #0. Consider the function
h(y) = Tr(ay™") + Try /e (v +1). Making substitution y = x(f + 7)!/? we get

1 @) = hG) =Tr(@(p + fO)TDxI) + Ty (B + p7x*)

=Tr(6x*! + pat 1),

where 6 = a(f + ﬁ"z)(q“)/ 2. Then Condition (3) for the function A(y) and a implies
that

5q2+] 6q3+q2
G+t (g prye
I 4 67T £ (B4 T,

#1,

2. Now suppose that § + ,Bq2 = 0. Then f(x) = Tr(ax?*!). Let  be a primitive ele-
ment of E By Lemma 1.1, the function f(x) is bent if and only if the polynomial
Li(x) = a?’ x4’ + axd is a linearized permutatlon polynomial. For x # 0, we have

L) =0 < ax+alx’ =0 e o =] = (ax®*™H ' =1 = ax?! e F*.
Since F* = (04+tD@+Dy, we have that  f(x) is bent

= a g (1) = a@aD £ ] = @It g F* = aTH 4 (a7t £0 ,

which completes the proof. O

Remark 3 Condition (4) can be written as
Trg/p(Ng (@) # Ny p(Trg g (B)).

Remark 4 For the special case f + ﬂqz = 0 of Theorem 3.7, it was proved in [18,
Theorem 2] that the function f(x) = Tr(ax?*!) is bent if and only if a & (99+1),
where 0 is a primitive element of E.

Remark 5 From Theorem 2.1, the dual of fis given by
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F(b) = 0, if Tr(ax?' + px7*+') 4+ b-x = 01is a hyperbolic quadric,
T L if Tr(ax® + x4+ b - x = 01is an elliptic quadric.

4 Binomial quadratic bent functions on [,

In this section, let g =2"F = [Fq,F’ = [qu,K = [I:q3,E = [Fqﬁ. We consider the
bentness of the function f : E — [, defined by

fO0) = Tr(ax®™! 4 pxa'*1),

where a, f € E.

4.1 The roots of the polynomial P,(X) = X+ X+a

Fora € E, let
PX)=X"""+ X +a.
We recall the following sequence of polynomials from [14]:
ApX) =0,4;(X) = 1,A,(X) =1,
A=A, X7 +XTAX),
for r > 0. Also, define
FX) =A;0) =1 +X7,
G(X) = Ay(X) + XA,(X)T = X7 + X7 + X + 1.

Ng,p(a) aF(a)7t!
G(a)? G(a)?
Lemma4.1 ([14]) Let a € E. Then the polynomial P ,(X) = X7 4 X +ahas0, 1,

2 or ¢* + 1 zeros in E. Furthermore, if N, is the number of roots of P,(x) in E, then
the following holds.

For a € E, denote H(a) = tr< >and E(a) =

1. N, =0ifand only if G(a) # 0 and H(a) # 0. 1

N, = lifand only if F(a) # 0 and G(a) = 0. In this case, (aF (a)?~")2 is the unique
zeroin E.

N, =2 ifand only if G(a) # 0 and H(a) = 0.

4. N,=gq*+ lifand only if F(a) = 0.

b
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Quadratic bent functions and their duals 519

4.2 Bent functions on Fgs

Let
[16_,1
S={xEE|NE/F(x)=1}={er|xq-‘ = },
£-1
SK={xeK|NK/F(x)=1}={xeK|xF= }

01
S’:{er|NE/F,(x):1}:{er|x32_1 :1}.

Lemma 4.2 Let a # 0. Let p € E such that f + ﬁq3 = 1. Let f : E — [, be defined
by

F(x) = Tr(ax®" + pxd'*1).
Leta = a?*7 = (a7 )7 +! € K. Then f is bent if and only if the equation
PX)=X"""4+X+a=0 5)
has no solution in a?’S'.
Proof By Lemma 1.1, the function f'is bent if and only if the polynomial
Ly(x) = af’ x4 + g+ ﬁ‘f )xq3 + ax?
is a linearized permutation polynomial. For x # 0, we have

Li(x)=0 < ' X +x +alx=0 ©

4_ _gb g2 5_g4
= a1 = 0.

Let y = a?x7~!. Then y € a?’S’. By substituting x7'~! = a=7'y, the equation (6) is
equivalent to

(@)t g g Ty 40 =0,

which means y‘f’2+1 +y+a=0, where a = a?’*¢ Therefore, L;(x) is a linearized
permutation polynomial if and only if the equation

XN 4+ X+a=0

has no solution in a?’$’, which completes the proof. O

For a € K, we have
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F(a) =a® + 1,
G(a)=a” +a? +a+1.
In the following lemma we consider the case F(a) = 0, that is, whena = 1.
Lemma 4.3 The equation
X 4 X +1=0
has no root in a® S’ if and only if a4 T+ £ 1.

Proof By Lemma 4.1, the Eq. (5) has ¢> + 1roots. If x is a root of (5), then

6
-1 4,2 4 2 4 4 4 2 4
XAt =T = T = T (D) = x0T = (T )T =1,

which implies x € §'. Therefore, x ¢ 'S’ if and only if ¢ ¢ §', if and only if
(aqz)q4+q2+1 — aq4+q2+1 £1,
which proves the lemma. a

‘We now consider the case F(a) # 0.

Lemma4.4 Let F(a) # 0 and G(a) = 0. The Eq. (5) has no root in a? s’ if and only if
ald=D@ +a+1) £

Proof By Lemma 4.1, the Eq. (5) has the unique root

X = (aF(a)"z_l ) 1/2.

We have x € a7’ §' if and only if aF(a)? ! € a7 S, if and only if

42
4, 2 _2q+q+1
aq+q+l<a 2q> =1’

which is if and only if
o @-D@t+a+D — 1
Modulo (¢® — 1), we have
@ - +@+ D)=+ +q —¢' - - 1=q(+¢'+¢)—¢' - - 1=(g- D'+ + D).

This proves the lemma. O

Lemma4.5 Let G(a) # 0 and H(a) = 0. Let N(a) = Ny (a) = a9 *+!. The Eq. (5)
has no root in a’ S’ if and only if at least one of the following is true.
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4 2
g*+1 7 q*+q°+1
1. (u) £1.

ad'*ta 41
2. N(a)? + G(a)N(a) # a? ++!,

Proof By Lemma 4.1, the Eq. (5) has two roots. Let x be a root of (5). Then x € a s’
if and only if

xq4+q2+l — (aqz)q4+q2+l — aq4+q2+l — N(a)

Substituting x+' = x + a into the above, we obtain x4'*! + ax?' = N(a), which
gives

¥+ 4 a? x = N(a). @)

We note that a # 1. From (5) and (7), we get

x_N(a)+a_N(a)+a
T a+1  F(a)

Since x € a9’ 5, it follows that xa=¢" € S', which is equivalent to
aq4+l n aqs g*+q*+1 .
ad'+a 41 o

Since x is a root of (5),

<N(0!)+a>q2+l + N(@) +a +a=0

F(a) F(a)
= (N@) + )" + N(a) + @)F (@) = aF(a)” ™"
& N(@)* + G(a)N(a) = a? +7*!,

The proof follows. O

Theorem 4.6 Leta € E*. Let f € E such that f + p7 = 1. Let f : E — [, be defined
by

FG) = Tr(axd™! + g7 ) = Tr(ax?) + TVK/[FZ()Cq3+1).

Let N(@) = N/ (@) = a?*4+! and let a = a?+%,G(a) = a +a +a+ 1. Then f
is bent if and only if one of the following is true.

1. a=1land N(a) # L.
2. a#1,G(@) =0,and N@)?! # 1.

4 2 1
@it 4 g0 \ 7T
. - 1.
3 G(a)#Oand( pov—— #*

@ Springer



522 K. Abdukhalikov et al.

4. G(a) # 0 and N(a)? + G(a)N(a) # a?+4+!,

Ng/p(a)
G(a)?

Ngyp(a) =g 7t = gl = Ng/p(a) € F,

Proof Let H(a) = Trp g, ( > We have
G(a) =a" +a” +a+1=a +a'+a+1= Trgp(@)+ 1 €F,

and so

N r(a) N /(a)
H(a) = Trp . <%> = Ty, - TrF,/F<%> —0

Hence, the Eq. (5) always has a solution. From Lemma 4.2, the function f is bent
if and only if (5) has no solutions in a?’S'. In view of Lemma 4.1, we only need to
consider the following cases.

1. F(a) =0, that is, when @ = 1. By Lemma 4.3, the Eq. (5) has no root in a? S if
and only if @4+ +1 £ 1,

2. F(a) # 0and G(a) = 0. By Lemma 4.4, the Eq. (5) has no root in a? §' if and only
if @@= D@ +a*+1) 1.

3. G(a) # 0. By Lemma 4.5, the Eq. (5) has no root in a?’ S if and only if
g*+1 7 q4+q2+1
<a4¢> £1,
a?*1 + 1
or
N(@)® + G(@)N(a) # a? +4+!,

The proof now follows. O
Remark 6 1t was proved in [18, Theorem 2] that the function f(x) = Tr(ax?*!) is
bent if and only if & & (#9*!), where 8 is a primitive element of E.

Remark 7 Similar to Sect. 2, the condition g + ,8‘13 =1 in Theorem 4.6 can be
replaced by f + ﬁ’f # 0 with a change of variable y = x(§ + ﬁ‘fz)'/z.

Remark 8 From Theorem 2.1, the dual of fis given by

F(b) = 0, if Tr(ax?' + px7*+1)+ b -x = 01is a hyperbolic quadric,
T 1, if Tr(ax? 4+ x4ty + b - x = 0is an elliptic quadric.

Remark 9 Leta,p € E. Let f : E — [, be defined by

F(x) = Tr(axd*! + pxa+h).

@ Springer



Quadratic bent functions and their duals 523

By Lemma 1.1, the function fis bent if and only if the polynomial

Li(x) = a? x4 + 70+ Pt + axt

is a linearized permutation polynomial. Unfortunately, the polynomial L, is not in
the form of P,(X) in Lemma 4.1 and a different method will be required to study its
roots.
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