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Abstract

Let X be a complete simplicial toric variety over a finite field with a split torus Ty.
For any matrix O, we are interested in the subgroup Y, of Ty parameterized by the
columns of Q. We give an algorithm for obtaining a basis for the unique lattice L
whose lattice ideal I} is 1(Y,). We also give two direct algorithmic methods to com-
pute the order of ¥, which is the length of the corresponding code C, y . We share
procedures implementing them in Macaulay2. Finally, we give a lower bound for
the minimum distance of C(x,YQ’ taking advantage of the parametric description of the
subgroup Y. As an application, we compute the main parameters of the toric codes
on Hirzebruch surfaces H, generalizing the corresponding result given by Hansen.
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1 Introduction

Let X be a complete simplicial toric variety over a finite field K = F, with a split
torus Ty = (K*)". Our main goal in the present paper is to uncover some algebraic
and geometric properties of subgroups Y, = {[t% : -+ 1 t4]|t € (K*)*} of the
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algebraic group Ty, and develop techniques applying to certain algebraic-geometric
codes, for any matrix Q = [q,q, - q,] € M, (Z). It is known that all subgroups of
T are of this form by Sahin [23, Theorem 3.2 and Corollary 3.7].

Denote by S = K[x,...,x,] the homogeneous coordinate ring of X, which is
Z4-graded. If S, is the finite dimensional vector space spanned by the monomials
in S having degree a, then evaluating polynomial functions from S, at the points
[P],....[Pylof Yy defines the following K-linear map

evy, : Sq = KN, F (F(P),...,F(Py)).

The image evy (Sy) C [F(;V is a linear code which is denoted by Ca’yQ and is called the
parameterized toric code associated to Q. There are 3 main parameters [N, K, 6] of a
linear code. The length N of Ca,YQ is the order |Y| of the subgroup in our case. The
dimension of Ca,YQ, denoted K = dimK(Ca’YQ), is the dimension as a subspace of [,:;v .
The number of non-zero entries in any ¢ € Ca,YQ is called its weight and minimum
distance 6 of Cy y is the smallest weight among all code words ¢ & Cu’YQ\{O}.

Parameterized toric codes includes toric codes, constructed by Hansen in [9], as a
special case where Q is the identity matrix /, and Y, is the full torus T. Toric codes
are among evaluation codes on a toric variety showcasing champion examples, see
[1, 2, 12]. The length in this special case is |Ty| = (¢ — 1)". When the evaluation
map is injective, the dimension is the number of monomials of degree . Comput-
ing the minimum distance is a very challenging task which have been completed in
some special cases, in contrast to more general situations where some lower bounds
and/or upper bounds on the minimum distance have been given via different meth-
ods, see [10, 11, 13-15, 22, 28].

There is an algebraic approach for studying these codes relying on the vanishing
ideal I1(Y,)) of Y, which is the graded ideal generated by homogeneous polynomials
in § vanishing at every point of ¥,,. Since the kernel of the linear map evy, equals the
homogeneous piece I(Y,), of degree e, we have an isomorphism of K-vector spaces
S/ 1Y) & Cu’YQ. Thus, the dimension of CG,YQ is the multigraded Hilbert function
HYQ((x) 1= dim[Fq Se — dim[Fq I(Yp)q of I(Yy). Initially, there are infinitely many
codes corresponding to elements in the semigroup N := Npg, + --- + Nj,, where
p; = deg(x;) for i = 1, ..., r. Since these codes are subspaces of the space [F;v , the
upper bound for the dimension HYQ(()L) of Ca’YQ is exactly N = |Y,|. By Singleton’s
bound § < N + 1 — K, the minimum distance attains its minimum value 1 when the
dimension K reaches its upper bound N. An important algebraic invariant of Y, in
detecting these trivial codes is the so-called multigraded regularity defined by

reg(Yy) :={aeNp HYQ((x) =|Ypl} € N,

So, non-trivial codes come from the set Nf\reg(Y,). There are also equivalent codes
having the same parameters which can be detected using the values of the Hilbert func-
tion. More precisely, the codes Ca’YQ and Ca,,YQ are equivalent if HYQ((x) = HYQ(OL’ )
whenever o — o' € N, and hence, there are only finitely many interesting codes on
each variety X, for a fixed matrix Q and prime power g by [25, Proposition 4.3]. The core
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of this approach is to use the ideal /(Y ) for determining these finitely many codes before
constructing any code. In order to determine elements o corresponding to them, we need
to determine | Y| first, obtain a generating system of /(Y)) and then analyze the values of
the Hilbert function of I (YQ), see Example 4.4. This yields a finite list of interesting
codes together with their lengths and dimensions. The minimum distance can also be
computed using the ideal /(Y,)), see [17] if X is a projective space. When /(¥,y) is a com-
plete intersection, lower bounds for the minimum distance of Ca,YQ, can be computed
using [27, Theorem 3.2 and Theorem 3.9]. These motivate developing methods and
algorithms for computing a generating set of the vanishing ideal /(Y ;) and checking if it
is a complete intersection.

Parameterized codes were defined and studied for the first time by Villarreal et al.
[21] when X is a projective space. Among other interesting results, they gave a method
for computing a generating set of /(¥,) and showed that I(Y,)) is a lattice ideal of
dimension 1. Later, the lattice of the vanishing ideal is determined more explicitly,
when Q is a diagonal matrix in [16]. When Y, is the torus Ty lying in the projective
space X = P", that is Q = I,, the main parameters are determined in [26]. Dias and
Neves generalized parametrized codes from standard projective space to weighted pro-
jective spaces P(wy, ..., w,), and showed that the vanishing ideal of the torus Ty is a
lattice ideal of dimension 1 in [5].

In the first part of the present paper, we use some of the ideas in these papers to
extend them into the more general setting of a toric variety. Namely, Sect. 3 gives a
very useful description of the unique lattice L whose ideal /; is nothing but I(Y,)), see
Lemma 3.2. So, a generating set of /(¥,) can be obtained from a basis of L. Theo-
rem 3.4 gives a practical description of the lattice L for which I(Y)) = I;, leading to
Algorithm 1. We include Procedure 3.5 implementing this algorithm in Macaulay?2 [§]
for computing a basis for L. Thus, we can check if /(Y)) is a complete intersection eas-
ily from this basis, see Remark 3.8 and Example 3.11.

Section 4 gives a direct method for computing the size of ¥, taking advantage of its
parametric representation and giving the length of C,, Yy Our second method is inspired
from [21, Proposition 3.3] and gives a polytope whose lattice points determine the size
of Y, extending the corresponding result from the projective space to a general toric
variety. However, our polytope is simpler than the polytope given in the special case
where X = P, see Remark 4.6 and Example 4.7.

The main contribution of the paper is Sect. 5 in which we give a lower bound for the
minimum distance of Ca’yQ, taking advantage of the parametric description of the sub-
group Y. As an application, we compute the main parameters of the toric codes on
Hirzebruch surfaces in Theorem 5.3 generalizing the corresponding result in [10]. We
also share an example in Sect. 6 to reveal the potential of the family of parameterised
codes.

2 Preliminaries
Let K = F, be a fixed finite field and X C R" be a complete simplicial fan with rays

p1,---» p, generated by the primitive lattice vectors v, ..., v, € Z", respectively. We
consider the corresponding toric variety X with a split torus Ty = (K*)". We assume
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that the class group CI(X) have no torsion. Smooth X with an n-dimensional cone
in its fan will satisfy this condition by Cox et al. [4, Proposition 4.2.5]. For applica-
tions to coding theory smooth toric varieties are sufficient, although we may prefer
to study singular varieties such as weighted projective spaces for their simplicity.
Given an element a = (a, ..., a,) € Z* we use t* to denote " --- £;". Recall the con-
struction of Ty as a geometric quotient (see [3, 4]) via the following two key dual
exact sequences:

B0 g P4 0,

where ¢ denotes the matrix [v, -+ v,]7 and A = Z? = CIX ford = r — n,

% T

where 7 : (¢,...,t,) —= (t",...,t%), with u;,...,u, being the columns of ¢
and G = ker(x). Thus, u,,...,u, constitute a natural Z-basis for the key lattice

Ly =ker f = ¢(Z") C Z". The exact sequence P* gives Ty a quotient representation
Ty = (K*)" = (K*)"/G, meaning that every element in the torus Ty can be repre-
sented as[p, : -+ : p,] :=G-(py,...,p,) for some (p,,...,p,) € (K*)".

Denote by § = Kl[x,,...,x,] the homogeneous coordinate ring of X, which is

Z%graded by letting deg A(x;) 1= B; 1= f(e;) using the exact sequence *B. Thus,
S = @ e 4 Sa» Where S is the finite d1mens10na1 vector space spanned by the mono-
mials having degree . Moreover, by Miller and Sturmfels [18, Theorem 8.6 and
Corollary 8.8], one can choose §; € N“, where N is the set of non-negative integers.

Example 2.1 Let X = H, be the Hirzebruch surface corresponding to a fan in R?
with primitive ray generators v; = (1,0), v, = (0,1), v; = (-1,7), and v, = (0, -1),
for any positive integer . If u; = (1,0,-1,0),u, = (0,1,¢,—-1)and § = [(1) (l) (1) bf s

then we have the following exact sequences

B0 722, g8 P4 0,
where ¢ = [u; wp]and L; = (u, u,),
('B* -1 g ¢ (K*)4 7T (K*)2 — .1

where 7 : t = (157", 1,15 1;1). Then Cl(Xy) = A = Z* and
G =ker(n) = {(t,. 1.1, £ 1)) | 11,1, € K*} = (K*)™.

Hence, Ty = (K¥)? 2 (K¥*)*/G is the torus of X = X5. The ring § = K[x,, x,, X3, %,]
is Z2-graded via

deg 4(x;) =deg 4(x3) =(1,0), deg,(x;) =(0,1), degy(xy) =(,1).
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Example 2.2 The homogeneous coordinate ring of the weighted projective space
X =P,wy,...,w,) is K[xy,x, ..., x,] which is Z-graded where deg 4(x,) = 1 and
deg  (x;)) =w; >0fori=1,...,n.

If p=[1w, - w,], and u;, =(-w,1,0,...,0),u, = (—w,,0,1,0,...,0), ...,
u, =(—w,,0,...,0,1), then we have the following exact sequences:

DO P Sy B —

where ¢ = [u; u, ---u,]and L; = (uy, ..., u,),
Tl Gt (K T (K —> 1
where 7 @ t = (1,"'t),1,"*t,, ..., 1,""1,). Then C1(Xy) = A = Z and
G =ker(z) = {(@, ", ", ..., ") |t € K'} = K.

Hence, Ty = (K*)" = (K*)"™*1 /G is the weighted projective torus of X = Xy, where
cones of X are spanned by all proper subsets of the set {vy,...,v,,;}, where v, is the
i-th row of ¢ above.

3 Vanishing ideals via saturation of lattice basis ideals

In this section, we describe the lattice whose ideal is the vanishing ideal /(Y,). For
any parameterized toric set, we give an algorithm for computing a basis for the
unique lattice defining /(Y,)). This yields a generating set for /(Y ) via saturation.
Recall that m = m* — m~, where m* € N (respectively, m~ € N") is the positive
(respectively, negative) part of m, and x™ denotes the monomial x;"' - X\ for any
m = (m,...,m,) € N'. A binomial ideal is an ideal generated by binomials x* — xP,
where a,b € N, see [6] for foundational properties they have. A subgroup L C Z" is

called a lattice, and the following binomial ideal is called the associated lattice ideal:
I =(x*-xPla-bel)=(x" —x" melL).
For any matrix 0, we denote by L, the lattice ker, Q of integer vectors in ker Q.

Lemma 3.1 A binomial f = x* — xP in S is homogeneous iffa—b € L.

Proof By definition, deg,(x®) = a, deg (x;) + -+ +a, deg 4(x,) = fya, + - + B,a, = f(a).
So, f is homogeneous, that is, deg 4(x*) = degA(xb) iff f(a) = p(b). The latter is
equivalent to f(a — b) = 0, which holds true iffa —b € L. O

The fact that I(Y)) is a lattice ideal has recently been observed in [23] with-

out describing the corresponding lattice. It is now time to describe the missing
lattice.
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Lemma 3.2 The ideal 1(Yy) is equal to the lattice ideal I, for
L={meL;: Om=0 mod (g— D}

Proof Before we go further, let us note that x*(t%, ..., t%) = (t9)% ... (t%) = 192,
for t € (IK*)*. It follows that a binomial f = x* — x? vanishes at a point (t%, ..., t%)
if and only if t9* = t%. Ast € (K*)', this is equivalent to 2@ = |,

To prove I(YQ) C I;, take a generator f = x* — xP of I(YQ). As f vanishes on YQ,
we have that t2@ = 1 for all t € (IK*)*. Then, by substituting t = (1,1, ...,1) in
this equality, we observe that g — 1 divides the first entry of the row matrix Q(a — b),
where 7 is a generator of the cyclic group K* of order ¢ — 1. Similarly, g — 1 divides
the other entries, and so Q(a —b) =0 mod (g — 1). Since a — b € L, from Lemma
3.1, fbeing homogeneous, we havea —b € L.

Conversely, let f=x*-x"€,. Then a—b e L; and Qa-b)=0 mod (- 1).
This implies that f is homogeneous by Lemma 3.1 and that t2@» =1 for all
t € (K¥)°. Hence, f(t%,...,t9) =0 for any t € (K*), by the first part. Thus,
felYp)and I, CI(Yy). O

For any lattice L, the lattice basis ideal of L is the ideal of S generated by the
binomials x™" — x™ corresponding to the vectors m which constitute a Z - basis of
L.

Let 7 and J be ideals in S. Then the ideal

[:J°={FeS : F-J*CI for some integer k> 0}

is called the saturation of I with respect to J.

Lemma 3.3 [18, Lemma 7.6] Let L be a lattice. The saturation of the lattice basis
ideal of L with respect to the ideal (x, -+ x,.) is equal to the lattice ideal I;.

Thus, we can obtain generators of I(Y,) = I, from a Z-basis of L. Although the
lattice L in Lemma 3.2 is inevitable conceptually, finding its basis is a difficult task
in general. The following result gives another description of L leading to an algo-
rithm computing its basis.

Theorem 3.4 Let =x,:Z"" > 7" be the projection map sending
(Cps v s Cps s ooe 5 Cpyg) 10 (Cy5nnscy). Then 1(Yy) =1, for the lattice
L={¢c:ce 7Z'S( ker,[Q¢|(g — l)IS]) }. Furthermore, columns of the matrix ¢pM
constitute a basis for L, where M is a matrix whose columns are the first n coordi-
nates of the generators of ker,[Q¢|(qg — 1)I,].

Proof We have that I1(Y,) = I, where Ly ={m € L; : Om =0 mod (¢ — 1)} by
Lemma 3.2. Therefore it is enough to prove that L = L,. Since Im ¢ = L; by the
exact sequence ‘3, it follows that m € Lﬂ iff m = ¢p¢ for some ¢ € Z". This means
that

Ly={¢c: Qpc=0 mod (¢g—1) and c € Z"}.
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Take ¢e € L so that ¢ =(cy,...,c,) € m,( kerz[Qp|(g — D)L]). Then there are
Cpyls -+ Cnps € Z such that [Ql(g — DI](cy, ..., ¢y Cppgs--v > Cuy) = 0. This is
equivalent to

Od(cy,...,c,)+(q—DI(c,p15-..5¢,4,) =0, or
Ode = —(q = 1)(Cpys -+ > Coys)-

This proves that Q¢ =0 mod (g — 1). Thus ¢pc € L.
For the converse, take ¢p¢ € L;. Then Q¢pe =0 mod (g — 1). It follows that

Ode =(q— 1)(Cpys > Cpys)

for some ¢, ,...,C . € Z. Thus, we have [Q¢|(g — DLI(c1. ..., Cpo—Cppps - s —Cppg) = 0.
Hence, we have c¢=rx(cy,...,Cp—Cppgse-rs—Cpyy) € ﬂ's( ker,[Q|(g — 1)13]).
Thus, ¢¢ € L, completing the proof of the claim that I(Y,) = I;.

We next prove that the columns of ¢M form a basis for L, where M is a matrix
whose columns are the first #n coordinates of the generators of ker,[Q¢|(g — 1)L,].
As the matrix B = [Q¢|(g — 1)I,] has rank s, its kernel ker,B has rank n. If A is
the matrix whose columns A, ...,A, form a basis for ker,B, then im (A) = ker,B
and that M = [/,]0,,,]A. Take any element ¢¢ € L, where ¢ € er( ker,B). Thus,
we can write ¢ = Ak, + - + Ak, = Alk, --- k,] for some k,...,k, € Z yielding
¢c = M|k, --- k,]. Therefore L is spanned by n = rankL columns of the r X n matrix
¢M . Hence, these columns constitute a basis for L. O

Theorem 3.4 leads to the following algorithm for computing a Z-basis of the lat-
tice L for which we have I(Yy) = 1.

Algorithm 1 Computing a basis for the lattice L such that Iy, = I(Yqp).

Input The matrices Q € Myx,(Z), ¢ € Myxn(Z) and a prime power q.

Output A basis of L.
1: Find the generators of the lattice kerz[Q¢|(q — 1)1].
2: Find the matrix M whose columns are the first n coordinates of the generators of kerz[Q¢|(q — 1)I].
3: Compute the matrix ¢/ whose columns are a Z-basis of the lattice L

The algorithm can be implemented in Macaulay?2 as follows.

Procedure 3.5 The command ML gives the matrix whose columns are generators of
the lattice L.

i2: s=numRows Q;n=numColumns Phi;
i3: ML=Phix (id_(ZZ"n) | (random(ZZ"n,ZZ"s))*0) * (syz (Q+«Phi| (g-1)+ (id_(zz"s))))
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Procedure 3.6 A generating set for /(Y,) via saturation.

i4: r=numRows Phi; (D,P,K) = smithNormalForm Phi; Beta=P"{n..r-1};
i5: S=Z7Z/ql[x_1..x_r,Degrees=>transpose entries Betal;
i6: toBinomial = (b,S) -> (top := 1_S; bottom := 1_S;

scan (#b, 1 -> if b_i > 0 then top = top % S_i”"(b_1i)
else if b_i < 0 then bottom = bottom * S_i”(-b_1i)); top - bottom);

i7: IdealYQ=(ML,S)->(J = ideal apply(entries transpose ML, b -> toBinomial(b,S));
scan(gens S, f-> J=saturate(J,f));J)

18:IYQ=Ideal¥YQ (ML, S)

Example 3.7 Let X = H, over[F;;and Q = [1 2 3 4]. So, we have the following input:
il : g=11;Phi=matrix{{1,0},{0,1},{-1,2},{0,-1}}; Q=matrix {{1,2,3,4}};

Procedure 3.5 gives the following matrix whose columns constitute a basis of L:

T
ML:[ 2 1 0—1]

-5 050

Finally, we determine /(Y,) = I, using Procedure 3.6 and get I, = (xfo — Xy, xf - xg)

Remark 3.8 Another advantage of finding the matrix ML giving a basis for the lattice
is that one can confirm if the lattice ideal is a complete intersection immediately, by
checking if ML is mixed dominating.

Definition 3.9 Let A be matrix whose entries are all integers. A is called mixed if
there is a positive and a negative entry in every column. If no square submatrix of A
is mixed, it is called dominating.

Theorem 3.10 [19, Theorem 3.9] Let L C Z" be a lattice with the property that
LNN"=0. Then, I; is complete intersection <= L has a basis my, ... ,m; such
that the matrix [m, --- m] is mixed dominating. In the affirmative case, we have

+ - + -
I = (x™ —x™, o x™e —x™).

Using Theorem 3.10, one can confirm when /( YQ) = [, is a complete intersection
by looking at a basis of the lattice L.

Example 3.11 Let X = H, be the Hirzebruch surface over [Fq, where ¢ is odd.
For any positive integers ¢q; and ¢,, consider Q=g g, ¢, +27q; +q,]
We will compute generators of /(Y,) for all g at once using Lemma 3.2. The
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key observation is that Yo=Yy for the matrix Q' =[00 2 0], because we
have [191 ;% : (0*2 : ffat@]=[1:1:¢:1] in X for all reK* from
Example 2.1. Recall that the ideal I(Y,) =1, for the lattice described by
L={melL, | QO -m=0 mod(qg-1)}. Since Ly is spanned by the columns

u, and u, of the matrix
s |10 -1 0 !
o1 ¢z -1

it follows that m € Ly if and only if m = w,a, + w,a, = (a4, 4y, —a, + £a,, —a,), for
some a;,a, € Z. Thus, we obtain Q" -m = —2a, +2¢a, for m € L;. Therefore,
me L < -2a,+2fa, = (q— 1)k, for some k € Z. Since g — 1is even, the last
condition is equivalent to a; = Za, — k";—l in which case m = a,m; — km, , where
m, =7u; +u,andm, = ([;;_1 )ul. Therefore, the matrix ML whose columns m; and
m, constitute a basis of L, is given by:

£ 1 o -1

ML:[@—l)/z 0 —(@-1/2 0

Since ML is mixed dominating, it follows that I(Y,) =1(Yy) =1, is a com-
plete intersection. Therefore, without the saturation Procedure 3.6, we get
1Yy =1, = (xx, - x4,x(1q_1)/ - xgq_l)/ %) immediately. Notice that by taking
g=11,9, = 1,9, =2 and £ = 2, we recover the Example 3.7.

4 The order of the subgroup Y,

In this section, we give an algorithm computing the size of ¥, which is the length of
the parameterized toric code Ca!YQ, directly using the parameterization of Y. The
order of this subgroup can also be computed using the vanishing ideal of ¥, only if
an element of reg(Y,) is known, which is a difficult task to achieve. When Y, is a
complete intersection of hypersurfaces of degrees o, ...,a,, it is shown that
a; + -+ a, €reg(¥y), so that the order is HYQ((xl + - +a,), see [25, Theo-
rem 3.6]. However, if YQ is not a complete intersection, no specific element of
reg(Y,) is known. In these cases, it is natural to use the size |Y,| in order to deter-
mine reg(Y,), see Example 4.4.
It is clear that Ty and Y, are groups under the componentwise multiplication

py & - :pr][p’] s e :P:.] = [plp’l * ;prp:]
and that the map

Qg - (K" — YQ’ t o [t9 ;e 9]
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is a group epimorphism. It follows that Y, = (K*)*/ ker (¢,) and so,
1Yol = I(K*)'|/] ker (@p)] = (g — 1)'/| ker (@)l

Hence, the length of the code Ca’YQ depends on | ker (¢y)|-

Let O, = [0,¢g — 2]° be the hypercube inside R* determined by the field K = [F,
and 7 be a generator of K*. Let H={heO,n2Z* | hQ¢=0 mod g—1}. We
first prove that there is a one to one correspondence between the kernel ker (¢) and
the set H.

Proposition 4.1 We have ker (¢p,) = {", ... oq")h=(hy,...,h,) € H} and thus
| ker (@p)| = [H|.

Proof Lett € ker (py) C (K*)*. Then [t9r @ .. ¢9] =1 : - @ 1], that is,(t%, ..., t%)
is element of the orbit G(1,...,1)=G = {x € (K*)" [x™ =1 for all m € L;}.
Since Ly = ¢(Z"), we have m = ¢p¢ € L for any ¢ € Z" and thus

X0, ) =t9M =t =1, for any ceZ". (1)
Since every t in (K*)* satisfies t = (4™, ..., ") for some h = (h,, ..., h) € O, N Z*,
the equality (1) implies that #"¢%¢ = 1, for all ¢ € Z". Thus, hQ¢c =0 mod g — 1
for all ¢ € Z". By choosing ¢=e; for all i=1,...,n, where e; is a stand-

ard basis vector of Z", we observe that hQ¢ =0 mod ¢ — 1. This implies that
ker (¢p) C {(", ..., q")h € H). The other inclusion is straightforward, complet-
ing the first part of the proof. Since the order of # is ¢ — 1 and the integers 4; lie in
[0, g — 2], it is clear that the correspondence between ker (¢,) and H is one to one.
O

Procedure 4.2 Given matrices Q and ¢, and the prime power ¢, the following
Macaulay?2 procedure allows one to compute the length of Cu,YQ‘ The list A in the
fifth step consists of the elements in 0, N Z°. In the sixth step, we check whether the
elements of [J, N Z* is in the set H or not and compute k = [H.

i2 : r=numRows Phi; s=numRows Q;n=numColumns Phi;k=0;

i3 : L=for i from 1 to g-1 list i;

i4 : L= set L;L=L"*%(s);L=tolList L;

i5 : A= apply(L,i->toList deepSplice i)

i6 : scan(A,i-> if ((matrix{i}*Q*Phi)% (map((Z2Z)"1,n, (i,3)->(g-1))))
==(matrix mutableMatrix(ZZ,1,n)) then k=k+1);

i7 @ N=((g-1)"s)/k

Example 4.3 Let X = H, over F;; and Q = [1 2 3 4] as in Example 3.7. Let us calcu-
late the length of the codes arising from Q using the Hilbert function of the vanish-
ing ideal I, = ()c%x2 — Xy, xf - xg) found there. As the degrees of the variables are
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deg(x)) = deg(x;) = B = p3 = (1,0),
deg(xy) = p, = (0, 1),
deg(xy) = p, = (2,1),

the degrees of the generators are a; = (2, 1) and @, = (5,0). By [25, Theorem 3.1],
we can assure that the element a; + o, = (7, 1) € reg(Y)), so that the size is the
value of the Hilbert function at (7, 1). Thus, we compute |YQ| = 5 by the command
below, right after computing /(Y,)) using the Procedure 3.6:

19 : hilbertFunction({7,1},IYQ)

The same length can be computed directly using the Procedure 4.2 with the fol-
lowing input:

il : g=11;Phi=matrix{{1,0},{0,1},{-1,2},{0,-1}}; Q=matrix {{1,2,3,4}};

The following example is to illustrate the advantage of computing length before-
hand in order to determine reg(Y,) and to obtain a finite list of interesting codes.
Notice that the order of Y, cannot be computed as in the previous example using
[25, Theorem 3.1] since the vanishing ideal is not a complete intersection.

Example 4.4 Fix ¢ = 5 and consider the incidence matrix Q of the square shaped
graph with vertices V = {1,2,3,4} and edges E = {{1,2},{2,3},{3,4},{1,4}}.
We first compute a minimal generating set for the vanishing ideal of the subgroup
Yy, CP(2,2,3,5):

26 22 6
XXy —X3Xy, X3 —X

4
—-X 3%y

4
X 2

1

It follows that I(Y,,) is not a complete intersection. So, we cannot compute the order
|Y,| as before. We calculate | Y| directly using the Procedure 4.2 with the following
input:

il : g=5; Phi= syz matrix {2,2,3,5};
Q=matrix{{1,0,0,1},{1,1,0,0},{0,1,1,0},{0,0,1,1}};

This reveals that | Y| = 32. Hence, Y, contains half of the points inside the torus
Ty.

Since Y| =32, reg(Yy) = {i € NS : Hyg(i) = 32}. Using the conditional non-
decreasing behavior of the Hilbert function noted in [25], we see that
HYQ(i) < HYQ(i+w) <32, for we {2,3,5} and for all i > 0. This means that if
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HYQ(i) =32 for some i=i, then HYQ(iO +2)= HYQ(iO +3)=32 and thus
HYQ(i0 +j) = 32 for all j > 3. Thus, we just need to determine i, with this property
and HYQ(iO + 1). The following command finds these values:

for i from 0 to 100

do (
if hilbertFunction (i, IYQ)<32 then print hilbertFunction (i, IYQ)
else stop
and print [i,hilbertFunction (i, IYQ),hilbertFunction (i+1,IYQ)]
)i

The outputis 1,0, 2, 1,3,3,5,5,7, 8, 10, 11, 14, 14, 18, 19, 21, 24, 24, 28, 27,
31, 29, [23, 32, 31]. Here, [23, 32, 31] means that i, = 23, HYQ(iO) =32 and
Hy (ip+1)=31, and hence we determine the regularity as
reg(Yy) = {23} U {25 + N}. So, it suffices to consider the codes corresponding to a
in the set

NA\reg(Yy)
={2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22} U {24}.

Therefore, we obtain a finite list of interesting codes along with two of their parame-
ters; the length is 32 and the dimensions are found above as the values of the Hilbert
function of /(Y,).

We conclude the section with a polyhedral method to compute
the size of the set Y,. We next prove that the elements of the kernel
ker (py) correspond bijectively to lattice points lying inside the polytope
P={hk) eR'XR" | hQ¢p=(¢—-1Dk and heO,}

Proposition 4.5 We have| ker (py)| = [P n Z**"|.

Proof By Proposition 4.1, there is a one to one correspondence between ker (@)
and H. Hence, it suffices to show that there is a bijection between H and P n Z5+",
If heH, then hQ¢ =0 mod g — 1. Thus, there is some k = (k,...,k,) € Z"
such that hQ¢ = (¢ — 1)k. Therefore, (h,k) € P n Z**". Notice that there is exactly
one such k for every h, as (g — Dk = (¢ — 1)k’ implies k = k’. Conversely, if
(h,k) € Pn Z*™", then hQ¢ = (¢ — 1)k so that hQ¢p =0 mod ¢ — 1, completing
the proof. O

Remark 4.6 When X = P""is the n = r — 1 dimensional projective space, [21, Prop-

osition 3.3] gives a bijection between the set ker (¢,) and the lattice points in the
polytope P so that| ker (py)| = [P N Z5t+1), where

@ Springer



On parameterized toric codes 455

P={(hAp) eR*XR"XR | hQ=(¢-Di+ul, hen,
and 0<u<g-2} and 1e€Z.

Even in this special case, toric point of view improves upon [21, Proposition 3.3] in
the sense that our polytope P lies in R**" = R+~ whereas P lies in R**"+!, which
increases the complexity of computing the lattice points.

Example 4.7 Let us revisit [21, Example 3.4]. So, X = P3 over Fs, ¢ is the matrix
with columns (-1,1,0,0), (—=1,0,1,0) and (—1,0,0,1). Consider the incidence
matrix Q of the square shaped graph with vertices V = {1,2,3,4} and edges
E=1{{1,2},{2,3},{3,4},{1,4}}. So, Q is the matrix with columns (1, 1, 0, 0), (0,
1,1,0), (0,0, 1, 1) and (1, 0, O, 1). Using Sage [24] we compute in 0, 04 seconds the
following 16 integral points (h,, h,, s, hy, ki, ky, k3) of the 4 dimensional compact
polytope P C R7 which is the convex hull of 16 vertices.

0),
0),
0),
0),

o o o o
o o o o
o o o o
o o o o
w NP o
oe e e
oe e e
o o o o
o o o o
o o o o
w NP o
o o o o
o o o o
o o o o
w NP o
wow W w
w oW w w
o o o o
o o o o
o o o o

w NP o
w NP o
NN
w NP o
NN
w NP o

Therefore, the 16 points in the subgroup Y, are found to be (7", 7", n", n™)
for (hy, h,, h3, h,) that appeared above. We also compute in 1 second the 16 lattice
points of the 5 dimensional polytope P C R which is the convex hull of 32 vertices.

5 Parameterized toric codesC,y,

In this section, we apply algebraico-geometric techniques developed in previous
sections to evaluation codes on subgroups Y. Recall that these linear codes are
images of the following evaluation map

evy, 1 Sy = KN, Fw (F(Py),...,F(Py)).

The code Ca’YQ = eVYQ(S“) - [F;V is called the parameterized toric code associated
to Q. There are 3 main parameters [N, K, 6] of a linear code. The length N of Ca,yQ is
the order | Y| of the subgroup in our case studied in Sect. 4. The dimension of Ca’yg,
denoted K = dimK(Ca’YQ), is the dimension of the image as a subspace of [F;V . The
number of non-zero entries in any ¢ € CmYQ is called its weight and minimum dis-
tance 6 of Ca,YQ is the smallest weight among all codewords ¢ € Ca,yQ\{O}. These

parameters are related by the Singleton’s bound given by 6 < N + 1 — K. A code is
called MDS (maximum distance separable), if § attains its maximum value, i.e.
6=N+1-K.
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Recall from Sect. 4 that ®p - (K*)S - Yo, t— [t% : --- : t%] and
|H| = | ker (@p)] so that the length of the code is |Y,| = (¢ — 1)°/|H|. This map
will also be used to give a lower bound on the minimum distance as we discuss
now. A key observation is that the composition Fog,, defines a map (K*)" — K,
for a polynomial F € S,. Thus, (Fogpy)(,... 1) = F({t% : ... : t%), for any
(t,.... 1) € (K¥).

As the weight of the codeword evYQ(F ) is determined by the number of zeros of F
inside Y, the idea is to compute this number by counting zeros of Fog,, inside
(IK*)*. The following result will be used for this purpose.

Lemma 5.1 [26, Lemma 3.2] Let G(y,,y,,...,y;) be a non-zero polynomial
over K =T, of total degree d. Then, the number of zeros of G in (K*)* satisfies
[V(G) N (KK*)| <d(g — 1)

Let x* = x(]; X, €S,. Substituting x; =y% in x* yields the monomial
y = y?‘a - y>* and so deg, (y?*) = Q,a, where Q is the i—th row of Q. Let Q;a be
remainder of Q;a upon division by g — 1. Then the following number will be crucial

in our lower bound:

d(a,Q)=maX{Q_la+...+Q_sa | x*eS,).

Theorem 5.2 The minimum distance of the code C“’yQ satisfies

(g—1y"
6(Cqy,) 2 T[q -1 —-d(a, Q)]

Proof Let ¢ = evYQ(F ) be the codeword corresponding to the homogeneous polyno-
mial F € S,,. Then, its weight is by definition the number of non-zero components,
which is the difference between the number of total components and the number of
zeros of F on Y, |Yy| — [Vy(F) N Y,|. Therefore, the minimum of the weights cor-
responding to nonzero codewords is given by

5(Ca’yQ) = |Yp| — max {|[Vx(F)nYy| : F €S\, (Yp)}

For a homogeneous polynomial F € S, we have F € 1(Yy) (:) Fogpy € I((IK)%).
Since I((IK*)%) is generated by the binomials {y1 -1,y 1), if Fe¢ 1(Yy)
and G is the remalnder of F(y%,...,y%) in K[y,, ..., y,] under division by the set
{y" SR ,¥7" =1}, then G # 0. Recall from aboxe that_under this procedure
every monomial x* in F yields the monomial yQ*l = y1 ys * whose total degree
is deg(y%) = Q,a + --- + Q,a. Thus, the total degree of G is at most the mysterious
number d(o, Q) defined earlier. Therefore G has at most d(a, Q)(g — 1)*~! roots in
(K*)* by Lemma 5.1.

For any point [P] = [t% : - : t9] € Yy, we observe the following substantial

property
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[Ple Vy(F) < G({,...,t)=0,VY( ...,t,) € (pél([P])

_ V@G|

which implies that |Vy(F) N Y,| = —m Then, it follows immediately that
d(a, Q)(g = D*!
ViiF)NY,)| L ——————.
Ve (F) N Y| < T
Thus, the number max {|Vy(F) N Y,| | F € S,\I(Y,)} being at most % we
get our lower bound on 5(Ca,yQ) as we claim. O

5.1 Toric codes on Hirzebruch surfaces

In this section, we compute main parameters of the toric code C, 7, obtained from
Hirzebruch surfaces, where a = (c,d) € Nf. Hansen computed these parameters for
the case ¢ < g — 1 and d = b, where b is to be defined below, see [10].

Theorem 5.3 Let Ty be the torus of the Hirzebruch surface H, over K and
a = (¢,d) € Np for any positive integer €. Then the dimension of toric code C(x,TX is
given by

dimy Cy 1,
b+ 1)(c+1-2b/2), ifc<qg—1
(G-D@ +D)+@B-b)c+1-20b+b +1)/2, ifc>g—land b<g-2
@=-DP +D)+@-2-b)c+1-Ct(g=-2+b +1)/2,if c>qg—1land b’ <gq—2<b
(=17 if c>g—1land b’ >q—2

and its minimum distance equals

5(C(x,TX)
@-D@-1-0),if c<g-1
(g-1)-V, ifc>g—1land b<g-2
(g-1)-V, ifc>qg-1,b>qg—2and b’ <g-2
1, ife>g—1land ' > g—2

where b (respectively b') is the greatest non-negative integer with the property that
c—bf >0 and d —b > 0 (respectivelyc —b'¢ > qg—2 and d—b' >0).

0

Proof We first show that Q = [ 8 8 (1) )

Yy = Ty.

] parameterizes the torus, that is,
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[hh1001010—107_ h,
1t o0 o0 1|{o1 ¢ =1 T| he-n

=0 mod g—1, for 0<h,h, <g-2

implies that h; =0=h,. So, H={heO,nZ" | hQ¢p=0 mod q—1}
= {(0.0)} and |Y,| = (¢ — 1*/[H| = (¢ — D% As ¥, C Ty and |Tx| = (g — 1)?, we
have Y, = Ty, for X ="H,.

Let us find a K—basis for S, for any a = (¢, d) € Nf where f = [ (1) (1) (1) f]
Since b is the greatest non-negative integer with the property that
a = (c,d)=b(,1)+ (a,a’) for some non-negative integers a = c —bZ >0 and
d=d-b>0,theset B, := {x*| deg (x*) = fa=a, 0 < a, < b}is aK—basis for
S,. For a fixed a,, the power a, = d — a, is fixed too and a, + a; = ¢ — £a,. So,

B, ={x*|(a,+a3+Cas,a,+a,) =a,0<a,
<bay=d—-ay,a +a3=c—"Ca,}.

This means that for every choice of a, there are ¢ — £a, + 1 possibilities for the tuple
(a,,a3), hence

b
IB,| = Z(c+ 1—ta)=(c+1)b+1)-7 =B+ D(c+1-2¢b)2).

a,=0

b(b+ 1)
2

We know that columns of ¢ form a basis for L; from Example 2.1. Since
I(Ty) = I(q_])Lﬂ, columns of ML constitute a basis of (g — 1)Lﬂ, where

0 -@-1» o]

ML—(q—l)Q')—[ 0 —-(@g-1 =¢@@-1 (g-1)

Since ML is mixed dominating, it follows from Theorem 3.10 that
-1 -1 g-1 -1 _#(g-1
I(Ty) = (7 =x§x =] x3(q .

_ 9-1 _Z@g-1)
=4 X

-1 1 g1
Therefore xf =xg ,xZ

So /1 (Ty)is
B,={x"|a =c—ay—"tayay=d—a,,0<a; <min{c—7%a,;,q—2},0
<a, <min{b,q —2}}.

in the ring S/I(Ty) and a basis for

By the definition of »', we have min{c — £a,,q —2} = ¢ —¢a, for b’ < a, and
min{c —fa,,q—2} =q—2 for 0 <a, <b'. The length of the code C,r is
N = |Tx| = (g — 1)*. Next, we compute its dimension and minimum distance.

Case I: Let c=a+bf <q—1. It is easy to see that B, =B, , so
dimy (Cy 7, ) = |B,|- Since
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d(a, Q) = max {Q;a + Q,a|x" € B,)
=max {a3+a,|0<a, <b,a;+a, =c—"la} =c,

5(Ca’YQ) > (g — 1)> = (g — 1)c using Theorem 5.2. On the other hand, for K* = (1),
we have

—XZH(X3—'1X1)€S

vanishing exactly at the c(g—1) points P;;=[1:1:7n" :#]eTy, where
1<i<c and 1 <j<g—1. Thus, there is a codeword evaT (F) with weight
(g — 1)> = (g — 1)c. Hence,

8Cor)=(g=1’=(g=De=(@-Dg-1-0).

Case II: Let c > g—1and b < g—2. Then min{b,q—2} =b. So, if 0 <a, <V’
then 0 < a; < g —2butifa, > D' then0 < a5 < ¢ — £a,, yielding the formula

b
dimCyy =Bl =(g— W' + D+ Y, (c—Fay+1).

a,=b'+1

Take F € S,. Then we can write

b q-2
— a3 c— fa4 ay | _a, d-ay
F(xy,xy,%3,X,) = Z Z Kaya,X5'x X, Xy

ay=0 | a;=0
b c—lay
' ay _c—tay—ay | ay d—ay
+ Z Z ka3a4x3 X, X, x,
a,=b'+1 | a3=0

For any G = G(y;,y4) = F(1, 1,y5,y,4), we set
A= {sy, € K|y, — s, divides G(y3,y4)}

and V*(G) = V(G) n (K*)?. The sets V(G) N (K* xA) and V(G) N (K* x (K*\A))
form a partition of V*G). Since V(G)N(K"XA)=a(g—1) and
V(G) N (K* X (K*\A)) < ds(g — 1 — a), we get

V(O] < 1Al(g - 1) +d3(g—1—|A]) ()

where d; = degy3(G) and a = |A|. We claim that |V*(G)| < (g —1)(g—-2)+ V. ais
at most b, because

max { deg, G| G(ys,y,) = F(1,1,y3,y,), FES,} = b

Then there are three cases, depending upon the value of a: a < ', b’ <a < b, a=b.
Case Il.a: We begin with the case a < '. This implies d; < g — 2, because
dy <c—Db'¢andc—b'¢ > q—2. Then by (2), we conclude that
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V(G| <alg-D+dig—1-a)=alg—D+(q—-2)g—1-a)
=(@-2)(g-D+a<(g=2)g-1)+Pb".
Case II.b: Suppose that a=b"+k<b where k>1 and b #b implies
dy < ¢ — (b’ + k)¢.From here, the inequality (2) gives the following upper bound:
V(G| <alg=D+(@-1-a)c—¢0" +k)
=alg—1)+(@q-D(c—-2@d +k)—alc—-2@ +k)
ag—D+(@-D(c=¢0" +k)—(g=-2)+(@—2) —alc— @ +k))
(@=1@Gg=2)+(@q—-D(c=2@ +k) - (g-2))
ta(lg=2—(c—¢(' +k)+1)
=@-D@g-2+(¢-2-(c—CW +k))a—(g—1)+a

3)
On the other hand, we claim that ¢ — (b’ + 1) < g — 3. To prove this, assume
that ¢ — (' + 1)/ > q—2. Then b’ # b implies that d — (b’ +1) > 0. So this
contradicts that »’ is the greatest non-negative integer with the property that
c=bt>qg—2 and d-0' >0.

It follows that ¢—Zb +k)=c—-6' +1)-¢Ck—-1)<g-3-¢(k-1),
which easily gives thatg —2 — (c = £(b' +k)) > 1+ £(k— 1). Froma < b < g -2,
we obtain that a — (¢ — 1) < —2. If we combine the last two inequalities and (3),
then we have

V@G| <(g—1)g-2) =20k -1+ D +b +k. )

Furthermore, £ > 2 and k — 1 > 0, hence we get that —2((k — 1) + 1) < —4k — 2.
Then (4) becomes

VYOI <(g-1g-2)=3k=2+b' <(g-Dg-2)+V,

as required.
Case Il.c: Consider the case a=># b'. Similar to (3), d is bounded by
d; < ¢ — b which together with (2) gives

V(@I <@-1)g=-D+@q-2-(—=2b)Nb—(g—1)+b. (5)

Note that c—szc—f(b’+1+b—(b’+1)) <g-3-¢b-b"-1), since
c— (b’ + 1)¢ < g—3proved in Case IL.b. Moreover, b — (g — 1) < —1, thus we have

VG| <(g—1)g-2)+ (¢ - DG -b)y+¢-1+b.
From b’ < b, we have (Z — 1)(b' —b) < (£ — 1)(—=1) = 1 — ¢, therefore
V(G| <(g-Dg-2)+C-DO' =b)+¢-1+b' <(g—1(g-2)+b

completing the proof of the claim.
Thus, the minimum distance is at least (4— 1)2 = (¢ - )(g-2) - =(g—1) - ¥, Since

@ Springer



On parameterized toric codes 461

Vi, (F) 0 Ty | = [V(F(1, 1,y3, ) N (KDY = VX6

for any F € §,. On the other hand, since |V*(G,)| = (g — 1)(g —2)+ b’ for the
polynomial

q-2 b
GoUs.ya) = [Jos =) [0 = ).
i=1 =1
there is a codeword with weight (¢ — 1) — »’. This shows that 0Cqr)=(q—-1)— b

Note that G, = Fy(1, 1,y5,y,) for

b

q-2
OV ~(q=2) b ; ;
Fo(xy, ... Xy) = X (@ )x‘zj b I I()c3 —n'x;) I I(x4 — nixlx,).
i=1 =1

Case II: Suppose c¢>g—1, b>g—-2 and b <g—2. Since
0<a, <min{b,q -2} =g —2, we get

q-2
dimCyy =Bl =(g— W' + D+ Y, (c—Fay+1).

a,=b'+1

Pick F € S,. Then we can write

b q-2
_ ay _c—ta,—ay | _a, d—a,
F(x),xy,%3,%,) = Kaya,X3'%, X, Xy

ay=0 | a;=0
q-2 c—tay
' ay c—tay,—ay | _a, d—ay
+ 2 Z ka}%x3 X, X, x,
a,=b'+1 | a;=0

The idea is the same as in Case II. To prove that 6(C“!TX) =(g—-1)-1, we show
that the maximum value of IV(G)l is (g — 1)(g —2) + b'. In this case, a < g — 2 and
we split the proof of the claim into three cases: a < b, b’ <a<qg—2,a=q-2.
The proof is quite similar to that of the claim in Case II, so the proof is omitted here.

Case 1v: Let c>qg-—1 and b >qg-2. From b <b,
0 <a, <min{b,q -2} =g —2, We have

B,={x*la,=c—ay—*fa,,a,=d—a,;,0<a;<q-2,0<a,<q-2}

giving dimyCy y = |B,| = (¢ — D)*. The code Cy y is trivial, that is, 6(Cy 7, ) = 1.
O

Remark 5.4 As the referee pointed out, it is noteworthy that the same polynomials
are used independently to give some codewords having the minimum weight in The-
orem 5.3 and in [20, Proposition 4.2.4].

Example 5.5 Here, we give another family of codes whose minimum distance attains
our bound. These are actually Reed-Solomon codes obtained from cyclic subgroups
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of the torus Ty, for the Hirzebruch surface X = H, over K = [Fq, where ¢ is an odd
prime power and ¢ is positive.

Take O=1Iq;, ¢, q,+2 q,£+q,] with q,,q, € Z and a = (c,d) € Ng.
Then, we show below that the parameterized code C(x,YQ is a non trivial MDS code
with parameters [%, c+1, q;zl —clife < q—;l and is a trivial code otherwise.

First recall from Example 3.11 that Y, =Y, ’Q where Q' = [0 0 2 0]. It follows that
Y, is generated by the point [1 : 1 : n* @ 1] with 5 being a generator for K*. Hence
the order of Y, equals 72| = (qq—_lTZ) = % proving that |H| = 2 and that the length of
Cay,is N = ?.

Example 3.11 gives also that I(Yg) =1, ,is generated by xfxz — x4 and
)c(l"_l)/2 —xé"_])/z. Thus, x, = xf)c2 and x;> =x,’ in S/I;. Hence, a basis for the
vector space S, /1,(Y,) is given by

1

B - {xi_%xgx;l} |0 <az<c} ifc < q—;l
T T [0S ay < (g 1)/2) ife> &

leading to

c+1 ife< L

dlmKC(x,YQ = |Ba| = { ﬂ ife> q;l
2 = 27

The elements of B, will be evaluated at the points P; = [1 : 1 : 7% : 1]of ¥, to get
the generator matrix for Cy y . which shows that C, y is a Reed-Solomon (MDS)
code.

Example 5.6 We give yet another instance where our bound on minimum distance is
attained by codes obtained from cyclic subgroups of the torus of a weighted projec-
tive space introduced in Example 2.2. Recall that the homogeneous coordinate ring
of the weighted projective space X = P(1,wy, ..., w,) over K = F_ is K[xg, xy, ..., x,]
which is Z-graded where deg 4(x,) = 1 and deg 4(x;) = w; > Ofori=1,...,n.

We also recall that a Z-basis for the key lattice L, for the row matrix
B=1[1w, - w,]is given by {u,,...,u,} C Z"*! where u; = (—w;, €, and e, is the
standard basis vector of Z", for eachi =1, ...,n. Let Q = [0 | ae;] be the row matrix
with a unique nonzero positive integer a at the i-th column fori € {1, ... n} together
with n zero columns elsewhere. Assume that a divides g — 1.

At first glance it is not clear that the code CmYQ is a Reed—Solomon code. This
will be clear from the set B, obtained below using our results.

Let a(i) be the greatest non-negative integer to satisfy a = a(i)w; + &’ (i) for some
0< @) <w,

It is easy to see that the point [1 : --- : #® : .-+ : 1] with #“ at the i-th component
generates Y, and that|Y,| = [n*| = qa;l and hence |H| = a.
Let us find generators for the vanishing ideal of Y, C K[xy, xy, ..., x,]. By Lemma

3.2, I(Yy) = I for the lattice L = {m € Ly Om =0 mod (g —1)}. Using Exam-
ple 2.1,we find a basis for L. Take m € Lﬂ, then m = ¢p¢ for some ¢ € Z". m € L if
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and only if Q¢¢ = ae;c = ac; =0 mod g — 1 which is equivalent to ¢; = &= 1k for
some k € Z. Thus, m € L if and only if

-1
m=cu; +--+cuw+--+cu, =cu + +k< u) + -+ cu,.
a

Hence, a Z-basis for L is given by the set {u,, ..., u,_,, %lul-, u.,...,u,}. Since the
matrix ML = [u, - w,_; q;lu,- u;,; -+ u,] is mixed dominating, /(Y,) is a com-
plete intersection generated by

{F\,....,F; ...,F,} where F, = xéq_l)w’/a - xgq_l)/“

w, . .
and F; = x," —x; forj € {1,...,n}\{i}.

(g-Dw;/a (q—l)/a oo .
Therefore, x, =X and x —x for je{l,. n}\{z} in the quotient

ring S /I(YQ) For a positive integer a € Nﬁ N, a bas1s B, for the vector space
Sa/14(Yp) is given by

B {xaawa|0<a < a(i)} 1foc(l)<qa;1
. {x"‘” T10<a; < S ifal) > S
So, we get
, _ a(i) + 1 if ai) < =L
Ay Cory, = Hyy (@) = |Bo] = L ifa() > £l
The elements ofB will be evaluated at the points P, = [1:- g% 1]0f Y,

to get the generator matrix for C y , which shows that Cy y, is a Reed-Solomon
(MDS) code.

6 A parameterised toric code

In this section, we give an example to reveal that some toric varieties other than
P" can have more and better codes, and to demonstrate that certain subgroups Y,
of Ty can produce better codes than Ty produces.

Let us start by explaining what we mean from “better” in this context. A clas-
sical approach to compare two codes having the same length and dimension is to
compare the remaining parameter: the minimum distance. The code with a big-
ger minimum distance is regarded better as it will have a bigger error-correction
capacity. A code is called BP (best possible) if its minimum distance attains the
maximum possible value among all codes with the same length and dimension,
which can be checked online using the database [7] recording lower and upper
bounds for the minimum distance. For a given length and dimension, this data-
base lists a BK (best known) code over a finite field with at most 9 elements,
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whose minimum distance determines the lower bound. Although the upper
bound is theoretical, it does not come from the same source for all the codes. A
unique but mostly weaker bound also known as the Singleton’s bound is given by
6 <N+ 1-K for a given code with parameters [N, K, 6]. A code is called MDS
(maximum distance separable), if 6 attains its maximum value,i.e.6 =N+ 1 — K.
A primary goal of the coding theory is to improve the lower bound by exhibit-
ing new codes with a higher minimum distance beating the BK code as well as
to demonstrate the existence codes whose minimum distance reaches the upper
bound in [7]. Toric codes have been used to produce such champion codes. The
techniques of this paper can be used for a systematic search for obtaining new
champion codes.

As we evaluate homogeneous polynomials of degree o on a subgroup Y, of the
torus Ty, the code Ca,YQ is a puncturing of the toric code Cy 7, . In order to compare
two such codes whose lengths or dimensions are different, we use the following
approach. The Singleton’s bound implies the inequality N+ 1—-6—-K >0 for a
code C with parameters [N, K, 6]. This inequality is clearly equivalent to S(C) > 0,
where

SC)=(1-K/N)-(-1)/N.

Thus, a non-trivial code C’ will be regarded better than another code C if
S(C~) < S(C). Notice that the code C is MDS if and only if S(C) = 0.

In the following we give a parameterised toric code and compare its parameters
with two codes to illustrate the potential of these type of codes.

Example 6.1 Fix g =5 and consider the incidence matrix Q of the square shaped
graph with vertices V = {1,2,3,4} and edges E = {{1,2},{2,3},{3,4},{1,4}}.
Thus, we have

Yo ={ltity : oty 314 2 t114] ¢ 11,00, 15,1 € F)

In what follows, we obtain non-trivial and non-equivalent codes from YQ on the
Hirzebruch surface H, and compare them with codes obtained from two different
situations, where Q is the same and X = P3 in the former, and Yo=Tyand X ='H,
in the latter.

The comparison of the first two parts of Table 1 indicates that considering differ-
ent toric varieties X as ambient spaces could be a good alternative for the projective
space P".

The comparison of the last two parts of Table 1 reveals that puncturing the code
Ca’TX by considering a proper subgroup Y, of Ty may produce better codes.

i. [CodesonY, C P3] The parameterized subgroup Y, of the torus Tp; is the
image of the torus 73, of the biprojective space H,, = P! x P! under the Segre
embedding. Using the Theorem 1.4 in [10], we form the first part of Table 1.

ii. [CodesonY, C H,] The second part of Table 1 is explained below in detail.
iii. [Codes on Ty € H,] The last part of the Table 1 is obtained via Theorem 5.3.

@ Springer



On parameterized toric codes 465

Let us explain the second part of Table 1 where ¥, C H,. In this case, the size
becomes N = |Y,| = 8. By using the algorithms we develop in previous sections,
we compute the following minimal generating set for /(¥,):

4_ 4 222 2
I(Yy) = (x] — x5, X7505 — X5).

So,Y, becomes a complete intersection on H2 Since x} — x4 xtoxs — x5 € 1(Yy), it
follows that x +1(Yy) = x +1(Y,) and x + I(YQ) = x1x2x3 +1(Yy) in the quotient

ring S/1(Yy). So we have the following bases B, for the vector space So/I(Y()

B(],o) = {xl,x3};
>, 2 24.
By = {21, x1%3, 515

c 1 c-2.2 ¢33
B(LO)— {xl, X3, X X5, XX ),

for ¢> 2,

By = {x4} and

B(l,d) = {xlxg,x3xd} ford e N;

Bpa = {xzxg,x1x3xd x3x2,xd 'x,} ford > 0,

B3.g) = {x)25, xjx305, 2,235, 3 2’x1x§1 "xg. 0325 'x,} for d>0,

B(4d) = {x x2,x?x3x‘21,x2x3x2,x1x3xd X x2 x4,x1x3x;’ 1x4,x3x2 x4} for d >0,
B(Sd) = {xl 2’x xsxd xfx%x‘z’,xfxgxg,x? ‘z] 1x4’xfx3x§ 1x4,x1X§X‘21_ Xy

,0xd™lx,} for b>0.

Thus, the values of HYQ (c,0) starting from ¢ = 0 are 1,2, 3,4,4,4,4, ..., and the val-
ues ofHYQ(c, are1,2,4,6,7,8 forc =0,1,2,3,4,5. By Sahin and Soprunov [25,
Corollary 3.18], if o —a & Np then HYQ (o) < HYQ((x’). Thus, we have
8 = HYQ(S, 1)< HYQ(a, 1) <8, for all ¢ > 5, as (¢ — 5,0) € Ng. Similarly, we have

Table 1 Code comparison

a [N,K, 6] S(Cuﬁyg) Status
Codes on Y, C P?

1 [16, 4, 9] 1/4

2 (16,9, 4] 1/4
CodesonY, C H,

(1,0) [8,2,6] 1/8 BP

2,0) [8,3,4] 1/4

3,0) [8,4,2] 3/8

2,1 [8,4,4] 1/8 BP

@G, 1) [8,6,2] 1/8 BP
Codes on Ty C H,

(1,0) [16,2,12] 3/16

2,0) [16, 3, 8] 3/8

3,0 [16, 4, 4] 9/16

2,1 [16, 4, 8] 5/16

(€] [16, 6, 4] 7/16
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Hy(c,d)=8 for all c>5 and d > 0, as (c —5,d — 1) € Ng. Hence, the values of
HYQ(c, 1) starting from ¢ =0 are 1,2,4,6,7,8, ... and this sequence of HYQ(c, d) is
always the same, for any d > 1 as (0,d — 1) € Ng. By Sahin and Soprunov [25,
Proposition 4.3], if o' —a € N and HYQ((x) = HYQ((x’ ) then the codes Ca’YQ and
Cu’,YQ are equivalent, i.e. have the same parameters. Hence, the only non-equivalent
and non-trivial codes are the generalized toric codes Ca,YQ for the degrees
a e {(1,0),(2,0),(3,0),(2,1),(3,1}. Notice that although
HYQ(3, 0) = HYQ(Z, 1) = 4, the corresponding codes are not equivalent, which is not
surprising as +[(3,0) — (2, 1)] &€ Njp. For the parameters of the corresponding codes
forming the second part of Table 1, we use Sage [24].
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