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Abstract
Quasi-symmetric (36, 16, 12) designs with intersection numbers x = 6 , y = 8 that 
cannot be embedded in symmetric (64, 28, 12) designs as residuals are constructed.

Keywords Quasi-residual design · Quasi-symmetric design · Embeddability

1 Introduction

We use standard notation and terminology of design theory and coding theory [2, 3, 
7]. Let D be a symmetric (v, k, �) design and B0 one of its blocks. The residual design 
resB0

D contains the points outside B0 and the sets B ⧵ B0 , B ≠ B0 as blocks, and is 
a 2-design with parameters (v�, b�, r�, k�, ��) = (v − k, v − 1, k, k − �, �) . The derived 
design derB0

D contains the points on B0 and the sets B ∩ B0 , B ≠ B0 as blocks, and 
is a 2-design with parameters (v��, b��, r��, k��, ���) = (k, v − 1, k − 1, �, � − 1) . Here, B 
denotes an arbitrary block of D.

The parameters of residual designs satisfy r� = k� + �� , and of derived designs 
k�� = ��� + 1 . Designs with this property are called quasi-residual and quasi-
derived, respectively. They are called non-embeddable if they cannot be obtained 
from a symmetric design D as resB0

D or derB0
D . The existence of non-embedda-

ble designs had been known for a long time. Bhattacharya [4] constructed a quasi-
residual (16,  24,  9,  6,  3) design with a pair of blocks intersecting in 4 points. It 
cannot be embedded in a symmetric (25, 9, 3) design, with block intersections of 
size  3. Another easy argument for non-embeddability is the nonexistence of the 
corresponding symmetric designs. For example, quasi-derived (12,  33,  11,  4,  3) 
designs exist, but symmetric (34,  12,  4) designs do not exist by the BRC condi-
tion for even v [15]. In [24], non-embeddable quasi-residual (25, 40, 16, 10, 6) and 
(36, 63, 28, 16, 12) designs were constructed. Proofs of non-embeddability are more 
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involved, but are also based on block intersections. Surveys on (non-)embeddability 
results appear in [1, 21].

The degree of a design is the number of cardinalities |B1 ∩ B2| occurring as 
intersections of blocks B1 ≠ B2 . Symmetric designs can be defined as designs of 
degree 1, block intersections always being of cardinality � . A design is called quasi-
symmetric if it is of degree 2, i.e. if any pair of blocks intersect in x or in y points, for 
some integers x < y called the intersection numbers. We refer to [20, 22] for results 
about quasi-symmetric designs (QSDs).

A residual design resB0
D is quasi-symmetric with intersection numbers x, y if and 

only if the corresponding derived design derB0
D is quasi-symmetric with intersec-

tion numbers � − y , � − x . This happens e.g. for symmetric designs with the sym-
metric difference property (SDP designs) [10]. The second smallest example are 
(64,  28,  12) SDP designs: the derived designs are (28,  12,  11) QSDs with x = 4 , 
y = 6 , and the residual designs are (36, 16, 12) QSDs with x = 6 , y = 8.

Non-embeddability of quasi-residual and quasi-derived QSDs is more difficult 
to prove because they have the same block intersections as embeddable ones. In 
Ding et al. [8], quasi-derived (28, 12, 11) QSDs that cannot be embedded in sym-
metric (64,  28,  12) designs have been constructed. This also settles the existence 
of non-embeddable quasi-residual QSDs: the complementary (28, 16, 20) designs 
have intersection numbers x = 8 , y = 10 and cannot be embedded in symmet-
ric (64,  36,  20) designs. It is natural to ask whether there are also quasi-residual 
(36, 16, 12) QSDs that cannot be embedded in symmetric (64, 28, 12) designs. The 
purpose of this paper is to construct such examples. In the next two sections, we 
shall prove the following theorems.

Theorem  1 There are exactly 921 quasi-symmetric (36, 16, 12) design with an 
automorphism group isomorphic to the Frobenius group of order 21.

Theorem  2 Among the quasi-residual quasi-symmetric designs of Theorem  1, 
exactly 116 are non-embeddable.

The proofs are based on computer calculations. We use GAP [23] for group cal-
culations, Cliquer [18, 19] to search for cliques in graphs, nauty [17] for isomor-
phism testing and to determine full automorphism groups, Magma [5] for calcula-
tions with codes, and our own program written in C to find subset orbits.

2  The construction

The symplectic (36,  16,  12) QSD is invariant under the group Sp(6,  2) of order 
1451520 and is residual in the symplectic (64, 28, 12) design [10]. This is one of the 
four (64, 28, 12) SDP designs [9]. Non-SDP examples with residual and derived QSDs 
were constructed in [14]. The study was continued in [8], where 8784 (36,  16,  12) 
QSDs were constructed by embedding the (28, 12, 11) QSDs with an automorphism 
of order 7. All of these (36, 16, 12) QSDs are residual. Many more examples were 
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constructed in [12] by prescribing automorphism groups and by a construction from [6, 
16]. The total number of non-isomorphic examples was shown to be at least 522079. 
Some of these QSDs might be non-embeddable, but we want a smaller set of examples 
that is easily described. We shall classify (36, 16, 12) QSDs invariant under the Frobe-
nius group Frob21 . First we determine the action of an automorphism of order 7.

Lemma 1 An automorphism of order 7 of a (36, 16, 12) QSD fixes exactly one 
point.

Proof Let � be an automorphism of order 7 fixing exactly f = 1 + 7m points. We 
will prove that m ≥ 1 implies m = 5 , making � the identity. Hence, m = 0 necessar-
ily holds for an automorphism of order 7.

Assume there are two fixed points F1 , F2 . Then � maps the set of 12 blocks 
through F1 and F2 onto itself, and there are at least 5 fixed blocks B1,… ,B5 among 
them. We claim that each of these blocks contains either 9 or 16 fixed points. Indeed, 
if Bi would contain just the two fixed points F1 , F2 and two point-orbits of size 7, 
then it would intersect the other blocks Bj in either 2 or 9 points. This is not possible 
because the intersection numbers are x = 6 , y = 8.

Next we claim that at least one of the blocks Bi contains 16 fixed points, i.e. is 
fixed pointwise. This is because there are o = 5 − m ≤ 4 point-orbits of size 7, and 
each of them can be on at most one of the 5 blocks Bi . Now we already have 16 fixed 
points, and hence m ≥ 3 . This makes o ≤ 2 and therefore at least 3 of the blocks 
B1,… ,B5 are fixed pointwise.

Two blocks containing 16 fixed points imply there are at least 24 fixed points 
(their intersection is of size x = 6 or y = 8 ). This makes m ≥ 4 and o ≤ 1 . Finally, 
notice that if there are no more than 7 non-fixed points, then all of the blocks are 
fixed. For a non-fixed block B intersects its image B� in at most y = 8 points and 
the remaining 8 points on B would have to be non-fixed. This means that all of the 
points have to be fixed as well, i.e. m = 5 .   ◻

Now we know that Frob21 acts on the points of a (36, 16, 12) QSD in orbits of size 
(1, 7, 7, 7, 7, 7) or (1, 7, 7, 21). This determines the action up to permutational isomor-
phism. We can take as generators the permutation of order 7

and one of the permutations of order 3

The two permutation representations of Frob21 will be denoted by Gi = ⟨�, �i⟩ , 
i = 1, 2 . We need a computational method to find all QSDs invariant under the 
groups Gi . In Ding et al. [8], tactical decomposition matrices (also known as orbit 

� = (2,… , 8)(9,… , 15)(16,… , 22)(23,… , 29)(30,… , 36)

�1 = (3, 4, 6)(5, 8, 7)(10, 11, 13)(12, 15, 14)(17, 18, 20)(19, 22, 21)

(24, 25, 27)(26, 29, 28)(31, 32, 34)(33, 36, 35),

�2 = (3, 4, 6)(5, 8, 7)(10, 11, 13)(12, 15, 14)(16, 23, 30)(17, 25, 34)

(18, 27, 31)(19, 29, 35)(20, 24, 32)(21, 26, 36)(22, 28, 33).
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matrices) were used for (28, 12, 11) QSDs with an automorphism of order 7. The 
Kramer-Mesner method [11] was adapted to quasi-symmetric designs in [12] and 
used to find (56, 16, 18) designs with intersection numbers x = 4 , y = 8 and other 
QSDs. The paper [13] explores different computational approaches to the construc-
tion of QSDs with a prescribed automorphism group G. In many cases the following 
reduction to the clique search problem has proved efficient.

First, find all G-orbits of k-subsets of points such that any pair of subsets inter-
sect in x or in y points (the good orbits). Define a graph �  with the good orbits as 
vertices and edges between compatible orbits, such that sets from one orbit inter-
sect sets from the other orbit in x or in y points. This is the compatibility graph of 
G. Every QSD with G as automorphism group gives rise to a clique of weight b in 
�  . Weights of the vertices are sizes of the orbits. The converse is not necessarily 
true because designs need to be balanced, i.e. to cover every pair of points exactly � 
times. However, for small QSD parameters there are usually not many exceptions. 
We use Cliquer [18, 19] to find the cliques of weight b and then check if the corre-
sponding families of k-subsets are balanced.

Denote the compatibility graphs of Gi by �i , for i = 1, 2 . We use an algorithm 
described in [13] to compute the good orbits of 16-subsets of {1,… , 36} with inter-
section numbers x = 6 , y = 8 , i.e. vertices of �i . There are 59792 good orbits for 
G1 and 142961 good orbits for G2 . The compatibility graphs are fairly sparse: �1 
has 524960 edges (density 0.029% ), and �2 has 3241532 edges (density 0.032% ). 
Cliquer could perform a complete search for cliques of weight b = 63 . In �1 , the 
maximum clique weight is 49. Therefore, (36, 16, 12) QSDs with G1 as automor-
phism group do not exist. In �2 , there are 77238 cliques of weight 63. All the cliques 
correspond to balanced families, i.e. designs. Using nauty [17], we found that there 
are 921 non-isomorphic designs among them and computed their full automorphism 
groups (Table 1). This proves Theorem 1.

3  Test of non‑embedability

Suppose a (36, 16, 12) design R is embedded in a symmetric (64, 28, 12) design. 
Then, the 64 × 64 incidence matrix can be written in the following form:

Table 1  Distribution of the 
QSDs of Theorem 1 by order of 
full automorphism group

|Aut| #QSDs

1451520 1
10752 3
1344 8
672 16
168 23
84 72
42 2
21 796
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Here R is the 36 × 63 incidence matrix of R and D is the 28 × 63 incidence matrix 
of the corresponding derived (28, 12, 11) design. The scalar product of a row of R 
with a row of D is � = 12 . If R is given, the first task is to find candidates for the 
rows of D. A straightforward approach to test the 

(
63

27

)
≈ 4.9 ⋅ 1017 {0, 1}-vectors with 

27 ones would be too time-consuming. We borrow an idea from [8] and use the 
linear code C spanned by the rows of R over GF(3). Rows of D are elements of the 
dual code C⟂ , because 3 divides � . On the other hand, 3 does not divide the order 
n = r − � nor the parameter k of R , hence dimC = 36 and dimC⟂ = 63 − 36 = 27 . 
If a generator matrix of C⟂ in row echelon form is used, only {0, 1}-linear combina-
tions of the rows need to be considered, i.e. 227 ≈ 1.3 ⋅ 108 possibilities. This can be 
done effectively by the Magma command ConstantWords [5]. The result is sum-
marized in Table 2.

Fifty-two QSDs of Theorem 1 give only 14 candidates for the rows of D. These 
QSDs are clearly non-embeddable, because 28 rows are needed. We tested the 
remaining QSDs by searching for cliques in graphs with the row-candidates for D 
as vertices, and pairs of rows with scalar product equal to 11 as edges. A clique of 
size 28 in this graph corresponds to a full matrix D, i.e. an embedding of R in a 
symmetric design. Cliquer [18, 19] was used and the search was stopped as soon 
as one embedding was found. Sixty-four more QSDs of Theorem 1 were found to 
be non-embeddable, proving Theorem 2. Table 2 also contains the distribution of 

Table 2  Distribution of the 
QSDs of Theorem 1 by number 
of candidates for the rows of D 

#cand. #QSDs #non-emb. #cand. #QSDs #non-emb.

14 52 52 616 128 0
56 53 0 840 30 0
70 11 0 994 16 0
84 36 20 1008 98 0
98 23 0 1120 40 0
140 35 30 1736 65 0
168 44 0 2632 82 0
224 40 0 8904 57 0
378 14 14 13,384 85 0
392 12 0
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non-embeddable QSDs by number of row-candidates for D. All of the 116 non-
embeddable QSDs have Frob21 as their full automorphism group.

Base blocks for a single non-embeddable QSD with only 14 row-candidates for D 
are given below. Blocks of the design are the corresponding G2-orbits.

Incidence matrices of the remaining QSDs constructed in this paper are available on 
the author’s web page https ://web.math.pmf.unizg .hr/~krcko /resul ts/quasi sym.html.
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