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Abstract

In this paper, we first discuss the bentness of a large class of quadratic Boolean func-
tions in polynomial form f(x) = Z?fl_l Tr} (eix12) + Trrll/2(cn/2x1+2n/2), where
nis even, ¢; € GF(2") for 1 <i < n/2 —1and ¢,/» € GF(2"/?). The bentness
of these functions can be connected with linearized permutation polynomials. Hence,
methods for constructing quadratic bent functions are given. Further, we consider a

subclass of quadratic Boolean functions of the form f(x) = Z:":/ 12_1 Tr (c,~x1+2d) +

Tr'f/z(cm/zx”z"/z), where n = em, m is even, and ¢; € GF(2¢). The bentness of
these functions is characterized and some methods for deriving new quadratic bent
functions are given. Finally, when m and e satisfy some conditions, we determine the
number of these quadratic bent functions.

Keywords Bent function - Boolean function - Linearized permutation polynomial -
Cyclotomic polynomial - Semi-bent function

Mathematics Subject Classification 06E75 - 94A60

1 Introduction

A bent function, whose Hamming distance to the set of all affine Boolean functions
equals 2"~ £ 27/ 2-1 s a Boolean function with even n variables from GF(2") to
GF(2). Further, it has maximum nonlinearity and the absolute value of its Walsh
transform has a constant magnitude [24]. Nonlinearity is an important property for a
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Boolean function in cryptographic applications. Bent functions have been extensively
studied [3-7,10,15,18,27]. Since bent functions with maximal nonlinearity have a
close relationship with sequences, bent functions are often used in the construction
of sequences with maximally linear complexity and low correlation [2,8,9,16,17,23,
25]. Further, many applications of bent functions can be found in coding theory and
combinatorial design [19].

As another class of Boolean functions, semi-bent functions are also highly nonlin-
ear. For an even integer n, the Walsh spectra of bent functions with n variables have
the value +2"/2 while the Walsh spectra of semi-bent functions are {0, 4= 2"/?*1}. For
an odd integer n, the Walsh spectra of semi-bent functions are {0, + 2(n+1)/ 2}. The
semi-bentness of quadratic Boolean functions of the form

L=1)/2] |
fo= Y c,-Tr’f(tz),c,-eGF(Z)

i=1

was studied [6,14,15]. Let c(x) = Y17 P72 ¢, (xi 4 x"~7) For odd n, f (x) is semi-
bent if and only if gcd(c(x), x" + 1) = x + 1. For even n, f(x) is semi-bent if and
only if ged(c(x), x* + 1) = x% + 1.

For further generalization, Ma et al. [18] applied techniques from [15] and consid-
ered the quadratic Boolean functions of the form

n/2—1

fx) = Z o Tt (x1+2") +Tr n/2 ( 1+2"/2> , )

i=1

where ¢; € GF(2) and Trn/ (x) is the trace function from GF(2"/?) to GF(2). They
proved that f(x) is a bent function if and only if ged(c(x), x” + 1) = 1, where
c(x) = Z(n D72 i (x' +x""1) 4+ x"/2. For some special cases of n, Yu and Gong [27]
considered the concrete constructions of bent functions of the form (1) and presented
some enumeration results.

Hu and Feng [10] generalized results of Ma et al. [18] and studied the quadratic
Boolean functions of the form

m/2—1

Fo =3 aTd (f) + T2 (B2, @)

i=1

where ¢; € GF(2),n = em,misevenand 8 € GF(2°). They obtained that f (x) is bent
if and only if ged(c(x), x™ + 1) = 1, where c(x) = Zm_/z ! ci(xt 4 xM=1y 4 xm/2,
Further, they presented the number of bent functions for some specified m. Note that
B € GF(2°), then (82 )1+2" = B2 = B. The function f(x) of the form (2) satisfies
that

m/2—1

rer= (07 ) em (079,

i=1
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where ¢; € GF(2). From the transformation x — f 2! x, abent function of the form
(2) is changed into a bent function of the form (1). Actually, (2) does not introduce
new bent functions.

In this paper, we first consider quadratic Boolean functions of the form

n/2—1
i n/2
fx) = Z Tr’f(cix“r2 )+ Tr'f/2 (cn/2x1+2 ) ,

i=1

where n is even, ¢; € GF(2") for 1 <i <n/2 —landc,;; € GE(2"/2). We present
the characterization of the bentness of these functions from some specific linearized
polynomials. Further, we generalize results in [10,18] and characterize the bentness
of quadratic Boolean functions of the form

mj2—1

ei n/2
fx) = Z Tr’ll (cix1+2 ) + Trrll/2 (cm/sz'z ) ,

i=1

where n = em, m is even, and ¢; € GF(2¢). Further, some examples of bent functions
are given. Methods for deriving new quadratic bent functions from known quadratic
bent functions are presented. Finally, we determine the number of these bent functions
for the case m = 2" p" and ged(e, p — 1) = 1, where vg > 0, r > 0, p is an odd
prime satisfying ord,(2) = p — l orord,(2) = (p — 1)/2 ((p — 1)/2 is odd).

The rest of the paper is organized as follows: Sect. 2 introduces some notations
and background. Section 3 gives the description of bentness of quadratic Boolean
functions considered in this paper and methods of deriving new bent functions. Section
4 enumerates the number of quadratic bent functions for a special case. Finally, Sect. 5
concludes this paper.

2 Preliminaries

In this section, some notations are given first. Let GF(2") be the finite field with 2"
elements. Let GF(2")* be the multiplicative group of GF(2"). Let e¢|n and the trace

function Tr” (x) from GF(2") to GF(2¢) be defined by Tr"(x) = 30/~ x>, where
x € GF(2"). The trace function satisfies that

(1) T (x*°) = Tr’ (x), where x € GF(2").
(2) Tr*(ax + by) = aTr’ (x) + bTr"(y), where x, y € GF(2") and a, b € GF(2°).

When n is even, a quadratic Boolean function from GF(2") to GF(2) can be represented
by
n/2—1
i n/2
fe = 30 T (ax! ) £ 12 (cpx 2, 3)

i=0

where ¢; € GF(2") for 0 <i <n/2 — 1 and ¢,/2 € GF(2"/?).
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When n is odd, f(x) can be represented by

(n—-1)/2 _
f@ =Y T (ax'?), )

i=0
where ¢; € GF(2").

For a Boolean function f(x) over GF(2"), the Hadamard transform is defined by

foy= 3 (=)/WHTO0 5 e GRQ").
xeGF(2")

For a quadratic Boolean function f(x) of the form (3) or (4), the distribution of the
Hadamard transform can be described by the quadratic form

Qrx,y)=fx+y)+ 1)+ f.
For the quadratic form Q 7, define
Ky={xeGFQ2"): Qs(x,y) =0,Vy € GF(2")}
and k¢ = dimgg(2)(K ). Then 2|(n—k ). The distribution of the Hadamard transform

values of f (1) is given in the following theorem.

Theorem 1 [6,11] Let f(x) be a quadratic Boolean function of the form (3) or (4) and
ky = dimgp@o)(K ). The distribution of the Hadamard transform values of f(x) is
given by
0, 2n —2n=kf times
f()») = {20tkp)/2 - on—kp=l 4 5—kp)/2=1 tip e
_2(n+kf)/2’ on—kg—1 _ o(n—ky)/2—1 times.

Bent functions as an important class of Boolean functions are defined below.

Definition 1 Let f(x) be a Boolean function from GF(2") to GF(2). Then f(x) is
called a bent function if for any A € GF(2"), f(») € {2/, —2"/?}.

Bent functions only exist in the case of even n. From Theorem 1, the following result
on bent functions is given below.

Corollary 1 Let f(x) be a quadratic function of the form (3) over GF(2"), then f(x)
is bent if and only if K y = {0}.

3 New construction of quadratic bent functions in polynomial forms

In this section, let n be even. We present the characterization of the bentness for
quadratic Boolean functions and some methods for constructing bent functions.

@ Springer



New quadratic bent functions in polynomial forms. .. 337

3.1 Bent functions and linearized permutation polynomials

In this subsection, we discuss the relationship between bentness of quadratic Boolean
function and linearized permutation polynomials. From Theorem 1 and Corollary 1,
we have the following well known result.

Theorem 2 [6,11] The quadratic Boolean function

n—1

fo =Y 1 (cix1+2i) _¢i € GF(2™)
i=0

is bent if and only if L (x) = Z:’z_ll (ci + cﬁii)xf is a linearized permutation poly-
nomial, i.e., L r(x) = 0 only has a solution 0.

The following corollary as a direct consequence of Theorem 2 characterizes the
bentness of quadratic Boolean functions.

Corollary 2 Let f(x) be a quadratic Boolean function defined by

n/2—1 .
f(x) = Z T]"ll (Cix1+2’> + Tr}iz/Z (Cn/2x1+2n/2) ’ (5)

i=1

where n is even, ¢; € GF(2") for1 <i <n/2—1andcy, € GF(2"/?). Then f(x)
is bent if and only if

n/2—1 . ) y
Ly(x) = Z (c,-le ~|—ci2’ x2 )+c,,/2x2 2 (6)

i=1
is a linearized permutation polynomial, i.e., L y(x) = 0 has only a solution 0.

From Corollary 2, the bentness of quadratic Boolean functions depends on the corre-
sponding linearized permutation polynomial (6). Hence, many results and techniques
on linearized permutation polynomials, such as theories of non-commutative polyno-
mials [21,22], can be used to study quadratic bent functions. New results on linearized
permutation polynomials can be found in [26]. So far, bent functions constructed of
the form (5) generally satisfy that ¢; € GF(2). We will present some bent functions
with the form (5) with ¢; € GF(2")\GF(2) for some i. From Corollary 2, the following
corollary characterizes a class of monomial bent functions, which is a special case of
Theorem 2 in [12].

Corollary 3 Let i be an integer satisfying 1 < i < n/2 — 1. Let « € GF(2")* and
n = 2%n, where nq is odd. Let f(x) = Tr} (ax't2). Then

(1) there exists « € GF(2") making f (x) bent if and only if 2" { i.
(2) let2'0 {i. Then f(x) is bent if and only if « satisfies

n__ ged(i,n) _ ged(2i,n) _ n__ ged(i,n)
QL@'-he /@ D @ -/@EE )
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In particular, let « be a primitive element in GF(2"), then f(x) is bent.

Proof From the definition of f(x), L f(x) = ax? + a2 %" From Corollary 2, f
is bent if and only if

Kf={x € GFQ") : Ls(x) =0} = {0}.

Sincex > x2 isan isomorphism for GF(2"), then K y = {0} if and only iijzf ={x ¢
GF(2") : a®x* +ax = 0} = {0}. Then K¥ = {0} ifand only if & ¢ I = {z* " :
z € GF(2")} [12]. Note that GF(Z”_)\F # (0 if and only if ged(2! +1,2" — 1) > 1.
From Lemma 11.1 in [20], ged(2® + 1,2" — 1) > 1 if and only if gcd(2i,n) =
2 - ged(i, n). Equivalently, 2% ¢ i. Hence, Result (1) follows. We have « ¢ I if and

. n_ i n_ . d(2% —1,2"—1
only if o(2"~1D/ecd@+1.2"=1) £ | Note that ged(2' + 1,2" — 1) = % =

28¢d(i.m) 4 1 Hence, Result (2) follows. O

Theorem 3 Let o € GF(2")* and (¢ + a~*) € GF(2"/?), the Boolean Sfunction

fx)= Tr’ll(x1+2"/2_2)+Trrll/2((a +a_4)x1+2”/2) is bent ifand only if a @' ~D/3 £ 1.

Proof From the Boolean function f(x), L r(x) = )62"/27z + (x + 01_4)x2n/2 +x2n/2+2.
After some transformation, the factorization of the linear transform L ¢ (x) is L (x) =
T,-4(Ty (xzn/z_z)), where T,(x) = x + otx22 and T,-4(x) = x + a‘4x22. Since
x — x2”7 is an invertible linear transformation, L ¢(x) is invertible if and only if
both Ty (x) and 7,4 (x) are invertible. It is easily verified that both 7, (x) and 7},-4 (x)
are invertible if and only if «®"~1/3 = 1. From Corollary 2, this theorem follows. 0

Remark 1 (i) If n/2 is even, then 3|(2"/?> — 1) and 3 1 (2% 4 1). Let w be the largest
integer satisfying 3”’[(2"/? —1) and ¢3» be a primitive 3* -th root of unity. Take o =
B&iw. where B € GF(2"/2),3 4 ord(p) and 3 { i. Obviously, ¢3» € GF(2"/2) and
o € GF(2"/%). Then (¢ +a~*) € GF(2"/?).1tis easily verified that o @'~ D/3 £ 1.
Hence, « satisfies Theorem 3 and f(x) in Theorem 3 is a bent function.

(ii) If n/2 is odd, then 3|(2"/? + 1) and 3  (2"/> — 1). Let w be the largest inte-
ger satisfying 3%|(2"/2 + 1). Take o = (Trﬁ/z(u))3/5u, where u € GF(2"),
u'*"/2 = 1 and 3” |ord(u). Note that 5 { 2"/ — 1 and ged(5, ord(Tr), ,, (u))) = 1.
Then (Tr” /z(u))3/5 is well defined. Since 3%|ord(u), u ¢ GF(2"/?). Let » =
Tr) /z(u) = u+ w2’ e GF(2"/?), then the minimal polynomial of u over
GF(2"/?) is

W +ru+1=0. (7)

Since3 f (2"2—1), then« satisfies that @' —1/3 # 1. From Identity D), a+a* =
A2 (% + 2% + 1) € GF(2"/?). Hence, f(x) defined in Theorem 3 is bent.

The following proposition makes a supplement to Theorem 3.
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Table1 Nj(1 <m < 10)

Nm 1 33 15 11 47 43 175 171 751

Proposition 1 Let b € GE(2"/?). Ifb ¢ {o +a~* : « € GF(2")}. Then the Boolean
function f(x) = Tr (x1 227y 4 Tr'lz/ 2(bx 2"y is bent.

Proof From the Boolean function f (x), we have L ¢ (x) = K2 + px2" + x2

Then L ¢ (x) is invertible if and only if 7' (x) = x# +bx4 + x is invertible over GF(x").
Suppose that 7' (x) is not invertible. Then there exists « € GF(2") such that T («) =0,
ie,a® +ba’+1=0.Hence, b = («3) + (oz_3)4, which makes a contradiction.
Then this proposition holds. O

Let n = 2m, Ny = GFQ™"\{x'2 + & : x € GFQ2™)*}, and N,y = #\,.
From Theorem 3 and Proposition 1, the Boolean function f(x) = Tr{ (x1+2n/272) +

Te}/? (bx 2" is bent if and only if b € A, where b € GF(2™).

Example 1 Let n = 2m = 20. Let GF(2") = GF(2)(«), where « satisfies that o?0 +
o+ o +a’ +a® + o’ +a* +a+1=0.Take b = «®’34?>. Then b € GF(2™),
PO+ + O+ + b+ +b>+b+1 =0and b € N,,. Then f(x) =
Tr0 (e 2% 4+ TrlO(bx 142 is bent.

When 1 < m < 10, from the computer program, we have the following table of values

of N, (Table 1).

3.2 A subclass of quadratic bent functions

In this subsection, let n = me and m be even. we will consider a special subclass of
Boolean functions in (5). This subclass can be seen as a generalization of functions in
[10,18,27] and contains more bent functions.

Theorem 4 Let f(x) be a Boolean function defined by

m/2—1

fo= > T <c,-x1+2"i) + T} (cm/le”"/z), ®)

i=1

where n = em, m is even, and ¢; € GF(2°), then f(x) is bent if and only if
ged(er(x), x™ + 1) = 1, where

m/2—1
cr(x) = Z ci (x —l—xm_i) + cm/zxm/z. 9)
i=1

In particular, if f(x) is bent, then ¢,y 2 # 0.
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Proof Since m is even and e = 2 divides %, then ¢,z € GF(2¢) € GF(2"/?).
Note that Tr) /2(-) is surjective from GF(2") to GF(2"/ 2). Then there exists
C;n/2 e GF(2") satisfying Cmp = TrZ/Z(C;n/Z) = C;n/2 + c,’ﬁ;/;. Hence, f(x) =
Z:”:/ 12_1 Tr (c;x ' 727) + Tl (e, /2x1+2n/2). From the similar proof of Theorem 2,
L) = Y27 e 4+ 02" 4+ cpppx®™? = Y aix®, where a; =

Ci, 1 <i=<m/2,

Cm—i, M/2 <i<m-—1.

Leta € GF(2") be aregular element in GF(2¢), i.e., {o, o, otzﬂz, o, aze(m_l)} isa
basis of GF(2") over GF(2¢), then the matrix associated with the linear transformation
L 7 (x) under this basis is

0 a ay---am

am—1 0 ay---ap
A= | 9m-2 dm—1 0 - an3

ap a az--- 0

Hence L 7 (x) is a linearized permutation polynomial if and only if A is non-singular.
From the theory of cyclic codes in [1], A is non-sigular if and only if the dimension m —

gcd(0+apx +a2x2, AU am_lx’”’l, x"™ —1) of the cyclic code over GF(2°¢), generated
by rows of A,ism,i.e.gcd(cyp, x™ 4+ 1) = gcd(0+ax Yanx?, ... amx™ M —
1) = 1. Finally, if ¢;; 2 = 0, then (x + 1)|c s (x).

Hence, this theorem follows. O

Example2 Let m = 10, ¢ = 3, and n = 30. Let GF(2%) = Gf(2)(B), where B> +
B+1=0.Letc; =B cr=p8,c3=p%cs=p andcs = . Then cp(x) =
Z? ci(xt + x0T 4 ¢5x3 and ged(cy(x), x> +1) = 1. From Theorem 4, the Boolean
function f(x) = Z?:l TT?O(CiXHSi) + Trld (csx'+2%) is bent. And the number of
such bent functions is 28224. This can be verified by the computer program.

Corollary4 Let m = 2%, where vo > 1. The Boolean function of the form (8) is
bent if and only if c;uj2 # O. Further, the number of bent functions with this form is
(2@ _ 1)2e(m/271).

Proof Sincem = 2", x"+1 = (x+1)2"". Then ged(cr(x), x™+1) = lifand only if
(x+1)fcrx),ie., cr(l) #0.Note that c £ (1) = ¢ /2. From Theorm 4, f (x) is bent
if and only if ¢, /2 # 0. From the random choice of ¢; € GF(2°) (1 <i <m/2 — 1),
the number of bent functions is (2¢ — 1)2¢"/2=D _This theorem follows. O

Theorem 5 Let n = 2%mg, where mq is odd. Let . € GF(2%€)* satisfying A + % €
GF(2°)*. Then the Boolean function f(x) = Tr} (2% 4 Tr'f/z(()\ + %)tzn/z) is

bent if and only if Am0/&edmo) oL 1
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Proof From the definition of f(x),
i m—i 1 m/2
cr(x) =" +x"") + k—l—x X

P i 1
=@ +x )+<A+X)

_ G EME D

- mod x™0 + 1,
X

Then ged(cy(x), x™ + 1) = 1 if and only if ged(xf 4+ A, x™0 4+ 1) = ged(x’ +
%,x’”o + 1) = 1. From ged(x’ + A, x™ + 1) = 1, we have A™o/gedlmo) £
Similarly, ged(x? + % x™0 4+ 1) = 1 if and only if A~"0/ged@m0) £ 1 Note that
amo/ged(mo) —£ 1 if and only if A~™0/ged@m0) £ | Hence, this theorem follows. 0O

Remark 2 Let p € GF(2¢)*. Then f(x) of the form (8) is bent if and only if fg(x) =
Z:":/]z_l Tr (Beix 142 +Tr'1’/2 (Bemax H'2'1/2) is bent. Bent functions of the form (8)

contain the functions studied in [10]. From the transformation x —— ﬂze_]x, f(x)
can be changed into fg(x), which explains the relationship between bent functions
presented by Hu and Feng [10] and bent functions constructed by Ma et al. [18].

Theorem 6 Letc; € GF(2°) for1 <i <m/2and B € GF(2°). Then f(x) of the form
(8) is bent if and only if f1(x) = f(x) + Zm/z Lyn (ﬂ)c1+2 ) is bent.

Proof We have cf, (x) = cf(x) + BY TN 4 Ty = cp(x) + B2 +
1) Z:"/lz "xi. For any polynomial g(x), ged(g(x),x™ + 1) = 1 if and only if
gcd(g(x), x’”/2 + 1) = 1. Then ged(cy, (x), x4 = ged(cey, x™/2 4 1). Hence,
this theorem follows. O

From Theorem 6, we have a generalization of Theorem 5 in [10].

Corollary 5 Let mq be the largest odd integer dividing m. Let 1 < k < m/2 — 1,
d > 1, Bp € GFQ2°* and B, € GF(2°). The Boolean function f(x) =
ST (Box )+ T2 (B T2 4 K T (Bux ) s bent if and only
if ged((2k + 1)d, mo) = ged(d, mo).

Proof From Theorem 6 and Theorem 4 in [10], this theorem follows. O

Theorem7 Let a;, b; € GF(2°) for 1 < i < m/2. Two Boolean functions fi(x)
and f(x) are defined by f1(x) = Z:"/f_l Tr'| (a; x1+26') + Tr"/z(am/2x1+2n/2) and
@) = XM T i) + T (b o TR L M a4 xm) +

/2xm/2)(2m/2 lb'(x + xmfi) + bm/zxm/2)xm/2 = ?1:01 C,xi mod x™ + 1,
where ci € GF(2°). Letag = bp = 0. Let ay,—j = aj, by = by form/2 +1 <
Jok<m.Thenc; =7 j+k=i+m modm ajby. Further,

0<jk<m-—1

(D) co=0and cp—i =cjforl <i <m—1;
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() fix) = Zin:/f_l Tr} (cix T2y + Tr'11/2 (cm/2x1+2”/2) is bent if and only if both
f1(x) and f>(x) are bent.

Proof Note that co = ) j+k=m2 mam ajby = 0. For I < i < m — 1, we have
0<jk<m—1

Cm—i = D jtk=m2—i modm d b = ¢; Hence, Result (1) follows. From the definition

0<jk<m—1
of flea(x), cpn(x) = Z;":_Ol ¢ix'. Further, Cro(x) =cp(x)-cp(x) mod x™ 4+ 1.
Then ged(cy,, (x), x" +1) = ged(cp (x)-cp, (x), x™ +1). Hence, ged(c p,, (x), x™" +
1) = 1if and only if gcd(cy (x), x™ + 1) = ged(cp - cp(x), x™ + 1) = 1. From
Theorem 4, Result (2) follows. O

Corollary 6 Let mq be the maximum odd positive integer dividing m, then the Boolean
function

i d e(dy+dy+m/2)
FO) =T ) T ) T T

e(d)—dy+m/2) 2 n/2
+Trlil(x]+2 )+Tr’il/ (x1+2 )

is bent if and only if gcd(3d, mg) = ged(dy, mo) and gcd(3d>, mg) = ged(da, mo).

Proof From Theorem 7 and Theorem 4 in [10], this corollary follows. O

4 The number for bent functions in case m = 2Y°p" and
gcd(e,p—1) =1

In this section, we will determine the number of bent functions of the form (8). In [10,
27], cyclotomic polynomials and their factorization are used in the enumeration. Our
method can be generalized for general cases. Before the enumeration, some knowledge
on monic self-reciprocal polynomials is given first.

Definition 2 The reciprocal polynomial g*(x) of a polynomial g(x) of degree n is
defined by g*(x) = x"g(1/x). A polynomial is called self-reciprocal if it coincides
with its reciprocal polynomial.

Lemma1 Let A(x) = ;10 a;x' be a monic self-reciprocal polynomial of degree n
and B(x) = Z?:O bix! be a polynomial of degree ny. Then A(x)B(x) is a monic self-
reciprocal polynomial of degree n + n» if and only if B(x) is a monic self-reciprocal
polynomial.

Proof Let C(x) = A(x)B(x) = Y./ {™c;x'. Suppose B(x) is a monic self-
reciprocal polynomial, then ¢y = apbo = an,bp, = cnj4n, = 1.For0 < k < ny+ny,
Cni+ny—k = Zi+j:n1+n2—k aibj = Z(nl—i)+(n2—j):k any—ibn,—j = cx. Hence C(x)
is a monic self-reciprocal polynomial of degree n; + n5.

On the other hand, suppose that C (x) is a monic self-reciprocal polynomial. From
apbp = co = 1 and a,,b,, = cpy4n, = 1, bp = 1 and b,, = 1. If B(x) is not monic
self-reciprocal, there exists an integer k satisfying that 0 < k < ny, by # by, and
bi—1 = bpy—(k—1), - - .» bo = by,. Then 0 = ¢, — ¢py4ny—k = bx — bp,—x. The result
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bx = by, contradicts the supposition of k. Hence, B(x) is a monic self-reciprocal
polynomial.
This theorem follows. O

Lemma2 Let A(x),g(x) € GFQ°[x] and A(x) be monic self-reciprocal. Let
g(x) be irreducible and g(x)|A(x), then g*(x)|A(x), where g*(x) is the recipro-
cal polynomial of g(x). Further, if g(x) is not self-reciprocal, then g(x)|A(x), where
gx) = g(x)g*(x).
Proof If g(x) is self-reciprocal, g*(x) = g(x), the results obviously hold.

Suppose that g(x) is not self-reciprocal. From g(x)|A(x), g*(x)|A*(x) =
A(x). Then g*(x)|A(x). Since g(x) is irreducible, ged(g(x), g*(x)) = 1 and
g(x)g*(x)|A(x). Hence, this lemma follows. O

Corollary 7 Let A(x) € GF(2°)[x] be a monic self-reciprocal polynomial. Then A(x)
has the following factorization.

A(x) =g1(x) g7 (x) - - - gs(X) g5 (X)&s+1(X) - - - gs4(x)
=21(x) -+ & ()51 (X) + - - Gypr (X), (10)
where g;(x), g;‘f(x) (1 <i <s+1t,1 < j <s)areirreducible. g;i(x) is not self-

reciprocal for | < i < s and g;(x) = g; (x)g?‘ (x), where g;"(x) is the reciprocal
polynomial of g; (x). gi (x) is self-reciprocal fors +1 <i < s+t and g;(x) = g;(x).

Proof From Lemmas 1 and 2, this corollary follows. O
Let the monic self-reciprocal polynomial A(x) € GF(2¢)[x] without duplicate

factors have the following factorization of the form (10)

A(x) = 21(x) -+ 8 () Zs1(X) -+ Gy (1), (11

where g;(x) is self-reciprocal. Further, suppose g;(x) is monic. Then n; =
deg(gi(x)) (1 < i < s+ 1) is even. For a positive even integer k, let Ry be a
set of polynomial C(x) € GF(2°)[x], where C (x) satisfies the following conditions.

(1) deg(C(x)) <k and deg(C(x)) is even,;
(i) C(x) is monic self-reciprocal,
(i) ged(C(x),x+1) =1.

For an even integer i > deg(A(x)), define I3, (A(x)) as a set
Pr(A(x)) = {C(x) € Ry @ ged(C(x), A(x)) = 1}.

Then we have the enumeration for #(9R;) and #(B, (A(x))).

Lemma 3 With the previously defined notation,

S

s+t
#O0) =25, #(PuA) =27 ] (1 - (i)

e
i=1

)
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Proof Note that the monic self-reciprocal polynomial x> 4az; _1x% 1 4. +a;x’ +
-+ aix' + 1 of even degree is coprime to x + 1 if and only if @; # 0. From the
definition of PR, the numbers of polynomials of degree 0, 2,4, 6, ...,k in Ry are
1,2 — 1), (2° = DL, 2 — 1)(29)2, ..., (2¢ — 1)(29)¥/2~1 respectively. Hence,
# R =1+ 2057 2 - neoy =25,

To enumerate 3, (A(x)), we introduce the auxiliary set

k
Mp(in, iz, ..o v i) ={C(x) € Ry : Hg,-j(x)IC(x)},
j=1

wherel <k <s+tandl <ij<ir <---<ip <s+t.
From Lemma 1, for any C(x) € 9, (i1, i2, ..., ix), C(x) can be uniquely repre-
sented by C(x) = C'"(x) [T5_, &, (x), where C'(x) € Ry_p, —...p, . Then

#(mh(l] ) 127 ceey lk)) = #(mh*”il 7"'7nik)'

Since A(x) has no duplicate factors, ged(g;(x), g;j(x)) = 1 (i # j) and deg(g;(x))
is even. Then ged(g; (x), x + 1) = 1. From the inclusion-exclusion principle,

FPRA@) =#@) — Y #OG) + Y #OG.i2)

1<ii<s+t 1<iy<ip<s+t
+ (=DSTHOM, (1,2, ..., 5+ 1))

s+t

=#R)+ Y DF Y EOG i)
k=1 1<ii<ip<-<ip<s+t
s+t

=#R)+) DY Y # Ry )
k=1 1<i|<ip<--<iy<s+t

s+t

h_”il

=2% ) (-1 ) D S
k=1

1<ii<ipg<--<igy<s+t

oh s+t n;l+n12w+nik
S (ED YD SENER

k=1 I1<iy<ip<--<ip<s+t

Hence, this lemma follows. O

Now we consider the number of bent functions. Letm = 2" p” and ged(e, p—1) =
1, where v9 > 0, r > 0 and p is an odd prime satisfying ord,(2) = p — 1 or
ord,(2) = (p—1)/2((p—1)/2is odd). We first discuss the factorization of x”" +1over
GF(2°), which is connected with cyclotomic polynomials [13]. The d-th cyclotomic

@ Springer



New quadratic bent functions in polynomial forms. .. 345

polynomial Q4 (x), whose roots are primitive d-th roots of unity, is a monic polynomial
of order d and degree ¢ (d), where ¢ (-) is Euler-totient function. From [1,6], we have
the following lemma.

Lemma 4 With the previously defined notation, we have the following results.

(1) Ifged(e, p — 1) =1, then ord ,(2°) = ord ,(2).

(2) x?" + 1 has no duplicate factors.

(3) Foranyi =1, Qi (x) is a monic self-reciprocal polynomial of even degree.

4) Leti > 1. Iford,(2) = p — 1, Qi (x) is irreducible over GF(2°). If ord,(2) =
(p— /2 is odd, then Q i (x) = gi (x)g (x), where g (x), gF (x) € GF(2°) are
monic irreducible polynomials and g} (x) is the reciprocal polynomial of g; (x).

5) X +1= x+1DQ0px) - Qpr(x) and xij] is a monic self-reciprocal poly-
nomial. .

(6) Ifordy(2) = p—1orord,(2) = (p—1)/2 ((p — 1)/2 is odd), then ’% =
Qp(x)--- Qpr(x) is a factorization in the form of (10) or (11).

The following theorem presents the number of a special class of quadratic bent
functions.

Theorem 8 Letm = 2" p", where vg > 1, r > 1 and p satisfies that ord,,(2) = p—1
orord,(2) = (p —1)/2 ((p — 1)/2 is odd). Let gcd(e, p — 1) = 1. The number of
bent functions of the form (8) is

Proof From Theorem 4, the Boolean function in (8) is bent if and only if the polynomial
cy(x)in(9)iscoprime to x4 1. There exists an integer k satisfyingthat 1 < k < m/2,
¢k #0and cg—1 = --- = c; = 0. Then we have

pi—pi=]

e 2 - i
(2¢ — 1)2¢"2 H<1—<26>

i=1

cp(x) = ok em=2k g AL ym—dkemt 2 ok LT )

Ck Ck Ck
= ckka(x).

Hence ged(cr(x), x™ + 1) = L if and only if gcd(C(x), x™ +1) = 1. Note that x* +

1 = (x”" + 1), Equivalently, gcd(C(x), x?" + 1) = 1,ie., C(x) € mm,z(ﬁffll).
Since ¢; € GF(2¢)*, the number of bent functions of the form (8) is

|
#(GF(2°)")# (tpmz (xx ++1 )) (12)
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% = Qp(x)--- Qpr(x) is the factorization of

in the form (11) and n; = ¢(pi) = pi — pi’1 (1 <i <r). From Lemma 3

P 41
+1

From Result (6) in Lemma 4, X

R pliplfl

xP +1 m—2 1 2
# | — =27 11— —
P2 x+1 l_[ (29)

i=1

From Identity (12), this theorem follows. m|

Example 3 Letm = 2p = 2 x 5,and e = 3. Then ords(2) = 4 and gcd(3, 4)=1. From
Theorem 8, the Boolean function in (8) is bent. The number of such bent functions is
28224. This can be verified by a computer program.

Remark 3 From Remark 2, bent functions of the form (8) contain more functions than
the functions defined in [10]. Under conditions in Theorem 8, the number of bent
functions of the form (8) is greater than that of bent functions in Theorem 8 of [10].

5 Conclusion

In this paper, we present the relationship between quadratic Boolean functions and lin-
earized permutation polynomials. A large class of quadratic bent functions is discussed
and studied. Some quadratic bent functions are constructed. Further, new quadratic
bent functions can be derived from known quadratic bent functions. Finally, for spe-
cial n, we present the construction and the number of quadratic bent functions. Our
technique can be used in the study of semi-bent functions.
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