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Abstract This paper considers two classes of p-ary functions studied by Li et al.
(IEEE Trans Inf Theory 59(3):1818-1831, 2013). The first class of p-ary functions is
of the form

4+, 2
fx)=Tr (axl(q_l) +bx<l+ 2 )(q 1)> + ex

Another class of p-ary functions is of the form

_ . 2
Z?:ol Tr{‘(ax(”ﬂ)(q—‘)) + equ, x #0,

f(x)=!
£(0), x =0.

We generalize Li et al.’s results, give necessary conditions for two classes of bent
functions, and present more explicit characterization of these regular bent functions
for different cases.
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1 Introduction

Introduced by Rothaus, Boolean bent functions as functions from I} or [Fo» to IF; have
important applications in cryptography [2], coding theory [3,6,8] and sequences [21].
As aclass of Boolean functions with maximal Hamming distance to the set of all affine
functions, bent functions can be used to construct highly nonlinear cryptographic func-
tions and attract much attention. Many research papers focus on the characterization
and construction of monomial bent functions, binomial bent functions and quadratic
bent functions [1,4,5,7,9,16,19,20,22-24]. Boolean bent functions were generalized
to the notation of functions over an arbitrary finite field in [15]. It is elusive to com-
pletely classify bent functions. The characterization of bent functions over finite fields
of odd characteristic is more complicated than that of Boolean bent functions. Several
results can be found in [11,12].

Let p be an odd prime and m be an integer. Let n = 2m and ¢ = p™. Let Tr{(-)
be the trace function from ]qu to IF,,. Helleseth and Kholosha [10] studied monomial
functions of the form

far () = Tr}(ax"47V),

where a € F > and ged(r, g + 1) = 1. They proved that f, - (x) is bent if and only if

the Kloosterman sum K, (a?t1) on F pm 1S Zero.
Jia et al. [13] considered binomial functions of the form

21
fapr () = Tri(ax"9™D) + 62" T ,a € Fp.b € F,

where gcd(r, g + 1) = 1. By Kloosterman sums, they presented the characterization
of bentness for f, . For p = 3 or ¢ = 3 mod 4, they proved that f, p , is bent
if and only if K,,(a) = 1 — —2% Zheng et al. [25] generalized Jia et al.’s result

27by "
cos(p)

1
cos(%)'

Further, when ¢ = 7 mod 8, r is even and gcd(5, g + 1) = 1, Zheng et al. proved

to the case ¢ = 1 mod 4, i.e., f5 is bent if and only if K;,(a) = 1 —

2_
that f 5., (x) = Tr(ax"4=D) + bqul(a € F,2, b € Fp) is not bent.
Li et al. [17] considered trinomial functions of the form

2

ﬂ — —
fx) = T}”{l (axl(ql) +bx(l+ 5 )(q 1)) +Equ|’ 0

where a,b € F > and € € ;. When gcd(l, g + 1) = 1, they presented the relation

between the bentness of f (x) and Kloosterman sums K, ((a+b)?1),K,, ((a —b)?+1)
for different @ + b and a — b. Further, they considered another class of functions with
multiple terms of the form

. 2_
YO T (ax @) fex T, x £0,
f(0), x =0,

fx) = { @)
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where a € F2.e € ). When ged(r,q +1) = 1 and ged(s —r,q + 1) = 1, they
used Kloosterman sums to characterize regular bent function f (x) for different —a.

Based on results of Li et al. [17], this paper considers bent functions defined in
(1) and (2), studies parameters of these bent functions, and presents more results of
the characterization of bent functions in (1) and (2) for more explicit parameters.
For bent functions defined in (1), Li et al. [17] gave the characterization for the case
gcd(l,q + 1) = 1. We have some necessary conditions for these bent functions:
ged(l,q+1)=1,0r,gcd(l,g+1) =2andg =1 mod 4. When p > 5, gcd(l, q +
1) = 1 and a — b, a + b are quadratic residues, p-ary functions defined in (1) are
not bent. Further, we present explicit characterization of bentness for these functions
defined in (1) for the case gcd(l, g + 1) = 1 and the case ged(l,q + 1) =2,q9 = 1
mod 4. For bent functions defined in (2), Li et al. [17] gave the characterization for
the case gcd(r, g + 1) = 1. We study their bentness for cases gcd(r,q + 1) = 1 and
ged(r,qg +1) = 2. When p > 5and € = 0, f(x) is not bent. When € # 0, we give
necessary conditions for regular bent functions and present the characterization of these
bent functions for the case gcd(s —r, g + 1) = 1 and the case ged(s —r,qg + 1) =
2,q = 1 mod 4. Our work generalizes results of Li et al. [17] and Zheng et al.
[25].

This paper is organized as follows: Sect. 2 introduces some notations and results
on exponential sums. Section 3 considers two classes of regular bent functions, gives
necessary conditions for these regular bent functions, and characterizes these regular
bent functions for different cases. Section 4 makes a conclusion.

2 Preliminaries
2.1 Regular bent functions

Throughout this paper, let p be an odd prime, m, n be positive integers andn = 2m. Let
F,» be a finite field with p” elements and ]F;,. be the multiplicative group composed
of all nonzero elements in F . Let k|n and T}/ be the trace function from IF » to IF Pk

Try(x) —x P

Letg = p™.Forany x € ]Fzz, there exists a unique factorization x = y*&’, where y €
IF;;, & is a primitive element of]qu and0 <i <q.LetU = {go, E(q_l), e, S("_l)q},
Uy =U? = {u2 :u € U} and Uy = U\Uy. Sets of quadratic residues and quadratic
non-residues in Fzz are defined as Cgp = {x% : x € ]FZZ}’ C; = {£x? : x € F*,} respec-

tively. Then IFZz = Co|JC1 and Cy () C1 = @. Define CO+ ={xel: Tr{"(xPTH) #
0}.

A p-ary function is a map from IF » to IF,. The Walsh transform of a p-ary function
f(x) over F,n is defined by
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Wr(h) = Z wf O=Tri(Gx)

XE]Fpn

where w = ¢>™V=1/7 and 1 € Fpn.

A p-ary function f(x) is called a p-ary bent function if |[Wy (M2 = p" for any
A € Fyn. A p-ary bent function f(x) is regular if there exists some p-ary function
f*() satisfying Wy (1) = p%wf*()‘) for any A € IFn. The function f*(1) is called
the dual of f(x). The dual of a p-ary bent function is also bent.

Let f(x) be a p-ary function with Dillon exponents of the form

. 2_
ST axi @) 4 bx T, x £0,
fQ0), x =0,

fx) = 3)

where n = 2m, q = p™, a; € Fyn, and b € IF),. The characterization of bentness for
f(x) is given in the following lemma [17, Theorem 1].

Lemma 1 Let f(x) be a p-ary function defined in (3). Then f(x) is bent if and only
ifAy = wl/ O ywhere

q—1 ne, . q—1 %
Af — Z wzi=0 Tri(aju?™")+bu .

uelU

Further, if f(x) is bent, then it is also regular bent.

2.2 Exponential sums

For a € [y, the Kloosterman sum K, (a) of a [14,18] is defined by

K, (a) = Z wTr{”(cszrxl)’

xelfy

where § = 0 for x = 0. Since K,y (@) = Y, cp w T @+ — g (a), then K, (a)
is a real number. Some notations are defined below.

3m
—(71)22” , p=3 mod 4;

nrp?
2 9

S

1 =
otherwise.

)Hl 1
Q(a) = 2T+!" <a) . aeCy:

1 _ K p171+1
R(a) = #, ae ]qu.

Obviously, if ¢ = 1 mod 4, then I is a real number. If g = 3 mod 4, then [ is a
pure imaginary number.
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The following result on exponential sums is useful [13, Lemma 7].

Proposition 1 Leta € Fzz. Let Si(a) = Y,y wl@) (G =0, 1). Then,

S()(a) — Z wTrf(au) —

{R(a) + [(wQ@ — y=0@) 4 et
uely

R(a), otherwise,

and

Gl — i _ | R@ = T(w@@ —w=C@) a ey,
1(a) = Z w = ,
R(a), otherwise.

uel

Remark If a € Co\C, then we have Q(a) = 0. Hence, Proposition 1 still holds if

Car is replaced by Cy. From Proposition 1, we have S;(a) = ZueU,- wl1@) is an

imaginary number if and only if g =1 mod 4 anda € Car .

Some results on S; (a) are given below.
Proposition 2 Letg =1 mod 4, a € Cy, and N; (@) =#velU; : Tr (a%(v +
%)) — j}(i =0, 1). Then,

0 mod2, j#Tr]" 2(—1)iaqzj),

Ni(a) = .
] 1 mod2, j=Trm" 2(—1)%1%).

2

_ X X 2_
Further, If a* % = 1, then S;(@) = Y070 Nit@wl. Ifa*5 = ~1, then S;(a) =
Yy N @w,

q+! g-1 . g+l il |
Proof Notethata =a 2 -a” 2 .Sincea € Cp,thena 2 € F,anda™ 7 e U.
We have
(a5
n rila -a v
Si(a) = E wl@v) — E w .
veU; veU;
-1 _g-t
Ifa 3 =1,thena” 2 € Up. Hence,
g+l g+l p—1
Tr’f(a 2 v) Trlm(a 2 (v—&-%)) ; .
) — 2 — E — j
Si(a) = w = w = E Nj(a)w ,
i=0

vel; veU;

where N;.(a) =#v e U : Tri"(aq;zrl(v + %)) = j}. If v # £1, then both v and

%lie in{v e U : Tr{”(aqTH(v + %)) = jland v # % Since ¢ = 1 mod 4, then
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—1 € Uy, (=1)! € U;, and (—1)I*T! ¢ U;. Hence, we have N;rr(z(_l),.a(qﬂ)/z)(a) is

odd and N;. (a) is even for j # Tri"(z(—l)"a%)_

=1 _a=tl
Ifa = —1,thena” 2 € U and

q+1
2

q+1 1 p—1

Tri (a U) Tri”( 2 (v+ ;)) i1 .

sw=y Sy SR
veU veUy i=0

. 1
where N+ (a) = #{v € Upsy - Tr'@"F (v + 1)) = j).
Hence, this proposition follows. O

Remark From Proposition 2, for ¢ = 1 mod 4 and any a € Cy, there exist non-
negative integers c¢; satisfying S;(a) = co + cjw + --- + cp,lwl’_1 and #{i : 2 ¢
¢ci,i=0,1,....,p—1}=1.

From a similar proof as that of Proposition 2, we have the following proposition.

Proposition 3 Let ¢ =3 mod 4, a € Cy, and Nj.(a) =#{v e U; : Trf"(a%(v +

%h)) = j}. Then, S;(a) = 2{’;0‘ N;'. (a)w’ and N} (@) =0 mod 2. Further, ifa € C;,
then

g+l

’

0 mod2, j#&Tr" (ZaT
g+l

NY(a) =
I omod2, j=+7r (2"

Ifa € Co\Cy, then N)(a) =0 mod 2.

Further, we can have the following lemma.
Lemma?2 Leta € FZZ and Nj = #{u € U : Tr{(au) = j}, then ),y wTritaw) —
Zf:_ol N;iw'. Further, Ifa ¢ C., then all N; are even. If a € C;, then

0 mod2, i#%Tr!(a'T),

N; = , !
I mod2, i==Tr{la7 ).

The following two lemmas are useful to obtain our results.

Lemma 3 Let p be an odd prime, and cy, . . ., c;,_l be integers such that p > #{i €
{0,....p— 1} : ¢ # 0} and le:_ol c; € {1,—1}. Then, for any integers ¢;(i =
0,..., p—1) and positive integer d > 1,

p—1 p—1

. L

d E cw' #E cw'.
i=0 i=0
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Proof Suppose thatd (Y"1, Lty = ZP_OI cjw'. Then, Zp o (dc,—c Yyw! = 0. The
minimal polynomial of w over the rational ﬁeld iswP w2 4. w4 1=0.
Thus, we have

/ /
dco—cy=---=dcp_1 — ¢y

Since p > #{i € {0,..., p — 1} : ¢ # 0}, there exists i € {0, . ..,p — 1} such that
cl’.(J = 0. Thus, d|c] forany i € {0, ..., p — 1}. As aresult, d|2p o ¢i = =£I, which

conflicts with d > 1. It completes the proof. O

Lemma 4 Let p be an odd prime, and cq, ¢y, ..., Cp—1, c; | be integers such that

Yl =0 (mod2) and Y ¢ = 1 (m0d2) Fp>#ieclo,....,p—1}:

¢ =1 (mod D))+ #{i € {O,...,p — 1} : ¢, = 1 (mod 2)}, then ny:_ol ciw' #
p=1

Do cw'.

Proof Suppose that Y/ —0 ciw ZP_O cjw'. Then, Zf;ol (¢; — chw' = 0. The

minimal polynomial of w over the rational ﬁeld iswP w24 fw41=0.
Thus, we have

/ /
CO_COZ"'ZCP_I_CP_I.

Since p >#{i €{0,...,p—1}:c;=1 (mod 2)} +#{i € {0,...,p—1}: ¢} =1
(mod 2)}, there exists ip € {0, ..., p — 1} such that ¢;, = clfo = 0 (mod 2). Thus,
ci—c; =0 (mod 2) foranyi € {0, ..., p—1}. Asaresult, ) ; :01 ¢ —Zf’zl =0
(mod 2), which conflicts with Zf:ol ¢i =0 (mod 2) and le 01 c; =1 (mod 2). It
completes the proof. O
Proposition 4 Let p > 5. Thenforanye € IFp, and§, 6 € Co, w*Sp(8)+w™¢51(0) #
1.

Proof We first consider the case ¢ = 1 mod 4. From Proposition 2, there exist non-
negative integers ¢;(8), c;(0) (j =0,1,..., p — 1) such that

p—1

p—1
weSp() = Y c;@w!, w1 O) =Y c;O)w.

Further, the number of odd ¢;(8)(j = 0,1,..., p — 1) is one, and the number of
oddc;(@)(j =0,1,..., p— 1) is also one. Then, Zp_o(c (8) 4+ ¢;(0)) is even and
#Hjef{0,....,p =1} :¢cj(§) +¢;j(®) =1 (mod 2)} < 2.By Lemma4 weSo(8) +
w€S1(0) # 1.

If g =3 mod 4, from Proposition 3, there exist non-negative integers c; (8), ¢; (0)
(j=0,1,..., p—1) such that

p—1 p—1
wSo(8) = Y c;@w!, wESO) =) c;O)w.
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Further, the number of odd ¢;(6)(j = 0,1,...,p — 1) is O or 2, and ¢;(0)(j =
0,1,..., p — 1) are even. Thus, we have Z;’;& (cj(8) +cj(@) = 0 mod 2 and
#Hjel0,....,p—=1}:¢;j(6) +¢;j(®) =1 (mod 2)} <2. By Lemma 4, w®So(5) +
w—€S1(0) # 1.

Hence, this proposition follows. O

Remark Further, we have w€Sy(8) + w™¢Sp(f) # 1. Proposition 4 can be used to
prove the nonexistence of some class of bent functions.

3 Characterization of two classes of regular bent functions

In this section, we will consider two classes of p-ary functions in [17], generalize Li
et al.’s work, and make more explicit characterization for bentness of these functions.

3.1 The first class of regular bent functions

The first class of p-ary functions is of the form

2.

Y g—
fx)=Tr (axl(q—l) +bx(1+ 7 )(q 1)) " quT’ @

where n =2m,q = p™,a,b € ]qu, ande € F,.
The case gcd(l, g + 1) = 1 is studied in [17]. We will consider more general cases
for these functions.

Theorem 1 Let f(x) be defined in (4). If f(x) is bent, then gcd(l,q + 1) = 1, or;
ged(l,g+1)=2andg =1 mod 4.

Proof We first prove that if f(x) is bent, then gcd(l, %) = 1. Suppose that
ged(l, %) =d > 1. Then

q+1 q+1
Tr?((a+bu 2 )u1)+su 2
Ay = Z w
uel

— we Z wTri atbph) | ) —e Z Wi (a=byh
vely vel,

—d | we Z wTrf((a—&-b)v) _I_w—é Z wTrf‘((a—b)v) ,

d d
vely veUj

where Ul.d = {v? : v € U;}. From Lemma 1,

Af —d | we Z wTrf’((a+b)v) +w € Z wTri’((a—b)v) — wf(O).

d d
vely veUj
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From Lemma 3, d = ged(l, #) = 1,1.e., ged(l,q + 1) = 1 or 2. Further, from

ged(l,q+1)=2,g =1 mod 4. Thus, this theorem follows. O

When b = 0 and € # 0, Zheng et al. proved in Theorem 3 in [25] that when g = 3
mod 8 and ged(l,q + 1) = 2, f(x) is not bent. They left the nonexistence of bent
function f(x) as an open problem when ¢ = 7 mod 8. From Theorem 1, f(x) in the
case ¢ = 7 mod 8 is not bent. Li et al. [17] studied the characterization of regular
bentness of f(x) for the case gcd(l,q + 1) = 1.

Theorem 2 Let p > 5and f(x) be a p-ary function defined in (4). Let gcd(l, g+1) =
,§=a+b,6 =a—0>b,and$,0 € Cy. Then f(x) is not bent.
Proof From [17], f(x) is bent if and only if w€Sy(§) + w™¢S;(#) = 1. From Propo-
sition 4, this theorem follows. O
From Theorem 2, if §, 6 € Cp, then f (x) is not bent. Hence, we have the following
corollary, which is a straightforward result of Theorem 9 of Li et al. [17].
Corollary 1 Let p > 5, and f(x) be a p-ary function defined in (4). Then f(x) is
regular bent if and only if
41/ ~Twe sin @ +2cos ZE—2, 5€Cp.0 ¢ Co,
w K (69T + w Ky (0911 = { —41y/=Tw ™ sin 229 | 205 2I€ — 2, 5 ¢ Cy, 0 € C,
2cos2”7€—2, 5¢Cp,0¢C.

We will study the characterization of regular bent functions for the case ged(/, g +
1) =2and g =1 mod 4 in Theorem 1.

Theorem 3 Let p > 5, g =1 mod 4, and f(x) be a p-ary function defined in (4).
Letged(l,g+1)=2,8=a+b,and 0 = a — b. Then, f(x) is regular bent if and
only if

41y/=Tue sin 2290 o cos 21 — 2 §5Co,0 ¢ Cp,
WK (8911 + w € K,y (091 = 141 /=Tw—¢ sin % + 2cos 2”76 -2, §¢Cp,0 €,
2cos 2ZE _ 2, 5 ¢Co, 0 ¢C.

)4

Proof We have

Ap= we Z wTr;l((a+b)U’) +w e Z wTr{'((a—b)v’).

vely vel

Since ged(l,q + 1) = 2 and ¢ = 1 mod 4, then gcd(l, %) = 1 and / is even.
Further, v —> v isa permutation of Uy and also a bijection from U; to Uy. Hence,

Ap= we Z wlri (at+b)v) +w e Z wIr @by

vely vely

From Lemma 1, f(x) is regular bent if and only if
wESo(8) + w€Sp0) = wf©® =1.

If 8, 6 € Cp, then from the remark after Proposition 4, f(x) is not bent. From Propo-
sition 1, this theorem can be obtained. O
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538 Y. Qietal

3.2 The second class of regular bent functions

The second class of p-ary functions is of the form

Fx) = {ZELOI Tri(ax+96-D) 4 ex 7 x 20, s)
f(O)v X = 0’

where n =2m,q = p™,a € qu, ande € F,.
For simplicity, we first consider f(x) for the case ¢ = 0. When gcd(r,q + 1) =1
or 2, the following theorem gives the nonexistence of bent f(x).

Theorem 4 Let p > 7 and f(x) be a p-ary function defined in (5). Let € = 0 and
ged(r,qg + 1) = 10r2. Then f(x) is not bent.

Proof Suppose that f(x) is bent. We first prove that gcd(s —r,qg + 1) = 1.
(1) ged(r,q+1)=1:1fu € U, then

g-1 s—r

IUAES I
u = 0

i=0 ’

u=1.
We have

Ay = Z wz?;()l Tri (au"™**)

uel
=14 Z wTrI'(fau“’)
uel\{1}
—1— w—Trl"(a) + Z wTrf(—au.S—r)
uel
- 1—- w—Tril(a) +d Z wTrl"(—au)’
ueUd

where d = ged(s — r,q + 1) and U? = {u? : u € U)}. Since f(x) is bent, from
Lemma 1, we have

d Z wlria — 4 + wlr=a + wl O

ueUd
There exist integers ¢;, cl’. (i=0,1,..., p—1)such that
p—1 p—1
d Z wTr?(f"”):Zc,-wl, —1+wTrT(“)+wf(0)=Zc;w’.
ueld i=0 i=0

By Lemma 3, we haved = 1 = ged(s —r,qg + 1) = 1.
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(2) ged(r, g+1) = 2: From a similar discussion, we also have gcd (s —r, g+1) = 1.
From Case (1) and Case (2), we have gcd(s —r, g + 1) = d = 1. Note that

Ap =3 wE @)

uelU
=2+ Y Wi (—aus™)
uel\ (%1}
— 9 @ Tr@ _ = Tri@=1) Z Wi (—aw™)
uelU
— 12— Ir@ _ ,=Tria=0n""") +d Z wTri (—au)
uey4

Note that ", ., w!1a®) = 5~ a0 and 3~ w1 s g real
number. From Lemma 1, we have

Z wTrI”(au) =1+ wTri’(a) + w—Tr{'(a).
uel

From Lemma 2, there exist integers ¢;(i =0, 1, ..., p — 1) such that

p—1

Tr?(au) i

E w1 :E cw',
i=0

uel

where 7" '¢; =0 mod 2 and #{i € {0,...,p— 1} : ¢; = 1 (mod 2)} < 2. By
Lemmad, Y, w! @ #£ —14+wT1@ 44~ Hence, this theorem follows.
O

In Theorem 10, Li et al. [17] gave the necessary and sufficient conditions of bent f (x)
for the case ¢ = 0 and gcd(r, g+ 1) = 1. Theorem 4 demonstrates that these functions
are not bent.

We will consider the case € # 0 and study the bentness of f(x). The following
proposition gives necessary conditions of bent function f(x) in the case ged(r, g +
1)=1or2.

Proposition 5 Let p > 7 and f(x) be a p-ary bent function defined in (5). Let € # 0
and ged(r,q + 1) = 1 or2. Then, gcd(s —r,q +1) =1, o1, gcd(s —r,qg+ 1) =2
andg =1 mod 4.

Proof If u € U, then
g—1
Mri+x —
=0

i
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540 Y. Qietal

where d = gcd(r, g + 1). We have

Af _ Z wZ?;Ol Tr{’(uuri+“)+eu%
. uelU
— Z wek + Z wTrl (—au’~")+eu
uefuelud=1} ueU\{u:ud=1}
Z qzil Z Tri( S=IY4 g%l Z Tri( S=IY 4 g%]
€u ry (—au’ €U ry (—au’ €u
= w — w1 + w1
ue{ueUwd=1} ue{ueUwd=1} uel
_ gq+1
g+l g+l T —au’ e Vbeu 2¢
eu 2 Z Tri'(—au’ " Weu 2 1
= Z w - w1 +e Z w
ue{ueU:ud=1} ue{uel:ud=1} ueye
1 . . .
where e = ged(s —r, %). From Lemma 1, f(x) is bent if and only if
s—r g+l 1 1
. Z wTrf (—auvﬂr>+eu 2e __ Z wéuq{-r + Z wTrf(*au""')Jréuqﬁfr + wl O

uele uefueU:ud=1} uef{uel:ud=1}

From#{u ¢ U :u? =1} <d <2and Lemma 3, ¢ = 1, i.e., gcd(s —r, %) =1.
Hence, gcd(s —r,q+ 1) =1orged(s —r,q+1)=2,g =1 mod 4. O

We will present the characterization of bentness of f(x) for different values of
ged(r,qg + 1) and ged(s —r,q + 1).

Theorem 5 Let f(x) be a p-ary function defined in (5) and € # 0.
W Ifp =17 gcd(r,q+1) = land gcd(r—s, g+1) = 1, then f(x) is regular bent if
andonlyif—a ¢ Coand K, (a?t") = 1—# where p = w/ O —y€ o= Tri@+e,

2me

Q) Ifp=>7qg=1 mod4, gcd(r,q+1) = 1 and gcd(s —r,q + 1) = 2,
then f(x) is regular bent if and only if a ¢ Co and K,,(a?T') =1 — cos+£’ where
14

p = —wE + wlrate 4y, fO),
B)Ifp = 11, ged(r,q + 1) = 2, and ged(s —r,q + 1) = 1, then f(x) is
regular bent if and only if —a ¢ Co and K, (a9t = 1 — # where p =

2mwe
V4

+1 +1
Cw — DT T ke Ly Tri @D T L FO),

@ Ifp>11,9g =1 mod4, ged(r,q +1) =2, and gcd(s —r,q + 1) = 2,
then f(x) is regular bent if and only if a ¢ Co and K,,(a?T!) =1 — . L, where

2me
P

p = —w€ —w €+ wTr;’(fa)Jre + wTri’(fa)fe + wf(O).
Proof (1) From Theorem 11 in [17], f(x) is regular bent if and only if
wESo(—a) + w S (—a) = w/ @ — € 4y Tri@+e,

Suppose —a € Cp. From Propositions 2 and 3, there exist integers ¢;(i =
0,1,..., p—1)suchthat wéSy(—a)+w ¢S;(—a) = le:_o] c;w!, where the number
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of odd ¢; is 0 or 2. By Lemma 4,
wSy(—a) + w S| (—a) # wl/ @ € oy Tri@te,

i.e., f(x) is not bent. From Theorem 11 in [17], this result can be obtained.
(2) From Proposition 5, f(x) is bent if and only if

q+1
Z wlrCaw™veu 2 _ e + wTr (—a)te + wl O
uelU

Since g =1 mod 4 and ged(s —r,q + 1) = 2, then u — u*~" is a permutation of
Uy and also a bijection from U; to Uy. We have

g+l

ne_ ..s—r 2 ne_ _ ne_
Z wTrl( au*"")+eu = we Z wTrl( av) +w € Z wTrl( av)
uelU uely uely
— (we + we) Z wTrf'(—av)
uely
n
= +w) Y wW (—1eu.
uel

Hence, f(x) is regular bent if and only if

(we + w—e) Z wTrf(av) - —w + wTrl"(—a)+e + wf(O).

uel,

From a similar discussion as (1), we have a ¢ Cyp. When a ¢ Cp, from Proposition 1,

1
Z wTrT’(av) _ 1 - Km(anr )

2
uel
Hence, this result follows.
(3) Note that f(x) is bent if and only if
n s—r atl atl n
Z wTrl (—au*"")4eu 2 = —w€ — we(—l) 2 + wTrl (—a)+e

uel

m
LT @+e=D2 | FO)

Since ged(s —r,qg + 1) = 1, then u — u*~" is a permutation of Uy and also a
permutation of U;. We have

§ : Tr"(—aus_')+6ug;;1 € § : Tr(—av) —€ § : Tr(—av)
w1 =w w1 —+ w w1 .
uel uely uel,
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Hence, f(x) is regular bent if and only if

q+1
n n
we § : wTrl (—av) + w—E E : wTrl (—av) = —w€ — we(—l) 2
uelp uel;

+1
i Wi (—a)+e + wTr;’(a)-i-e(—l)qT + wl O

From a similar discussion as (1), wehave —a ¢ Cy. When —a ¢ Cy, from Proposition 1,

1
T T = 3 T - Kr;(anr ).

uely uely

Hence, this result follows.
(4) Note that f(x) is bent if and only if

+1
Z wTrf‘(fau‘T”)+eun = —wf —w €+ wTrI'(fa)+e + wTrf’(fa)fe + wf(O).

uel

Since g =1 mod 4 and ged(s —r,q + 1) = 2, then u — u*~" is a permutation of
Uy and also a bijection from U; to Uy. We have

g+1
Z wTrf’(—aus"')-‘reuT — we Z wTri’(—av) +w € Z wTr’l’(—av)

uelU uely uely

=@ +w )y wli@) (1 e yy).

uel)

Hence, f(x) is regular bent if and only if

(we + wfe) Z wTrl”(av) = —wf —w €+ wTr{'(fa)Jre + wTrI”(fa)fe + wf(O).
uel;

From a similar discussion as (1), we have a ¢ Cy. When a ¢ Cy, from Proposition 1,

1
Z wTrIl(av) _ 1 - Kn;(anr )

ueli
Hence, this result follows. O

Remark Theorem 5 is a generalization of Theorem 11 in [17]. Note that there is a

minor error in Theorem 11 in [17], where p = w/ @ — w¢ + w=T"7@ ghould be
p = wf(O) —w€ + warf’(u)+e.
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4 Conclusion

This paper studies two classes of p-ary regular bent functions introduced by Li et al.
[17]. The first class of p-ary functions is defined by

2.

g1, _
fx)=Tr (axl(q_l) +bx(l+ 2 )(q U) +equ,

wherea, b € qu. We prove that when gcd(l, g +1) = 1 and botha + b and a — b are
quadratic residues, f(x) is not bent. Further, we present the characterization of these
regular bent functions for the case gcd(l, ¢ + 1) = 1 and the case gcd(l,q + 1) =2
and ¢ =1 mod 4. The second class of p-ary functions is defined by

7?1

YL T (axTH@D) pex T, x £0,
f), x=0,

fx) =

where a € ]qu and € € F,. When p > 7 and € = 0, f(x) is not bent. Further,
we present the concrete characterization for these functions for different values of
gcd(r,q + 1) and ged(s — r, g + 1). Our work generalizes results in [17].
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