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Abstract Firstly, we give a formula on the generalized Hamming weights of linear
codes constructed generically by defining sets. Secondly, by choosing properly the
defining set we obtain a class of cyclotomic linear codes and then present two alterna-
tive formulas for calculating their generalized Hamming weights. Lastly, we determine
their weight distributions and generalized Hamming weights partially. Especially, we
solve the generalized Hamming weights completely in one case.
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1 Introduction

Let g = p* for a prime p. Denote by Fp = Fym the finite field with O elements and
F*, the multiplicative group of IFm.

If C is a k-dimensional I, -vector subspace of IFZ , then itis called an [n, k, d] linear
code with length n and minimum Hamming distance d over [F;. Here the Hamming
distance d(x, y) between two codewords x,y € C is defined as the numbers of
places in which x is different from y. And d = min{d(x,0)|x € C,x # 0} since
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C is linear. Denote by A; the number of codewords with Hamming weight i in C. If
Hi : A; # 0,1 <i < n}| = t, then C is called a t-weight code. The readers are
referred to [12] for more details and general theory of linear codes.

A generic construction of linear code as below was proposed by Ding et al. [5,6].
Let D ={d,d>, ...,d,} be asubset of IE‘*Q Define a linear code Cp of length n over
I, as follows:

CD = {(TI'Q/q(xd1), TrQ/q(xdz), veey Tl‘Q/q(xdn)) X e ]FQ}, (1)

where Tr g/, is the standard trace map from IFp to F, and D is called the defining set.
The method is used in a lot of references to get linear codes with a few weights [9,17,
23,24] by choosing properly defining sets.

For an [n, k, d] linear code C, we could extend Hamming weight to obtain the
concept of the generalized Hamming weight(GHW) d, (C)(0 < r < k) (see [15,20]).
It is defined as follows. Denote by [C, r], the set of the r-dimensional F,-vector
subspaces of C. For V € [C, r]y, let Supp(V) be the set of positions i where there
exists a codeword x = (x1,x2,...,x,) € V with x; # 0. Then the rth generalized
Hamming weight(GHW) d,. (C) of the linear code C is defined by

d;(C) = min{|Supp(V)| : V € [C, ]y},

and {d; (C) : 1 <i <k} is defined to be the weight hierarchy of C. In particular, the
GHW d;(C) is just the usual minimum distance d. Since the classic results of Wei in
the paper [20] in 1991, many people researched into the generalized Hamming weight.
A survey on known results on this topic up to 1995 was done in [19]. Afterwards there
have been a number of studies on the generalized Hamming weight of some particular
families of codes [1-3,7,11,13,14,21,22]. It is worth mentioning that the recent work
in [22] gave a very instructive approach to calculating the GHW:s of irreducible cyclic
codes. Generally, it is not easy to determine the weight hierarchy.

The rest of this paper is organized as follows: in Sect. 2, we review basic concepts
and results on Gauss sum and exponential sums which are needed in this paper; in
Sect. 3, we follow the work of Ding et al. [8,10] to construct a class of cyclotomic
linear codes and give general formulas on d,(C). Meanwhile, we determine their
weight distribution under certain conditions; in Sect. 4, we give the conclusion of this

paper.

2 Preliminaries

We assume that / is a positive divisorof Q —land 1 < & < /O + 1. And @ is a fixed
primitive element of F g = IF,m. We start with the additive character. Let b € F, the

mapping
xp(c) = ;;rQ/p(bC) forall c € Fp,
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2r/—1
defines an additive character of Fp, where ¢, = e » . Particularly, the character
x1 is called the canonical additive character of IF o. The multiplicative characters of
[ are defined by

Y (%) = VUM Q@ D for k=0,1,...,0-2,0<j<Q—2.

For each additive x and multiplicative character ¥, we define the Gauss sum G o (¥, x)
over [Fp by

Go(W, )= Y ¥0)xx).

XEFB
The reader can refer to [16] for more information about the explicit values of Gauss

SUIMS.
For each o € F, an exponential sum S(a) is defined as follows.

S@) =Y xilex").

XGFQ

For an integer i, define

ci:{ei(eh)f:05j< Q_l}, ni= Y x).

h
xeC;

It is easy to see C,, = Cy if and only if u = v (mod ). These sets C; and numbers
n; are called the cyclotomic classes and Gaussian periods (see [4]) of order h in F%,,

respectively. By definition, it is not hard to get S(9') = hn; + 1.

The following lemma is about the explicit values of the exponential sum S(«). It
will be used later.
Lemma 1 ([18]) Assume m = 21k, h|(g* + 1). Then for any a € F%,,

(-D'J/0, if @ ¢ Ch,

S(a) = { (—l)l_l(/’l — 1)\/6, if @ € Cpy,

where

ho— | 51 p = 2.0 odd, and 5 odd,
0, otherwise .

Here we present three bounds on GHWs of linear codes. The reader may refer to the
literature [19] for them.

Lemma 2 Let C be a linear code over ¥, with parameters [n, m]. For 1 <r < m,
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1. (Singleton type bound) r < d.(C) <n —m +r. And C is called an r-MDS code
ifd.(C)=n—m+r.
2. (Griesmer-like bound)

r—I1

d:(C) =Y [dl(.c —‘ :

ql

i=

3. (Plotkin-like bound)

d,(C) < LMJ.

qg" —1

3 Main results and proofs

First of all, we give a general formula for computing the GHWs of the linear code
defined by the generic method in (1) with the defining set D.

Theorem 1 For each r(1 < r < m), if the dimension of Cp is m, then d,(Cp) =
n—max{|[D(\H|:He[Fg,m—rl,}.

Proof The proof is similar to that of Theorem 6 in [22]. But for the convenience of
the reader, we provide the proof. Let ¢ be a mapping from Fo to Iy defined by

¢(x) = (TrQ/q(xdl), TI‘Q/q(xdz), ey TrQ/q(xdn))

for each x € Fp. Obviously, ¢ is an F,-linear mapping and the image of ¢ is Cp.
And ¢ is injective since the dimension of Cp is m. For an r-dimension subspace
U, € [Cp, r]y, denote by H, the pre-image ¢_1 (Uy)inFg. Also H, is an r-dimension
subspace of IFp. By definition, d,(Cp) = n — max{N (U,) : U, € [Cp, rl;}, where

NWU,)=8{i:1<i<n,c¢; =0 foreachc = (c1,c2,...,¢cy) € Uy}
=f{i:1<i=<n,Trg,(Bd)=0 foreach 8 € H,}.

Let {81, B2, ..., B} be an F;-basis of H,.. Then

1 - Trq/p(TrQ/q(/Sldi)xl) Trq/p(TrQ/q(ﬁrdi)xr)
N(Ur>=q—rZZ;p Y

i=1 x1€F, xr€ly

= Ly Tro/p(di (Bix1+--+Brxr))
== X O

i=1 xy,..., xr€Fy

_ L i Z ggfg/p(ﬁdi)'
qr

i=1 BeH,
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Let H- = {v € Fp : Trg/q(uv) = 0 forany u € H}. It is called the dual of H.
We know that dim, (H) + dimp, (H+) = m.
Fory e Fp,

)3 (Tom® _ { |H,|, if y e H,
) -

0, otherwise .
BeH,

By the above equation, we have

NUD =~ Y IHI=ID(HA

qr
yeD (N H;

So the desired result follows from the fact that there is a bijection between [Fg, r],
and [Fp, m — r],. We complete the proof.

From now on, we suppose (g — 1) is also a divisor of Q — 1. In [10], C. Ding
and H. Niederreiter presented two classes of cyclotomic linear codes of order 3 and
determined their weight distributions. Inspired by their work, we construct linear codes
by choosing the defining set to be

D ={0"dy,...,0Mdy,,0%dy,...,0%dy,,...,0%d, ..., 0%d,),

m

where d; = "0=D o = hq(q—j),o <ti<th<--<ty<h—1,1<s <h.The
code Cy is closely related to irreducible cyclic codes. Note that {dy, d2, ..., dy,} is
a complete set of coset representatives of the quotient group Co/IFy since h(g — 1)
divides Q — 1. If s = 1,#; = 0, then C3 is a linear code punctured from the code
Cc, (see [8]). Here C¢, is the code defined in (1) with the defining set D = Cj. It is
known as the irreducible cyclic code. Thus we also call C a cyclotomic linear code
since D has relation to the cyclotomic classes of order h in IE‘*Q

In addition to Theorem 1, we give alternative formulas for calculating the GHWs
of the cyclotomic linear code C3.

Theorem 2 For each r(1 < r < m), if dim(Cx) = m, then d,(Cx) = sng — Ny,
where

m__,r

_ s(g 1
LN = g7 R
An, = 351 2521 Lpeny 9 (BONG o(9™). or
2. Ny =20 4 s max{(Y5) | H V(U Cimiplni < Hr € [Fo, rlg).

smax{Ap, : Hy € [Fo,rlg}, and

Proof 1. By definition, d,(Cx) = sno— N, N, = max{N (U,) : U, € [C,r],}. Let
{B1, B2, ..., Br} be an F-basis of H,. Here ¢ (H,) = U,. See the proof of Theorem 1
for the definitions of N(U,) and ¢. Set H* = H,\{0}. Then
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1 Try/p(Trgq(Biui)xi) Try ) p (Tro /0 (Briti)xr)
NU) =— Z Z gp PO Z gy tres
q MGB xlqu xrqu
Tr (Bu;) sno Tr (Bui)
SE 00 MAALN IS 3D WA
BeH, u; cD ﬁEH* LtlED

= o Teop ().
= . 1) Z Z Z) 0/

BeH! y; E]F*D

where IF;B = {xy|x e F*, y € D}. So

N, =20 4 " (q_ 7 Z 353 ggrgxpwmij ©0-x)

p
1 =1 peH} xeFy,

_S(qm—qr) s Tro/p(BY) 5 n—t;
"~ hg"(@—1) hq(q_l)ZZZ Z§ et x)

=1 A=l peH} xely,

s h—1

(g™ —q’) )
hq" (g — 1) hq (q 1 2; oly )ﬂ;;*w (CRye)
s h—1
S(qm _qr) r(nt A
= + 9] G
hq"(q —1)  hq" (q— 1) 2;“’ 0 )Goly )ﬁ;:*w (B).

For simplicity, we set Ay, = Z/ i ZA Lo (9tf)GQ(<p)‘) ZﬁeH,* E(ﬂ). So

_ s(f]m _qr) AH,
N(U,) = PyT— + e

2. By the proof of Part 1, we have

Sn() T i
N(Ur) r 1) Z Z ¢p ro/p(Bu)

BeH} EF*D

ﬂ Z Z Z é_TI‘Q/p(ﬂu)

r J—
1 1 (q D BeH} j=1ueCy,

=+ Z 33 aw.

r J—
7 q (q )1 1 BeH} ueCy,
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Table 1 The weight distribution

of the codes of Theorem 3 Weight w Multiplicity A
0 1
HEO+ D=9V -0
60 —s=1'VO) S

By definition, ; = ) x1(x). So we have

xeC;
K h—1 s h—1 K
DD xiBuwy =D Y 1HA )\ Cicgylmi = Y _1HA( | U Cisy | I
j=1BeH} ueCy; i=0 j=1 i=0 j=1

Then the desired result follows and the proof is completed.

Remarks (1) If s = h, then C is a [q;%ll, m, qm’l] code, the nonzero elements of

which all have weights ¢ ~!. Tt is a simplex code. By Theorem 1 or Theorem 2(2),

qm _qm—r

(2) By the construction of D, for any two elements « and 8 in D, we have (%)‘1 “l£1.
This means that g ¢ IE‘*. So max{|5ﬂ H|: H e[Fg,1];} = 1. By Theorem 1,
if diim(Cp) = m, then dp—1(Cp) = S(fq _1)) — 1. By the Singleton type bound in
Lemma 2, C is an (m — 1)-MDS code [19] over ;. Especially, if m = 2, then
the code C is an [Y(‘Hl) 2, Y(q“) — 1] MDS code [12] over F,.

(3) Generally, it is dlfﬁcult to establlsh linkage between the additive properties and

the multiplicative ones of a field. So Theorems 1 and 2 indicate that it is difficult to
give the explicit values of the generalized Hamming weights of C in other cases.

itis easy to get d, (Cp) =

Next under certain conditions, we give the weight distributions of the cyclotomic linear
codes C in the following theorem.

Theorem 3 Assume m = 2lk and h|(q* + 1). Then the code Cg is an [‘;((gj)) ,m)

linear code over ¥y with the weight distribution in Table 1. And the dual code C% of

Cpisan [‘;1(5:11)), ‘2((8:11)) — m, d*] linear code with minimum distance d* > 3.

Proof For x € IF;, letcy = (Trg/q(xd)) ;o5 and w(cy) denote the Hamming weight
of the codeword c,, then we have

S
w(ey) =sng— Y i+ 1 <i<ng Tros(x6"d;) = 0}|
j=1

=sng — — i Z Z {Tr‘I/P(“TrQ/q(XG " dp))

] 1i=1 uel,
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By Lemma 1, we have

) qh(s(Q — D +s5+ (=D(h — 5)4/0), if one of x0' € C,,
w(cy) =
qh(S(Q—l)-i-S—S( D'V0),

9 j=li=l ue]F*
(o]
S(Q_l) 1 tj+hk
i Qi
qzz T

-1 1
- — Z((S(xef-n -

—(S(Q — 1 +s— ZS(xeff))

j=1

otherwise.

As for the parameters of the dual code, it is enough to prove d L > 3.1Itis easy to show
that any two elements in D are linearly independent over IF;,. Then the desired results
follow and we complete the proof.

Example 1 Let (q,m,l, k, h,s)

= (3,4,1,2,5,3) and (11, 12, 3) = (1, 2, 3). Then,

the corresponding code C7; has parameters [24, 4, 15], weight enumerator 1 +48x1 4+
32x18 and its dual code has parameters [24, 20, 3].

Example 2 Let (g, m,l, k,h,s) = (5,4,2,1,6,2) and (t1,2) = (0, 1). Then, the
corresponding code C has parameters [52, 4, 40], weight enumerator 1 + 416x40
208x* and its dual code has parameters [52, 48, 3].

Corollary 1 Assume m = 2lk andh|(qk + 1).If(,2) =1, then

dy(Cp) =

Proof By Lemma 1, we have n; = M if i = ho, otherwise n; =

s(g"—g" ")+ s—h)g 2 (g’ =

h(g—1)
s(@"=D—h(@""-1) om
TR ify=r

by Theorem 2(2), we get Z] 12 IH N Ci—; i
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s h—1

=Y > Ciny | —— +Z|H () Cho—r, (nho— _‘/__1)

j=1i=0

=s(q" — 1)‘“_% + \@Z |Hy () Cho—ty-
j=1

If (,2) = 1, then F i C Cop. Notice that C; = 01 Cy and 6" H, is also an r-dimension
subspace. So we have

s
max { |H, [ Ucho_t_,, | Hy €[Fg,rlyt =q" —1

for each r with 1 < r < &. By Theorem 2, we get the first part of the corollary.

If 7 <r <m, then0 < m—r < 7. So we know that there is an (m — r)-
dimensional subspace Hy,—r C F i C Co. Therefore, max{l(Uj-Zl C))(H|:H e
[Fo,m —rlg} = ¢"~" — 1. Note that FD = Jj_, C;; and § ¢ Fy forany two
elements @ and B8 in D. So |(Uj~21 Ci))(VH| = (¢ — 1)|H () D| for any subspace
H. Therefore, max{|D (H|: H € [Fg, m — rlg} = qu—l. By Theorem 1, we get
the second part of this corollary. The proof is completed.

Example 3 For the code in Example 1, its weight hierarchy isd; = 15,dy = 20,d3 =
23,dy = 24.

Corollary 2 Also assume m = 21k and h|(g* +1). Ifl = 2*I' withu > 0, (I',2) = 1,
and s < h, then

s¢2 "¢ =2 -1 /
dr(cﬁ) — o lﬁl(qh_(l,),,,, y s lf 1 =r Slks

s —1)— — .

8¢ —)-ng —1) h(q—(ll) ,ifm=1Uk<r<m.

Proof AlsobyLemma I, wehaven;, = —(h_l)hﬂ ifi = hg, otherwisen; = @
For an r-dimensional subspace H,,

h—1 K s h—1
STH UG | Imi =YD 1H () CiijIni
i=0 j=1 j=1i=0
s h—1
=Y D IH()Ci- t, +Z|H () Cho—s; (nho @)
j=1i=0

-1 s
=s(q" — 1>fQT —V O IH () Chosy .
j=1
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By assumption, we have ]qu/k C Cyp. Notice that U;‘:l Cho—t; # D since s < h. So
for each r with 1 < r < [’k, we have

s
min § |H, m U Cho—t; || - Hr € [Fo,rlg ¢ =0.
j=1

Then the desired result of the first part follows directly from Theorem 2(2). For m —
I'k < r < m, we know that there is an (m — r)-dimensional subspace H,,_, C
F, C Co. So max{|(Uj_; C;)H| : H € [Fo,m —rlg} = ¢"" — 1 and

max{lﬁﬂ H|: H e l[Fg,m—rl,} = qmq_%. By Theorems 1 and 3, we get the
second part of this corollary. The proof is completed.

Example 4 For the code in Example 2, its weight hierarchy isd; = 40, dy = 48, d3 =
51,ds = 52.

The above four examples have been verified by Magma.

4 Concluding remarks

In this paper, we gave a formula for computing the generalized Hamming weights of
linear code Cp, which is constructed by the generic method proposed by Ding et al.
By choosing properly the defining set, we presented a class of cyclotomic linear codes
C5. We gave two alternative formulas about their generalized Hamming weights in
terms of Gauss sums and Gaussian periods. Under certain conditions, we solved the
weight distribution of C75 and proved thatitis a two-weight linear code. We determined
completely the generalized Hamming weights of C in one case.
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for their careful considerations and kind help.
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