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Abstract In the literature, few n-variable rotation symmetric bent functions have been
constructed. In this paper, we present two infinite classes of rotation symmetric bent
functions on [} of the two forms:

() ) = X0 XiXiem + VX0 + Xars s X1 + Xom—1),
(i) fi(x) = Y000 (XiXipa Xiem + XiXite) + Y ormg! XiXipm + V(X0 + Xy -+ X1 +
x2m—l)»

where n = 2m, Y(Xo, X1, ..., X;u—1) is any rotation symmetric polynomial, and
m/gecd(m, t) is odd. The class (i) of rotation symmetric bent functions has algebraic
degree ranging from 2 to m and the other class (ii) has algebraic degree ranging from
3 to m. Moreover, the two classes of rotation symmetric bent functions are disjoint.
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1 Introduction

Boolean bent functions introduced by Rothaus [37] are an interesting combinatorial
object with the maximum Hamming distance to the set of all affine functions. Such
functions have been extensively studied because of their important applications in
cryptography (stream ciphers [5]), sequences [33], graph theory [35], coding the-
ory (Reed—Muller codes [13], two-weight and three-weight linear codes [1,17]), and
association schemes [36]. A complete classification of bent functions is still elusive.
Further, not only their characterization, but also their generation are challenging prob-
lems. Many papers on bent functions are devoted to the construction of bent functions
[2-5,9,11,12,15,16,18,22-32,42].

Rotation symmetric Boolean functions, introduced by Pieprzyk and Qu [34], are
invariant under circular translation of indices. Due to less space to be stored and allow-
ing faster computation of the Walsh transform, they are of great interest. They can be
obtained from idempotents (and vice versa) [19,20]. Characterizing and constructing
rotation symmetric bent functions are difficult and have theoretical and practical inter-
est. The dual of a rotation symmetric bent function is also a rotation symmetric bent
function. In the literature, few constructions of bent idempotents have been presented,
which are restricted by the number of variables and have algebraic degree no more
than 4. See more rotation symmetric bent functions in [7,8,14,21,38-40].

Quadratic rotation symmetric bent functions have been characterized by Gao et al.
[21]. They proved that the quadratic function

m—1

n—1 m—1
D ci | 2w | +em | D v
Jj=0 j=0

i=1

is rotation symmetric bent if and only if the polynomial 37" ¢; (X* + X" ) 4 ¢, X"
is coprime with X" + 1, where ¢; € IF,. Stanica et al. [38] conjectured that there are
no homogeneous rotation symmetric bent functions of algebraic degree greater than
2. The construction of rotation symmetric bent functions of algebraic degree greater
than 2 is an interesting problem [6]. Charnes et al. [10] constructed homogeneous bent
functions of algebraic degree 3 in 8, 10, and 12 variables by applying the machinery of
invariant theory. Up to now, there are few known constructions of rotation symmetric
bent functions. Gao et al. [21] constructed an infinite class of cubic rotation symmetric
bent functions of the form

n—1 m—1
Frx0, X1, o X 1) = ) (GiXi i Xitm + XiXitd) + Y XiXigm,
i=0 i=0

where 1 <t <m — 1 and m/gcd(m,t) is odd. Carlet et al. [7] presented n-variable
cubic rotation symmetric bent functions of the form
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n—1 2r—1 m—1
fxo,x1, ..., xp—1) = inxi+rxi+2r + Z XiXit2rXitar + Z XiXitm,
i—0 i=0 i=0

where n = 2m = 6r. Carlet et al. [8] proposed an infinite class of quartic rotation
symmetric bent functions from two known semi-bent rotation symmetric functions by
the indirect sum. Su and Tang [40] gave a class of n-variable rotation symmetric bent
functions of any possible algebraic degree ranging from 2 to n/2 of the form

foo) = Zx,xﬁm ) H Al (n

€A ‘j EBﬁ”e(’) 3) i=0

where

-3 el7.

— Oy () is the orbit of § by cyclic shift.

— A is a subset of the representative elements of all the orbits O, (3).
- B = Bo, B> -+ Bp_p) and B = (B, BY. -, Bl )

— H denotes the sum over Z.

These functions contain functions by Carlet et al. [7].

Motivated by the constructions of Gao et al. [21] and Su et al. [40], this paper
constructs new rotation symmetric bent functions from some known rotation sym-
metric bent functions. We obtain two infinite classes of rotation symmetric bent
functions which are equivalent to functions in the class of Maiorana—McFarland. Let
Y(Xo, X1, ..., X;—1) be arotation symmetric polynomial in F2[Xq, X1, ..., X;n—11,
ie.,Y(Xo, X1,..., X;m—1) =Y(X1, ..., X;m—1, Xo). We obtain two classes of rotation
symmetric bent functions of the form

m—1
FO) =) XiXigm + VX0 + Xms - s X1 + Xi),
i=0
n—1 m—1
Fi) =Y (i Xitm + Xixig)) £ Y XiXitm + VX0 + Xps oy X1+ Xomo 1),
i=0 i=0

where | <t <m — 1andm/gcd(m, t) is odd. In fact, these bent functions belong to
the Maiorana—McFarland class of bent functions. Moreover, the two classes of rotation
symmetric bent functions are disjoint.

The rest of the paper is organized as follows. Section 2 introduces some basic nota-
tions of Boolean functions and rotation symmetric bent functions. Section 3 presents
the constructed rotation symmetric bent functions. Section 4 proves main results on
rotation symmetric bent functions. Section 5 makes a conclusion.
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2 Preliminaries

Let 5 denote the n-dimensional vector space over the finite field F>. An n-

variable Boolean function f(xo,x1,...,Xx,—1) is a mapping from [} to F,. And
f(xo0,x1,...,x,—1) can be represented by a polynomial called its algebraic normal
form (ANF):

n—1
fGo, X1 ) =) e (l_[x,ﬁ> ()
i=0

n
uely

where u = (Bg, By, ..., P,—1) and ¢, € F». The number of variables in the highest
order product term with nonzero coefficient is called its algebraic degree.

Definition 1 A Boolean function f over I; or an algebraic normal form f in
Fa[xo, x1, - .., x,—1] is called rotation symmetric if for each input x = (xg, x1, ...,
Xxn_1) € 5, we have

SO, x2, 000, Xp—1, x0) = f(x0, X1, ..y Xp—1).

The Walsh transform of a Boolean function calculates the correlations between the
function and linear Boolean functions. The Walsh transform of f over I is

Wi(b) = Y (=1,

n
xely

where b = (bg, by, ..., by_1) € F%, x = (x0, X1, ..., Xp—1),and b - x = Z;’;& xib;.

Definition 2 A Boolean function f : F —> F, is abent functionif Wy (b) = £2"/2
for any b € IF7.

A Boolean bent function only exists for even n. The algebraic degree of a bent function
is no more than m for n = 2m > 4 and the algebraic degree of a bent function for
n=2is2.

Let o be a permutation of IF5 such that for any bent function f, f o o is also bent.
Then o(x) = xA + b, where A is an n x n nonsingular binary matrix over [, x A is
the product of the row-vector x and A, and b € ;. All these permutations form an
automorphism of the set of bent functions. Two functions f(x) and g(x) = f o o(x)
are called linearly equivalent. If f(x) is bent and L (x) is an affine function, then f+ L
is also a bent function. Two functions f and f o o + L are called EA-equivalent. The
completed version of a class is the set of all functions, which are EA-equivalent to the
functions in the class.

Maiorana and McFarland [26] introduced independently a class of bent functions
by concatenating affine functions. This class is called the Maiorana—McFarland class
M of functions defined over I3’ x %' of the form

fla,y)=y-n(a)+ hla), 3)
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where (a, y) € ! xF7', 7(a) is any mapping from 5’ to F5', and & (a) is any Boolean
function on 5. Then f is bent if and only if T is bijective.

3 Two infinite classes of rotation symmetric bent functions

In this section, we only present two infinite classes of rotation symmetric bent func-
tions. The proofs of the main results will be given in the next section.

Theorem 1 Let n = 2m and Y(Xo, X1, ..., Xm—1) € F2[ X0, X1, ..., X;u—_1] be an
algebraic normal form of algebraic degree d. Then the function

m—1
f(x) = Z XiXigm +Y(X0 + Xy oo Xp—1 + X2im—1)
i=0
is a bent function. Further, if Y(Xo, X1, ..., Xm—1) i rotation symmetric, then f is a

rotation symmetric bent function. If d > 2, then f has algebraic degree d.

Example 1 Let m = 6. Then the function
5 5
o)=Y xixiye + [ [ + xite)
i=0 i=0

is a rotation symmetric bent function of algebraic degree 6.

Theorem 2 Let n = 2m, t be an integer such that 1 <t <m — l and m/gcd(m, t)
is odd, and Y(Xo, X1, ..., Xm—1) € F2[Xo, X1, ..., Xu—1] be an algebraic normal
form. Then the function

n—1 m—1

Fi@) =Y (i Xipm + XiXig) + D XiXigm + VX0 + X - X1+ Xomo1)
i=0 i=0

is a bent function. Further, if Y(Xo, X1, ..., X;m—1) is rotation symmetric of algebraic

degree d > 3, then f is a rotation symmetric bent function of algebraic degree d.
Example 2 Let m = 6 and t = 2. Then the function

11 5 5

) = (ixigaxipe + Xixis2) + ) Xixipe + | [(xi + Xite)

i=0 i=0 i=0
is a rotation symmetric bent function of algebraic degree 6.

Example 3 Letm be an odd positive integer with m > 3 and ¢ = 1. Then the function

2m—1 m—1 m—1
[ = Y CiXip1Xigm + XiXie) + Y Xixigm + | | O + Xigm)
i=0 i=0 i=0

is a rotation symmetric bent function with the greatest possible algebraic degree m.
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202 C. Tang et al.

The following lemma shows that the two classes of rotation symmetric bent func-
tions constructed in Theorems 1 and 2 do not overlap.

Lemma 1 Let g(xo, X1, ..., X,—1) be a Boolean function on I}, or an algebraic nor-

mal form in Fa[xq, X1, ..., Xn—1] such that

(1) forany 0 < i < m — 1,8(X0, s XiyeuvsXigms---sXn—1) = gxo0,...,
Xidfms o vos Xiyoens Xn—1);

2) forany 0 <i <m — 1, x;jXj1n, is not in the terms of g;
(3) g is rotation symmetric.

Then there exists a rotation symmetric polynomial Y (X9, X1, ..., Xm—1) € F2[Xo, X1,
oo, X;u_1] such that

8(x0, X1, ..., Xp—1) = Y(X0 + X, X1 + Xpmg1s - ooy Xm—1 + X2m—1).
Proof 1f there exists Y(Xo, X1, ..., X;—1) such that
8(x0, X1, ..., Xp—1) = Y(X0 + Xpp, X1 + Xpug 1y o+ s X1 + X2m—1).

Since g is rotation symmetric, then Y(Xo, X1, ..., X;;—1) is rotation symmetric.

Now we will give the proof by the induction on algebraic degree d of g, i.e, there
exists suchrotation symmetric polynomial Y fromrotation symmetric g (x) of algebraic
degree d satisfying conditions (1) and (2).

(1) When g =0 or g = 1, such Y obviously exists.
(2) When d = 1, such Y obviously exists.
(3) Suppose d > 2. From the conditions (1) and (2), there exists i such that

g(-x03 xlv IR ] xn—l)
/
= X8 (X0, « o, Xic 1y X1y -+ o s Xidm—1> Xigm+1s - - > Xn—1)
1
+xl+mg (XO, ey Xi—1, 'xl+15 ceey -xi+ln—17 xl+m+19 ) xn—l),
where g', 8" € Fo(x0, ..., Xie1s Xitls - > Xitm—1s Xidm-+ls -+ Xn—1). From

the condition (1), we have g’ = g”. From the induction of algebraic degree
d, for g’ and g”, there exists Y/ (Xo, ..., Xi—1, Xi41, ..., Xm—1) such that

g =8"=Y @0+ Xm oo  Xicl + Xitm—1s Xit1 + Xidmtls o ooy Xm—1 + X2m—1)-
Take Y(Xo, X1, ..., Xm) = X;V' (X0, ..., Xi—1, Xi+1,---» Xm—1). Then

8(x0, X1,y ooy Xp—1) = Y(X0 + X, X1+ Xt 15 oo o5 X1+ X2m—1).

Hence, this lemma follows. O
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Remark 1 Let f(x) = Zf";ol XiXi+m + g(x) defined in Eq. (1), where

m—1
gx) = Z Z 1_[ xiB xiﬁ+m'

beA BB’ €Oy (5) i=0

We can verify that g(x) satisfies all the three conditions in Lemma 1. There exists
Y € Fr[Xo, X1, ..., X;u—1] such that

m—1

FO) =" Xixigm + Y0+ Xps -y X1 + Xom 1)
i=0

is bent. This shows that rotation symmetric bent functions constructed by Su and
Tang [40] are contained in functions in Theorem 1. Let h(x) = Z?;ol (XiXi4tXiem +
XiXi4¢). From Lemma 1, 2 can not be expressed as h(x) = Y(xo + Xp, - -+, Xm—1 +
Xom—1) wWith ¥ € Fy[Xo, X1,..., X;m—1] being a rotation symmetric polynomial.
Thus, any function f(x) constructed in Theorem 2 can not be written in f(x) =
Z;":_Ol XiXiym + Y(X0 + Xms - Xm—1 + X2m—1), Where Y is a rotation symmetric
polynomial in F>[Xq, X1, ..., X;,—1]. Hence, the class of rotation symmetric bent
functions constructed in Theorem 2 is completely disjoint from the one constructed
in Theorem 1. In particular, any rotation symmetric bent functions in Theorem 2 are
different from rotation symmetric bent functions constructed by Su and Tang [40].

Remark 2 From the proof of Lemma 1, it is observed that a Boolean function

g(x0, ..., X2m—1) ON ]F%’” can be written as g = Y(xo + Xm, -+ Xm—1 + X2m—1)

with ¥ € F2[Xo, X1, ..., X;u—1] if and only if the following two conditions hold

(1) for any permutation ¢ over {0, 1, ...,2m — 1} with {o(i), c(i +m)} = {i, i +m},
where 0 <i <m — 1, g(xo, ..., x2m-1) = g(X6(0)> - - - » Xo2m—1))5

(2) forany 0 <i <m — 1, x;Xj 4, is not in the terms of g.

For any boolean function g(xo, . .., X2;,—1) on ]F%m andi € {0, 1,...,2m — 1}, let
D; g be the functions defined as

Dig(XO»---’Xmel) Zg(x07 cees Xi + 15 ~~,x2m7])+g(x0, cees Xiy ...,xszl).

Then, one has the following proposition.

Proposition 1 Let g(xo, . .., X2,m—1) be a Boolean function on F%m .Then, g = Y(xo+
Xy ooy Xm—1+Xom—1) withY € F2[Xo, X1, ..., Xm—1]lifand only if D;g = Di1pg
foranyi € {0,1,...,m — 1}.

Proof First, assume g = Y(xo + X, - - - Xm—1 + X2m—1). Then,
Diymng(xo, ..oy Xom—1) =YX + Xmy -+ s Xi + Xigem + 1,00, X1 + X2m—1)
+Y(x0 + Xy oo X F Xigms oo Xm—1 + X2m—1)

= D;g(x0, .-, Xom—1)-
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204 C. Tang et al.

Conversely, assume D;g = Djy,,g. Then, forany i € {0, 1, ..., m — 1}, there exist
Boolean functions A;, B;, C; and D;, whose values are completely independent with
x; and X; 4., such that

8(x0, ... Xom—1) = AiXiXiym + Bixi + CiXjtm + D;. 4)

Thus, Djymg(xo, ..., Xam—1) = Ajx; +C; and D;g(xo, . .., Xom—1) = AiXjym + B;.
One gets A; = 0 and B; = C; from D;g = D;,,g. By Eq. (4), one has

g(x0, ..., Xom—1) = Bi(xi +Xxj1m) + D;.

Hence, the function g satisfies the conditions (1) and (2) in Remark 2, which completes
the proof.

4 Proofs

In this section, we give the proofs of our main results on rotation symmetric bent
functions. We first give the following lemma on rotation symmetric functions.

Lemma 2 LetY € Fa[Xo, ..., Xm—1], theng(xo, ..., X2m—1) = Y(x0+Xm, - - -, Xm—1
+ Xom—1) over F%m is rotation symmetric if and only if Y(Xo, ..., X;u—1) over F}' is
rotation symmetric.

Proof It Y(Xo, ..., X,u—1) over 7' is rotation symmetric, then
8(X1s vy Xy Xt 1«5 X0) = V(X1 + Xpt1s + -+ 5 X0 + Xm)
=Y(x0 4+ Xm, .-, Xp—1 + X2m—1)
= g(-x07 IR ] -xmflv xmv ceey xszl)‘
Thus, Y(x0 + Xm, - - ., Xm—1 + X2m—1) 1S rotation symmetric.
Conversely, let g(xo, . .., x2,—1) be rotation symmetric. Set x; = X; for0 <i <

m—1and x; =0form <i <2m — 1.Then,

Y(X1, ..., X0) =YX1 + Xpg1, ..o, X0+ Xm)
= g(X1, ooy Xy X1y« + -5 X0)
= g(X0s -y X1y Xy - ooy X2 —1)
=YX0+ Xms-ees Xm—1 + X2m—1)
=Y Xo, ..., Xm—_1).

Thus, Y(Xo, ..., X;u—1) is rotation symmetric. O
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4.1 The proof of Theorem 1
For any function Y on %', the function
m—1
fola,y) =" yiai +Y(ao, ai, ..., an-1)

i=0

is a bent function on ! x ' in the Maiorana—McFarland class M of functions
defined in Eq. (3). Take the nondegenerate linear transform on fy(a, y) as

Yi = Xi,

aj = Xi + Xi+m,

where 0 < i < m — 1. We have a bent function

m—1
F1G0, X1, K1) = Y X (X0 A Xigm) + VX0 A+ Xy <y X1+ X2m1)
i=0
m—1 m—1
= inxi+m + V(X0 + Xy - o Xin—1 + X2m—1) + in.
i=0 i=0

Since Z:”:_Ol x; is a linear function, then f(x) = fi + Z;":_Ol x; is a bent function.

Since Lemma 2, if ¥ is a rotation symmetric polynomial in F[Xq, X1, ..., Xpn—11,
then f(x) is also rotation symmetric.
Ifvy(Xo, X1, ..., X;u—1) has algebraic degree d, then Y (xo+x;, - - - , Xm—1+X2m—1)

has algebraic degree d. If d > 3, then the algebraic degree of f is d. Otherwise, f has
algebraic degree less than 2. Thus, f has algebraic degree 2 since f is bent. Hence,
Theorem 1 follows.

4.2 The proof of Theorem 2

In order to prove Theorem 2, we first recall some notations and results in [21]. Define
the sets

E={xel; xi+xigm=1for0<i<m-—1}

={0o, s Ym—1, L+ Y0, oo, L+ ym) € F5 2 (o, ..., ym—1) € FY'}

and

W={xeF;:x;=0form <i<n-—1}
={(ao,...,am_l,o,...,O)GF;Z(ao,...,am_1)€]F’2n}.
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206 C. Tang et al.

Then

Fy=J@+E).

acW

Thus, for any x € F%, there exists a unique pair (a, y) (a € W and y € E), such that
x = a + y. Furthermore, if x = (xo, X1, ..., X,—1), then

y:(xm+]1xm+1+11"'sxn—1+17xmv-xm+17""xn—l)
a=xo+xp+1,x1+xpm1+1,. . xm-1+x,21+1,0,0,...,0). (&)

Gao et al. [21] proved that F; (x) = Z:‘l;ol (XiXiprXigm + XiXitr) + Z;":_Ol XiXitm
can be expressed in Maiorana—McFarland’s form

Fi(x) = Fi(a+y) =m(a) - y + ho(a), (6)

wherea € W,y € E ho(a) = Y71 ajaiy,and w(a) = (mo(a), T (a), ..., Tpoi
(@),0,0,...,0) with w;(a) = a;aitr) modm + Ai+r) modm + AGitm—r) mod m-
Since m/gcd(m, t) is odd, then from Gao et al. [21][Proof in Theorem 1], a
(mo(a), mi(a), ..., Ty-1(a),0,0,...,0) is a permutation of W. Then F;(x) is a
bent function.

Let fi(x) = F;(X) + Y(X0 + Xmo oo Xt + Xomo1) = Y i—g (XiXipoXigm +
XiXit) + Z:-";OI XiXiym + Y0 + Xpm,y ooy Xu—1 + X2m—1), where ¥ € IF2[Xo, X1,
.oy, Xm—1]. From Eq. (5), for any Y € F2[Xo, X1, ..., X;n—1], there exists a function
hy on W such that Y(xo + xp, . - ., Xm—1 + X2m—1) = h1(a). Then, from Eq. (6), we
can express f; in the form

fi(x) = fila+y) =n(a) - y+ (ho(a) + hi(a)).

Hence, f;(x)is abent function. From Lemma 2, if ¥ is arotation symmetric polynomial
in F2[Xo, X1, ..., X;u—1], then f;(x) is also rotation symmetric. Obviously, if ¥ has
algebraic degree d > 3, then f is also a function of algebraic degree d. Hence,
Theorem 2 follows.

Remark 3 From the proofs of Theorems 1 and 2, bent functions in both theorems are
in the completed Maiorana—McFarland class of bent functions.

5 Conclusion

In this paper, we propose a systematic method for constructing n-variable rotation
symmetric bent functions from some functions in the Maiorana—McFarland class.

One class of rotation symmetric bent functions has algebraic degree ranging from 2
to m and the other class has algebraic degree ranging from 3 to m.
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