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Abstract Recently, linear codes constructed from defining sets have been studied
widely and they have many applications. For an odd prime p, let ¢ = p™ for a
positive integer m and Tr,, the trace function from IF, onto . In this paper, for a
positive integer ¢, let D C IE‘tq and D = {(x1,xp) € (]Fj)2 2 Try (x1 + x2) = 0}, we
define a p-ary linear code Cp by

Cp = {C(al,az) s(ar,az) € Ffl}
where

clay, ar) = (Trm <a1x12 + apc%))

(x1,x2)eD

We compute the weight enumerators of the punctured codes Cp.
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60 J. Ahn, D. Ka

1 Introduction

Let IF, be the finite field with p elements, where p is an odd prime. An [n, k, d]
linear code C over IF), is a k-dimensional subspace of [, with minimum distance
d. Let A; denote the number of codewords with Hamming weight i the code C of
length n. The weight enumerator of C is defined by 1 + A1z + A2z + - -+ + A, 7"
The sequence (1, Ay, As, ..., A,) is called the weight distribution of the code C.
The weight distribution of the linear code is an important subject in coding theory.
However, it is difficult to compute the weight distribution of a linear code in general.

Recently, the weight enumerators of linear codes were studied in [1,2,4-6,9-12,15—
18] with the help of exponential sums in some cases. Ahn, Ka and Li [1] defined a
class of linear codes as follows. Let D' = {(x1,x2,...,%;) € IF‘;\{(O, 0,...,0)}:
Trp (x1 +x2 + -+ - + x;) = 0}. A p-ary linear code Cjy is defined by

Cp = {C(al,az, coa)(ar,a, .. ap) € F;}
where

cla, az,...,a;) = (Trm (alx12 a3+ + aﬂf))

(x1,x2,,x)€D’

They determined the complete weight enumerators of Cpy. Yang and Yao [17] gener-
alized the results of Ahn, Ka and Li [1]. They defined Dy = {(x1, x2, ..., x:) € IF; :
Trp(x1 +x2+ -+ x;) = b} forany b € IF; and determined the complete weight
enumerator of a class of p-ary linear codes given by

. t
Cp, = {C(al,az,--.,at) t(ay,an, ..., ;) € Fq},
where
— (T 2 2 2
clar,az,...,a;) = \Try a1x] +azxy + -+ + asx; .
(x1,x2,,x¢)€Dp

In this paper, we define

2
D= {(xl,xz) c (]F;) :Trm(x1+x2)=0} (1
and a p-ary linear code Cp by

Cp = [etar an) : (@, a) B}, )

where

clay,ap) = (Trm (alxlz + a2x22>) .
(x1,x2)€D
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Weight enumerators of a class of linear codes 61

The purpose of this paper is to compute the weight enumerators of the punctured
codes Cp.

Minimal linear codes can be used to construct secret sharing schemes with inter-
esting access structures [7,8]. The codes presented in this paper are minimal in the
sense of Ding and Yuan [7,8]. We shall explain it at the end of this paper in detail.

2 Preliminaries

Let p be an odd prime and ¢ = p™ for a positive integer m. For any a € F,, we can
define an additive character of the finite field ', as follows:

VYo Fyg — C* Y (x) = é.l"frm(ax)7

where ¢, = eZﬂT is a p-th primitive root of unity and Tr,, denotes the trace function
from F; onto IF),. It is clear that Yo (x) = 1for all x € IF,. Then v is called the trivial
additive character of Fy. If ¢ = 1, we call  := | the canonical additive character
of IF,. Itis easy to see that ¥, (x) = ¥ (ax) forall a, x € F,. The orthogonal property
of additive characters is given by

, ifa =0,
Z"pa(x) {C] ifa € F*
xelfy ’ q:

Let A : Fj — C* be a multiplicative character of F7. Now we define the Gauss
sum over I, by

G =Y 0P ).

s
xqu

Let ¢ — 1 = sN for two positive integers s > 1, N > 1 and « be a fixed primitive
element of ;. Let (a™'y denote the subgroup of IFZ generated by o . The cyclotomic

classes of order N in F, are the cosets Cl.(N"’) =o' (@) fori=0,1,...,N—1.We
know that |C l.(N’q)| = %. The Gaussian periods of order N are defined by
(N ‘1) Z '(//(X)
xecM?

Suppose that 7 is the quadratic character of Iy and 7, is the quadratic character of
[, For z € I, it is easily checked that

1, if m is even,

np(z), if m is odd. 3)

n(z) = {
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62 J. Ahn, D. Ka

Lemma 1 [3,13] Suppose that g = p™ where p is an odd prime and m > 1. Then

el e | D/, ifp=1 (mod 4),
G = 1) )" = {(—l)m‘(ﬁ)mf, if p=3 (mod 4),

where p* = (%l)p = (—1)%]7.

Lemma 2 [13] Ifq is odd and f(x) = axt+ax+age Fylx] with ay # 0, then

Trp (f Trp (ap—aj (4a2)~")
> 6O = g T ) G,

xely
Lemma 3 [14] When N = 2, the Gaussian periods are given by

_ m—1
220 _ T Ve ifp=1 (mod4),

i l(r)mf, ifp=3 (mod4),

and n(z 9=~ n(()z’q).

3 Weight enumerators of the linear codes of Cp

In this section, we present the weight distribution of the linear code Cp defined by (1)
and (2), where

2
D= {(xl,x2) € (]FZ) cTrp () + x2) = O} .

To get the length of Cp, we need the following lemma.

Lemma 4 Denote n. = |{x1, x2, € IF; 2 Trp (x1 + x2) = c}| for each ¢ € F ). Then

{ (P”171)2+p71 lf CcC = O
nC = m [72
(p"=D"—1 ;

> , if ¢ # 0.

Proof By the orthogonal property of additive characters, we have

Z Z y Tfm(X1+xz) C)

X1,X2, e]F* yE]Fp

( 1) + = Z é.—yc Z é_g"rm(yxl) Z §;rm(yx2).

ye]F* X1 eIE‘j; X2 e]F;

Thus, we get the desired results. O
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Weight enumerators of a class of linear codes 63

m 2
By Lemma 4 it is easy to see that the length of Cp is ng = L—1"+p=1

p
For a codeword ¢(ay, ap) of Cp and p € IF*I‘,, let No := N (ay, ap) be the number
of components Tr,, (alxl2 + azxg) of ¢(ay, ap) which are equal to 0. Then

VT, (x1+x2) 1 ZTrm (a1x12+112x%)
2 S8

P
ye]Fp p ZE]F,,

_ YTt (x14x2) ZTry (lllxl +512x2)
=2 2 [t lw DI

X1 ,xze]FZ yeIF]*, zeF*

(pm _ 1)2 1
= @ 2 2, 4)

where

— Z Z é-pTrm()’xl) Z é_;rm(yn) =p— 1,

yeIF* xleIFj‘ xzeF*
2, = Z Z gTrm(zalxl) Z é&Trm(zazxz)
ze]F* xle]F* xze]F*

and

T (za1x?+yx1) Try (zazx? +sz)
=2 2o Y e

v, ze]F* X1 eIF‘* X2 e]F*

We are going to determine the values of £2> and £23 in Lemmas 5 and 6. To simplify
formulas, denote G; = G(n)n(a;) fori € {1, 2}.

Lemma 5 [fa; = 0and ay =0, then
2=0p"=D*(p—D.
(1) If m is even, then
(" —=Dp—-DG =1, if ap #0,a2 =0,
2o =1 (" =D(p—-D(G2—1), ifa; =0,a2 #0,
(p—1D(G1G2—G1— G2+ 1), ifa; #0,a; #0.
(2) If m is odd, then

0, — —(p"=D(p—-1), ifa; #0,ap =0orif a;y =0,ar # 0,
27 (p = 1D)(G1Ga+ 1), if a1 #0,az #0.

Proof When a; = 0 and ap = 0, it is obvious that £2, is equal to (p™ — D2(p —1).
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64 J. Ahn, D. Ka

If a1 # 0 and a; = 0, then by the orthogonal property of additive characters, we
have

2, = Z Z CTrm(Zal)Cl Z |

ze]F* X1 eIF* xzeF*

—@-DY [ X g -

ZEF; x1€fy,

By Lemma 2, we obtain
2=(g—1) Y _(Gpn(za)) — 1)
zeF;
=(p"-1G1 Y 1@ —@" - D(p-1.

"
ZEFP

By (3), we get the results. Similarly, we compute the value of £2o when a; = 0 and

ay #0.
If a1 # 0 and ay # 0, then by Lemma 2, we get

2, = Z Z é_Trm(za])c D _1 Z é_Trm(zazxl _

7€l \x1€ly x2€F,
= Z (Gmn(zay) — DG n(zaz) — 1)
zeFy,
=G1G2 Yy () =G Y n@—G2 Y n@+(p—D.
zely, b3 zely,
By (3), we get the results. O

To simplify results, we denote G ()G () by G and A; = n(a;)n, (=Tt (ai_l)) for
ie{l,2}.

Lemma 6 Ifa; = 0and ay =0, then
=(p -

Suppose that m is even.
(D) Ifay #0and ay =0, then

_ {—<p —DGi+(p— D% if Tru(a; D) =0,
Tl -DGi+ (=D if Trua; ) £0.
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Weight enumerators of a class of linear codes 65

) Ifa; =0and ar # 0, then

= (p=1D2Ga+ (p— 1?2, if Tru(a,') =0,
Tl -G+ (p—12 if Trua, ") #0.

Q) Ifa; #0anday # 0, then

(P —D*G1Gy— G — G2+ 1),

if Try(a;") = 0 and Try, (a; ") = 0,
(p—D(=G1G2+G1 = (p—1)Ga+(p—1)),

if Try,(a;") # 0 and Ty (a; ') = 0,
(p—D(=G1G2+ G, —(p—1G1 +(p— 1)),

if Try(a;') = 0 and Try, (a; ') # 0,
(p—DUp—1DG1G2+ G+ Gr+ (p— 1)),

if Tryy(a;") #0, Trp(ay ') #0and Try(a; ' + a5 ') =0,
(p—D(=G1G2+G1+ G2+ (p— 1)),

if Try(a; ') #0, Try(a; ") # 0and Try (a4 a5t #0.

23 =

Suppose that m is odd.
(D) Ifa; #0and ay = 0, then

on — (p— D2, if Try,(a; ') =0,
Tl =1DGAI+(p— 12 if Trua;") #0.

) Ifa; =0and ay # 0, then

o [p=12 if Try(ay ) =0,
T == DGA 4+ (p— D2, if Trp(ay ") £0.

B)Ifa; # 0anday # 0, then

(p—D(p—1DG1G2+ (p—1)),

if Try,(a; ") = 0 and Ty (a; ') = 0,
(p—1D(=G1G2—GA1 + (p— 1)),

if Try(a;") # 0 and Ty (ay ') = 0,
(p—D(=G1G2 —GAy + (p— 1)),

if Try,(a;") = 0 and Try,(a; ') #0,
(p—DUp—1DG1G2—GA| — GA + (p— 1)),

if Try(a;') #0, Trpy(ay ') # 0and Try(a; ' +a5') =0,
(p—D(=G1G2—GA| —GA+(p— 1)),

if Tryy(a;") #0, Trpay ') #0and Try(a; ' +a5') #0.

23 =

Proof We only compute the value of §23 for the case a; # 0 and ap # 0. One can
compute the other cases similarly. By the orthogonal property of additive characters,
we have
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Try (za1x{+yx1) Try (zazx3+yx2)
L= ) > &
yzeF;xler xzng
Trm(zalx|2+}'X1) Trzn(za1x|2+yX1)
=2 &p -1 &p -1
v.z€F; \x1€lFy x1€F,

By Lemma 2, we obtain

Tryn (— 2 4, -1 4 -1 Trp (— 2 4, —1
93 — Z (;pr (=y“((4a1)™ " +(4a2) ))G(ﬂ)zﬂ(alaz) _ é’pr (—y“(4a1) )G(U)U(lel)
yzeF;

2 —1
_ggrln( y-(4az) )G(H)U(Z(lz)-l- 1)

2 a1 1, -1 2401 —1
—y“(42)" Trp(a; +a, ) =y (42)" Trp(a; )
=G1G, E E &p ! 2 -Gy E n(z) E &p !

z€Fy, yely, z€lF} yeF;,
2 —1 —1
—y“(4z2)" Trm(ay )
—Gy Y 1@ Y ¢ 2+ (p— 1% )
zelF} yeFy,

If one of Try, (al_1 ), Trm (ay 1) and Tr,, (a]_1 +a2_1 ) is zero, then it is easy to compute the
term corresponding to it. We only consider the case of Tr, (al_l) # 0, Try(a, 1) #0
and Tr,, (af] +a, D) # 0. Other cases can be computed similarly. From (5) we have

—y2(@40) T (a;  4a; )
25=G61Gy Y g, TR

zelF; \yeF,

_2471Tm -1
_GIZTI(Z) Zg_py(z) (@)

zelF}, velF,
—y* 42 T (a; )
—G Yy n@| D ¢ 21+ (p - D2
zely velF,

By Lemma 2, we obtain
25=G1G2 Y (np(—(42) np(Trp(ay ' + a3 HGp) — 1)
ZEF;

—G1 Y 1@ (=@ (T e HG o) — 1)

s
zer

— G2 Y 1@ (=) Hnp(Trn(ay HYG o) — D + (p — 1)

&
zel}
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Weight enumerators of a class of linear codes 67

=G1G2 Y (np@np(~Trn(a; ' +a;)G0p) — 1)

%
zer

—G1 Y 1@y @np(=Trnla; HGny) — 1)

X
zelF}

— G2 Y 1@ 0p@np(=Trm(ay HGny) — 1) + (p — D™

zelf},
By (3), we get the result. O

Then by Lemmas 5 and 6, we obtain the values of Ny. To get the frequency of each
composition, we need the following lemmas.

Lemma 7 [1, Lemma 3.4] For any ¢ € I, let
me = {a € F} : Trp(a™ ") = c}l.

Then we have

I prl—1, ife=0,
c ] pr T, if ¢ #0.
Lemma 8 [1, Lemma 3.5] For any ¢ € I, let
nie=\{a €F; :n@ =iand Try(@ ") =c}|, ie{-1 1}

(1) If m is even, then

o #(g—p+i(P—1)G(77)), if ¢ =0,
Y e -G, if ¢ #0.

(2) If m is odd, then

o _lpa=p. if ¢ =0,
" 5@ Finp(=0G), if ¢ £0.

Proof 1If ¢ = 0, then we get the result from [1, Lemma 3.5] with = 1. If ¢ # 0, then
by the orthogonal property of additive characters, we have

me= ) %Zcém’”(“")‘“

aec(()lq) xelF,

Ly a0 4

aec(()lq) xeF’;
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68 J. Ahn, D. Ka

_ T -1 —1
Z g. cx Z é-‘;r m(@” x) + qT . (6)

xe]F* (2.9)
aeC

Assume that m is even, then 2 divides Z i and so IF* C(SZ’Q). By (6) we obtain

2
nye= Z gp cx ( q) 2

xelF*

Thus, we get the results. Also the case of n_j . is proved similarly.
Now suppose that m is odd, then [, = {IF}, N C(2 q)} U{F, N sz’q)}. Le,|F, N
(2 9| = laye 2q)| = pT_l. By (6) we obtain

”l,c:% Z {,,” Z é_Trm(a x)+ Z §p” Z {Trm(a x)+q;1

xeFyne? aech? xeryne? aecg?
1 (2 —1
_ —cx P) —cx_(2,p) q
=7 Z Sp Z pm
xeFyne? xeFynC )

If —c e C(2 P) then we have

L ( ap e e g—1
o=+ <n6 Pgl0 g 2oy g 1LY

If —c € sz’p), then we have

L ( ep e e g—1
ne = p<'7§ O .

2
It is easily checked that n(z -P) (2 D 4 n(2 p)n(z D = G—l and 77(2 p)ﬁ(2 Dy
77(()2 P );752 D = # Thus, we get the results. Also n_; . is computed similarly.
This completes the proof. O

Lemma 9 [1, Lemma 3.7] Suppose that m is odd, let
n;=l{a €F}:nla) =iand n,(~Tru(@™ ")) = j}I, i,j € {1, 1}

Then we have
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Weight enumerators of a class of linear codes 69

Table 1 The weight distribution

of Cp form =2 Weight Frequency
0 1
p(p—1? (P+D(p =1
(p—D(P*£p-1 (PED(p-1
(p—D(p?£p-2) M
(P—D2p+1) 2p(p — 1)
(p—D(p?-2) P2p—1)(p—2)

Table 2 The weight distribution of Cp for even m > 4

Weight Frequency

1
m=2
(p—1)< 2m=1) _ =2 4 T —p)) pPiEp 2T (p-1)
3m—4 m—2
<p—1>(p2<m D—pm=24p7 ) <p—1>(pm—‘ipT)

’71* 2
(p’” I—14p 7 (p— 1))

7

(p— 1y p2m=D _ g pm= 2_pm—1i2p’”T*2>

m=4 3m—4
(p—l)<p2(m71)_ m72ip 2 > (-1 (pZ(mfl)_pmfl +p73 (p—]))
(p = D(p¥m=D —apm=2 4 pm=1) @ 1-he"-1)
(p — D(P2m=D —gpm=2 _ pm—1) i VS Vi o)
(D@ 2" P~ 1(p—2)

Theorem 1 Let Cp be a linear code defined by (1) and (2) where D = {(x1, x3) €
(IF‘Z)2 : Try, (x1 +x2) = 0}. Suppose that m is even. If m = 2, then the weight distribu-
tion of Cp is given by Table 1 and the code Cp has parameters [%, 4, (p—
D(p? — p —2)1. If m > 4, then the weight distribution of Cp is given by Table 2 and

m 2 m
the code Cp hasparameters[%, 2m, (p—1)(p*™m=D —pm 3 4)]

Proof Recall that Ny = (‘1;—21)2 + #(.{21 + $27 + $23). We employ Lemmas 5 and 6
to compute Nj.

Assume thata; # 0 and ap = 0.
If Try (a; ) = 0, then we obtain

— 12 1
4 2 ) + (pp2 )((fl —p)Gna)+p—qg+1).

No =
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70 J. Ahn, D. Ka

Thus,

P4 2D (g - p) (G = D+ D, if nga) =1,

PP D (g - G+ D= D), if nla) = 1.

No =

Now the frequencies are n ¢ and n_; ¢ in Lemma 8, respectively.
If Tty (a; ') # 0, then we obtain

—1)? —
(¢ 1)+(p2D

No =
p2

(@Gmnla) +p—q+1).
Thus,

(@—D> | (»-D ; —
No = qT+I;—2(Q(G(7])_1)+p+1)s if n(ar) =1,

—1? — .
o -0 @(Gm+ D —p =1, if na)=-1.

Now the frequencies are ni.. and n_i., respectively. If a; = 0 and
d Zce]F; Le ZceF; Le P y !
az # 0, then we also have the same weights and the same frequencies with the case

ofa; #0and a; = 0.
Now, assume that a; # 0 and a» # 0.
If Tr,, (al_l) =Trj(a, 1) = (0, then we obtain

_ G- -1

No p2 + p2 (PG(TI)ZTI(alaz) — pG(mn(ay) — pGmn(az) + p+1).

Thus,

12 _
o+ 25D (pG(n)?
—2pG(m) +p+1), if n(a;) =1and n(ay) =1,
No=1 @D _ b =0y if - _1
0 7 oo (G —p— 1), i nlaaz) = -1,
T2 _
U5+ D (pG ()
+2pG()+p+ 1), if n(a;) = —1 and n(ay) = —1.

Now the frequencies are (nl’o)z, 2n1,0n-1,0, (n,lyo)z, respectively.
If Try, (al_l) # 0 and Tr,, (az_l) = 0, then we have

_ G-’ _ -1

No = ps (PG(mn(az) — p —1).
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Weight enumerators of a class of linear codes 71

Thus,

@=D? _ (=1 - i _
Nl 7 (PG —p—1D. if nla) =1,

—1)2 — .
P+ D (pGa) + p+ 1), if naz) = —1.

Now the frequencies are Z me | n1.o and Z me | n_1.0, in Lemmas 7
ceF, ’ ceF *

and 8, respectively.
If Try, (al_l) = 0 and Trj(a, 1) # 0, then we have the same weights and the same
frequencies with the case of Tr,, (al_l) # 0 and Try, (a, l) =0.

If Try(a; ") # 0, Try(a; ') # 0 and Try,(a; ' + a5 ') = 0, then we have

@-D* (-1

N==t 0 (pG)’n(arax) + p + 1).

Thus,

—1)? — .
U+ R (G + p+ 1. if n(@ar) = 1,

—1)? — .
W = D (pGm)? — p =1, if nl@az) = —1.

Ny =

Now the frequencies are Z n?.+n*, and2 Z ni,cn—_1,c, respectively.
celFy & ’ cely ’

If Trpy(a; ") # 0, Try(as ') # 0 and Try (a7 4 ay ') # 0, then we have

-1  (p—1
No = Tt (p+1.

And the frequency is

a1, a2 € F} : Try(ay ') #0, Trp(ay ") # 0, and Try(a; ' +a5") # 0},

Itisequal to T — Z cre (mcm_c), where T = |{(a1, a2) € (IF‘;*)2 : Trm(al_l) =+
C
P
0 and Try, (a2_1) # 0}]. By Lemmas 4, 7 we get

2

(p—D’¢? (p — Dg?
T= Yo | =27 a3 (mem g = LD
CE]F; p ceIF;*, p
Thus we compute the frequency.
Since the Hamming weight of ¢(ay, a2) is equal to Wy (¢(ay, az)) = ng — No, we
immediately have the desired results. O

@ Springer



72 J. Ahn, D. Ka

Example 1 (1) Let p = 3 and m = 2. Then ¢ = 9 and n = 22. By Theorem 1, the
code Cp is a [22, 4, 8] linear code. Its weight enumerator is

1+ 10x% +4x'0 + 18x1 + 8x12 4+ 24x10 + 8520 4 8422,

which is checked by Magma.
(2) Let p =5and m = 2. Then g = 25 and n = 116. By Theorem 1, the code Cp is
a[116, 4, 72] linear code. Its weight enumerator is

1+ 52x7% + 16x70 + 24x80 4+ 300x%2 + 160x% + 48x 112 + 24116,

which is checked by Magma.
(3) Let p =3 and m = 4. Then g = 81 and n = 2134. By Theorem 1, the code Cp
is a [2134, 8, 1278] linear code. Its weight enumerator is

1+48x1278 +32x1284 + 100x1356+738x1368
+256x 1380 4 1080x 1410 4 14581422
+ 1728x 128 4 1040x 470 4+ 20x 5% 4 60x1002,

which is checked by Magma.

Theorem 2 Let Cp be a linear code defined by (1) and (2) where D = {(x1, x3) €
(IF‘Z)2 o Trp(x1 4+ x2) = 0}. Suppose that m is odd and m > 3. Then the
weight distribution of Cp is given by Table 3 and the code Cp has parameters

m 2 m—
[(p —1; 2=l o, (p — 1)(p2D — 2pm=2 — =l 2pT3)].

Proof Recall that Ny = (q;—zl)z + #(91 + 27 + £23). We employ Lemmas 5 and 6
to compute Nj.

Suppose that a; # 0 and a; = 0.
If Tr,, (al_l) = 0, then we obtain

12 _
:(q 1)+(p 1))

No p—q+1).
P

Now the frequency is m( in Lemma 7.
If Tr,, (al_l) # 0, then we obtain

12 _
(q 1)+(p D

No = ~GA +p—q+1).
o+

Thus,
—_1)? _ .
(] 21) _(szl)(G_p_i_q_l)’ if A; =1,

p
—1)2 — .
(qul) + (szl) (G+p —g+ 1), if A

No =

I
|
_
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Weight enumerators of a class of linear codes 73

Table 3 The weight distribution of Cp for odd m > 3

Weight Frequency
0 1
(p — D(P?m=D — pmn=2) 2(pm1 =)
(-1 (pz(m’” - pm2_3> (r-1 (p’”" "7 )
(p— 1)(p2(m—l) _ 2pm—2 + pm—l) (szil_pr;il_pm"'l)
(p _ 1)(p2(m—1) _ zpm—z _ pm—l) (I7m721_1)2
-3 —1
(-1 (pz“"*” —opm 2 p'"T) (-1 (p"’*‘ +p2 ) (P11
—1 2
20m—1) 2 1 m-3 pmil(p_l)(pMTiQ
m— nm— m— -
(p—l)(p —2p -p +2p 2 ) i
—1 2
- L me P o-ne-("7 1)
m— mn— 5
»-1 (p —opn2x2p ) ;
2(m—1 -2 P"Lp-D(p-2p" -1
(p — D(p*m=D —2pm=2) 5

Now the frequencies are n’l ,+nl 1.1 and ”/1,— L +nl 1.1 in Lemma 9, respectively.
If a; = 0 and ap # 0, then we have the same values and the same frequencies with
the case of a; # 0 and a» = 0.

Now, assume that a; # 0 and a» # 0.
If Try (a; 1) =Try(a, 1) = 0, then we obtain

—1)? —
_@=1 (-1

No 5 —(pG)*n(araz) + p + 1.
p p

Thus,

—1)? — .
P+ R (pGa)* + p+ 1), if n(aia) = 1,

—1)? — .
W = R (pG)* — p— 1), if naray) = —1.

Now the frequencies are ”%,0 +n? 1.0 and 2n1,on—1,0 in Lemma 8§, respectively.
If Tty (a; ) # 0 and Try, (a; ') = 0, then we have

@-1> (p-1
p? * p?
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Thus,
N G” DG - p—1), if A=,
o= e _ .
Ul 4 CS0(G+p+ 1), if Ay =1
Now the frequencies are mo(n/l’] + n/flﬁ]) and mo(n/l’f1 + nlel), respectively.

If Tr,, (al_l) = 0 and Try(a, 1) # 0, then we have the same values and the same
frequencies with the case of Tr;, (a; 1) # 0 and Try, (a, 1) =0.
If Tty (a; ') # 0, Try(ay ') # 0 and Try(a; ' 4+ a; ') = 0, then we have

q-D* (-1
No = qu + ppz (PG n(araz) — GA1 — GAz + p + ).

Since Try (a; ' +a; ") = 0, we have A A2 = n(ajax)n,(—1).
Assume that p = 1 (mod 4). Then,

—1)2 — .
LR (pG)? = 2G+p+1), if nlaian) = Ay = A = 1,

12 _ .
Ny = (qul)—i-(’;—zl)(pG(n)z—l-ZG—i-p—H), if n(ajaz) = 1 and A; = Ar= — 1,
12 — .
PGB (— pGa*+p+D),  if nl@a)=A1Ar=— 1.

Now the frequencies are E nicNi—c + E N_1.cn_q.— E
q CEC(()Z,p) 1,cn1,—c cesz”’) 1,en—1,—c>» CEC;Z.p)

nn_—i—g n_n__g nn__—i—g nyen—1,—c+
1,cn1,—c CEC(()Z,[)) 1,c 1,—c» CEC(()Z,/J) 1,c 1,—c CEC%Z‘p) 1,c 1,—c

E n_icn ,.—l—z n_i.ni.—_c, in Lemmas, respectively.
CGC((JZ,[)) 1,1, —c cecfz'p) 1,enl,—c» , Tesp y

In the case of p =3 (mod 4), we compute similarly.
If Tty (a; ') # 0, Try(ay ') # 0 and Try(a; ' +ay ') # 0, then we have

12 _
=(q D +(p D

No 5 7 (—GAI—GA +p+]).
P p
Thus,
(‘1;—;)2—(’;;21)(2G—p—1), ifA =Ay =1,
12 - .
No= 1+ ESD0G+p+1), if Ay = A2 =1,
—1)? —D(p+1 .
(qu) + p ;(217"" ), if AjAy = —1.
We compute the frequency for the case of AjA2 = —1. We compute similarly for the

other cases. From Lemma 8, the frequency is
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> p(np<c>G+q) 3 pnp(d)G+q>

cecsh? deci”
d;ﬁ c
1
+ Y 7 5 p©@G+a) Y (= npd)G +q)
P
ceCéz"’) dec*?)
d;ﬁ c
1
+ 2 S (m@G+) Y (@G +q)
cecP dec{?
d;ﬁ—c
1 1
+ Z 5( —1p(0)G +q) Z Z( —np(d)G +q),
cec®? dec*?)
d#—c
1 2p
= -—(G+q) (p—l+p—l+p—3+p—3)
4p
(p— D - 2) 2
= — (G +9g)".
4p?

O

Example 2 (1) Let p =3 and m = 3. Then ¢ = 27 and n = 226. By Theorem 2, the
code Cp is a [226, 6, 128] linear code. Its weight enumerator is

1+ 18x128 4+ 32x132 4 724136 1 18x146 4 96x 148 4 722150 4 1925152

+ 84x "% 4 16x%0 4 24x % 4 1041165,
which is checked by Magma.
(2) Let p =5 and m = 3. Then ¢ = 125 and n = 3076. By Theorem 2, the code Cp
is a [3076, 6, 2352] linear code. Its weight enumerator is

1 4 400x232 4 288x2%%0 4+ 900x2%68 4+ 1200x%%? + 1920x24¢ + 3600240
+ 2880x24%%  2700x2468 4+ 80x2476 + 48x2480 4 120x248% 4+ 1488x 2

which is checked by Magma.

4 Concluding remarks

Let wy,i, and w;,qx be the minimum and maximum nonzero weight of linear code
Cp, respectively. We recall that if

Wimax P

Wmin p—1
>

3

then all nonzero codewords of code Cp are minimal (see [8]).
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By Theorem 1, we easily check

3»1 4
(p—1) (pz‘”"” —-p" )

3m ’

) p

Wmin

Wmax (p_l)( 2(m—1) _ pn- 2+p

where even m > 4. Moreover, by Theorem 2 we easily check

— 2(m—1) __ m=2 _ m—1 _ m=3
wpin _ PV (v 2 prl = 2p")
T Y v B R

where odd m > 3.
Hence, the linear codes in this paper satisfy wpin/Wmax > (p —1)/p form > 3, and
can be used to get secret sharing schemes with interesting access structures.
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