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Abstract In this paper, several classes of Boolean functions with few Walsh transform
values, including bent, semi-bent and five-valued functions, are obtained by adding
the product of two or three linear functions to some known bent functions. Numerical
results show that the proposed class contains cubic bent functions that are affinely
inequivalent to all known quadratic ones.
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1 Introduction

For a positive integer n, let Fo» be the finite field with 2" elements, IE‘;, = [ \{0}.
A Boolean function is a mapping from F» to [F>. The Walsh transform is a powerful
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tool to investigate cryptographic properties of Boolean functions which have wide
applications in cryptography and coding theory. An interesting problem is to find
Boolean functions with few Walsh transform values and determine their distributions.
Bent functions, introduced by Rothaus [27], are Boolean functions with two Walsh
transform values and achieve the maximum Hamming distance to all affine Boolean
functions. Such functions have been extensively studied because of their important
applications in coding theory [2,20], cryptography [6], sequence designs [26] and
graph theory [12,29]. Complete classification of bent functions seems elusive even
in the binary case. However, a number of recent interesting results on bent functions
have been found through primary constructions and secondary constructions (see [3,
4,7,10,15,17,19,21,23,25,33], and references therein).

As a particular case of the so-called plateaued Boolean functions [34], semi-bent
functions are an important kind of Boolean functions with three Walsh transform val-
ues. The term of semi-bent function introduced by Chee et al. [11]. Semi-bent functions
investigated under the name of three-valued almost optimal Boolean functions in [2],
i.e., they have the highest possible nonlinearity in three-valued functions. They are
also nice combinatorial objects and have wide applications in cryptography and coding
theory. A lot of research work has been devoted to finding new families of semi-bent
functions (see [8,10,13,17,22,28,30] and the references therein). However, there is
only a few known constructions of semi-bent functions. In general, it is difficult to
characterize all functions with few Walsh transform values.

For any positive integers n, and k dividing n, the trace function from Fa» to Fyx,
denoted by Tr}, is the mapping defined as:

Try(x) =x + X2 + 2 + .+ 2

Fork = 1, Tr’l' x) = Z?:_ol x2' is called the absolute trace function. Recently,
Mesnager [24] has proved a strong version of [5, Theorem 3], and provided several
primary and secondary constructions of bent functions. In particular, by means of the
second order derivative of the dual of known bent functions, she [24] presented two
new infinite families of bent functions with the forms

@) =T O ) 4 Te} (ux) T (vx) (1)

and

211 _
S =T e [>T @0 L T )T ex) ()

i=1

over Fon, where n = 2m, A € I}, and u,v € F3,, and showed that the function
defined by (1) is bent when Tr/f ()Fl u?" v) = 0 and the function defined by (2) is bent
when u, v € F,,.

The aim of this paper is to present several classes of functions with few Walsh
transform values. Inspired by the work of [24], we present several classes of bent
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functions by adding the product of three or two linear functions to some known bent
functions. Computer experiments show that we can obtain some cubic bent functions
from some quadratic bent functions, since the algebraic degree of the obtained bent
functions is three, they can not affinely equivalent to any quadratic bent function.
Meanwhile, several classes of semi-bent and five-valued functions are also obtained.
The proofs of our main results are based on the study of the Walsh transform.

The paper is organized as follows. In Sect. 2, we give some notation and recall the
necessary background. In Sect 3, we present some Boolean functions with few Walsh
transform values from Kasami function and Gold function. A family of bent functions
via Niho exponents is presented in Sect. 4 and two families of functions with few
Walsh transform values via Maiorana—McFarland’s class are provided in Sect. 5.

2 Preliminaries

By viewing each x = x1&] + x2& + - - - + x,&, € Fon as a vector (x1, x2, ..., Xxy,)
€ F; where (&1, ..., &,} is a basis of Fo» over [F2, we identify F; (the n-dimensional
vector space over [Fo) with [Fon, and then every function f : Fo» — [, is equivalent
to a Boolean function. For x, y € [Fyn, the inner product is defined as x - y = Tr/ (xy).
It is well known that every nonzero Boolean function defined on [F» can be written in
the form of f(x) = 3" ;cr, Tr?(” (ajx’)) +e(1+x%~1), where T, is a set of integers
obtained by choosing one element in each cyclotomic coset of 2 modulo 2" — 1, o(j)
is the size of the cyclotomic coset containing j, a; € F) and € = wt(f)(mod 2),
where wt(f) is the cardinality of its support supp := {x € Fon | f(x) = 1}. The
algebraic degree of f is equal to the maximum 2-weight of an exponent j for which
aj #0ife =0andtonife = 1.

The Walsh transform of a Boolean function f : Fo» — [, is the function Yf :
Fyn — Z defined by

Yf(a) — Z (_1)f(x)+Tr'11(ax), a€Fon.

X G]an

The values x (a), a € Fon are called the Walsh coefficients of f.The Walsh spectrum
of a Boolean function f is the multiset {Xs(a), a € Fa:}. A Boolean function f is
said to be balanced if x 7 (0) = 0.

Definition 1 [27] A Boolean function f is said to be bent if [Xr(a)| = 21/2 for all
ae an.

In view of Parseval’s equation this definition implies that bent functions exist only
for an even number of variables. For a bent functipn with n variables, its dual is the
Boolean function f defined by xr(a) = 21/2(—1)7@ Ttis easy to verify that the dual
of f is again bent. Thus, Boolean bent functions occur in pair. However, determining
the dual of a given bent function is not an easy thing. A bent function is said to be
self-dual (vesp. anti-self-dual)if f = f (resp. f = f+1). For more study on self-dual
and anti-self-dual bent functions can be founded in [5,9,16,24].

Two functions f, g : Fon — [ are called affinely equivalent if f(x) = ag(l(x) +
b) + ¢ for some linearized permutation /(x) € Fan[x], a,c € F, and b € F,». Note
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that algebraic degree, the set of absolute values of Walsh coefficients and bentness of
a Boolean function are affine invariants.

Definition 2 [11] A Boolean function f is said to be semi-bent if

{0,£2"5"), ifnisodd
{0, £2511}, ifniseven

Xr(a) € [

for all a € Fyn.
Our constructions can be derived from some known bent functions. The following
result will be used in the sequel.

Lemma 1 Letn be apositive integerandu, v, r € F5,. Let g(x) be a Boolean function
over [Fon. Define the Boolean function f(x) by

f) = g(0) + Trf (ux) Try (vx) Iry (rx).
Then, for every a € Fon,
~ 1 ~ ~ ~
Xrl@) =7 [3%s(@) + Xg(a +v) + Xgla +u) — Xgla +u+v)
+Xgla+r)—Hgla+r+v)—Xela+r+u) +xga+r+u+v)).
In particular, if r = v, then

1
Xfla) = 3 [X¢(@) + Xg(a +u) + Xgla+v) — Xgla +u+v)].

Proof Fori, j € {0, 1} and u, v € F%,, define
Tijp)=1{x¢€ ]an|Tr’f(ux) =i, lef(vx) =j}

and denote

Si,jp(a) = Z (_1)g(X)+Tr,(ax)

XET(I'_/')
and

Qujla+r = D (~hrrTidamy,

)CGT(I'.]')
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For each a € [Fon, we have

Fr@) = Z (_l)f(x>+Tr’{(ax) _ Z (_1)g(x)+Tr’f(ux>Tr7(ux)Tr’;(rx)JrTr’;(ax)

x€Fon x€Fon

— z (—1)s0+Tri@0) Z (—1)80+Tri @)
x€T(0,0 xeT(,1)
+ Z (= 1)@+ Tri@n | Z (— e+ Tri (@)

xeT(1.0) xeTq.)
= 5(0.0)(@) + S0.1y(@) + Sa.0)(a) + Qa.1y(a +r)
= Xg(a) — Sa.n(a) + Qa.nla+r). 3)

In the following, we will compute the sums S 1)(a) and Q(1,1)(a +r). Let T(;, ;) be
defined as above. Clearly,

X (@) = S0,0)(@) + Sw0,1)(@) + S1,0)(@) + Sa,1)(@). 4)

Furthermore, we have

Xela +v) = z (_l)g(xHTl”f(dX) _ Z (_l)g(XHTf’l’(ax)

XGT(()‘()) xeT(O,l)
+ Z (_l)g(x)+Tr'f (ax) _ Z (_1)g<x)+Tr'f (ax)
)CET(L()) XET(]_I)
= S0,0)(@) — S,1)(@) + Sa,0)(a) — Sa1,1)(@). (5)
Similarly,
Xe(a+u) = S,0)(@) + S,1y(@) — S1,0)(@) — S1,1y(a) (6)
and
Xe(a +u+v) = S0,0@) — So,1y(@) — Sa,0(@) + S, 1y(a). @)

From (4)—(7), we have

T W (X)) %e(@)

1 —1 1 —1 So,1)(a) _ Yg(a + v) )
1 1 -1 -1 Sa,0)(a) Yg(a +u)

1 -1 -1 1 Sa,1)(a) fg(a—i-u + v)

Note that the coefficient matrix of (8) is a Hadamard matrix of order 4. Then we have

1
San(@ =5 [Xs(@) — Xg(a+v) — Xgla+u) + Xgla+u+v)]. )
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160 G. Xu et al.

Substituting a by a + r in (9), we can get

[ ~
Quanla+r =7 [Xelatr —Fgla+r+v
—Xgl@a+r+u)+xsa+r+u+v)]. (10)

The desired conclusion follows from (3), (9) and (10).
In particular, if » = v, it is easy to show that

1
@) =3 [Xs(@) + Xg(a+u) + Xgla+v) — xgla+v+u)].

The proof is completed. O

It must be pointed out that f(x) = g(x) + Tr| (ux)Tr} (vx)Tr| (rx) = g(x) +
Tr (ux)Tr} (vx) Tr} (ux + vx) = g(x) when u + v + r = 0. In the following, we
always assume that u + v +r # 0.

3 Several infinite families of bent, semi-bent and five-valued functions
from monomial bent functions

3.1 An infinite family of bent, semi-bent and five-valued functions from Kasami
function

Let n = 2m (m is at least 2) be a positive even integer. The Kasami function
glx) = Tny (Ax2"*1) is bent where A € 3. and its dual g is given by g(x) =
Tr’1” (A‘1x2m+l) + 1 [24]. In other words, for each a € Fy», the Walsh coefficient
Xe(a) is

Re(a) = —2" (=T, (11)

In the following result, we will present some bent and five-valued functions by making
use of the Kasami function.

Theorem 1 Let n = 2m be a positive even integer and let u, v, r be three distinct
pairwise elements in %, such that u + v + r # 0. Define the Boolean function f on
Fon as

) = T Ox® Y 4+ T (ux) T (ux) T (rx),
where A € IF},. I]”Tr’{(k_luzmv) = Tr’f()\_lrzmu) = Tr’}(k‘lrz”lv) =0, then f is

bent. Otherwise, f is five-valued and the Walsh spectrum of f is {0, 22, £2"m+1},
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Proof Let g(x) = Tr}' (Ax2m+1). For each a € Fy», by Lemma 1, we have

- 1 - - -
xXfla) = Z[3xg(a)+xg(a+v)+xg(a+u)—xg(a+u+v)
+5(\g(a+r)—fg(a+r+v)—Yg(a+r+u)+)?g(a+r+u+v)]

= A1+ Ay,
where
Ap = % [3Xs (@) + Xg(a +v) + Xgla +u) — Fg(a+u+v)]
and
Ny = %[Yg(a—i—r)—Yg(a—i—r—i—v)—S(\g(a+r+u)+fg(a+r+u+v)].

Now we use (11) to compute the sums A and A; respectively.

Al = l(_2’") [3(—1)Tr;n(l*la2m+l)+(_1)Tr}in()»*1(a-|—v)2m+1) i (_l)Tr;n()»il(LH»u)szrl)
4
_ (_l)TrT()._l(u+u+v)2m+l):|
= é—llzm(—l)TI’T()»_'azm'*") |:3 + (_DTIJI" (A—l(uzm v+av2m+uzm+1))

+ (_ 1 )Tl"ln ()ﬁl (azm u—i—auzm +u2m+l))

- (=D

Ty ()ﬁl @ vtav?" +0?" @ utan®” " i v pun?” )) i|

Similarly, we have

Dy = i(—zmx—l)m (1@ 4" rar? 02"

% |:1 _ (_ I)TIJIW (A_' (azm v+av2m —&-vzm'*'1 +r2m v+rv2m ))
( 1)TIJI" ()Fl @ utau® +u?" " ))
+ ( 1)T1"1W ()ﬁl (azm v+av2m +U2m+l+a2m L¢+uu2m +u2m+1)>

Tr! (27! (rzm v+rv2m +r2m u+ru2m +u2m v+uv2m)
x (=

To simplify Ay and Az, we write 1; = Tr}' 0 v 4+ ) = Tr’f()ﬁlrzmv),
=T u+ru?)) = T w) and 13 = TP (T @ o + uv®™)) =
Trf (A~1u?" v) due to the transitivity property of the trace function ( for every k dividing
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n, Tr} (x) = Trf (Tt} (x))). Meanwhile, denote ¢; = Tr}' (A~ (@®" v +av?" +v¥" 1),
o =T @ u + au® +u?" ) and ¢3 = TP (1@ r + ar?” + 7211,
Then the sums A and A, can be written as

l m,. _ m . . . )
A1 = (=2 (DT S [3 4 (1) 4 (1P = (D] (12)

and
Ay = L_ll(_zm)(_l)Tr'f'(A"a2m+])+C3
x [1 = (=) — (pyertn y (—pyertertntigs], (13)
Firstly, we prove that f is bent whent; =, =13 =0.1Ift; = 1, = 13 = 0, then
A1 = 2D 4 i e - ]
and
8y = 2T v s [ - e e,

When ¢3 = 0, we can get

Rr(@ = Ay + 8y = =2 (-G,
When ¢3 = 1, we can get
Rr(@ = &80 = 3 (DT o e - el

2m(_1)Tr’l"()L—1a2m+1)’ o] =cr =1
- —2’”(—1)Tr’1n()‘71“2m+1), otherwise.
Hence, f is bent if T (A~'u?" v) = e} (A~ 1r2"u) = T (271" v) = 0.

Secondly, we show that f is five-valued if at least one #; (i € {1, 2, 3}) is equal to

1. We only give the proof of the case of #{ = t, = 0 and 3 = 1 since the others can
be proven in a similar manner. In this case, (12) and (13) become

1 (- mn
Aq ZZ(_zm)(_l)TI}l " la? +1)[3+ (=D 4+ (=) + (_l)cH—cz]
and

1 m,, 1 om X
AZ ZZ(_zm)(_l)Trl (A 1,2 +1)+C3[1 _ (_1)(‘1 _ (_1)02 _ (_])q-‘rcz]'
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When c¢3 = 0, then we have

mn
1[12 +l)

Xp@) = A+ Dy = 2" (TG (14)

When c¢3 = 1, then we have

1 n . _ m
2@ = A1+ by=3 (=2 (=D T4 () 4 (-1 4 (-1)7]
(15)

_ _2m+1(_1)Tr'1"(r1a2m“)’ ife;, =cr =0
0, otherwise.

It then follows from (14) and (15) that f is five-valued and its Walsh spectrum is
{0, 22, £2m+1y,
This completes the proof. O

It is easily checked that T (A ~'u?"v) = Te!(A~'r?"u) = TP "7 v) = 0
whenu, v, r € Fﬁm From Theorem 1, we get the following corollary.

Corollary 1 Let n = 2m be a positive even integer and ). € F3,,. If u, v, r € F3,, are
three pairwise distinct elements such that u + v +r # 0, then the Boolean function f

fO0) =T 0x™ ) + T () TH (ux) T (rx)

is bent.

Remark 1 If r = v, the bent functions f presented in Theorem 1 become ones in
[24, Theorem 9], i.e., if Tr’f()ﬁluzm v) = 0, then the Boolean function f(x) =
Te (Ax2"+1) 4 Tr (ux) Tr (vx) is bent.

Now let us consider the algebraic degree of f in Theorem 1. Leti, j, k € {0, 1, ---,
n — 1} are pairwise distinct integers. Denote the set of all permutations on i, j, k
by P. It is clear that the possible cubic term in the expression of f has the form

i j k
. joeP W v¥'r? Xist
{0,1,...,n — 1} such that (Z(i,j,k)ep u? vzjrzk) # 0, then the algebraic degree of
fis 3.

Next we will show that if Tr! (A ~'u?"v) = T (. "1r?"u) = TP ("' v) = 0,
the algebraic degree of f in Theorem 1 is not equal to 3 when m = 2. Otherwise, this
will contradict the fact that the algebraic degree of a bent function f is at most n /2.
Let P; be the set of all permutations on {0, 1, 3}, P, be the set of all permutations on
{0, 1, 2}, P53 be the set of all permutations on {1, 2, 3} and P4 be the set of all permuta-
tions on {0, 2, 3}. The condition Tr* (A "' r2v) = Tt (A2 ) = Td (A’ v) = 0
can be written as

i j k . . . .. . ..
)x2 +2/+2" If there exist three pairwise distinct integers i, j, k €

2 3 2 3
o4 T 1Y 47207 =0
2 3 2 3
rPutrTu rur 4t =0 (16)
2 3 2 3
u> v+ ur v+ uv? +u*v? =0.
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Multiplying u, v and r to the first, the second and the third equation of (16) respectively
yields

2 3 2 3
rE ou 4+ r¥ 0%u + rv¥ u + r2v? u—O

2 ou + rZou? + rou® + r2ou? —0 (17)
2 + ru?v? =0.

2 3
ru? v+ ru? v2 —+ ruv

2

Addrng three equatrons of (17) gives Z(; S EP u? 0?2 = 0. Similarly, multiplying

u?, v? and r? to the first, the second and the third equation of (16) respectively yields

Z(, jkep, U 2022 ~ o, Multiplying uzz, 2 and 7%’ to the ﬁrst, the second and the

third equatron of (16) respectively yields Z(l jkyep; U 222

u23, v? and 2 to the first, the second and the third equation of (16) respectively yields

Z(i, JK)EPs w2 0?2 =0, Therefore, there are no cubic terms in the expression of f

when m = 2, which implies that the algebraic degree of f in Theorem 1 is equal to 2.

= 0 and multiplying

Remark 2 When m = 2, the algebraic degree of the bent function f in Theorem 1 is
equal to 2. When m > 3, the bent functions f in Theorem 1 may be cubic according to
our numerical results. Recall that algebraic degree is an affine invariant. We conclude
that there exist bent functions in Theorem 1 which are affinely inequivalent to all
known quadratic bent functions.

Example 1 Let m = 3, F,6 be generated by the primitive polynomial x® + x* 4 x3 4+
x 4 1 and & be a primitive element of Fys. Take A = 1, u = &, v = £2and r = £%7.
Let P be the set of all permutations on 0, 1, 2. By help of a computer we can get
Tr?(ugv) = Tr?(rgu) Tr?(r v) = 0,u+v+r #0, Z(l jkep it vzjv é§45 #0
and the function f (x) = Trj (xg)—i—Tr(f(éx)Tr?(&%c)Tr1 .§27x) is a cubic bent function,
which coincides with the results in Theorem 1.

Example 2 Let m = 4, Fys be generated by the primitive polynomial x® + x* +
x> 4+ x?> + 1 and £ be a primitive element of Fys. Take A = g7 u = g0,
v = &2, r = &3. Then the function f in Theorem 1 is f(x) = Tr4($17 7y +

(glox)Trl(fgx)Tr1(§3x) By help of a computer, we can get TS T~ h ul®) =1,
Tré “1r1%u) = T8 (717 1%) = 0 and £ is five-valued, which is consrstent with the
results given in Theorem 1.

As noted in Remark 1, if Tr} (A~'u?"v) = 0, then the Boolean function f(x) =
Tr (ax2"th 4+ Tr (ux)Tr} (vx) is bent. In the following result, we will prove that if
Trf (A~'u?"v) = 1, the Boolean function f(x) = Tr! (x2 ¢ Trf (ux)Tr] (vx) is
semi-bent by using Lemma 1.

Theorem 2 Let n = 2m be a positive even integer and u, v € I3,. Define a Boolean
function f on Fon by

f) = T XY + T (ux) T (vx),
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where ) € F3,. If Tr’f()h_luzm v) = 1, then f is semi-bent. Moreover, when
0w o) = 1L, if TP Y = 1 or TP (W'Y = 1, then fis a
balanced semi-bent function.

Proof Let g(x) = Tr}' (ax2" 1, By Lemma 1 and (11), for each a € [F3,, we have

~ | I ~ ~ ~
Xr@ =3 [X¢(@) + Xg(a+v) + Xgla+u) — Xgla +u+v)]
= Lol [1 4 (- THO @ v )
2
4 (_I)TIJI" (A’l(azmquauszruZm“))

- (=D

" (rl @" vtav? +0?" 1 4a?" utan®” 12" 42" vpu?” )) ]

1 m -1 om om 2m+1
=§ig<a>[1+<—1>m (7 )

+ (_I)TI'T (A_l(a2’11u+au2m +u2m+1))

Tr} ()Fl @ v+av?” +0¥" o a? utan®” 12"+ )) i|

+ (=D (18)

where the last identity holds because Tr} A1) = Tr @ v +uv?") = 1.
Denote ¢; = Tr' A @ v+av +0" ) and ¢; = Tr! (@ u+au® +
u?"*1)). Then (18) can be written as

Xyt = %(‘2m)(—1>m”"‘2m“’[1 F (=D 4 (=D 4 (=1)1+2]

_ | omy e TeT e e = =0
0, otherwise.

It then follows from Definition 2 that f is semi-bent. Furthermore, from (18), if
Trf ) = Tr! A @w?" v 4+ uv?™")) = 1 then the Walsh transform coefficient
of the function f evaluated at 0 is equal to

1 m — m
Xr(0) = 5 (=2") [1 4 (-pTrie™
+(—pTreTe™h 4 (—1)Tr'1"<r‘<u2’”+1+u2"’+1>>] .

It is easy to check that X7(0) = 0 if T (A~ '0?"+1) = L or Te" A~ 1u?"+1) = 1.
Therefore, f(x) is a balanced semi-bent function. O
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3.2 An infinite family of bent, semi-bent and five-valued functions from
Gold-like monomial function

In [9], Carlet et.al proved that the Gold-like monomial function g(x) = Tr‘lU< (Ax2k+1)
over Fya where k is at least 2 and A € IF;M(, is self-dual or anti-self-dual bent if and

only if A% + A2 = 1 and 224! + A2+ — o, Recently, Mesnager showed that
glx) = Tr‘l‘k (szk“) over Fhac is self-dual bent when A + A23k = 1in [24, Lemma
23], 1.e., foreach a € ]F;k, the Walsh coefficient ff (a) is

2k+l)

Ak
Yg (a) — 22k(_ l)Trl ()»Ll

when A + A23k =1.

Theorem 3 Let k be a positive integer such thatk > 1 and letu, v, r be three pairwise
distinct elements in € 7, suchthatu-+v+r # 0. Let & € F3,, such that A 2% =1

IfTr‘ltk()»(uzkv + uvzk)) = Tr‘fk(A(rzku + ruzk)) = Tr?k(k(r2kv + rvzk)) =0, then
the Boolean function

fx) = Tr?k(kx2k+l) + Tr‘lu7< (ux)Tr‘l‘k (vx)Tr‘l‘k(rx)

over Fyu is a bent function. Otherwise, f(x) is a five-valued function.

Proof Let g(x) = Te¥ (2 1), We write Te* (A (-2 v 4 rv2)) = 11, T (0 (r 2w +
ru)) = 1o, Tr‘]‘k(k(uzkv +uv?)) = 3. Denote ¢ = Tr‘ltk(k(aZkv +av? ¥y,
) = Tr‘lu‘()»(azku +au® + u¥+1) and 5 = Tr‘lu‘()\(azkr +ar? 4 2y, By
analyses similar to those in Theorem 1, we have

Xr(a) = A1+ A,

where

1 4k k
A =é_t22k(—1)TrI Gam O[3 4 (1) + (=) — (=Drtets] (19

and

A2 — 1221((_I)Tr?k(xa2k+l)+C3[l _ (_])Cl+t1 _ (_l)cz+t2 + (_])cl+c2+t1+t2+t3]'
4
(20)

Similar to Theorem 1, we can prove that f(x) isbentifty =1, =13 =0.
Next we will prove that f is five-valued in the case of f{ = t, = 0 and #3 = 1 since
the others can be proven in a similar manner. In this case, (19) and (20) become

1 4k k
A =122k(—1)Tr1 (ha? +1)[3+ (=D 4 (=) + (_1)c1+cz]
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and
I o Tr¥ a1+ . . e
£y = 2D O — () (1P = (D],
When c¢3 = 0, then we have
4k k
Yf(a) — A4+ Ay = 22k(_1)TT1 (ra? +1). (1)
When ¢3 = 1, then we have

1 Ak, ok i .
Rr(@) = A1+ by = S DT (DT 4 (=12 4 ()]

B 22k+1(_1)Tr‘1‘k(xazk+1), ifc;=cr=0 22)
0, otherwise.
Thus, f is a five-valued functionif 1y =, = 0and 3 = 1. O

By analyses similar to those in Theorem 2, we get the following result.

Theorem 4 Let k be a positive integer such that k > 1 and let u, v € F;4k. Assume
that A € F;M such that » + 22" = 1. Define a Boolean function as

) = T o2+ o+ T ) T (o)

over Fyur. Then the following hold:

1) IfTr‘fk()»(uzkv + uvzk)) =0, then f is bent.
2) IfTr‘llk(A(uzkv + uvzk)) = 1, then f is semi-bent. Moreover, ifTr‘lu‘()LuzkH) =1
or Tr‘l‘k (Av2k+1) =1, then f is a balanced semi-bent function.

Example 3 Let k = 2, Fs be generated by the primitive polynomial x8 + x* + x3 4+
x2 + 1 and £ be a primitive element of Fys.

1) Let P be the set of all permutations on 0, 1, 2. If one takes A = 534, u = 5212,
v = £'0and r = £'°, then by a Magma program, one can get A + 22 = 1,
TS @ty + uv)) = TAC*u + rut) = TG + rv*) = 0 and
Z(i,/,k)eP u? v¥ ¥ = g8 £ 0. Computer experiment shows that f(x) =

bent function, which is consistent with the results given in Theorem 3.

2) If one takes A = &3 u = €212, v = £10 and r = £!2, then by a Magma
program, one can get Trif()\(r“v + rv4)) = Trélg (A(r4u + ru4)) = 1 and
Trff (k(u“v + uv4)) = 0. Computer experiment shows that f(x) = Trif (& 34x3 )+
Trfl3 (& zux)Tr‘]”‘ (& 10x)Tr‘1”‘ (& 12x) given by in Theorem 3 is a five-valued function.
This is compatible with the results given in Theorem 3.
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4 An infinite family of bent functions from the Niho exponents

The bent function

2k=1_q
gx) = Tr’I"(xzmH) + Tr} X

i=1

@1 +1

via 2K Niho exponents was found by Leander and Kholosha [18], where gcd(k, m) = 1.
Take any o € Fon with o + a?" = 1.1t was shown in [1] that g is

@) =T (@ +a+a®)+a® " +a®)A +a+a®HVD). (23
1

Now using Lemma 1 and (23), we can present the following class of bent functions
via 2% Niho exponents.

Theorem 5 Let n = 2m, k be a positive with gcd(k,m) = 1 and u, v, r € F;m such
that u + v +r # 0. Then the Boolean function

2k=1_1

F@) =17 2" + 17 @ DE ) LB ) T (o) T )
1 1 1 1 1
i=1

is a bent function.

i=1

Proof Let g(x) = Trf' (x4 + Tt (z2k_1_1 x(zm_l)zlkﬂ) .Foreach a € Fy, by

Lemma 1, we have

N 1o _ - ~
Xr(a) = i [3%¢(@) + Xg(a + v) + Xg(a +u) — Xg(a +u + v)

+Xga+7r)—Xgla+r+v) = Xgla+r+u)+ Xgla+r+u+v)]
= A1+ Ag,

where

A== [3%g(@) + Xgla +v) + Xgla +u) — Xgla+u+v)]

TN

and
| B ~ ~ ~
A2=Z[xg(a+r)—xg(a+r+v)—Xg(a+r+u)+xg(a+r+u+v)].

Set A =1+ a+ a?". It follows from (23) that

m n—k n k_
Te(@) = 2 (— )T (@4 a2 D)

)
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where « € Fan such that @ + o?" = 1. Now we compute A; and A, respectively.
Note that u, v, r € IF},,. Then we have
1 - ~ ~
Al = Z[3+Xg(a+v)+)(g(a+u)—xg(a+u+v)]
1 m 1/ek-1) 1@k -1
= %@ [3 4 ()T AV 0) )T (wa/0)

_ (_I)TIJI’I (vAl/(zk,l))+TI)1n (MAI/(Zkl))i|

= oy T (e ) g T ()

+ (=D

- (=D

Tr} (uat/@-v)

v (UA1/<2k*‘>)+Tr'1" (MAI/(zk—l))]. (24)

Similarly, we have

Ay = %zm(_I)TI'TL((otA+ot2n_k+a2m+r)A'/(2k—l>)[1 B (_I)Tr’{‘(uAl/@k—l))
— (=D

+ (=D

T} (uat/-)

Ty (o) 4T a2 0) 03)

Let e = Ty (vAY/ D) and ¢ = Tef (wAY@=D). When T (rAV @ -D) = o,
by (24) and (25) we have

n n—k m k_
Tr@) = Ay + Ay = 2m(—1) T ((@ata® " +a2") a1/ -D)

When Tt (rAY/ (2k71)) = 1, by (24) and (25) again, we have

Y 1 m on—k om 1 Zkfl)
Tr(@) =1+ 8y = 32"(=1)1" (e a2y 4120)

X [14 (=D + (=12 — (=)97]

Tr ((aA+a2n7k+a2m)Al/(2k’l))

=2"(—=1) , ifcp=1,c0=1
2m(— l)Trﬁ” ((otA+a2n_k +a?" )Al/(2k—1)) ’ otherwise.
Therefore, f(x) is a bent function. O

Remark 3 This result generalizes the case in [24, Theorem 11] for r = v. It may
be noted that we can not construct more bent functions for the case u, v, r ¢ F;m
according to our numerical results.
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Example 4 Let m = 4, k = 3 and Fys be generated by the primitive polynomial
x84+ x% 4 x3 4+ x% 41 and £ be a primitive element of Fps. If we take u = &34, v = £17,
r= 551, then by a Magma program, we can see that f(x) = Tr‘l1 (17 + Trff (x226) +
Trd (x1%€) + Tr8 (x196) + Trd (6340 Ted (617 x) Te8 (671 x) given by in Theorem 5 is a
bent function, which is consistent with the results given in Theorem 5.

5 Several infinite families of bent, semi-bent and five-valued functions
from the class of Maiorana—McFarland

In this section, we identify Fo» (where n = 2m) with Fom x Fom and consider Boolean
functions with bivariate representation f(x,y) = Tr{"(P(x, y)), where P(x, y) is a
polynomial in two variables over Fon . Fora = (ay, a2), b = (b1, by) € Fon, the scalar
product in Fy» can be defined as

((a1, a2), (b1, b2)) = Tr|' (a1by + azby).

The well-known Maiorana—McFarland class of bent functions can be defined as fol-
lows.

g(x,y) =Tr"(xm(y)) + h(y), (x, y) € Fom x Fom

where 7 : Fom — Fom is a permutation and 4 is a Boolean function over Fon, and its
dual is given by

g, y) =T (v () + h(e ™' (x)

where 7! denotes the inverse mapping of the permutation 7 [6]. This together with
the definition of the dual function implies that for each a = (aj, a2) € Fon

Yg(ﬂll, a) = 2"1(_1)Tf'1"(azﬂfl(al))+h(ﬂ71(a1)). (26)

In what follows, by choosing suitable permutations 7, we will construct some
bent, semi-bent and five-valued functions from the class of Maiorana—McFarland. It
is well known that the compositional inverse of a linearized permutation polynomial is
also a linearized polynomial. The following two theorems will employ the linearized
permutation polynomial over [Fo» to give Boolean functions with few Walsh transform
values.

Theorem 6 Let n = 2m and u = (uy,u2),v = (v, v2),r = (r1,rp) are three
pairwise distinct nonzero elements in Fom x Fym such that u + v + r # 0. Assume
that 1 is a linearized permutation polynomial over Fom. Let f(x, y) be the Boolean
function given by

Fe, =T xr(y) + T ) +TF (wix +uay) T (vix +va ) I (rix + ray).
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If T (o~ 1) + v ') = 0, T (o™ 1) + uam ™' (r1)) = 0 and
Ty (uam (1) + var " (1)) = 0, then f(x,y) is bent. Otherwise, f(x,y) is five-
valued and the Walsh spectrum of f(x, y) is {0, £2™, £2m+1},

Proof Letg(x, y) = Tr]'(xm(y))+Tr]' (y). From (26), for each (ay, az) € Fom xFom,
we get

Xe(ar, az) = 2”’(_1)TIJ|11(427T_] (a)+Tr] (! (@) @7

Applying Lemma 1 again, for each (aj, az) € Fon x Fom, we have

Xrlar, ax) = Ay + Ag,

where
Ay = % [3%¢(ar, a2) + Xg(ar + vi, a2 + v2) + Xg(ar + ui, az + uz)
—Xglar +v1 +up, ay +va +ur)]
and

1 -
Ny = 1 [Xg(ar + 1, a2 +1r2) — Xglar +ri +vi, a2 +r2 +v2)

—Xglar +r1 +ur,ay +ry+u)
+Xglar +ri+ v +ui,ay +ry+ v+ up)].

Note that 7! is a linearized polynomial. Let ¢; = Tr}' (azn’l (v1) + vorr ! (ar) +
(2 + D~ w1), 2 = Tef' (@~ (1) + uamw ™ (ar) + (w2 + D =" (uy)) and
c3 = Tr’l”(agn_l(rl)—i—rzn_l(al)—}-(rz—i- Dz~ (r1)). Denote t; = Tr! (rar ) +
v ), o o= T~ ) + war () and 3 = T} (uar ' (v1) +
varr ~L(uy)). A similar analysis as the proof of Theorem 1 shows that

Al Z%Zm(_I)Tr’l"(azzf‘(al))+Tr'l"(n*1(al)) [3 F (=D 4 (1) — (_l)cl+cz+t3]
(28)
and
Ay = izm(_l)TrT(aznfl(al))+Tr’1”(n*1(al))+c3[1 L (— Dy (et
+ (—Dyertertis) (29)

Itis easy to see that when | =, =3 =0andc3 =0

if(al’ @) = 2m(_1)TIJ1W(¢1277_1(al))+Trr1”(ﬂ_'(a1))
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andwhenfy = =t3=0andc3 =1

R _om(— T @r e+ T ™ @) fe) = ¢y = 1
Xf (a17 Clz) = Zm(_l)Tr)ln (azn_l(a]))“rTr’ln(n_l(al))’ otherwise,

Hence, f(x,y)isbentift; =t =13 =0.
Next we will prove that f(x, y) is five-valued in the case of t{ =, = 1 and 13 = 0
and others can be proved by a similar manner. In this case, (28) and (29) become

Al zizm(_l)Tr’l’l(azn71(a]))+Trrln(r[*1(a1)) [3 + (_1)C| + (_1)02 _ (_1)C1+6‘2]
and
Ty =%zm(—1)Tf'l"<“2"’1<“1>>+T1"1"<””(a1>>+03[1 + (=D 4+ (D7 + (=D,
When c¢3 = 0, we have

1 m _ m, _
Yf(ah az) = A] + Az = 52”’1(_1)"1“1.1 (ar7 1(01))+TIJ1 (m 1(01))[2+(_1)C1 _I_(_I)CQ]

2m+1(_I)leln(azn’l(m))+Trr1n(n’1(a1)), ife; =cy =0
=10, ifci=cp =1 (30)
om(— )T @ @)+ T o~ an) | otherwise.

When ¢3 = 1, we have

1 m —_ Jn —_
Rr(aran) = &y + Ay = 32" ()T @@ TReT @y — pyate
0, ifcir=cp =1
= orci =c =0 (31)

om ()T @r @+ T @) otherwise.

Combining (30) and (31), we conclude that f(x, y) is five-valued and the Walsh
spectrum of f(x, y) is {0, &2, £2"+1}, m]

It should be noted that two of u, v, r € IE‘;H can be equal. Without loss of generality,
we assume that r = v, then the following result can be obtained.

Theorem 7 Let n = 2m and u = (uy,u),v = (vq, v2) are two distinct nonzero
elements in Fom x Wom. Assume that 1 is a linearized permutation polynomial of Fom.
Let f(x,y) be the Boolean function given by

fey) =T e () + T () + T (urx + ua ) T} (vix + v2y).

Iy (uam = (v1) + var ~V(u1)) = 0, then f is bent. Otherwise, f is semi-bent.
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Proof The proof is similar to Theorem 2 and we omit it here. O

Remark 4 To obtain our constructions in Theorems 6 and 7, we need to determine the
compositional inverse of a given linearized permutation polynomial over Fy». Infor-
mation on the compositional inverses of certain linearized permutation polynomials
could be found in [14,31,32]. Clearly, the simplest suitable linearized permutation

polynomial 7 over Fo» in Theorems 6 and 7 is xzk where 0 <k <n—1.

Theorem 8 Let n = 2m and s be a divisor of m with = is odd. Assume that u =
(uy, up), v = (v, v2) are two distinct nonzero elements in [Fys x Fos such that uyvy +
viuy = 0. Let f(x, y) be the Boolean function given by

FO,y) =T ey + T (uy x4 uay) T (v1.x + v2y)

where d(2° + 1) = 1 (mod 2" — 1). If T (u3vy + uzv?) = 0, then f(x, y) is bent.
Otherwise, f(x,y) is semi-bent.

Proof Letm(y) = y and g(x, y) = Tr' (xm (y)). Since d(2° + 1) = 1 (mod 2™ — 1),
then 7~ (y) = y* T!. This together with (26) implies that for eacha = (a1, a2) € Fpn

Te(ar, az) = 2" (—1) T @at ™), (32)

According to Lemma 1, for each (a1, az) € Fyn, we have

~ 1 ~
Xy (ar, a) = 5 [X¢ (a1, a2) + Xg(ar + vi, a2 + v2)
+ Xglar +ur, az + uz) — Xglar +vi +ur, az + vz + u2)] .

Now we compute g (a1 +v1, az+v2), Xg(ar +uy, ax+uz) and xg(ar +vi+uy, ar +
v2 + uy) respectively. By (32), we have

Xelar +v1, a2 + 12)
_ Zm(—l)TIJ'n ((az+v2)(al+v1)zx“)

S S S N 28 s S S
TI‘T(azalz Jr])+'I‘I"1n(aza|2 v|+a2alv|2 +a2v]2 “)+Tr’1” (al‘ Jr]vz—b—a]z vlvz—b—alvlz vz+v12 Jrlvz)

=2"(~1)

S 28 S
_ /X\g(alv az)(—l)Trlln (aza% v1+a2a1u1+a2v%)+Tr'1” (a] “u2+a12 v1v2+a1U1v2+v]2vz) (33)

where the last identity holds since v = (vy, v2) is a nonzero element in Fps x Fys.
Similarly, we can show that

Xg(ar +uy, az + uz)
Tl":” (aza%s uitarajug +a2u%) +TI'TL (afx"'luz—&-a%s ujurtay u1u2+u%u2)

(34)

= Xg(a1, a2)(—1)
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and

Xelar +vi +ur, ap + va + up)

—~ Tl'q” azazxv1+a2a1v1+a2v2 +T1J]n a25+1v2+a2Sv1v2+a1v1v2+v2v2
= Xg (a1, a2)(=1) ! ! ! ! !
- b

5 m, 2541 N
Tl"l" (aga% u1+a2a1u1+a2u%)+TI'| (a) + u2+a% u1u2+a1u1u2+u%ug)

x (=1)
Tl‘m azs—i-a ujvyt+viu +u2v +v2u
x (—1) 1((1 D (uiv2tviug)tujva+og 2). (35)
N 25 1 N
Letc) = Tr’I" (aza]2 v + arajvy + azvl2 +a Tl + al2 viv2 +ajvivy + vlzvz) and
m 28 2 25+1 28 2
o2 = Tr{"(axay uy + acaruy + acuy +ajy " uz +aj ujus + ajuiuy + ujur).

Note that ujvy + viup = 0. If Tr' (u%vz + u2v12) = 0, combining (33), (34) and
(35), we get

1 Jn 5
Xflar, a) = zzm(—l)Trl (aza H)[l + (=D 4 (=1)2 — (=1)1F2]

B ’ oyl @al™  pe — ey = 1

- m 2541
2’"(—1)Trl (azaj ) otherwise.

If Tr’l"(u%vz + uzvf) = 1, then

1 s . . e
Zrtar az) = 32" (D@D 4 (DD 4 (=) + (=)

_ e Ti@d™h ipe = e = 0
0. otherwise.

The desired conclusion follows from the definitions of bent and semi-bent function.
[m}

Example 5 Let m = 9, s = 3 and Fy be generated by the primitive polynomial
x” + x* 4+ 1 and & be a primitive element of F,s.

1) Take u = (uy,up) = (212,73 and v = (v1, v2) = (£'49,1). Clearly, ujvy +
urv; = 0and 284 x (22 + 1) = 1(mod 512). By help of a computer, we can
get Tr] (u?vy + upv?) = 0 and the function f(x) = Tr](xy?*) + Trf (E>x +
& 73 y)Tr?(E 146, 4 y) is a bent function over Fyo x 50, which is consistent with
the results given in Theorem 8.

2) Take u = (uy, u2) = (€', 73y and v = (v1, v2) = (73, 1). Clearly, uvy +
urv; = 0 and 284 x (23 + 1) = I(mod 512). By help of a computer, we can
get Tr] (u?vy + uzv?) = 1 and the function f(x) = Tr](xy?**) + Tr) (£140x +
& 73 y)Tr? (& Bx 4 y) is semi-bent function over 59 x [F50, which is consistent with
the results given in Theorem 8.
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6 Conclusion

Several classes of Boolean functions with few Walsh transform values, including bent,
semi-bent and five-valued functions are provided. As a generalization of the result [24],
we obtained not only bent functions but also semi-bent and five-valued functions from
a different approach. Furthermore, some cubic bent functions can be given by using
our approach.
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