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Abstract We give a necessary and sufficient condition such that the class of p-ary
binomial functions proposed by Jia et al. (IEEE Trans Inf Theory 58(9):6054-6063,
2012) are regular bent functions, and thus settle the open problem raised at the end
of that paper. Moreover, we investigate the bentness of the proposed binomials under
the case gcd(%, p% + 1) = 1 for some even integers ¢ and n. Computer experiments
show that the new class contains bent functions that are affinely inequivalent to known
monomial and binomial ones.
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1 Introduction

Boolean bent functions, introduced by Rothaus [19] in 1976, are maximally nonlinear
Boolean functions with even number of variables, that is, they achieve the maximal
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Hamming distance to the set of all affine Boolean functions. Besides wide application
in cryptography due to their high nonlinearity, they play an important role in sequences
and coding theory [2,3,8,16,17,20]. Moreover, they are also interesting combinatorial
objects [5,7]. The concept of Boolean bent functions was also generalized to the case of
functions over finite fields of odd characteristic by Kumar et al. [13]. People have paid
a lot of attention to this topic, however, the complete classification of bent functions is
still hopeless. Some research on constructions of bent functions focuses on monomial,
binomial and quadratic functions (see [1,4-6,9,10,12,14,18], and references therein).

Let p be an odd prime and n be an even positive integer. Let IF ,» be the finite field
with p" elements and F;" = Fpn \{0}. Tr,, () is the trace function from F» to I,

i.e. Tr,(x) = er':ol xP forx € F pn. Helleseth and Kholosha [9] first characterized
the bentness of a class of p-ary Dillon monomial functions by a certain Kloosterman
sum. Recently, Jia et al. [12] considered a class of p-ary binomial functions which is
the sum of a Dillon monomial and a special monomial as follows,

pr—1

fapi ) =Try (ax'?"=D) +5x" T, a€Fp,b ey, )

where n = 2m and ¢ is a positive integer such that gcd(¢, p™ + 1) = 1. Inspired by the
technique proposed in Jia et al. [10] established a relationship between Kloosterman
sums and some partial exponential sums (see Proposition 2), and used the result to
prove that f; 15 ,(x) are both regular bent functions if and only if

m 2wh
Kp(a”' ) =1—sec=——,
p

where “sec” denotes the secant function and

2nhb 2
sec— = ———,
p wb + w=?

here w = exp(27+/—1/p) is the complex primitive pth root of unity and an element
in [F, is viewed as an integer in Z . At the end of Jia e al. [12] the authors improved
the above result for the cases p”* = 3 mod4 or p = 3, and it was left an open problem
for the other cases.

The aim of this paper is to complete the improvement of Theorem 1 of [12] and
investigate the bentness of the p-ary binomial in (1) under different cases. Following
the idea in [12] we first reduce the characterization of bentness of the binomial in (1)
to determining a partial exponential sum (see Lemma 3). Based on the relationship
(see Proposition 2) between the derived partial exponential sum and Kloosterman
sums, and by using some symmetric properties of the derived partial exponential sum,
we solve the open problem in [12]. Moreover, we study the bentness of the function
fa.p.:(x) under the case gcd(%, p™ + 1) = 1 for some even integer . Computer
experiments show that we can obtain bent functions that are affinely inequivalent to
all known monomial and binomial ones in this case.
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Binomial bent functions over the finite fields 463

The remainder of the paper is organized as follows. In Sect. 2 we introduce some
preliminaries. Section 3 discusses some partial exponential sums. Finally, the bentness
of the class of p-ary binomial functions proposed by Jia et al. [12] under two cases is
characterized in Sect. 4.

2 Preliminaries

Throughout this paper, let m, n be positive integers with n = 2m. Let IF ,» be the finite
field with p" elements. The Walsh transform and its inverse of a p-ary function f :
F,n — T, are defined by

Wr(h) = Z w/ =T qnq @ =

xG]Fpn

# > W™,
AR pn

The values W (1), A € Fpn are called the Walsh coefficients of f. The function f (x) is
called a p-ary bent function (or generalized bent function)if [W y (1) |> = p"forallx €
F . A bent function f (x) is called regular if for each A € Fpn, Wy (1) = p3aw/™®)
for some p-ary function f* from F,» to F,. A bent function f(x) is called weakly
regular if there is a complex p with unit magnitude such that W (L) = p%ua)f @)
for all A € IFn. The function f*(x) is called the dual of f(x). Furthermore, the dual

of a (weakly) regular bent function is again a (weakly) regular bent function [9].
Leta € Fn, the Kloosterman sum K, (a) [15] is defined as

Ka@= Y olortor™),

)CEFpn
here x + ax~! = 0 forx = 0.
For an integer d € {0, 1, ..., p" — 1}, it has the following p-ary expansion
n—1 '
d=>dip', 0<di<p-1.
i=0

The number w, (d) = Z;:Ol d; is called the p-weight of d. It is well known that each
function f(x) from IFy» to F,, can be represented by a univariate polynomial over
F,n, and the algebraic degree of f(x) equals the maximal p-weight of the exponent
i of the term g;x in f(x) with a@; # 0. Note that the maximal algebraic degree of a
Boolean bent function on F,2x is equal to m. However, the algebraic degree of p-ary
bent functions has the following upper bound.

Proposition 1 [11] Let f(x) be a p-ary bent function on Fyn, then its algebraic
degree deg(f) < m + 1. Moreover, if f(x) is a (weakly) regular bent function
then deg(f) < L5,
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Two p-ary functions f(x) and g(x) are called affinely equivalent [12] if there
exist some linearized permutation /(x) € Fpn[x], a,c € ), and b € F» such that
f(x) = ag(l(x) + b) + c. It is well known that algebraic degree, the set of absolute
values of Walsh coefficients and bentness of a p-ary function are affine invariants. It is
an interesting and challenging topic to find p-ary bent functions affinely inequivalent
to the known ones.

Let & be a primitive element of IF ,». For any £1,0 <i < p" —2, it can be uniquely
written as the from E(pm“'l)k . 51, where 0 < k < p" —2and0 <[ < p™. Asa
consequence, we have the following lemma.

Lemma 1 Let & be a primitive element of T yn. For any element o € IF;", there exists

a unique pair (x, u) € F;m X U such that o = xu, where

u:{gf|i=o,1,...,pm}. )

An element « in F’;n is called a square if « = x? for some element x & IF;,,.
Otherwise, « is called a non-square. Let Cp and C; be the sets of squares and non-
squares in ]F;n, respectively, and they can be represented as follows:

. n_3
C,-=[§2k+’|k=0,1,...,p2 ] i=0,1.

A subset of Cy is defined as

P

= [a € Co| Ton(@" 7" # 0] . 3)

Let G be the cyclic subgroup of ]F;,, of order p™ + 1 as

G= {g"<l"”—“|i=o,1,...,p’"}. “

Two subsets of G are defined as follows:

P+l P41

Qo=[g69|g2=1] and g1=[g69|g2=—1]. 3)

It is clear that G = Gp U G;. The following relationship between Kloosterman sums
and some partial exponential sums have been established in Lemma 7 of [12], which
is very important for our later discussions.

Proposition 2 [12] Let n = 2m and a € F;n. Following the notations as above we
have

z WTin(@n) _ [R +1(wl—-w9), ifae(y,

R, otherwise,
x€Go
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and

Z @Tmax) _ [R -1 (CUQ —Cl)_Q) , ifae C(;r,

R otherwise
x Eg] ) £

' +1

where Q = 2Tr, (apT) and

3m

R:M I = (_12)217%71753 mod 4;
2 (_é)m p%, otherwise.

3 Some partial exponential sums

To investigate the bentness of the functions defined by (1) we first consider the fol-
lowing partial exponential sum.

Rt
Subs = Za)Trn(ax b I e Fon b eFp, 6)
xeG
where n = 2m and G is the subgroup of ]F’;,, defined by (4).

Proposition 3 Leta € ]F;,,, b € F,. Letn, m, t be positive integers satisfyingn = 2m
and ged(t, p™ 4+ 1) = 1. We have

R (a)b +a)’b) +17 (a)b —w’b) (a)Q —a)’Q), if a e Cg',
Sa,b,t - b —b . (7)
R (o’ 4+ 07?), otherwise,
where Q, R, I is given in Proposition 2 and Ca' is defined by (3).
Proof Since ged(z, p™ + 1) = 1 we have that ¢ is odd and
p™+1 @"+1)
Sa,b,t — ZwTI‘n(axt)-‘rbx 2 — ZwTrn(ax')—&-bx[ 2 — Sa,b,l~ (8)
xeG xeG
Next we determine S, 5,1 as follows:
> @@t o
Sa,b,l — o (ax X
xeg
— wb Z wTrn(ax) —i—wib Z wTrn(ax)‘
xeGo xeg
By Proposition 2 we know that (7) holds. O
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Proposition 4 Let a € IF;”, b € ). Let n,m be numbers with n = 2m, and t be

an even number satisfying gcd(%, p™ + 1) = 1. Let R, Q, I be notations given in
Proposition 2 and C{; be defined by (3). We have

(1) If p" =1 mod 4 then

o @ +o0 ) (R+1(2-09), ifacC,
@bt = (@’ + 0 )R, otherwise.

2) If p" =3 mod 4 then
Subr = 0’ Eg(a) + 0 P E(a),

where

E()(Cl) — Z a)Trn(axz)’ El(a) — Z wTr,,(axZ)' (9)

xeGo xeG)

In particular, when b = 0, for two cases above we have

¢ _|2R+2U@E -0, if ae(y,
a0, = 2R, otherwise.

Proof Because gcd(%, p"+1) = 1, we know that % is odd, and the mapping x +— x2
is a permutation on G. So,

p+1

Tr, (a<x2)2)+bx2T

t n

Sapy = D " e => o =Sap2.  (10)
xeG xeg

Furthermore, one easily has

m

Pl +1
Suba = ZwTr,l(axz)erx T b Z @Tm(ax®) o —=b z Tin(@x?) (11)

xegG xeGy x€q

(1) If p = 1 mod 4 then gcd(2, £ ) = 1, and so the x> x2 is a bijective
mapping from Gy or G; to Gy. By (1 1) and Proposition 2 we have

Sa,b,2 — (a)b + w—b) Z wTrn(ax)

xeGo
@t o) (R+1(wl-09), ifae(],
| @ +o™R, otherwise.
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(2) By (11) one has
Sups = &P Eo(a) + 0 P E1(a).
When b = 0, by (10), (11) and Proposition 2 we have that

Sa.0: = Eo(@) + Ej(a) =2 Z o Ttn(ax)
xe€Go
B [ZR 422 —09), ifaeCy,

2R, otherwise.

We also need the following proposition for later usage.

Proposition 5 [12] Leta € Fpm and b € F),. If

27b
Ky (@) =1—sec—
4

then o is a non-square or a square with Tr,, (/o)) = 0.

4 A class of binomial p-ary bent functions

In this section we discuss the bentness of the p-ary function f, 5 ; from F,» to F), as
follows:
p'—1

Sabr =Tr, (axt(l’m_l)) +bx 7, ael, bel),. (12)

When ged(z, p” 4+ 1) = 1 and b = 0, the bentness of the function f,; o ;(x) has been
investigated in [9] as follows.

Proposition 6 [9] Let n = 2m and t be a positive integer with ged(t, p™ + 1) = 1.
Fora e F’;n, the p-ary function

fa04(0) = Tr, (ax'@"0)

is a regular bent function if and only if K, (a?" 1) = 0.

When ged(z, p™ + 1) = 1 and b # 0, Jia et al. have discussed the bentness of
Ja.p.:(x) in Theorem 1 of [12] as follows.

Proposition 7 [12] Let n = 2m and t be a positive integer with gcd(t, p™ + 1) = 1.
Fora € IE‘;;,, and b € ¥, the p-ary functions

p'—1

Fact. () = Ty (ax'P" D) 2 b2

are both regular bent functions if and only if
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" 27b
K@+l =1 — sec 2.
p

To improve the result of Proposition 7 and investigate the bentness of f, p (x)
defined by (12) under the case gcd (%, p"+ 1) = 1 for some even integer ¢, we first
give some preliminary lemmas.

Lemma 2 [9] Let n be a positive integer and f : F,n — ¥, be a regular bent function
satisfying f(x) = f(—x)and f(0) = 0, then f*(0) = Owhere f* is the dual function
of f.

Lemma 3 Let f, 5 :(x) be a p-ary function defined by (12) and S, p.+ be a partial
exponential sum given in (6). Then fq p(x) is a regular bent function if and only if
Sa,b,t = 1

Proof 1If f(x) is a regular bent function, by Lemma 2 we have that Wy, , (0) = p™.
On the other hand,

Pl

Wi @) = 3 Qe )
a,b,t -

XEFp}l
P"—1) p=1
S YD S A
ueld yelF*,
4
T +b. pm;—I
— 1+(pm_1)za) r,,(ax)+ X
xegG
=14+ @" = DSap.- 13)

So, we have S, ., = 1.
Conversely, assume that S, 5, = 1, by (13) we have Wy, , (0) = p™. For any

VNS IF;,,, by Lemma 1 we have

Wfa,b,t ()‘) Z wTr,,(ax )+hx TI',,(Ax)

)CE]Fpn

pt-1

1+ Z wTrn (uu’(”m’”)Jru 2 Z wTrm (*(Aqu()»u)”m)Y)

ueld yeF’;m
=1=Sapatp" D o
ueld au+(Ou)P" =0
— pmwfa,b_z(ux)’ (14)

where ;. is the unique solution of the equation Au 4 (Au)?" = 0ini{ forany A € IF;H .
By (13) and (14), f4.5.¢(x) is a regular bent function. O
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4.1 p-ary bent functions for ged(z, p™ + 1) =1

In this subsection we investigate the bentness of f, » ;(x) defined by (12) under the
condition ged(¢, p™ + 1) = 1, and complete improvement of Theorem 1 in [12].

Theorem 1 Leta € F;n, b € Fp, and m,n,t be positive integers such that n = 2m
and ged(t, p™ 4+ 1) = 1. The p-ary function

" -1
Jab.i(x) =Try (ax(p —l)t) s

is a regular bent function if and only if

" 2mh
Kn(a?" ') =1 — sec 2. (15)
p

Moreover, if fq.p: is a regular bent function, then its dual function f, , is given by

0, if A =0,
Sab.t(uy), otherwise,

fab[() |

where uj, denotes the unique solution of the equation Au + AP" uP" = 0 in U which
is defined in (2).

Proof If the condition (15) holds then by Propositions 3 and 5 we have that S, , ; = 1.
So, fap.:(x) is a regular bent function by Lemma 3. Conversely, if f; 5 ,(x) is a
regular bent function then S, ; = 1 by Lemma 3. Next, we show that there is no
pair (a,b) € F*, x F, such that S, ,; = 1 fora € CYF, thus by Propositions 3 the
condition (15) holds.

First, when p™ =3 mod 4,i.e.,misoddand p =3 mod 4, by Proposition 3 we
know that S, ; is an imaginary number. So there is no pair (a, b) € F;n x IF, such
that Sg p; = 1.

Second, we consider the case p™ =1 mod 4, and assume that a € Car ,1.e.,ais

a square in F*n and Try, (a 5= ) # 0. Furthermore, we assume that a is a square, but
not a 4th power of an element in F’;n. (If a is a 4th power of an element in F’;,, then

m_q

the following proof is similar.) For a such fixed a, a”Z x runs through the group G
when x runs through G, and so we have

(8)
Sa bt = ZwTrn(ax )+hx Z Tr,l(ax)+bx

xeg xeG
Pl Pt
_ ZwTrn(a x)+ba A x 2
xeg
_ Z Trm(aT(x+x’1)) by Z wTrm(a7 (x4x~ 1))+b (16)
xeGo xegy
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where Gy, G| are defined by (5). Denote by
Juiat —1 .
Nix=#ixeG |Trpla 2 x+x") )=k kelF,;, i=0,1.

It is clear that x € G; if and only if x~! € G; for i € {0, 1}, and the mapping
x — x + x1is 2-to-1 except for x = 1, —1. Since p™ = 1 mod 4 we have that
1 € Gp and —1 € Gj. So, one can verify that Ny o and N1 _¢ are odd numbers, and

Nok, k # Q and Ny x, k # —Q are even numbers where Q = 2Try, (apTH) which is
viewed as an integer modulo p. Moreover, we have that No y = N1 forany k € F,.
By equality (16) we have

Sabi —1=Nop+ Ni—p — 14+ (Nopt1 + Ni,—p41) @
+ (Nop42 + Ni,—p42) w4+ (No,p—145 + Ni,p—1-p) P!

Based on above discussion we have that Ny, + Ni,—, — 1 always must be an odd
number.

If p > Sthen there existsi,0 <i <4suchthatb+i # Q and —b+1i # —Q, and
so we have that Ng p+; + Ni,—p+; is an even number. So, all the coefficients of a)l’.s
can not be equal. Hence, there is no pair (a, b) € IF}’;n x IFp, such that S, , , = 1 since
xP~1 4 xP=2 ... 4 x + 1 is the minimal polynomial of w over the rational numbers.

If p = 3 then Theorem 2 in [12] has proven that there is no pair (a, b) € F;n xFp
such that S, 5, = 1. To sum up, f, »(x) is a regular bent function if and only if
K (a?" ™1 = 1 — sec ZZL. Moreover, if Sa.p.1(x) is a regular bent function then its
dual can be obtained from Lemma 3. O

Remark I When b = 0 in Theorem 1, we have that f, o ,(x) defined by (12) is a
regular bent function if and only if K, (al’m“) = 0. This is exact Theorem 2 of [9].
It has been verified in [12] that the algebraic degree of f, 5 ((x) is (p — 1)m.

4.2 p-ary bent functions for ged (5, p™ + 1) =1

In this subsection we discuss the bentness of the p-ary function f, ; ;(x) defined by
(12) under the condition gcd(%, p™ + 1) = 1 for some even integer ¢.

Theorem 2 Let n = 2m and t be an even number with gcd(%, p"+1) =1 Let
a€ly,bel, If p" =1 mod 4 then the p-ary function

p—1

m t
fapt(x) = Try (ax(l’ _”’) +bx T, god (5, P+ 1) =1,

is a regular bent function if and only if

, 27b
Ky (a”" !y = 1 — sec 222 (17)
p
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Proof When p™ =1 mod 4, by Proposition 4 we have

2c0s 2L (R + (— s pzs1n2”Q) ifa eCf, p=3 mod 4,

Subs = 200s2”b (R—l—( 1)m+zpzsm2”Q), ifaeCl. p=1 mod4, (I8)

27TbR

2cos » otherwise,

where R = (1 — K,,(a?" 1)) /2.

If f4p.:(x)is aregular bent function then S, ,, ; = 1 by Lemma 3. Since R is a real
number, when p™ = 1 mod 4, one can verify that S, 5 ; can not be a real number
under the first case or the second case in (18). So,

2th . m 2wh
1=S8,p;=2c0s—R, ie., Ky@ " )=1—sec—.
P P

Conversely, if the condition (17) holds then by Proposition 5 we have that a?" ! is

a non-square in ]F;m or a square in IF; with Tr,, (a ) = 0. Note that a”" ! is a
non-square (resp. square) in IB“;,,, if and only if a € Cy (resp. C1). By (3) we have that

a¢ CS'. From Eq. (18) we have that

T 2xb  27wh
Sa.bt = 2c08—— R = cos——sec— = 1.
p p 4
Therefore, fy 5,(x) is a regular bent function by Lemma 3. m|

Example 1 Let Fy be generated by the primitive polynomial x* + x3 4 2, and y
be a primitive element of F34. By a computer exhaustive search, we have found 30

binomial regular bent functions with the form f, 1 2(x) = Try (ax2(32_1)) + xﬂT_]
where a € IF;. These functions can be classified into two equivalent classes whose
representatives are fy, 12(x) and f),4 | 5 (x), respectively. It is known that in Example
1 of [12] there are also 30 binomial regular bent functions with the form f; 1 1(x) =

34

Try (ax -4+ x = , which have been classified into two equivalent classes whose
representatives are fy,l,l(x) and f,4 1 1(x), respectively. Moreover, it can be check
that f), 12(x) is affinely inequivalent to f, 1,1(x), and equivalent to fy4’1’1(x), and
fy4.1,2(x) is affinely inequivalent to both f) 1,1(x) and f,4 1 ; (x).

Example 2 Let Fs4 be generated by the primitive polynomial x* +x3 4+ x + 3. By help
of a computer we have found 208 pairs (a, b) € IE"S‘4 x F'5 such that (17) holds, that is,

there are 208 binomial regular bent monomial functions with the form Tr4 (axz(52 - )+

4_
bx 7" where a e F%,,b eFs.

54

Remark 2 1t is easy to verify that the algebraic degree of the function proposed in
Theorem 2 is (p — 1)m. When b = 0, by Proposition 4 and Lemma 3 we can get a
characterization on a such that f, o ,(x) is a regular bent function for gcd(%, p" 4+
1) = 1. However, we can not find such regular bent monomials for p = 3,5, 7 and
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n = 2,4, 6, but we find a weakly regular bent monomials as in the following trivial
example.

Example 3 Let 5 be generated by the primitive polynomial x> + 1 and « be a primi-
tive element of [F52. With help of computer we found 6 weakly regular bent monomials
with the form Try(ax*G~V) fora € {1, o, o, a*, &, " }. Unfortunately, we can not

find more examples of weakly regular bent monomials of the form Tr, (axz(pn/z_l))
forp=3,n=4,6and p=5,7,11,n =2,4.

For an odd prime p, some known classes of p-ary binomial bent functions are
listed in Table 1, where a, ¢ € IF;,,, b € IF,. Some abbreviation symbols in the Table
are explained as follows: ‘r”” (respectively, “wr”) is short for “regular” (respectively,
“weakly regular”), “ar.” for “arbitrary”, “Deg.” for “algebraic degree”, “ H-K” for
“Helleseth—Kholosha” and *“ J-Z-H-L" for “Jia—Zeng—Helleseth—Li”. As for known
classes of p-ary monomial bent functions, please refer to Table II in [12].

Recall that algebraic degree is one affine invariant. From Table II and Table III in

[12] together with Example 1, we claim that there exist bent functions with the form
n -1 t n
Ty (ax' """ =0) + 577, ged (zv p?+ 1) =1,

which are affinely inequivalent to all known ones listed in Table II and Table III in
[12].

To investigate the bentness of f, 5 ;(x) in (12) for gcd(%, p"+1)=1land p" =3
mod 4, we need to discuss the partial exponential sums Eg(a) and Ej(a) defined
in (9).

Lemma 4 Let Eg(a) and E1(a) be the partial exponential sums defined by (9), namely,

E()(a) — Z a)Tr,,(axz)’ E| ((1) — Z wTrn(ax2).

xeGp x€Gy

Then if p™ =7 mod 8 then Eg(a) and E|(a) are real numbers.

Table 1 Some known classes of p-ary bent binomials

Bent binomials P n Forms Deg. Ref.
Gold (r,wr) 0dd ar. Tep(ax?' ! 4 exP!+ly i 2 2 9]
H-K (wr) 0dd 4m Trg(axP PP 4 (2 m+2 [10]
Pl _
J-Z-H-L (v) Suitable 2m Try (ax!P" =Dy £ px 2 {p-Dn [12]
ged(t, p"+1) =1
Pl _
This paper (r,wr) Suitable 2m Try, (ax? " “Dy4px 2 w Thm.2

ged(Z. p"+1) =1
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Proof (1) Let & be a primitive element of F ,». Then £2(P" =1 is a generator of Gy. If
p™ =7 mod 8 then ’"TH is a multiple of 4 and

Eo@)= > o™@ =23 oM@,
xeGo iel

where

I= 4,

2 2 72

m 1 m 1 m 1
[0,4,...," RELIY i s e +4,...,pm—3]. (19)

(i+17m+1 ) »171>
Tr, (a&"(/’m —1)) Try | aé 7
and w are one-to-one correspondence
m .
fori =0,4,..., L 2+1 — 4, and the sum of the two terms is a real number. Therefore,

Ep(a) is areal number. By the same way we know that £ (a) is also a real number.O0

So, the terms w

Theorem 3 Let n = 2m and t be an even number with gcd(%, p"+ 1) = 1. Let
ae IF;,,, b el If p" =7 mod 8 then there is no pair (a, b) € ]F;,, x 7, such that
the function f4 b (x) is a regular bent function.

Proof By Lemma 3 f,p,(x) is a regular bent function if and only if S, 5, = 1.
However, according to Proposition 4 we have

Saps = @’ Eg(a) + 0 "E(a)

2wh .. 27b
= COST (Eo(a) + E{(a)) + zsmT (Eo(a) — E1(a)) .

By Lemma 4, Eg(a) and E|(a) are real numbers, and so f, (x) is a regular bent
function if and only if

27b
Eo(a) = E1(a) and COST (Eg(a) + E1(a)) = 1. (20)

Next we show that there is no pair (a, b) € F;n X IF;‘, such that (20) holds. Assume
that there exists a pair (a, b) satisfying (20), then we have

(@" +w ")Eg(a) = 1. 1)
Denote by
Now =2 {i € TITry(@s™" ) =k, 0=k < p— 1},
where 7 is defined by (19). The equality (21) can be rewritten as

1
(Na,p—b + Nap — E) + (Na,p—b-i-l + Ngpt1)w

+oe (Na,p—l—b + Na,b_l)a)p_l =0.
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Then the coefficients in the equality above satisfy
1
Na,—p + Nap — 5 = Nap-1 + Nap+1 =+ = Nap—1-b + Nap-1,

since x”~! 4+ xP72 4 ... 4 x 4 1 is the minimal polynomial of w over the rational
numbers. But this is impossible since all N ; S are integers, and so there is no pair
(a,b) € IE";,, X ]F}“, such that (20) holds. O

Remark 3 When p™ = 3 mod 8 we can not find a concise characterization on the
pair (a, b) € ]F’,",,, X ]F;‘, such that f, p (x) for gcd(%, p™ + 1) = 11is a regular bent
function. However, we also can not find such regular bent functions for small p and
n, except find only one weakly regular bent binomial which is given in the following
trivial example.

Example 4 Let F3> be generated by the primitive polynomial x> +2x+2,andabea

primitive element of F3.. By help of computer we found that 10 weakly regular bent
321
2

binomials over F3> with the form Trp (ax*3=D) 4+ bx
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