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Abstract This note presents two new permutation polynomials with the form
A S

px) = (xzA +x + 8) + x over the finite field F»» as a supplement of the recent

work of Yuan, Ding, Wang and Pieprzyk.

Keywords Finite field - Permutation polynomial

1 Introduction

Let p be a prime, n be a positive integer, and F,» be the finite field with p" ele-
ments. A polynomial f(x) in Fpn[x] is said to be a permutation polynomial (PP)
over [Fn if it induces a permutation from [ » to IF ,n. Permutation polynomials have
been studied extensively, and please see [10—13] for surveys of known results on PPs.
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Permutation polynomials have important applications in many areas such as coding
theory, cryptography, and combinatorial designs [1-4,6,7,9,16].
Recently, the permutation behavior of polynomials having the form

1 N
= _— 1
P (x2k+x+6) o @

over ['on was investigated in detail [14,15]. These works are motivated by a paper by
Helleseth and Zinoviev [8], who applied the polynomials defined by Equality (1) to
derive new Kloosterman sum identities, where the parameters were set to be k = 1,
s € {1,2}, and § € P with the absolute trace Tr(§) = & + 82 4+ --- + 62" = 1.
Yuan and Ding [14] described several permutation polynomials having the form as in
Equality (1). A continued work [15] further presented many classes of permutation
polynomials with such form, and the authors also extended their research to the PPs
over '3». There are only two classes of PPs over the finite fields of characteristic 2 in
[14,15] with the parameter k > 2, i.e., the one presented in Theorem 2.1 of [14] is
defined as

LX) = (xzk Tx +5)k +x )

where § € Fo» with Tr(6) = 1, n/ged(k, n) is odd and k’(Zk + 1) =1(mod2" — 1),
and the other presented in Proposition 2.4 of [15] is defined as

1 2
p2(x) = (m) +x (3)

where § € Fon with Tr(6) = 1.

In this note, we follow the work of [14,15] and construct two more permutation
polynomials of the form

Fx) = (xzk fx+ 3)s ¥x,

where the parameter s is respectively assumed to be s(2k +H)=1- 27 (mod 2" —1)
and s(2K — 1) = 0 (mod 2" — 1). In our second construction, the assumption condition
Tr(8) = 1 can be removed.

2 Permutation polynomials over [«

Lemma 1 (Lemma 2.1, [5]) gcd(Zk + 1,2" — 1) = 1 if and only if n/gcd(k, n)
is odd.
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Proposition 1 Assume n and k are even, n/gcd(k, n) is odd, and 12 + 1) =
22 — 1 (mod 2" — 1). Let § € Fon with Tr(§) = 1. Then

1 [
o= () @

is a permutation over Fon.

Proof The polynomial f(x) is a permutation if and only if for any d € Fy», the
equation

1 [
— ) +x=d 5
(x2k+x+8) ®

has at most one solution in [F»x. Since gcd(2k +1,2" — 1) = 1 by Lemma 1, Eq. (5)
is equivalent to

1 2t 2k 41
_— = x+d N 6
(x2k+x+6) ( ) ©

and then

(x4 d)@+DCTHD
The fact ged(2F 4+ 1,27 — 1) = 1 implies
(x +a1)2%Jrl =1,
which is equivalent to

n 1 n
X = +d**? (7
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P k n ok n
=x+d+x+d)?> +@x+d)?> TP +d¥ +d*)

k k k 3 4 +k 2
=x+d+x> +d> + x+d)> TG +d*7 +4d7). )

Therefore, by Eq. (8), one has

s+d+d" Lt
(S 4d+d¥Hy )

@+d)? = T
822 422" 4422

For fixed § and d, since the function x¥+lisa permutation from Fo» to itself, Eq. (9)
has a unique solution. Thus Eq. (5) has at most one solution. This shows that f(x) is
a permutation. O

We remove the limitation of assumption Tr(§) = 1 in the following result.

Proposition 2 For any n and k with gcd(n, k) > 1, let s be a positive integer with
s(2¥ = 1) =0 (mod 2" — 1). Then

Fx) = (xzk fx+ s)S +x (10)

is a permutation polynomial over Fon.

Proof The polynomial f(x) is a permutation polynomial if and only if the equation
2k s
(+* +x+6) +x=d (11)
has a unique solution for any fixed d € F,». By Eq. (11), one has
j@"=1
(xzk +x+5) = (x+d)2k71, (12)

where j = s(2K — 1)/(2" — 1). o

In the case of d2* +d + § = 0, each of Egs. (11) and (12) has a solution x = d.
If xo # d is a solution to Eq. (11), then xék + xo + 8 # 0. By Eq. (12), one has

(xo0 +d)2k_1 = 1. Then, xo = d 4+« for some 0 # o € F,«. Plugging it into Eq. (11),
one has

S
(@+@” +d+a+s) = (13)
N
Since oczk + o =0, (13) is reduced to (dzk +d+ 8) = «, and

x0=d+(d2k+d+8)x —d. (14)
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This contradicts the assumption xog # d. Thus, in this case Eq. (11) has a unique
solution x = d. .
In the case of d% +d + 8 # 0, If x is a solution to Eq. (11), then xo # d and

xék + x0 + 6 # 0. We can similarly prove that
2k §
xo=d+(d +d+3) .

Therefore, for any given d, Eq. (11) has a unique solution, and then f(x) is a per-
mutation polynomial. O

Remark 1 Proposition 2 is trivial when gcd(n, k) = 1. For an odd prime p, an analog
of the permutation polynomial in Proposition 2 exists, i.e.,

Fx) = (x”k x4 s)s Fx (15)

is a permutation polynomial over IF ,» for any n, k with gcd(n, k) > 1, and the integer
s satisfying s(p¥ — 1) = 0 (mod p" — 1). This can be similarly proven.

By Proposition 2, an immediate result is obtained as follows.

Corollary 1 The polynomial f(x) is a permutation of Fon, if

(1) For even positive integers n and k,

j@"-n

f(x):(xzk—i—x—i—S) } +x, j=1,2;

(2) Forn =0 (modk) where k > 2,

i@"-1)

f(x):(xzk—l—x—l—S) P 1<i<2k—2

(3) Forevennand$ € Foyn,

[SE}

2% 41
f()c):(x2 —|—x+5) + x.

3 Conclusion

This note followed the research of Yuan and Ding [14], Yuan, Ding, Wang and Pieprzyk
[15], and presented two new permutations with the form

2k $
f(x):(x —i—x—i—S) + x
over [Fon.

@ Springer



150 X. Zeng et al.

Acknowledgments The authors would like to thank the editor and the anonymous referees for their
helpful comments, which have significantly improved the presentation of this note.

References

1. Ball, S., Zieve, M.: Symplectic spreads and permutation polynomials. In: Mullen, G.L., Poli, A.,
Stichtenoth, H. (eds.) International Conference on Finite Fields and Applications, Lecture Notes in
Computer Science, vol. 2948, pp. 79-88. Springer (2004)

2. Blokhuis, A., Coulter, R.S., Henderson, M., OKeefe, C.M.: Permutations amongst the Dembowski-
Ostrom polynomials. In: Jungnickel, D., Niederreiter, H. (eds.) Finite Fields and Applications: Pro-
ceedings of the Fifth International Conference on Finite Fields and Applications, pp. 37-42 (2001)

3. Beth, T., Ding, C.: On almost perfect nonlinear permutations. In: Goos, G., Hartmanis, J. (eds.)
Advances in Cryptology-EUROCRYPT’93, Lecture Notes in Computer Science, vol. 765, pp. 65-76.
Springer (1993)

4. Cohen, S.D.: Permutation group theory and permutation polynomials. In: Algebras and Combinatorics,
Hong Kong (1997), pp. 133-146. Springer, Singapore (1999)

5. Coulter, R.S.: On the equivalence of a class of Weil sums in characteristic 2. N. Z. J. Math. 28, 171—
184 (1999)

6. Corrada Bravo, C.J., Kumar, P.V.: Permutation polynomials for interleavers in turbo codes. In: Pro-
ceedings of the IEEE International Symposium on Information Theory, Yokohama, Japan, p. 318. 29
June—4 July (2003)

7. Dobbertin, H.: Kasami power functions, permutation polynomials and cyclic difference sets, differ-
ence sets, sequences and their correlation properties (Bad Windsheim, 1998), NATO Advanced Science
Institute Series C: Mathematical and Physical Science, vol. 542, pp. 133—158. Kluwer Academic Pub-
lishers, Dordrecht (1999)

8. Helleseth, T., Zinoviev, V.: New Kloosterman sums identities over Fpm for all m. Finite Fields
Appl. 9(2), 187-193 (2003)

9. Hollmann, H.D., Xiang, Q.: A class of permutation polynomials of Fpm related to Dickson polynomi-
als. Finite Fields Appl. 11(1), 111-122 (2005)

10. Lidl, R., Mullen, G.L.: When does a polynomial over a finite field permute the elements of the field? Am.
Math. Mon. 95(3), 243-246 (1988)

11. Lidl, R., Mullen, G.L.: When does a polynomial over a finite field permute the elements of the field?
II. Am. Math. Mon. 100(1), 71-74 (1993)

12. Lidl, R., Niederreiter, H.: Finite Fields, Encyclopedia of Mathematics and its Applications, 2nd ed.,
vol. 20. Cambridge University Press, Cambridge (1997)

13. Mullen, G.L.: Permutation polynomials over finite fields. In: Finite Fields, Coding Theory, and
Advances in Communications and Computing (Las Vegas, NV, 1991), Lecture Notes in Pure and
Applied Mathematics, vol. 141, pp. 131-151. Dekker, New York (1993)

14. Yuan, J., Ding, C.: Four classes of permutation polynomials of Fom . Finite Fields Appl. 13(4), 869—
876 (2007)

15. Yuan, J., Ding, C., Wang, H., Pieprzyk, J.: Permutation polynomials of the form (x? — x + §)5 +
L(x). Finite Fields Appl. 14, 482-493 (2008)

16. Zhang, W., Wu, C., Li, S.: Construction of cryptographically important Boolean permutations. Appl.
Algebra Eng. Commun. Comput. 15, 173-177 (2004)

@ Springer



	Two new permutation polynomials with the form (x2k+x+delta)s+x over F2n
	Abstract
	1 Introduction
	2 Permutation polynomials over F2n
	3 Conclusion
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


