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Abstract

Evolutionary finance focuses on questions of “survival and extinction” of investment
strategies (portfolio rules) in the market selection process. It analyzes stochastic
dynamics of financial markets in which asset prices are determined endogenously by
a short-run equilibrium between supply and demand. Equilibrium is formed in each
time period in the course of interaction of portfolio rules of competing market par-
ticipants. A comprehensive theory of evolutionary dynamics of this kind has been
developed for models in which short selling is not allowed and asset supply is exog-
enous. The present paper extends the theory to a class of models with short selling
and endogenous asset supply.

Keywords Evolutionary finance - Survival portfolio rules - Market games -
Stochastic games

JEL Classification C73 - D52 - G11

1 Introduction

The purpose of this work is to develop a version of the evolutionary finance (EF)
models (Amir et al. 2005, 2013; Evstigneev et al. 2002) taking into account possibil-
ities of short selling and endogenous asset supply. The model we propose describes
a market with short-lived assets that live one period, yield random payoffs at the
end of it, and then are reborn at the beginning of the next period. At every stage,
investors (traders) reinvest their wealth obtained at the previous stage into the traded
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assets. The fundamental goal of the analysis is to identify strategies that make it pos-
sible for an investor to “survive” in the market selection process. Survival means a
possibility of keeping with probability one a strictly positive, bounded away from
zero share of total market wealth over an infinite time horizon. The main results
obtained in this area show that in the models at hand there exists a portfolio rule
guaranteeing unconditional survival irrespective of the strategies of the competing
market participants. Moreover, it is shown that such a portfolio rule is asymptoti-
cally unique and can be described by a simple explicit formula amenable for quanti-
tative investment analysis.

The main focus of EF is on investors’ objectives of an evolutionary nature: sur-
vival (especially in crisis environments), domination in a market segment, fastest
capital growth, etc. By and large, these objectives are relative: they are stated in
terms of criteria comparing the performance of one market participant with the per-
formance of the others.

An important characteristic feature of EF models is that they do not assume that
investors’ behavior is fully rational and can be described, as in the classical theory,
by well-defined and precisely stated constrained optimization problems. They admit
that market actors may be boundedly rational and their behavior might be deter-
mined by their individual psychology. Investors’ strategies may involve, for example,
mimicking, satisficing, rules of thumb based on experience, etc. Strategies might be
interactive: what one is doing might depend on what the others do.

To deal with bounded rationality and behavioral diversity of market players, EF
relies upon mathematical theory, rather than empirical methods. The mathematical
approach, as it is commonly understood and as it is employed here, aims at obtain-
ing rigorous results in the most general settings. In the present context, this means
including into consideration all possible kinds of market behavior. EF does not
restrict analysis to the classical von Neumann—Morgenstern utilities or their gener-
alizations defined in terms of Choquet integrals (Denneberg 1994)—the approach
attracting nowadays considerable attention; see, e.g., De Giorgi and Hens (2006), De
Giorgi et al. (2010), De Giorgi et al. (2012), and Zhou (2010).

Various approaches to EF distinct from that in the present work were developed
in the studies by Blume and Easley (1992), Farmer and Lo (1999), Farmer (2002),
Brock et al. (2005), Lo (2004, 2005, 2012, 2017), Lo et al. (2018), Zhang et al.
(2014), Sciubba (2005, 2006), Coury and Sciubba (2012), Flam (2010), Bottazzi
et al. (2018, 2019, 2005), Bottazzi and Dindo (2013a, b), and Tarnaud (2019). In
those studies, for the most part different models were considered and different goals
pursued.

As a starting point for this work, we used the model (Amir et al. 2013) deal-
ing with short-lived (one-period) assets. In this model, short selling is ruled out and
the total amount (the number of “physical units”) V,, of each asset k=1,... K,
depending on the moment of time ¢ and on the random situation in the market, is
given exogenously. One unit of asset k issued at the beginning of a time period
[#,1 + 1]yields the random payoff A, ; by the end of it.

An investment strategy, or a portfolio rule, A of an investor specifies the pro-
portions 4,, according to which the available budget is allocated across assets
k=1,...,K at each moment of time ¢, depending on the current state of the world
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and the previous history of the market. In Amir et al. (2013) it is shown that in the
present context the strategy A* guaranteeing survival in the market selection process
has the following simple structure. It prescribes to distribute wealth between assets
k=1, ..., K according to the proportions

)‘1;; =ER ks

where

. Z z+1kVtk
t+1k . Z
l

t+1, thl

and E,(-) stands for the conditional expectation given the information available by
time . Here, R, are the relative payoffs of the assets that are obtained by weigh-
ing the absolute payoffs A,, | , with the weights

Gy 1= t,k/ZAt+l,lVI,l’
i

sothat 37, R, = 1.
The above portfolio rule is akin to the investment in the market portfolio (e.g.,

Evstigneev et al. 2015, Ch. 7). However, instead of the capitalization weights, we
use here the weights ¢,,, defined in terms of the asset payoffs, rather than their
equilibrium prices. This approach is usually referred to as fundamental indexing
(Arnott et al. 2008).

In the model considered in this paper, market participants can construct portfolios
not only with long, but also with short positions. Long positions are described, as
before, in terms of vectors of investment proportions specifying how the investors
allocate their budgets across the traded assets. To create short positions, a market
participant issues “replicas” of the original assets that have the same prices (formed
in equilibrium) and the same payoffs. The newly issued assets are sold on the mar-
ket at the equilibrium prices, which yields the short-selling income for the one who
has issued them. This income increases the investment budget which is spent for
purchasing other assets (creating long portfolio positions). On the other hand, each
unit of asset sold short implies the obligation of the seller to pay to the buyer the
same payoff as the original asset. Furthermore, short selling leads to an increase
in the exogenously given total number V,, of each asset k in the market, which of
course influences the equilibrium asset prices. Thus, the consequences of short sell-
ing depend on the combination of all these factors, and the decisions made by the
short sellers should consider a trade-off between them all.

When analyzing this new model, we are primarily interested in the fundamental
questions of existence and uniqueness (in an asymptotic sense) of a survival strat-
egy, similar to those considered in all EF models. First of all, we ask the following
question: does the strategy A* (with no short selling) guarantee survival in a market
where the rivals of the A*investor can sell short?

Our findings are as follows. The answer to the last question is affirmative. Yes,
the strategy A*, which does not involve short selling, indeed guarantees survival in a
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market where short sales are allowed. What about uniqueness? Are there strategies
involving short selling that also guarantee survival? If so, are they asymptotically
distinct from A*? The answers to the last two questions are negative. The following
result gives a key for an understanding of the answers to the above questions.

If an investor i sells short at some moment of time ¢ with strictly positive prob-
ability, then the group of i’s rivals can construct a “spiteful” strategy that drives
investor i out of the market (leads to i’s bankruptcy) at time ¢ + 1 with a strictly posi-
tive probability.

We do not think that this finding is surprising. On the contrary, it is the fact that a
survival strategy exists in the conventional EF setting without short selling—this is
what might seem surprising, especially from the perspective of traditional financial
economics. It may be difficult to believe that there is a strategy protecting a mar-
ket player almost surely against the coordinated spiteful actions of the pool of other
investors. If short selling is not allowed, and since asset payoffs (not to be confused
with asset returns!) are nonnegative, no investor’s wealth can ever become strictly
negative, i.e., bankruptcy is excluded. Thus, a market player cannot be driven out of
the market in a finite time. This can happen of course if the time horizon is infinite:
a market share of an unsuccessful investor may vanish in the limit. But if short sales
are allowed, then, as has been said, the rivals of a short-selling trader can form a
coalition whose strategy will lead to the bankruptcy of this trader in a finite time.
A case of this sort happened in Switzerland in 2002 when a famous private investor
ran into liquidity problems and offered part of his portfolio to banks. Knowing (or
guessing) his trading strategy, they traded against him so that he had to surrender
and offer his portfolio at a minimum price. However, in normal circumstances reli-
able information about other investors’ strategies is lacking, so that it is difficult to
collude against them. In view of that our results should by no means be interpreted
as an expression of the idea of total irrelevance of short selling.

This work combines modeling features from evolutionary games and finance on
the one hand, and from stochastic dynamic games (as pioneered by Shapley 1953)
on the other hand. Our framework postulates a dynamic non-cooperative market
game, in which the mechanisms of short-term price formation and market clear-
ing follow those of one-shot strategic market games (see Shapley and Shubik 1977
and Amir et al. 1990).! In addition, the present approach is reminiscent of games
of survival, first considered by Milnor and Shapley (1957) as a constant-sum sto-
chastic game analogue of the well-known gambler’s ruin decision problem. Two
players play a zero-sum matrix game at each stage of an infinite time horizon, the
outcome of which determines their wealth dynamics (as a state variable). The ulti-
mate outcome of the game is either bankruptcy of one player or a draw. In a similar
vein, Shubik and Whitt (1973) consider a dynamic market game with one unit of a
durable good per period, and a fixed total wealth distributed across the players in
exogenous fixed shares. Each player can bid part or all of his current wealth on the

! The class of dynamic games of industry competition with entry and exit introduced by Erickson and
Pakes (1995) also features short-term (within-period) market competition and long-run strategic interac-
tion via investment decisions.
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durable good, of which he obtains an amount in proportion to his bid. The total bid
is then redistributed to the players according to their fixed shares and play proceeds
to the next period. In contrast to the present setting, each player’s objective is to
maximize the discounted sum of utilities of consumption. Finally, Giraud and Stahn
(2008) extend the basic Shapley—Shubik model to a two-period financial economy
with uncertainty, allowing short selling by traders (as we do here).

The paper is organized as follows. Section 2 describes the model. Section 3 con-
tains the statements of the main results of the paper. Sections 4, 5 and 6 provide
proofs of the results. Section 7 concludes.

2 The model

We consider an asset market influenced by random factors modeled in terms of an
exogenous stochastic process s;,s,, ..., where s, is a random element in a measur-
able space S,. There are K > 2 risky assets (securities) traded in the market at dates
t=0,1,.... The total amount (the number of units) of asset k available at date ¢ is
given by V,; = V,,(s") > 0, where s' = (s, ...,s,) is the history of the process of
the states of the world s,. If = 0, then V,; (as well as all the other functions of s') is
constant. Assets live for one period: they are traded at the beginning of the period
and yield payoffs at the end of it. One unit of asset k pays A, = A, (s") > 0 at the
end of the time period ¢ — 1, ¢. It is assumed that A,,k(s’), t=1,2,..., are measurable
and satisfy

K
DA > 0. (1)
k=1

There are N > 2 investors (traders) acting in the market. Each investori =1, ... ,N

at each time ¢ > 0 has some wealth wi = wi(s’ ), which depends on s'. For ¢ = 0 (non-

random) initial endowments wg >0,i=1,...,N are given. The wealth dynamics

of each investor depends on the strategies of this and other investors, as will be
described below.

At every date ¢ > 0 investor i purchases x > 0 units of asset k = 1, ..., K and/or
sells short at this date y’ 20 units of this asset The payoff investor i receives at the end
of the time period [t, 7 + 1] from x’ . units of asset k will be A, | kx =A, k(s’“)x

If at the initial date 7 of this time perlod investor i sells short y; y unlts of asset k, then he
has to pay the amount A, | ,(s™* )y 1 t the end of the period.

Denote the vector of market prices of the securities by p, = (p, ..., p,g), Where
P k=1,...,K, is the price of one unit of asset k. The prices p,; = p,;(s") depend
on the history s’ of states of the world prior to time ¢. The prices Prio k=1,....K,
are determined endogenously by an equilibrium condition. The market equilibrium is
reached when total supply of each asset k is equal to its total demand (i.e., the market
clears):
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N N
Vit Dybe= D x k=1,....K @)
i=1 i=1

As has been said, the opening of a short position y! e k=1,....K, at the begin-
ning of the time period [7, 7 + 1] leads to an obligation to pay the amount A, . (s)y;
at the end of it. On the other hand, the amount y* Lk of asset k that the investor has
sold short allows him to increase the budget avallable for further investments by
an amount equal to p,’ky Lk (the short-selling income). The tqtal investment budget
wy + v, of trader i at date 7 consists of the trader’s wealth w; and the short-selling
income

K
vii= Y p 3)
k=1

At each time ¢, every investor spends the entire available investment budget w§ + vi
for buying assets:

K
i i i
w, + v, = Zpt!kxt’k.
k=1
The wealth w'

1 of investor i at the end of the time period [z, + 1] can be calculated
as follows:

K

K K
i i i i
Wiy Z LK T ZAHI,kyt,k = ZAHLk(xt,k _yt,k>' “)
pmy k=1

k=1

The volumes xi = 0, k=1,...,K of the assets purchased by investor i form the

vector x! 1= <xf1, ,xtK>. The quantities y', >0, k = 1,..., K, of the assets sold

short by investor i form the vector yi 1= yﬁ e yi K). The portfolio of investor i is
given by the pair of vectors (x!, —y!).

For each ¢ > 0, each traderi = 1,2, ..., N selects a vector of investment propor-
tions yt' (yt e ,ytK) according to which he plans to distribute the available
investment budget between assets. Vectors 71 belong to the unit simplex

vied i={@a,....ap) eERF t g+ +ag=1,4,20k=1,....,K}. (5

When selling short y X units of asset k = 1, ..., K at date ¢, investor i issues and sells
¥ ik “replicas” of asset k, which have the same price and guarantee the same payoff
for the buyer at the next date 7+ 1 as the original asset k. Though this operation
increases agent i ’s investment budget by p, v, cat date ¢, it leads to an obligation to
pay A1, cat date r + 1. Formally, in this model investor i’s decision (or action) at
date ¢ is specified by a palr of vectors 5’ = (}’;’ yt) where 7; is the vector of invest-
ment proportions and y; is the vector whose coordinates define the short positions.
Note that long positions of a portfolio are specified in terms of investment propor-
tions, while its short positions are defined in terms of units of assets!
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In what follows, we will consider only those decisions that do not permit to open
simultaneously a long and a short position for the same asset, i.e.,

yti,ky;',k=0’ k=177K,tZO (6)

This property will be included into the definition of investors’ decisions (actions).

The investment decisions ft" at each date ¢ > 0 are selected by the N investors at
the same time and independently (as in a simultaneous-move N-person dynamic
game). For ¢ > 1, this decision usually depends on s’ and the history of the game (or
the history of the market)

te={E i=1,...,N, 1=0,...,t -1},

which contains information about all the actions of all the market participants in
the past. A pair of vectors = = (F(g, Y(’)) € AK x IRf and a sequence of measurable
functions

Ei, e = (I, 7N, Y, 87h),r=1,2, ...,

taking values in AX x IRf form a portfolio rule, or an investment (trading) strategy
E' of investor i, according to which player (investor) i makes the decision

& =z(s,¢") ™)

at each date t > 0. This is a general game-theoretic definition of a pure strategy,
assuming full knowledge of the history of the game and the previous states of
the world. Among general portfolio rules, we will distinguish those for which =’ l’
depends only on s', and not on the game history &~!. We will call such portfolio
rules Zi(s") basic.

Given a decision f’ = (7’: yt) of investor i, the long positions x . of I’s portfolio
(xt, -y t) are computed according to the formulas

I A CTU ) N Y A 4
Ky = T = ot Wit X, ) k=LK @)
L, L, m=1

and the short positions of this portfolio are specified by the vector —y;', where
Y = (yils---’yiK)
In the system of equations (2), x . and v can be expressed by using formulas (8)

and (3), respectively. This leads to the followmg system of equations from which we
can determine the vector p, = (p, ;, ..., p, k) of equilibrium asset prices:

N K N
Z ytl’k(wi + Zpl,my;’m> = pl,k<Vt’k + Zy;’k>, k=1,....K. )
i=1 m=1 i=1

Proposition 1 Let the following conditions hold:
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N
wi>0i=1,..,N; Y ylwi>0k=1,.. K. (10)

i=1

Then, the system of equations (9) has a unique strictly positive solution
P =P1s s Pii)s Pix > 0, for each k.

According to this proposition, if at date ¢ the wealth wi of each trader
i=1,2,...,N is strictly positive and for each asset k = 1, ..., K at least one of the
traders selects a strictly positive investment proportion yt’;k > 0, then the asset market
has a unique equilibrium with strictly positive prices. Note that if the first inequality
in (10) is satisfied and at least one of the investors has a strictly positive vector of
investment proportions y; = (yr’"l y ey }/l’; &) then the second inequality in (10) holds as
well.

We conclude this section with remarks on the design of the model at hand.

Remark 1 The approach to short selling that involves “replicas” of assets with the
same exogenous payoffs is quite common in mathematical models considered in
financial economics (Magill and Quinzii 1996) and Mathematical Finance (Pliska
1997; Ross 1999; Follmer and Schied 2002; Zierhut 2020). However, quite often
it is not explicitly spelled out, since usually there is no need in a deeper analysis of
the question. Here, we wish to discuss this approach in more detail, in particular,
because of a certain asymmetry in our model, where long portfolio positions are
specified in terms of investment proportions and the short ones in terms of “physi-
cal” units of assets. This asymmetry is conceptually important and has a clear mean-
ing. It reflects the fact that the operations of creating long and short portfolio posi-
tions in the present context are substantially different. The former is concerned with
purchasing available assets by allocating wealth across them according to the given
investment strategy. The latter operation, understood as the creation of new one-
period assets, replicas of the initially available ones, is nothing but endogenous asset
supply. In the purely financial context, endogenous asset supply may be regarded as
the analogue of production in models with real assets. (This analogy becomes espe-
cially transparent if we look at the creation of derivative securities, rather than iden-
tical replicas of the basic assets.) It should be noted that the liabilities related to the
creation of new securities, copying the basic ones, can be precisely estimated only
if one knows the number of the units issued: for every unit of asset k sold short at
time ¢, the seller must later, at time 7 + 1, pay to the buyer the amount denoted in our
model by A, +1,k(5t+l)- Furthermore, the total asset supply in the equilibrium pric-
ing equations (2.9) must be also expressed in terms of units of assets, as long as its
exogenous part V,; is expressed in this way. These considerations justify the way of
specifying short positions of investors’ portfolios used in this paper. As regards the
long ones, theoretically one can describe them both in terms of units of assets and
in terms of their monetary values and investment proportions. The latter approach
is traditional for classical capital growth theory (see, e.g., Evstigneev et al. 2015,
Ch. 17, 18), and since EF may be regarded as an extension of this theory to the case
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of endogenous asset prices, it is natural to design the model in a way similar to the
classical one in order to use, whenever possible, similar machinery, notation, etc.

For other models in capital growth theory and EF involving short selling and
endogenous asset supply, we refer the reader to the papers by Bucher and Woehr-
mann (2006), Horvath and Urban (2012), and Schenk-Hoppé and Sokko (2017),
containing quite a few interesting modeling ideas.

Remark 2 Some comments on the definition of a strategy we use are in order.” There
are two general modeling approaches in discrete-time stochastic control theory—
both in its conventional, single-agent version, and its game-theoretic setting, where
decisions are made by several players with different objectives. Models of the first
kind are described in terms of transition functions (stochastic kernels) specifying the
distribution of the state of the system at time ¢ + 1 for each given state and control
at time t; see, e.g., Shapley (1953), Bertsekas and Shreve (1978) and Dynkin and
Yushkevich (1979). In models of the second kind (such as the one in the present
work), random factors influencing the system are described in terms of an exogenous
random process of states of the world, the distribution of which does not depend on
the actions of the players. This approach is often associated with the term “stochas-
tic programming” (e.g., Rockafellar and Wets 1976). Although theoretically both
approaches are in many cases equivalent (see Dynkin and Yushkevich 1979, Sec-
tion 2.2), in different contexts one is more natural and convenient than the other.
Generally, the latter is preferable when the model possesses properties of convexity,
which is characteristic for economic and financial applications. In a stochastic game
setting, the second approach has been pursued in the work of A. Haurie and coau-
thors; see, e.g., Haurie et al. (1990). The focus in that line of work is primarily on
strategies that depend only on the exogenous states of the world. Haurie et al. (1990)
call them S-adapted (adapted to the given filtration S); we call them basic in this

paper.

3 The main results

The focus of this study is on the analysis of the dynamics of investors’ wealth
depending on their strategies. We would like to define stochastic dynamics of
the vectors w, = (wtl, ...,w"), where w' is the wealth of investor i at date . Let
Z =(&,...,EN) be a strategy profile of the N investors. The dynamics of w, will
be defined recursively, step by step from ¢ to ¢+ 1. The initial state (for ¢t = 0)
is the vector wy = (w,, ..., w)), where wi, > 0 is the given initial endowment of
trader i. Suppose wy, wy, ..., w, are defined for some ¢ > 0. Assume that the fol-

lowing condition holds:

2 A detailed discussion of game-theoretic aspects of EF models is given in Amir et al. (2013), pp. 123—
125.
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(A) The vector w, = (wll, ,wf' ) and the investment proportions yl’;k (generated
the strategy profile =) satisfy (10).

Then, according to Proposition 1, there exists a unique strictly positive vector
P =P,y ---» P x) of equilibrium asset prices, in terms of which we can express
the wealth wi , of each investor i:

z+l ZAzH kx,k ZAtHkyzk

1 K
Z Az+1,kp—n’,k<W§ + 2 p,,myi,m> - ZAm,kyi,k (11)
k= t.k k=1

m=1

m=1

Definition 1 If in the course of this dynamical process, condition (A) happens to
hold almost surely (a.s.) for all r € [0,T) (T < ), we say that the given strategy
profile = is admissible for the time interval [0, T).

Remark 3 Assume that one of the traders, e.g., trader 1, employs a fully diversified
portfolio rule, which prescribes investing into all assets in strictly positive propor-
tions y >0 for all k=1,...,K and all # > 0. Then, given that no investor goes
bankrupt during the time 1nterva1 [0, T), the strategy profile is admissible for the
time interval [0, 7).

In this work, we will identify random variables coinciding almost surely, and
we will often omit “a.s.” if this does not lead to ambiguity. In fact, the random
variables under consideration may be defined not everywhere, but only almost
everywhere: with probability one. If not otherwise stated, all relations between
them (equalities, inequalities, etc.) will be supposed to hold almost surely.

By summing up the above equations over i = 1, ..., N and taking into account
the pricing equations, we obtain the following formula for the toral market wealth
Wt

i=1 k= m=1

N
= zAm,k(pi Z lytk(w + szmytm>] - Zyi,k) (12)
=1 ' i=1

k=1

K
= 2A1+1,k<vt,k + Zyi,k - Z)’ik) = ZArH,kVt,k'
=l i=1 i=1 =l

Denote by

N N K K
Wi = Zwt+l = Z 2 t+1k< 7[k<W + Zptmylm> _)’i,k>
i=1
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i
A= Wit
41 0
Wit

the relative wealth (market share) of investor i and put

Tip1 - = (rr]+1""’rﬁr1)-

Definition 2 We say that a strategy =’ employed by investor i can be driven out
of the market at a (finite) time T < o if there exists a strategy profile (£',...,EV)
including the strategy =' and admissible for 7 € [0, T) such that P{w!. <0} > 0.

Definition 3 We say that a strategy =’ employed by investor i can be driven out of
the market in an infinite time if there exists a strategy profile (£, ..., ZV) including
the strategy =" and admissible for 7 € [0, c0) such that P{inf,5or = 0} > 0.

Definition 4 We call a strategy = a survival strategy if for any number N > 2 of
agents acting in the market an investor using = cannot be driven out of the market in

any (finite or infinite) time.

Define the relative payoffs by

R L A1k Vik 13)

HLk T S

Zl:] At+l,lvt,l
and put R, =R, ....R41 k). Consider the investment strategy
Er =2y = 0]y for which yf = 0 and 7 (s") 1= (7, (s), ..., 7, (s"), where
V() 1= ERyy i (5. (14)
We denote by E,(-) = E(-|s") the conditional expectation given s’ (if # =0, then

Ey() = E()).
Throughout the paper, we will assume that foreachk =1, ..., K,

EIMER, (s > —co. (15)

This assumption implies that the conditional expectations E,R,,;; = E(R;|s")
(k=1,...,K) are strictly positive (a.s.). Consequently, we can choose their versions
y:k(s’) which are strictly positive for all s’. In what follows, the notation y:k(s’) will
refer to such versions of the above conditional expectations.

The central results are as follows.

=k

Theorem 1 The portfolio rule =* is a survival strategy.
It is important to note that the portfolio rule =* is basic: the investor’s decisions

&*(s") depend only on the history s’ of the process of states of the world and do not
depend on the history of the market. Furthermore, it does not involve short selling,
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but it survives in competition with all, not necessarily basic, strategies with short
selling.
The results we formulate below show that in the class of basic strategies, the sur-

=k

vival portfolio rule =™ is (at least asymptotically) unique.

Theorem 2 [f a basic strategy prescribes to sell short at least one asset at some
moment of time with strictly positive probability, then it can be driven out of the
market in a finite time.

Thus, basic survival portfolio rules can exist only in the class of basic strategies
that do not involve short selling (a.s.). It should be emphasized that a short seller can
be driven out of the market in a finite time by a basic strategy profile of the rivals.
This will be shown in the course of the proof of Theorem 2.

Theorem 3 [f = is a basic survival strategy defined by a sequence of decisions
(r,(s"),y,(s)), t=0,1,2.., with y,(s") = 0 (a.s.), then

Dy =7l < oo (as.). (16)
=0

This theorem (pertaining in fact to a version of the present model without short
selling) follows easily from Theorem 2 in Amir et al. (2013)—see Sect. 6. Notice
that vectors of investment proportions y;* coincide with vectors A7 generated by the
strategy A* considered in Amir et al. (2013). In that model (where no short selling is
allowed), A* is also an asymptotically unique basic survival strategy.

Proofs of Proposition 1 and Theorems 1, 2 and 3 are given in the next three
sections.

It is worth making some comments on the modeling of short-run equilibrium
in this work. The dynamics of the asset market described above are similar to the
dynamics of the commodity market as outlined in the classical treatise by Marshall
(1949) (Book V, Chapter II “Temporary Equilibrium of Demand and Supply”).
Marshall’s ideas were introduced into formal economics by Samuelson (1947), pp.
321-323. As it was noticed by Samuelson (1947), in order to study the process of
market dynamics by using the Marshallian “temporary equilibrium method,” one
need to distinguish between at least two sets of economic variables changing with
different speeds. Then, the set of variables changing slower (in our case, the set of
investors’ portfolios) can be temporarily fixed, while the other (in our case, the asset
prices) can be assumed to rapidly reach the unique state of partial equilibrium.

The above concept of temporary, or moving, equilibrium was first introduced in
economics by Marshall. However, in the last decades the term “temporary equilib-
rium” has been by and large understood differently. For the most part it was associ-
ated with a different notion suggested by the studies of Lindahl (1939) and Hicks
(1946). That notion was developed in formal settings by Hildenbrand, Grandmont,
and others (see, e.g., Grandmont and Hildenbrand 1974; Grandmont 1977; Magill
and Quinzii 2003). The characteristic feature of the Lindahl-Hicks temporary equi-
librium is its formulation in terms of forecasts or beliefs of market participants about
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the future states of the world. Mathematically, beliefs of economic agents are repre-
sented by stochastic kernels (transition functions) conditioning the distributions of
future states of the world upon the agents’ private information.

The model studied in the present work does not use information about individual
utilities, beliefs and other unobservable agents’ characteristics. What matters is the
investment strategy as such, rather than the data and the logic on which its choice
is based. The results obtained are stated in the form of recommendations for invest-
ment that use only some fundamental information about the market, in the same
spirit as, for example, in the well-known principles of derivative securities pricing
(Black, Scholes, Merton, and others, see, e.g., Evstigneev et al. 2015, Part II).

4 Short-run equilibrium

Proof of Proposition 1 Let us fix ¢ and omit it in the notation. For all k =1, ..., K
define
N ZN i
' ; . i=1 Yk
Mk .ka(Vk+Zy;<>, Gk .= l—Nl"
i=1 Vit 21 Yy
i

. it YN Y >0
I . __ N ’ =1k ’
0, 1= ijlyi J

N7 otherwise.

Note that 0 <o, < 1 because Vk >0, and we have Z 0’ =1 and 91’; >0. If
21 : )/ > 0, then for eachm =1, ..., K the following 1dent1ty holds:

. (ZN_ YV,
¥ < m+2y’>(v PSRN ) < m+2y’> 0L,

which yields
pfny =uoc b . m=1,.. K.

mYmY m>

If Zj\i 1 yﬁ{ = 0, the above equality holds as well, because in that case yfn =0, =0.
Hence, the system of equations (9) can be written as

Zykw+2yk20m Oy = s k= 1,..., K. (17)

A vector u = (uy, ..., ug) solves (17) if and only if u is a fixed point of the operator
N K K
Fu) := <Z ykw’ + Zy,’( Z Gm - m>
i=1 m=1 k=1
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that is determined by the left-hand side of (17). This operator transforms the cone
RN ={ulu, >0, k=1,...,K}.

of nonnegative K-dimensional vectors into itself, and in order to show that it has a
unique fixed point in IR it is sufficient to prove that it is contracting in the norm
[|lu|| = Zk , |ug]. This follows from the chain of relations:

K

K
= z Z 7 Z 0! 0,,(,, —u)
|

”F(u) — F(u’)

—_

k=1 |i= m=1

1
K K
i ’
AOX DA
k=1 m=1
K N

=(m£xam)2 lu,, — 1 | 29’ (maxo- M w—u|.

where the equalities hold since Yt 7/ =1 and Y 6 = 1. Here, max,, o, < 1
because ¢, < 1 for all m, and so the operator F is contracting. Thus, system (17) has
a unique solution u = (i, ..., ug) > 0. Moreover, if condition (10) is satisfied then

N N K N
U, = Z y;(wl + 2 yli (9:”0'mum > 2 y]iwl >0
i=1 =1 m=1 i=1

and system (9) also has the unique strictly positive solution
Ur

— <

Vit 21

and p, > 0 for each k. O

pz(pli---’pl()7 pk =

5 Survival portfolio rule

Proof of Theorem 1 Consider the market with N > 2 investors. Assume that player 1
uses the strategy (y,",0) = (EIR, G, 0). Agent 1 using the strategy =* cannot be
driven out of the market at any finite time 0 < 7 < oo since assumption (15) guar-
antees that investor 1’s portfolio is fully diversified (a.s.), hence, w'T > 0 (a.s.). We
shall prove that &' cannot be driven out of the market over the time interval [0, co).

Consider a strategy profile 5 = (£, ..., ") admissible for [0;c0). For this pro-
file, w' > 0 as. forallz>0andi=1,...,N. Let (§/(s), ..., €V (s")), be the set of
investors’ decisions generated by =. For allt >0,k=1,...,K,i=1,...,N, define
the numbers
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i K i i
W, + Zm:lpf.myt,m i pl,kyt,k

- Y., — -
i tk i
t Wl

A=A (s) = (18)

w
and the vectors 4, = <ll

e
because &' = (y},0).

We shall derive a system of equations describing the dynamics of the market
shares rf in terms of the sequence of vectors (/ltl, ..., AN). We have

) and 4= (%

NEREE

). Note that 4] =y

pt,kVt,k = (Apw)k=1...K,

where (4,;,w,) : Zl | 4 wi. Indeed,

N K N
Z PIRTEDY (Wﬁ + sz,myi,m>n‘,k = D P =PV

i=1 m=1 i=1

by virtue of (18) and (9). Proposition 1 and the definition of a strategy profile admis-
sible for the time interval [0;00) guarantee that

Ao, w
Pup = oo 1) >0(@s), k=1,...,K. (19)
Vl,k

In view of (18) and (8), we get

/It A )”t M oWt X Pidim . Pdix ;
= Yik — =X T Vik (20)
(flz,k» W;) Pk Pk ’ Pk ’ ’

(k=1,...,K). Thus, the wealth wi “ of investor i defined by (4) can be expressed as
follows:

i tk z
Wil 2A1+1k< yt,k> ZAszVzku (21)

tk’wt>

By summing up these equations overi = 1, ..., N, we obtain

N
< Z lkt

Wi = ;Atﬂkvrk R 2A1+lkvrk (22)
Dividing the left-hand side of (21) by W,,, the right-hand side of (21) by
K
Z] At+1,m Vt,m’

and using (13), we arrive at the system of equations
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K ﬂi ri
i tk't
r.o=)R,  ,———,i=1,....,N (23)
1 t+1,k s 5 54V,
= kz‘f </lt,k’ rt>
Since we consider a strategy profile (£, ..., ZV) admissible for the time interval

[0;00), all the market shares are strictly positive:

r>0i=1,...,N,t>0. (24)
Observe that
i K i K i
< i W, + Zm:lpt,myt,m < i Zk=1th<yt,k _
Z’ltk_ i Zyt,k_—i_ ’
k=1 Wy k=1 '
and so
K
Y, =11>0. (25)
k=1
From (19) we conclude that
(i,,k,r,)>0, k=1,....K (26)

for every t > 0.

To complete the proof, we shall use Proposition 2 from which we conclude that
inf,,r! >0 (as.) and investor 1 cannot be driven out of the market at moment
T = . So Z*is a survival strategy. a

Proposition 2 If/ltl(sf) = E,R,,,(s""") and dynamical system (23) satisfies the con-
ditions (24)—(26) then

el
}ggrt > 0 (a.s.).

Proof 1t is sufficient to prove the statement in the case of N = 2. Consider the given

random dynamical system and define forallk =1, ..., K
(s = (likrf+---+ifkrﬁv)/(l —rtl) ifrt1 <1,
1.k 1/K if rt1 =1.

Then, we have

2 .2 N _ 1\ 72
At,krz Tt )”z,krfv =~ rt)’lt,k’

(Apo 1) = rtl)“zl,k +(1 - rtl)ztz,k’

and so
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K /llkl
1. t
i Z ey TRy 27)

lzk

By summing up equations (23) overi = 2, ..., N, we obtain

"'2
£ 2a-rh

=1 =) R = (28)
= R o T,

Thus, the sequence (rtl(s’)) generated by the original N-dimensional system (23)
is the same as the analogous sequence generated by the two-dimensional system
(27)-(28) corresponding to the game with two investors i = 1,2 whose investment
proportions are A! k(s’) and /lzk(sf) respectively. Notice that all assumptions of the
proposition hold for the reduced system.

Consider N = 2 and /lt’k = i;k. Putting k, = k,(s") := rt1 (s"), we obtain from (23)
with N = 2

K ﬂlK

Kiv1 = Rk .
,; Azlk t+/12 1-x)

Observe that the process In k; is a submartingale. Indeed, we have

Enk, —Ink,=E/In ) R,
=~ AL t+12k(1—1{)
K ){1 lk
>E Y R, .In = s
’,Z{ R A}k K+ 22— ) ,; ! ,11 K+ A2 (= k)

_2,1' InA, - Zz' In[2! x, + 22,(1 = k)] > 0 (as.).

We used here Jensen’s inequality for the concave function Inx and the elementary
inequality

K

K
Y aing > Y aInb, [0 := —co]
k=1

k=1
holding for any vectors (ay, ... ,ag) > 0and (by, ..., bg) > Owith Y. q, = Y. b, = 1.
Further,
ﬂl
1=K 1k
Krt Z ~* Al e+ 22,1 = k)

. 1 : 1
> K, Z Ripy(min d!,) = k(min 4,).
k=1
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Since E min,, In /ltl’m > —oo by virtue of assumption (15) and k) is a strictly positive
non-random number, each of the random variables 0 < k, < 1satisfies E| Ink,| < 0.

The non-positive submartingale In «, has a finite limit a.s., and so k, = Kk, (a.s.),
where k, is a strictly positive random variable. Consequently, the sequence x, > 0 is
bounded away from zero with probability one. O

6 Asymptotic uniqueness of a survival strategy
In this section we prove Theorems 2 and 3.

Proof of Theorem 2 Put K = {1, ...,K} and consider a market with N = 2 investors.
Suppose investor 2 uses a strategy =2 prescribing to open with strictly positive prob-
ability a short position for some asset at some moment of time. Let 7 > O be the
smallest among such moments of time. Then, there exists a non-random M-element
subset M C K such that M > 1and the event

§T = {s" 1 y7,(s") > Ofor k € M and y;, (s") = 0 for k € K\M}

has a strictly positive probability. (Note that k € K\M # @ because investor 2 cannot
sell short all the assets.)

Without loss of generality, we can assume that investor 2 cannot be driven out of
the market at any time ¢ < T'; otherwise, the theorem is proved. Under this condition,
we will construct a spiteful strategy Z' of investor 1, i.e., a strategy driving investor
2 out of the market at time 7 + 1. With the strategy =, the strategy profile (E LE 2)
will be admissible for the time interval [0, T + 1) and investor 2’s wealth sz o will
be negative with strictly positive probability. The negativity of w; L With strictly
positive probability will be established under the additional assumption that the ini-
tial wealth wé of investor 2 is sufficiently small comparative to the initial wealth w(l)
of his rival.

Fix some y € M. For any 6 > 0 and 6’ > 0 denote by S7*!(5,6") the following
event:

§T1(8,6') = (s = 5T € 87, V;’LRTH,”(ST“) > &, y’;ﬂ (s") > 8} (29

Since P{s” € 87} > 0 and P{V;’LRTH,M > 0] s7} > 0 a.s. [by virtue of assumption
(15)], there exist 5 > 0 and 6’ > 0 such that P{s™*! € §7*1(5,5")} > 0.

Fix a positive number € < min (6’ 6/(M-K),1/K ) and define the strategy =' as
follows. For eacht € [0, T + 1), put yt] = 0 (no short selling) and define:

e=(.1,....1)
1_ 1, 1 (30)
}/l _Eyt +§e’

fort < T and

@ Springer



An evolutionary finance model with short selling and endogenous. .. 673

| _{ € ifkeM, .
TaT O\ e it ke R\ @D

Since investor 2 cannot be driven out of the maIket at any time t < T, we conclude
that w > 0 (a s ) fort < T. Further, observe that y > 0, which implies w > 0 and
Zfil yt’k P> 7; kw > 0 for eachk € K. Consequently, the strategy proﬁle( 2) is
admissible for the time interval [0, T + 1).

Note that y! =y? =0 and y! > %yf [see (30)] for every t < T. Therefore, in view
of (11) and (8), we have

712 I 3
w? Zkei{ At+1,kxik ZkGK +1LkT, w2

4l = = <2-L, 1<T. (32)

1 1 1
W,.H Zkef( At+1,er,k y’k w

ZkEK 1k,

Now let us assume that the initial wealth wg of investor 2 is small enough compared

to the initial wealth w(') of investor 1, specifically,

2
0 1 /(686
_(I)Sﬁ<7—Me>. (33)

2 2
w w '
_T S 2T_0 S ﬁ — Me. (34)
Wl 1=K
T 0
For s"+! € §T+1(3, 6/), we have
Y7, =0 for keM (35)

because ka > 0 for k € M. By virtue of (9), (35) and (31), the prices pr satisfy the
following conditions:

1,1
pry = TTe S 2L (36)
Tk — 5 5
VT,k + yT,k VT,k + y%‘,k
1 1 1
wl.y w _
P> ks T L e e R\, (37)
k=Y X
T,k T.k

By using relations (8), (36), (37) and (34) to estimate x2,,, k € K\M, we find that

Tk’
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2 2 -1
2 < Wr + zme[\_/lpT,myT,m + z W £ mi W; 1
Tk S —=
pT’k VTm+mi V T,k K

memM

(38)

w

2
< &+M V. K <86V
= 1 €NVl = Tk
T

Let s™*! € §7*1(5,6'). By using (29), (38), and (13), we arrive at the following
sequence of inequalities for investor 2’s wealth:

Wi (s = Z Az kka + Z Aryy kka
ket kER\M
< —Arp,6+6'6 Z ArpiVri+8'8 Z A1 i Ve
kekK\M keM
RT+1,/4
= —Apy1,0+06'8 ZATH,kVT,k =6 ZATH,kVT,k (8 - V—) <0.
kek kek T.p

Consequently, if condition (33) holds and agent 1 uses the strategy defined by (31)
and (30), then

P{w2, <0} >P{s"" €8 (5,5)} >0,
which means that the strategy =2 does not survive. O

Proof of Theorem 3 Consider the basic strategy =’ defined by the sequence of deci-
sions (yt(s’) 0)(t=0,1,...). Denote by w,, t = 0, 1, ... the wealth of investor employ-
ing = and by wl, t=0,1,... the wealth of investor employing =’. Then, w/ = w,
(a.s.), and = is a survival strategy. Strategies =* and £’ do not allow for short sell-
ing (not just a.s., but everywhere). By applying Theorem 2 from Amir et al. (2013),
we obtain (16). O

7 Conclusion

The conventional theory of asset pricing currently prevailing in financial economics
is based on the Walrasian equilibrium paradigm going back to Leon Walras, one of
the classics of economic thought of the nineteenth century. Equilibrium models of
this kind typically describe the world of small investors who strive to maximize their
individual utilities of consumption subject to budget constraints. Market equilibrium
is understood as a situation in which the goals and interests of such economic agents
are equilibrated by the market clearing prices (though see, e.g., Flam 2019). In con-
trast with evolutionary finance, where equilibrium is defined in short-run terms,
consecutively from time ¢ to time ¢ + 1, in the classical setting one deals with a long-
run notion of equilibrium defined for the whole time horizon.

Evolutionary finance depicts a world radically different from the Walrasian
one—a world of large, even super large (primarily institutional) investors who may
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act on the global level, and whose fundamental objectives are of an evolutionary
character: e.g., survival, domination and fastest growth. In fact, fastest growth is
often related, and in our models is equivalent, to survival.? These factors, rather than
the utilities of individual consumption (one gets immeasurably more than one can
consume!), come to the fore. In this framework, investment decisions made by each
of the market players might substantially affect the equilibrium prices, in contrast
with a variety of classical market models where the influence of every particular
individual is negligible.

The problem of introducing short selling and endogenous asset supply in EF
models has been open for quite a while. The present work suggests a solution to
this problem for the EF framework with short-lived assets. It would be of interest
to extend the results obtained to another basic EF model, describing a market with
long-lived dividend-paying assets (Amir et al. 2011; Evstigneev et al. 2006). Up to
now attempts to make progress in this direction faced serious difficulties. Work on
this problem represents an interesting topic for further research.
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