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Abstract

The class of rank-additive social welfare orders (RA SWOs) includes rank-weighted
utilitarian, generalized utilitarian, and rank-discounted generalized utilitarian rules; it
is a flexible framework for population ethics. This paper axiomatically characterizes
RA SWOs and studies their properties in two frameworks: the actualist framework
(which only tracks the utilities of people who actually exist) and the possibilist frame-
work (which also assigns zero utilities to people who don’t exist). The axiomatizations
and properties are quite different in the two frameworks. For example, actualist RA
SWOs can simultaneously evade the Repugnant Conclusion and promote equality,
whereas in the possibilist framework, there is a trade-off between these two desiderata.
On the other hand, possibilist RA SWOs satisfy the Positive expansion and Negative
expansion axioms, whereas the actualist ones don’t.
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1 Introduction

Present-day social and economic policies will not only affect the quality of life of
future generations but also affect the number of people who exist in these generations.
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Thus, policy makers face a trade-off between the sheer number of future people and
their quality of life. Population ethics is the analysis of such trade-offs using tools from
social choice theory and moral philosophy. It arose as a response to the Repugnant
Conclusion, an ethical paradox first identified by Parfit (1984). Parfit noted that, under
seemingly plausible normative hypotheses, we should prefer a future where a hundred
trillion people lead wretched lives that are barely worth living, over a world where
a much smaller number (say, ten billion) lead lives of much higher quality. This
disturbing observation is not only a reductio ad absurdum of classical utilitarianism:
it also afflicts a wide variety of other moral systems, particularly versions of welfarist
consequentialism. A variety of solutions have been proposed, but none are entirely
satisfactory. Recent surveys of this literature are Arrhenius et al. (2019) and Greaves
(2017). For book-length treatments, see Ryberg and Tannsjo (2004), Blackorby et al.
(2005), Arrhenius (2018), and Arrhenius and Bykvist (2019).

Cowen (2004) observed that the Repugnant Conclusion has a similar structure to
the Saint Petersburg Paradox: in both cases, the paradox arises when a valuable thing is
allowed to become minuscule in one “dimension”, as long as it simultaneously grows
huge along some other dimensions. Cowen proposed that such paradoxes could be
avoided by insisting that the value of any single dimension be bounded. But he did
not formalize this idea. Earlier and independently, Sider (1991) had proposed a rule
of population ethics he called “geometrism”, which avoids the Repugnant Conclusion
through precisely the boundedness strategy suggested by Cowen. But Sider was well
aware of geometrism’s shortcomings (in particular, its anti-egalitarianism), and he
introduced it only as a counterexample to a conjectured impossibility result, not as a
serious alternative. More recently, Asheim and Zuber (2014, 2017) have studied and
axiomatically characterized rank-discounted generalized utilitarianism; like Sider’s
geometrism, it avoids the Repugnant Conclusion via Cowen’s boundedness strategy,
but unlike geometrism, it is also inequality-averse.

In this paper, I will introduce and axiomatically characterize a family of population
ethical theories which generalize both Sider (1991) and Asheim and Zuber (2014,
2017). To define this family, I need some terminology. A social outcome specifies both
what people exist and what the lifetime utility of each person is. A social welfare order
(SWO) is an ordering over social outcomes; it embodies not only ethical judgements
about the trade-offs we must make between the lifetime utilities of different people,
but also ethical judgements about trade-offs we must make between these lifetime
utilities and overall population size. For example, a SWO might judge that it is better
to have a relatively small population of relatively happy people, than to have a much
larger population of less happy people.!

I will assume that lifetime utilities are measured on an absolute, interpersonally
comparable scale, where a lifetime utility of zero is the lower limit for a life which is
“worth living”. If someone’s lifetime utility is positive, then this means that, for her,
it is better to exist than not to exist. But if her lifetime utility is negative, then this
means that, for her, it would have been better to not exist at all. Note that the fact that
a person’s life is worth living for her does not necessarily imply that it is ethically

' The term “SWO” is somewhat misleading, because this ordering may encode ethical judgements over
population size in addition to ethical judgements over welfare. But I use it because it is standard. In the
literature on population ethics, such orderings are also called population principles or population axiologies.
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better that she exist; it may be that adding a particularly unhappy life to an already
populous world is not an ethical improvement, even if the person who lives that life
still regards it as worth living, on the balance.?

I'will consider two kinds of SWO in this paper. They differ in the precise information
encoded in the social outcome. In a possibilist SWO, a social outcome assigns a lifetime
utility to all people who could possibly exist. If someone does not actually exist, then
she is simply assigned a lifetime utility of zero in this representation. Thus, possibilist
SWOs do not distinguish between an outcome where Alice exists but has a lifetime
utility of zero (i.e. a life so wretched that she is indifferent to not existing), and an
otherwise identical outcome where Alice simply doesn’t exist at all. In contrast, in an
actualist SWO, each social outcome specifies precisely which people exist. Thus, a
clear distinction is made between an outcome where Alice exists but has a lifetime
utility of zero, and an outcome where she doesn’t exist.

In both the actualist and possibilist frameworks, I will investigate a family of SWOs
that I call rank-additive. These are SWOs which admit an additively separable rep-
resentation, like the classical utilitarian or prioritarian SWOs. Each lifetime utility is
transformed by a continuous increasing function before summation. However, people
are ranked in order from lowest to highest lifetime utility, and different transformations
can be applied to different entries in this ranking. Thus, the person with the highest
lifetime utility may have her utility transformed in a different way than a person with
a lower lifetime utility, before summation. This generalizes rank-weighted utilitarian
(or generalized Gini) social welfare orders (Donaldson and Weymark 1980; Weymark
1981; Yaari 1988; Bossert 1990). But like Ebert (1988) and Zank (2007), it allows dif-
ferent utility transformation functions (as opposed to merely different multiplicative
weights) to be applied at different positions in the ranking.’

In defining rank-additive SWOs, there is a key difference between the actualist
and possibilist frameworks. In an actualist SWO, we only rank, transform, and sum
the lifetime utilities of the (finite) set of people who actually exist. By contrast, in a
possibilist SWO, we rank, transform, and sum the lifetime utilities of everyone who
could possibly exist—this includes a finite collection of nonzero utilities (amongst
those who actually exist) and also an infinite collection of zero utilities (of those who
do not exist). These zero utilities contribute nothing to the sum itself, but they have
implications for how we rank the utilities of the people who do exist. Because of this,
rank-additive axiologists have different functional forms in the actualist and possibilist
frameworks, and admit different axiomatic characterizations. In particular, possibilist
rank-additive SWOs always satisfy the axioms of Positive expansion and Negative
expansion, which say that it is always good to add another person whose lifetime
utility is above zero, and never good to add another person whose lifetime utility is

2 In these assessments, it is important that we work with lifetime utilities, not momentary utilities. Thus,
a judgement that “It would be ethically better if Alice did not exist” does not imply that Alice should
die—rather, it means it would have been better if Alice had never been born. Now that Alice does exist,
the axiological ordering will be increasing with respect to her lifetime utility, which in turn is typically an
increasing function of her lifespan.

3 Donaldson and Weymark (1980), Ebert (1988), and Bossert (1990) allow population size to vary, and
impose consistency conditions between evaluations for different populations sizes. But they do not discuss
population ethics; all comparisons in these papers involve two social outcomes with the same population,
rather than two social outcomes with different populations.
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below zero. This means they evade the Sadistic Conclusion, a paradox which afflicts
critical-level utilitarianism, average utilitarianism, and many other proposed solutions
to the Repugnant Conclusion (Arrhenius 2000). By contrast, actualist rank-additive
SWOs almost never satisfy Positive expansion and Negative expansion, and hence
frequently lead to the Sadistic Conclusion. On the other hand, actualist rank-additive
SWOs easily reconcile inequality aversion with avoidance of the Repugnant Conclu-
sion, whereas possibilist rank-additive SWOs do not. Sider’s (1991) geometrism is
a possibilist rank-additive SWO. Asheim and Zuber’s (2014, 2017) rank-discounted
utilitarianism is an actualist rank-additive SWO.

Most of the literature in population ethics adopts the actualist framework (e.g.
Blackorby et al. 2005). Perhaps this is because of the suspicion that there is something
nonsensical about imputing a utility to someone in a scenario where she does not
even exist, or making welfare comparisons between scenarios where she exists and
scenarios where she doesn’t. But several authors have argued convincingly that one
can make such welfare comparisons, once they are construed in the right way (Holtug
2001; Roberts 2003, §4; Adler 2008, SIII.A; Adler 2019, §II.A; Arrhenius and Rabi-
nowicz 2010, 2015; Fleurbaey and Voorhoeve 2015, §3). So possibilism cannot simply
be rejected as logically incoherent. The choice between the possibilist and actualist
frameworks thus turns on which of them offers more attractive solutions to the central
problems of population ethics. As we shall see, each framework has advantages and
disadvantages.

The remainder of the paper is organized as follows. Section 2 concerns possibilist
SWOs. Section 2.1 introduces the formal framework and key examples. Section 2.2
contains the first main result of the paper: an axiomatic characterization of possibilist
rank-additive SWOs. Section 2.3 contains further results, such as necessary and suffi-
cient conditions for these SWOs to be inequality-averse and to evade the Repugnant
Conclusion. Section 3 concerns actualist SWOs and has a similar structure: Sect. 3.1
introduces the framework and key examples, while Sect. 3.2 contains the second main
result of the paper: an axiomatic characterization of actualist rank-additive SWOs.
Section 3.3 contains further results. Section 4 discusses a major problem confronting
all rank-additive SWOs—their violation of the axiom of Existence independence—
and proposes some ways of mitigating this problem. Finally, Sect. 5 discusses some
undesirable properties of rank-additive SWOs.

2 Possibilist social welfare orders
2.1 Definitions and examples

Let 7 be an infinite set, whose elements represent all the people who could ever exist.
Let RZ be the set of all infinite Z-indexed profiles r = (r;);c7 of real numbers. For
all i € Z, interpret r; as the lifetime utility of individual i. If r; > 0, then overall, i
has a life worth living. If r; < 0, then overall, i has a life not worth living—it would
have been better if she had never existed at all. If r; = 0, then i’s life is indifferent to
non-existence. This is usually referred to as the neutral level of lifetime utility. We will
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also set r; = 0 in any scenario where i does not exist; the possibilist framework does
not distinguish between non-existence and existence with a neutral lifetime utility.

Let X be the set of all elements of RZ with only finitely many nonzero entries. An
element of X’ represents a complete specification of all the lifetime utilities of all the
people who will ever exist. (I assume this number to be finite.) I will refer to elements
of X as social outcomes. A possibilist social welfare order is a preference order (i.e.
complete, transitive, reflexive binary relation) > on &'. Let &~ denote the symmetric
part of >, and let > denote its asymmetric part.

If 7 : T—>7 is any bijection, then define 7* : RZ—RZ by setting 7*(r) :=
(rrzay)iez forallr = (ri)jez in RZ. Clearly, 7 (X) = &, and 7 restricted to X defines
a bijection from X to itself. We will be interested in SWOs satisfying the following
axiom:

Anonymity. If 7 : 7—7 is any bijection, and x € X, then x ~ 7 *(x).

This is a standard axiom, which says that the SWO must treat all people the same.
Let Ry :={r e R; r > 0}and let R_ := {r € R; r < 0}. Let Rﬁf’ be the
set of all infinite sequences r = (r,)52; of nonnegative numbers. Let RS be the
set of all elements of RS with only finitely many nonzero entries, and let Rf be
the set of all nonincreasing sequences in RY. Likewise define R> and R, and let
R™" be the set of all nondecreasing sequences in R¥. For any x € A, let xf >
x;' > x3+ > e 2 xl‘\’,' > 0 be all the positive entries of x, listed in decreasing
order with each value appearing as many times in this list as it appears in x, and
define xT := (x;r, x;’, x;r, R x;,r, 0,0,...), an element ofRil. Likewise, let x;” <
X, < x3 < --- < xy < 0 be all the negative entries of x, listed in increasing order
with each value appearing as many times in this list as it appears in x, and define
X = (X, Xy ,X3,...,%,,0,0,...), an element of RTT. Now define the function
¢ : X—>Rf x R by setting ¢(x) := (xT, x7), for any x € X. Clearly, ¢ is a
surjection. If >, is any preference order on Rf x R™", then we can define an SWO
> on X by the formula:

forallx,ye X (x>y) < (¢X =« ¢®¥). (2A)

It is easy to see that > satisfies Anonymity: if # : Z—Z is any bijection, and
x' = 7*(x), then ¢(x') = ¢(x), so that x ~ x’. Conversely, if > is an SWO on
X satisfying Anonymity, then there is a unique preference order >, on Ril x R
satisfying formula (2A). In other words, there is a natural bijective correspondence
between preference orders on R? x R™" and SWOs on X satisfying Anonymity.
A preference order on R? x R>" enables us to treat a person’s lifetime utility
differently depending on how it is ranked relative to the lifetime utilities of other
people. There are at least two reasons why this is useful. The first is aversion to
inequality, which suggests that a small increase in the utility of a less happy person
is more valuable than a similar increase in the utility of a more happy person, ceferis
paribus. The second reason is specific to population ethics: the introduction of a new
person with a relatively good life is generally regarded as desirable, whereas the
introduction of a new person with a relatively mediocre life might be regarded as
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undesirable in some situations, even if that life is on the balance worth living. Both of
. . . . oy o
these intuitions can be formalized using orderings on R " x R_".

A social welfare function* (SWF) is a function W : X—>R. It is rank-
additive (RA) if there are continuous, increasing functions ¢,;7 : Ry — R, and
¢, : R_.—R_ with ¢;F(0) = 0 = ¢,, (0) for all n € N, such that for any x € X, we
have

WE) =Y _oreh + > ¢, (). (2B)
n=lI n=1

(There are only finitely many nonzero summands, by the definition of X.) A SWO
> is rank-additive if it is represented by a rank-additive social welfare function. For
example:
— Suppose that d)”i (r) = r forall r € Ry and all n € N.5 Then we obtain the
classical utilitarian SWF, defined by

o0 o
W(X)=an+ + Zx;=2x,~, forallx € X. (20)
n=1 n=1 ieZ

— Let ¢ : R— R be a continuous, increasing function with ¢ (0) = 0. Suppose that
¢ff(r) = ¢(r) for all r € Ry and all n € N. Then we obtain the generalized
utilitarian SWEF, defined by

WX =Y o) + Y ¢@) = Y ¢), forallxeX. (2D)
n=I

n=1 ieZ

In particular, if ¢ is strictly concave, then (2D) is called a prioritarian SWF, and
exhibits inequality aversion.

— Let {¢;F}°2, and {c; }°° | be two sequences of positive constants. Suppose that
¢E(r) = ¢ rforallr € Ry and all n € N. Then we obtain the rank-weighted
utilitarian SWF (Weymark 1981; Yaari 1988):

oo oo
WE) =Y c¢ixi + Y c,x,, forallxeX. (2E)
n=1 n=1

— In particular, let 8 € (0, 1), and suppose that ¢ni (r) = B"rforall r € Ry and all
n € N. Then we obtain the geometric SWF proposed by Sider (1991):

o0 o0
Wx) =Y p'xi + > p'x;,  forallxeX. (2F)
n=1 n=1

4 As noted in footnote 1, this terminology is somewhat misleading. But I use it because it is standard.

5 In other words, ¢2’ (r) =rforallr € Ry and ¢, (r) = r forallr € R_.1will often use the notation “+”
in this way to simultaneously make two assertions: one in which all uses of “£” in a particular statement
become “+”, and the other in which all uses of “+” in that statement become “—".
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The classical utilitarian SWF (2C) arises as a special case of generalized utilitarianism
(with ¢ (x) = x) and rank-weighted utilitarianism (with c,f = 1 for all n € N).
Unfortunately, as is well known, any generalized utilitarian SWF (and in particular,
the classical utilitarian SWF ) leads to Parfit’s Repugnant Conclusion. In contrast, the
rank-weighted utilitarian SWF (2E) evades the Repugnant Conclusion, as long as the
sequence {c, }52 | decays quickly enoughthat } 77 | ¢, < oo (see Proposition 2.2(a)).
However, in this case, the rank-weighted utilitarian SWF is anti-egalitarian amongst
all people with positive lifetime utility (see Proposition 2.4). To reconcile inequality
aversion with evasion of the Repugnant Conclusion, we will need to consider rank-
additive SWOs defined by other choices of functions {(]),:I'E}oo

n=1"
Rank-additive SWOs have several attractive properties. For any x,y € & and
z € RV, write “y = x W z” if there exist distinct ji, j2,..., jy € Zsuchthatx; =0

and y;, = z, foralln € [1...N], while x; = y; foralli € 7'\ {jl,jz,...,jN}.6
In other words, y is obtained by adding to x exactly N new people, whose lifetime
utilities are given by (z1, ..., zy). For any r € R, we define x W r := x & z, where z
is an outcome containing a single individual with lifetime utility r. It is easily verified
that any rank-additive possibilist SWO satisfies the next four axioms.

Pareto. For all x,y € X, if x; > y; foralli € Z, then x > y. If, furthermore,
x; > y; forsomei € 7, then x >y.

Positive expansion (or Mere Addition). Forany x € X' and any r > 0, xWr > x.
Negative expansion. For any x € X andany r < 0, x4 r < x.

No Sadistic Conclusion. For any x € X, any N, M € N,and any y € Rﬁr and
zeRY xwy>xwz.

Positive expansion says it is always good to add another person whose life is worth
living (i.e. whose lifetime utility is positive). Negative expansion says it is always
bad to add another person whose life is not worth living (i.e. whose lifetime utility is
negative). Both of these are consequences of the Pareto axiom. Meanwhile, No Sadistic
Conclusion s a consequence of Positive expansion and Negative expansion; it means
that rank-additive possibilist SWOs avoid a well-known problem of average utilitarian
and critical-level generalized utilitarian principles first identified by Arrhenius (2000).”
For any x € RS, let [x| denote the number of nonzero entries in X. Rank-additive
possibilist SWOs also satisfy the next axiom.

Existence independence of the wretched. For all x,y € X and N,M € N
such that |xT| = |[y*| = N and |x~| = |y"| = M, and any z € R such that
max{x;,l, y;,[} <z< min{x;, y;}, we havex > yifandonlyifx Wz > yWwz.

This axiom is similar to the axiom of Existence independence of Blackorby et al.
(2005, §5.6), but it only applies the people whose lifetime utilities are close to zero
(“the wretched”).8

An important feature of RA possibilist SWOs is that individuals with positive
lifetime utilities (i.e. lives worth living) are evaluated using the functions {¢," 190

6 Throughout this document, the notation “[1 ... N]” refers to the set {1, ..., N}. Likewise, “[N ...00)”
refers to the set {N, N + 1,...}.

7 See just formula (3C) for the definition of critical-level utilitarianism.

8 See Sect. 4 for further discussion of the Existence independence axiom.
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868 M. Pivato

whereas individuals with negative lifetime utilities (i.e. lives not worth living) are
evaluated using {¢, }°° . This gives us the freedom to treat lives which are not worth
living in a completely different way than we treat lives worth living, in accord with
many people’s ethical intuitions. For example, if we augment a social outcome by
adding a trillion wretched lives that are barely worth living, then a rejection of the
Repugnant Conclusion suggests that the marginal gain in social welfare obtained by
adding the trillionth such life is less than the marginal gain from adding the first such
life. But if we add a trillion lives of terrible suffering that are clearly not worth living,
then our ethical intuitions suggest that the addition of the trillionth such life adds
just as much evil to the world as the first one. This intuition is sometimes called the
asymmetry (McMahan 1981, 2009; Roberts 2011, 2019). Since {¢," }o2 and {¢, 152
can have different properties, it is easy to accommodate this intuition.

It seems natural to assume that {¢;" }o2; and {¢, }7° | should both arise as restric-
tions to R4 and R_ of some common family of utility functions defined on all of R, as
in the generalized utilitarian SWF in formula (2D). If they didn’t, and we treated neg-
ative and positive utilities in a completely different way, then one might worry about
creating an “ethical discontinuity” in our treatment of an individual as her lifetime util-
ity changes from positive to negative. But this concern is misconceived. To understand
this, let x € X be a social outcome, and define x* = (x1+, x;r, x;r, R x;\;, 0,0,..)
and X~ = (x;,x, ,Xx;,...,%),,0,0,...) as prior to statement (2A). If we imagine
all the coordinates of x of being arranged in decreasing order, then the (infinite) num-
ber of zero coordinates will all appear between the coordinates of x* and those of x™.
In other words,

+ o+ o+ + - - = -
X = (X, Xy, x3,...,%5,0,0,0, ... ... ,0,0,0, x5, ..., x5, x5, X1 ).

Observe that {¢," }n2; deal with the coordinates at the left end of this infinite array,
while {¢, }°2 | deal with the coordinates at the right end. There is no reason to believe
that these two families of functions should have anything in common with one another.
Indeed, suppose we gradually reduce one individual’s lifetime utility, while holding
all other utilities constant. As her utility decreases, it is shuffled further and further
rightward in the ordering of x1+, ceey x;. But when it passes from positive to negative,
it jumps an infinite number of positions rightward (leaping over the infinite number of
zero coordinates), to become part of x,, ..., x; . If there is an “ethical discontinuity”
in our treatment of the person at this moment, it can be attributed to this infinite jump.

2.2 Axiomatic characterization

The first main result of the paper is an axiomatic characterization of rank-additive
SWOs in the possibilist framework. This will use the Anonymity and Pareto axioms

. . . . N

introduced in Sect. 2.1, along with two other axioms. For any N € N, let R +¢ =
N

reRY; ri>rm>--->ry>0LandletR :={reR; riy <rm < - <

N . . o
ry < 0}. We can treat R +l as a subset of Ril in a natural way, by identifying the
N-tuple (x1, x2, ..., xy) with the sequence (x1, x2,...,xy,0,0,...). Likewise, we
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N 2 3 4

can treat R_" as a subset of R™". Note that Ry C Rﬁ CRYcC--C Rii and
2 3 4

R cRY c R C -+ ¢ RX. It follows that’

&y
+

(@

RY xRY = [ (R} xR, (2G)

N=1

For all N € N, let >y be the restriction of >, to RT X RiVT. The order >, is
uniquely determined by this sequence (>x)%_, of finite-population SWOs. The next

. N Ny .
two axioms concern these orders. Note that R +l x R™T is a closed convex subset of
RY x RV = R?V; endow it with the subspace topology it inherits from R* . We need
two more axioms.

Continuity. For every N € N, the order >y is continuous on RT X RIXT.
Separability. Forevery N € N, and every pair of subsets 7, J— C [1... N], there
is a preference order > 7, defined on R7+ x R7- such that, for any x = (x*,x")

andy = (y",y7) in RT x R if x,7 =yt foralln € [1...N]\ J4, and
x, =y, foralln e [1...N]\ J-, then x >y y if and only if (x}+,x}_) =Ty

0.y

These axioms are somewhat weaker than the familiar axioms with similar names: they
only apply to the restriction of > to a population of fixed, finite size N, and only
compare social outcomes that are comonotonic. The Continuity axiom says that a
small change in the lifetime utilities of individuals should only cause a small change
in the ranking of the social outcome, in comparison with other social outcomes hav-
ing the same population. Separability says that, if certain people (namely those in
[1...N]\ J+) have the same positive lifetime utility in two social outcomes x and
y, and furthermore occupy the same position in the ranking from best-off to worst-
off, then the comparison between x and y should be entirely determined by other
people—those whose utilities differ from x to y (namely those in J ). Likewise, if
certain people (namely thosein [1... N\ J-) have the same negative lifetime utility
in two social outcomes x and y, and furthermore occupy the same position in the rank-
ing from worst-off to best-off, then the comparison between x and y should be entirely
determined by other people—those whose utilities differ from x to y (namely those
in J_). Thus, this axiom has the same normative content as the standard Separability
axiom—it is just more complicated to state (and in fact, logically weaker), because it
must deal separately with people having positive and negative lifetime utilities, and
furthermore only deals with rank-ordered vectors of utility. Here is the first main result
of the paper.

P N
9 To see this, let (x+, X") € ]Ri¢ X R(jT. Then xT € ]R_'_¢ and X~ € R_T for some P, N € N. Let
Pi M¢ NT MT F oo M¢ MT
M :=max{P,N};then,R+ §R+ and R_" CR_",sothat (x™,x7) €R+ xR_".

10 Here, x?i = (xji) jeJysan element of RT*, Strictly speaking, the order > A need only be defined
S/ . N o T og
onR, " xR_" .Butit makes no difference if we suppose it is defined on all of RY/+ x R~.
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870 M. Pivato

Theorem 1 Let = be a possibilist SWO on X. Then = satisfies Anonymity, Continuity,
Pareto, and Separability if and only if it is rank-additive. Furthermore, in the repre-
sentation (2B), the functions {¢ni}f1’°=] are unique up to multiplication by a common
positive constant.

Proof sketch Forall N € Nandall x € R_A& X RTT, use the classic representation
theorem of Debreu (1960) to obtain a “local” additive representation of > in a
neighbourhood of x. Then glue together these local representations to obtain a single,

global additive representation on all of ]R_ZZ¢ X RYT, using a result of Chateauneuf and
Wakker (1993). Finally, for any N < M, use the natural embedding Ri\_% X R]XT -
R% X RIXIT together with standard uniqueness results to show that the 2N utility
functions involved in the additive representation on ]R_/;:i X ]R]l/T are actually the first 2N

N . . . .. . M M .
utility functions involved in the additive representation on R, *xR”". See Appendix A
for details.

Independence of the axioms Consider a rank-additive SWF (2B). If some of the
functions {¢,jf}";°:1 are not increasing, but all are continuous, then the resulting SWO
violates Pareto but satisfies the other three axioms of Theorem 1. If, on the other hand,
some of {qﬁf}j’lo_l are not continuous, but all are increasing, then the resulting SWO

violates Continuity but satisfies the other three axioms.
Next, suppose we replace (2B) with the expression (2 x+)2 — (o2 1x, |)2.

n=1"n

The resulting SWO violates Separability but satisfies the other three axioms. Finally,
foralli € Z, let ¢; : R—> R be a continuous, increasing function with ¢;(0) = 0,
and define W : XY — R by setting W(x) := ) ; <7 @i (x;) (well defined because only
finitely many summands are nonzero). The resulting SWO > satisfies Pareto, but if
the functions {¢; };<7 are distinct, then it violates Anonymity. It is meaningless to ask
whether > satisfies Continuity or Separability, since these axioms are formulated in
terms of the order >,, which is not even well defined if > violates Anonymity. But
for any finite subset J C Z, if we define > 7 to be restriction of > to the (finite-
dimensional) subspace RT x {O}I\j , then it is easy to see that > 7 satisfies axioms
analogous to Continuity and Separability.

2.3 Further results

I earlier noted that any rank-additive SWO satisfies the axiom Existence indepen-
dence of the wretched. We might also consider SWOs that satisfy the following
axioms:

Top-independence in good worlds. Forall x,y € A such thatx; > Oand y; > 0
foralli € Z,and all z € R with z > max{xr, yi"}, we have x > y if and only if
XWz>yWwz.

Bottom-independence in bad worlds. For all x,y € X such that x; < 0 and
yi <O0foralli € Z, and all z € R with z < max{x|", y, }, we have x > y if and
onlyifxWz >yWz.
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These axioms are similar to Separability; they say that, when comparing certain kinds
of social outcomes, we can disregard the utility—or even the existence—of certain
people who are indifferent between these outcomes. The first axiom is like Asheim
and Zuber’s (2014) axiom Existence independence of the best off, except that it applies
only in “good” worlds, where everyone’s lifetime utility is nonnegative. The second
axiom is like Asheim and Zuber’s (2014) Existence independence of the worst off,
but it applies only in “bad” worlds.'! The next result says that these axioms lead to
something resembling Sider’s (1991) “geometric” SWF from formula (2F).

Proposition 2.1 Let > be a rank-additive possibilist SWO with the SWF (2B).

(a) > satisfies Top-independence in good worlds if and only if there is a continuous,
increasing function ¢ : Ry —> R (unique up to multiplication by a positive
constant) and a unique constant B4 > 0 such that ¢;F = B ¢t foralln e N.

(b) > satisfies Bottom-independence in bad worlds if and only if there is a con-
tinuous, increasing function ¢~ : R_—>R_ (unique up to multiplication by a
positive constant) and a unique constant B_ > 0 such that ¢, = p" ¢~ forall
neN.

(c) If > satisfies the conditions of both (a) and (b), then ¢ and ¢~ are unique up to
multiplication by the same positive constant.

If = satisfies both Top-independence in good worlds and Bottom-independence
in bad worlds, then Proposition 2.1 yields a variant of Sider’s geometric SWF. But
nothing in Proposition 2.1 requires f+ = P_, nor are either By or B_ required be
less than 1.

Repugnant Conclusions For any N € N, let 1y refer to an element of X such
that exactly N coordinates take the value 1, and all other coordinates are zero. (By
Anonymity, it does not matter which coordinates we choose.) For any r € R, r 1y
refers to the corresponding element of X such that exactly N coordinates take the
value r, and all other coordinates are zero. Consider the following axioms.

No Repugnant Conclusion. There exist rp > 0 and x € X such that x > ro 1y
forall N € N.

No utility monsters. For all N € N, there exists x € X’ such that x > r 1 for all
r>0.

The first axiom rules out Parfit’s Repugnant Conclusion. It says there is a minimum
positive utility r¢ (representing a life which is technically worth living, but perhaps not
very pleasant) and a social outcome x (e.g. the population of a modern industrialized
country) which is better than any population of people with life utilities less than or
equal to rp, no matter how large this population becomes. The second axiom rules out
Nozick’s (1974) Utility Monster paradox. It says that for any finite-population size
N, there exists a social outcome (presumably involving a larger number of people)
which is better than any society which involves only N people, no matter how high
their lifetime utilities becomes. Thus, even if the first N people are somehow much

11 Asheim and Zuber’s axioms are also stronger in that they compare populations of different sizes. Also
similar are the axioms HIGAP and LIGAP, used by Bossert (1990) to characterize single-series Gini SWOs.
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1 2 3 4 5 6 7 8 9

Fig. 1 Functions ¢,T(r) =n- (1 —exp(—r/n)), forn € {1...10}

more efficient at converting resources into lifetime utility than everyone else, the SWF
does not allow them to simply absorb unlimited amounts of resources from the rest of
humanity to boost their own utilities.

P_roposition 2.2 Let > be a rank-additive possibilist SWO with the SWF (2B). Let
W :=sup{W(x), x € X'}.

(a) > satisfies No Repugnant Conclusion if and only if there exists ro > 0 such that

o0
D o) < W.
n=1
N —
(b) > satisfies No utility monsters if and only if lim On (1) < W, for all
r—o0 n=
N e N.

If W < oo, then both these conditions are satisfied.

It is well known that Nozick’s Utility Monster paradox can be evaded by using
a generalized utilitarian social welfare like (2D) when the function ¢ is bounded
above. In particular, some prioritarian social welfare functions have this form. But
Proposition 2.2(b) goes beyond this trite observation, because in an RA SWEF, the
functions {¢;}52 | need not be identical, so they need not have the same upper bound.
For example, suppose that ¢, (r) := n- (1 —exp(—r/n)) foralln € Nandallr € Ry;
then, the condition of Proposition 2.2(b) is satisfied. However, as shown in Fig. 1, we

have sup(¢,/ (Ry)) = n foralln € N.

The Saint Petersburg paradox The Repugnant Conclusion and the Utility Monster
are both ethical paradoxes which arise when a valuable thing is allowed to become
extremely small in one “dimension”, as long as it simultaneously grows extremely
large along some other dimensions. Perhaps the earliest paradox of this kind is the
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Saint Petersburg Paradox (Bernoulli, 1738 [1954]). This suggests the next axiom. Let
W : X—R denote a SWF representing a SWO >.

No Saint Petersburg Paradox. There is some € > 0 and some x € X’ such that for
anyy € Xandany p <e, W(x) > p W(y).

Let z be an outcome such that W(z) = 0 (for example, the “empty world” where
zi = 0foralli € 7). We can interpret p W(y) as the expected W value of a lottery
which yields y with probability p, and z with probability (1 — p). Thus, No Saint
Petersburg Paradox says that the sure outcome x is better than any such lottery, no
matter how good y is.!?

Proposition 2.3 Let > be a rank-additive possibilist SWO with the SWF (2B). Then >
satisfies No Saint Petersburg Paradox if and only if sup{W (x); x € X'} < oo. In this
case, = automatically satisfies No Repugnant Conclusion and No utility monsters.

Inequality aversion Let x,y € X. Say that y is a Pigou-Dalton transform of x if
there exist j,k € Zand € > O such that y; = x; + € < yx = x; — €, while y; = x;
for all otheri € 7 \ {j, k}. Consider the following axioms.

Inequality neutrality. Let x,y € &. If y is a Pigou—Dalton transform of x, then
y X X.

Inequality aversion. Let x,y € X. If y is a Pigou—Dalton transform of x, then
y=Xx

Strict inequality aversion. Let x,y € X. If y is a Pigou—Dalton transform of x,
theny > x.

Proposition 2.4 Let > be a rank-additive possibilist SWO with the SWF (2B).

(a) > satisfies Inequality neutrality if and only if it is classical utilitarianism.
(b) > satisfies Inequality aversion if and only if, foralln,m € N, r,s € Rande > 0:

(i) Ifr =20 > s, then o;f (r + €) — ¢ (r) < ¢, (5) — by, (s — €).
(i) Ifn <mandr >s > € >0, thend, (r +¢€) — ¢, (r) < ¢f(s) — ¢,f (s — o).
(iii) Ifn > mands <r < —€ <0, theng, (r+¢€)—¢, (r) < ¢, (s)—¢,, (s —¢€).

Thus, for all g € Ry, we have

@) <PF (@) <Pi (@) <o
""" < =5 (—9) < =y (—) < —¢1 (). (2H)

In particular, if {¢," )52, and (¢, }°2 | are differentiable, then for any positive non-
increasing sequence ry > ry = r3 = --- > 0 and negative nondecreasing sequence
si<s2<s3< <0,

12 Technically, this “lottery” interpretation goes beyond the formal framework of the rest of the paper,
which involves no risk. But in reality, social decisions always involve risk. I have confined the analysis to
riskless decisions only for simplicity. We could explicitly model risk using social lotteries, and then, No
Saint Petersburg Paradox could be stated directly in terms of such lotteries. But this would also raise many
other issues that are beyond the scope of this paper; see, for example, Mongin and Pivato (2015, 2016,
2018).
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@) (r1) < (@) () < (@) (r3) < -+ -
""" < (@3 (53) < (6,)(52) < (1) (5). @I

(c) > satisfies Strict inequality aversion if and only if all the statements in part (b)
hold with strict inequalities.

Example 2.5 The generalized utilitarian SWF (2D) satisfies Inequality aversion if and
only if the function ¢ is concave; it satisfies Strict inequality aversion if and only
if ¢ is strictly concave. The rank-weighted utilitarian SWF (2E) satisfies Inequality
aversion if and only if c]+ < c;r < c;r <o K c3 K¢y K itsatisfies Strict
inequality aversion if and only if these inequalities are all strict. Note, however, that
in a general rank-additive SWF, we do not need the functions {¢; }o2,and {¢, }°° | to
be concave to ensure inequality aversion, as long as the conditions of Proposition 2.4
are satisfied. O

Unfortunately, by comparing Proposition 2.4 with Proposition 2.2(a), one sees that
it is impossible to simultaneously satisfy Inequality aversion and No Repugnant
Conclusion. If € > 0 is small, then No Repugnant Conclusion requires the sequence
{o,F (€)}52 to be summable, whereas Inequality aversion requires this sequence to be
nondecreasing as in (2H)—a contradiction. Thus, to avoid the Repugnant Conclusion,
we must somehow weaken Inequality aversion. Let 6 > 0. Letx,y € X. Say thaty is
a O-restricted Pigou-Dalton transform of x if there exist j, k € Z and € > 0 such that
yj =xj+e€ < yp = xp—¢€,while y; = x; forall otheri € 7'\ {j, k}, and furthermore,
none of x;, y;, Xk, yx is in the interval [0, 6]. Consider the following axioms.

Restricted inequality neutrality. There is some 6 > 0 such that, for any x,y € X,
if y is a f-restricted Pigou—Dalton transform of x, then y ~ x.

Restricted inequality aversion. There is some 6 > 0 such that, for any x,y € X,
if y is a O-restricted Pigou—Dalton transform of x, then 'y > x.

Restricted strict inequality aversion. There is some 6 > 0 such that, for any
X,y € &, if y is a @-restricted Pigou—Dalton transform of x, then y > x.

This might seem like a rather stingy version of inequality aversion, since it specifically
excludes the wretched. But it allows us to avoid the Repugnant Conclusion.

Proposition 2.6 Let > be a rank-additive possibilist SWO with the SWF (2B).

(a) > satisfies Restricted inequality neutrality if and only if there are linear functions
¢* : Ro.—> Ry and constants {c, }o2 | such that for alln € N, ¢, = ¢~ and
¢ (r)=¢t(r) +cpforallr > 6.

(b) > satisfies Restricted inequality aversion if and only if, for all n,m € N, all
r,s € Randall € > 0:

—Ifr=>0>02=sthend, (r+e)— ¢ (r) < ,(s) — ¢, (s —€).
~Ifn<mandr >s>¢e+60>0,thend,} (r+€)—¢;F(r) < P (s) —¢,f (s —e).
—Ifn>mands <r < —€ <0, then¢, (r +¢) — ¢, (r) < ¢,,(s) — ¢, (s —€).

In particular, for all r < 0, the sequence {¢, (r)};°, is nonincreasing.
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1.25

Fig.2 Functions ¢>,T(r) in Example 2.7, forn € {1, ..., 5}

(c) > satisfies Restricted strict inequality aversion if and only if all the statements
in part (b) hold with strict inequalities. In this case, for all r € R_, the sequence
{@, (N}72, is strictly decreasing.

Note that Proposition 2.6 does not require the sequence {¢," (r)}o2, to be nonde-
creasing for any r > 0. In effect, ¢, must be inequality-averse for “sufficiently large”
lifetime utilities (those above the threshold 8), but to block the Repugnant Conclusion,
@,” must become increasingly inequality-seeking for “small” positive lifetime utilities
(those in [0, €]), as n—oo. This is because the rank-additive SWF (2B) must assign
rapidly decreasing marginal value to adding more wretched people to an already very
populated world. But to respect Positive expansion, > must still regard these wretched
new lives as a net improvement, as long as they are lives worth living. The only way
to reconcile these two conflicting imperatives is for the slope of ¢, near zero to decay
to zero as n—00.!3

Example 2.7 For alln € N, leta, := In (1 + %), and then define

anr if  rel0,1];

+ —
O (1) = n(r+%) if r>1

(See Fig. 2.) If n is large, then a,, ~ 1/n? (by the Taylor expansion of In(x) around
x = 1). Thus, for all r € [0, 1], we have Y 02, ¢, (r) ~ r - Y 2 =, which is
finite; thus, the hypothesis of Proposition 2.2(a) is satisfied, so the resulting RA SWO

satisfies No Repugnant Conclusion (for any ro < 1). Meanwhile, for all n € N, we
have

13 Similarly, Roemer (2004) proposed an axiom he called Triage, which treats individuals differently
depending on whether their utility is above or below a threshold corresponding to a “barely mediocre” life.
But Roemer was not concerned with population ethics; rather, he was concerned with reconciling conflicting
intuitions about distributional ethics which apply at different levels of utility.
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((ﬁ;)/(}") = m, forall r € (1, 00).

Thus, ¢>,1+ is concave increasing on [1, 0o), and furthermore, if n < m and r > s, then
(qb;r Y(r) < (qb;g )'(s). Thus, the second condition in Proposition 2.6(c) is satisfied
(with 6 := 1). Observe that (qb,f)’(r) < lforalln € Nandr € Ry. Thus, if ¢~ :
R_—R_ isany concave, increasing, differentiable function such that ¢~ (0) = 0 and
(¢7)'(0) > 1, and we define ¢, := ¢~ for all n € N, then the other two conditions
of Proposition 2.6(c) are also satisfied. Thus, the resulting SWO satisfies Restricted
strict inequality aversion. O

Related literature  In possibilist population ethics, a lifetime utility of zero plays
a special role, because it is the utility assigned to non-existent people. This makes it
possible to axiomatize SWOs that treat positive and negative utilities differently—a
possibility first recognized by Blackorby and Donaldson (1982) and further developed
by Zank (2007). Like the results in this section, Zank axiomatically characterizes rank-
dependent SWOs that assign special significance to zero utility, and hence treat positive
and negative utilities differently. However, he works with a fixed population and uses
different axioms than the ones used here.

3 Actualist social welfare orders
3.1 Definition and examples

As in Sect. 2, let Z be an infinite set, whose elements represent all the people who
could ever possibly exist. Let R, := R {7}, where 7 is a special symbol representing
“non-existence”. Let Rf be the set of all Z-indexed profiles r = (r;);c7 of R.. For
all i € Z, if r; = 7, then this means i does not exist. On the other hand, if ; € R,
then interpret r; as the lifetime utility of individual i, with the same interpretation as
in Sect. 2: if r; > 0, then i’s life is worth living, if r; < 0, then i’s life is not worth
living, and if r; = 0, then i’s life is indifferent (for her) to non-existence.

Let X be the set of all elements of ]Rf where only finitely many entries are not
equal to 3. (Some of these non-7 entries may be zero.) An element of X, represents
a complete specification of all the people who will ever exist (I assume this number
to be finite), and the lifetime utilities each of them. I will refer to elements of Xy as
social outcomes. An actualist social welfare order is a preference order on X'

If # : Z—>7 is any bijection, then define 7* : ]Rf—)]Rf by setting 7*(r) :=
(rz@))iez forallr = (r;)je7 in Rf. Clearly, m(Xy) = X, and 7 restricted to Xy
defines a bijection from X to itself. We will be interested in SWOs satisfying the
following axiom:

Anonymity. If w : Z—7 is any bijection, and x € X, then X ~ 7*(x).

14 There is a risk of terminological confusion here: “moral actualism” has also been used to refer to the
philosophical claim that ethical judgements should be based only on the interests of the people who actually
exist. See Hare (2007) for a refutation of this position. This is not what I mean by the term.
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For any x € X, let |[x| be the number of non-3 entries in x. In particular, let ¢ be the
empty world: the unique element of X, such that all entries are 3; then, |#| = 0. If
|x| > 0, then we say x is nonempty. For any N € N, let Xy := {x € RZ; |x| = N},
and let RM .= {r e RY, ri <rm<--< ry} be the set of all nondecreasing
elements of RY. For any x € Xy, let x := (xlT,x;, ...,xjt,) € RM be the N-
dimensional vector consisting of all non-7 entries of x, listed in nondecreasing order.
Let R*t := U?\,o: 1 RNt and let >, be a preference order on R**. Then we can define
an SWO > on Xy by the formula:

forallx,y € Xx (xzy) & (x! =.y"). (3A)

It is easy to see that > satisfies Anonymity: if m : Z—7 is any bijection, and
y = 7*(x), theny’ = x1, so that x ~ y. Conversely, if > is an SWO on X, satisfying
Anonymity, then there is a unique preference order >, on R*t satisfying formula
(3A). In other words, there is a natural bijective correspondence between preference
orders on R*t and SWOs on X satisfying Anonymity. Thus, we can work directly
with preference orders on R*.

For all n € N, let ¢, : R—> R be a continuous, increasing function. Consider the
social welfare function W : Xy,—> R defined as follows:

||
W@) := 0, and W(x) := Zq&n(x;), for all nonempty x € X. (3B)

n=1

This is called an ascending rank-additive (ARA) social welfare function. The social
welfare order it represents is an ascending rank-additive SWO. For example:

— Suppose ¢ € R, and ¢,(r) = r —c forall n € N and all »r € R. Then formula
(3B) yields the critical-level utilitarian SWF. In particular, if ¢ = 0, then we get
the classical utilitarian SWF. If ¢ : R—> R is a continuous, increasing function,
and ¢, = ¢ for all n € N, then (3B) yields a generalized utilitarian SWF:

||
W@) := 0, and W(x) := Zq&(x,?), for all nonempty x € . (3C)

n=1

— Let {a,};2 | be a decreasing sequence of positive constants, and suppose ¢, (r) =
apr foralln € N and all r € R. Then formula (3B) yields an ascending rank-
weighted utilitarian SWF.

— More generally, let ¢ : R— R be a continuous, increasing function, and suppose
¢n(r) = a,¢(r) forall n € N and all » € R. Then formula (3B) yields an
ascending rank-weighted generalized utilitarian SWF:

x|
W(x) := Zan d(x]), forallx € Xy. (3D)

n=1

These have been studied by Asheim and Zuber (2017). In particular, let 8 € (0, 1),
and for all n € N, let ¢, := B" ¢. Then formula (3D) becomes a rank-discounted
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generalized utilitarian SWF, which was axiomatically characterized by Asheim
and Zuber (2014):

x|

W)=Y B ¢(x]), forallx e Xy. (3E)

n=1

In these examples, I do not assume that ¢, (0) = 0. In other words, I do not assume
that the existence of an individual with a neutral level of lifetime utility is ethically
equivalent to her non-existence. In fact, even if ¢, (0) = 0 for all n € N, this would
not be the case: introducing a new person with zero lifetime utility can change the
rankings of people who already exist, thereby changing overall social welfare in a
complex way. Thus, ARA SWOs are fundamentally different from the possibilist
rank-additive SWOs introduced in Sect. 2; they typically do not satisfy either Positive
expansion or Negative expansion.

However, as noted by Asheim and Zuber (2014, 2016, 2017), ARA SWOs are
attractive because they can avoid the Repugnant Conclusion while exhibiting inequal-
ity aversion at all welfare levels. To see this, consider the ascending rank-weighted
generalized utilitarian SWF (3D). For simplicity, suppose ¢ (r) = r for all r € R.
If the sequence {a,};° | is decreasing, then this SWF is inequality-averse, because it
assigns lower marginal social welfare to the lifetime utilities of more fortunate indi-
viduals (who appear higher in the ranking). Furthermore, Asheim and Zuber (2017,
Proposition 6) show that this SWF avoids the Repugnant Conclusion if and only if
Y n an < oo. Clearly, this summability condition is compatible with {an};2 | being
adecreasing sequence—for example, it is satisfied by the rank-discounted generalized
utilitarian SWF (3E). I generalize this result in Proposition 3.2.

3.2 Axiomatic characterization

I will characterize ARA SWOs with six axioms. The first one is Anonymity. The next
three are quite standard and also appeared in Sect. 2.2. To state these axioms, suppose
an SWO > on X satisfies Anonymity. Then it can represented by a preference order
>, on R*t. For any N € N, recall that RNt © R*t; let =y be the restriction of >,
to RV Note that RV is a closed, convex subset of R"; endow it with the subspace
topology it inherits from RY. The next two axioms concern the preference orders
=nIRr

Continuity. For every x € Xy, and every N € N, the upper contour sets {y';

y € Xy and x < y} and the lower contour sets {y';y € Xy and x > y} are closed

subsets of RV1.

Pareto. For every N € N and for all x,y € RM if x, > yp foralln € [1...N],

then x >y y. If, furthermore, x, > y, forsomen € [1... N], thenx >y y.
These axioms have the same justification as the corresponding axioms in Sect. 2. Note
that Continuity is slightly stronger than requiring the orders >y to be continuous: it
also requires closure of contour sets determined by elements outside of Xy .

15 Blackorby et al. (2001, 2005) and Asheim and Zuber (2017) refer to a similar axiom as Extended
continuity.
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To formulate the last axiom, we need some notation. Let x € Xy, let N := |x|,
letn € [1...N], and let b € R be such that x| | < b < x,.'® Let b,x be

the unique element y € X such that |y| = |x|, y,I = b, and y,Tl = an1 for all other

me([l...N]\ {n}.V

Nowletn <m € N,andleta < b < ¢ < d € R.Iwill write (a ~» b) = (¢ * d)
if there exists x € Xy such that x,I =a, x,Il = ¢, boyX, and d(,)x are well defined,
and b;)X & d,)X. This means that switching a to b in coordinate n is “ethically
equivalent” to switching ¢ to d in coordinate m. If > is represented by a SWF W,
then (a ~» b) = (c +> d) if the change in W induced by switching a to b in the
nth coordinate is exactly equal to the change in W induced by switching ¢ to d in
the mth coordinate. If W has an ascending rank-additive representation (3B), then
(a ~ b) = (¢ 5 d) if and only if ¢, (b) — ¢u(a) = ¢m(d) — ¢m(c). Here is the last
axiom:

Trade-off Consistency. Foranyn < m € N,andany a < b < ¢ < d € R such
that (a R b) = (c A d),andanyy, z € Xm,suchthaty,f =a, yi_l <b< y}IH,
z,Tn = ¢, and z;_l <d < Z:n+1’ if y & z, then b(,)y ~ d()Z.

Note that this axiom does not assume that |y| = |z|. It says: if the act of switching
a to b in coordinate n is “ethically equivalent” to the act of switching ¢ to d in
coordinate m when both switches are applied to the same outcome X, then this same
ethical equivalence should also be observed when these switches are applied to two
different outcomes y and z, possibly with different population sizes. Finally, we need
the following structural condition.

Neutral population growth. For all N € N, there exists some x € X such that
X ~ (.

This condition is natural and easily satisfied. For example, if > is a rank-weighted
generalized utilitarian SWO as in (3D), then it satisfies Neutral population growth if
and only if ¢ (r) = 0 for some r € R. Meanwhile, if > is an ARA SWO represented
by (3B), then it satisfies Neutral population growth if ¢; is unbounded below, while
¢, takes at least some positive values for all n > 2. Here is the second main result of
the paper.

Theorem 2 Let > be an actualist SWO satisfying Neutral population growth on X.
Then > satisfies Anonymity, Continuity, Pareto, and Trade-off Consistency if and
only if it is ascending rank additive. In the representation (3B), the functions {¢,};° |
are unique up to multiplication by a common scalar.

Proof sketch For all N € N, use Trade-off Consistency to show that > satisfies
a limited separability axiom called Coordinate Independence'® in a neighbourhood
around each point in RV* . Then use a result of Wakker (1988) to obtain “local” additive
representations in a neighbourhood of each point in R¥t. Then, as in the proof of

16 Here we adopt the notational convention that xg 1= —00 and x;] 41 =00

17 Note that “b(n)x” is not well defined unless x’Ll <b< x2+1.
18 This is like Separability in Sect. 2.2, but in the case when 7+ is the complement of a single coordinate.

@ Springer



880 M. Pivato

Theorem 1, use a result of Chateauneuf and Wakker (1993) to get a global additive
representation on all of RV*. Next, use Trade-off Consistency to show that, for any
N < M, the N utility functions in the additive representation on RVt are actually the
first NV utility functions for the additive representation on RM* . Finally, use Trade-off
Consistency again to show that these additive representations also correctly account
for comparisons between outcomes with different population sizes. For details, see
Appendix B.

Independence of the axioms One can demonstrate the independence of Anonymity,
Continuity, Pareto using examples very similar to those at the end of Sect. 2.2. Mean-
while, one can show the independence of Trade-off Consistency using an example
very similar to the example for Separability from Sect. 2.2.

3.3 Further results

Critical levels Let x € Xy and let ¢ € R. In the terminology of Blackorby et al.
(2005), c is a critical level for x if adding a new person with lifetime utility ¢ to X is an
ethically neutral act. By the Pareto axiom, such a critical level is unique, if it exists.
For example, in the classical utilitarian SWO, ¢ = 0 for all x € X« . In the average
utilitarian SWO, c is the average lifetime utility in x. The ARA SWOs characterized
in Theorem 2 do not necessarily possess such critical levels for every social outcome.
In other words, they do not necessarily satisfy the following axiom:

Critical levels. For any x € X, there exists ¢ € R (depending on x) withx =~ xWc.

This axiom says that there is no outcome x so bad that adding any new person to
x is always considered an improvement, or so good that adding any new person to
x is always considered a deterioration. Suppose > is an ARA SWO defined by a
collection of functions ¢ := {¢,} . To ensure that > satisfies Critical levels, we
must impose some conditions on ¢. One might think that it is sufficient to require,
for all n € N, the existence of some ¢, € N with ¢,(c,) = 0. But this is not quite
sufficient, as we will now see. For all n € N, define the function ¢, : R—R by

8¢n(r) := ¢pnt+1(r) — ¢u(r). Then define

N
S(¢) :=sup D 8¢u(xa); NeNand x; <xp < - <xy . (3F)

n=1

Proposition 3.1 Let > be an ARA SWO on Xy with representation (3B), such that
foralln € N, there is some ¢, € N with ¢,(c,) = 0. The following statements are
equivalent:

(a) > satisfies Critical levels.
(b) inf(¢1(R)) < —S(¢), and if inf (¢ (R)) = —S (), then the supremum in formula
(3F) is never obtained.

In most cases, the condition in Proposition 3.1 is easily satisfied. For example, if ¢
is unbounded below (so that inf (¢ (R)) = —00), then the condition is automatically
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true. Meanwhile, in a generalized utilitarian SWO (3C), we have S(¢) = 0, so the
condition simply requires that that inf (¢; (R)) < 0.

Suppose that > is as in Proposition 3.1. Then for any N € N and x € Xy, if
|x| = N —1 and max(x) < cy,then x &~ xWcy. In other words, adding a person with
lifetime utility ¢y to the world is an ethically neutral act, as long as everyone who
already exists has an even lower level of lifetime utility. This is similar to the axiom
Existence of a critical level employed by Asheim and Zuber (2014) in their axiomatic
characterization of rank-discounted generalized utilitarian SWOs, but weaker: Asheim
and Zuber additionally require that cy = cps forall N, M € N.

Inequality and the Repugnant Conclusion  As Asheim and Zuber (2014) noted, an
ARA SWO can reconcile inequality aversion with evasion of the Repugnant Conclu-
sion by assigning lower marginal social welfare to the lifetime utility of the better-off
individuals in any social outcome. The next result makes this precise. It parallels
Propositions 2.2 and 2.4.

Proposition 3.2 Let > be an ARA SWO with the SWF (3B).
(a) > satisfies No Repugnant Conclusion if and only if there exists r > 0 such that

D balr) < oo

n=1

(b) > satisfies Inequality aversion if and only if for all n,m € N withn > m, all
r,s € Rwithr > s,andalle > 0, we have ¢, (r +¢€)— ¢, (r) < ¢ (s) —dm (s —e).
In particular, for all r € Ry, we have ¢1(r) = ¢o(r) = ¢3(r) = - -
Furthermore, if {¢p,},° | are differentiable, then for any nondecreasing sequence
r1 <ry <r3 < --- of real numbers, we have ¢ (r1) = ¢5(r2) = ¢5(r3) > -

(¢c) = satisfies Strict inequality aversion if and only if all the statements in part (b)
hold with strict inequalities.

There are also versions of Proposition 2.2(b) and 2.3 for ARA SWO (for avoiding
utility monsters and the St. Petersburg Paradox), but they are obvious, and are left to
the reader.

Example3.3 Let ¢ : R—RR be a concave increasing function, let {a,}7°, be a
nonincreasing sequence of positive constants, and suppose W is the ascending rank-
weighted generalized utilitarian SWF (3D). Then Proposition 3.2(b) says that >
satisfies Inequality aversion. If Y2, a, < oo, then Asheim and Zuber (2017) say
that > is proper. In this case, Proposition 3.2(a) says that > satisfies No Repugnant
Conclusion. In particular, if 8 € (0, 1), and W is the rank-discounted generalized util-
itarian SWF (3E), then > satisfies both Strict inequality aversion and No Repugnant
Conclusion. O

Tyrannies of aggregation and nonaggregation For any x € X, let Z(x) := {i € Z;
x; # P} be the set of people who exist in the outcome x. Fleurbaey and Tungodden
(2010) have proposed the following axiom:

Minimal Aggregation. For some N € N, and all x € Xy, and all i € Z(x), there
exists some @ > B > 0 such that, for any other y € X, with Z(y) = Z(x), if
x; 2y =2 x; — B,while y; > x; + « for all other j € Z(x), theny > x.
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This says that there is at least one situation where it is considered acceptable for one
person (namely i) to make a small sacrifice (at most 8) so that everyone else can gain
a larger amount (at least o). This rules out the maximin and leximin SWFs, which give
absolute priority to the worst-off. In the terminology of Fleurbaey and Tungodden, it
excludes the tyranny of nonaggregation.

For any x € Xy, let Z(x) := {i € Z(x); x; < xj for all j € Z(x)}; these are the
worst-off people in the outcome x. Let Z(x) := {i € Z(X); x; > x jforall j € Z(x)};
these are the best-off people in x. Fleurbaey and Tungodden (2010) also propose the
next axiom:

Mild Nonaggregation. For all r, ¢ € R with r > ¢, there exists some &« > 8 > 0
such that, for any x, y € Xy withZ(x) = Z(y), if there existsi € Z(y) withy; < g
and x; > y; + a, while for all other j € Z(x), either x; = y; or j € Z(x) N Z(y),
yj =2r,andx; > y; — B, thenx > y.

This is an egalitarian principle which says that, if one of the worst-off people (namely
i) has the opportunity to gain a large enough amount (at least o), then it is acceptable
to require all the best-off people to make a small sacrifice (at most 8). This rules out
principles such as utilitarianism, in which a tiny welfare gain for every member of
a large group (say, a billion people) could in principle justify a huge sacrifice (say,
a painful death) for one person. In the terminology of Fleurbaey and Tungodden, it
excludes the tyranny of aggregation. Note that the axiom allows us to make « arbitrarily
large and B arbitrarily small, depending on the values of ¢ and r; in that sense it is a
fairly mild principle. However, « and 8 do not depend on the size of Z(x); thus, even
if Z(x) N Z(y) has a quadrillion people, their S-sized gains are insufficient to offset
i’s o-sized loss.

Foranyx € Xy and N € N, letx" denote a social outcome with [x"| = N [x|, such
that every person in x is “replicated” N times in xV . (If an SWO satisfies Anonymity, it
does not matter how we arrange these N replicated copies). An SWO > is replication-
invariant if, for any X,y € Xy with x > y, we have xV > y" forall N e N. It is
easily seen that rank-additive SWOs are not replication-invariant, in general.

Fleurbaey and Tungodden prove that Minimal Aggregation and Mild Nonaggre-
gation are incompatible in any replication-invariant SWO.!” But they note that these
axioms are compatible if we give up replication invariance; in particular, they are both
satisfied by rank-discounted utilitarian SWFs like (3E). The next result makes this
precise.

Proposition 3.4 (a) Any ARA SWO satisfies Minimal Aggregation.
(b) Let > be an ARA SWO with the SWF (3B). Suppose {¢,}°2 | are concave and

differentiable, and for all r € R, there exists A € Ry such that Y~ \ .1 ¢, (r) <
A-¢,,(r), foranym, N € Nwithm < N. Then > satisfies Mild Nonaggregation.

The condition in Proposition 3.4(b) implies that the sequence {¢, (r)}’fo:1 decays
quickly enough that Y o2, ¢/, (r) < oco. But it says more: it says that this sequence

19 Fleurbaey and Tungodden are not concerned with population ethics, so they only consider social welfare
orders that compare social outcomes having the same population. I have reformulated their axioms in the
notation of this paper.
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decays with roughly “exponential” speed. For example, suppose there is some
b € (0,1) such that ¢, ., (r) < b - ¢, (r) forall n € N (e.g. ¢,(r) = 1/b" for
all n € N); then, the condition in Proposition 3.4(b) is satisfied, with A := b/(1 — b).
Asheim and Zuber (2017, Proposition 5) have proved a result similar to Proposition 3.4

for ascending rank-weighted generalized utilitarian SWFs of type (3D).

Top-independence and bottom-independence For any x € X, let max(x) be
the maximal lifetime utility of any person in the social outcome x. (Equivalently, if
xt = ()clT AU x;,), then max(x) = xI].) All ARA SWOs clearly satisfy the next
axiom.

Top-independence. For all x,y € Xy with [x| = |y| and all z € R with z >
max{max(x), max(y)}, we have x > yifand only if x Wz > y W z.

This axiom has a similar justification to Separability or the axiom of Top-
independence in good worlds from Sect. 2.3: it says that, when comparing two
social outcomes, we can disregard the utility—or even the existence—of someone
who is indifferent between these outcomes, as long as she would be the happiest
person in both outcomes. Unfortunately, ARA SWOs do not, in general, satisfy the
analogous property involving unhappy people:

Bottom-independence. For all x,y € Xy with [x| = |y| and all z € R with
z < min{min(x), min(y)}, we have x > yifand only if x Wz > y ¥ z.

One way to obtain SWF:s satisfying Bottom-independence is to apply a formula like
(3B) to decreasing rather than increasing sequences. Formally, for any N € N, let
RM :={r e RN; r; > ... > ry} be the set of all nonincreasing elements of R".
Let R = UIOVOZIRNl. For any x € Xy, let x¥ := (xli, ...,x}\,) e RN be the
N-dimensional vector of all non-iﬂ entries of x, listed in nonincreasing order. For all
n € N, let ¢, : R—> R be continuous and increasing. Define W : X— R by:

Ix|

W@ := 0, and W(x) := Zqﬁn(xni), for all nonempty x € X.
n=1

This is called a descending rank-additive (DRA) social welfare function. These
are axiomatically characterized by a result very similar to Theorem 2, except that
the axioms Pareto, Continuity, and Trade-off Consistency are applied to orderings
defined on RM rather than RVt (for all N € N). However, DRA SWOs are less
appealing than ARA SWOs. As observed in Proposition 3.2, ARA SWOs can simulta-
neously Strict inequality aversion and No Repugnant Conclusion. But DRA SWOs
cannot. Indeed, for a DRA SWO to satisfy No Repugnant Conclusion, it must be
inequality-promoting, which is much less attractive. Fortunately, there is another way
to obtain Bottom-independence, while preserving the other desirable properties of
ARA SWOs.

Corollary 3.5 Let > be an actualist SWO on X. Then > satisfies the axioms of Theo-
rem 2 and also Bottom-independence if and only if it is rank-discounted generalized
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utilitarian, as in formula (3E). In this representation, B is unique and ¢ is unique up
to multiplication by a positive constant.

This is similar to the main result of Asheim and Zuber (2014), except that they do not
require Trade-off Consistency, butinstead employ versions of Top-independence and
Bottom-independence,?’ an axiom positing the existence of egalitarian equivalents,
and a slightly stronger form of Critical levels.

Related literature  Ebert (1988) axiomatizes a class of ascending rank-additive
SWOs, but he works with populations of fixed size, and uses different axioms. Ble-
ichrodt et al. (2008) obtain a very general axiomatization of rank-additive utility
representations. Although their intended application is descriptive decision theory,
they note that their result can also be applied to social welfare. They also use continu-
ity, monotonicity (i.e. Pareto), a richness condition analogous to Neutral population
growth, and a “Trade-off Consistency” axiom, but their version of this axiom is dif-
ferent than the one in this paper.

3.4 Actualism versus possibilism

Proposition 3.1 shows that ARAs do not generally satisfy Critical levels. Even when
they do, the critical level depends on the social outcome under consideration, and is
not typically zero. But suppose that > was an actualist SWO where the critical level
was zero for every social outcome. Thus, for any x € X, if X is obtained from x
by converting any finite number of 7 components to zeros, then x &~ x'. Let X be
the space of “possibilist” social outcomes defined in Sect. 2.1, and let @ (x) be the
element of X obtained by converting all the # components in X to zeros. This defines
a surjection @ : Xoc—> X. We can then define a possibilist SWO >’ on X as follows:
forany x', y' € X, stipulate that x’ >’ y’ if and only if x > y for some x, y € X such
that @ (x) = x’ and @ (y) = y’. (This is well defined independent of the choice of x
and y, precisely because the critical level of > is zero for all outcomes.)

Given this construction, it seems that possibilist SWOs are just a special case of
actualist SWOs—namely those with a universal zero critical level. Thus, it seems
redundant to introduce the separate framework of Sect. 2. It is also puzzling that the
axioms Anonymity, Pareto, Continuity, and Separability were enough to axiomati-
cally characterize rank-additive SWOs in the possibilist framework (Theorem 1), when
these four axioms are not enough in the actualist framework. (The axiom of Trade-off
Consistency is stronger than Separability.) Furthermore, the class of ARA SWOs we
eventually do obtain in Theorem 2 is substantially different in nature.

However, a closer inspection reveals that the possibilist framework is not “just” a
special case of the actualist framework. Its additional structure allows for logically
weaker versions of key axioms and leads to different conclusions. For example, the
possibilist Continuity axiom is not just the actualist Continuity axiom “projected”
through the mapping @—it is a weaker axiom. To see this, note that the possibilist
Continuity axiom makes a rigid distinction between the positive and negative compo-

20" Asheim and Zuber’s versions of Top- and Bottom-independence are called Existence independence of
the best off and Existence independence of the worst off; they allow x and y to have different populations.
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nents of a social outcome; it essentially says that the SWO is continuous with respect
to small perturbations of individual utility levels, as long as these perturbations do not
switch a positive utility to a negative one, or vice versa. The actualist Continuity axiom
makes no such distinction. For similar reasons, the possibilist Separability axiom is
weaker than the axiom that would be obtained by formulating an analogous Separa-
bility axiom in the actualist framework, and then “projecting” this axiom through @.
There is a further difference between the two Continuity axioms (already noted in
Sect. 3.2). Both axioms require closed contour sets in the set X’y of outcomes of size
N (for all N € N). But the possibilist Continuity axiom only considers contour sets
determined by elements of X}y itself, whereas the actualist Continuity axiom considers
contour sets in Xy determined by all elements of X.

Of course, the possibilist Continuity and Separability axioms could be formu-
lated in the actualist framework and might even appear reasonably natural if we were
already fully committed to a universal zero critical level. We could then formulate a
version of Theorem 1 in the actualist framework, using these two axioms (together with
Anonymity and Pareto), along with an axiom universal zero critical level. However,
the fact that these two axioms are substantially weaker than their actualist counterparts,
and yet still sufficient to characterize the (possibilist) rank-additive SWOs without the
need for Neutral population growth or Trade-off Consistency, tells us that univer-
sal zero critical level is in fact a very powerful axiom—powerful enough that it is
perhaps more appropriate to think of it as determining an entirely different analytical
framework, rather than just a special case of the actualist framework.?!

4 Existence independence

Rank-additive SWOs violate an axiom which Blackorby et al. (2005, §5.6) call
Existence independence. This axiom says that the ethical evaluation of outcomes
concerning some collection K of individuals (say, those currently alive on planet
Earth) should not depend upon information about the lifetime utilities—or even the
existence—of people outside of K (say, people who died long ago, who will be born
in the far future, or who live on other planets). As Blackorby et al. (2005, §5.1.1) note,
the ethical evaluation of presently existing people should not depend on the utility of
some long-dead historical figure, such as Euclid. Likewise, suppose that a colony of
humans on another planet has long ago lost all contact with Earth; Blackorby et al.
(2005) argue that it would be absurd if the ethical evaluations of the colonists depended
upon the utilities of the earthlings (or vice versa).??

The generalized utilitarian SWF in formula (2D) satisfies Existence Independence,
as does any “critical-level” variant of generalized utilitarianism (with a constant critical
level). But it is violated by average utilitarianism, number-dampened utilitarianism,
and any other SWF where the critical level depends on the utilities of already exist-
ing people. Rank-additive SWOs violate Existence Independence in an even more

21 Alternately, instead of imposing a universal zero critical level directly through an axiom, we could derive
it as a consequence of Continuity and the conjunction of two other axioms, namely Positive expansion and
Negative expansion. This shows that these two axioms are also stronger than they look.

22 See section 4 of Thomas (2019) for further discussion of these arguments.
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fundamental way: if IC is the collection of individuals under consideration, then we
don’t even know how to assign ranks to the members of C until we know the lifetime
utilities of all the other people not in /. We know almost nothing about the well-being
of the vast majority of people who have existed in human history (say, over the last
250,000 years). This creates problems for any SWO whose assessment of present and
future social outcomes is sensitive to such historical data.?® There are several possible
responses:

(A) Interpretsocial outcomesin X as specifying only the lifetime utilities of individuals
who will be affected by policy decisions; treat everyone else as ethically irrelevant.
(In particular, ignore anyone who is already dead.)

(B) Interpretsocial outcomesin & as specifying only the lifetime utilities of individuals
living in the present or the future. Ignore the past.

(C) Interpret social outcomes in X" as specifying all individuals whose lifetime utilities
are already known or can be predicted (including some people in the past). Ignore
people about which nothing can be known.

(D) Interpret social outcomes in X as specifying only the lifetime utilities of individuals
living after a fixed date (e.g. January 1, 2018). Ignore everyone before this date.

(E) Treat the utilities of unobserved individuals as a source of policy uncertainty, and
deal with it the same way we deal with any other source of uncertainty: by positing a
probability distribution over the unknown variables and then maximizing expected
value with respect to this probability distribution.

The problem with (A) is that it is not entirely predictable who will be affected by
our decisions in the future. For example, suppose the lost colony world unexpectedly
re-establishes contact with Earth, after many centuries of isolation; at this moment,
the rankings of everyone on the colony and on Earth would need to be recalculated,
possibly leading to large changes in the evaluation of social policies. In particular, if x
and y are two social outcomes which concern only the colonists and x” and y’ are two
social outcomes which concern only earthlings, then we may end up with a perverse
situation where x > yand x’ > y/,butx Wx’' < ydy'.

Option (B) avoids this problem. But an obvious problem with both (A) and (B) is
time inconsistency: as time passes, people move from “the future” or “the present” into
“the past”, and are removed from the specification of the social outcome. This changes
the rankings of the remaining people, and hence, the evaluation of social outcomes. It
would seem strange if social outcome x was deemed preferable to outcome y before
David Bowie died, but a moment after he dies, we decide that y’ is actually better than
x’ (where X’ and y’ are obtained by removing Bowie’s lifetime utility from x and y,
respectively).

Approach (C) avoids time inconsistency. But it can still respond perversely to
the arrival of new information. For example, a new and unanticipated archaeological
discovery could change our estimate of the lifetime utilities of the citizens of a large

23 This also raises the question of whether we should include proto-human species such as Homo nean-
derthalensis or Homo heidelbergensis in the scope of the SWO. This is a deep and fascinating philosophical
problem. But by the same token, it creates even more difficulties for SWOs which violate Independence
of the wretched.
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ancient civilization (say, the Achaemenid Empire) and thus perturb our evaluation of
social outcomes in the present day. Again, this seems absurd.

Approach (D) avoids the problems of (A), (B), and (C), but it is motivated more
by pragmatism than by principle; certainly, we must give up any pretentions of moral
realism if we allow our ethical evaluations to depend on an arbitrarily stipulated date
on a calendar. Furthermore, (D) is still vulnerable to unknown information about the
future; since we cannot really predict the lifetime utilities of far future people with any
degree of precision, how are we supposed to incorporate them into the social welfare
evaluation?

This leaves us with approach (E). Approach (E) does not try to exclude unknown
or unknowable lifetime utilities from the specification of the social outcome by some
arbitrary criterion. Instead, it “bites the bullet”, acknowledging that these unknowns
exist, they are ethically relevant, and they must be taken into account. To formalize
approach (E), I will assume the possibilist framework of Sect. 2. (The formalization
for actualist SWOs is similar and is left to the reader.)24 Let 7 = J u IC, where
J is an infinite set representing all potential unobserved individuals (living in the
distant future, the forgotten past, or on faraway planets), while /C is another infinite
set representing all observable individuals (e.g. those presently alive on Earth). Let
Y:i={ye R, only finitely many coordinates of y are nonzero} and let Z := {z €
RX; only finitely many coordinates of z are nonzero}. Then X = ) x Z. Let u be
a probability distribution over ), representing our beliefs about the lifetime utilities
of all unobserved people. For any social outcome z € Z (representing the lifetime
utilities of observed people), define

W)= /y Wiy wz) dulyl. (4A)

This defines a new SWF W : Z—>R, and it is this SWF that (E) says we should
maximize. How does this work from a practical point of view? Let z := (z",2z7) €
Ril x R, For any n € N, we can define a probability distribution pZ ,on[n...oo)
where pZ ,, (m) is the probability (according to ) that the individual in £C with lifetime
utility z,| actually has rank m amongst all individuals with positive utility, once we take
into account all the unobserved individuals in 7. Likewise, for any n € N, we define
a probability distribution p, , on [n ... 00), where p,, (m) is the probability that the
individual in KC with lifetime utility z, actually has rank m amongst all individuals with
negative utilities. (Note that pz:fn are only supported on [ . .. 00), because introducing
new individuals to the list can only increase the rank of any existing individual.) We
then define the functions 5,% :Re—> Ry by

Gr(r) =Y p,(m) ¢ (r), forallr € R (4B)

m=n

The SWF NW in formula (4A) is then simply the rank-additive SWF obtained by
inserting {¢,T};’L°=1 and {¢, }7° , into formula (2B).

24 For another rank-dependent approach to population ethics with uncertainty, see Asheim and Zuber
(2016).
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Of course, approach (E) faces the same question as any decision under uncertainty:
How can we construct the probability distribution ©? But this question already con-
fronts any social decision problem which concerns people living in the far future. One
way to minimize the dependency on u is to minimize the amount of variation between
the functions {¢," 152, and {¢, }°° ,—or more importantly, between their derivatives.
If the derivatives {(¢+) Joo , are all very similar to one another, then the derivatives
{(¢>+) }72 , of the functions defined in formula (4B) will also be very similar, inde-
pendent of the precise choice of 1 (and likewise for {(¢,)'}72, and {(¢n )1 1)
Proposition 2.2 tells us that the functions {¢;" }72, must rapidly decay to zero in
a neighbourhood of the neutral utility 0. Hence, in this neighbourhood, we cannot
expect them to be similar in this desired sense. But outside of this neighbourhood,
nothing prevents us from ensuring that their derivatives are as similar as possible;
see Example 2.7. If (‘f’ﬂ)o)/ and (qbf{)ooo)’ are almost the same, then it doesn’t matter
whether a certain individual is ranked 100th or 10,000th—the marginal social welfare
contribution of her lifetime utility is almost the same in both cases, so she will treated
the same in any policy decision in both cases.

This consideration suggests avoiding the rank-weighted utilitarian SWFs such as
(2E) and (3D), where inequality aversion is obtained by systematically increasing the
slopes of the functions {¢;" }o2; as n— oo (and systematically decreasing the slopes
of the functions {¢, }>2 | as n—00). Instead, it suggests that we use something like
the generalized utilitarian SWF in formula (2D), where the functions {qb“‘}flo:1 are all
as similar as possible, and inequality aversion is obtained by making them sufficiently
concave.

5 Excess (in)egalitarianism

As explained in Example 3.3, an ascending rank-weighted generalized utilitarian
(ARWGU) SWO (3D) is proper if fo;] a, < oo. If {an}gil is decreasing, then
such an SWO satisfies both Inequality aversion and No Repugnant Conclusion—an
attractive combination. However, these SWOs have a problem. If there is a sufficiently
large number of people with “satisfactory” lives, then a proper ARWGU SWO will
prioritize the needs of a small population with slightly worse lives over the creation of
an arbitrarily large population with excellent lives. To see this, note that, for any € > 0,
there is some N (¢) € N such that Z,fiN(e)H ay < €. Suppose for simplicity that ¢ is
the identity. (The same argument works for any choice of ¢). Consider a population
x consisting of a large number N of people with lifetime utility 100 (representing a
“satisfactory” life) and a much smaller number M of people with lifetime utility 99.
For concreteness, say that M = 50. Let B := Z,iw:l ag, let € := B/1,000,000, and
suppose that N > N (¢). Now consider the following options:

— y consists of N + M people, all having lifetime utility 100.
— z = x Wu, where u is a “utopia” containing a trillion people, all having lifetime
utility 1,000,000.
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It is easily seen that W(y) > W(z). Formally:

M
Wy =W+ a=Wx+B
n=1

= W(x) + 1,000,000 > W(xWu) = W(z).

In other words, the ARWGU SWO represented by W considers it better to help 50
people slightly improve their lifetime utility from 99 to 100, rather than to create a
utopia with a trillion people leading excellent lives, each with a lifetime utility of
1,000,000.

For concreteness, let’ssay N = 10 billion, and that 100 represents the lifetime utility
of the average middle-class person in a Western European country in the early twenty-
first century. So x represents a world somewhat more populous than our own, but with
poverty entirely eliminated worldwide. Perhaps it is Earth two hundred years in the
future. Now suppose that astronomers discover that this world faces an apocalyptic
threat—say, it is about to be struck by a huge asteroid, and the resulting explosion will
destroy all life on the planet. However, for a relatively small investment of resources,
it would be possible to evacuate some fraction of humanity to a self-sufficient lunar
colony. (This is a future where the technological problems of space travel and lunar set-
tlement have been solved.) Let us suppose that this lunar colony will not only survive,
but flourish, and give rise to a vast and long-lived interstellar civilization (represented
by u) which, over the coming millennia will be home to a trillion inhabitants who
all live very long, happy, and fulfilling lives. For the sake of the thought experiment,
suppose (implausibly) that this happy outcome is guaranteed in advance, and is known
to the inhabitants of Earth. This is outcome z.

Alternately, instead of saving human civilization, we could use these same resources
to slightly improve the well-being of a small but unfortunate minority, who have
slightly subaverage lifetime utility (i.e. 99 instead of 100). Perhaps they need minor
cosmetic surgery. This is outcome y. Most people’s moral intuitions say that z is better
than y. But according to the ARWGU social welfare function W says y is better than
2.2

Here is another counterintuitive consequence. For any N € N, let x"V describe a
world containing N million people, where the vast majority (say, 99.9999%) have
excellent lives (say, a lifetime utility of 10,000) but a tiny minority (0.00001%) have
lives so terrible that they are not even worth living (say, a lifetime utility of —1). Any
“utopia” which one can imagine will have welfare distribution something like this: no
matter how perfect the utopia, there will inevitably be some tiny fraction of people who,
through simple bad luck, end up with miserable lives—perhaps they suffer from some
extremely rare disease, or perhaps they are victims of some incredibly improbable but
terrible accident.

25 This is reminiscent of Fleurbaey and Tungodden’s (2010) tyranny of nonaggregation, but it is not the
same thing. Indeed, Proposition 3.4(a) showed that any ARA (including any ARWGU) satisfies Minimal
Aggregation and hence avoids the tyranny of nonaggregation. But the tyranny of nonaggregation involves
a fixed population, whereas the paradox presented here depends on a variable population.
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One would think that such a utopia is so wonderful that we should make N as
large as possible. But according to the SWO W, the larger we make N, the worse xV
becomes.?® Indeed, if N is large enough, then total social welfare is negative, meaning
that a vast galactic utopia with the above statistical welfare distribution of well-being
is ethically worse than a totally lifeless galaxy. For a less stark comparison, let y be a
“small, safe, but boring” world, containing only one million people, all of whom have
lives which are wretched, but technically worth living (say, a lifetime utility of 1). It
is easily verified that, if N is large enough, then W (xV) < W (y). Suppose humanity
had to choose between two futures: one leading to a galactic utopia (x”, for large N)
and the other leading to a wretched but anodyne future (y). The SWO W says that
humanity should choose y.

Excess egalitarianism in particular affects the rank-discounted utilitarian SWO
(3E) characterized by Asheim and Zuber (2014). However, if proper ARWGU SWOs
suffer from excess egalitarianism, then possibilist RA SWOs can suffer from an even
worse problem: excess inegalitarianism. To see this, recall from Proposition 2.2(a) that
a possibilist RA SWO with SWF W as in (2B) satisfies No Repugnant Conclusion if

and only if there exists ro > 0 such that ZOO . ¢,T (ro) < oo. Thus, for any € > 0,
n=

oo
there is some N (¢) such that Zn:N+l 4):[ (rg) < €.

For concreteness, suppose that ryp = 1, while a lifetime utility level 100 represents,
say, a middle-class life in a Western European country. Let € := 0.0001 x (¢f‘)/ (100);
this is roughly the increase in total value that would be obtained if the best-off person
in society increased her lifetime utility from 100 to 100.0001. Let N := N (¢), and let
M := 1,000,000,000 N. Let x be a social outcome containing N “well-off” people
with lifetime utility 100, and M “miserable” people with a lifetime utility of 0.1
(that is, lives of abject misery, barely worth living). Consider the following possible
improvements:

— Iny, the best-off person’s lifetime utility is increased from 100 to 100.0002, while
the lifetime utility of everyone else stays exactly the same as in x.

— In z, the N well-off people remain the same, while the lifetime utilities of the M
miserable people are increased from 0.1 to 1.

It is easily verified that W(y) > W(z); in other words, the SWO considers it better
to increase the utility of the most fortunate individual by a minuscule amount, rather
than significantly boost the utilities of an astronomically vast population of miserable
people.

6 Conclusion

Excess egalitarianism and excess inegalitarianism are very unappealing problems,
which plague any rank-additive SWO (either actualist or possibilist) that avoids the
Repugnant Conclusion via Propositions 2.2(a) and 3.2(a). In the light of this, Theo-
rems 1 and 2 might not seem like positive results, but rather impossibility theorems.
Rank-additive SWOs also have other shortcomings: actualist SWOs violate Positive

26 This illustrates that ARAs are not replication-invariant, as already noted in Sect. 3.3.
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and Negative expansion, while possibilist SWOs violate Inequality aversion. As
always in population ethics, there are trade-offs to be made. What is the best way to
make them? This is an interesting problem for future research.

A Appendix: Proofs from Section 2

Proof of Theorem 1 The proof of “<=" is straightforward, so I will focus on the proof
of “==>"". First I will show that each of the orders >, admits an additive representa-

. N N . . . .
tion on R +l x R_". Then I will combine all these representations together to obtain

a rank-additive SWF on Rii X RTT. To achieve the first of these steps, I will com-
bine the classic representation theorem of Debreu (1960) with a well-known result
of Chateauneuf and Wakker (1993) (see Claim 6). But the deployment of this result
requires some technical preliminaries; this is the role of Claims 1-5.

Forany N € N, let R*" := (x ¢ RV; x; > xp > --- > xy > 0} and
RV = (x e RY; x < x3 < --- < xy < 0}. Clearly, Rivii is the topological
interior of RT as a subset of R, while R is the topological interior of R]XT . Thus,
R x R s the interior of RY* x R in R2V

. .. . N Nypo
Claim 1 Let N € N. Every indifference set of =y in R, " x R is connected.

Before proving Claim 1, we must develop some machinery. For any N € N and
anyr = (r1,...,ry) € RV, let |r| := ,/rlz + -+ rlzv be its Euclidean norm. For

. N N
any x = (xt,x7) in R} x R!", define

1
(x) =[xt + :
Ix= 112

(This is always well defined because |[x™ || # O for all x € R/_vﬁ). As the notation
suggests, this will be like a sort of “pseudo-norm” on Rivii x RV (even though it is
notanorm). Forany r € Ry andx € Rivil X R],VET, we define r xx := (r x+, }X‘).
It is easily verified that {r xx) = r (x). Let SV := {s € R"* x R (s) = 1};
this plays the role of the “unit sphere” for this “norm”. For any x € Ri\]ﬁ X RI_V_M, if
r := (x|, then %*x e SN,

. N N N N
Claim2 LetN e Nyandletx e R\ xR Let Z .= {z e R,V xR 2 &y x)
be the indifference set of x. For anys € SN, there is a unique r € Ry, withr s € Z.
Let ¢(s) := r *s; this defines a continuous surjection ¢ : S¥ — Z.

Proof Existence and uniqueness Since Ri\_u X RIXT is a connected, separable topo-
logical space, and >y satisfies Continuity, the theorem of Debreu (1954) yields

. . N N .
a continuous function w : R +¢ x R_"—>RR that represents >y—i.e. for all
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@*,a), ", b") e RY* x RY", we have (a*,a~) = (b*,b") if and only if
w(at,a”) > wb™, b7). Furthermore, w is increasing in every coordinate, because
>N satisfies Pareto.

Fixs € S.Forany r € Ry, let v(r) := w(rxs). Then v : Ry —>R is clearly a
continuous function. Suppose r is large enough that every coordinate of rs* is larger
than the corresponding coordinate of x*, while every coordinate of +8” is smaller in
magnitude than the corresponding coordinate of x~. Then r xs > x by Pareto, and
thus, v(r) = w( xs) > w(x).

On the other hand, suppose r is small enough that every coordinate of rs™ is less
than the corresponding coordinate of x*, while every coordinate of +8” is larger in
magnitude than the corresponding coordinate of x~. Then r xs < x by Pareto, and
thus, v(r) = w( *s) < w(x).

Since w is continuous, the intermediate value theorem yields some r € Ry 4 such
that v(r) = w(x)—in other words, w(r xs) = w(x), and hence r xs ~y x. Thus,
r xs € Z, as desired. This proves that such a r exists. The fact that it is unique follows
from the Pareto axiom. This argument works for all s € S.

Surjective Given z € Z, let r := (z) and let s := %*z; then, s € SV. But r xs = z.
Thus, r xs € Z,50 ¢(S) =r s = Z.

Continuity Forany s € S and 8§ > 0, let B(s, 8) := {b € SV; ||b —s|| < §}. For any
€ > 0, we will find a § > 0 such that ||¢(b) — ¢(s)|| < € forall b € B(s, 3).

Suppose that ¢(s) = ro*s for some 79 € Ry . Forany b = (b™,b™) € SN,
define

sy sy b by
_+7 L) _+7 — I .
b by s, SN

ﬁ(b)::ro-max{ .. — .,

If r > R(b), then rb;f > ros; and 1b,; > ;Ls; forall n € [1...N]; thus,
r«b = (rb*, 1b7) > (ros™, %s_) = ¢(s) ~ z,sothatr xb ¢ Z. (Here, the “>" is
by Pareto.) Likewise, define

F v by by
E(b)::ro-min{s1 | —N}

b—+,...,
1

If r < R(b), then r b} < ros; and 1 b, < %S; for all n € [1...N]; thus,
rxb = (rb*, 1b7) < (ros™, %s_) = ¢(s) ~ z,so that r xb ¢ Z. (Again, the “<”
is by Pareto.) Thus,

¢(b) = r«b forsomer € Ry  with R(b) <r < R(b). (A1)

Let § := min{|s;|}V_,. For § € (0, §), define

+ + - —
_ K s sy — 34 Sy — 0
R(8) := rp - max 1 e, N , 1 e, N
st —8 st —8 Sy Sy
1 N 1 N
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+ + - —
K K s, +6 sy +6
and E(S)::r(ymin{ +1 +N , 17 N7
s +0 sy + 0 s Sy

(Note: § < 8, sos,j‘ —6>0ands, +8 <Oforalln € [1...N].) Then
R(S) < R() < R(b) < R(5), forallb e B(s,d). (A2)
Furthermore, note that
lim R() = lim R(3) =ro. (A3)
Let M := ||s|| + 1. Then
IbE] < |b] < sl +1 = M, forallb= (bt,b7)inB(s, 1). (A4)

Given any € > 0, let n > 0 be small enough that

/zﬁ + <L)2 <. (AS)
ro (ro —1n) 2M

By statement (A3), there exists some 8; € (0, §) such that

[R(8) —rgl <n and |R(8) —ro| <n, foralls < 8. (A6)
Meanwhile, let
8y i = ————. (A7)
Finally, define § := min{1, §;, §2}. Now, let b € (s, §), and suppose ¢(b) = rxb
for some r € Ry . Then

lg(b) — @)l = llrxb —ro*sll < [[rxb—roxbll + [[roxb —ro sl
2

=\/|r—r0|2 ot~ +

1 1 1
M\/|r—r0|2+‘——— + [rg 82+ = 82
) r ro ro

U 2 1
M r}2+<—> +8 |r} + =
) ro (ro —n) 5

2

U , 1 € €
M n2+<—> +&h i+ < -+:=¢
) \/ ro (ro —n) 72 @ 2 2

L e s L s
r ro 0 rg

2

N

—~
o

C/A)

OF/A\

@ Springer



894 M. Pivato

as desired. Here, (a) is because |bT —sT|| < 6 and |b~ —s™|| < § because b €
B(s, §), while ||bi|| < M, by inequality (A4), because § < 1. Next, (b) is because
r € (ro — n, ro + n) by statements (A1), (A2), and (A6), because b € B(s, §) and
8 < 81. Meanwhile, (c) is because § < §. Finally, (d) is by definitions (AS) and (A7).

¢ Claim 2

Claim3 Forany N € N, SV is path-connected.

Proof For any r € (0, 1), let
SNy = {x e R x| :r} and SN(r) = [xeR’f’iT Il :r}.

Then it is easily verified that

SN .= |_| (Si](r) x SN (ﬁ)) (A8)

re(0,1)

Now let p = (p*,p~) andr = (r*, r™) be two elements of SV. Let p, = ||pt]|
and ry := |[rT||, and let p_ := 1/,/1 — p% and r_ := 1/,/1 — 2. Then equation
(A8) implies that p € Sfrv(er) x S¥(p_)andr e Siv(r+) x SN (r_). Now, define

qt =25 and = 2o

r4+ _

Then q* € RS} and q~ € R™!" (because rt € RS+ and r™ € R™M) and ||qt | =
py and |q7|| = p_. Thus, if q := (q*,q7) then q € Siv(er) x S¥(p_); hence,
qeSN.

Now Sfrv (p+) is path-connected, since it is the intersection of the convex cone
Rﬁi with the radius-p. sphere around 0in RV . Likewise, SY (p_) is path-connected.
Thus, the Cartesian product S i’ (p+) x SN (p_) is also path-connected. Thus, there
is a continuous function y : [—1, O]—)Siv(er) x SN (p_) such that y(—1) = p
and y(0) = q. Next, for all ¢ € [0, 1], let p4(¢) := tr+ 4+ (1 — ¢t) p+, and define
o—(t) :=1/4/1 — p,(t)%. Then /ojE : [0, 1]— (0, 1) are continuous functions, with
p+(0) = p4 and p_(0) = p_, while p. (1) = ry and p_(1) = r_. Define y :
[0, 11— SV by

y() = <p+—(t) rt, p_—(t)r> , forallt € [0, 1].
I"+ r—

Then y is a continuous function, with y(0) = q and y (1) = r. Furthermore, y (t) €

SN forall t € [0, 1] by equation (AS8).
At this point, we have constructed a continuous function y : [—1, 1]—& N such
that y (—1) = p and y (1) = r. This works for any p, r € SV. Thus, SV is connected.
¢ Claim 3
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Proof of Claim 1 Let Z be an indifference set of >y in ]Rivﬁ x RV, Claim 2 says
that Z is the image of SV under a continuous function. Claims 3 says S" is path-
connected. The continuous image of a path-connected set is also connected. Thus, Z
is path-connected. ¢ Claim 1

. N N . N N
Claim4 Foreveryx € R_ﬁ x R_", there is some'y € R} x R_M such thatx ~y .

Proof As explained at the start of the proof of Claim 2, there is a continuous function
Ny Ny .. . .
w : R} x R_"—R that is increasing in every coordinate and that represents > .

Suppose x = (x*,x7). Let z* € Rivil be obtained by increasing all coordinates

of xT slightly, so that z} > z3 > --- > zj; > 0. Thus, w(z",x7) > w(x), by

Pareto. Let z= € R],VT be obtained by decreasing all coordinates of x~ slightly, so
that z; <z, < --- < zy < 0. Thus, w(x",z7) < w(x), by Pareto. Now, for all
rel0,1],letyt(r):=rz" +(1 —r)xT andlety (r) :==rx + (1 —r)z ", and
lety(r) := (y"(r),y (r)). Thus, y(0) = (x,z7) and y(1) = (z", x7). It is easily
verified that y*(r) € Rivf forallr € (0,1],andy (r) € ]RZ_VET for all » € [0, 1);
thus, y(r) € RY x R for all r € (0, 1). Now, wly(0)] = w(x*,z7) < w(x) <
w(z™, x7) = w[y(1)], and the function r > w[y(r)] is clearly continuous. Thus, the
intermediate value theorem yields some r € (0, 1) such that w[y(r)] = w(x). In other
words y(r) =~y Xx. Now sety := y(r) to prove the claim. ¢ Claim 4

Letx = (xT,x7) € Ri\_u x RM Foralln ¢ [1...N], say that the coordinate x;" is

o . N N N N
interior if there is some y € R, ' xR_!" such thatx; = y;F. (Recall that R.}* x R_!"

is the interior of ]R_lzl X RIXT in R?N ) We likewise define the interior property for the
coordinates x, , ... xy. In the terminology of Chateauneuf and Wakker (1993), x is

C . N N
interior-matched if x ~y y for some y € R,1" x R_'" and at most one of the
coordinates xfr, .. .x;, X\ ... Xy 18 not interior.?’ (Observe that the first half of this
condition is automatically satisfied, by Claim 4.) Next, x is second-order interior-

. . . . . N N
matched if x ~y y for some interior or interior-matched y € R +l x R_", and
at most one of the coordinates xfr, .. .x;, X ,...Xy does not occur in an interior
or interior-matched element. Likewise, X is third-order interior-matched if x ~y y

. . . . . . N 1
for some interior, interior-matched, or second-order interior-matched y € R L X

N . _ _ .
R™", and at most one of the coordinates xfr, .. .x;\,’, x| ,...Xy does not occur in

an interior, interior-matched element, or second-order interior-matched element. We
likewise define nth-order interior-matched for all n € [1...N + 1]. Finally, x is
matched if it is interior or is nth-order interior-matched for some n € [1... N + 1].

Claim 5 Every element of R_}Zl X RTT is matched.

N N .
Proof x = (x™,x7) € R}" x R_". Claim 4 guarantees that x ~y y for some

N N . . . .
y € Ry x R It remains to check the matching condition on the coordinates.

27 Actually our definition is slightly stronger than that of Chateauneuf and Wakker (1993). But it is sufficient
for our purposes.
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Foralln € [1...N], itis easily verified that x," is interior if and only if x, > 0.
Likewise, x,; is interior if and only if x,7 < 0. Thus, x is interior-matched if and only
if at most one of the coordinates x1+, o x;\;, Xy, ... Xy is zero. It is easily seen that
this occurs if and only if x;,r_l > 0 and xy_, < 0, and at least one of x;\; and x is
nonzero.

Now suppose that both x; = 0 and x5 = 0. Then each of these two coordinates
can be matched to an interior-matched point (by the previous paragraph). Thus, in this
case, x is second-order interior-matched if and only if all the coordinates xli e x]j\?fz
are nonzero, and at least one of the coordinates xlt_ 1 and x5 _ | is nonzero.

If both x;q = Oand xy_; = 0 (and hence, x,‘\t = 0 and xy = 0), then each of the
two coordinates x;\,r_l and x,,_, can individually be matched to some second-order
interior-matched point (by the previous paragraph), while each of the two coordinates
xl‘\’,' and x,; can individually be matched to some interior-matched point. Thus, in this
case, x is third-order interior-matched if and only if all the coordinates xli, e, x$_3

are nonzero, and at least one of the coordinates x;ﬂ and x,;_, is nonzero.
Proceeding inductively, we see that, for all n € [1... N], x is nth-order interior-

matched if and only if all the coordinates xli, el xﬁ_n are nonzero, and at most one

of the coordinates x;\L,_n L1 and xp_, i is zero. In particular, x is Nth-order interior-
matched if and only if at least one of xfr and x; is nonzero—in other words, as
long as x itself is not the zero vector. Thus, the zero vector itself is (N + 1)th-order

. . N Ny . . . .
interior-matched. Hence, every element of R j x R is either interior or nth-order
interior-matched for some n € [1... N + 1] and thus matched. ¢ Claim 5

Claim6 For all N € N with N > 3, there exists a unique system of continuous,
increasing functions Iﬂr, e, 1[/; cRy—Rand ¥ ,...., ¥y : R.—R with
1//1+(1) = 1 and with I//ni(()) = O0foralln € [1...N), suchthat, foranyx = (x*,x")

andy = (y*,y")in RT x RY", we have

N N N N
(x>ny) = (Z DAY @) = Y e+ wn(yn>> :
n=1 n=1 n=1

n=1

(A9)

Proof An open box in RV is an open set of the form (aj, z1) % (a2, z2) X --- X
(aan, zon) C RN forsomea) < z1,a2 < 22, ..., aaN < zan.LetB C Rff_* xRV
be an open box, and let >3 be the restriction of >y to an ordering on B. In the
terminology of Debreu (1960), >3 is continuous, separable, and increasing in every
coordinate, by the axioms Continuity, Separability, and Pareto, respectively. Thus,
Theorem 3 of Debreu (1960) says that >3 admits an additive representation—that is,
there are continuous, increasing functions t/ff : (ap, zn)—>Rforalln € [1...2N]
such that, for any b, ¢ € 3, we have
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2N 2N
(b=pc) < (Zw,?(bn) > Zx/f,?(cn>>. (A10)
n=1 n=1

N Nyt . . . .
R x R is open, so it can be covered by such open boxes. Thus, in the termi-

nology of Chateauneuf and Wakker (1993), the ordering > admits “local” additive
representations everywhere on Rivﬁ x R Since Rfﬁ x R is a convex set, it
clearly satisfies conditions (1) and (2) in Structural Assumption 2.1 of Chateauneuf and
Wakker (1993). Meanwhile, condition (3) of Chateauneuf and Wakker (1993) is true
by Claim 1. Finally, Claim 5 says that every element of RT X RYT is “matched”. Thus,
by Theorem 3.3(a) of Chateauneuf and Wakker (1993), the local additive representa-
tions (A10) can be combined together to yield a single global additive representation

of >y on all of RT X RJXT. That is, there exist continuous, increasing functions
1/;1"’, cee, w; :Ry—Rand ¢, ..., ¥y : R.—>R giving the additive represen-
tation (A9). Furthermore, the functions 1/f1+, ey w;\?, Y|, ..., ¥y are unique up to
increasing affine transformation with a common scalar multiplication.

Foralln € [1... N1, letk;f := ;5 (0). By replacing y;F with the function v,f —k;"
if necessary, we can assume without loss of generality that 1:£(0) = 0 for all n €
[1...N]. Now let s := 1p1+(1). By replacing w,fc with the function lﬁf/s for all
n € [1...N]if necessary, we can assume without loss of generality that wf“ 1) =1

¢ Claim 6
For all N € N, Claim 6 yields a collection of functions I//IJ\;!I, cee w;\?’N Ry—R,
and ¥y . ..., ¥y y : R-—>R_ providing an additive representation (A9) for >y

on RT X RYT, and furthermore such that w;\t (1) =1 and w; ,(0) = 0 for all
nell...N].

Now, if N < M, then R? can be embedded into R% in a natural way, by sending
(x1,x2, ..., xny)t0(x1, x2,...,xn,0,0,...,0) (where there are M — N zeros). Like-

. N . My . . .
wise, R_ " embeds into R” " in a natural way. Thus, we obtain a natural embedding of

N Ny . M M . . . . .
R +¢ xR intoR 4 Y xR”". Under this embedding, the ordering > is the restriction of

. N N . . .

the ordering >, toR +l xR_" (because both arise as restrictions of the order > to their
respective domains). Thus, the functions w;,rl Do w;,“[ N Wi ¥y v yield a
second additive representation of >, . But the additive representations in Claim 6 are
unique. Thus, we obtain wﬂjf, 0= 1//1jvE , foralln € [1...N]. It follows that there is in
fact a single infinite sequence of functions (¢;" )o2, such that

Yy, =¢r. forall N eNandallnel[l...NJ. (Al1)

Likewise, there is a single infinite sequence of functions (¢, )~ such that

Yy, =6®,, foralNeNandallnel[l...N]. (A12)
It remains to show that the functions {¢," }o2, and {¢, }1°2, yield the additive repre-

sentation (2B) for >,. To see this, let X,y € Rf X ]RCET. From formula (2G), there
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exist L, M € Nsuchthatx € RJLJ foﬂandy € R% nyT.LetN := max{L, M}.
L, LT N¢ NT M, MT N¢ NT
ThenRy* x RZ' C R, x R_"and R, " x RZ" € R,* x R_". Thus, both x and y

N N
are elements of R +¢ x R™", and we have

(x = y) &= (x 2y )

N
(Zmu*wzlﬂww Zm@mZm(yn)

1 n=1 =1 n=1

N N N

N <Z¢:<x:>+2¢;<x;>> S ¢r <yn>+2¢ O )
n=1 n=1 n=1

i <Z¢I<xi>+2¢n(xn)> Z¢+<yn)+2¢ o )
n=I1 n=1

n=1

as desired. Here, (a) is by the definition of >y, (b) is by the additive representation
(A9), (c) is by Egs. (A11) and (A12), and (d) is because X,y € ]R_ZZ¢ X RTT, so that
x=0and yl =0foralln € [N+1...00). O

Remark The proof of Claim 6 uses a very similar strategy to Ebert’s (1988) proof of
his Theorem 1. But Ebert’s proof contains an error, identified by Wakker (1993, §2.3).
Fortunately, the result claimed by Ebert is actually correct (Wakker 1993, Corollary
3.6). But this result only applies to the open cone of strictly positive nonincreasing

vectors Rﬁi, whereas we need the corresponding result for the closed cone R? of
nonnegative nonincreasing vectors. As shown by Wakker (1993, Example 3.8), this
extension does not come for free; hence, the detailed argument is provided above
in the proof of Claims 1-6. Despite Wakker’s (1993) admonition, later authors have
recapitulated Ebert’s error. For example, Balasubramanian (2015, Corollary 3) repeats
Ebert’s proof almost verbatim. Likewise, in the proof of their Lemma 1, Asheim and
Zuber (2014) cite Ebert’s (1988) Theorem 1 without correction.

Proof of Proposition 2.1 (a) Let >y be the restriction of the order >, to RT, while
>N+1 is the restriction of >, toRiHi.Letx = (x1,...,xy)andy = (y1, ..., yn) be
in RT, let z > max(x1, y1), and let X’ := (z, x1, ..., xy) and ¥ := (2, y1, ..., yn).
Thenx',y € Rﬁ—ku, and we have

(x=nvy) &= (X zv4 y’)

= (¢1 (z)+2¢,,+1(xn) ¢, (z)+2¢,,+1(yn)

n=1 n=1
N N
= (Z o () > qu,;:l(yn)) :
n=1 n=1
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Here, () is by Top-independence in good worlds, while (x) is by the representation

(2B). This equivalence holds for all x,y € RM, and this argument can be repeated
for any N € N. Thus, if we define 1#,;“ = qblj' 11 for all n € N, then the functions
{7152, and {¢, }°°, yield another rank-additive representation like (2B) for >.
But the functions {¢>ni}ff; | in this representation are unique up to multiplication by a
common scalar. Thus, there is some 8 > 0 such that ¢,” = B¢, foralln € N—
equivalently, ¢, | = B¢, foralln € N. Let ¢* := ¢ /B; then, we obtain ¢, :=
B" ¢t for all n € N. The result follows.

The proof of (b) is almost identical, but works with {¢, }°° | instead of {oF }h2 - The

uniqueness claims in parts (a), (b) and (c) all follow immediately from the uniqueness
statement in Theorem 1. O

Proof of Proposition 2.2 First, note that the supremum W is never obtained by any
x € X, even if W is finite. To see this, suppose by contradiction that W (x) = W for
some x € X. Let x" be obtained by increasing x by some amount in every nonzero
coordinate. Then W (x") > W (x), because the functions qbni are all strictly increasing.
Thus, W (x') > W, contradicting the definition of W.

(a) “=" Let x and rg be as in the formulation of No Repugnant Conclusion. For
any N € N, we have x > rgly, and thus,

N
W(x) > W(roly) = Y ¢ (ro).
n=1

o0
Taking the limit as N — 00, we obtain Z ¢,T (ro) < W(x) < W, as desired.

n=1
“«=" Let rg satisfy the condition in the theorem. Then there exists some x € X
such that W(x) > Y 7, ¢;F (ro), and thus, W (x) > 2111\1:1 &, (ro) forall N € N.
It follows that x > roly for all N € N, as desired.

(b) “=" Forany N € N, let x € X satisfy the statement of No utility monsters.

Thus, for all » € R, we have x > r 1y, and thus,

N
W) > Wrly) =Y ¢ ).
n=1

N _
Taking the limit as » — 0o, we obtain lim Z qb,J[ (r) < W(x) < W,asdesired.
r—00 n=1

“«—=" For any N € N, we have lim,_, » ZQ’:l ¢>n+(r) < W. Thus, there exists

some X € X such that lim,_, o Zfl\’:l ¢,‘f (r) < W(x). Thus, for all r € Ry, we
have W(r 1y) < W(X), and thus, r 1y < X, as desired.

For the last statement of the thg)rem, suppose that W < oo. Let rg > 0, and let
ri > ro; then, Y o2, ¢, (r1) < W. Now let § := ¢, (r1) — ¢, (r9). Then § > 0
because (;Sl+ is strictly increasing, and we have
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Do) =8+ ¢ 00) > Y ¢ o).
n=1

n=1 n=1

It follows that Y%, ¢,7(r9) < W. Thus, the condition in part (a) is satisfied. (In
fact, this argument works for all ro > 0.) By a similar argument, we deduce that
lim, - oo Z,]lv:l ¢, (r) < W, forall N € N. Thus, part (b) is satisfied. O

Proof of Proposition 2.3 The first statement is obvious. The second follows immedi-
ately from Proposition 2.2. O

Proof of Proposition 2.4 Before proceeding with the proof of (a), (b), and (c), we need
some preliminary observations. Let > be a SWO on X. Let >, be the ordering on
Rii X RTT defined via statement (2A).

Claim 1 > satisfies Inequality neutrality (respectively, Inequality aversion, resp.
Strict inequality aversion) on X if and only if >, satisfies the same axiom on
R} x R™

+ —

Proof Let x,y € X. Say thaty is a rank-preserving Pigou-Dalton transform of x if
y is a Pigou—Dalton transform of x, and furthermore, for all i, j € Z, if x; < xj,
then y; < yj; also, if x; < 0, then y; < 0; finally, if x; > 0, then y; > 0. In other
words, the reallocation of utility does not change the ranking of people from best-off
to worst-off which we use to apply the rank-additive SWF (2B). Note that we allow
the possibility that x; < x; but y; = y;—the reallocation may equalize two people (so
that afterwards they could be ranked in either order). Likewise, we allow the possibility
that x; < O (or x; > 0) but y; = 0. The following facts are easily verified:

(a) Foranyx,z € X, zis an ordinary Pigou—Dalton transform of x if and only if there
is a sequence X = Yo, y1,¥2,-..,yn = zsuch thatforalln € [1...N],y, isa
rank-preserving Pigou—Dalton transform of y,,_1.

(b) For any x,y € &, if y is a rank-preserving Pigou—Dalton transform of x, then
(y™, y™) is an ordinary Pigou-Dalton transform of (x™, x™).

Fact (a) means that > satisfies Inequality neutrality (resp. Inequality aversion, resp.
Strict inequality aversion) with respect to rank-preserving Pigou—Dalton transforms
if and only if it satisfies this axiom with respect to all Pigou—Dalton transforms. Fact
(b) means that > satisfies one of these three axioms with respect to rank-preserving
Pigou-Dalton transforms if and only if >, satisfies the corresponding axiom (in its
ordinary form) on Ril x R*". This proves the claim. ¢ Claim 1

Now let x = (x*,y7) andy = (y*, y~) be elements of Rf x R™" . and suppose y
is a Pigou—Dalton transform of x. Then there exist m, n € N and € > 0 such that one
of the following three cases occurs:

@) yy =%, +€ <0<y =x —€ whiley, = x, forall ¢ € N\ {m}, and
y; =x/} forall ¢ € N\ {n}.

(i) m > n,and y,; = x| +€ gy,j‘:x;,“—e,whileyz' :xé|r forall £ € N\ {m, n},
andy, =x, forall £ € N.

@ Springer



Rank-additive population ethics 901

(iii) m <n,and y,, =x, +€ <y, =x, —€,whiley, =x, forall £ € N\ {m, n},
and yz = x[ forall £ € N.

Let W be the SWF in formula (2B). The W (y) — W (x) takes the following form in
Cases (i), (ii), and (iii):

D W) = WE) = [d e + ) — b ()] = [0 (55 — o (5F — o]
() W(y) — W) = [¢f 0k +6) — ¢ (6] = [0 6F) — o (F — )] -
() W(y) — WX) = [¢y e +€) — b )] = [d 6) — ¢ (7 — O] -

With these preliminaries established, we proceed with the proof of parts (a), (b), and (c)
of the theorem. In each of (a), (b), and (c), it is easily verified that the stated conditions
are sufficient for >, to satisfy the stated axiom—and hence, for > to satisfy it, by
Claim 1. It remains to prove that they are also necessary.

(a) Suppose > (and hence, >, satisfies Inequality neutrality. So if y is a Pigou—Dalton
transform of x, then W(y) = W(x). Thus, for any m,n € N, any € > 0, and any
x,, < —e and x;7 > €, the right-hand side of equation (I) is zero. Thus, there is some
constant C > O such that ¢,, (x,, +€) — ¢, (x,,) = Cand ¢, (x,7) —p;F (x,7 —€) = C
forall x,, < —e and x;” > €. Thus, ¢;" and ¢,, must each have a constant slope—in
fact, the same slope. Since ¢, (0) = 0 and ¢,, (0) = 0 by assumption, this means they
are linear functions with the same slope. Varying this argument over all m,n € N,
we conclude that the {¢;" o2, and {¢,}7° | are all linear functions with the same
slope. Thus, SWF (2B) is equivalent (up to multiplication by a scalar) to the classical
utilitarian SWF (2C).

(b) Suppose > (and hence, >,) satisfies Inequality aversion. So if y is a Pigou—Dalton
transform of x, then W(y) > W(x). Thus, for any m,n € N, any € > 0, and any
+ _+

x;, x, € R, we have:

—Ifx,, < —e and x, > e, then the right-hand side of equation (I) is nonnegative.
—If x,‘l" —2e > x,jl' > 0, then the right-hand side of equation (II) is nonnegative.
—If0 > x, > x,, + 2e, then the right-hand side of equation (III) is nonnegative.
Setting s := x;f + € and r := xF — € in all three cases, we obtain inequalities (i),
(i1), and (iii) in part (b) of the theorem.

To obtain inequality (2H), let / € N, and let € := ¢g/J. Then forany n < m € N,

J-1

b (@) =, (@) = dT0) =D (& (G + De) — ¢, (je))

j=0

= (¢ (©) — ¢, @) + ) (&) ((j + De) — ¢ (jo))

1

— (&7 ((J + De) — ¢, (Jo)

J

~

J
(<) (&) =61 O) + Y (1 (o) — b5 (G — De))

J

—_
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— (b @+ — ¢,/ @)
=67 (4) + ei@ = (o7 (4+ 1) -0 @).

Here, (x) is by inequality (b)(ii), where for each summand, we setr = s = je¢, so that
r+€=(j+ 1)eands —e = (j — 1)e. We have also used several times the fact that
#,7(0) = ¢,}(0) = 0. Taking the limit as J— o0, we obtain:

+ + : +(4
of @) < ol@) + Jim ¢ (T)

— lim (of (0+5) -0/ @) = 0@,

where the last step is because ¢, is continuos at 0 and at g. Thus, we deduce that
¢, (q) < ¢ (q) forall g € Ry and n < m € N. This justifies all the inequalities
on the left side of (2H). By an almost identical argument [using inequality (b)(iii)],
we deduce that ¢, (¢) < ¢,,(q) forall g € Ry and n > m € N; this justifies all the
inequalities on the right side of (2H). Finally, by a similar argument [using inequality
(b)(1)], we deduce that ¢>:[(q) < ¢, (q) forallg € Ry and all n, m € N. This justifies
the inequalities between the left and right sides of (2H).

To prove inequality (2I), observe that inequalities (b)(i)—(b)(iii) imply the following

¢ (r+e) =g, () < P —Puls —€)

€

(i) If r > 0 > s, then
€
Grrte) =i _ i) — g —e)

(ii)) Ifn <mandr > s > € > 0, then
€ €
P T+ = () _ O ($) — (s —€)
€ b € ’
Taking the limit as e —0 in all three cases, we deduce:
(i) Ifr > 0= s, then (¢,)'(r) < (¢,,)'(5).
(i) Ifn <mandr > s > 0, then (¢,;) (r) < (¢;}) ().
(i) If n > mand s < r < 0, then (¢;,) (r) < (¢,,) (s).

(iii) If n > mands < r < —e < 0, then

Ifrizrmn>2rn>--->0ands; <5 <53 <--- <0, then each of the inequalities
in between adjacent terms in (2I) can be obtained by invoking one of inequalities (i),
(i), or (iii").

(c) The proof is identical to (b), but with strict inequalities.

Proof of Proposition 2.6 Easy modification of the proof of Proposition 2.4. O

B Appendix: Proofs from Section 3
Parts of the proof of Theorem 2 are analogous to parts of the proof of Theorem 1.

When noting these analogies, I will refer to Claim N in the proof of Theorem 1 as
“Claim 1.N”.
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Proof of Theorem 2 The proof of “«<=" is straightforward, so I will focus on the proof
of “==". First, Claims 1-6 will show that each of the orders > admits an additive
representation on RVt Then, Claims 7-14 will combine all these representations
together to obtain an ARA SWF on R*t.

[13a%:]

The binary relation “=” in the Trade-off Consistency axiom is clearly symmetric:
if (a~b) = (c*d), then (c “>d) = (a ~~b). Claim 1 shows that = is also
“transitive”.

Claim 1 Letn, m, £ € Nbedistinct,andleta, b, c,d, e, f € R.If(a ~» b) = (¢ > d)
and (¢ ™ d) = (e % f), then (a 5 b) = (e > f).28

Proof For any x € X, if x] =aandx), =c, and bnyx and d)x are well defined,?
then Trade-off Consistency says that

bX =~ di)X, (B1)

because (a NS b) = (c N d). Likewise, for any x € X, if x,ﬁ = c and xz = e, and
dmx and f(p)x are well defined, then Trade-off Consistency says that

dmX =~ fX, (B2)

because (¢ 2 d) = (e & ).
Now, find x € X such that x,I =a, xnt =c¢,and xg = e, and such that b, X, d(n)X,
and f(¢)x are all well defined. Then combining (B1) and (B2) and the transitivity of

the indifference relation ~, we get b,)x ~ f()X. Thus, (a NS b) = (e & ).
¢ Claim 1

Let RVt := {x e RY; x| < xo < --- < xy}; this is the topological interior of RVt
as a subset of RV, Let W C R¥t*. The order >y is coordinate-independent on VY
if the following is true: for any w, v, w', v € RN, and any n € [1...N] such that
wy, = v, and w), = v, while w_, = w_, and v_, = v_,, we have w >y v if
and only if w' >y Vv'. Say that > is locally coordinate-independent on RNt if it is
coordinate-independent in an open neighbourhood of every point in RV,

Claim2 For every N € N, the order >y is locally coordinate-independent on RN,

Proof Let x € RVt Since RV11 is an open subset of RY, it contains an open neigh-
bourhood around x—in other words, y € R¥*t for all points y € RY that are “close
enough” to x. Throughout this proof, when I use the words close enough, 1 will mean
them in this way: the construction I want to perform involves a small enough change
in coordinate values that it does not change the strict ordering of the coordinates.

Now, fix n € [1...N]. Let x,y, X,y all be close enough together, and suppose
that x, = y, and x,, = y,,, whilex_, =x__, andy_, =y’ ,. I will show thatx >y y
if and only if X" >y y'.

28 Here, I assume that the ordering of @, b versus c, d versus e, f is the same as the ordering of n, m and
£. For example, if n <m < £,thena,b <c,d <e, f.

29 Thatis:x]_| <b<x!, andx] | <d<xl .
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For simplicity, suppose n = 1 (the same argument works in general). So x =
(a,x2,x3,...,xy)andy = (a, y2, y3, ..., yn), while X' = (b, x2, x3, ..., xy) and
y = (b,y2,v3,...,y5), for some x3 < --- < xy and y» < --- < yy and some
a,b < min{xy, y2}.

Let a! := a.If y, is close enough to x7, then Continuity and Pareto yield some
a? € R such that (Clz,xz,X3,X4, ...,XN) RN (al, Y2, X3, X4, - ..,xN).30 In other
words, (a! ~» a2) = (x2 % y2).

Next, if y3 is close enough to x3, then Continuity and Pareto yield some a° €
R such that (a3,xz,X3,X4, L. XN) RN (az,xg, ¥3, X4, ..., xXy). In other words,

3

2 L 30 ~ 3
(a® ~a’) = (x3 ~ y3).

Now letn € [4... N], and suppose we have constructed a”~!. If y, is close enough
to x,, then Continuity and Pareto yield some a” € R such that

n ~ n—1
(a yx2’~'-7xn717xn’xn+]a--',xN) ~N (a ,x23---,xn7],)’n,xn+l,u-»xN)-

In other words,
@' a") = (xp A yy), foralln e [2...NI. (B3)
Now, by repeatedly applying Trade-off Consistency to the relations (B3), we obtain:

y=(a', y2, y3, ar o YN) RN (@ X2, V30 Vas o0 YN)
AN (@, X0, X3, V4e o YN) RN --
: %N (aN7x25x35x47"'5xN)‘ (B4)

(If x and y are close enough, then all of these intermediate vectors are in RNt .) Thus,

(x >N y) <= ((al,xz,x3, cooxn) =N @V, x, x3, ...,xN))
1 N
= (a' >dV). (B5)
Here (%) is because x = (a!, x2, x3, ..., xy) (because a! = a = x;) and y Ry

@™, x2, x3, ..., xN) by formula (B4). Meanwhile (}) is by Pareto.
Now let b' := b. If x and y are close enough, then by repeating the preceding
argument, we can construct a sequence b2, b3, ..., bYN € R such that

BV Y = (0, S y,), forallm e [2... N (B6)
By repeatedly applying Trade-off Consistency to (B6), we obtain:

Y = (b, v2, V3, v oo YN) AN (B X2, V3, Vas « s IN)
N (B, X2, X3, Va0 YN) RN -
cay (BN, X0, x3, x4, L XN),

30 See, for example, the proofs of Claims 1.2 and 1.4, or Claim 4, for similar constructions.
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where, if x" and y’ are close enough, then all of these vectors are in RNt Thus,

(X' =ny) &= (b x2,x3,...,x8) =§ OV, x2,x3,...,x7))
= (o' =b"). (B7)
Now I will show that a! > & if and only itb! > bV, Letz = (z1,225---,2N+1) be
some element of RV +111 suchthatz; = a! and zp > max{ay, a3, ...,an, b2, b3, ...,
by}. Let ¢! := zy41. Using Pareto and Continuity, we can construct c2, c3, ..., ¢V
such that
(a17227""ZN7cl) %N+l (a27227"'9ZN762)
%N+1 (613, 22y,+++3 2N, 03) %N+1 tet
~ N
v @Yz, V), (B8)

and all these vectors are in R¥+11. (This is possible if zy is large enough, and
la, — a,—1| is small enough for all n € [2... N], which in turn is the case as long as
y is close enough to x.) In other words,

(" NEL ey = (1 L oMy, foralln e [2... N (BY)
Since 1 # n # N + 1, we can combine equations (B3) and (B9) via Claim 1, to get
n N+l

(¢ MY = (x, S y,), forallne[2...N]. (B10)

Then, combining equations (B6) and (B10) via Claim 1, we get
@ NEL ey = =t L gy, foralln e 2. N (B11)

Thus, Trade-off Consistency yields

b 22, ozns ) Ry 022,z D)
el 022,00, 7n, ) gy -
cAne OV 2oz eY). (B12)
Thus,
1 N 1 N 1 N
(a Ea)ﬁ(c Sc){:(T—ﬁ(b > b)), (B13)

where (x) is by (B8), (1) is by (B12), and both use Pareto. Putting it all together, we
obtain

(xxzny) & (@' 2 a"V) & (b 20Y) = (X zvY). (B14)
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as desired. Here, (x) is by statement (BS5), (f) is by statement (B13), and (%) is by
statement (B7).

For any x € RV1*, we can obtain the equivalence (B14) for all y,x',y € RVt
that are close enough to x. A similar argument works for alln € [1... N]. Thus, >y
is locally coordinate-independent on RV, ¢ Claim 2

Using Claim 2 and a result of Wakker (1988), I will soon show that > admits a “local”
additive representation in a neighbourhood of each point in R¥1. T will then combine
all these local additive representations using a theorem of Chateauneuf and Wakker
(1993). Just as in the proof of Theorem 1, I must first check that all the technical
conditions of the Chateauneuf-Wakker theorem are satisfied; this is the purpose of
Claims 3 to 5.

Claim3 Let N € N. Every indifference set of >y in RNt is path-connected.

The proof of Claim 3 is similar to the proof of Claim 1.1, but somewhat simpler.
First we need a preliminary result. Let YV := {x € R¥1; x; = 0}. For any y =
1, ..., yn) € RM1t and r € R, define 7/ (y) := (y1 +7,y2 +7,...,yn + 7). The
next claim is analogous to Claim 1.2.

Claim4 Let N € N, and let x € RV, Let Z := {z € RV, z =~y X} be the
indifference set of X. For any'y € YV, there is a unique r € R with t"(y) € Z. Let
@ (y) := 1" (y); this defines a continuous surjection ¢ : YN — Z.

Proof Existence and uniqueness Since RV is a connected, separable topological
space, and > y satisfies Continuity, the theorem of Debreu (1954) yields a continuous
function w : R¥tt — R that represents > . If 7 is large enough, then every coordinate
of 7" (y) is bigger than every coordinate of x, so Pareto says that " (y) >» X, and
hence, w[t”"(y)] > w(x).Ifr is small enough, then every coordinate of " (y) is smaller
than every coordinate of x, so Pareto says that t"(y) <y X, and hence w[t"(y)] <
w(x). The function w — w[t"(y)] is continuous, so the intermediate value theorem
yields some r € R such that w[t"(y)] = w(x), and hence, 7" (y) ~n Xx. Thus,
7" (y) € Z. This value of r is unique by Pareto.

Surjective Letz € Z.Lety := t—%(z). Then y; = 0 by construction, soy € V.
Clearly, 7% (y) = z. Thus, ¢ (y) = z.

Continuous 1In fact, ¢ is Lipschitz continuous. To see this, let u,v € YN and let
€ := |lu — v|. Then |u, —v,| < eforalln € [1...N]. Let u := ¢(u) and
v/ := ¢ (v); then, there exist r, s € R such that u), = u,, + r and v}, = v, + s for all
nell...N].

Suppose r > s+¢€.Thenforalln € [1...N],wehaveu, = u,+r > u,+s+€ >
v, + 5 = v),. Sou’ >y v by Pareto. This contradicts the fact that both u’ and v’ are
in the same indifference set Z.

Likewise, if r < s — €, then u), < v, foralln € [1...N],sou’ <y v by Pareto,
again contradicting the fact that they are in the same indifference set. To avoid these
contradictions, we must have |r — s| < €. But ||[u’ — V|| < |lu —v|| + N|r — 5], and
€ =|lu—v|. Thus, [ — V| < (N+1)|u—v]|.

For any u, v € YV, this argument yields [|¢ (u) — (V)| < (N + Dflu—v].

¢ Claim 4
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Proofof Claim 3 )V is the intersection of the hyperplane {x € R"; x| = 0} with the
convex set RV, so YV is convex, hence path-connected. If Z is any indifference set
of >y, then Claim 4 says that Z is the image of )’V under a continuous surjection;
hence, Z is also path-connected. ¢ Claim 3

Recall the matching terminology introduced by Chateauneuf and Wakker (1993) and
reviewed in the proof of Theorem 1. The next result plays the role of Claim 1.5.

Claim5 Every element of RNt is matched.

Proof Letx € RVt Itis easy to see that is some y € RVt such thatx ~ y. (This can
be proved by a perturbation argument using Pareto and Continuity. It is similar to the
proof of Claim 1.4, so the details are left to the reader.) Second, foreveryn € [1... N],
we can find some y € RNt such that Yn = X. Thus, X is interior-matched, and hence,
matched. ¢ Claim 5

The next result is analogous to Claim 1.6.

Claim6 For any N € N with N > 3, there exists a unique collection of functions
yN, YN R—Rwith ¥ (1) = 1 and with N (0) = 0 for alln € [1...N],
such that for any X,y € RN, we have

N N
(x=zny) < (Z Y ) = o) <yn>). (B15)
n=1

n=1

Proof The proof strategy is similar to the proof of Claim 1.6: first, I construct a “local”
additive representation in a neighbourhood of each point, and then, I stitch these local
representations together using a result of Chateauneuf and Wakker (1993).

For any x € RV, Claim 2 yields an open neighbourhood @ c R¥t with x € O,
such that >y is coordinate-independent when restricted to O. Let B C O be an open
box containing x—say, B = (ay, z1) X - - - X (ay, zny) forsome a; < z1,...,ay < zn.
Let >3 be the restriction of >y to B. Then > is coordinate-independent (by Claim 2)
and continuous (by Continuity). Thus, Theorem 4.1 of Wakker (1988) says that there
are continuous, increasing functions wf : (ay, zn)—>R forall n € [1...N] such
that, for any b, ¢ € 5, we have

N N
(b>pc) (Zw,?wn) > wa(cn)>. (B16)
n=1

n=1

RNt is open, so it can be covered by such open boxes. Thus, >y admits “local”
additive representations (B16) everywhere on RN, Since RVt is convex, it clearly
satisfies conditions (1) and (2) in Structural Assumption 2.1 of Chateauneuf and
Wakker (1993). Meanwhile, condition (3) of Chateauneuf and Wakker (1993) is true
by Claim 3. Finally, RVt is the interior of RV, and every coordinate of any element
on the boundary of RNt is matched, by Claim 5. Thus, by Theorem 3.3 of Chateauneuf
and Wakker (1993), the local additive representations (B 16) can be combined together
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to yield a single global additive representation (B15) on all of RVt . Furthermore, the
functions Y1, ..., Y are unique up to increasing affine transformation with a com-
mon scalar multiplication.

Foralln € [1...N], let k, := v,(0). By replacing ¥, with the function v, —
k, if necessary, we can assume without loss of generality that i,(0) = O for all
n € [l...N]. Now let s := ¢ (1). By replacing v, with the function 1, /s for all
n € [1...N]if necessary, we can assume without loss of generality that ¥/ (1) = 1.

For every N € N, we can repeat the above construction. That is, for all N €

N, we obtain a collection of functions WlN e 1//11\\,/ : R—> R yielding an additive
representation (B15) for >y, and furthermore such that wlN (I) =1and w,]lv ©0) =0
foralln e [1...N]. ¢ Claim 6

Now I will show that these additive representations agree for different values of N.

Claim 7 There is single infinite sequence of functions (¢,)5- ; such that

1//,§V =¢,, forall N e Nandalln €[1...N]. B17)

Proof Let N, M € N,andletn € [1... N].Iwill show that ¥ = M Leta,b € R,
let m € [1...N] with m # n, and suppose there exist some c¢,d € R such that
UNb) — yN@) = yN(d) — N (). (Such a ¢ and d always exist if @ and b are
close enough together.) Thus, if x € X is any social outcome such that x,? =a and

x,f, = ¢, and b(,;)x and d(,,)X are well defined, then the additive representation (B15)

yields b & dgnyx. Thus, (a ~ b) = (¢ %> d).

Now, forany M, L € N, findy € &)y and z € X, such that y,I = a and z,L =c,
bnyy and d(;)z are well defined, and y ~ z. Then Trade-off Consistency says that
by ~ dmyz. Thus, ¥ M (b) — yM(a) = YL (d) — ¥E(c). Note that this equation
holds for any L € N. In particular, it holds for L = N; thus, wf,” (b) — wf,” (a) =
UN(d) — N (). But N (d) — N (c) = N (b) — N (a) by construction of ¢ and
d. Thus, we conclude that ¥ (b) — yM(a) = ¥ (b) — ¥} (a).

This argument works for any sufficiently close a, b € R. Thus, for any a € R,
there is some € > 0 such that Y (b) — yM(a) = N () — ¥ N(a) for all b
(a—e€, a+e€).Since R can be covered with overlapping intervals like this, we conclude
that M (b) —yM(a) = ¥ N (b)— N (a) foralla, b € R. Thus, there is some constant
k € R such that M = ¥V + k. But M (0) = 0 = ¢/ (0) by the construction in
Claim 6. Thus, k = 0. Thus, ¢ = y/N.

This argument works forall N < M € Nand alln € [1... N]. ¢ Claim 7

Foranyx € Xy, wedefine @ (x) := Zf:/:l qbn(x,T),whereN := |x|.Forany x,y € X«
with |x| = |y|, Claims 6 and 7 together imply that

(xzy) & (2x) = D(y)). (B18)
It remains to show that statement (B18) also holds when |x| # |y|. Forany M, N € N,

let Zys v = {r € R; thereexistx € Xy andy € Xy suchthatx ~ y and @ (x) = r}.
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Claim 8 Ty y is an nonempty interval. Thus, for any v € R, ifr ¢ Ty n, then either
r<sforalls € Iy n,orr > s forall s € Iy y. In particular, for anyy € Xy,

@ (@(y) <sforalls € Iy,N) < (y<zforallz € Xy).
(b) (D(y) > s foralls € Iy n) < (y > zforallz € Xy).

Proof Nonempty For any N € N, Neutral population growth yields some xy € Xy
suchthatxy ~ (. Lets := ®@(xy). Thens € Ty n,because Xy ~ Xpr, andxpy € Xy.

Interval Let r,t € Iy y, with r < t. We claim that [r, t] € Zy; n. To see this, let
s € (r, t). There exists some X, z € Xy such that @ (x) = r and @(z) = ¢, and such
that x ~ x’ and z ~ 7 for some x, 2z’ € X);. Define @y : RVt —R by setting
Dn(y) = 2111\]:1 Gn(yp) forally = (y1,...,yn) € RNt; then, @y is continuous
(because each of ¢, ..., ¢y is continuous). Since @N(XT) = r and (DN(ZT) =1,
and RM* is connected, the intermediate value theorem yields some v € RNt such that
@y (V) =s. Lety € Xy such that y' = v; then, ®(y) = s. By statement (B18), we
have x <y < z, becauser < s < 1.

Let A:={a'; ae Xy anda > y}and B := {b"; b € X)y and b < y}. By
the axiom Continuity, these are both open subsets of Rt . Clearly, they are disjoint.
Furthermore, both are nonempty, because (x')? € B and (z)! € A (because x' ~
x < yand z & z > y). Thus, there must be some (y))" € RM* such that y/ ~ y—
otherwise, RMt = A U B, which contradicts the fact that RMt is connected. Since
s = ®(y) andy ~ y/, it follows that s € Zp n, as desired. This argument works for
any r,t € Iy y and s € [r, t]; it follows that T)s y is an interval.

(a) “=" (by contradiction) Lety € X, and suppose @ (y) < s forall s € Zy v,
but also suppose y > z’ for some z’' € Xr. Now, Zy y is nonempty, so let s € Zy y,
and let x € Xy such that @ (x) = 5. We have @ (y) < s = @(x), and hence, y < x by
statement (B18). Meanwhile, there is some X' € Xy such that x &~ x’, by definition
of Zys.v- Thus, y < x'. Meanwhile, y > z'. By repeating the argument in the previous
paragraph (using Continuity and the connectedness of RM1), we can construct some
y' € Xy such thaty ~ y’. But then @ (y) € Z)s.n, which is a contradiction. To avoid
the contradiction, we must have y < z’.
“«<=" Supposey < z forall z € Xy. Lets € Ty n. Then s = @ (x) for some
x € Xy, with some x’ € X}, such that x ~ x’. But then y < x’; hence, y < x; hence,
D (y) < @(x) = s, by statement (B18), as desired.

The proof of (b) is very similar to the proof of (a). ¢ Claim 8

For any r € Iy n, find x € Xy such that @(x) = r. Then findy € Xy withx ~ y,
and define Vy y(r) 1= @(y). Then Vy y(r) € In m.

Claim 9 Vi a(r) is well defined independent of the particular choice of X and y.

Proof Letx’ € Xy andy € Xy, and suppose that @ (x’) = r and X' ~ y’. Theny’ ~
x' &~ x Ay (where the middle indifference is by (B18), because @ (x') = r = @ (x))
hence y’' ~ y (by transitivity), and hence @ (y") = @(y) [by (B13)]. ¢ Claim 9

This yields a function Vi v : Ty n—>Zn m. It is easily verified that Vj, n is an
increasing bijection from Zs y to Iy pr, and VA;]N = Vn.u, as afunction from Zy
back to Zys n.
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Claim 10 Foranyx € Xy andy € Xy, if ®(X) € Iy N, then
(x=y) = (Vunle®] = o).

Proof Let r := ®@(x), and let 7’ := V) y(r). Then there is some X’ € X such that
x ~ x and @(x') = r'. Let s := ®(y). If s < 1/, then representation (B18) yields
y < x'. Meanwhile, X' ~ x; thus, y < X, by transitivity. If s > r’, then representation
(B18) yields y > x’. Meanwhile, X’ ~ x; thus, y > X, by transitivity. ¢ Claim 10

Claim 11 Foranyn < m € Nand a < ¢ € R, there exists € > 0 and a continuous,
increasing function ¥ : (a — €,a + €)—>R with V¥ (a) = c, such that for all b €
(a—¢€,a+¢€)ifd .=y (), then (a & b) = (¢ 2 d).

Proof Let x € X such that xi_l < x,I =a < x,IH and x,l_l < xnt =c < szerl'

Let N := |x|. Since ¢, is continuous and strictly increasing, its image R, := ¢,, (R)
is an open interval in R, and ¢,, : R—>R,, is a homeomorphism. Likewise, if
R = ¢n(R), then R, is an open interval and ¢, : R—>"R,, is a homeomorphism.
Let R}, := {r — dm(c) + ¢u(a); r € Ry}; then, ¢y (a) € R, (because ¢, (c) € Rpy),
and thus, R, N R, is itself a nonempty open interval containing ¢, (a). Let Q, :=
o, 1 (R;n N R,); then, Q,, is an open interval containing a. Now define ¢ : Q,—>R
by setting

V(@) = bp' (6n(q) — $u(@) + dum(c)), forallg € Q.

Then ¥ (a) = c. If Q,, := ¥ (Qy,), then Q,, is an open interval containing ¢, and ¥ is
a continuous, increasing bijection from Q, to Q. Let Q) := Q, N (x,I_1 , x,I )N
w_l(x;_l , x,Il_H), and let Q) := ¥ (Q,), then Q) and Q,, are open intervals around
a and c, respectively, and ¢ : Qj1—> Qﬁn is a continuous, increasing function.

For any b € Q,,, the element b(,)x is well defined because xT_l <b<x! If

n n+l-
d := (D), then d,;,)x is well defined because x,Ll <d < x;H because d € Q).
Finally, b(,)x ~ d()x by statement (B18), because @ (b(,)X) = D (d(u)X), because
GO (d) — pm(c) = ¢ (b) — ¢p(a) by the definition of . Since x,T = a and x,,t =c,
we conclude that (a N b) = (c 2 d).
Now find € > 0 small enough that (¢ — €,a + €) C Q;,. Then for any b €
(a—¢€,a+¢),ifd =y (b),then (a N b) = (c 2 d), by the previous paragraph.
¢ Claim 11

Claim 12 Forany M, N € N, there exists a constant Qy n € R such that Vy y(r) =
r+ OmnNforallr € Ty N.

Proof Let r € Zy n. Find x € X with @(x) = r, and find y € A}y such that
X & y; then, Vi n[@(X)] = D(y), by the definition of Vj; y and Claim 9. Find
n,m € [l...N]suchthat x,_1 < x, < xp41 and y;u—1 < Ym < Ym+1. Leta := x,
and ¢ := y,,. Lety : (a—e€, a+€)—> R be as described in Claim 11; then, ¥ (a) = c.
Define

€0 := min {e, Xngl — @, @ = Xp—1, U Ymy1) —a, a— lﬂ_l(ym_1)}.
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Then €y > 0. Letb € (a — €g,a + €p), and let d := ¥ (b). If § := ¢, (b) — dn(a),
then also ¢,,(d) — ¢ (c) = 8, because (a A b) = (c 2 d) by the definition of
in Claim 11. If X" := b(,)x (which is well defined because b € (x,—1, Xp+1)), then
@ (x') = & (x) + 6. Likewise, if y' := d(,,)y [which is well defined because d = v/ (b)
and b € (Y (ym—1), ¥~ (Ym+1))], then @ (y") = P(y) + 6.

As x ~ y, X' ~ y/, by Trade-off Consistency. Thus, Vy; y[® (X)] = @(y'), by
Claim 10. In other words, Vi n[®(Xx) 4+ 6] = @(y) + 6 = Vy n[P(X)] + 6.

This equality holds for any sufficiently small 5—in particular, it holds for all § in
the set {¢, (b) — ¢n(a); b € (a — €p, a + €o)}, which is an open interval around zero.
Thus, if r € Zys vy and s € Iy p are any values such that Vs y(r) = s, then we also
have Vi n(r + 6) = s + & for all sufficiently small 6. This shows that Vs y is an
affine function with slope 1 in a neighbourhood of each pointin Zys y. But Zjs y is an
interval by Claim 8; it follows that Vs u is an affine function with slope 1 everywhere
OHIM)N. ¢ Claim 12

Based on Claim 12, we can extend Vs y to an affine function Vs v : R—R, by
defining Vyy n(r) =r + Qu n forall r e R.

Claim 13 Foranyx € Xy andz € Xy, (x <z) < (Vun[®X®]< ®(@).

Proof Let r := &(x) and let r := ®(z). If r € Ty y, then the stated equivalence
follows from Claim 10. Likewise, if t € Ty s, then it follows from Claim 10 and the
observation that V1\7,1M = Vi, n and both are increasing, so that Vs y[P@ (X)] < @ (z)
if and only if @ (x) < Vv u[P(2)].

So, suppose that r ¢ Zy y and t ¢ Ty p. It follows that X % z (because otherwise
we would have both r € Ty y and t € Iy pr). Thus, either x < z or X > z.

Claim 13A (a) Ifx < z, then Vy n[P (X)] < @ (2).
(b) Ifx >z, then Vy y[P (X)] > @ (2).

Proof (a) Suppose x < z. Claim 8 says 7y y is an interval. So, since r ¢ Ty y, we
must have either r < s forall s € Zy y,orr > sforall s € Iy y. If r > s for
all s € Zys y, then Claim 8(b) says that x > y for all y € X, which contradicts the
hypothesis that x < z. So, we must have r < s for all s € 7y x. By a similar logic
[using Claim 8(a)], we must have ¢ > 5" for all s’ € Zn .

Now, let s € Zys y and find some y € Xy such that @(y) = s, and some y’ € X
such that y ~ y’. Thus, if s' := ®@(y’), then s’ = Vj; y(s). Furthermore, s’ € Zy_y.
By the previous paragraph, we have r < s and s" < t. Thus, Vy p(r) < Vy. p(s) =
s" < t. In other words, Vi y[® (X)] < @ (z).

The proof of (b) is similar. Vv Claim 13A

Claim13B Vy n[@ (X)] # @(2).
Proof (by contradiction) Suppose Vi n[® (x)] = @ (z). By taking the contrapositive
parts (a) and (b) of Claim 13A, we cannot have either x < z or x > z. So we must have

X & z, because > is a complete relation. But we have already deduced that x % z, so
this is a contradiction. Vv Claim 13B
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It follows from Claim 13B that either Vi [P (X)] < @(z) or Vy N[P (X)] > D (2).
If Vi nv[® (X)] < @(z), then the contrapositive of Claim 13A(b) says that x < z, and
hence, x < z (because x % z). If Viy y[®P(Xx)] > P(z), then the contrapositive of
Claim 13A(a) says that x > z, and hence, x > z (because x % z). At this point, we
have shown that x < z if and only if Vi y[®(x)] < ©(z). Likewise, x > z, if and
only if Vi n[@(x)] > @(z). Since we also know thatx # zand Vi y[D (X)] # P (2)
(by Claim 13B), this suffices to prove the claimed equivalence. ¢ Claim 13
Forall N, M € N, let Qn » be as in Claim 12.

Claim 14 Forall M, N € N, we have Qu.n = —On.m, and for all L € N, we have
Orm+OmunN=0LN.

Proof As already noted, VA;}N = Vn m., as afunction from Zy js back to Zys y; thus,
Claim 12 yields Q. v = —OnN. M-

Now consider the set Zps y N Vi p(Zr,m)- I claim this intersection is nonempty.
To see this, forall £ € {L, M, N}, letx, € X be such that X, ~ @J; such elements exist
by Neutral population growth. If  := @ (xy), then r € Zj; y (because Xy ~ Xp).
Likewise, if s := @ (xy7), then s € I}, js (because xps ~ Xx1). Finally, Viy y(s) = r,
because Xy ~ xy. Thus,r € Zyy y NV (L m); thus, Zyy n N Vy (Lo m) # {}-

It is easily verified that Zyy y N V. (L. m) € Zp.n, and Vi pr 0o Vy n(r) =
Ve.n(@r), forallr € Tyy ;n NV pu(Zr, ). Thus, Claim 12 yields Qr .y + OQu.n =
OL.N. ¢ Claim 14

For all N € N, let gy = QOn.n-1. (In particular, g1 = Q10 = Vi,000) =
Viol®(@)] = ¢1(x1), where x; € R is the unique value such that if x € A} is
the one-person outcome with lifetime utility x;, then x ~ ¢; such an x; exists by
Neutral population growth, and it is unique by Pareto.) For any N < M, Claim 14
implies that Oy vy = gn+1+ -+ qum. Foralln € N, define ¢, := ¢, — g,. For any
x € Xy, if N := |x|, then define

N N N
O'x) =Y ) =D duxH =Y g =®® —QOno.  (BI9

n=1 n=1 n=1

Thus, forall M € Nandy € Xy,

(@'(%) > @'(y)) = (P(X) — On.0 > DY) — Qur.0)
= (P®+0m0—0Ono 2 2Y) <> (VUNIPXIZP(Y) <= (x =),

as desired. Here, (a) is by Eq. (B19). Next, (b) is because Qpr.0 — On.0 = Om.n by
Claim 14, so that @(x) + Om.0 — Ono = P(X) + Ou.n = Vu n[P(Xx)]. Finally,
(c) is by Claim 13. O

Remarks In the proof of Theorem 2, Neutral population growth is only needed in
Claims 8 and 14, where it is used to show that certain sets are not empty.

If we had assumed that > satisfied an axiom of Separability similar to the one
used in Sect. 2.2, then Claims 1-5 would be unnecessary, and the proof of Claim 6
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could be made much simpler: we could just invoke Corollary 3.6 of Wakker (1993) to
immediately obtain an additive representation of >, on all of RV, (This argument
was used in an earlier version of this paper.)

Proof of Proposition 3.1 “(a) — (b)” (by contradiction) Let I := inf(¢(R)). If
statement (b) is false, then either I > —S(¢p), or I = —S(¢) and supremum in
formula (3F) is obtained.

Case 1 Suppose I > —S(¢). Then —1 < S(¢). Thus, there exist x; < x3 < --- <
xny € R such that Zrll\;l 8¢n(x,) > —I.Find x € X such that xt = (x1, ..., xn).
Suppose r < x1, and lety := x W r. Then yT = (r,x1,...,xn). Thus,

N N
W(Y) =¢10r) + Y $ut1(xn), while W(x) = Y hu(xa),
n=1

n=1

N
so that W(y) — W(x) = ¢1(r) + 25¢n(xn) >¢1(r) =1 (2) 0,

n=1
where (x) is by definition of 7. Thus, W(y) > W(x), so x W r > x. This holds for all
r <Xi.

On the other hand, if s > x1, thens > r forany r < x1, and thus x W s > x W r by
Pareto, while x & r > x by the previous paragraph. Thus, x ¥ s > x by transitivity. It
follows that x W s > x for all s € R. This contradicts the axiom Critical levels.

Case 2 Suppose I = —S(¢) and supremum in formula (3F) is obtained. Then —1 =
S(¢), and there exists some x; < xp < --- < xy € Rsuchthat Zflvzl Sy (xy) = —1.
Again, let x € X be such that xT = (X1, ..., xn), letr < xj,andlety ;== xWr.
Then by a similar computation to Case I, we get

N
W) = WX = ¢10)+ Y 8¢u(xa) =¢1(r) — I > 0.

n=1

(Here, the last step is because ¢1(r) > I because the infimum I is never obtained,
since ¢ is strictly increasing.) Thus, once again, W(y) > W(x); hence, x W r > X.
This argument holds for all » < x;. The rest of the argument is identical to Case I;
again, we obtain a contradiction of Critical levels.

“(b) <= (a)” Suppose > has an ARA representation satisfying the condition the
theorem. To show that > satisfies Critical levels, let x € X. For any r € R, define
Y(r) = W(xWr). It is easily verified that ¥ : R—R is a continuous function. To
verify Critical levels, we must find some ¢ € R such that ¥ (¢) = W(x).

Claim 1 There exists d € R such that  (d) > W(X).

Proof Let N := |x|, and let x! = (xlT,...,x;,). By hypothesis, we have
dén+1(cn+1) = 0. Thus, ¢y4+1(d) > 0 for any d > cy41. Suppose d >
max{x}, cy41), and let d := x wd. Then d* = (x],...,x}, d). Thus, ¥ (@) =
W d) = W) 4+ ¢n+1(d) > W(x), because ¢py+1(d) > 0. ¢ Claim 1
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. } ) N N
Claim 2 There exists b € R with ¢ (b) < — Zn:l 8n(x,).

Proof Let A := Z,Q’zl 8¢n(x2). Then S(¢) > A, so —S(¢p) < —A. By hypothesis,
inf(¢1(R)) < —S(¢), and if inf(¢; (R)) = —S(¢), then the supremum (3F) is not
obtained. If inf (¢ (R)) < —S(¢), then there is some b € R such that ¢1(b) < —S(¢),
and hence, ¢1(b) < —A as desired. On the other hand, if inf (¢ (R)) = —S(¢), then
the supremum (3F) is not obtained, so S(¢) > A. Thus, —S(¢) < —A, and hence
inf (¢ (R)) < —A, so there is some b € R such that ¢ (b) < —A, as desired.

¢ Claim 2

Claim 3 There exists b € R with ¢ (b) < W(x).

Proof Letby € R be as in Claim 2. Note that any b < by also satisfies the inequality in
Claim 2. By making b small enough, we can assume that b < xlT. Thus, ifb=xWb,
thenb® = (b, x/, ..., x],). Thus,

N N
Wb) = $1(b) + Y bar1(x]). while W) =Y ¢ (x]),

n=1 n=1

N
so that W (b) — W(x) = ¢1(b) + Y _ 8¢pu(x,}) < 0.

n=1
Thus, ¥ (b) = W(b) < W(x). ¢ Claim 3

From Claims 1 and 3, we have b, d € R such that ¥ (b) < W(x) < ¥ (d). By the
intermediate value theorem, there exists some ¢ € (b, d) such that {(c) = W(x).
Thus, W(x W ¢) = W(x), which means x W ¢ ~ X, as desired. O

Proof of Proposition 3.2 The proof of (a) is similar to the proof of Proposition 2.2(a).
The proof of parts (b) and (c) is similar to the proof of Proposition 2.4. O

Proof of Proposition 3.4 (a) Instead of Minimal Aggregation, we will actually show
that any ARA SWO satisfies the following, slightly stronger axiom:

Minimal Aggregation™ For any N € N, any o > 0 and all x € Xy, there exists
some B > 0 such that, for all y € X with Z(y) = Z(x), if there is some i € Z(X)
such thatx; > y; > x; — B, while y; > x; 4+« for all other j € Z(x), theny > x.

If we represent > with an ordering >, on R*t, as in formula (3A), then this axiom is
equivalent to:

Minimal Aggregation* For any N € N, any « > 0 and all x € RV, there exists
some B > 0 such that, for ally € RY | if there is some n € [1...N] such that
Xn = Yn = Xn — B, while y, > x,, + « for all other n € [1... N], then yT >4 X.

(Here, y' is the vector obtained by reordering the components of y in increasing order.)
To prove this, let N € N, and x € RN . Let N < N < ---Nj < N be the unique
values such that
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xlz...:le_l <_xN1 :"'szz—l <xN2:...<...
=XN;j—1 < XN, =" = XN.
(For example, if x; < xp < -+ < xy, then we have J = N — 1, with N} = 2,

Ny=3,--- ,Ny=N).Leta := min{xNj — XN -1} jell...J]}; then, @ > 0. Fix
a > 0. If the axiom holds for «, then it holds for any ¢’ > « (by Pareto). Thus, we
can assume that @ < @ without loss of generality. Let 8 := & — «; then, 8 > 0. For
anyn € [1...N], let

N
M, = Z (¢m(xm +a) - ¢(xm)) .
-

3 3
3 -

Then M,, > 0 because ¢1, ..., ¢y are all strictly increasing. Let M := min{My, ...,
My}. For all n € [1...N], there exists some 8, > 0 small enough that ¢, (x,) —
¢n(x, — Bn) < M (because ¢, is continuous). Let B := min{a, B, B1, ... By}; then,
a>p>0.

Lety € RV, letn € [1...N], and suppose x,, > y, > x, — 8, while y,, > x,, +«
for all m # n. There are now two cases to consider:
Case I Suppose y,, < xp+a forallm # n.Thenforall j € [1...J],alln < N;,and
allm > Nj, we have y, < y;. Thus, by permuting the coordinates internally within
each of the blocks [1...Ny), [Ny...N2),[N2...N3),---,[Ny...N) (which does
not change x, by definition of Ny, ..., Nj), we can assume without loss of generality
that y; < y» < --- < yy,so that y! = y. Furthermore,

Gn(xn) — Pn(Yn) < Gp(xp) —du(xn — B) < du(xn) — P (xin — Br)

N
<M < My =) (dnlom + ) = d(im))
m=1
m#n
N
< Y (Dnlym) — ¢ ) -
m=1
m#n

Rearranging this inequality, we get W(y) > W (x), and thus, y >, X, as desired.
Case 2 Suppose y,, = x, + o for some m # n. Define z by setting z, := y, and
Zm = min{y,, x,, + o} for all m # n. Then y,, > z,, forallm € [1... N]. Thus,
y;l P Z,L forallm € [1...N], so yT =, z' by the Pareto axiom. Meanwhile, z
satisfies Case 1 (because @ < @), SO ' =z>,x By transitivity, we get yT >4 X, as
desired.

(b) Letr,q € Rwithr > g. Let o := (r — q)/2. By hypothesis, there is some
A > Osuchthat} 22 v ¢ (g +a) = A-¢),(q+),forallm, N € Nwithm < N.
Since the functions {¢;}°° | are all nonincreasing (by concavity), this means that
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o0
Z ¢ (xx) < A-¢,(q+a), forall x, > g +aandm, N € Nwithm < N.
n=N+1
(B20)

Let 8 > 0. For any n € N, since ¢, is concave, we have
Gn (X + B) — Pn(xs) < B - ¢ (xy), foralln > N+ 1. (B21)

In particular, if 8 < «/A, then we can substitute inequality (B21) into inequality
(B20) to obtain:

o]

Z ((bn(x*—i—ﬁ)—d)(x*)) < a'qﬁ;n(q +a), forallm, N €e Nwithm < N.
n=N+1

(B22)
Meanwhile, if y < ¢, then
on(y+ o) = (V) > a ¢,y +a) > a-¢,(q+a), (B23)
because ¢, is concave. Combining inequalities (B22) and (B23) yields
00
Z (@n(xs + B) = d(x)) < o (y + @) — P (¥), (B24)
n=N+1

forany x, > g+ aand y < ¢g,andany m, N € Nwithm < N.

Let 8 < min{wo, «/A}; then, r — B > g + « (because ¢ = (r — q)/2). Let
X,y € Xy with Z(x) = Z(y) = J, for some finite subset J C Z. Suppose i € Z(y)
and y; < g, and x; > y; + «, while for all other j € J, suppose that either x; = y;
orj € Z(x) NZ(y), y; = rand x; > y; — B. In particular, this means there exists
some y, > r and x4 > y. — B > g + « such that y; = y, and x; = x, for all
j €Zx)NI(y).Let N := |J \ (Z(x) NZ(y))|; thus, in both x and y, all individuals
in Z(x) N Z(y) have rank at least N + 1 when all members of 7 are ordered from
lowest to highest utility. Furthermore, since all these individuals have identical utility
in x, and have identical utility in y, we can assume without loss of generality that they
have the same rank in x and y. For all j € 7 x) N f(y), let n(j) be the rank that we
assign to j in x and y; thus, n(j) > N + 1. Thus,

Z (@nh ) = du(i (x))) = Z (Bn()) (%) = Pu(jy (x:))

JEZONZ(y) JETXNL(y)
o0
< Z (¢n(j)(x* +8) - ¢n(j)(x*)) < Z (¢n(x* +B8) — ¢n(x*))
) JEZX)NZ(y) n=N+1

(<)¢m(yi + @) — o (i) (?) Gm(xi) — ¢m(yi), forallm € [1...N]. (B25)
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Here, (x) is because x5 > v, — B, (1) is because n(j) > N +1forall j € Z(x)NZ(y),
(¢) is by inequality (B24), because y; < ¢, and (%) is because x; > y; + «.

Letm := |Z(y)|; then, m < N, by the definition of N. There are now two cases.
Case I Suppose that x; < x;, forall j € J \ Z(y). Thus, in outcome X, individual i
has rank m < N when all members of 7 are ordered from lowest to highest utility. In
outcome y, individual i would have rank at most m, but since the bottom m individuals
have identical utilities, we can assume without loss of generality that i also has rank
m iny. By hypothesis, we have x; = y; forall j € 7 \ ({i} U [Z(x) N Z(y)]). Thus,

WE) — W) = (dm(xi) — dm (i) — Z (Dn(jy ) = Snii (x))) (2) 0,

JjeZ®)NL(y)

where (x) is by inequality (B25). Thus, x >y, as claimed

Case 2 Suppose that x; > x;, for some j € J \ Z(y). In this case, define z by setting
zi = min{x;; j € J \ Z(y)}, while z; := x; for all other j € Z. Then x Pareto
dominates z, so x! Pareto dominates z*, so x > z by the Pareto axiom. Meanwhile,
z satisfies Case 1, so z > y. Thus, by transitivity, X >y, as desired. O

Proof of Corollary 3.5 The strategy is very similar to the proof of Proposition 2.1. The
uniqueness statement follows from the uniqueness statement in Theorem 2. O
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