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Abstract I study a one-way flow connections model in which players are heter-
ogeneous with respect to values and the costs of establishing a link. I show that
values and costs heterogeneity are equally important in determining the level of
connectedness and the architecture of equilibrium networks. I also show that when
asymmetries are independent of the potential partner there are distributions of costs
and values for which centrality is a distincitive feature of equilibrium networks.
This sharply contrasts with the homogeneous case.
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1 Introduction

The role of social and economic networks in shaping individual behavior and
aggregate phenomena has been widely documented in recent years.! This has lead
scholars in different disciplines to investigate the structural properties that net-
works exhibit in reality. The most stable empirical finding is that networks have
very asymmetric architectures. Specifically, they exhibit high level of centrality:
there are few nodes having many links, while the majority of nodes maintain few
links. The connections model is the primary model used to explain the strategic
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formation of networks.? Variants of this model have been proposed in order to
analyze different social and economic situations. Nevertheless, much of the work
has explored the formation of undirected networks: a link induces benefits to both
parties, i.e., two-way flow networks. In reality many networks are directed: the
flow of benefits is directed only towards the investor of the link, i.e., one-way flow
networks. For example, the World Wide Web is a directed network: nodes are agents
maintaining a webpage and links are hyperlinks that point from one web page to
the other.?

Bala and Goyal (2000) analyze a non-cooperative model of network formation
where players are homogeneous and there is one-way information flow. They show
that if a player’s payoffs are increasing in the number of other players accessed and
decreasing in the number of links formed, a strict Nash network is either a wheel
(a connected network in which each player creates and receives one link) or the
empty network (with no links). The intuition for this result is as follows. Consider
a minimally connected network where player 1 initiates a link with players 2 and
3, and each of these players has a link with player 1. Under the assumption of
homogeneous costs of linking and values this network is not a strict equilibrium:
player 2 is indifferent between maintaining the link with 1 and switching to player
3, instead. A generalization of this argument implies that a connected strict equi-
librium is symmetric and has a wheel architecture. It is worth emphasizing two
aspects of this result. The first aspect is that while centrality appears to be a crucial
property of directed networks, equilibrium networks are symmetric when players
are homogeneous.* Secondly, the findings of Bala and Goyal (2000) depend on the
assumption of homogenous players. To observe this, assume that player 1 is just
slightly cheaper to be linked with than players 2 and 3, ceteris paribus. This small
introduction of heterogeneity implies that the network described in the example
above becomes a strict equilibrium.

In the current paper, I study the role played by heterogeneous players in shap-
ing the equilibrium architecture of directed networks. Players are heterogeneous
in terms of the costs of linking and the values of accessing other players. Ex-ante
asymmetries across players arise quite naturally in reality. For instance, in the con-
text of information networks it is often the case that some individuals are more
interested in particular issues and therefore better informed, which makes them

2 This model has been extensively studied in the literature; see e.g., Aumann and Myerson
(1989), Bala and Goyal (2000), Dutta and Jackson (2000), Goyal (1993), Haller and Sarangi
(2005), Jackson and Wolinsky (1996), Johnson and Gilles (2000), McBride (2004), Slikker and
van den Nouweland (2001), and Watts (2001a,b). The terminology “connections model” has been
introduced by Jackson and Wolinsky (1996).

3 In general the one-way information flow technology is compelling for the study of commu-
nication networks where nodes are “traffic”’ providers and a link initiated by i towards j signifies
that j allows the transit of the traffic to i. A specific example is the internet interconnection net-
works, where nodes are internet providers. Citations networks are another example, where nodes
are published papers and links are reference to previously published papers. A final example are
E-mail networks. Here, nodes are address books of individuals and a link from A to B signifies
that B’s E-mail address appears in A’s address book.

4 Albert and Barabisi (2002) report that centrality is widely observed on the web: few nodes
have a very high number of outgoing and incoming links. They also report similar findings for
the internet interconnection networks. Newman, Forrest and Balthrop (2002) find similar prop-
erties for E-mail networks. Redner (1998) reports high centrality for citation networks of papers
cataloged by the Institute of Scientific Information.
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Fig. 1 Partner independent heterogeneity: equilibria

more valuable contacts. Similarly, individuals differ in communication and social
skills and it seems natural that forming links is cheaper for some individuals as
compared to others.’

I start with a setting where values and costs of linking are heterogeneous across
players but the heterogeneity is not partner specific: the cost for player i to invest
in a social tie is ¢;, and the benefit to player i to access another player is V;. In addi-
tion, I assume that the length of the path connecting player i to j does not matter
in defining the benefits. Here, I provide a complete equilibrium characterization:
a connected equilibrium is a wheel network and an unconnected equilibrium net-
work is a center-sponsored star, a wheel with local center-sponsored stars, a wheel
with singletons or empty (Proposition 3.1). Figure 1 illustrates all strict equilibria
in a society with four players. This result provides three main insights. The first is
that the wheel architecture is robust to asymmetries which are independent of the
potential partner.

Secondly, players’ heterogeneity alters the level of connectedness of equilib-
rium networks. Nonempty unconnected equilibria have well defined properties:
there is a set of players sharing a maximum amount of information while the
remaining players are socially isolated (they do not access any information). In

3 In other settings players can be classified in term of their cost of being accessed. For exam-
ple, on the web the terminology user-friendly web site is used to describe home pages which are
easier to access as compared to others.
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sharp contrast with the homogeneous setting these equilibria are asymmetric and
central players may emerge: (1) the players maximally informed are connected in
a wheel component; and the players socially isolated are either (2)a. singletons or
b. spokes of center-sponsored stars. Third, I show that the property of centrality
uniquely and only emerges when the distribution of costs of linking and values of
accessing other players satisfies two conditions. On the one hand, there are play-
ers, the centers, who have a very low costs of linking as compared to the values of
accessing other players. On the other hand, there are players, isolate players, who
have a very high costs of forming links as compared to the values of accessing
other agents.

I then turn to settings where heterogeneity also depends on the potential partner.
I show that as far as the costs of linking are not partner-specific even if values vary
freely, at equilibrium, every nonsingleton component has still a wheel architecture
(Proposition 3.2). Differently, when the costs of linking are allowed to depend on
the potential partner almost any minimal network is a strict equilibrium for some
costs and values (Proposition 3.3). Thus, when information flow without frictions,
it is the costs of forming links heterogeneity which shapes the architecture of
equilibrium networks. Is this result an artifact of the frictionless information flow
assumption? The answer to this question is positive. Indeed, I show that as far
as a small amount of decay in the information flow is introduced, values’ asym-
metries are as important as costs’ asymmetries in determining the architecture of
equilibrium networks (Proposition 3.4).

This paper is a contribution to the theory of network formation. This is a very
active area of research currently (see references in footnote 2). Most of the existing
literature focuses on the two-way flow connections model and it assumes homoge-
neous players. I elaborate on the respective roles of values and costs of forming links
heterogeneity in shaping equilibrium architectures in a one-way flow connections
model. My findings indicate that values and costs heterogeneity are equally impor-
tant in determining the level of connectedness and the architecture of equilibrium
networks. Furthermore, under players’ heterogeneity unconnected equilibrium net-
works are asymmetric and central players arise under well-defined conditions. The
emergence of equilibrium networks with central players sharply contrasts with the
homogeneous model.

The works that come closer to mine are Galeotti et al. (2005) and Kim and
Wong (2003). Galeotti et al. (2005) study the role of heterogeneity in a two-way
flow model, while I focus on the one-way flow network technology. It is worth not-
ing that the two assumptions on the information flow provide individuals with very
different incentives and this makes the two models belonging to two distinct class
of games. Galeotti et al. (2005) confirm that equilibrium networks exhibit short
distances and high centrality even in settings with substantial heterogeneity. My
findings show that in directed networks, players’ heterogeneity allows for the emer-
gence of central players, a property which cannot be obtained in a homogeneous
model.

Kim and Wong (2003) study a one-sided connections model with heteroge-
neous players where agents form two-flow connections but basic links are only
one-flow. In other words, this implies that a player i accesses player j only if there
exists a sequence of basic links connecting i to j and vice versa. They find that
a nonempty equilibrium network is either the wheel or the wheel with singletons.



One-way flow networks: the role of heterogeneity 167

My work departs from Kim and Wong (2003) in two directions. First, I do not
distinguish between basic links and flow connections, which implies that in my
framework a player can access another individual, without the reverse being nec-
essarily true.® Proposition 3.1 in the current paper shows that when the distinction
of basic links and flow connections is not considered the property of centrality may
emerge in equilibrium. Second, I analyze different form of players’ asymmetries,
while Kim and Wong (2003) focus exclusively on settings where asymmetries are
not partner specific. This allows me to understand the role that different forms of
players’ asymmetries play on social interaction.

Finally, I relate my findings to a recent experimental paper by Falk and Kosfeld
(2003). This paper shows that the predictions based on Nash and Strict Nash equi-
libria for the one-way flow model are consistent with the experimental results, while
they generally fail in the two-way flow model.” The authors argue that the success
of the one-way flow model relies, among other things, on the strategic symmetry
(symmetric distribution of links) which characterizes equilibrium networks under
the one-way flow assumption. The analysis developed in the current paper shows
that the property of symmetric distribution of links depends on the assumption
of homogeneous players. An experiment which takes into account ex-ante asym-
metries in the costs of forming links may help to understand the role played by
strategic symmetry in the formation process of a network.

The rest of the paper is organized as follows. Section 2 introduces the model.
Section 3 presents the results on equilibrium networks under general cost and value
heterogeneity. Section 4 concludes. Proofs are provided in the Appendix.

2 The model

Let N = {1, ..., n} be a set of players and let i and j be typical members of this
set. I shall assume throughout that the number of players is n > 3. Each player
is assumed to possess some information of value to himself and to other players.
He can augment his information by communicating with other people; this com-
munication takes resources, time and effort and is made possible via pair-wise
links. I start by considering a setting where information flow without friction in
the network, i.e., there is no decay.8

A strategy of playeri € N isa (row) vector g; = (i1, -, 8ii—1» &ii+1+ s Gin)
where g; ; € {0, 1} for each j € N\ {i}. I say that there is a link from player
itojif gi; = 1.° T assume throughout the paper that a link from i to j allows
player i to access j’s information. The set of strategies of player i is denoted by
G;. I shall restrict the attention to pure strategies. Since player i has the option of
forming or not forming a link with each of the remaining n — 1 players, the number
of strategies of player i is clearly |G;| = 2"~!. The set G = G| x --- x G, is the
space of pure strategies of all the players.

% For example, the web is characterized by one-way link and one-way flow connections.

7 Bala and Goyal (2000) show that with homogeneous players, when the information flow is
bidirectional, a strict equilibrium is either a center-sponsored star (only one player, the center,
promotes all the links) or empty (no links).

8 The assumption of no-decay is mainly used for tractability reasons. In Section 3.1 I will relax
this assumption.

9 Note that gi,j = 1 does notimply that g;; = 1.
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A strategy profile g = (g1, ..., g&») in G can be represented as a directed net-
work. Let g € G, I'say thatin g there is a path directed from i to j if either g; ; =1
or there exist players jj, --- , j, distinct from each other and i and j such that

{gij, = =g =1} Twritei > j to indicate a path directed from i to j in
g.Giventwo playersi and j in g, the geodesic distance, d (i, j; g) , is defined as the
length of the shortest path directed from i to j. Furthermore, I define N? (i; g) =
{k EN |gi,k =1 } as the set of players with whom i maintains a link. This is the set

of players that agent i accesses directly. The set N (i; g) = {k eN ’i 5 k} U {i}

represents the set of players that i accesses in g both directly and indirectly. Let
,uf’: G—{l,..,n}and u;: G — {1, ..., n} be defined as M? (g) = |Nd (i; g)} and
wi (g) =N ;8|

Given anetwork g, anonsingleton component of g is anonsingletonset C (g) C
N where Vi, j € C (g) there exists a path directed from i to j and vice versa, and
Vi € C (g) there is not a path directed from i to k, where k € N\ C (g) . A com-
ponent C (g) of a network g is minimal if C (g) is no longer a component upon
replacement of alink g; ; = 1 between two agents i, j € C (g) by g; ; = 0, ceteris
paribus. A network g is minimal if every component of g is minimal. A network
g is connected if it has a unique component containing all players. If the unique
component is minimal the network g is minimally connected. A network which is
not connected is unconnected. Given a network g, a player i is a singleton player
if g; ; = gji = Oforany j € N. Finally, the empty network, denoted as to g°, is
an unconnected network where no links are formed.

To complete the definition of a normal-form game of network formation, I
specify the payoffs. Let V; ; denotes the benefits to player i from accessing player
Jj. Similarly, let ¢; ; denotes the cost for player i of forming a link with player j.
The payoff to player i in a network g can be written as follows:

M@= Y Vij— Y. cj )

JEN(i;8) JEN4(irg)

I shall assume that ¢; ; > O and V; ; > O foralli, j € N.'°

Given a network g € G, let g_; denote the network obtained when all of player
i’s links are removed. Note that the network g_; can be regarded as the strategy
profile where i chooses not to form a link with anyone. The network g can be
written as g = g; ® g_; where the ‘®’ indicates that g is formed as the union of
the links in g; and g_;. The strategy g; is said to be a best response of player i to
8g-i if:

(g ®gi)>Ti (g ®g) forallg €g;. 2)

The set of all of player i’s best responses to g_; is denoted by BR; (g—;) . Fur-
thermore, anetwork ¢ = (g, ..., g») is said to be a Nash network if g; € BR; (g—;)
foreach i, i.e., players are playing a Nash equilibrium. If a player has multiple best
responses to the equilibrium strategies of the other players then this could make the
network less stable as the player can switch to a payoff equivalent strategy. This
switching possibility in nonstrict Nash networks has been exploited and has been

10" The results developed further qualitatively carry on when relaxing the linearity assumption
of the payoffs functions.
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shown to be important in refining the set of equilibrium networks in an earlier work
(see e.g., Bala and Goyal 2000). So I will focus on strict Nash equilibria in the
present paper. A strict Nash equilibrium is a Nash equilibrium where each player
gets a strictly higher payoff from his current strategy than he would with any other
alternative strategy.

3 Heterogeneity

In this section I investigate the effects of values and costs of linking heterogeneity
on the level of connectedness and the architecture of strict equilibria. I start by
considering a setting in which each player has a distinct cost of linking as well
as a distinct benefit of accessing other agents. While these costs and values vary
across players, they are independent of the identity of the partner, i.e., V; ; = V;
and ¢; ; = ¢;, for any i, j € N. For example, some individuals are more expert
in surfing the web as compared to others; this allows them to access other inter-
net members to a lower cost, ceteris paribus.!! I first introduce some architectures
which will prove useful in the analysis.

A center-sponsored star architecture is an unconnected network where there
exists a player i, the center, who forms links with every other player, i.e., g; ; = 1
forany j € N\ {i}, and no other links are formed. A nonsingleton component has
a wheel architecture if players within the component are arranged as {i1, ..., i,,}
with g;,;, =+ = &i,.i,,, = '+ = &i,.i, = 1 and there are no other links between
players within the component. I will refer to a wheel component of a network g as
C%(g)and u% = ’C W (g) | . A wheel architecture is a connected network with the
unique component being a wheel. A wheel network with local center-sponsored
stars is an unconnected network with a unique wheel component, say C*(g), and
where Vj ¢ C¥(g), 3li € C¥(g) such that g; ; = 1. Finally, a wheel network
with singleton players is an unconnected network with a unique wheel component
composed of at least three players and where g; ; = g;; = Oforanyi ¢ C" (g)
and forany j € N.

The next result provides a full characterization of equilibrium networks in this
model.

Proposition 3.1 Let payoffs satisfy (1) and assume that ¢; ; = ¢; and V; j = Vi,
Vj e N\ {i}. The following network architectures are the only equilibria:

1. The wheel is a strict equilibrium if and only ifc; < (n — 1) V;, Vi € N.

2. The wheel with singletons is a strict equilibrium if and only if ¢; €
(Vi,(u” =1 V), VieC¥(g)andc; > u"V;, ¥V j & C"(g).

3. A wheel with local center sponsored stars is an equilibrium if and only if
each center i has ¢; < Vi, whilec; < mn—1)V;,Vj € C¥(g) and ¢; >
(n— 1DV}, Vj¢C(g).

4. A center sponsored star is an equilibrium if and only if the centeri has c¢; < V;,
whilec; > (n —1) V;, Vj € N\ {i}.

5. The empty network is an equilibrium if and only if ¢; > V;, Vi € N.

1" Similarly, some individuals may value more information provided on the web as compared
to others. In general, individuals differ in communication and social skills and it seems natural
that the costs of establishing links as well as the values of accessing information vary across
individuals.
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Figure 1 illustrates all strict equilibria in a society composed of four players. I
represent a link g; ; = 1 as an edge starting at j with the arrowhead pointing at i.

The proof of Proposition 3.1 proceeds as a sequence of Lemmas. I sketch here
the main steps. I first show that a strict Nash network is minimal. This follows
from the no-decay assumption. Secondly, using a standard switching argument I
show that each player receives at most one link (Lemma 3.1). Third, using this
equilibrium property it follows that each nonsingleton component has a wheel
architecture (Lemma 3.2). Therefore, a connected strict equilibrium is a wheel.
Fourth, I take up the case of nonempty unconnected equilibria in which each com-
ponent is composed of a single player. Using the finiteness of the set of players I
show that an equilibrium is a center-sponsored star network (Lemma 3.3). Finally,
an elaboration of the arguments used in the previous lemmas establishes the result
for unconnected equilibria which have at least a nonsingleton component.

Proposition 3.1 provides some interesting insights. As in the homogeneous
setting, the unique connected equilibrium is the wheel. Therefore, the wheel archi-
tecture is prominent also in settings where costs and values asymmetries are partner
independent. Next, values and costs heterogeneity alters the level of connectedness
of strict equilibria. In any unconnected (and nonempty) equilibrium there is a set
of players accessing a maximum amount of information while all the other players
are socially isolated (they do not access any information). Furthermore, the max-
imally informed players are connected in a wheel, while the isolated players are
either singletons or spokes of center-sponsored stars. Thus, unconnected equilibria
are generally asymmetric and central players may emerge. This contrasts with the
findings of Kim and Wong (2003). In a similar setting, they obtain that an equi-
librium is either the wheel or the wheel with singletons. The reason behind these
differences is that Kim and Wong (2003) distinguish between basic links and flow
connections so that a player i accesses player j only if there is a path directed
from i to j and vice versa. This prevents the emergence of equilibria with cen-
tral players. I finally note that the results presented in Proposition 3.1 carry on in
settings with homogenous values (resp. costs of linking) and heterogeneous costs
of linking (resp. values). This implies that as far as heterogeneity is independent
of the partner, costs and values asymmetries have equivalent effects on strategic
interaction.

It is interesting to describe more systematically the conditions on the distribu-
tion of costs and values which allow to sustain the different equilibrium architec-
tures described in Proposition 3.1.

Corollary 3.1 Let payoffs satisfy (1) and assume that ¢; j = ¢; and V; j = Vi,
Vj € N\ {i}. The following holds:

L. Ifc; < (n—1)V;,Vj € N an equilibrium is the wheel, the wheel with sin-
gletons or the empty network. Further, if for some i € N, ¢; < V; the wheel
network is the unique equilibrium.

2. If for some j € N, ¢; > (n—1)V; and for some i € N, ¢; < V; then an
equilibrium is either a center sponsored star or a wheel with local center
sponsored stars. Every central player has ¢; < V;.

3. Ifforall j € N, c; > (n — 1) V; the empty network is the unique equilibrium.
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This corollary clarifies two aspects of Proposition 3.1. First, equilibrium net-
works with central players emerge uniquely and only when the distribution of costs
and values across players satisfies two conditions. One, some agents have low costs
of linking as compared to the values of accessing other players, i.e.c; < V; for some
i. Only these players are candidates for a central position. Two, some players have
high costs of linking as compared to the values of accessing others,¢; > (n — 1) V;
for some j. These players are isolated. Second, the distribution of costs and val-
ues which sustains the wheel architecture and its variants have the feature that no
players has extremely high costs of linking as compared to the values of accessing
other agents. In such a case, it is enough that a single player has ¢; < V; for the
wheel architecture to be the unique equilibrium.

I now turn to two more general models which allow for partner dependency
heterogeneity in values and costs, respectively. The next result clarifies the role of
values heterogeneity in shaping the architecture of equilibrium networks.

Proposition 3.2 Let payoffs satisfy (1). Assume c; j = ¢; while values vary freely.
A strict equilibrium is either the empty network or a minimal network where each
nonsingleton component is a wheel and each player receives at most one link.
Conversely, any such network is a strict equilibrium for some {c;, V; ;}i jen.

I note that as far as costs asymmetries are partner independent, even if values
vary freely each equilibrium component has (still) a wheel architecture. The main
difference from the case where values are partner independent is that more that one
nonsingleton component can be sustained in equilibrium. This result also holds
with homogenous costs of linking. I now investigate the role of costs heterogeneity
in shaping the architecture of equilibrium networks.

Proposition 3.3 Let payoffs satisfy (1). Assume V; j = V; while costs vary freely.
A strict equilibrium is either the empty network or a minimal network where, if
8i.j = 1, then there exists one and only one path from i to j. Conversely, any such
network is a strict equilibrium for some {c; j, Vi}i jen-

In sharp contrast with Proposition 3.2, when the costs of linking are allowed to
vary freely across players almost any minimal network can be sustained as a strict
equilibrium.'? Figure 2 illustrates some architectures which are equilibria when
costs vary freely, but that are not strategically viable otherwise. Table 1 summa-
rizes the role that different forms of values and costs heterogeneity have in shaping
equilibrium networks.

The findings in this section show that it is the costs’ heterogeneity which is
mainly responsible for shaping the architecture of equilibrium networks. Galeotti
et al. (2005) find a similar result for the two-way information flow model. Thus,
with frictionless information flow, regardless of the network technology, the heter-
ogeneity of the costs plays a primary role in shaping the architecture of equilibrium
networks. The reason for this result is that when costs are allowed to vary freely,
almost any minimal network can be made strategically viable by setting the costs

12" The property that for any g; ; = 1 there exists one and only path connecting i to j (see second
part of Proposition 3.3) is crucial because it rules out networks which are minimal but not (strict)
equilibria. The following example illustrates this. Consider a network composed of four players.
Suppose that player 1 promotes a link with 2 and vice versa. Suppose also that both players 1
and 2 promote a link with player 3. It is readily seen that this network is minimal; however it is
not an equilibrium because player 1 (2) strictly gains by deleting the link with player 3.
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2 2

Fig. 2 Free costs heterogeneity: equilibria

Table 1 Equilibrium networks and players’ heterogeneity

Costs/values Homogeneous Partner-independent Partner-dependent
Homogeneous Empty network and Empty network, Empty network and
wheel network wheel, wheel with minimal networks
local center-sponsored in which each non-
stars, wheel with singleton component
singletons, center- has a wheel and each

sponsored stars.

Partner-independent  Empty network, Empty network,
wheel, wheel with wheel, wheel with
local center-sponsored  local center-sponsored
stars, wheel with stars, wheel with
singletons, center-  singletons, center-

sponsored stars.

sponsored stars.

player receives at
most one link

Partner-dependent Empty network and minimal networks in which if g; ; = 1 then

there exists no addtional path from i to j

each player pays for each actual link sufficiently lower than the costs of switching
to another player. Differently, when values vary freely, a player is indifferent as
between sponsoring a link with a low valued agent and switching to a high valued
player, as far as there is a path directed from the former to the latter and vice versa.
This property rules out many minimal network architectures. Are these findings an
artifact of the assumption of frictionless information flow?

3.1 A small amount of decay

I measure the level of decay by a parameter § € (0, 1). For a network g itis assumed
that if the shorter path directed between i and j has ¢ > 1 links, then the value of
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j's information to i is V; ;69. The payoff (1) to player i € N in a network g can
be rewritten as:

M, (g) = Z Sd(i.,j;g)vi,j_ Z ¢ij (3)

JEN(i;8) JEN4(is8)

The next proposition shows that in the presence of a small amount of decay
values’ heterogeneity is as important as the costs’ heterogeneity in shaping the
architecture of equilibrium networks.

Proposition 3.4 Let payoffs satisfy (3). Assume c; j = c¢; while values vary freely.

There exists a 8 < 1 such that for all § € (8, 1) a strict equilibrium is either the
empty network or a minimal network where, if g; ; = 1, then there exists one and

only one path from i to j. Conversely, for all § € (8, 1), any such network is a
strict equilibrium for some {c;, V; j}i jen-

It is worth noting that the result obtained in Proposition 3.3 carries on for small
amount of decay. This fact, in combination with Proposition 3.4, shows that as
soon as some decay is taken into account, values and costs’ asymmetries play the
same role in shaping the architecture of equilibrium networks. In particular, when
the costs of linking and/or the values of accessing other players are allowed to be
partner specific, social interaction leads to a ‘everything is possible’ type of result.

4 Discussions

I have studied a connections model where heterogeneous players decide unilater-
ally to invest in social ties which leads a direct return only to the investor. I have
shown that both values and costs asymmetries alter the level of connectedness of
equilibrium networks as well as the shape of their architecture. Interestingly, in
unconnected equilibria the property of centrality uniquely and only emerges under
well defined conditions on the distribution of costs and values. An open question,
which is left for further research, is whether we can say something systematic about
the architectural properties of equilibrium networks in partner specific heteroge-
neous models.

Appendix

I first introduce some additional notation. Given a network g, I denote g’ = g —g; ;
the network obtained by deleting the link g; ; = 1 in g. Similarly, g’ = g+ g; ; is
the network obtained by adding a link from i to j in g.

Proof of Proposition 3.1 1 start by claiming that if g is a strict equilibrium then g
is one of the following: the empty network, the wheel, the wheel with singletons,
the wheel with local center-sponsored stars or the center-sponsored star. I first note
that an equilibrium network is minimal. This follows from the assumption of no-
decay in the information flow. The proof of the claim now proceeds as a sequence
of Lemmas. The next result shows that in equilibrium each player receives at most
one link. O
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Lemma 3.1 Let g be a strict equilibrium. If g; j = 1 then g ;j = 0 for any
k e N\ {i}.

Proof Suppose, for a contradiction that g; ; = 1and g ; = 1. Since g is minimal, i
does not access player k in g; however, in this case player i strictly prefers to delete
the link with player j and linking up with player k, instead. This is a contradiction.
O

Using this result, I show that each nonsingleton component part of a strict
equilibrium is a wheel

Lemma 3.2 Let C(g) be a nonsingleton component part of a strict equilibrium g.
Then C(g) has a wheel architecture.

Proof 1 note that if a player i belongs to a nonsingleton component, say C(g),
then g; ; = 1 for at least one player j € C(g) and gx; = 1 for at least one
player k € C(g). These two observations and Lemma 3.1 imply that each player
i € C(g) receives one and only one link from the players belonging to C(g). I now
claim that for any player i € C(g), then g; ; = 1 for only one player j € C(g).
Suppose, for a contradiction, that for some i € C(g), gi,; = gix = 1 for some
j.k € C(g) and j # k. Since j, k € C(g) then j and k must access player
i; therefore, there exist two paths {gix = gk, = ---8k,_,.k, = &k, = 1} and
{gi,j = 8j.j = -~-&jr1.j» = &j..i = 1}. Since i receives only one link it must be
the case that j, = k,. However, the same argument applies for player j,(= k,),
and therefore it must be the case that j,_; = k,_;. By induction, it follows that
ky = ji; since k # j, it follows that k| (= j;) must receive more than one link.
This constitutes a contradiction. These observations altogether implies that C(g)
is minimally connected and it has a symmetric architecture. It is readily seen that
the unique directed graph which satisfies these properties is the wheel. This proves
the Lemma. O

Lemmas 3.1 and 3.2 prove that a connected strict equilibrium network is a
wheel. I now take up the case of non-empty unconnected strict equilibria in which
each component is a singleton. The next Lemma proves the result.

Lemma 3.3 A non-empty unconnected strict equilibrium where each component
is a singleton has a center-sponsored star architecture.

Proof 1 start by claiming that a nonempty unconnected network where each com-
ponent is a singleton has a center-sponsored star architecture. Since g is nonempty
there exists some g; ; = 1. There are two cases. First, suppose g; j; = 0 for any
Jj' € N. Since g is strict Nash it must hold that V; — ¢; > 0; this implies that

3i % J/ forany j' € N. Select player k which is at the maximum distance from
iing,ie., k = argmaxcyd; jy(g). If d;;(g) = 1 player i accesses each other
player directly and the proof trivially follows. If d; 1 (g) > 1, it must be the case
that {g; ;, = gj,.j, = ... = &j,x = 1} and gy s = O forany s € N. Since g is strict
Nash then V; — c;, > 0 and therefore player j, accesses any player in g. This
implies that player i and j, belongs to a nonsingleton component, which consti-
tutes a contradiction. Second, suppose g;, j; = 1 for some j’ € N. Since g has only
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singleton components it follows j* € N\{i}. Therefore, if g;,x = O forany k € N,
the previous argument applies and we end-up with a contradiction. If g = 1 for
some k, then it must be the case that k € N\{i, j}. Since the number of players is
finite, there must exist a player 2 who is accessed by player i viathe link g; ; =1
and such that g, ,» = 1 and g, j,» = 0 for any 2” € N. However, also in this case
the fact that g is strict Nash implies that Vj, — ¢;, > 0 and therefore player 4 must
access player i in g. This constitutes a contradiction. This completes the proof. O

I now turn to unconnected strict equilibria where at least a nonsingleton com-
ponent exists. Let Cy (g) , C2 (g) , ..., Cy (g) be the components of an unconnected
strict equilibrium g. Lemmas 3.1 and 3.2 imply that: (a) C,(g) is a wheel Vx =
I,...m;()g;ji=0,VieCc(g)andV j € N\ {C (g)},Vx e{l, .., m}.

Lemma 3.4 Let g be a strict equilibrium and let i € Cc(g). If gi,j = 1 where
J ¢ UL Cy(8), then g = 0 for any k € N.

Proof Suppose, for a contradiction g; ; = g;x = 1. Lemma 3.1 implies that k ¢
Ui, Cy(g) U{j}; moreover, it also implies that if g, = 1 thenh ¢ UT_,Cy(g) U
{J. k}. Suppose that g , = 0 for any h ¢ UT_,C,(g) U {/, k}; since g is a strict
Nash it follows that V; > c;. In this case player j strictly gains by forming a

link with player i. This constitutes a contradiction. If g, = 1 for some h ¢
U1 Cy(g) U {j, k} we can iterate the argument above and since the number of
players is finite the proof follows. O

Lemmas 3.1, 3.3, and 3.4 imply that any pair of players, say i and j, belong-
ing to two different components, say C,(g) and C,(g), access two distinct set of
players, ie.ifi € C, (g) and j € C, (g), withx # y, then N;(g) N N;(g) = .
The next Lemma uses this observation to prove that a strict equilibrium network
has at most one nonsingleton component.

Lemma 3.5 A strict equilibrium has at most one nonsingleton component.

Proof Suppose not and, without loss of generality, let |N;(g)| > |N i(g)|, where
i € Ci(g)and j € Cy(g), and x # y. Since g is strict Nash it follows that
|N f (g)| V; — ¢; > 0; however, if this is the case, player j is weakly better off
by deleting his link in C, (g) and linking up with player i, i.e., IN;(g)| V; —¢; >
|N;(g)| V; — ¢; > 0. This contradiction proves the lemma. |

The next lemma completes the analyses of unconnected strict equilibria which
have a nonsingleton component.

Lemma 3.6 Let g be an unconnected strict equilibrium with a nonsingleton com-
ponent. Then g; j, = 0 forany j, j' ¢ C(g).

Proof Suppose, for a contradiction, that g; = 1. Lemma 3.1 implies that each
player outside the component does not access players belonging to the component.
Therefore, Lemma 3.5 applies to the set of players N\{C(g)}, i.e., g; j = 1 for
some j' ¢ C(g). However, in this case player j strictly gains by creating a link with
aplayeri € C(g). This constitutes a contradiction. Hence, Lemma 3.5 follows. O

The combination of Lemmas 3.2, 3.4, 3.5 and 3.6 implies that an unconnected
strict equilibrium with some nonsingleton components is a wheel with local cen-
ter-sponsored stars, a wheel with singleton players or a wheel with some local
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center-sponsored star and some singleton player. It is immediately seen that this
last architecture cannot be sustained as a strict equilibrium. Hence, the claim fol-
lows.

I now provide the necessary and sufficient conditions for each of the aforemen-
tioned network architectures to be a strict equilibrium.

(1) Let g be a wheel network. It is immediately seen that if ¢; < (n — 1) V; for
any i € N then g is a strict equilibrium. Suppose now thatc; > (n — 1) V; for
some i € N and let g; ; = 1. Note that IT; (g) < II; (g — gi_j) = 0. Hence,
g is not a strict equilibrium.

(2) Let g be a wheel with singletons. First, suppose that ¢; € (V;, (0¥ — 1) V;)
Vi e C¥(g)and c; > u"V; forany Vj ¢ C" (g). The fact that ¢; > V;
implies that every player i € C* (g) does not want to form a link with any
player j ¢ C* (g) . The factthatc; < (" — 1) V; implies that every player i
wants to keep the link he has with the other member of the wheel component.
Since ¢; > u"V; Vj ¢ C" (g) the strategy of not forming links is optimal
for every such player j. Thus g is a strict equilibrium. Suppose now that at
least one of the conditions is not satisfied. If ¢; < V; for some i € C” (g)
then player i weakly gains by forming a link with a player j ¢ C" (g). If
ci > (u” —1)V; forsomei € C¥ (g), then player i weakly gains by delet-
ing the link he has with a player i’ € C* (g) . Suppose c; < u"V; for some
Jj ¢ C¥(g), then player j weakly gains by forming a link with a player
ieC”(g).

(3) Let g be a wheel with x local center-sponsored stars and let {iy, ... ,i,} €
C" (g) be the centers. Suppose ¢; < (n — 1) V; foranyi € C¥ (g),c;, < V;
forany/ =1....,xandc; > (n— 1)V, forany j ¢ C" (g). It is imme-
diately seen that g is a strict equilibrium. Suppose now thatc; > (n — 1) V;
for some i € C" (g). Since i € C"¥ (g), there exists a player h € C” (g)
such that g;, = 1; note that I1; (¢) < TI; (¢ — gi;) = 0. Suppose that
c¢i, >V, forsome/ =1,...,x and that g;, ; = 1 for some j ¢ C" (g) then
M, =@m-DV,—xc < (g—gij) = -2V, — (x=Dc.
Suppose that ¢; < (n—1) V; forsome j ¢ C¥ (g). Then IT; (g) = 0 <
M (g+gi)=m—1)V;—c;, wherei € C" (g).

(4) Let g be a center-sponsored star and let i be the center. It is immediately seen
thatif ¢; < V; for the center and ¢; > (n — 1) V; for any j # i, then gisa
strictequilibrium. Suppose now thatthe ¢; > V; for the center i, then IT; (g) <
I1; (g°) = 0, where g° is the empty network. Suppose c; < (n — 1) V; for
some j # i, thenTl; () =0<TII;(g+g;i)=m—1DV;—cj.

(5) Let g be the empty network. Itis clear thatif ¢; > V; for any i, then g is a strict
equilibrium. Suppose ¢; < V; forsome i, then IT; (¢) =0 < I1; (¢ + gi,;) =
V,' — Cj.

The proof of Proposition 3.1 is completed. O

Proof of Corollary 3.1 The proof follows immediately from Proposition 3.1. O

Proof of Proposition 3.2 Suppose that ¢; ; = ¢;, Vj € N and V; ; varies freely. I
first note that an equilibrium network is minimal; this follows from the no decay
assumption. Let g be a nonempty (strict) equilibrium network. The result of Lem-
mas 3.1 and 3.2 in Proposition 3.1 applies also when values vary freely. Hence,
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the proof follows. I now prove the converse. If g is the empty network, the proof
is trivial and therefore omitted. Let g be a minimal network satisfying Lemma
3.1. I introduce some notations. For any g; ; = 1 let /; j (g) be the set of players
including j whom player i exclusively accesses via the link g; ; = 1. Select an
arbitrary playeri € N. For any g; ; = 1 set (1) Zj'eI,,j(g) Vi.jr > ci, while set
> i7¢Ni(g) Virj < ¢i. The optimality of maintaining the link of each player i follows
by (1), the optimality of not forming any additional link follows by (2) . For any
i € Nsuchthatg; ; =0Vj e Nlet) , Vi < c:. This condition implies that
i is playing his unique best response. This completes the proof. O

Proof of Proposition 3.3 Suppose that V; ; = V;, Vj € N, and ¢; ; varies freely.
The no-decay assumption implies that an equilibrium network is minimal. I now
note that if g is an equilibrium and g; ; = 1 then there cannot be any other addi-
tional path connecting i to j. For otherwise player i would strictly gain by deleting
the link with j and still access the same set of players. I now prove the converse.
Let g be a minimal network with the property that if g; ; = 1 there is no additional
path connecting i to j. For any g; ; = 1 let I; ; (g) be the number of player whom
player i accesses exclusively via the link g; ; = 1 and set ¢; ; < I; ;(g)V;. For
any g; ; =0letc;; > (n — 1) V;. These two conditions assure that each player is
playing his unique best response. This completes the proof of the Proposition. O

Recall that given a network g, N (i; g) = {k € N |gix = 1} is the set of
players that agent i accesses directly. Further, N (i; g) = {k eEN ‘i & k] U{i}is
the set of players that i accesses in g. Let P (i; g) = N (i; g) \ {Nd (@, g)} .

Proof of Proposition 3.4 Suppose that ¢; ; = ¢;, Vj € N, and V; ; varies freely.
Note that when § = 1, Proposition 3.2 implies that a strict equilibrium network
is minimal. By invoking continuity it then follows that there exists a § < 1 such
that for any § € (S , 1) a strict equilibrium network is minimal. I now note that
if g is an equilibrium and g; ; = 1 then there cannot be any other additional path
directed from 7 to j. Suppose that this is not the case. Let g’ = g — g; ;, it is seen
immediately that N (i; g) = N (i; g’) and that N (i; g) = N (i; g')U{j}, which
implies that IT; (g) — IT; (g/) = ZjEN([;g) (5d(i,j:g) — 5d(i,_i:g’)) Vij—ci <0as
8 — 1. This completes the proof of the first part of the proposition.

I now prove the converse. Let g be a minimal network with the property that if
gi,j = 1 there is not an additional path directed from i to j. Consider an arbitrary

playeri and fix § € (5, 1) . First, forany k € N9 (i; g) , set¢; < 8V, k. Second, for

any j € N\ {N9(i; g)} setc; > ZjeN\{Nd(i;g)} V; ;. The latter condition implies
that player i does not wish to form any additional link. The former condition implies
that player i strictly prefers to maintain the link with &, instead of deleting the link
with k and forming a new link with a player 4 who either (a) does not access k
in g or (b) who accesses k in g via a path which includes i. For otherwise, after
the switching, player i will not access player k. Thus, the only type of deviation to
consider is one where: player i deletes the link with k and forms a new link with
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h, given that in g there exists a path directed from /4 to k which does not include
i. Let h be such a player and let g’ = g — g; x + gi.»- Note that

IT; (¢) = Z §Vij+ Z 105y, 5 — pde;

JeNd(i:g) J'€P(isg)
Note also that

I, (g/)= Z 8V 48V, + §d(ikg") Vi + Z §4(i.j"g") Vi — M?Ci
JENG:g)\(k} J'eP(izgh

Thus,
M (9) = T (g) = 8V (1= 0/CH71) —5v,
+ Z 8d(i,j/;g)vi’j/_ Z Sd(i,j/;g/)vi’j/

J'eP(i;g) JeP(i:g)

For a given § € (5, 1), fix Vi, and V; j for any j’ € P (i;g) U P (i; g'), and

set V; sufficiently large so that IT; (g) — IT; (g’) > 0. This implies that player i
strictly prefers g to g’. Since i is an arbitrary player the proof follows. O
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