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Summary. Let F' = {f : f : [0,00) — [0,00), f(0) = 0, f continuous,

E{r&%ﬂ = ( exists in (0,00),0 < g(x) = % < 1 for z in (0,00)}. Let

{f;j};j>1 be an ii.d. sequence from F' and X, be a nonnegative random variable
independent of { f;};>1. Let { X, } ,>0 be the Markov chain generated by the itera-
tion of random maps { f; } ;>1 by Xp41 = fn+1(X,), n > 0.SuchMarkov chains
arise in population ecology and growth models in economics. This paper studies
the existence of nondegenerate stationary measures for { X, }. A set of necessary
conditions and two sets of sufficient conditions are provided. There are some con-
vergence results also. The present paper is a generalization of the work on random
logistics maps by Athreya and Dai (2000).
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1 Introduction

Many models of time series arising in population studies in ecology and growth
models in economics are of the form

X1 = frq1(Xy), t=0,1,2,--- (1)

Here X, the state of the system at time ¢, represents the population size or density
in ecology and the total output in a one sector economy in economics. The function

* The author wishes to thank Professor Mukul Majumdar and the referees for several useful sugges-
tions.
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fi+1(+) depends on the underlying dynamics in the period [t, ¢ + 1]. The functions
fi+1(+) are deterministic or stochastic depending on the underlying dynamics. In
the deterministic case if f;’s are the same for all ¢ one has a discrete dynamical
system

Xt+l :f(Xt)a t:Oa1)27"' (1/)

In this case the initial value X, = =« gives rise to an orbit
{2, f(@), FO (@), s fO) (), ..} where for n > 0, FOH)(2) = F(F0)(a),
f©(z) = x. The subject of discrete dynamical systems is concerned with the
behavior of the orbits such as the existence of fixed points, periodic orbits, nonpe-
riodic or chaotic behavior, existence of an equilibrium or stationary distribution 7
such that if X is chosen to have distribution 7 then X,, will also have distribution
.

In the stochastic case the f;’s are random reflecting certain stochastic forces in
the underlying evolutionary dynamics. In ecology these could be due to random pat-
terns in climate, food web, predator-prey interactions, environmental changes etc.
In economics these could represent stochastic shocks and or speculative behavior
of the agents of the economy.

The stochastic analog of the discrete dynamical system (1’) is the model (1)
where { f; } are random but are i.i.d. or more generally a strictly stationary sequence.

When the {f;};>1 are i.i.d. and X, is chosen independently of {f;};>1 the
sequence { X };>¢ defined by (1) becomes a Markov chain with stationary transi-
tion probabilities . The objects of interest are steady state distributions or stationary
measures, convergence to them, laws of large numbers regarding the behavior of
certain empirical averages etc.

In the present paper we focus on the case when the state space, i.e. the set of
values of X; is RT = [0,00) and the sequence {f;}:>1 is a random sequence
from a family F' of maps from RT — RT that possess two important features:
(1) for small values of x, f(x) is approximately linear in x reflecting the fact that
ecological populations and fledgling economies grow exponentially when small
and (2) for large values of z, f(x) is sublinear reflecting the effect of density
dependence or competition as the population grows or diminishing returns in an
economy. Examples of such families include:

(1) the logistic maps (Athreya and Dai, 2000)
fe@)=cx(l—2), 0<z<1, 0<c¢<A4 (2a)
(ii) the Ricker maps (Ricker, 1954))
fed(z) = cre ™ 0<e¢ d<oo, 0<z<o0 (2b)
(iii) the Hassel maps (Hassel, 1974)

()=cx(l1+z)"% 0<¢ d<oo, 0<z<o0 (2¢)
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(iv) the Vellekoop-Hognas maps (Vellekoop-Hognas[15])

f(x) =rx(h(z)™® 0<r b<oo
h(z) > 1for x>0, h(0)=1,
h is continuously differentiable and

xh! ()
h(z)

?l(l‘) = is strictly increasing (2d)

The main thrust of this paper is to investigate the existence of nontrivial station-
ary measures (ie, other than the delta measure at 0) for the case when the { f;}:>1
sequence is i.i.d. with values in the set F'. Our results here are generalizations of
those of Athreya and Dai (2000) for the case of random logistic maps.

In the next section, as a preparation for Section 3, there is a brief review of Feller
Markov chains and occupation measures. The main part of the paper is Section 3
where a set of necessary and two sets of sufficient conditions are provided for the
existence of nontrivial stationary measures. Some open problems are mentioned in
the last section.

2 Feller (Markov) chains, occupation
and stationary measures

Let {X,, }n>, be a Markov chain with a metric state space (S, d) and a transition
function P(-,-).

Definition 1. {X,,},,>¢ is called a Feller (Markov) chain (or P is called a Feller
transition function) if z,, — x implies P(z,,,-) — P(z, -) in distribution or equiv-
alently

B((X0)|Xo = 2) = | bw)Plady) = (PR)@) G)
is continuous in x for all functions &k : S — R that are bounded and continuous.
If { X, } n>0 18 generated by an iteration scheme as in (1) with { f; }+>1 1.i.d. with
f1(*) being continuous with probability one (w.p. 1) then it is Feller. Indeed, since
(Pk)(z) = FEk(f1(x)) and f1(-) is continuous and k is bounded and continuous
the assertion follows by the bounded convergence theorem. Note that all the four
families listed in (2) consist of continuous functions.

Definition 2. Let {X,,},,>0 be a Markov chain with transition function P. Let for
allA € S,

1 n—1
Ln(A) = EZO:JA(XJ-) and (4)
1 n—1
fin.e(A) = E(L,(A)| X0 = z) = EZP(Xj € AlXo = 1) (5)

0
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Then L,,(-) is called the empirical measure and p, ,(-) the occupation measure

for the chain { X, }.

Definition 3. A sequence {,, } of probability measures on (.S, d) is said to converge
weakly or in distribution to a probability distribution g if

/ k() () / k() pu(de) ®)

forall £ : S — R, bounded and continuous.

Definition 4. A sequence {v,,} of subprobability measures on (S, d)(i.e.v, (S) <
1) is said to converge vaguely to a subprobability distribution v if (6) holds for all
k : S — R, bounded, continuous and vanishing outside a compact set. See Chung
(1974) for discussion on Definitions 3 and 4.

Definition 5. A measure £ on (S, d) is stationary for the transition function P if

w(A) = (uP)(A) = /P(x,A)p(d:c) forall AeS (7

One way of finding stationary measures for P is to consider all weak or vague
limits of the occupation measures { i, ,(-)}. The following is well known but the
next one is perhaps not so well known.

Proposition 1. Let {X,,} be a Feller Markov chain with transition function P.
Suppose for some intial distribution of X, there is a subsequence {ny} such that
Hny. X, (+) converges weakly, ie, in distribution to a probability measure . Then
is stationary for P.

For a proof see Meyn and Tweedie (1993).

Proposition 2. Under the set up of Proposition 1 suppose that there is a subsequence
{ni} such that u,, x,(-) converges vaguely to a subprobability measure y (ie
1(S) < 1) and that there exists an “approximate identity”, ie, a sequence {g, } of
continuous functions such that for each r, g..(x) € [0, 1]V z in S, g,-(-) has compact
support and for each x in S, g, (x) increases to one as r — 0.

Then p = pP, ie, (7) holds.

Proof. By definition 4, for each g : S — R continuous and with compact support

/ 9(Y) iy, x0 (dy) — / p(dy) ®)

It is easy to check that if M is an upperbound for g on .S then

|<2M%O

| 9@t xo(dy) = [ 9(W)ni+1.x, (dy)
and | [ g(y)tna+1,%0(dy) — [(P9)(Y)ting,x0 (dy)| < 2L — 0.

Also since 0 < g,.(-) < 1,and g(-) > 0

/ (Pg) (9) iy xo () > / (Pg) (4)9r (1) g x ().
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Now (Pg)(-) is continuous since P is Feller.
Also (Pg(y))gr(y) is continuous with compact support. So

/ (P9)()gr () tiny 20 (dy) — / (Pg)(y)gr(y)p(dy).

Thus from (8) and (9) we get

/ a(w)u(dy) > / (Pg) )9+ (y)(dy)

Since 0 < g,(-) T 1, by the monotone convergence theorem

[ oW wutan 1 [Pox

Thus, for all g : S — R and continuous with compact support

J9W)uldy) = [(Pg)(y)u(dy)
= [9()(nP)(dy).
This implies u(A) > (uP)(A) forall A € S.

But uP(5) = [ Pl $)utde) = u(s).
Thus p = pP.

111

€))

O

Remark 1. If S'is an interval in R then it has an approximate identity. For example,

if S = (0, 1) then the sequence {g, },>2 by

1 s<x<1-2
gr(x) = 0 0<:17<—0r1>:z:>1 T+1
1 1 1
linear in {H_l, }U[l 1=

is an approximate identity.
Similar construction works for any interval.

A natural problem is to find a sufficient condition for {1, x,} to have at least
one vague limit point p that is not the trivial measure 0. This is provided by the so

called Foster-Lyaponov condition. See Meyn and Tweedie (1993).

Proposition 3. Suppose there exist a function V : S — RT, aset K C S and

constants 0 < o, M < o0
such that
)Y o ¢ K, B(V(X))|[Xo = 2) — V(z)

W)V xeS, E(V(X1)|Xo=1z)—V(z)

|/\ I/\
H/—‘

«o
a+ M

Then, liminf p, x,(K) >

(10)

1)



112 K.B. Athreya
Proof. Let E,, stand for expectation when Xy = x.
Forj > 1,
EV(X;) — EV(Xj-1) = Eo(PV)(X;-1) = V(X 1)
< —CYPZ(XJ‘,1 ¢ K) + MPGE(XJ‘,1 S K)
=—a+ (a+M)P,(X,;_1 € K).

Adding over j = 1, 2, ..., n and dividing by n yields
1
E(EwV(Xn) = V(2)) < —a+ (a+ M)pn,.(K).
Since V(-) > 0, letting n — oo yields (11). =

Remark 2. In many applications K would be a compact subset of .S. From (11) it
follows that for any vague limit point & of p,, x,, #(K) > 0 ensuring its nontrivi-
ality. Thus, Propositions 2 and 3 show that to establish the existence of a nontrivial
stationary distribution it is not necessary to demand the tightness of { i, }.

3 Stationary measures

Let the collection F' of functions f : [0,L) — [0, L), L < 0o
be such that

i) fis continuous
i) f(0) =
iii) hmf ) = fi

0) exists and is positive and finite

iv) g( )Ef,;() (=) atisfies 0 < g(z) < 1for0 < x < L.

Let ({2, B, P) be a probability space.

Let {f;(w,x};>1 be a collection of random maps from {2 x [0, 00) — [0, 00)
that are jointly measurable, ie, that are (B x 5[0, c0), B[0, c0)) measurable and for
each j, f;(w, ) € F with probability one. Consider the random dynamical system
generated by the iteration scheme:

Xir1(w, z) = fip1(w, Xp(w,x)),t >0

12
Xo(w,z) = . (12

Since fj(w,-) € F w.p. 1 the model (12) reflects the two features mentioned in the
introduction, ie, for small values of X, X;,; is proportional to X; with propor-
tionality constant f;,;(0) = C1, say, and for large values of X, this is reduced
by the factor g(X;).

The class F' includes the logistic, Ricker, Hassel, Vellekoop-Hognas families
mentioned in (2a) — (2d).

For the logistic family f.(z) = cx(1—x), L =1, f{(0) = c,and g(z) = 1 —x
for0 <z < 1.
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For the Ricker family, L = oo, fea(z) = cze %, fL(0) = ¢,g(z) =
e*d”ﬂ 0<z <.

For the Hassel family, L = oo, f.a(z) = cx(14z)~%, f1.(0) = cand g(z) =
(14 )79

For the Vellekoop-Hognas family, L = oo, f(z) = rz(h(z))™", fi(0) =
r,g(x) = (h(z)) .

Our first result gives a necessary condition for the existence of a nondegenerate
stationary distribution 7 (ie, 7(0,L) > 0) for the Markov chain {X,} in (12)
generated by the case when { f;};>1 are i.i.d.

Theorem 1. Let { f;};>1 be i.i.d. Let

. fj(wv‘r)
; =1 13
Cjw) =1m === € (0, 00) (13)
gj(w,x) = (14)
1 zz=0
Assume E(InCy)" < oo (15)

Suppose there exists a stationary probability measure 7 for the Markov chain { X}
defined by (12) such that w(0, 00) > 0.
Then

i) E(nCp)” < oo,/E|ln g1(w,z)| m(dz) < 0o (16)

and i) E(InCy) = —/(Eln 91(w, z)) m(dx) (17)

and hence is strictly positive.

Proof. Let X have distribution 7. Then, since 7 is a stationary measure for
{X,}, X1 = fi1(w, Xo) also has distribution 7.
Since X7 = f1(w, Xo) can be written as

X1 = C1(w)Xog1(w, Xo) (18)
taking logarithms yields (suppressing w)
InX; = InCyr 4+ InXo + Ing1(Xo)- (19)

Let
Z = (InC1)™ 4 (—Ing1(Xy)). (20)

Since 0 < g1(+) < 1, Z is a nonnegative random variable. From (19)
InXo — InX; + (InCy)" = Z. 1)

If it was known that F|inX;| < oo, then taking expectations in (21) and using (15)
one could conclude that (16) and (17) hold. Since it is not known that E|lnX,| <
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oo an alternate approach is required. A truncation argument works. Let, for k£ =
x if |z <k
or(z) = Eoif x> k
-k if = <-k

It is clear that each ¢(+) is bounded and |¢ (z) — ¢ (y)| < |z — y| forall k, x, y.
Itis easy to verify thatif n > O and x —y+n > O then ¢y (z) — pr(y) +1n >0
(just by considering the nine possibilities arising out of x and y each being < —k,
in [—k, k] or > k).
Let
Z = ¢p(InXy) — ¢p(InXy) + (InCy) ™ (22)

Since Z is > 0 and (InC1)™ > 0 it follows that Z, > 0.

Also Z; — Z w.p.las k — oo. By stationarity of m and boundedness of ¢y
and the hypothesis E(inC1)" < oo we get EZ);, = E(InCy)™. Letting k — oo
and using Fatou’s lemma yields

EZ <limEZ, = E(InC))* < cc. (23)

Since Z = (InC7)~ + (—Ing1(Xp) and both terms are nonnegative, (23) yields
E(InCy)~ < oo and E(—Ing;(Xp)) < oo. Thus (16) is established. Since EZ <
oo and by hypothesis E(InC1)T < oo we get from (21) that

E|lnXo — InX4| < 0. (24)

Also  [pr(InXo) — ¢r(InX1)| < [InXg — InXy|and 0 < Z;, < [InXg —
InX|+ (InC1)* = Z, say.
From (24), EZ < oo and so by the dominated convergence theorem we get

EZ, — EZ
ie E(InCy)t = E(InCy)~ + E(—Ing:1(Xy)).
All the terms involved being finite, this yields
E(InCr) = —E(Ing1(Xo))
= — [ Elng, (z)7(dz)

establishing (17). Since 7(0,L) > 0 and w.p. 1 (15) holds, it follows that
EinCy > 0. O

Corollary 1. In the set up of Theorem 1 if EInCy < 0 then

i) the only stationary probability measure on [0, L] is the delta measure at 0.
ii) For any initial distribution X, the occupation measure i, x,(A) =

n—1
L3S P(X; € A) converges to zero for all A such that its closure is C (0, 00)
0

n—1
and hence for such A the empirical measure L,,(A) = L 3" I(X; € A) = 0
0
in probability.
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Proof.

i) Suppose there is a stationary measure p with 10, 00) > 0.

Let i(A) = % for A € B(0, 00). Then i is a probability measure on
(0,00). Also o = pu{0}dp + (1 — p{0})fi. Since dp and p are both stationary
for P so is ji. By Theorem 6 this implies EinCy > 0.

ii) Since f;(w, -) are continuous w.p. 1 the Markov chain is Feller. Also S = [0, 00)
admits an approximate identify in the sense of Theorem 4. So, if 1 is any vague
limit point of the occupation measures {, x,(-)} then p is stationary for P.
By (i), 1(0, co) must be zero.

Finally, since EL, (A) = pinx,(A), and g, x,(A) — 0forall A C A C
(0,00), L,(A) — 0 in probability. a
Next we present two sets of sufficient conditions for the existence of a stationary

measure 7 with 7(0, 00) > 0 for the Markov chain {X;} in (12).

Theorem 2. Let {f;}{C;},{g;} be as in Theorem 1. Let Dj(w) = supf;(w, ).

x>0

Assume

i) k(z) =—Elng(z) < oo forall 0 < x < L and bounded on every (a,b) C
(0,L).

ii) lxli%k(x) =0

iii) k() be nondecreasing in (T, L) for some T < L.

iv) E|lnCy| < oo, ElnC; > 0

v) E(lnD;)" < oo

vi) Elk(Dy)| < oo

Then, there exists a stationary distribution w for the Markov chain { X} defined
by (12) such that 7(0,L) = 1.

Proof. Suppressing w, (12) becomes
Xjt1 = Ci1Xjg541(X;) (25)

and so lanH — lTLX] = lan+1 + lnng(Xj)
Adding thisover j =0,1,...,n —1

InX, —InXo =Y InCj+> Ing;(X;_1) (26)
1 1

Since X; = f;(X;-1) < Dj,
InX, <lInD,, .

Also Eling;(X;-1)| = —Elng;(X;—1) = Ek(X;-1)
(by independence of g; and X;_1).

For j > 1, by (iii) and (vi)
Ek(X;) = E(k(X;): X; <T)+ E(k(X;) : X; 2 T)
< Kor + Ek(D;) < o0
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where K, , = sup{k(z) : a < x < b}.
Also ElinCy| < oo by (iv).

So the rightside of (26) has a finite expectation. Now choose Xy such that
E|lnXy| < oo, for eg, deterministic Xy # 0.
Dividing (26) by n and taking expectations yields

n

1 1 1
ElnX, — —~ElnXo = ElnCy — ﬁ;Ek(Xj_l) . (27)

n
But LEInX, < 1E(InD,)" — 0by (v)

and L ElnXy — 0.

By hypothesis (iv) EinC; > 0.

Let (H) be the condition that {u, x,(-)} has no vague limit point x with
(0, L) > 0. We shall show that if (H) holds then

1

Thus in (27) the leftside is bounded above by a sequence that goes to zero but the
rightside goes to a positive quantity. This contradiction shows that there is a vague
limit point p of {1, x, (-)} with 1(0, 00) > 0. Here we use the fact that given any
sequence of subprobability measures and therefore for any sequence of probability
measures there is always a subsequence that converges vaguely to a subprobability
measure (see Chung, 1974, p. 83). Then ji(A) = (u(0,00)) " tu(A N (0,00)) will
be a stationary probability measure for P with fi(0, co0) = 1. It remains to establish
(28).
Now fix € > 0,17 > 0. Then
FEk(X;) <Ek(X;): X;<e)+E(k(X;):e<X; <T)

+ E(k(D;) : X; > T, |k(Dy)| < My)

+ E(k(D,) : [k(D;)| > M)
where M, is chosen so that

E(|k(Dj)] : [K(D;)] > My) <1

(using hypothesis (vi)).
Thus,

1 n
EZEk(Xj—l) < supk(z) + (Myy + K(e,1))tn, x, (€, L) +1
1

z<e

implying that if (H) holds then

— 1¢
hTILn E;Ek(Xj_l)
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< supk(z) +n
<€

since, if (H) holds, ﬁ pn.x,(6,L) =0V €> 0. By (ii) supk(x) — 0 as
epsilon — 0. Also n > 0 is arbitrary. Thus (28) is estabhshed and hence the
theorem is proved.

Remark 3. (Special cases).

LIf f(w,z) = C(w)z(l — x),0 < x < 1is a logistic map then D(w) =
supf(w,z) = C(‘”) and g(w, z) = (1 —x)Ijo,1)(z). Thus, k(D) = —In(1 - D) =
—In(1 — %) So if f; is logistic w.p. 1 then the hypothesis i) - vi) of Theorem 2
reduce to B — InCy > 0 and —Eln(1 — £) < oo (see Athreya and Dai, 2000).

2. If f(w,z) = C(w)ze ¥“)* 0 < & < oo is a Ricker map then D(w) =
C(w)/d(w), g(w,z) = e~ *)? k(x) = E(d(w))z. So if f; is Ricker w.p. 1 the
hypothesis i) - vi) of Theorem 2 reduce to

Ed(w) < oo, Eg((:j)) <00,
E|lnd(w)|E|InC(w)| < 0o, ElnC(w) > 0

Similar reductions can be made in the other two cases, ie Hassel maps and
Vellekoop-Hognas maps.
Now we give a second set of sufficient conditions.

Theorem 3. Let {f;},{C;},{g;} be as in Theorem 1. Suppose

i) lim ElnC’lgl( ) = B1 exists and is > 0
i) hmE(lnClxgl ()T =0
iii) hm EinCyg1(x) = B exists and is < 0
x—L
v) lim E(IinCixg1(z))” =0
z—L
v) k(z) = E|lnCig1(z)| is bounded on [a,b] for all 0 < a < b < L. Then there

exists a stationary measure 7 for P satisfying (0, L) = 1.

Proof. Since P is Feller we can apply Propositions 2 and 3. Let V' (z) = |Inx|.
We shall now show that there exists «, M, a,b € (0, c0) such that

E(V(X1)|Xo=2)—V(z) < —a forall z ¢ [a,b) (29)
< M forall z € [0, L] (30)
Again suppressing w and noting that
X1 = C1X09(Xo)
we see that

a) forzx<1
E.|inX1| — |Inz|
= —EInCig1(z) + 2E(InCrzg1(z))*
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and for x > 1

E.|inX4| — Inx|

= ElnCig1(x) + 2E(InCrxg1(2))~
By hypothesis (i) - (iv)

hn%) E.|linX1| — |lnz| = —p1 <0,
xr—r
lim E,|llnX1] — |lnx] = B2<0
x—L
Choose 0 < a < b < oo such that

for x < a, E.|lInX;] — |lnx| < _51,

for x > b, E,|InX1| — |Inz| < %2
Next fora < x < b
|E,|InX1| — |Inz|| < E.linX; — Inx|
= B, |InCyigi(x)| = k(z)
which is bounded in [a, b] by hypothesis (v).
Thus (29) and (30) are verified and so by Propositions 2 and 3 there exists a

stationary measure 7 for P such that 7(0, L) > 0. Normalizing 7 by 7 (0, L) yields
the desired measure 7. O

Remark 4. In all the four special cases (logistic, Ricker, etc) the function

g;j(x) = fé’g? —0as z— o0

This says that for large « the growth is sublinear. But in some ecological context
such as arising in resource management procedures it is more realistic to keep g; (z)
bounded away from zero as x — L. Similarly in some growth models in economics
the possibility of fj(xz) — oo as & — L is not unrealistic.

The next corollary is easy to verify.

Corollary 2. In the set up of Theorem 3 assume:

i) E|InCi| < oo, EInCy > 0.

ii) With probability one lﬁg q(z) = I,E%ILl g1(x) = n > 0 and there exists
0 < a such that and a < inf ¢ (z) < sup gi(z) <1

i) ElnCy + Elnp <0 :

Then there exists a stationary T for P satisfying (0, L) = 1.

Remark 5. We now comment briefly on a comparison of the two sets of sufficient
conditions in Theorem 2 and Theorem 3. Two key hypothesis in Theorem 2 are that

Dy = supfi(w,x) is not only a finite random variable but satisfies the moment
x>0

conditions v) and vi) and f; has to have a finite positive derivative at 0. This rules

out growth functions f, such as f(z) = 2, a > 0. On the otherhand, Theorem 3,
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allows for unbounded functions but with bounded linear growth rate such as when

lim g( ) exists and is positive. It still needs f; to have a finite positive derivative
x—L

at 0. As mentioned in Remark 4 in some resource management problems arising
in ecology the harvest policy may dictate that g1 () not go to zero as = 1 L but
reach a factor 7 satisfying conditions (ii) and (iii) of Corollary 2. A rough guideline
is that if lim f;(w,z) < oo then use Theorem 2 while if lim f;(w,x) = oo but
x—L n—L
lim {x(w:2)
n—L x
f1 to have a finite positive derivative at 0.

< oo then use Theorem 3. Both require f; to be in F’ and in particular

Remark 6. Growth models in economics where f(z) is not approximately linear
near zero do not belong to the class F'. An exampleis f(z) = Cx®, 0 < o < 1.For
such cases both Theorems 2 and 3 are not useful. But in many cases other methods
are available. Here is one such example of some importance in economics. Let
{X,,} be defined by the iteration scheme

Xn+1 = Cn+1X7?nr+l (3D

where {(C),, ay,)} are 1.i.d. rv in (0, 00) and X,, € (0, c0) with X independent
of {(Cy,, a,)}. This can be put in the framework of (12) if P(ca,+1 > 1) = 1.
But in this case both Theorem 2 and 3 are not applicable because the function is
unbounded violating (v) and (vi) of Theorem 2 and (iii) of Theorem 3. The special
case of (31) with «,, deterministic equal to an « € (0, 1) is treated in Bhattacharya
and Majumdar (1980). See also Majumdar and Mitra (1982).

Taking logarithms in (31) leads to

InXn41 =nChy1 + app1lnX,
Y, dn, Y,
+1_ Gt

Pn+1 Pn+1 Pn

where Y, =InX,, d,=InC,, P,=1]]q,
1

—

— Z ] + InXo (32)

Case 1. Assume Elna; < 0, and E(In|inCy|)T < oo. Then, (32)

S Y, = Z (d; Haz + (InXo)P, (33)

j=1 j+1

By the strong law, P,, — 0 w.p. 1.

Il
&

Since {(C;, a;)}™, are i.i.d. Yy, j ( 11 ai> has the same distribution
(J 1)

i=1
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By the strong law, since Elna; < 0,P, = [[a; = 0(\™) w.p. 1 for any
i=1
ePlner « X\ < 1.
Next, E(In|InCy )t = E(In|d;|)* < co = > P(Ind, > vn) < oo for

any 0 < v < oo and hence by Borel Cantelli, w.p. 1.
d; < € for all large j. Thus, choosing v > 0 such that Ae” < 1, we see that

n j=1
w =Y, d; ][] o; converges w.p. 1toY, say.
Jj=1 2_1

Thus, Y,, —> Y for any initial zy > 0.

Case 2. Elna; > 0 and E(In|C1])T < oo. In this case, - — 0 w.p. 1 ata
geometric rate and arguing as in Case 1, one can show that

>

< 00, w.p. 1

dj
p;

o0
Y, diﬂ . .
and so el 21: 7, WP 1. and in particular,

Case 3. Elna; = 0is open.

Remark 7. The main thrust of this paper and this section has been to seek condi-
tions for the existence of a stationary probability measure 7 for the Markov chain
{X,.} defined by (12) satisfying (0, L) = 1. The questions of convergence of
the distribution of X, to this 7, uniqueness or smoothness of 7 etc have not been
addressed here. We now indicate briefly an approach to these questions.

Definition 6. A Markov chain {X,,} with state space (S, S) is said to be Harris
irreducible with reference measure ¢ if A € S,¢(4) > 0 = P(X,, € A for
somen > 1| Xy =x) > 0forallz € S.

The following is known (Meyn and Tweedie, 1993).

Proposition 4. Let { X,, } be Harris irreducible. Suppose 7 is a stationary probability
measure for { X, }. Then:

a) is unique,
b) for all x in S, the occupation measure sequence,

=
" T E _ X, c | Xy =
M n % j €| Xo=12)
converges to 7 in total variation for all z in S
n—1
) forall AinS, L,,(A) = = 3 I4(X;) — 7(A) wp. 1.
0

Applying this to our set up we get the following.
Theorem 4. Let {X,,} be as in (12). Suppose:
i) itis Harris irreducible in S = (0, L).



Stationary measures for some Markov chain models in ecology and economics 121

ii) it admits a stationary probability measure 7 (-) such that 7(0,L) = 1.

iii) the distribution of C has a positive absolutely continuous component in (0, K)
iv) the random function g1 (-) is such that if X is an absolutely continuous random
variable with values in (0, L) then X g1(X) is also absolutely continuous.

v) Cy and g1 (-) are independent.

Then, in addition to a), b) and c) of Proposition 4, the following also holds.

d) m is absolutely continuous.

Proof. That (i) and (ii) imply (a) (b) and (c) follows from Proposition 4. It remains
to prove (d).

Let X, have distribution 7. Then X7 also has distribution 7. By (v), C7 and
Xog1(Xp) areindependent. If r and s denote the weight of the absolutely continuous
component of 7 and the distribution of C'; (see definition below) then (iii) and (iv)
and the relation X1 = C1 Xog1(Xo) imply that

1-r)=({1-=s)(1-r).

Since s > 0, it follows that r = 1. =

By the Lebesgue decomposition theorem (Chung, 1974) every probability mea-
sure 7w on R canbe writtenas m = am,+(1—a)ms where 7, is absolutely continuous
and 7, is singular w.r.t. Lebesgue measure and 0 < v < 1.

Definition 7. The weight of the absolutely continuous component of 7 is a.

For some special cases of (12), in Theorem 4 the condition (iii) with some
mild additional conditions imply (i), ie Harris irreducibility (see Athreya, 2002, for
details).

5 Some open problems

The case of iteration of random logistic maps has been well studied by a number of
authors (see Athreya and Bhattacharya, 2000, for a review). Many of those results
have been extended to the general class F' of Section 3 but many more remain. A
few of them are outlined below.

i) Harris irreducibility: Find appropriate conditions on the distribution of f; (w, -)
and in particular (C (w), g1 (w, -)) to ensure that { X,, } is Harris irreducible (for
some recent results see Athreya, 2002).

ii) Nonuniqueness: There are examples (see Athreya and Dai, 2002) in the ran-
dom logistic case when C takes only two values there are two nondegenerate
stationary measures. It should be possible to extend that construction to the
present more general setting.

iii) Statistical inference: Suppose the sequence { X, } has been observed for 0 <
n < N. Using this data one should be able to do statistical inference on the
distribution of (C4, g1(+)).

Alsoifitis known that it is supercritical and admits a unique stationary measure
7 then estimating 7 from the data {X,, = 0 < n < N} would be very useful
(see Athreya and Majumdar, 2001).



122 K.B. Athreya

References

Athreya, K.B.: Harris irreducibility of iterates of IID random maps on R*. Tech. Report, School of
ORIE, Cornell University (2002)

Athreya, K. B., Bhattacharya, R. N.: Random iterations of quadratic maps. In: “Stochastics in Finite
and Infinite Dimensions.” In honor of G. Kallianpur, pp. 49-58. Basel: Birkhduser 2000

Athreya, K. B., Dai, J.: Random logistic maps I. Journal of Theoretical Probability 13(2), 595-608
(2000)

Athreya, K. B., Dai, J.: On the nonuniqueness of invariant probability measure for random logistic maps.
Annual Probability 30, 1142—1147 (2002)

Athreya, K. B., Majumdar, M.: Estimating the stationary distribution of a Markov chain. Technical
Report, School of ORIE, Cornell University. Economic Theory (to appear) (2003)

Bhattacharya, R. N., Majumdar, M.: A review in stochastic models in mathematical economics. Statistics:
applications and new directions. Indian Statistical Institute, pp. 55-99 (1981)

Chung, K. L.: A course in probability theory, p. 83. New York: Academic Press 1974

Hassel, M. P.: Density-dependence in single-species populations, Journal of Animal Ecology 44, 283—
296 (1974)

Majumdar, M., Mitra, T.: Intertemporal allocation with a nonconvex technology: the aggregate frame-
work. Journal of Economic Theory 27, 101-136 (1982)

Meyn, S., Tweedie, R. L.: Markov chains and stochastic stability. Berlin Heidelberg New York: Springer
1993

Ricker, W. E.: Stock and recruitment. Journal Fisheries Research Board of Canada II, 559-623 (1954)

Vellekoop, M. H., Hognas, G.: Stability of stochastic population models. Studia Scientiarum Hungarica
13, 459-476 (1997)



