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Abstract
Modeling of the chemistry and thermodynamics is crucial in numerical simulations that attempt to accurately simulate
reactive flows such as flame acceleration and detonation phenomena. The current study explores how a four-species, four-step
combustionmechanism performs to predict ignition processes in various premixed hydrocarbon fuel mixtures when compared
to detailed chemical kinetic mechanisms. A key objective of this research is to determine how well this model, which has
been modified to include only three species transport equations, performs at predicting fundamental combustion properties
that are important for flame acceleration and detonation applications. On comparison with full chemistry mechanisms, the
four-step model demonstrates an ability to predict the ignition time, reaction stiffness, thermodynamic state, and detonation
stability-parameter to a high level of accuracy, for ignition processes over a wide range of initial temperatures and densities.
With the ignition structures and key detonation stability parameters correctly predicted, we conclude that the four-step model
is an effective and economic tool for studying complex explosion phenomena in situations where pre-combustion temperature
and density are constantly changing, such as deflagration-to-detonation transition by flame acceleration or shock–flame
interaction.

Keywords Detonations · Premixed combustion · Combustion properties · Global reaction mechanism

1 Introduction

Reactive flows generated by shocks, such as detonation
waves, are highly compressible in nature with experimen-
tal results available only for highly idealized and controlled
cases. Such experiments are often conducted with limited
quantitative and temporally evolved diagnostics, owing to
the high-speed nature of the wave. For complex phenomenon
such as deflagration-to-detonation transition (DDT), even
basic sufficient requirements for transition to occur are
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unknown, with experimental results being highly stochas-
tic [1]. These difficulties make such flows prime candidates
for investigation using numerical methods, in order to obtain
better quantitative and qualitative descriptions of the flow.
Gaseous detonations are supersonic self-sustained combus-
tion waves that consist of a strong leading shock coupled to
a trailing reaction zone. Following early investigations into
transient detonation phenomenon [2,3], it became evident
that numerical simulations must require realistic characteri-
zation of the chemical properties of the gasmixtures involved
with results from simplified combustion models leading to
incorrect basic results [4,5]. The current study assesses the
performance of a reduced four-step combustion model based
ona thermochemical approach for a rangeof premixedhydro-
carbon mixtures, to better characterize the thermodynamic
behavior of such flows and provide better chemical response
closure in numerical simulations.

Chemical kinetic models in all combustion applications
can be classified into two main categories: (1) elementary
reaction mechanisms (ERMs) and (2) global reaction mech-
anisms (GRMs). Elementary reaction mechanisms provide
the most precise description of reactive flows through single-
transition-state reactions among real chemical species, while
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GRMs are formulated to cover only the dominant reaction
paths through simplified global reactions steps. In order to
provide an accurate description of the chemistry, ERMs typ-
ically include numerous chemical species and reaction steps
that limit their application for full-scale multi-dimensional
numerical simulations because of the large computational
cost and memory requirements. Through the elimination of
species that are redundant (skeletal ERMs) [6–9], followed
by time-scale analysis and removal of quasi-steady-state
(QSS) species [10–12], it is possible to create a moderate-
sized ERM that is still precise within a specific scope.
However, the extent to which the mechanism can be reduced
using these approaches is limited [13] and has only been
successfully realized for a few reactive hydrocarbon mix-
tures such as those involving methane [7], acetylene [10],
and ethylene [14]. It was also observed that for hydrocar-
bons, the minimum number of species for a reduced skeletal
ERM reaches a value of around 10, after which further sim-
plification is not feasible [15].

To date, a vast majority of numerical detonation research
has instead applied idealized GRMs, the most common one
being the standard one-step Arrhenius reaction model [16].
While the one-step model has been crucial for theory devel-
opment as well as for investigating the influence of the global
activation energy and heat release on detonation propagation
[17], it has several severe limitations. In a typical reaction,
the temporal structure consists of a relatively long and nearly
thermally neutral induction time followed by a compara-
tively short exothermic reaction time, in which the majority
of the heat is released. In the simple one-stepmodel, however,
there is no explicit thermally neutral induction phase. Heat
is always released, and there is no independent control of the
induction/reaction zone scales. As a result, the model can-
not accurately reproduce the temporal reaction structures and
stiffness associated with combustion. For detonation waves,
the single global activation energy in the one-step model also
controls both the spatial structures of the induction and reac-
tion zones simultaneously and therefore cannot reproduce
the correct steady Zel’dovich–von Neumann–Doring (ZND)
structure in a detonation wave [18]. In fact, the ratio of the
induction to reaction zone lengths has been shown to be an
important parameter that controls the multidimensional cel-
lular stability of detonation waves [19].

An extension to this one-step model is a two-step model
[20,21], which consists of a strictly thermally neutral induc-
tion stage followed by a state-insensitive exothermic stage.
However, the model assumes that the chain branching explo-
sion is instantaneous, with the fuel converted to radicals once
the induction time is reached. This is inaccurate for reac-
tive mixtures involving acetylene or hydrogen, where chain

branching cross-over temperature effects influence ignition
delay time response to changes in temperature, and con-
sequently the detonation structure [22,23]. To account for
such changes in gas sensitivity to temperature, a three-step
model has also been developed and investigated in great
detail [22,24,25]. The model has the advantage of being
able to handle chain-branching crossover effects, but still
lacks the independent control of length and time scales in
each of the induction and reaction zones. Detonation prob-
lems, however, are highly stiff with a wide range of length
and time scales that must be resolved and captured. Here,
stiffness is defined as a property of a differential equa-
tion where the rates of change of a measured quantity are
significant. To capture the correct stiffness, through inde-
pendent control of the different reaction zones, is therefore
of significant importance to accurately predict the rapidly
changing thermodynamics that govern the physics of flame
acceleration or detonation phenomenon. Four-step models
[26] with an added chain-termination step and five-step
models [27] which account for radical competition have
also been proposed in the past but are mainly limited to
hydrogen combustion. Typical applications of these ide-
alized GRMs also assume the reactive mixture to be a
calorically perfect gas (i.e., heat capacities remain con-
stant) leading to incorrect post-shock and post-combustion
states. As a result, such perfect gas assumptions may not
respond appropriately for situations where initial states
are constantly changing, such as DDT arising from flame
acceleration [28,29], or shock–flame interaction scenarios
[30].

In order to address the shortcomings of the models
described above, a simple four-species, four-step reaction
mechanism based on a thermochemical approach was pro-
posed by Zhu et al. [31] for premixed reactive hydrocarbon
mixtures. This combustion model is a GRM that utilizes
discrete packs of chemical species as global species which
mimic the behavior of a detailed chemistry ERM. By assum-
ing the gas mixture to be thermally perfect, i.e., ideal gas
behavior with temperature-dependent heat capacities, the
model is able to respond appropriately to changes in the ther-
modynamic state. Through independent calibration of the
reaction rate constants throughout the combustion regime,
the model has been previously demonstrated to capture
the detailed chemistry ignition temperature evolution for
constant volume and constant pressure ignition problems
for stoichiometric acetylene–oxygen combustion [31]. Since
detonation waves involve the coupling of gas dynamics and
chemical reactions, and influenced by changes in the ther-
modynamic properties of the medium, the model was also
demonstrated to correctly predict the one-dimensional ZND

123



Combustion properties of a simple and efficient four-step model 519

reaction structure in stoichiometric acetylene–oxygen to a
high level of accuracy.

In this work, an in-depth analysis of the four-step model
is carried out for several premixed reactive hydrocarbon
mixtures with very different activation energies, ignition
characteristics, and detonation stability. In particular, we
highlight the model’s ability to predict important properties
required for simulating realistic scenarios involving flame
acceleration and detonations. The main properties of inter-
est are the ignition delay, Chapman–Jouguet (CJ) velocity,
expansion ratio, Zel’dovich number, activation energy, heat
release, and detonation χ parameter for a wide range of con-
ditions. In addition to stoichiometric fuel–oxygen mixtures,
the four-step model performance has also been assessed for
cases of heavy dilution as well as fuel lean (φ < 1.0) mix-
tures. Finally, following the results and discussions presented
in Sects. 3 and 4, a summary of the limitations of the four-
step model with regard to simulating combustion of fuel-rich
mixtures and reactive hydrogen mixtures is covered. In this
sense, we aim to determine the applicability and restrictions
of the four-step, four-species model to be used as an effective
reduced GRM for accurately modeling flame acceleration,
supersonic combustion, and detonation waves in a variety of
reactive hydrocarbon mixtures.

2 Four-step combustionmodelmethodology
and calibration

The global species in the four-step model are calibrated from
the equilibrium results for a premixed combustion system
using Cantera’s [32] built-in minimum Helmholtz energy
equilibrate function. The compact global species system for
a generic fuel CxHy has been summarized by Zhu et al. [31]
as

⎧
⎪⎨

⎪⎩

CxHy + (x + y/4 + z) · O2 → R

→ x · CO2 + (y/2 · H2O + z · O2) → P1

� x · CO + y · H + (x + y/2 + 2z) · O → P2,

(1)

with z ≥ 0 (z = 0: stoichiometric; z > 0: lean). The global
species adequately predict the initial and terminal states of
a combustion process, but not the intermediate stages. The
reaction paths are then built by fitting the reference data from
a constant volume process for an ERM of choice using Can-
tera [32]. This is done by substituting the global species for
a reactive mixture (R, P1, and P2) into the process while
conserving the overall thermodynamic properties. The reac-
tion paths, and corresponding reaction rates and orders, are
acquired by modeling the reaction as having two thermally
neutral induction regime paths, two irreversible exothermic

reaction paths that convert R to P1 and P2 separately, and an
additional equilibrium step between P1 and P2.

The reaction scheme can be summarized as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(i1) R0 → R1 ki1
(i2) R0 + s0 · R1 → (1 + s0) · R1 ki2
(r1) R1 → δ1 · P1 kr1
(r2) R1 → δ2 · P2 kr2
(e) P1 � δ3P2 kef, ker,

(2)

where the absolute rate constants ki, kr1, kr2, kef, and ker rely
only on the local thermal state of the mixture, while the sto-
ichiometry coefficients are: δ1 = WR/WP1, δ2 = WR/WP2,

and δ3 = WP1/WP2. The species R1 in the model plays the
role of an activated reactant meant to replace the numerous
radicals and intermediate species that are formed during a
typical combustion process from reactants to products. Since
it is only possible to resolve the total amount of R from the
detailed chemistry results in Cantera (since R0 and R1 are
chemically identical), it is assumed that the chain initiation
reaction (i1) and chain branching reaction (i2) are complete
when a notable amount of product species P1 and P2 begin to
form.While this value is not explicitly specified by Zhu [31],
we assume the initiation reaction to be complete when the
combined mole fractions of the forming products are greater
than or equal to 0.1 since this is found to correspond well
with the start of the main exothermic reaction. Similarly, in
the equilibrium region, the amount of reactantR tends to zero,
since all the reactants are assumed to be consumed during the
exothermic regime. Under these assumptions, the forward
and backward rate constants kef and ker, for the reaction (e),
and the equilibrium constant, Kc, can be derived from the
equilibrium regime, while the reaction rates kr1 and kr2, for
reactions (r1) and (r2), are calculated from the main exother-
mic regimeof the ignitionprocess. Finally, the reactionorders
s0, s1, s2, and s3 are evaluated through an iterative procedure
meant to provide the best possible dataset for the detailed
chemistry that minimizes cumulative errors in the reaction
rate parameters when fit to the predetermined functions for
the reaction rates in the model. The detailed procedure for
deriving the functional dependence of the rate constants in
the model can be found in the original manuscript by Zhu
et al. [31]. For detonation investigations, a single induc-
tion reaction existing as a packed formula with two paths,
i1 and i2, was first explored by Fickett et al. [33] when
studying induction zone kinetics. By assuming the ratio
ki1/ki2 = ε is constant such that ε � 1, the production rates
of the reactant species R0 and R1 can be modeled using only
a single absolute rate constant, ki. Through a high activation
energy asymptotic expansion [34], it can then be shown that
the absolute rate constant is inversely proportional to the igni-
tion time for a given reactive mixture (ki ∝ 1/τ ). The rate
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constant ki is then modeled using constant volume process
ignition time measurements from detailed chemistry.

In the Lagrangian description, the production rates for the
different global species, in terms of their mass fractions, are
given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

DYR0
Dt

= −YR0

(

ε[R1]s0
)

· ki
DYR1
Dt

= −WR1

WR0

(
DYR0
Dt

)

−WR1

ρ

(

[R1]s1 · kr1 + [R1]s2 · kr2
)

DYP1
Dt

= WP1

ρ
[R1]s1 · kr1 · δ1

−WP1

ρ

(

[P1]s3 · kef − [P2]s3δ3 · ker
)

,

(3)

where [R1], [P1], and [P2] are the molar concentrations of
the respective species. We note here that only three trans-
port equations (for R0, R1, and P1) are required to be added
to a system of governing equations that conserve mass,
momentum, and energy for fluid motion. Unlike Zhu’s for-
mulation, we do not include an explicit transport equation
for product species P2 which is an improvement in terms
of memory requirements and efficiency. This simplification
can be made since the sum of the mass fractions of the dif-
ferent species must be equal to unity (

∑
Yi = 1.0) for any

gas mixture. Thus, the mass fraction of species P2 can be
readily determined. Furthermore, under the constraint that
∑

(DYi/Dt) = 0, it is possible to obtain the production rate
of P2 at any instant using equation set (3) if the mass frac-
tions of the other species are known. Following the procedure
above, four different stoichiometric hydrocarbon mixtures,
acetylene–oxygen, methane–oxygen, propane–oxygen, and
ethylene–oxygen, have been calibrated, as well as three lean
acetylene–oxygen mixtures with equivalence ratios (φ) 0.71,
0.5, and 0.33. To verify the performance of the model across
different ERMs, the acetylene mixture is calibrated using
the Konnov mechanism [35], the methane mixture using
the GRI-3.0 mechanism [36], and the propane and ethylene
mixtures using the USC II mechanism [37]. The complete
parameter sets for each of the premixed hydrocarbon mix-
tures investigated are available in the Appendix.

In the current study, a series of zero- and one-dimensional
ignition problems are simulated over a range of initial con-
ditions to investigate the validity of the four-step model as a
suitable combustion mechanism for flame acceleration and
detonation investigations. In particular, constant volume and
constant pressure ignition problems as well as 1-D ZND det-
onations are considered. The ZND detonationmodel [38] is a
simple one-dimensional problem which describes the steady
inviscid structure of a reaction zone behind a shock wave.

The model presents basic coupling of chemical reactions to
steady-state gas dynamics, in the frame of reference attached
to thewave. In the Lagrangian description, following the pro-
cedure outlined by Kao et al. [39], the 1-D ZND model can
be expressed as a system of ordinary differential equations,
with (2) coupled to respective descriptions of density, veloc-
ity, and pressure as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Dρ

Dt
= −ρ

σ̇

η

Dw

Dt
= w

σ̇

η

DP

Dt
= −ρw2 σ̇

η
,

(4)

where

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σ̇ =
Ny∑

i=1
σi
DYi
Dt

σi = W

Wi
− hi

cpT
.

(5)

Here, σ̇ is the thermicity which measures the rate at which
chemical energy is transformed into thermal energy and vice
versa, while ρ, P , c, hi , and cp, are the density, pressure,
sound speed, species specific enthalpy, and mixture specific
heat. The species specific enthalpy (hi ) and specific heat
(cp,i ) are evaluated using the standard NASA polynomial
formulation [40] as

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

hi = Ro

Wi

(
5∑

n=1

anT n

n
+ a6

)

cp,i = Ro

Wi

5∑

n=1
anT n−1,

(6)

where an represent the NASA polynomials for a given i th
species in the model, while Wi and Ro are the species
molecular weight and universal gas constant. The stiff sys-
tem of governing equations are then solved implicitly using
the Sundials CVODE solver [41] where w is the particle
path velocity relative to the wave frame of reference, while
η = 1 − M2 is a sonic parameter, with M defined as the
local flow mach number. For the special case of constant
volume ignition, we take (Dρ/Dt) = (Dw/Dt) = 0.0 and
(DP/Dt) = −ρc2σ̇ , while for constant pressure ignition,
we take (DP/Dt) = (Dw/Dt) = 0.0 and (Dρ/Dt) = −ρσ̇ .

3 Results

This section aims to validate the four-step model for the four
hydrocarbon mixtures considered through comparison with
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detailed chemistry results fromCantera [32].Our preliminary
results of the model performance in stoichiometric undiluted
reactive mixtures [42] are first summarized through ignition
time (τ ) predictions and ZND detonation profiles. This is
followed by validation of the four-step model for mixtures
with varying equivalence ratios (φ) and dilution by an inert
chemical species.

3.1 Stoichiometric undiluted reactivemixtures

Figure 1 demonstrates the agreement of ignition times (τ )

predicted using the four-step model and detailed chemistry,
for each reactive mixture, over a wide range of initial tem-
peratures and densities. The ignition time (τ ) is calculated
as the maximum value of the derivative of temperature with
respect to time, (dT /dt)max, during the complete ignition
process. It is observed that the four-step model accurately
recovers the detailed chemistry ignition delays for all four
stoichiometric mixtures, over the entire range of initial con-
ditions tested. We first note that the linear behavior seen in
the natural logarithm of ignition delay for methane is the rea-
son why the one-step model, with a single global activation
energy, is able to reasonably capture the ignition delay times
for this mixture, but not for others [43]. However, it is well
known that the correct temporal evolution of temperature
(or reaction stiffness) for methane is not captured with the
one-step model [44]. On the other hand, for fuels like acety-
lene, and to a lesser extent propane and ethylene, which
exhibit visible chain branching effects, independent control
over the ignition time is necessary. In these cases, a sin-
gle activation energy cannot correctly capture the ignition
behavior over the entire temperature range.

Apart from the ignition time measurements, the four-
step model does a good job at replicating the reaction,
and equilibrium time scales, as well as the thermodynamic
state throughout the constant volume reaction process [42].
A comparable level of accuracy is also observed between the
four-step model and detailed chemistry for constant pressure
ignition processes aswell as the 1-DZNDdetonation profiles
[42]. For completeness, the ZND model results showing the
temperature profiles of the reaction zone are depicted in Fig. 2
for a leading shock wave speed equal to the CJ detonation
speed. The initial CJ speed for the four-stepmodel and results
for the detailed chemistry ERMs are obtained using the SD
Toolbox libraries (for Cantera) [45] for an initial quiescent
temperature of 300 K, and initial pressures of 1 kPa, 10 kPa,
and 100 kPa. Apart from some amount of deviation observed
for the ethylene mixture and the low-pressure methane case,
the four-step model is observed to recover almost exactly the
correct temperature profiles, and spatial scales of the reac-
tion zone after a shock wave. These results present a big

(A)

(C)

(B)

(D)

Fig. 1 Constant volume ignition time predictions of the four-step
model (points) compared to the detailed chemistry mechanisms (lines)
of a Konnov [35] for the stoichiometric acetylene–oxygen mixture,
bGRI-3.0 [36] for the stoichiometric methane–oxygen mixture, c USC
for the stoichiometric propane–oxygen mixture [37], and d USC [37]
for the stoichiometric ethylene–oxygen mixture

(A)

(C)

(B)

(D)

Fig. 2 Temperature profiles for ZND detonation using the four-step
model (points) and detailed chemistry mechanisms (lines) for stoichio-
metric a acetylene–oxygen,bmethane–oxygen, c propane–oxygen, and
d ethylene–oxygen mixtures with T0 = 300 K
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improvement over other simple GRMs, such as the one-step
and two-step models, which fail to capture the correct tem-
perature profiles leading to differences in the spatial scales
observed in the reaction and induction zones as well as an
incorrect final equilibrium temperature.

3.2 Dilution by inert species

The influence of an inert diluent, such as argon or nitrogen,
on premixed hydrocarbon detonations has been a long stand-
ing problem. It was observed that dilution of a stoichiometric
acetylene–oxygen mixture by argon does not alter the acti-
vation energy (Ea) of the mixture, but is capable of altering
the detonation stability and structure [46]. Past studies have
concluded that this is due to a smaller amount of energy
evolution per mole of the gas, with the reaction time (te)
increasingwith respect to the induction time (ti) with increas-
ing levels of dilution. It is then of some value to verify the
performance of the four-step model for a dilute premixed
reactive gas mixture, without altering the four-step model
parameters determined for undiluted cases. Assuming that
there are no gradients in the amount of inert diluent, the
presence of the inert diluent in the model equations (3) is
accounted for simply by including the mass fraction contri-
bution as a constant global variable. There is no need for an
additional transport equation since the mass fraction of inert
species in the mixture remains unchanged through the reac-
tion. To investigate the performance of the four-step model
on the addition of an inert diluent, we consider two different
dilute gas mixtures: 40% by volume dilution of the methane–
oxygen mixture with nitrogen, and 50% by volume dilution
of the acetylene–oxygen mixture with argon.

The results for the two dilute mixtures are presented in
Fig. 3, noting that noticeably longer ignition time scales
result from mixture dilution when compared to undiluted
cases. In fact, we note that the four-step model captures very
well the diluted mixture ignition delays and final equilibrium
temperature when compared to the detailed chemistry sim-
ulations, without the need to re-determine the combustion
model parameters for the diluted cases. From the ZND pro-
files, we also note that the four-step model is able to capture
the correct temperature profiles to a high level of accuracy
for the situations shown. The time scales and thermal states
are also captured for each case.

3.3 Fuel leanmixtures

Several past studies have highlighted the influence of varying
equivalence ratios (φ) on the flame propagation and detona-
tion dynamics of a combustible fuel/oxygen mixture. For
flames, it was observed that the flame thickness and maxi-
mum flame speed are directly influenced by the equivalence

(A1)

(A2)

(B1)

(B2)

Fig. 3 Constant volume ignition time predictions and ZND detonation
temperature profileswith T0 = 300Kusing the four-stepmodel (points)
and detailed chemistry mechanisms (lines) for a dilute stoichiometric
acetylene–oxygen [2C2H2 + 5O2 + 7Ar] and b dilute stoichiometric
methane–oxygen [CH4 + 2O2 + 2N2] mixtures

ratio [47,48], while the stable detonation velocity was found
to increase as the equivalence ratio increases [49]. The vari-
ation in equivalence ratio is particularly important when
studying deflagration to detonation transition (DDT) due
to flame acceleration. Dorofeev et al. [50] concluded that
any change in the mixture composition below stoichiometry
results in a significant increase of run-up distance before tran-
sition to detonation occurs for flame acceleration in a channel
with obstacles. Similarly, an equivalence ratio of about 2.0
was found to result in the shortest run-up distance as well as
time to DDT from experimental results for ethylene/oxygen
mixtures [49]. It is then crucial to verify the performance of
the four-stepmodel for equivalence ratios not equal to 1.0.We
first note that limitations are known to exist for application of
the four-step model to fuel-rich mixtures [31], which we will
discuss in detail in Sect. 4.8. Thus, for now we only consider
three different fuel lean acetylene mixtures with equivalence
ratios equal to 0.71, 0.5, and 0.33.

The four-step model global species for fuel lean hydrocar-
bon mixtures (φ < 1.0) are derived using (1), where the left
over oxygen in the mixture is accounted for in the product
species P1 and P2. Since the four-step model parameters are
derived by substituting the global species into detailed chem-
istry results for a constant volume ignition, there is a need
to derive a completely new parameter set for each unique
equivalence ratio since the composition of product species
P1 and P2 varies from the stoichiometric mixture. It is then
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(A1)

(A2)

(B1)

(B2)

Fig. 4 Constant volume ignition time predictions and ZND detonation
temperature profileswith T0 = 300Kusing the four-stepmodel (points)
and detailed Konnov mechanism [35] (lines) for two lean acetylene–
oxygen mixtures a φ = 0.5 and b φ = 0.33

Fig. 5 Constant volume ignition delay (τ ) for acetylene–oxygen mix-
tures as a function of equivalence ratio (φ) using the four-step model
(points) and the detailed Konnov mechanism [35] (lines)

not possible to simply include the excess oxygen in the mix-
ture as a global variable that remains unchanged, similar to
the approach adopted for the dilute mixtures in the study.
The results for two lean mixtures are shown in Fig. 4, while
the complete parameter set for the mixtures is available in
the Appendix. From the figures, it can be observed that the
four-step model is capable of predicting the detailed mech-
anism temporal evolution reasonably well, with the ignition
time, thermodynamic state during the exothermic reaction,
and stiffness predicted to a high level of accuracy. Apart from
some minor deviations observed in the final mixture equilib-
rium temperature profile for the ZND results, the model is
observed to provide an accurate prediction of the reaction
zone structure behind the leading shock wave. Finally, Fig. 5

shows a comparison of the ignition delay (τ ) predicted by
the four-step model and detailed chemistry as a function of
the equivalence ratio (φ), for different initial densities, with
an initial temperature of 1000 K.

4 Discussion

This section aims to determine how well the four-step model
captures fundamental properties of the reactive mixture that
are relevant for modeling flame acceleration, DDT [29], and
also detonation wave propagation and reaction zone struc-
tures [51]. Here we compare the explosion limits, activation
energies (Ea), heat release (Q), ignition time to reaction time
ratios (ti/te), Zel’dovich numbers (β), expansion ratios (σ ),
and detonation stability parameters (χ ) to detailed chem-
istry results using Cantera. From this, we aim to determine
the applicability of using the four-step model to investigate
compressible and reactive flows.

4.1 Explosion limits

The explosion limits of fuel/oxidizer mixtures that sepa-
rate the explosive and non-explosive regions for constant
volume ignition are particularly important for demonstrat-
ing the essential role of chain branching during the ignition
process. Perhaps the most well-known example of chain
branching mechanisms in combustion is the “Z-shaped”
non-monotonic explosion limits for hydrogen combustion,
typically characterized in the pressure–temperature parame-
ter space [52]. While small carbon chain hydrocarbon fuels,
such as methane, typically demonstrate a relatively mono-
tonic explosion curve [53], non-monotonic influences are
more prominent for longer carbon chain hydrocarbons. For
longer carbon chains, the chain branchingmechanisms have a
greater effect during ignition. For example, propane has been
shown to demonstrate an “S-shaped” explosion curve in pre-
vious experiments [54]. Since the explosion curve measures
the sensitivity of a reactive mixture to undergo a spontaneous
ignition event, it is of great practical importance to investigate
if the four-step model is capable of predicting these limits for
the mixtures investigated.

Figure 6 shows the explosion limits predicted using the
four-step model for stoichiometric mixtures involving acety-
lene, methane, propane, and ethylene and are compared to
the respective explosion curves generated using the detailed
chemistry mechanisms. For a constant volume ignition pro-
cess, an explosion is identified if the system temperature
increases by 50 K within 10 s. This explosion criteria is
consistent with previous investigations [52,55]. For the igni-
tion process, the initial pressures range from 10 to 107 Pa,
which covers the working range of pressures in typical
detonation studies, with initial temperatures ranging from
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Fig. 6 Explosion limit predictions for stoichiometric acetylene–
oxygen, methane–oxygen, propane–oxygen, and ethylene–oxygen
using the four-step model (points) and detailed chemistry mechanisms
(lines) along with experimental data points for methane [55] and
propane [54] (black points)

300 to 2500 K. Apart from deviations observed in the low-
pressure region, i.e., below 100 Pa, the four-step model
reproduces the explosion curves for the different mixtures
reasonably well on comparison with the detailed chemistry.
The errors observed for low-pressure ignition (< 100 Pa)
can, in part, be attributed to the methodology for deriving the
four-step model parameters, where calibration was only per-
formed for initial temperatures > 1000 K at low pressures
[31]. This would explain why these deviations are not signifi-
cant for the reactivemethanemixture where the low-pressure
explosion limits occur at higher temperatures.

Another key observation here is the absence of the non-
monotonic chain-branching for propane at higher pressures
(> 1 atm) using the USC II mechanism [37], which
is observed in both experiments [54] and numerically
using alternate elementary reaction mechanisms, such as the
Aramco 2.0 mechanism [56]. Instead, the applied detailed
mechanism for propane (USC-II [37]) exhibits a relatively
monotonic behavior similar to methane, and no “S-shaped”
explosion limits are visible. This highlights the need for a
better description of the low-temperature chain branching
mechanisms for propane combustion in the USC-II mecha-
nism [37]. To determine whether the four-step model can
replicate this behavior for propane combustion, a second
set of model parameters for stoichiometric–propane oxy-
gen combustion was calibrated to the detailed Aramco 2.0
mechanism [56]. Based on the explosion curve results in

Fig. 6, it appears that the four-step model is not capable of
accurately replicating the non-monotonic chain branching
observed at pressures > 1 atm. One possible reason for this
is the lack of a chain-termination reaction in the model. This
reaction is well known to have a controlling influence on the
explosion limits. For example, the explosion limits along the
“S-shaped” explosion curve, where the curve deviates from
themonotonic chain branching, are controlled by competitive
mechanisms of chain branching and chain termination [57].
In the absence of any chain-termination mechanism, explo-
sions predicted using the four-step model always proceed to
consume the entire reactant. However, based on the results
using the Aramco mechanism [56], this is not perceived to
be significant drawback since only a maximum deviation of
approximately 200 K was observed in the explosion limits
where non-monotonic chain branching mechanisms are the
most apparent (> 1.0 atm). More importantly, based on the
explosion curves for all the hydrocarbon mixtures (including
the results for propane using the Aramco 2.0 mechanism),
during a constant volume explosion process resulting in an
increase in temperature and pressure, there exists no scenario
where the reaction terminates without consuming the entire
reactant as a result of the thermodynamic state progressing
into the non-explosive side of the explosion curve. This is
contrary to the explosion curve observed for hydrogen and
is the primary reason the four-step model is not suitable for
predicting hydrogen combustion. This is discussed in detail
in Sect. 4.8. Based on these results, the four-step model can
be expected to predict the onset of localized explosions in a
numerical flow field reasonably well for the mixtures under
consideration by providing the appropriate temperature and
pressure-dependent ignition response.

4.2 Global activation energy (Ea) and heat
release (Q)

The influence of the activation energy (Ea) on the regularity
of a detonation cellular structure has been investigated heav-
ily in the past [58]. In general, the activation energy plays the
role of a control parameter in detonation systems that deter-
mines how the system responds to small disturbances, with
premixed reactive mixtures with high activation energies
exhibiting unstable detonation propagation with an irregu-
lar detonation structure. Similarly, the heat release directly
measures the strength of pressure wave amplifications after
the reaction in detonations. Predicting the correct activation
energy and heat release are therefore crucial in numerical
investigations of detonation waves, in order to capture the
correct wave speeds and overall detonation behavior.

Figure 7 shows the results for the non-dimensional acti-
vation energy evaluated using the four-step model and
Cantera for the different stoichiometric hydrocarbon mix-
tures, all with an initial density of ρ = 1.0 kg/m3. The
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Fig. 7 Non-dimensional activation energy (Ea) for stoichiometric
hydrocarbon–oxygenmixtures, all at an initial density ofρ = 1.0 kg/m3

using the four-step model (points) and detailed chemistry mechanisms
(lines)

(A) (B)

Fig. 8 Dimensionless heat release (Q/RT ) predictions for stoichio-
metric a acetylene oxygen and b methane oxygen mixtures using the
four-step model (points) and detailed chemistry mechanisms (lines)

non-dimensional activation energy (Ea/RT ) for a constant
volume ignition process is evaluated from

Ea

RT0
≈ 1

T0

ln(τ+) − ln(τ )

1/T0+ − 1/T0
, (7)

where τ is the ignition delay time for the constant volumepro-
cess with initial temperature T0. Similarly, τ+ corresponds
to the perturbed ignition delay time for the constant vol-
ume process at an initial temperature T0+ = T0 + �T , with
� = 20 K. This value for �T is chosen because it is small
enough to account for any change in the slope of the igni-
tion delay measurements. The four-step model here is shown
to capture the non-dimensional energy very well over the
entire spectrum of initial temperatures except for minor dis-
crepancies observed in the high-temperature (T0 > 3000 K)
results for the stoichiometric propane and ethylene reactive
mixtures. Figure 8 shows a comparison of the dimensionless
heat release (Q/RT0) evaluated from a constant volume igni-
tion using Cantera and the four-step model for the acetylene
and methane mixtures, where R represents the gas constant
and T0 is the initial temperature. For a constant volume pro-
cess occurring at a constant density, the heat release (Q) is

evaluated from the change in the internal energy between the
initial reactants and final (or equilibrated) products. It can be
observed that the model accurately predicts the heat release
value for all the density cases considered over a wide range
of initial temperatures in the post-shock range. The four-step
model is a significant improvement over a simple one-step
model, where the activation energy (Ea) and heat release (Q)
must be prescribed as model parameters and tuned to recover
the correct post shock ignition delay anddetonation induction
length. The four-step model, on the other hand, is capable of
recovering these properties automatically with a high level
of accuracy.

4.3 Chapman–Jouguet (CJ) detonation velocity

The Chapman–Jouguet detonation velocity is the minimum
wave speed for which there exists a steady-state solution to
the reaction path-independent jump conditions in conserved
mass, momentum, and energy from reactants to equilibrium
products, such that the flow is sonic in the products relative
to the wave speed itself. In this case, the equilibrium state is
evaluated by finding the minimum Helmholtz energy in the
products. Figure 9 shows the CJ detonation velocity and tem-
perature at the CJ state, both of which are calculated using
the four-stepmodel and detailed chemistry mechanisms. The
detailed chemistry solutions are obtained using theShock and
Detonation Toolbox libraries [59], while the same applied
minimum-wave speed algorithm [45] is used to obtain the
four-step model solutions, with the added assumption that
only products P1 and P2 exist in equilibrium at the CJ state.
The individual mole fractions of the product species in the
final mixture are then calculated using the equilibrium func-
tion and coefficients derived as part of the four-step model
parameter set for a given mixture.

To further assess the four-stepmodel performance, Fig. 10
shows a comparison of the CJ speeds and temperatures at the
CJ state for the lean acetylene–oxygen mixtures, as well as a
comparison of the CJ speeds for the four different hydrocar-
bon mixtures at T0 = 300 K and P0 = 1 atm with increasing
amounts of inert dilution. A very good agreement is observed
between the two sets of results for all the hydrocarbon mix-
tures considered, with the four-step model recovering the
correct CJ speed irrespective of the equivalence ratio (for
φ ≤ 1) of and concentration of diluent. Clearly, the derived
product species and equilibrium functions are valid for pre-
dicting the equilibrium thermochemistry for the different
reactive hydrocarbon mixtures investigated in this study for
the stoichiometric, lean, and dilute cases.

4.4 Induction-to-reaction time ratio (ti/te)

A number of studies have shown that, in addition to activa-
tion energy and heat release, the detonation structure is also
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(A)

(C)

(B)

(D)

Fig. 9 CJ detonation speed and temperature predictions using the
four-step model (points) and detailed chemistry mechanisms (lines)
for stoichiometric a acetylene–oxygen, bmethane–oxygen, c propane–
oxygen, and d ethylene–oxygen mixtures with varying initial pressures
and T0 = 300 K

Fig. 10 CJdetonation speed and temperature predictions using the four-
step model (points) and detailed chemistry mechanisms (lines) for the
lean acetylenemixtures (top) and dilute hydrocarbonmixtures (bottom)

heavily influenced by the length of the induction zone (�i)
relative to the length of the reaction zone (�e) [60]. This
was first demonstrated by Short and Sharpe [61], where the
stability of a one-dimensional detonation was shown to be
influenced both analytically and experimentally by the ratio
�i/�e. It was found that a thin reaction zone compared to its

Fig. 11 Ignition time-to-reaction time ratio (ti/te) predictions using the
four-step model (points) and detailed chemistry mechanisms (lines) for
stoichiometric acetylene–oxygen (top) and methane–oxygen mixtures
(bottom)

induction zone, or a large value of�i/�e, has a destabilizing
effect on the detonation structure due to enhanced pressure
wave amplification. This is due to a large amount of energy
deposited in a shorter time duration in themain reaction zone,
resulting in large local heat release rates [62]. This offers one
reason why a simple one-step model with no ability to inde-
pendently control the ignition and reaction lengths is unable
to accurately capture the ZND structure of real detonations
[63]. Figure 11 shows the ignition time ratio, ti/te, evaluated
for constant volume reactions using both the four-step model
and detailed chemistry mechanisms with varying initial den-
sities and temperatures. Here we define the induction time
(ti) as the time to the point of maximum energy release rate,
while the reaction time (te) is evaluated at the induction time
through

te =
(
d(ln T )

dt

)−1

. (8)

Equation (8) effectively quantifies the duration of the
exothermic pulse that occurs at the end of the induction
period. Since ti/te does not depend significantly on density,
only three density cases are for clarity. For constant volume
ignition processes over the entire spectrum of initial temper-
atures, the four-step model predicts the correct value of ti/te
for most cases, and never deviates beyond the correct order
of magnitude.
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4.5 Detonation stability and the � parameter

For detonation wave propagation, the non-dimensional
χ -parameter, given by

χ = ti
te

(
Ea

RTvn

)(
Q

RTvn

)

, (9)

can be used to predict whether a reactive mixture is par-
ticularly prone to instabilities since it measures directly the
propensity for disturbances to amplify from hot spot ignition.
χ is simply the product of the ratios of characteristic induc-
tion and reaction times (ti/te), the non-dimensional activation
energy (Ea/RTvn), and non-dimensional heat released during
the reaction (Q/RTvn) of the post-shocked reactive mixture.
The precise role of the χ parameter has been investigated
in past studies [19,51,60,64], with a critical χ ≈ 50−100
correlating well with the onset of cellular instabilities. It was
also found that mixtures with high χ values will develop
highly unstable detonations due to rapid amplification of gas
dynamic disturbances in the reaction zone. More recently,
for detonation propagation into reactive layers bounded by an
inert gas [65], it was suggested that the χ parameter is impor-
tant for determining the critical height of the reactive layer
after which detonation propagation is no longer possible. In
this investigation, simulations that used detailed chemistry
mechanisms were observed to have much larger χ parame-
ter values compared to simulations with simpler combustion
models. Consequently, the detonation wave simulated using
detailed chemistry developed larger cellular instabilities for
smaller reactive layer widths and was quenched at a much
smaller critical height.

Following the procedure outlined in [64], the χ param-
eter values were evaluated from constant volume ignition
problems for a wide range of initial post-shock (von Neu-
mann) temperatures using both detailed chemistry and the
four-step model. In Fig. 12, the χ values are shown first for
the different stoichiometric mixtures, and then for the acety-
lene oxygen mixtures for different levels of argon dilution,
all for ρ = 1.0 kg/m3. As observed, the four-step model
provides a reasonably accurate prediction of the χ value cal-
culated using Cantera over the entire range of post-shock
temperatures. Additionally, the results for the stoichiomet-
ric mixtures are also in line with past experimental studies
[19,66], with the stoichiometric methane mixture exhibiting
the most unstable, or irregular, cellular structure (the largest
χ value) and the most stable detonation cellular structure
is observed for acetylene. The addition of an inert diluent
like argon has been shown to affect the stability and detona-
tion structure due to an increase in the reaction length (�e),
with mixtures diluted by argon exhibiting more stable, or
regular, cellular structures when compared to undiluted mix-
tures [58]. This behavior of the χ parameter decreasing with

Fig. 12 Dimensionless χ parameter predictions using the four-step
model (points) and detailed chemistry mechanisms (lines) for the four
different hydrocarbon mixtures (top) and dilute acetylene–oxygen mix-
tures (bottom)

increasing amounts of a diluent is clearly visible in Fig. 12b.
Based on these results, we can expect that the four-stepmodel
iswell-suited for simulating themultidimensional detonation
propagation behavior and cellular structure, including local
quenching and re-initiation behavior during propagation.

4.6 Expansion ratio (�) and the Zel’dovich
number (ˇ)

Finally, since flame propagation is an important component
feature of detonation waves, i.e., through its initiation via
DDT, or even the burn up of unburned pockets in a deto-
nations wake during propagation [44], it is also important
to analyze corresponding key features associated with the
chemical mechanism. Flames are often characterized using
the laminar flame speed and thickness. In the limit of large
activation energy, the problem of laminar flame propaga-
tion reduces to an eigen value problem with one solution for
the laminar flame speed SL [67]. As outlined by Zel’dovich
et al. [68], the laminar flame speed is found to depend on three
dimensionless parameters, the expansion ratio (σ ), Zeldovich
number (β), and Lewis number (Le) [29]. The expansion
ratio is the ratio of unburned reactant density to the den-
sity of the burned products for a constant pressure process,
i.e., σ = ρu/ρb, while the Lewis number is the ratio of ther-
mal diffusivity to themass diffusivity. Finally, the Zel’dovich
number is calculated from

β = Ea(Tb − Tu)

RT 2
b

, (10)
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where Tu and Tb are the temperatures of the unburned reac-
tants and burnt products, respectively, for a constant pressure
ignition process, while Ea is evaluated at Tb, and R the mix-
ture gas constant.

Past research has highlighted the influence these dimen-
sionless parameters have on the response of a combustion
process to flow disturbances, particularly on the flame accel-
eration process and transition to detonation [69–71]. Since
the expansion ratio (σ ) physically represents how much
a fluid particle will expand when it combusts, a larger
expansion ratio results in a stronger flame acceleration. Fur-
thermore, Dorofeev et al. [70] noted that a large expansion
ratio is a key parameter for the onset of significant flame
acceleration in experiments with repeated obstacles inside a
tube. Similarly, the Zel’dovich number (β) is indicative of
the flame sensitivity to thermodynamic perturbations, with
larger values corresponding to a greater reaction time varia-
tion for a given change in temperature. For flame acceleration
of hydrocarbon mixtures in smooth channels and channels
with obstructions [29], it has been observed that the crit-
ical expansion ratio (σc) that separates a slow flame from
chocked flames and detonations increases with an increase
in β. Lastly, Le is indicative of the characteristic heat trans-
fer in a mixture relative to the diffusion of the rate limiting
species, with a smaller Lewis number favorable for flame
propagation. It is then essential that the four-step model
predicts these parameters accurately to correctly calculate
the flow kinetics and thermodynamics when investigating
DDT in channels, flame acceleration processes, and transi-
tion to detonation after shock–flame interactions. To couple
the four-step model equations to a Navier–Stokes framework
CFD solver, the diffusion coefficients, and consequently Le,
need to be carefully calibrated to capture the correct laminar
burning velocity (SL). However, this is beyond the scope of
the current study which focuses on capturing the developing
chemical details accurately. We will then focus on evaluating
the four-step model performance at recovering the expan-
sion ratios and Zel’dovich numbers, acquired directly from
the combustion process, when compared to the results from
detailed chemistry mechanisms.

Figures 13 and 14 summarize the results for the expansion
ratios and Zel’dovich numbers. To calculate σ , ρb is evalu-
ated by equilibrating the reactivemixture at constant pressure
and enthalpy, while the global activation energy for β was
calculated using (7) from a constant volume process, with
T0 equal to the final temperature of the constant pressure
ignition, Tb. This is consistent with previous documented
work of Bane et al. [72]. It was observed that for a given
initial pressure, the values of σ overlapped closely for the
different hydrocarbon mixtures over the entire range of ini-
tial temperatures. For the sake of clarity, the results in Fig. 13
show a comparison of the expansion ratio predicted by the
four-stepmodel for three different initial pressures for the sto-

(A) (B)

Fig. 13 Expansion ratio (σ ) predictions using the four-step model
(points) and detailed chemistry mechanisms (lines) for the stoichiomet-
ric a acetylene–oxygen and b methane–oxygen mixtures for varying
initial pressures

(A) (B)

Fig. 14 Zel’dovich number (β) predictions using the four-step model
(points) and detailed chemistry mechanisms (lines) for the four dif-
ferent stoichiometric hydrocarbon mixtures with a P0 = 1 atm and
b P0 = 10 atm

ichiometric acetylene and methane mixtures, with the model
capturing the correct density values during the complete igni-
tion process over the entire spectrum of initial temperatures
for all constant pressure ignition processes. Similarly, the
Zel’dovich numbers for initial pressures equal to 1 atm and
10 atm are shown in Fig. 14. On comparison between the
two sets of results, β is found to be captured reasonably well
over the entire range of initial temperatures for the four dif-
ferent stoichiometric hydrocarbon mixtures. Finally, since
the four-step model has been shown in Sect. 3 to predict
the overall reaction stiffness accurately (i.e., the temperature
evolution), there should be no need for tuning of the diffu-
sion coefficients. This addresses a significant limitation of
the one-step model, where there is a need to calibrate the dif-
fusion coefficients to recover the correct laminar flame speed
due to inaccurate modeling of the temperature and species
gradients. The diffusion coefficients for the four-step model
can likely be acquired directly from Cantera [32] using the
appropriate chemistry mechanism and transport model. In
this regard, the four-step model should also reproduce well
the Lewis numbers at varying conditions. Based on this, and
the results above, the model can be expected to predict the
laminar flame speed well on comparison with detailed chem-
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istry which is crucial for deflagration to detonation transition
investigations.

4.7 Error measurements

In order to fully evaluate the performance of the four-
step model, a quantitative error analysis is carried out for
the results presented. The agreement between the four-step
model and detailed chemistry is investigated using an error
function recently applied by Hu et al. [73], which is an
improved error evaluation method over previously applied
methods [74]. The error function in the current study can be
summarized as:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ei = 1

Ni

Ni∑

j=1

(∣
∣
∣
∣

Ymodel
i j − Y ERM

i j

Y ERM
i j

∣
∣
∣
∣

)

E = 1

N

N∑

i=1
Ei

where:

Yi j = yi j

(11)

Here E is the error value for N number of datasets analyzed,
while Ei corresponds to the error value of the i th dataset
with Ni data points; Ymodel

i j and Y ERM
i j represent the results

of interest for the four-step model and detailed chemistry,
respectively, for the j th data point in the i th dataset, while

Y ERM
i j is the averagemeasurement of the i th dataset. Normal-

izing the error with the number of data points (Ni ) prevents
bias toward datasets with a large number of points, and
considering the average is necessary to prevent bias toward
measured data pointswhere the error is the largest. Themodel
is considered to be correctly predicting the datum (i.e., the
detailed chemistry result) when E has a value between
0 and 1 [73,75].

Figure 15 summarizes the error functionmeasurements for
the four different stoichiometric hydrocarbonmixtures under
investigation for the different parameters compared through-
out this paper. The datasets selected for the error calculation
of each measured parameter cover the entire spectrum of ini-
tial temperatures, densities, and pressures for detonations.
As observed, the error value for all measurements is below
0.35.Moreover, the largest errors are observed for parameters
that include multiple components, namely the induction-to-
reaction time ratio (ti/te), detonation χ parameter, and β.
The results are particularly impressive for the natural loga-
rithm of the induction time (τ ), normalized Ea, CJ speeds,
and expansion ratios, with error function values less than 0.1.

4.8 Model limitations

The primary limitation of the four-step model is its inability
to account for situationswhere unreacted fuel is present in the

Fig. 15 Error function (E) results for the four-step model for ignition
time predictions (τ ), non-dimensional activation energy (Ea), non-
dimensional heat release (Q), CJ speed, induction time-to-reaction time
ratio (ti/te), detonationχ parameter, expansion ratio (σ ), andZel’dovich
number (β) for the four different stoichiometric hydrocarbon mixtures
under consideration

final equilibrium mixture of a constant volume ignition pro-
cess [31]. This makes the model unsuitable for investigating
combustion in fuel-rich hydrocarbon mixtures (φ > 1.0) and
also ignition processes where the chain-branching is highly
non-monotonic, such as for hydrogen combustion. For exam-
ple, stoichiometric hydrogen–oxygenmixtureswere found to
contain approximately 10–20% of hydrogen fuel by volume,
in cases where the combustion ends up outside of the explo-
sion curve and the remaining reactant is not consumed. The
current methodology requires that there is no fuel present
in the products after ignition in order to derive the func-
tions that describe the concentration of the product species
after ignition. The leftover fuel cannot simply be included
in the product groups (P1 and P2) due to their unstable
nature and their complicated dissociation and recombina-
tion processes at elevated temperatures [31]. To account for
situations where unreacted fuel is present in the equilibrium
mixture would require revision of themodel to account for an
additional product species (the leftover reactant) having inde-
pendent equilibrium reactions with P1 and P2. This would
increase the complexity and computational expense of the
model. Excess oxygen, on the other hand, was found to be
easier to incorporate into the product species for fuel lean
mixtures. As highlighted in Sect. 2, the equilibrium rate con-
stants (kef and ker) are derived fromaconstant volumeprocess
under the assumption that the total amount of reactant R tends
to zero after the exothermic reaction. Since the exothermic
reaction rate constants (kr1 and kr2) depend on the values of
the equilibrium rate constants, the model is then incapable
of characterizing the developing details during the main heat
release reaction accurately for these cases. When modeling
of a stoichiometric hydrogen–oxygen ignition process was
attempted, errors as large as 40% were observed in the final
equilibrium temperature and pressure.
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Finally, the four-step model assumption of a thermally
neutral chain branching mechanism, and no dissociation
reaction, cannot reproduce the endothermic behavior exhib-
ited by some reactive hydrocarbon mixtures prior to ignition
at higher temperatures, see [42]. Since dissociation reactions
are typically endothermic in nature, this temperature decrease
is attributed to the formation of radicals in the induction
regime, that are not accounted for in the four-step model.
Additional investigation is needed to properly understand the
phenomenon, with the possible need to alter the chain initi-
ation and branching equations in (2) to include additional
radicals and thermodynamic states that could be produced in
these cases. This, however, is not perceived to be a significant
issue with the current methodology. Themodel recovers well
the fundamental parameters investigated in this section, even
for cases that exhibit this endothermic behavior.

5 Conclusion

In this study, a detailed investigation of a four-step combus-
tion model [31] was carried out, through comparison with
detailed chemistry results, in order to assess the validity
of using the approach to model compressible and reactive
flows (i.e., flame acceleration, and flows involving detona-
tions). Through the thermochemical approach of replicating
the performance of a detailed chemistrymechanism, the four-
step model is found to provide a very good approximation
of the thermodynamic properties expected for a wide range
of conditions for several reactive hydrocarbon mixtures. The
independent tuning of the length and time scales in the reac-
tion and induction zones leads to an accurate estimation
of the overall reaction stiffness (i.e., temperature evolution)
during the combustion process. This is particularly impor-
tant for applications like modeling DDT, where the flame
acceleration and transition to detonation occur over vastly
different length and time scales, and where the unreacted
temperatures and pressures constantly change. Additionally,
with the four-step model only requiring three supplemen-
tary transport equations to explain the developing chemistry
details, it is a computationally inexpensive mechanism that
can be efficiently coupled with CFD codes. Since the trade-
off between accuracy and computational expense remains
a dilemma when solving highly stiff detonation scenarios
numerically, the four-stepmodel results demonstrate a signif-
icant improvement in accuracy over other simpler idealized
GRMs for reactive hydrocarbon mixtures. This advantage
of requiring very little CPU overhead or memory require-
ments can permit higher resolutions to be attained compared
to using detailed chemical models.

The four-step model is capable of reproducing important
mixture properties associated with flame acceleration and
detonation dynamics, namely the global activation energy,

heat release, CJ velocity, induction-to-reaction time ratio,
Zel’dovich number, χ parameter, and expansion ratio. With
the model accurately recovering these parameters, and never
deviating beyond the correct order of accuracy, we can expect
good performance and accuracy when coupled to a Navier–
Stokes solver. Alternate applications of the four-step model
include modeling combustion for very long chain hydro-
carbons such as jet-fuel surrogates and oxygenated fuels
(alcohols and ethers). Although a thorough analysis of the
applicability of the model for these reactive mixtures is out
of the scope of the current study and left for future inves-
tigation, preliminary results indicate that the equilibrium
mixtures of these fuels after combustion do indeed exhibit
a degree of regularity in composition which is needed to
formulate the species in the four-step model. As a result,
the four-step model is expected to predict the initial and
terminal states of the combustion in these fuels reasonably
well. The four-step combustion model investigated here is
well suited to investigate a variety of compressible and reac-
tive flows in hydrocarbon mixtures. Such applicable flows
would include flame acceleration and transition to detona-
tion, detonation cellular dynamics, detonation quenching and
re-initiation limits, and DDT via shock–flame interactions.
Finally, it is also worth highlighting that the procedure for
calibrating the four-step model is unchanged across different
chemistry mechanisms and reactive mixtures. Since detailed
chemistry mechanisms are continually developed to include
more recent experiments, re-calibrating the model parame-
ters to include these changes is trivial and we anticipate no
loss in the model’s accuracy.

Appendix 1: Important model equations

→ Equilibrium mole fraction

⎧
⎪⎨

⎪⎩

λeP1 =
(

1 + exp[−η · (β0 + β1 · η + β2 · η2)]
)−1

λeP2 = 1.0 − λeP1

where η = 102 · ξ − (α1 + α2 · θ)

δ0 + δ1 · θ + δ2 · θ2
; θ = ln ρ; ξ =

103/T (K); α, β, δ are the equilibrium relation coefficients.

→ Equilibrium constant (Kc)

⎧
⎪⎪⎨

⎪⎪⎩

Kc =
( [P2]δ3e

[P1]e
)1/s3

where : [X]e = λeX · ρP1 + ρP2

WP1 + WP2

WX: species molecular weight; [X]e: species equilibrium
molar concentration.
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→ Rate constants for reaction (e)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

kef = A · ρm · T n · exp
(
Ea · T0
T

)

ker = kef/Kc

where : T0 = 298.0 K

A,m, n, Ea: constants from the curve fitting procedure.

→ Rate constants for reactions (r1) and (r2)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kr1 = φr1 · kr1H + (1 − φr1) · kr1L
kr2 = φr2 · kr2H + (1 − φr2) · kr2L
krH = A · ρm · T n · exp

(
Ea · T0
T

)

krL = A · ρm · T n · exp
(
Ea · T0
T

)

where : φ =
(

1 + exp(μ · (ξ − ξc))

)−1

φ: transit function; μ: transit function slope; ξc: value of ξ

where φ = 0.5.

→ Rate constant for reactions (i1) and (i2)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ki = φi · kiH + (1 − φi ) · kiL
kiH = A · ρm · T n · exp

(
Ea · T0
T

)

kiL = A · ρm · T n · exp
(
Ea · T0
T

)

where : φ =
(

1 + exp(μ · (ξ − ξc))

)−1

Appendix 2: Model parameters

Following the nomenclature adopted by Zhu [31], the model
parameters for the different hydrocarbons are summarized in
this section.

A.2.1 Stoichiometric acetylene–oxygenmixture

Reactants: 2C2H2 + 5O2

Mechanism: Konnov [35]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

α1 = 26.966 α2 = −1.7044

β0 = 3.7136 β1 = −1.4730

β2 = 1.0328 δ0 = 15.7345

δ1 = 0.2625 δ2 = 0.0048

Reaction orders:

⎧
⎨

⎩

s0 = 0.339 s1 = 0.867

s2 = 0.867 s3 = 1.09

kef = 2.88 × 1030ρ0.925T−4.826 · exp
(−235.76T0

T

)

kr1

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

kr1H = 1.31 × 109ρ1.081 · exp
(−26.91T0

T

)

kr1L = 1.339 × 109ρ1.084 · exp
(−43.56T0

T

)

μr1 = 50.0; ξc1 = 0.115 + 0.088

ρ0.1

kr2

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

kr2H = 1.394 × 109ρ1.087 · exp
(−32.2T0

T

)

kr2L = 8.298 × 108ρ1.071 · exp
(−47.67T0

T

)

μr2 = 45.0; ξc2 = 0.1296 + 0.096

ρ0.1

ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 1.127 × 10−2ρ0.658T 2.94

·exp
(−11.24T0

T

)

kiL = 8.298 × 108ρ1.071 · exp
(−47.67T0

T

)

μi = 0.0028ρ5 + 0.01038ρ4 − 0.054619ρ3

+0.4165ρ2 − 3.0473ρ + 20.00

ξci = 0.0002654588ρ3 + 0.0010179ρ2

−0.0753064ρ + 0.80079

A.2.2 Stoichiometric methane–oxygenmixture

Reactants: CH4 + 2O2

Mechanism: GRI-3.0 [36]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α1 = 25.4105 α2 = −1.7502

β0 = 3.7696 β1 = −0.9962

β2 = 0.4663 δ0 = 14.457

δ1 = 0.28865 δ2 = 0.00686

Reaction orders:

{
s0 = 0.3727 s1 = 0.724

s2 = 0.724 s3 = 1.026

kef = 2.645 × 1033ρ0.9726T−5.471 · exp
(−244.5T0

T

)
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kr1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr1H = 1.414 × 1010ρ1.267 · exp
(−58.48T0

T

)

kr1L = 2.394 × 109ρ1.304 · exp
(−55.65T0

T

)

μr1 = 26.632; ξc1 = 0.279 + 0.048

ρ0.1

kr2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr2H = 5.056 × 109ρ1.266 · exp
(−59.98T0

T

)

kr2L = 1.124 × 109ρ1.308 · exp
(−61.49T0

T

)

μr2 = 25.74; ξc2 = 0.3107 + 0.0282

ρ0.1

ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 8.555 × 1011ρ0.621T−0.6011

·exp
(−68.967T0

T

)

kiL = 9.908 × 108ρ0.4269 · exp
(−68.9189T0

T

)

μi = −0.000451ρ5 + 0.00222ρ4 + 0.06997ρ3

−0.2004ρ2 − 1.878ρ + 11.00

ξci = 0.00035647ρ3 − 0.003383ρ2

−0.0513858ρ + 0.52555

A.2.3 Stoichiometric propane–oxygenmixture

Reactants: C3H8 + 5O2

Mechanism: USC II [37]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α1 = 25.87966 α2 = −1.735998

β0 = 2.2067 β1 = −0.47167

β2 = 0.1751 δ0 = 9.11008

δ1 = 0.18916 δ2 = 0.003929

Reaction orders:

{
s0 = 0.339 s1 = 0.85

s2 = 0.85 s3 = 1.01

kef = 2.284 × 1027ρ0.986T−4.051 · exp
(−221.1T0

T

)

kr1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr1H = 2.925 × 109ρ1.065 · exp
(−47.53T0

T

)

kr1L = 3.122 × 109ρ0.9339 · exp
(−53.09T0

T

)

μr1 = 61.895; ξc1 = 0.234 + 0.0777

ρ0.1

kr2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr2H = 2.126 × 109ρ1.116 · exp
(−58.63T0

T

)

kr2L = 8.351 × 108ρ0.928 · exp
(−52.58T0

T

)

μr2 = 17.029; ξc2 = 0.2286 + 0.0648

ρ0.1

ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 2997445.79311 × 109ρ.625T 0.522

·exp
(−31.508T0

T

)

kiL = 45563 × 108ρ0.43307

·exp
(−67.1979T0

T

)

μi = 0.00183ρ5 + 0.0099ρ4 − 0.0758ρ3

−0.4527ρ2 + 0.3503ρ + 26.12

ξci = −0.00016686ρ3 − 0.00219299ρ2

−0.024983ρ + 0.578888

A.2.4 Stoichiometric ethylene–oxygenmixture

Reactants: C2H4 + 3O2

Mechanism: USC II [37]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α1 = 26.19335 α2 = −1.72655

β0 = 3.391898 β1 = −1.13166

β2 = 0.694805 δ0 = 14.2155

δ1 = 0.25896 δ2 = 0.0045767

Reaction orders:

{
s0 = 0.339 s1 = 0.724

s2 = 0.724 s3 = 1.02

kef = 2.323 × 1038ρ0.9957T−6.805 · exp
(−254.1T0

T

)

kr1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr1H = 3.706 × 109ρ1.238 · exp
(−45.43T0

T

)

kr1L = 5.521 × 109ρ1.164 · exp
(−54.99T0

T

)

μr1 = 63.7757; ξc1 = 0.1959 + 0.1302

ρ0.10998

kr2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr2H = 1.536 × 109ρ1.234 · exp
(−47.42T0

T

)

kr2L = 4.42 × 109ρ1.158 · exp
(−60.09T0

T

)

μr2 = 19.3347; ξc2 = 0.2156 + 0.03279

ρ0.30459
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ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 9.0615 × 103ρ0.595T 1.3167

·exp
(−32.152T0

T

)

kiL = 3.34 × 107ρ0.615 · exp
(−38.99T0

T

)

μi = 0.00322ρ5 + 0.01779ρ4 − 0.2355ρ3

−1.226ρ2 + 4.1982ρ + 33.0

ξci = −0.000584ρ3 − 0.00589ρ2

−0.01446499ρ + 0.606825

A.2.5 Lean acetylene–oxygenmixture (� = 0.714)

Reactants: 2C2H2 + 7O2

Mechanism: Konnov [35]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α1 = 25.93548 α2 = −1.7119

β0 = 3.2895 β1 = −0.71475

β2 = 0.727578 δ0 = 12.785428

δ1 = 0.23094 δ2 = 0.0053167

Reaction orders:
{
s0 = 0.334 s1 = 0.867

s2 = 0.867 s3 = 1.09

kef = 3.507 × 1031ρ0.9292T−5.098 · exp
(−239.8T0

T

)

kr1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr1H = 9.907 × 109ρ0.99 · exp
(−60.36T0

T

)

kr1L = 1.114 × 109ρ1.098 · exp
(−39.5T0

T

)

μr1 = 40.1457; ξc1 = 0.2481 + 0.0793

ρ0.1

kr2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr2H = 5.847 × 109ρ0.982 · exp
(−61.00T0

T

)

kr2L = 1.057 × 109ρ1.054 · exp
(−48.99T0

T

)

μr2 = 75.4195; ξc2 = 0.2463 + 0.0333

ρ0.1

ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 5.163ρ0.707T 2.245 · exp
(−18.83T0

T

)

kiL = 1.6325 × 109ρ0.55 · exp
(−44.78T0

T

)

μi = 0.008626ρ5 + 0.063737ρ4 − 0.2628ρ3

−1.18668ρ2 − 2.9749ρ + 30.0

ξci = 0.00018ρ3 + 0.000359ρ2

−0.081826ρ + 0.828095

A.2.6 Lean acetylene–oxygenmixture (� = 0.5)

Reactants: 2C2H2 + 10O2

Mechanism: Konnov [35]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α1 = 25.2274 α2 = −1.718726

β0 = 3.335907 β1 = −0.711998

β2 = 0.5399 δ0 = 12.19536

δ1 = 0.20035 δ2 = 0.0053149

Reaction orders:
{
s0 = 0.339 s1 = 0.85

s2 = 0.85 s3 = 1.02

kef = 5.66 × 1029ρ1.022T−4.655 · exp
(−231.1T0

T

)

kr1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr1H = 5.787 × 109ρ1.038 · exp
(−47.51T0

T

)

kr1L = 1.307 × 109ρ1.109 · exp
(−38.46T0

T

)

μr1 = 42.8557; ξc1 = 0.19826 + 0.06223

ρ0.1

kr2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr2H = 3.091 × 109ρ1.027 · exp
(−54.55T0

T

)

kr2L = 5.843 × 108ρ1.115 · exp
(−43.82T0

T

)

μr2 = 48.46338; ξc2 = 0.1989 + 0.071355

ρ0.1
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ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 4.05 × 10−3ρ0.70441T 3.05118

·exp
(−11.4966T0

T

)

kiL = 9.91749 × 108ρ0.63 · exp
(−45.77T0

T

)

μi = 0.002832ρ5 + 0.01038ρ4 − 0.0546ρ3

+0.4165ρ2 − 3.0473ρ + 20.0

ξci = 0.0002655ρ3 + 0.0010179ρ2

−0.0753064ρ + 0.80079

A.2.7 Lean acetylene–oxygenmixture (� = 0.33)

Reactants: 2C2H2 + 15O2

Mechanism: Konnov [35]
Equilibrium relation coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

α1 = 24.650396 α2 = −1.721397

β0 = 3.357345 β1 = −0.771712

β2 = 0.47847 δ0 = 11.789399

δ1 = 0.167798 δ2 = 0.0049935

Reaction orders:
{
s0 = 0.339 s1 = 0.867

s2 = 0.867 s3 = 1.09

kef = 1.276 × 1024ρ0.9248T−3.304 · exp
(−213.9T0

T

)

kr1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr1H = 6.575 × 109ρ1.002 · exp
(−49.35T0

T

)

kr1L = 1.709 × 109ρ1.097 · exp
(−38.72T0

T

)

μr1 = 15.692; ξc1 = 0.271 + 0.0009

ρ0.8415

kr2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

kr2H = 3.587 × 109ρ0.9857 · exp
(−63.19T0

T

)

kr2L = 4.885 × 108ρ1.092 · exp
(−43.85T0

T

)

μr2 = 24.9728; ξc2 = 0.25947 + 0.099

ρ0.1

ki

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kiH = 2.122 × 10−2ρ0.628T 2.865

·exp
(−16.817T0

T

)

kiL = 7.13138 × 108ρ0.61077

·exp
(−45.973T0

T

)

μi = 0.00515ρ5 + 0.023716ρ4 − 0.15017ρ3

−0.031435ρ2 − 3.4744ρ + 25.0

ξci = 0.0005ρ3 + 0.00226ρ2

−0.08338ρ + 0.83397
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