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Abstract In accident scenarios where detonations can
occur a concentration gradient constitutes a more realistic
initial condition than a perfectly homogeneous mixture. In
this paper, the influence of a concentration gradient on deto-
nation front shape, detonation instabilities and pressure dis-
tribution is studied. First, a simple method to determine the
front shape from a given fuel distribution is presented. It is
based on Huygens’ principle and includes a correction to sat-
isfy the boundary conditions on the enclosing walls. Next, the
presented highly resolved Euler computations demonstrate
the influence of a concentration gradient on detonation
instabilities. In configurations with a strong concentration
gradient, Mach reflection occurs and leads to an asymmet-
ric pressure load on the enclosing geometry. In this case,
the impulse on the wall is higher than in configurations with
homogeneous fuel distribution, although the fuel content is
much lower.

Keywords Detonation · Concentration gradient ·
Mach reflection · Nuclear safety · Hydrogen

1 Introduction

When hydrogen is released in accident scenarios it is very
likely to form a vertical concentration gradient with the oxi-
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dant, mainly due to its low molecular weight. Especially in
large geometries, such as reactor buildings, concentration
gradients can remain stable for a surprising length of time,
even when convection is present [1]. Although safety studies
see an urgent need to investigate detonation propagation in
inhomogeneous mixtures of this kind [2], hardly any funda-
mental research has been done in this field, so far.

For experimental and numerical analysis of detonations,
it is important to differ between a concentration gradient par-
allel to the direction of reaction propagation and a concen-
tration gradient perpendicular (transversal) to it. Thomas et
al. [3] studied the probability of failure and reignition of a det-
onation when being transmitted through a concentration gra-
dient parallel to it or through a layer of inert gas. A profound
theoretical treatment of detonation propagation through par-
allel gradients has been given by Vidal [4]. The influence of
transversal concentration gradients on flame acceleration and
deflagration-to-detonation transition in tubes has previously
been investigated by the authors [5–7]. Concerning the prop-
agation of a fully developed detonation, Kessler et al. [8,9]
studied the behavior of transverse instabilities and the proba-
bility of quenching using a one-step reaction model. Ishii and
Kojima [10] have shown experimentally how a concentration
gradient affects the shape of the detonation front and the det-
onation instabilities. Both the front shape and the instabilities
under the influence of transversal gradients are investigated
in this paper in more detail.

To compute the detonation front shape neglecting insta-
bilities, the level set method [11,12] is a valuable tool. This
method tracks the motion of an n-1-dimensional surface in
an n-dimensional domain at very low computational costs.
The method is based on Huygens’ principle assuming that
a detonation front represents an infinitely thin discontinuity
(wave) and each point on the wave front acts as a source
for a new wave. The level set method is usually extended to

123



202 F. Ettner et al.

account for the effect of curvature on the propagation speed
of the wave, and can further be improved by including even
the derivative of the curvature [13].

The simplest way to visualize detonation instabilities
experimentally is the soot print technique [14,15,10] which
produces a cellular pattern that is characteristic for the
mixture under investigation. In numerical investigations, an
analogon to soot prints can be generated by recording the
maximum pressure history in a computational domain. This
technique is applied here to visualize the influence of a con-
centration gradient on the detonation instabilities and the
propagation of the detonation front.

Provided that the width of the detonation cells is much
smaller than the height of the channel, λ � h, the investiga-
tion of the integral detonation front and the instabilities can
be carried out in two separate steps. This procedure is applied
in the present paper. In Sect. 2, a simple graphical tool to pre-
dict the shape of the reaction front is presented. In Sect. 3, the
instabilities are investigated using numerical solution of the
Euler equations. The conclusions are presented in Sect. 4.

2 Front shape reconstruction

We study a detonation propagating in a long, two-dimen-
sional channel. The fuel concentration varies in the direction
perpendicular to the channel axis. In particular, we consider
a hydrogen–oxygen mixture which is stoichiometric at the
top of the channel (hydrogen mole fraction xH2 = 66.7 %)
and has a linearly decreasing hydrogen content towards the
bottom. First, we neglect the role of detonation instabili-
ties and consider steadily propagating reaction fronts only.
Assuming that the detonation propagates at any point with
the local Chapman–Jouguet (CJ) velocity into the axial direc-
tion would lead to a continually increasing time lag between
the arrival of the detonation front at the top and at the bottom
of the channel. However, it can be shown that after an initial
acceleration the curvature of the detonation front remains
unchanged: assuming that any point in the reaction front
is a source from which the detonation propagates into all
directions at the local CJ velocity (Huygens’ principle), the
curvature of the leading detonation front can be determined
iteratively: constructing the detonation front as the envelope

of all circular waves emanating from the detonation front
formed in the previous iteration (with the radius of each circle
being proportional to the local CJ velocity), a converged solu-
tion is quickly achieved. An example is displayed in Fig. 1,
showing a case where the hydrogen content decreases line-
arly by 10 percentage points from the top to the bottom of
the channel (corresponding to an almost linear decrease in CJ
velocity). In this reconstruction method, the resulting propa-
gation velocity of the entire detonation front is governed by
the maximum CJ velocity within the inhomogeneous mix-
ture. The method is the graphical equivalent of the level set
equation [13]

∂ψ

∂t
+ Dn |∇ψ | = 0 (1)

where ψ = 0 defines the location of the detonation front
and the propagation speed Dn normal to the front is identi-
fied with the local CJ velocity DCJ. Here, Dn depends on the
local hydrogen content while the influence of curvature on
propagation speed is neglected.

This is a very simple method for getting a first impression
of the detonation front. However, it violates the boundary
condition that the flow on the lower wall must always be par-
allel to the wall. The adjustment that will occur in the real
flow can be explained using a second, very simple model: by
splitting the detonation front into an inert leading shock and
an infinitely thin heat release zone, three different ways of
adjustment to the wall can be distinguished (see Fig. 2):

• Case A: if the deviation from a normal shock is small,
the flow immediately behind the shock remains subsonic
(M2 < 1). In this case, the leading shock is bended in
the vicinity of the wall to allow wall-parallel flow.

• Case B: if M2 > 1 and the deflection angle θ1 caused by
the incident shock is small, it can be compensated by a
reflected shock (deflection angle θ2 = −θ1).

• Case C: if M2 > 1 and the deflection angle θ1 is too
large to be compensated by the reflected shock, the flow
adjusts to the wall by developing a Mach stem.

An overview of some calculations for the hydrogen–oxy-
gen case with increasing concentration gradient is given in

Fig. 1 Reconstruction of a detonation front in a medium with transver-
sally varying CJ velocity using Huygens’ principle. Blue circles ema-
nating from the shock front with radius being proportional to the local

CJ velocity. Red detonation front defined as the envelope of all circles.
Due to self-similarity of the problem, no length scale is given
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Fig. 2 Sketch of the problem (top) of non wall-parallel flow behind an
oblique shock and the three possible solutions (bottom). Blue shocks.
Red heat release zone

Table 1 Shock angles and Mach numbers gained with Huygens’
method

Linear gradient 0 % 5 % 10 % 20 %

xH2,max 66.7 % 66.7 % 66.7 % 66.7 %

xH2,min 66.7 % 61.7 % 56.7 % 46.7 %

M1 5.32 5.65 5.96 6.52

β1 90◦ 72◦ 66◦ 47◦

M2 0.41 0.81 1.04 1.40

θ1 0◦ 41◦ 42◦ 40◦

θ2,max – – −0.4◦ −10◦

Case A A C C

Table 1. It contains the Mach number M1 and the incident
angle β1 of the shock close to the lower wall (where the
hydrogen content is minimal), gained with the method shown
in Fig. 1. From these quantities, the deflection angle θ1 and the
post-shock Mach number M2 are computed using the oblique
shock relations [16]. If M2 > 1, the maximum deflection
angle θ2,max that can be achieved with a reflected shock is
computed as well. It can be observed that in the case with a
10 % concentration gradient, the Mach number behind the
leading shock just exceeds unity, so that θ2,max is very small
and the transition from case A to case C occurs. For higher
concentration gradients as well, it can be seen that |θ2,max| �
|θ1| so that regular reflection (case B) never occurs in this con-
figuration. Further calculations showed that regular reflection
can only be expected in mixtures with low heat release (lead-
ing to low Mach numbers M1) and extreme concentration
gradients (leading to high incident angles β1 � 90◦).

3 Simulation results

The real structure of a detonation front is more complicated
than in the theoretical investigations shown so far, as instabil-

ities perturb the leading shock. To study the effect of instabil-
ities, we numerically solve the reactive Euler equations for a
mixture with N species in two dimensions:

∂

∂t
ρ + ∂

∂xi
(ρui ) = 0 (2)

∂

∂t

(
ρu j

) + ∂

∂xi

(
ρui u j

) = − ∂p

∂x j
, j = 1, 2 (3)

∂

∂t
(ρet )+ ∂

∂xi

(
ρui

(
et + p

ρ

))
= 0 (4)

∂

∂t
(ρyn)+ ∂

∂xi
(ρui yn) = ω̇n, n = 1 . . . N − 1 (5)

Here, ρ is the density, u the velocity and p the pressure of
the gas. yn represents the mass fraction of species n and ω̇n

its reaction rate. The total energy et is defined as

et =
N∑

n=1

yn

⎛

⎜
⎝e f,n +

T∫

Tref

cv,n(T ) dT

⎞

⎟
⎠ + u2

2
(6)

e f,n is the energy of formation of species n at temperature
Tref and cv,n(T ) is its temperature-dependent specific heat
capacity at constant volume.

The equation of state is the perfect gas equation

p = ρRT (7)

and the mass fraction of the N th species can be computed as

yN = 1 −
N−1∑

n=1

yn (8)

The fluxes are computed with a high resolution, Godu-
nov-type central scheme [17].

Initially, the gas is at a temperature of 293 K and a pressure
of 0.1 MPa. It is ignited by setting the state variables in a
2 mm wide region to the CJ values of a stoichiometric hydro-
gen–oxygen mixture. Different fuel concentration gradients
within the unburned gas have been examined.

To study the detonation instabilities, two different models
for the fluid were used. In the first model, all gas properties
are assumed to be constant (notably the molecular weight W
and the ratio of specific heats γ ). There exist only two spe-
cies (N = 2), the fuel and the products, that differ only in
their enthalpy of formation. This corresponds to a specific
heat release q being proportional to the local amount of fuel.
The reaction rate ω̇fuel is modelled as a one-step irreversible
Arrhenius reaction. In this model, it can be shown that the
CJ velocity DCJ varies according to

DCJ ∼ √
q ∼ √

yfuel (9)

[18]. The problem in this model is that the Mach number of a
CJ detonation also varies with

√
yfuel, as the sound speed in

the unburned mixture is constant, while in reality the sound
speed depends heavily on gas composition. Consequently,
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this model which has successfully been applied to many prob-
lems in homogeneous mixtures does not reproduce the real
effects and therefore never showed Mach reflection in any of
the cases studied.

In the second model, it was tried to reach a more realistic
coupling between gas dynamics and heat release by defining
the gas as a multi-component mixture consisting of the spe-
cies H2, O2, H2O, O, H, OH, HO2 and H2O2 (N = 8). The
temperature-dependent mixture properties are taken form the
Chemkin thermodynamic database [19]. The chemical reac-
tion is modelled using the mechanism by O’Conaire et al.
[20].

Previous tests had shown that this model is able to repro-
duce the ignition length and the related one-dimensional
parameters relatively well, but tends to considerably under-
estimate the cell size λ. The model was used to study the
four cases from Table 1. It has been found that a uniform
grid spacing of 
x = 
y = 0.01 mm was necessary to
achieve grid independence. The domain height was chosen
to be h = 2 mm.

The results are shown in Fig. 3. In the homogeneous case,
the instabilites evolve as expected. Upwards and downwards
running triple points intersect and leave a symmetric cellu-
lar pattern in the numerical soot print (maximum pressure
history). In the case with a 5 % concentration gradient, the
distortion of the detonation cells observed in the experiments
by Ishii and Kojima [10] is reproduced. It can be explained
by the locally varying velocity of the triple points caused
by the locally varying hydrogen content. Instantaneous visu-
alizations of the pressure show a detonation front which is
inclined in the middle of the channel, but remains perpendic-
ular in the vicinity of the channel walls. As expected from
the theoretical investigations in Table 1, no reflections of the
leading shock can be seen. In the case with a 10 % con-
centration gradient, reflection occurs via a Mach stem. It is
relatively weak, as the theoretical Mach number behind the
incident shock is just a little above unity, but causes a series of
secondary reflections in the trailing flow behind the detona-
tion. The distortion and the irregularity of the detonation cells
in the numerical soot print in Fig. 3 increase compared to the
5 % case. In the case with a 20 % concentration gradient, the
Mach stem can clearly be seen. It causes high pressure loads
on the lower wall although the hydrogen content is much
lower than in the upper part of the channel. The numerical
soot print shows an interesting pattern: the downwards-run-
ning triple points produced by the detonation instabilities in
the upper part of the channel are not reflected when they run
into the Mach stem. Therefore, hardly any upwards-running
triple points can be seen and the cellular pattern is replaced by
unidirectional lines in some part of the channel. In the region
behind the Mach stem, there are triple points running in both
directions, but the cellular pattern is very small due to the
increased compression compared to a planar CJ detonation.

The soot print can clearly be divided in a part caused by the
instabilities behind the oblique shock and a part caused by
the instabilities behind the Mach stem.

Concerning the propagation velocity of a detonation, an
increasing velocity deficit with increasing concentration gra-
dient is observed (up to 7 % velocity deficit for a 20 % con-
centration gradient compared to the homogeneous, stoichi-
ometric case). However, it is important to note that the propa-
gation velocity is still higher than the CJ velocity of a homo-
geneous mixture with the same hydrogen content.

For safety-related applications it is most important to
determine the pressure loads on the enclosing walls. There-
fore, pressure readings have been taken from the upper and
the lower wall. The results for the 20 % gradient case are
shown in Fig. 4. The blue lines show the pressure over time
for several probes located next to each other on the upper
wall. The maximum pressure can reach up to 60 bar, which
is far above the von-Neumann pressure in a CJ detonation
(pvN = 34 bar in a stoichiometric mixture). Using more
probes, a periodic fluctuation in the maximum pressure can
be observed, where those probes hit by triple points observe
the highest pressures. Shortly after the detonation front has
passed, the pressure relaxes to approximately 15 bar which
is close to the CJ pressure (pCJ = 19 bar in a stoichiome-
tric mixture). On the lower wall, nearly the same maximum
pressures are experienced. However, as the pressure peaks are
very short, a more valuable means of measuring the pressure
load is the impulse

I =
∫

p A dt (10)

which is obviously higher on the lower wall although there
is less hydrogen driving the detonation. However, the expla-
nation for this phenomenon is straightforward: as the deto-
nation front velocity is mainly determined by the maximum
hydrogen content at the upper wall, the detonation at the
lower wall is not a CJ detonation, but an overdriven one. The
Mach reflection causes a high pressure zone behind the lead-
ing shock which prevails for a longer time than in the upper
part of the channel. This means that the destructive potential
of a detonation running through a mixture with a transver-
sal concentration gradient is higher than in a homogeneous
mixture—even if compared to a homogeneous mixture that
contains considerably more fuel.

4 Conclusions

The simplified analysis in Sect. 2 provides a simple tool
for estimating detonation front curvature and reflection in a
medium with a transversal concentration gradient. It is shown
that for a hydrogen–oxygen mixture, the front adapts to the
wall either by front bending or by Mach reflection. Regular
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Fig. 3 Maximum pressure
history (left) and instantaneous
pressure field (right) in the
multi-component simulation.
The homogeneous case is shown
on top, followed by increasing
concentration gradient
(5, 10, 20 %)
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Fig. 4 Pressure recordings from the enclosing walls in the 20 % gra-
dient case. Blue upper wall. Red lower wall

reflection is very unlikely to occur. These effects have been
confirmed by Euler simulations. Additional effects have been
revealed by the simulations, such as a very unusual soot print
caused by Mach reflection in the case of a strong concen-
tration gradient. In this case, the propagation velocities are
between the CJ velocity of a homogeneous, stoichiometric
mixture (corresponding to the maximum hydrogen content
in the channel) and the CJ velocity of a homogeneous mix-
ture with the same (average) hydrogen content as the inho-
mogeneous mixture. This velocity deficit is currently not
accounted for in the model presented in Sect. 2, but could
be incorporated by considering curvature effects (see [13]).

The pressure loads on the enclosing structure are asym-
metric, with the higher impulse acting on the lower wall.
It can be concluded that in the presence of a transversal
concentration gradient, a fuel deficiency does not necessar-
ily decrease the local pressure loads but can increase them.
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The authors recommend to take this into consideration for
future safety assessments.
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