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Abstract. For the commonly used GPS wide-area aug-
mentation systems (WAAS) with a grid ionospheric
model, the efficient modelling of ionospheric delays
in real time, for single-frequency GPS users, is still a
crucial issue which needs further research. This is
particularly necessary when differential ionospheric
delay corrections cannot be broadcast, when users
cannot receive them, or when there are ionospheric
anomalies. Ionospheric delays have a severe effect on
navigation performance of single-frequency receivers. A
new scheme is proposed which can efficiently address the
above problems. The robust recurrence technique is
based on the efficient combination of single-frequency
GPS observations by users and the high-precision
differential ionospheric delay corrections from WAAS.
Its effectiveness is verified with examples.

Key words: WAAS — APR-I — Ionospheric Delay —
Single-frequency GPS Users

1 Introduction

It is difficult to account precisely for the ionospheric
delays for single-frequency GPS receivers. In general, the
ionospheric correction model broadcast with the GPS
signals is inadequate for many GPS users, and its effec-
tiveness will be less under abnormal ionospheric condi-
tions (Klobuchar 1982; Campbell et al. 1986; Henson and
Collier 1986; Beutler et al. 1988). Hence, much effort has
been invested in this research area (see e.g. Georgiadou
and Kleusberg 1988; Goad 1990; Wild et al. 1990;
Cohen et al. 1992; Sardon et al. 1994; Qiu et al. 1995;
Li and Schwarz 1996; Wang and Wilkinson 1997).
Recently it has been recognized that the wide-area
augmentation system (WAAS) with a grid ionospheric
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model is one of the most effective methods for modelling
ionospheric delays for single-frequency users. The
WAAS broadcasts its differential ionospheric delay
corrections (DIDC) in real time. The DIDCs are vertical
ionospheric delay estimates (GVIDE) at each of the
ionospheric grid points (IGP) of an ionospheric delay
correction grid covering the service area (Conker et al.
1995; Gao et al. 1996; Lin et al. 1996; Wang et al. 1996).
The WAAS broadcasts GVIDE values to users ap-
proximately once every DUP (data update period, typ-
ically 5 minutes) (Conker et al. 1995). Thus, the user
receiver can only process the GVIDE obtained at the
beginning time ¢. of one DUP to calculate the vertical
and slant ionospheric delay estimates for each of its
ionospheric pierce points (IPP), at any observation ep-
och ¢; during the corresponding DUP (ie.
tj € [t,,t, + DUP]) (Chao etal. 1995; Conker et al.
1995]. The WAAS’s DIDC received by single-frequency
GPS receivers can usually correct for the ionospheric
delays to observations under normal conditions. How-
ever, the ionospheric delays cannot be efficiently ac-
counted for during those periods when the WAAS
cannot broadcast DIDC values to users, or when the
receivers can not receive the DIDCs for whatever rea-
son. The ionospheric delay corrections will be less well
known in cases when the variations of the ionospheric
delays may be very large due to ionospheric disturbances
(Conker et al. 1995; Pullen et al. 1996; Ho et al. 1997).
In the present paper, first the single-frequency observa-
tion equation is introduced in Sect. 2. Then in Sect. 3 a
new method, based on a robust recurrence procedure
and an efficient combination approach (between abso-
lute ionospheric delays and ionospheric relative chang-
es), is introduced. Preliminary experimental results,
conclusions and discussions are given in Sects. 4 and 5.

2 Analysis of availability of determining
ionospheric delays

If ¢, is the L, phase measurement and D, is the C/A code
measurement, then the single-frequency combination
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observation equation can be written as (Georgiadiou
1994; Yuan and Ou 1999)

LD¢| =D — ¢, =21} + Nsp; + A8D¢|
=2mf - I, + Nsri + Aepg, (1)

where Nsri = [(SD] - S¢1) + (RD] _R¢1) _Nl]; A8D¢1 =
ep, — &p,5 S and R are the satellite and receiver biases on
the corresponding code or phase measurements, respec-
tively; N; is the unknown ambiguity for the L; phase
measurements; /; , and I} = mf - I, , are the vertical and
slant ionospheric delays on the C/A code or L; phase
measurements, respectively; ¢ represents observation
noises and other random errors; and mf is the iono-
spheric mapping function (Ou 1996). All quantities in
the above equation are expressed in units of length
(except for mf).
According to Eq. (1), it is possible to write

Nl(t,t+1) :11(l+1)—]1(l)

= 3[Lpg, (1 + 1) — Lpy, (t)]
+1Ae(t + 1) — Ag(t)] (2a)

where ¢ is the observation epoch; Al (¢,¢+ 1) is the
variation of the ionospheric delay between epoch ¢ and
t+1; and Lpy (t) = 2L (t) + Nsri1 + Aepy, (). From
ALL(t,t+1) and Eq. (2a), VI(tj,t,), the variation of
the ionospheric delays between two arbitrary epochs ¢;
and t,,, can be obtained

Im—1

Vi, (tjvtm) = Z[Nl (tvt+ 1)] (tm > tj)

= 3[Lpg, (tm) — Loy, (1;)] + 3[Ae(tn) — Ac(t))]
(2b)

If the effects of Ae are ignored (especially for disturbed
ionospheric conditions), then approximate values of
VI(t;,t,) can be estimated

VI, tm) = Y[Lpg, (tn) — Loy, (1))] (2¢)

From Egs. (1) and (2), it can be seen that it is impossible
to determine absolute ionospheric delays in real time
using only single-frequency measurements. However,
the variation of ionospheric delay can be calculated in
real time, assuming that Nsg; can be approximated as a
constant over several hours. Figures 1 and 2 show
changes of ionospheric delay VI(t,t,) for satellite
PRN =1 under calm conditions, and for satellite
PRN =9 under disturbed ionospheric conditions, re-
spectively. From a comparison of Figs. 1 and 2 it can be
seen that VI, (¢, t,,) will efficiently and directly reflect the
ionospheric variations from single-frequency measure-
ments. VI;(t;,t,) is relatively stable under calm iono-
spheric conditions, while it can also efficiently indicate
the ionospheric delay changes [which are the major
components of VI,(¢;,t,)] during abnormal ionospheric
conditions. Figures 1 and 2 also illustrate that the curves
of relative ionospheric delay changes VI,(¢;,1,) (deter-
mined from single-frequency observations) are approx-
imated by the absolute ionospheric delays estimated
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Fig. 1. Comparison of the estimated ionosphere absolute delays and
relative variations between observation epoch to initial epoch under
calm conditions. / The calculated IONs using dual frequency GPS
data; 2 the estimated IONs variation using single frequency GPS data
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Fig. 2. Comparison of the estimated ionosphere absolute delays and
relative variations between observation epoch and initial epoch during
short time scale ionospheric disturbances. / The calculated IONs
using dual frequency GPS data; 2 the estimated IONs variation using
single frequency GPS data

from dual-frequency GPS observations. The differences
are almost a constant, whose magnitude is approxi-
mately that of the slant ionospheric delay /(¢;) at the
initial epoch ¢;. Delikaraoglou (1989) also discusses this
finding. This shows that if a precise estimate of the initial
absolute ionospheric delay can be provided for
VI,(tj,t), then the slant ionospheric delay at ¢, can be
determined with high precision, according to

1i(tw) = L (t)) + VI (4, tn)
= 11(t;) +3[Lpg, (tw) — Loy, (1))] (3)



3 A new ionospheric delay correction scheme
for single-frequency GPS data — the APR-I scheme

Let (#e1,%:2) denote the time period when any or all of
the three abnormal conditions referred to above may
occur, and ¢, the closest DIDC reception epoch [i.e. the
closest DIDC transmission time from the WAAS,
without considering the travel delay of DIDC (Jin
1995)]. As mentioned earlier, the WAAS can provide
high-precision absolute ionospheric delay estimates
when it operates properly, and a single-frequency
GPS receiver can efficiently determine the relative
variation of ionospheric delay. As a result, if the
WAAS cannot broadcast the DIDC, or users cannot
receive them, and the ionospheric delay varies more
severely than usual, a user serviced by the WAAS may
determine the ionospheric delays in real time using the
absolute ionospheric delays based on GVIDE (which
had been received under normal conditions) and
corresponding GPS observations, and real-time single-
frequency GPS measurements using the following
approach. The proposed approach is referred to as
APR (absolute plus relative). APR involves the follow-
ing procedure.

(1) For the observation epochs outside the period
(o1, tera), one directly uses the DIDC from the WAAS
to obtain the slant ionospheric delay correction.

(2) For the observation epochs inside the period
(ter1, tera), the high-precision DIDC collected and stored
during the time period (f,%,1) and its corresponding
slant ionospheric delay measurements are combined
with real-time slant ionospheric delay observations at
any epoch t,, € (t,1,%,2). The real-time ionospheric de-
lay corrections are computed according to the following
procedure.

(a) Selecting ideal initial absolute ionospheric delay
values. From I,(¢;) [calculated using the received
DIDC from the ¢ WAAS messages broadcast for the
intervals which are closest to epoch ¢, during
(%, ter1)], the user selects / vertical ionospheric delay
estimates /;(¢;;) (j=1,2,...,1, I >k, where [ is the
number of selected initial computation epochs ¢,

(b)

©
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and £ is the number of necessary initial epochs). Here
tj € (t- —q-DUP,¢.) and t, € (te;1 — DUP, 1,,1).

Let t.r (one can select t,.f = ¢, — DUP - g) be the ref-
erence epoch, and T denote the average length of time
period between the initial epochs. Separating the time
period (t.r,¢,) into I subsidiary time intervals Ty
[where / = int(DUP - ¢/T), and int denotes the op-
erator of rounding to an integer] and then selecting
Lty (i= 1,2,...,1;) from one Ty (ie.
tji S [tref + (lk— 1) * T7 tref+ik* T], ik = 1,27...,
[), one can obtain / /; —epoch sets to be used as pre-
selected initial epochs. Thus, according to Eq. (3),
one may determine /; slant ionospheric delays 7 (#r),
for reference #..r for one Ty, and then select one epoch
t;; [which satisfies the condition of Eq. (4a) below] as
the ideal epoch. So, one can obtain / ideal initial ep-
ochs (one in a Tj) and refer to them as epoch set DI

jl (tref)j[ - llge<(}1 [jl (tref)i]

1<i<ly

= min
1<i</,

(4a)

jl (tref) — med []l(tref) ]’

1<i<ly

where med is the operator for determining the
median and min is the operator for determining
the minimum. [Details of how to identify the time
period (Z.1,%r2), and detect/repair cycle slips, and
select (¢, — g - DUP,¢,) from the time period (¢, 1)
in real time will be discussed in another paper.]
Calculating ionospheric delay variations. According
to Eq. (2), the / slant ionospheric delay variations
VI, (ti, tn) between the present observation epoch #,
[tw € (fer1,ter2)] and all ideal initial epochs #; in DI
previously selected and stored in step (a) can be
calculated.

Determining final slant ionospheric delay. Combin-
ing the slant ionospheric delays /; (¢;;) selected in step
(a) with the corresponding slant ionospheric delay
variations VIi(ty,t;;) calculated in step (b), accord-
ing to Eq. (3), the user can determine the slant
ionospheric delays Il(tm) (j=1,2,...,1) for the
present observation epoch by Then kll( ); [which

Table 1. Analysis on accuracy of APR-I scheme under different conditions

k*  Observation accuracy (g.) (m)

0.30 0.50 0.70 1.00

1.20 1.50 2.00

041 (979} 043 041 (979} 043 041 (7] 043 041

6:/2

6(/3 Jql O_1/2 643 qu 0(/2 Uq} Uql Jq2 Jq}

0.21
0.18
0.17
0.17
0.16
0.16
0.16
0.16
0.16
0.16

0.37
0.28
0.24
0.23
0.21
0.20
0.20
0.19
0.19
0.18

0.54
0.40
0.34
0.30
0.28
0.26
0.25
0.24
0.23
0.22

0.35
0.31
0.29
0.28
0.27
0.27
0.27
0.27
0.26
0.26

0.46
0.37
0.34
0.32
0.31
0.30
0.29
0.29
0.28
0.28

0.61
0.47
0.41
0.38
0.35
0.34
0.33
0.32
0.31
0.31

0.5

0.43
0.40
0.39
0.38
0.38
0.37
0.37
0.37
0.37

0.58
0.48
0.44
0.42
0.41
0.40
0.39
0.39
0.38
0.38

0.70
0.56
0.50
0.46
0.44
0.43
0.42
0.41
0.40
0.40

0.71
0.61
0.58
0.56
0.55
0.54
0.53
0.53
0.53
0.52

O 001N N B Wi —

10

0.77
0.65
0.60
0.58
0.56
0.55
0.55
0.54
0.54
0.53

0.87
0.71
0.65
0.61
0.59
0.58
0.57
0.56
0.55
0.55

0.85
0.73
0.69
0.67
0.66
0.65
0.64
0.64
0.63
0.63

0.90
0.76
0.71
0.69
0.67
0.66
0.65
0.64
0.64
0.64

0.98
0.82
0.75
0.72
0.69
0.68
0.67
0.66
0.65
0.65

1.06
0.92
0.87
0.84
0.82
0.81
0.80
0.80
0.79
0.79

1.10
0.94
0.88
0.85
0.83
0.82
0.81
0.80
0.80
0.79

1.17
0.98
0.91
0.88
0.85
0.84
0.83
0.81
0.81
0.80

1.41
1.22
1.15
1.12
1.10
1.08
1.07
1.06
1.05
1.05

1.45
1.24
1.17
1.13
1.10
1.09
1.08
1.07
1.06
1.05

1.50
1.27
1.19
1.15
1.12
1.10
1.09
1.08
1.07
1.06

*k is the number of initial epochs; a,1, 6,, and g,3 denote the initial accuracy ¢, equal to 0.0, 0.30 and 0.50 m, respectively
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satisfies the condition of Eq. (4b) below] may be
selected from 7y (z,);

Iy (t); — med [11( Im); }

1<5<i

< G-1.483. &15:2] 1y (tn) ;; — med {11( Im); }

1</<1

(4b)

where G is a robustness factor, which may be de-
termined with the help of the user’s experiences and
measurement quality (the authors propose G = 2).
Finally, the last ionospheric delay estimate 1;(z,)
necessary to correct the pseudorange measurements
for single- frequency GPS can be determined through
the averaging of the above I (1, m); U=12,....k)
according to

T1(t) zzl W), (5)

Assume that o, 0, and o, are the accuracies of the
APR-I scheme result, initial absolute ionopheric
delays and C/A code measurements, respectively.
Then, according to Eq. (5) and the error propaga-
tion law

0 =/502 + (0% +402) = \/%(I—F%)ag—kiag

12 12 10 [o2. 2. 2
40; t350; T30 = \/"1 +oy+o03 (6)

From the above formula, one can see that the APR-I
scheme accuracy o consists of three components:
0| =40, 02 = é\/%ag and g3 = \/%aq. Obviously, the
size of g, and g3 can be controlled by selecting more
initial reckoning epochs. Then ¢; will have the major
effect on ¢ when APR-I is used to determine ionospheric
delays. The accuracy of this scheme depends mainly on
the accuracy of the C/A code observations. Hence, APR
is most effective for the single-frequency users using
narrow correlator L1 C/A code receivers.

4 Preliminary results and analyses

The accuracy of the APR-I scheme was estimated using
Eq. (6). Table 1 shows the results of the accuracy of the
ionospheric delay correction analysis for different initial
epochs k£ and observation accuracy o, (the average
accuracy of ionospheric delay correction of the WAAS
is about 0.30 m; Pullen et al. 1996). The results show
that the best results are for initial reckoning epochs
k = 3-5. This suggests that the APR-I scheme will not
increase storage demand for receivers. From Egs. (2)
and (4), it can be seen that the size of the time interval
between the initial reckoning epochs ¢; and the present
observation f, does not have any effect on ¢. The
equitable length of T can efficiently lessen, and even
avoid, the effects from any system errors in /;(z;) or
Lpni(t;;). From Table 1, it can also be seen that the
effects of o, on ¢ can also be controlled by selecting

more initial reckoning epochs. k = 5 was selected for the
next experiment.

In order to verify the ionospheric correction effec-
tiveness of the APR-I scheme, five IGS stations (equip-
ped with dual-frequency GPS receivers) in China were
selected to constitute the reference stations of the ex-
perimental GPS network on Day304 of 1997 (SHAO
station is selected as the user, and its C/A code and L1
phase measurements are used as single-frequency ob-
servations; other stations are WUHN, XIAN, LHSA,
TAIW). Figures 3a and 3b illustrate the different
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Fig. 3. a Comparison of ionospheric delays using the APR-I scheme
and previous DIDCs when user can not obtain real time DIDCs.
1 The calculated IONs using dual frequency GPS data; 2 the estimated
IONSs using previous WAAS’s DIDCs; 3 the estimated IONs using the
APR-I scheme. b Comparison of ionospheric delay correction
effectiveness using the APR-I scheme and previous WAAS’s DIDCs
when user can not obtain real time DIDCs from WAAS. [ The
correction effectiveness of WAAS’s DIDCs; 2 the correction
effectiveness of the APR-I scheme



correction results of the APR-I method and the DIDC
previously received from the WAAS for satellite
PRN =1 when user has no real-time DIDC; that is,
when DIDC cannot be normally broadcast (e.g. TI:
13:38-14:36/h, here h is local time), and when the DIDC
cannot be received by users (e.g. T2: 15:34-16:28/h).
From Figs. 3a and 3b, one can see that the effectiveness
of the APR-I method is obviously better than using the
previous DIDC values from the network during the
periods T1 and T2. Figures 4a and 4b show the cor-
rection results of the APR-I method and the real-time
DIDC during two periods (when short-timescale iono-
spheric disturbances have occurred), T3 (11:00-11:10/%)

0.00
\ I I ' \

200™,

0.00 —

-2.00 —

PRN=9

-4.00 —

-6.00 —

11.00 12.00 13.00 14
b LT/h

Fig. 4. a Comparison of the estimated ionospheric delays between the
APR-I scheme and the DIDCs when short time scale ionospheric
disturbances occur. / The calculated IONs using dual frequency GPS
data; 2 the estimated IONs using real time DIDCs; 3 the estimated
IONs using the APR-I scheme. b Comparison of correction
effectiveness of ionospheric delays using the APR-I scheme and the
DIDCs under short time scale ionospheric disturbance conditions.
1 The ION correction effectiveness from WAAS’s DIDCs; 2 The ION
correction effectiveness from the APR-I scheme
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and T4 (13:32-13:42/h). From Figs. 4a and 4b, one can
see that the effectiveness of the APR-I method is also
better than that of the DIDC under those conditions.
Figures 5a and 5b show a comparison of different cor-
rection results from the APR-I and the DIDC when
there are gross errors in the DIDC. From Figs. 5a and
5b it can be seen that the APR-I has good robust per-
formance in the presence of gross errors and can effec-
tively avoid gross errors impacting on the generation of
corrections for single-frequency receivers. However, it is
impossible for the DIDC to account for gross errors.
Note that all the plots are for results determined ac-
cording to step (2) of the APR procedure in Figs. 3-5,
because the curves based on step (1) are the same as that

4.00(3)

PRN=14

3.00 —

2.00 —

1.00 —

a 1.00 2.00 3.00 4.00 LT/h 5.00
m
1.00(—)
PRN=14 2
- —
0.00 —
-1.00 —}
200 ' I ' | ' T ' |
b 1.00 2.00 3.00 4.00 LT/h 5.00

Fig. 5. a Comparison of the determined ionospheric delays using the
APR-I scheme and WAAS’s DIDCs when the DIDCs have gross
errors. I The calculated IONs using dual frequency GPS data; 2 the
estimated IONs using real time DIDCs; 3 the estimated IONs using
the APR-I scheme. b Comparison of ionospheric delay correction
effectiveness using the APR-I scheme and WAAS’s DIDCs when the
DIDCs have gross errors. I The ION correction effectiveness from
WAAS’s DIDCs; 2 the ION correction effectiveness from the APR-I
scheme
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of the DIDC. This also shows that step (1) ensures that
the APR maintains good accuracy for the DIDC under
normal conditions, while step (2) ensures that the APR
has relatively better accuracy than the DIDC under
abnormal conditions.

5 Conclusions and some suggestions

The experimental results discussed above show that the
APR-I scheme for the correction of single-frequency
GPS ionospheric delays presented in this paper not only
retains the characteristic of high accuracy of the DIDC
from the WAAS under normal ionospheric and recep-
tion conditions, but also has relatively better correction
effectiveness under different, abnormal conditions. The
implementation of this method need not change the
present basic ionospheric delay correction algorithm of
the WAAS. In addition, the APR-I method does not
impose new demands on receiver hardware, and only
requires a few improvements to receiver software. Hence
it can be easily used by single-frequency GPS users.
However, these are only preliminary results. More
experiments and analyses, using various other GPS data
sets under similar and abnormal ionospheric conditions,
should be conducted. To further improve the accuracy
and effectiveness of this scheme, more effective mathe-
matical models for exact description of ionospheric
variations need to be developed, filtering (see e.g. Goad
1990) should be introduced into the recurrence, and
selection of initial reckoning epochs and corresponding
subsidiary time periods must also be simplified. This on-
going research work will be useful in permitting an
increase in the length of time periods for the broadcast-
ing of the DIDC, in order to reduce the cost of the
WAAS as well.
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